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ABSTRACT

The problem of estimating the Kullback-Leibler divergence D(P||Q) be-
tween two unknown distributions P and @) is studied, under the assumption
that the alphabet size k of the distributions can scale to infinity. The esti-
mation is based on m independent samples drawn from P and n independent
samples drawn from (). It is first shown that there exists no consistent es-
timator that guarantees asymptotically small worst-case quadratic risk over
the set of all pairs of distributions. A restricted set that contains pairs of
distributions, with density ratio bounded by a function f(k), is further con-
sidered. An augmented plug-in estimator is proposed, and is shown to be
consistent if and only if m has an order greater than kVlog?(f(k)), and n has
an order greater than kf(k). Moreover, the minimax quadratic risk is char-

k kf(k) \2 | log® f(K) | [f(k) -
mlogk+nlogk) + m +T’1f

m and n exceed constant factors of k/log(k) and kf(k)/log k, respectively.

acterized to be within a constant factor of (

The lower bound on the minimax quadratic risk is characterized by employ-
ing a generalized Le Cam’s method. A minimax optimal estimator is then
constructed by employing both the polynomial approximation and plug-in

approaches.
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CHAPTER 1

INTRODUCTION

1.1 Background

As an important quantity in information theory, the Kullback-Leibler (KL)
divergence between two distributions has a wide range of applications in
various domains. For example, KL divergence can be used as a similarity
measure in nonparametric outlier detection [1], multimedia classification [2],
text classification [3], and the two-sample problem [4]. In these contexts, it
is often desired to estimate KL divergence efficiently based on available data

samples. This thesis studies such a problem.

1.2 Problem Statement

Consider the estimation of KL divergence between two probability distri-
butions P and () defined as

k p
D(P||Q) ZZPAOgaﬂ (1.1)
i=1 v

where P and @ are supported on a common alphabet set [k] = {1,...,k},
and P is absolutely continuous with respect to @, i.e., if Q; = 0, P, = 0,
for 1 < i < k. We use M, to denote the collection of all such pairs of
distributions.

Suppose P and () are unknown, and that m independent and identi-
cally distributed (i.i.d.) samples Xi, ... , X, drawn from P and n ii.d.
samples Y7, ... ,Y, drawn from () are available for estimation. The suf-

ficient statistics for estimating D(P||Q) are the histograms of the samples



M= (My,...,M;) and N = (Ny,...,N;), where

M= Y sy md N = e 12
i=1 i=1

record the numbers of occurrences of j € [k] in samples drawn from P and @,
respectively. Then M ~ Multinomial (m, P) and N ~ Multinomial (n, Q).
An estimator D of D(P||Q) is then a function of the histograms M and N,
denoted by D(M, N).

We adopt the following worst-case quadratic risk to measure the perfor-

mance of estimators of the KL divergence:

R(D,k,m,n) 2 sup E[D(M,N)— D(P|Q)). (1.3)
(P,Q)EM,

We further define the minimax quadratic risk as:
R*(k,m,n) £ inf R(f), k,m,n). (1.4)

In this thesis, we are interested in the large-alphabet regime with k — oo.
Furthermore, the numbers m and n of samples are functions of k, which are

allowed to scale with k£ to infinity.

Definition 1. A sequence of estimators D, indezed by k, is said to be con-

sistent under sample complezity m(k) and n(k) if

lim R(D,k,m,n) = 0. (1.5)

k—o0

We are also interested in the following set:
Iz .
My riey = {(P, Q) :|P|=1Q| =k, 0, < flk), Vv1<i< k}, (1.6)

which contains distributions (P, () with density ratio bounded by f(k). We

define the worst-case quadratic risk over My, yx) as

R(D.k,mn, f(k)) &  sup  E[(D(M,N) - D(P||Q))*, (1.7)
(PQ)EMy, £ (k)



and define the corresponding minimax quadratic risk as

R*(k,m,n, f(k)) & i%fR(D,k,m,n, F(E)). (1.8)

1.3 Notations

We adopt the following notation to express asymptotic scaling of quantities
with n: f(n) < g(n) represents that there exists a constant ¢ s.t. f(n) <
cg(n); f(n) = g(n) represents that there exists a constant ¢ s.t. f(n) >
cg(n); f(n) < g(n) when f(n) 2 g(n) and f(n) < g(n) hold simultaneously;
f(n) > g(n) represents that for all ¢ > 0, there exists ny > 0 s.t. for all
n > ng, |f(n)] > clg(n)|; and f(n) < g(n) represents that for all ¢ > 0, there
exists ng > 0 s.t. for all n > ng, [f(n)| < cg(n).

1.4 Related Work

Several estimators of KLL divergence when P and @) are continuous have
been proposed and shown to be consistent. The estimator proposed in [5] is
based on data-dependent partition on the densities, the estimator proposed
in [6] is based on a k-nearest neighbor approach, and the estimator developed
in [7] utilizes a kernel-based approach for estimating the density ratio. A more
general problem of estimating the f-divergence was studied in [8], where an
estimator based on a weighted ensemble of plug-in estimators was proposed
to trade bias for variance. All of these approaches exploit the smoothness of
continuous densities or density ratios, which guarantees that samples falling
into a certain neighborhood can be used to estimate the local density or
density ratio accurately. However, such a smoothness property does not hold
for discrete distributions, whose probabilities over adjacent point masses can
vary significantly. In fact, an example is provided in [5] to show that the
estimation of KL divergence can be difficult even for continuous distributions
if the density has sharp dips.

A more general problem of estimating the f-divergence for d-dimensional
distributions is studied in [8]. A weighted ensemble divergence estimator is

proposed, which is based on a weighted ensemble of plug-in estimators to



trade bias for variance. Such an estimator is shown to converge faster than
the simple plug-in estimator, perform well for high dimensions and be easily
implemented.

Estimation of KLi divergence when the distributions P and () are discrete
has been studied in [9-11] for the regime with fized alphabet size k and large
sample sizes m and n. Such a regime is very different from the large-alphabet
regime in which we are interested, with k& scaling to infinity. Clearly, as k
increases, the scaling of the sample sizes m and n must be fast enough with
respect to k in order to guarantee consistent estimation.

In the large-alphabet regime, KL divergence estimation is closely relat-
ed to entropy estimation with a large alphabet recently studied in [12-15].
Compared to entropy estimation, KL divergence estimation has one more
dimension of uncertainty, that is, regarding the distribution ). Some distri-
butions () can contain very small point masses that contribute significantly to
the value of divergence, but are difficult to estimate because samples of these
point masses occur rarely. In particular, such distributions dominate the risk

in (1.3) and make the construction of consistent estimators challenging.

1.5  Contribution of Thesis

We summarize our main contribution in the following three theorems,
whose detailed proofs are given respectively in Chapters 2, 3 and 4.
Our first result, based on Le Cam’s two-point method [16], is that there is

no consistent estimator of KL divergence over the distribution set Mj.

Theorem 1. For any m,n € N, and k > 2, R*(k,m,n) is infinite. There-

fore, there exists no consistent estimator of KL divergence over the set M.

The intuition behind this result is that the set M, contains distributions
@ that have arbitrarily small components that contribute significantly to
KL divergence but require arbitrarily large number of samples to estimate
accurately. However, in practical applications, it is reasonable to assume that
the ratio of P to @ is bounded. Thus, we further focus on the set My s
given in (1.6) that contains distribution pairs (P, Q) with their density ratio
bounded by f(k).



We construct an augmented plug-in estimator, and characterize the suffi-
cient and necessary conditions on the sample complexity such that the esti-

mator is consistent in the following theorem.

Theorem 2. The augmented plug-in estimator of KL divergence is consistent

over the set My, ¢y tf and only if
m > kVlog*(f(k) and n>kf(k). (1.9)

Our proof of the sufficient conditions is based on evaluating the bias and
variance of the estimator separately. Our proof of the necessary condition
m > log® f(k) is based on Le Cam’s two-point method with a judicious-
ly chosen pair of distributions. And our proof of the necessary conditions
m > k and n > kf(k) is based on analyzing the bias of the estimator and
constructing different pairs of “worst case” distributions for the cases where
either the bias caused by insufficient samples from P or the bias caused by
insufficient samples from ) dominates.

The above result suggests that the required samples m and n should be
larger than the alphabet size k for the plug-in estimator to be consistent. This
naturally inspires the question of whether the plug-in estimator achieves the
minimax risk, and if not, what estimator is minimax optimal and what is the
corresponding minimax risk.

We show that the augmented plug-in estimator is not minimax optimal,
and that an estimator that employs both the polynomial approximation and
plug-in approaches is minimax optimal, and the following theorem charac-

terizes the minimax risk.

Theorem 3. If f(k) > log®k, logm < logk, log>n < k'€, m > £ and

~ logk
n > kK

where € is any positive constant, then the minimax risk satisfies
~ ]ng7 )

k +kf(/f)> Lo (k) | (k)

. 1.10
mlogk nlogk m * n ( )

R*(k,m,n, f(k)) < <

The key idea in the construction of the minimax optimal estimator is the
application of a polynomial approximation to reduce the bias in the regime
where the bias of the plug-in estimator is large. Compared to entropy es-
timation [13,15], the challenge here is that the KL divergence is a function

of two variables, for which a joint polynomial approximation is difficult to



derive. We solve this problem by employing separate polynomial approxima-
tions for functions involving P and @) as well as judiciously using the density
ratio constraint to bound the estimation error. The proof of the lower bound
on the minimax risk is based on a generalized Le Cam’s method involving
two composite hypotheses, as in the case of entropy estimation [13]. But
the challenge here that requires special technical treatment is the construc-
tion of prior distributions for (P, () that satisfy the bounded density ratio
constraint.

We note that the first term < k4 (k) )2 in (1.10) captures the squared

mlogk ' nlogk
bias, and the remaining terms correspond to the variance. If we compare the

upper bound on the risk in (3.3) for the augmented plug-in estimator with
the minimax risk in (1.10), there is a logk factor rate improvement in the
bias.

Theorem 3 directly implies that in order to estimate the KL divergence
over the set My s) with vanishing mean squared error, the sufficient and
necessary conditions on the sample complexity are given by

k kS (k)
> (log” f(k) V —), and n > ——-. 1.11
m > (log? f(k) V ). and n > 105 (1.11)
The comparison of (1.11) with (1.9) shows that the augmented plug-in esti-

mator is strictly sub-optimal.



CHAPTER 2

NO CONSISTENT ESTIMATOR OVER M g

Theorem 1 states that the minimax risk over the set M, is unbounded for
arbitrary alphabet size k and m and n samples, which suggests that there is
no consistent estimator for the minimax risk over M.

We will provide a rigorous proof in the following section. The idea follows
from Le Cam’s two-point method [16]: If two pairs of distributions (P, QW)
and (P(2),Q(2)) are sufficiently close such that it is impossible to reliably
distinguish between them using m samples from P and n samples from @)
with error probability less than some constant, then any estimator suffers a
quadratic risk proportional to the squared difference between the divergence

values.

2.1 Lower Bound for the Worst Case Risk over Set M,

Proof. For any fixed (k, m,n), applying Le Cam’s two-point method, we have

1

R (kym,m) = o

(D(PV]|QM) — D(PP Q™)) (2.1)
exp (—mD(PUP®) — nDQW] Q™))
The idea here is to keep P close to P?, and QM close to Q®, so that

D(PWP®) < L, D(QWQP) < 5, but keep (D(PW[|QW)~D(PP|Q®))?

large. We construct the following two pairs of distributions:

1 1 1
P = p@ — - 2.2
20k —1) " 2(k—1)2)" (2:2)

Q(l):<1—€1,” 1—¢ 1)7 (2.3)

k-1 k=1
1—c¢ 1—c¢
Q(z):<k_12,...,k_12,62), (2.4)



where 0 < €1 < 1/4, and €3 = €, + ﬁ < % By such a construction, we obtain

D(PY||P®) =0, (2.5)
1—e¢ €
DQUIQ®) = (1 —e)log T— +erlog . (2.6)
— €9 €9
Furthermore,
OO — ©2-a =
DQVQY) = (1 —e)log [ 1+ + €1 log T
1— €9 € + in
1 €1
=(1—¢€)l 1+ — 1
(1-a) og( +4n(1—62)>+61 Ogel—l—ﬁ
1— €1
P S 2.7
dn(l — €) (27)

Since ¢; > 0 and €3 < 1/2, we obtain D(QW[|Q®) < L.
By the construction of (P, QW) and (P, Q®),

o (1. d—e, 1. &\
(D(PYQM) = D(PP]|QP))* = (5 log (7)) + 3108 ‘)
1. 1—e, 1 1\’
= (=1 “log (1 :
(2 Og(1—61)+20g( +4n€1))

Note that |% log G:—Z)| is upper bounded by log2. The only constraint for
(2.8) is 0 < ¢ < 1/4. Hence, we can choose €; to be arbitrarily small, such

that ﬁ is arbitrarily large for any fixed k, m and n. Consequently,

) e
(2.9)

as €, — 0. Therefore, the minimax quadratic risk lower bound is infinity for

1—62

(DPOIQY)-DPPIQ)) = (G108 (1=2) + Jlog (14

1—¢ 4ne,

any fixed k, m and n, which implies that there does not exist any consistent

estimator over the set M. O



2.2  Example

We next give an example of binary distributions, i.e., k = 2, to illustrate
how the distributions in the proof can be constructed. We let P, = P, =
(3.3), Q1 = (e*,1—¢e™*) and Q; = (55,1 — ), where s > 0. For any
n € N, we choose s sufficiently large such that D(Q1]Q2) < =. Thus, the
error probability for distinguishing ); and )» with n samples is greater
than a constant. However, D(P;]|Q1) < s and D(P||@2) < logs. Hence,
the minimax risk, which is lower bounded by the difference of the above
divergences, can be made arbitrarily large by letting s — oo. This example
demonstrates that two pairs of distributions (P, Q1) and (P, Q2) can be
very close so that the data samples are almost indistinguishable, but the KL
divergences D(P;||@1) and D(P»||Q2) can still be far away. In such a case,
it is not possible to estimate the KL divergence accurately over the set My

under the minimax setting.



CHAPTER 3

AUGMENTED PLUG-IN ESTIMATOR

Since there exists no consistent estimator of KL divergence over the set

M, we study estimators over the set My, ¢x).

3.1 Augmented Plug-in Estimator over Set M. ¢

The “plug-in” approach is a natural way to estimate the KL divergence,
namely, first estimate the distributions and then substitute these estimates
into the divergence function. This leads to the following plug-in estimator,

i.e., the empirical divergence
Dyug-n(M, N) = D(P[Q), (3.1)

where P = (]51, . ,pk) and Q = (Ql, o ,Qk) denote the empirical distribu-
tions with P, = % and Qz = %, respectively, for i =1,--- k.

As frequently observed in functional estimation problems, the plug-in esti-
mator is simple but may cause a lot of problems. Unlike the entropy estima-
tion problem, where the plug-in estimator ]:Iplug_in is asymptotically efficient
in the “fixed P, large n” regime, the direct plug-in estimator Dplug—in in
(3.1) of KL divergence has an infinite bias. This is because of the non-zero
probability of N; = 0 and M; # 0, for some j € [k], which leads to infinite
Dpiug—in-

We can get around the above issue associated with the direct plug-in esti-
mator if we add one more sample to each mass point of (), and take Q; = %
as an estimate of (); so that Qg is non-zero for all i. We therefore propose

the following “augmented plug-in” estimator based on Q;

. koM
DA—plug—in(Ma N) = Z ﬁ lOg

i=1

N+ Djn’ (3.2)

10



Theorem 2 characterizes sufficient and necessary conditions on the sample
complexity to guarantee consistency of the augmented plug-in estimator over
M. ¢k)- The proof of Theorem 2 involves the proofs of the following two
propositions, which provide upper and lower bounds on the worst case risk

of augmented plug-in estimator, respectively.

3.2  Upper Bound for the Worst Case Risk of
Augmented Plug-in Estimator

Proposition 1. For allk € N, m 2 k andn 2 kf(k),

kf(k) |k > | log®(k) | log” f(k) | f(k)

(3.3)

R(ﬁAfplugfinv k7 m,n, f(k)) S (

Therefore, if m > (k Vlog? f(k)) and n > kf(k),
R(-bA—plug—in7 ka m,n, f(k)) — 07 ask — oo.

Proof. The proof consists of separately bounding the bias and variance of the

augmented plug-in estimator. The details are provided in Appendix A. [

It can be seen that in the risk bound (3.3), the first term captures the

squared bias, and the remaining terms correspond to the variance.

3.3 Lower Bound for the Worst Case Risk of
Augmented Plug-in Estimator

Proposition 2. If m < (kVlog?® f(k)), or n < kf(k), then for sufficiently
large k

R(ZA)A—plug—iny k’, m,n, f(k)) Z L. (34)

Outline of Proof. We provide the central idea of the proof here with the de-
tails provided in Appendix B. It can be shown that the bias of the augmented

11



plug-in estimator is lower and upper bounded as follows:

sup  E[Da_pug_in(m,n) — D(P||Q)] > (ﬁ Al — kf(k) (3.50)
’ ANLE 1.05
E[Da—plug—in(m,n) — D(P||Q)] < log <1 + E) - p(_—kf(l:)b)‘

(3.5b)

1) If m < k and n > kf(k), the lower bound in (3.5a) is lower bounded by a
positive constant, for large k. Hence, the bias as well as the risk is lower

bounded by a positive constant.

2) If m > k and n < kf(k), the upper bound in (3.5b) is upper bounded
by a negative constant, for large k. This implies that the risk is lower

bounded by a positive constant.

3) If m < kand n < kf(k), the lower bound (3.5a) and the upper bound
(3.5b) provide no useful information. Hence, we design another approach

for this case as follows.

The bias of the augmented plug-in estimator can be decomposed into:
1. bias due to estimating Zle P;log P;;
2. bias due to estimating ) ;_, P;log Q;.

It can be shown that the first bias term is always positive for any distri-
bution P. The second bias term is always negative for any distribution Q).
Hence, the two bias terms may cancel out partially or even fully. Thus, to
show that the risk is bounded away from zero, the idea is to first determine
which bias dominates, and then to accordingly construct a pair of distri-
butions such that the dominant bias is either lower bounded by a positive
constant or upper bounded by a negative constant.

If£>(1+ e)%(k), where € > 0 and 0 < a < 1 are constants, and which
implies that the number of samples drawn from P is smaller than the number
of samples drawn from (), the first bias term dominates. If P is uniform and
Q = (#(k), cee m, 1-— %), then it can be shown that the bias
(and hence the risk) is lower bounded by a positive constant.

12



It % < (1+ 6)%@, which implies that the number of samples drawn from

P is larger than the number of samples drawn from (), the second bias term

dominates.

o Ifn < kf(k), set P tobe uniform and Q = (#(k), e kfl(k), 1— kﬁ‘?li))

. 1fn>kf(k),setpz(@,---
Q=(L,... 11— k1)

' n n

Ik 1 _ (k—l)f(k)> and

It can be shown that the bias is upper bounded by a negative constant.

Hence, the risk is lower bounded by a positive constant.

4) If m < log? f(k), we construct two pairs of distributions as follows:

1 1 2
P(l):<3(k—1)’.“ ’3(]{_1)73>, (3.6)
1—¢€ 1—¢ 2+4c¢€
PR — <3(k;—1)’ 7?)(]{;_1)’3) , (3.7)
1) _H©@) _ 1 1 1
= <3<kz— N CHRE Ok 3f<k>>' (3:8)

By Le Cam’s two-point method [16], it can be shown that if m < log? f(k),
no estimator can be consistent, which implies that the augmented plug-in

estimator is not consistent. O

13



CHAPTER 4

MINIMAX QUADRATIC RISK OVER
Mg Firo)

Our third main result, Theorem 3, characterizes the minimax quadratic
risk (within a constant factor) of estimating KL divergence over M r().
In this chapter, we describe ideas and central arguments underlying this

theorem, with detailed proofs relegated to the appendix.

4.1 Poisson Sampling

The sufficient statistics for estimating D(P||@) are the histograms of the
samples M = (M, ..., M) and N = (Ny,...,Ng), and M and N are multi-
nomial distributed. However, the histograms are not independent across
different bins, which is hard to analyze. In this subsection, we introduce the
Poisson sampling technique to handle the dependency of the multinomial
distribution across different bins, as in [13] for entropy estimation. Such a
technique is used in our proofs to develop the lower and upper bounds on
the minimax risk in Sections 4.2 and 4.3.

In Poisson sampling, we replace the deterministic sample sizes m and n
with Poisson random variables m’ ~ Poi(m) with mean m and n’ ~ Poi(n)
with mean n, respectively. Under this model, we draw m' and n’ i.i.d. samples
from P and @, respectively. The sufficient statistics M; ~ Poi(nP;) and
N; ~ Poi(n@Q;) are then independent across different bins, which significantly
simplifies the analysis.

Analogous to the minimax risk (1.8), we define its counterpart under the

Poisson sampling model as

E*(k,m,n,f(k))éinbf( o E[(D(M,N)-D(P|Q))’],  (41)
PQ)EMp 1 (k)

where the expectation is taken over M; ~ Poi(nP;) and N; ~ Poi(n@Q);) for

14



1 =1,..., k. Since the Poisson sample sizes are concentrated near their means
m and n with high probability, the minimax risk under Poisson sampling is

close to that with fixed sample sizes as stated in the following lemma.

Lemma 1. There exists a constant ¢ > %L such that

R*(k,2m, 2n, f(k)) — e~ log® f(k) — e " log® f(k) (4.2)
< R*(k,m,n, f(k)) < AR (k,m/2,n/2, f(K)).

Proof. See Appendix C. O]

Thus, in order to show Theorem 3, it suffices to bound the Poisson risk
E*(k,m,n, f(k)). In Section 4.2, a lower bound on the minimax risk with
deterministic sample size is derived, and in Section 4.3, an upper bound on
the minimax risk with Poisson sampling is derived, which further yields an
upper bound on the minimax risk with deterministic sample size. It can be
shown that the upper and lower bounds match each other (up to a constant

factor).

4.2 Minimax Lower Bound

In this subsection, we develop the following lower bound on the minimax

risk for the estimation of KL divergence over the set My r).

Proposition 3. If f(k) > log*k and log®n <k, m > &7 n> ’i({g(’?;

R*(k,m,n,f(k))>< i +kf(k)) Llog S SR s

~ \mlogk nlogk m n

Outline of Proof. We describe the main idea in the development of the lower
bound, with the detailed proof provided in Appendix D.

To prove Proposition 3, it suffices to show that the minimax risk is lower
bounded separately by each individual terms in (4.3) in the order sense. The
proof for the last two terms requires the Le Cam’s two-point method, and
the proof for the first term requires a more general method, as we outline in

the following.

15



Le Cam’s two-point method: The last two terms in the lower bound

correspond to the variance of the estimator.
2
The bound R*(k,m,n, f(k)) 2 w can be shown by setting

1 12
P(l)—<3(k_1),...,3(k_1),3>, (4.4)
1—c¢ 1—€e 2+4c¢
P<2>:<3(k_1>,...,3(k_1), 2 > (4.5)

1 1 1
QW =Q® = <3(k SR - DR 3f(k)> S

where € = \/—%
The bound R*(k,m,n, f(k)) = L% can be shown by choosing

n

P = p@ = (3(k1_1), 0, ..., 3(1<;1—1) 0, 2) (4.7)
1 1 1
" = (= w7 a7 (45)
Q(g)_< 1—e¢ 1+e 1—e¢ l1+e L 1 >
2k =) f(R) 2k —1)f (k)T 20k = 1) f(k) 2(k = 1) f(k) T 2f(k))’
(4.9)
where ¢ = /{®

n °

Generalized Le Cam’s method: In order to show that R*(k, m,n, f(k)) 2
2 2
< bt kf(k)) , it suffices to show that R*(k,m,n, f(k)) = < k ) and

mlog k nlogk mlog k

2
R*(k,m,n, f(k)) = (%) . These two lower bounds can be shown by
applying a generalized Le Cam’s method, which involves the following two

composite hypotheses [16]:
Hy:D(P||Q) <t wversus H;:D(P||Q)>1t+d. (4.10)

Le Cam’s two-point approach is a special case of this generalized method. If
no test can distinguish Hy and H; reliably, then we obtain a lower bound
on the quadratic risk with order d?. Furthermore, the optimal probability
of error for composite hypothesis testing is equivalent to the Bayesian risk
under the least favorable priors. Our goal here is to construct two prior
distributions on (P, Q) (respectively for two hypothesis), such that the two
corresponding divergence values are separated (by d), but the error proba-

bility of distinguishing between the two hypotheses is large. However, it is
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difficult to design joint prior distributions on (P, Q) that satisfy the above
desired property. In order to simplify this procedure, we set one of the dis-
tributions P and @ to be known. Then the minimax risk when both P and
() are unknown is lower bounded by the minimax risk with only either P
or () being unknown. In this way, we only need to design priors on one
distribution, which can be shown to be sufficient for the proof of the lower
bound. )

In order to show that R*(k,m,n, f(k)) = ( k ) , we set ( to be the

mlogk
uniform distribution and assume it is known. Therefore, the estimation of

D(P||Q) reduces to the estimation of Zle P;log P;, which is the entropy of
P. Following steps similar to those in [13], we can obtain the desired result.
In order to show that R*(k,m,n, f(k)) 2 (kf(k) )2, we set

~ \nlogk

f(k) f(k) (k—1)f(k)
PZ(nlogk"“’nlogk’l_ nlogk )’ (4.11)

and assume P is known. Therefore, the estimation of D(P||Q) reduces to
the estimation of Zle P;log @);. We then properly design priors on () and
apply the generalized Le Cam’s method to obtain the desired result. O]

We note that the proof of Proposition 3 may be strengthened by designing
jointly distributed priors on (P, @), instead of treating them separately. This
may help to relax or remove the conditions f(k) > log? k and logn < k in

Proposition 3.

4.3 Minimax Upper Bound via Optimal Estimator

Comparing the lower bound in Proposition 3 with the upper bound in
Proposition 1 that characterizes an upper bound on the risk for the aug-
mented plug-in estimator, it is clear that there is a difference of a log k factor
in the bias terms, which implies that the augmented plug-in estimator is
not minimax optimal. A promising approach to fill in this gap is to design
an improved estimator. Entropy estimation [13,15] suggests incorporating
a polynomial approximation into the estimator in order to reduce the bias
with price of the variance. In this subsection, we construct an estimator

using this approach, and characterize an upper bound on the minimax risk
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in Proposition 4.
The KL divergence D(P||Q) can be written as

D(P||Q) = ZPlogP ZPlong (4.12)

The first term equals the entropy of P, and the minimax optimal entropy
estimator (denoted by Dy) in [13] can be applied to estimate it. The major
challenge in estimating D(P||Q) arises due to the second term. We overcome
the challenge by using a polynomial approximation to reduce the bias when
Q; is small. Under Poisson sampling model, unbiased estimators can be con-
structed for any polynomials of P; and );. Thus, if we approximate P;log ();
by polynomials, and then construct unbiased estimator for the polynomials,
the bias of estimating P;log @); is reduced to the error in the approximation
of P;log ); using polynomials.

A natural idea is to construct polynomial approximation for |P;log @;| in
two dimensions, exploiting the fact that |P;log @Q;| is bounded by f(k)log k.
However, it is challenging to find the explicit form of the best polynomial
approximation in this case [17].

On the other hand, a one-dimensional polynomial approximation of log );
also appears challenging to develop. First of all, the function log x on interval
(0,1] is not bounded due to the singularity point at x = 0. Hence, the
approximation of log x when x is near the point x = 0 is inaccurate. Secondly,
such an approach implicitly ignores the fact that 5; < f(k), which implies
that when (@); is small, the value of P; should also be small.

Another approach is to rewrite the function P;log Q); as (&)Qi log Q;, and
then estimate 1 and @; log Q); separately. Although the function Q;log Q;
can be appr0x1mated using polynomial approximation and then estimated
accurately (see [18, Section 7.5.4] and [13]), it is difficult to find a good
estimator for £ o

Motivated by the unsuccessful approaches, we design our estimator as fol-
lows. We rewrite P;log @Q); as PZ&Q, log ;. When (@); is small, we construct
a polynomial approximation p(Q;) for @;log@;, which does not contain a

M is also a polynomial, which can be used to

pL(Qi)
Qi

zero-degree term. Then,

1S construct-
KL (Q )

approximate 2 o8 =Q;log Q);. Thus an unbiased estimator for &

ed. Note that the error in the approximation of log (); using is not
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bounded, which implies that the bias of using unbiased estimator of %
to estimate log (); is not bounded. However, we can show that the bias of
estimating P;log (); is bounded, which is due to the density ratio constraint
f(k). The fact that when @; is small, P; is also small, helps to reduce the
bias. In the following, we will introduce how we construct our estimator in
detail.

By Lemma 1, we apply Poisson sampling to simplify the analysis. We
first draw m} ~Poi(m), and m/, ~Poi(m), and then draw m/ and m) i.i.d.
samples from distribution P, where we use M = (M,..., M) and M’ =
(Mi,..., M]) to denote the histograms of m/ samples and m} samples, re-
spectively. We then use these samples to estimate Zle P;log P; following
the entropy estimator proposed in [13]. Next, we draw n] ~Poi(n) and
ny ~Poi(n) independently. We then draw n} and n} iid. samples from
distribution @, where we use N = (Ny,..., Ng) and N = (N{,...,N}) to
denote the histograms of n} samples and nf, samples, respectively. We note
that N;~Poi(n@Q);), and N/~Poi(nQ;).

We then focus on the estimation of Zle PlogQ;. If Q; € |0, %], we
construct a polynomial approximation for the function P;log @); and further
estimate the polynomial function. And if Q; € [%, 1], we use the bias
corrected augmented plug-in estimator. We use N’ to determine whether to
use a polynomial estimator or plug-in estimator, and we use N to estimate
Zle Pilog Q;. Intuitively, if N/ is large, then Q); is more likely to be large,
and vice versa. Based on the generation scheme, N and N’ are independent.
Such independence significantly simplifies the analysis.

We let L = |colog k|, where ¢ is a constant to be determined later, and
denote the degree-L best polynomial approximation of the function xlogx
over the interval [0, 1] as Z]L:o ajx’. We further scale the interval [0,1] to

[0, %] Then we have the best polynomial approximation of the function

zlog z over the interval [0, ©1%6£] a5 follows:
L
ani~1 n
vl — (1 . 4.13
]Z: cllogkﬂ ® <Ogcllogk;)aj (4.13)

Following the result in [18, Section 7.5.4], the error in approximating z log x
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by 7vr(x) over the interval [0, %] can be upper bounded as follows:

1
sup  |ype) —aloga| S (4.14)

ZEE[O,Cll,::gk} nlogk

Therefore, we have |y,(0) — 0log0| < ﬁgk, which implies that the zero-

degree term in 7y (z) satisfies:

apcy log k < 1

. 4.1
n ~ nlogk (4.15)

Now, subtracting the zero-degree term from v (x) in (4.13) yields the follow-

ing polynomial:

apcy log k
MOESHOE %
L
an?~t n
— 11 . 4.16
Z (c1logk)i— i (Ogcllogk;)$ (4.16)

j=1

The error in approximating xlogz by ur(z) over the interval [0, %] can
1
also be upper bounded by TTogE” because
log k
sup |,uL(J:) - a:logx| = sup ’YL(I) —zlogx — w'
wef0, 15 z€[0, SL8 k)
apcy log k
< sup |ye(x) —xlogx|+ %‘
LBE[O,%}
S — (4.17)
~ nlogk’ :

The bound in (4.17) implies that although py(z) is not the best polynomial
approximation of xlogz, the error in the approximation by pr(x) has the

same order as that by v.(x). Compared to i (x), there is no zero-degree

term in p(x), and hence “LT(Z) is a valid polynomial approximation of log .

Although the approximation error of log x using & L(I)

is unbounded, the error

P, “L(Q ) can be bounded. More im-

in the approximation of P;log @Q); using
portantly, by the way in which we constructed pr(x), PE L(QZ) is a polynomial
function of P; and @);, for which an unbiased estimator can be constructed.

More specifically, the error in using B% to approximate P;log (); can be
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bounded as follows:

1 (Q:)
Qi

i k
- Pl = @) - Qog@l £ LU )

P

if Q; € [0, % We further define the factorial moment of = by (z); £
2o If X ~Poi()\), E[(X);] = M. Based on this fact, we construct an

(@—j)!
unbiased estimator for % as follows:
L a; n
N;) = —  _(N;): g — |1 . 4.19
g1(N:) ; (¢1 log k)J—l( = <og ¢y log k) ( )

We then construct our estimator for Zle P;log Q); as follows:

k
A M; M; N; +1 1
Dy = ; (mgL(Ni)]l{N;gcz logk} T E(log n 2N+ 1)>]1{ng>62 logk})-

(4.20)

For the term Zle P;log P; in D(P||Q), we use the minimax optimal en-
tropy estimator proposed in [13]. We note that () is the best polynomial
approximation of the function zlogz. And an unbiased estimator of v (x)

is as follows:

Ll

1 a;
(M) = — E — __ _(M;), — (!
g1, (M;) m p (¢, log k))]fl( )] < og

) M, (4.21)

cy log k

Based on g} (M;), the estimator D; for 3. | Plog P; is constructed as fol-
lows:

k
R M; M, 1
Di=)_ (Q'L(Mi)]l{M;gcg ogky + (- 10g = — o)l arr logk})- (4.22)
=1

m  2m
Combining the estimator D, in (4.22) for 3. | P,log P; [13] and the esti-
mator Dy in (4.20) for Zle P;log );, we obtain the estimator Eopt for KL
divergence D(P||Q) as

Doyt = D1 — D, (4.23)
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Due to the density ratio constraint, we can show that 0 < D(P||Q) <

log f (k). We therefore construct an estimator Dqy as follows:

~ ~

Dopt = Dopt VOA log f(k’) (424)

The following proposition characterizes an upper bound on the worse case
risk of ﬁopt.

Proposition 4. If log®n < k'€, where € is any positive constant, and
logm < C'logk for some constant C', then there exist ¢y, ¢1 and co depending

on C only, such that

sup E[(i%mxﬂasz<D<Pn@j)T < (4.25)

(P,Q)EMy, 51y
k Ef(K)\?  log? f(k k
L RI)NT o) J)
mlogk nlogk m n

Proof. See Appendix E. m

It is clear that the upper bound in Proposition 4 matches the lower bound
in Proposition 3 (up to a constant factor), and thus the constructed estimator

is minimax optimal, and the minimax risk in Theorem 3 is established.
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CHAPTER 5

NUMERICAL EXPERIMENTS

In this chapter, we provide numerical results to demonstrate the perfor-
mance of our estimators, and compare our augmented plug-in estimator and
minimax optimal estimator with a number of other KL divergence estimators.

To implement the minimax optimal estimator, we first compute the co-
efficients of the best polynomial approximation by applying the Remez al-
gorithm [19]. In our experiments, we replace the N/ and M/ in (4.20) and
(4.22) with N; and M;, which means we use all the samples for both selecting
estimators (polynomial or plug-in) and estimation. We choose the constants
co, ¢1 and ¢y following ideas in [15]. More specifically, we set ¢g = 1.2,
¢y € [0.05,0.2] and ¢; = 2¢s.

We compare the performance of the following five estimators: 1) our aug-
mented plug-in estimator (BZLV A-plugin) in (3.2); 2) our minimax optimal
estimator (BZLV opt) in (4.23); 3) Han, Jiao and Weissman’s modified plug-
in estimator (HJW M-plugin) in [20] ; 4) Han, Jiao and Weissman’s minimax
optimal estimator (HJW opt) [20]; 5) Zhang and Grabchak’s estimator (ZG)
in [9] which is constructed for fix-alphabet size setting.

We first compare the performance of the five estimators under the tradi-
tional setting in which we set & = 10* and let m and n change. We choose

two types of distributions (P, Q). The first type is given by

p:(%, % %) QZ(#(/{) ﬁ(k) 1—%) (5.1)

where f(k) = 5. For this pair of (P,Q), the density ratio is f(k) for
all but one of the bins, which is in a sense a worst-case for the KL di-
vergence estimation problem. We let m range from 10® to 10° and set
n = 3f(k)m. The second type is given by (P,Q) = (Zipf(1),Zipf(0.8))
and (P, Q) = (Zipf(1),Zipf(0.6)). The Zipf distribution is a discrete distri-

bution that is commonly used in linguistics, insurance, and the modeling of
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rare events. If P = Zipf(«), then P, = %, for 1 <i < k. Welet m
range from 10% to 10° and set n = 0.5f(k?5m, where f(k) is computed for
these two pairs of Zipf distributions, respectively.

In Fig. 5.1, we plot the root mean square errors (RMSE) of the five esti-
mators as a function of the sample size m for these three pairs of distribu-
tions. It is clear from the figure that our minimax optimal estimator (BZLV
opt) and the HJW minimax optimal estimator (HJW opt) outperform the
other three approaches. Such a performance improvement is significant es-
pecially when the sample size is small. Furthermore, our augmented plug-in
estimator (BZLV A-plugin) has a much better performance than the HJW
modified plug-in estimator (HJW M-plugin), because the bias of estimating
Zle P;log P; and the bias of estimating Zle P;log (); may cancel each oth-
er out by the design of our augmented plug-in estimator. Furthermore, the
RMSEs of all five estimators converge to zero when the number of samples
is sufficiently large.

We next compare the performance of the five estimators under the large-
alphabet setting, in which we let k£ range from 10% to 10°, and set m =
% and n = %ﬁ. We use the same three pairs of distributions as in the
previous setting. In Fig. 5.2, we plot the RMSEs of the five estimators as a
function of k. It is clear from the figure that our minimax optimal estimator
(BZLV opt) and the HJW minimax optimal estimator (HJW opt) have very
small estimation errors, which is consistent with our theoretical results of
the minimax risk bound. However, the RMSEs of the other three approaches
2k _ kf(k)

22 are insufficient for

increase with k, which implies that m = =% n =
) logk’ log k

those estimators.
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Figure 5.1: Comparison of five estimators under traditional setting with
k = 10*, m ranging from 10? to 10° and n < f(k)m.
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CHAPTER 6

CONCLUSIONS

In this thesis, we studied the estimation of KL divergence between large-
alphabet distributions. We showed that there exists no consistent estimator
for KLL divergence under the worst-case quadratic risk over all distribution
pairs. We then studied a more practical set of distribution pairs with bounded
density ratio. We proposed an augmented plug-in estimator and character-
ized tight sufficient and necessary conditions on the sample complexity for
such an estimator to be consistent. We further designed a minimax optimal
estimator by employing a polynomial approximation along with the plug-in
approach, and established the optimal minimax rate. We anticipate that the
designed KL divergence estimator can be used in various application con-
texts including classification, anomaly detection, community clustering, and

nonparametric hypothesis testing.
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APPENDIX A

PROOF OF PROPOSITION 1

The quadratic risk can be decomposed into the square of the bias and the

variance as follows:
2
E[(Da- (M, N) = DPIQ)] = (E[Da-pue-n(1.N) = DPIQ)) )
+ Var [DA—plug—in(Ma N)} .

We bound the bias and the variance in the following two subsections, respec-

tively.

A.1 Bounding the Bias

The bias of the augmented plug-in estimator can be written as

E(Dapig-n(M, N) = D(P]Q)|

k

[ M, Mi/m P;
=|E “log — " _ Plog —
A O YR >‘

s
I
—

—log— — Filog P,
|m m

I
E

-Mi M; | nQ;
_ElogE—PilogPi ) +E (ZmogN +1)
) .

<.
Il
—

Il

s
I
A

Y u _
“log ~—' — Blog P,
| m m

IA
&=
E

<.
I
—
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The first term in (A.1) is the bias of the plug-in estimator for entropy esti-

mation, which can be bounded as in [21]:

k
M; M,
E (Z {Elogﬁ —R-lOgR-])

- m
=1

k—1 k
<log (1 + —) < (A.2)

Next, we bound the second term in (A.1) as follows:

(Z P,log ”Q’ ) Z PE <1og WO

> — = (A.3)

where (a) is due to the fact that log(1 + x) < z. Furthermore, by Jensen’s

inequality, we have

nQ, nQ - nQ,
(ZPlog ) ZPE(log 1) gizlPilog]E{N”Ll].
(A.4)
Let B(n,p) denote the binomial distribution where n is the total number of

experiments, and p is the probability that each experiment yields a desired
outcome. Note that since N; ~ B(n, Q;), then the expectation in (A.4) can
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be computed as follows:

E[NZ-1+1] ijil( )Q](l—@)

n 1 ; o
R Eatr= - @)
- n+13:0 (n—j)! (j"‘l)!Qg(l_Qi) ]

1 “~ (n+1 . e
_(n+1)Q¢;(J+1)Qﬁ( %

Thus, we obtain

k
E (ZPilog]\Z i ) <ZPlog]E[
=1

Combining (A.3) and (A.6), we obtain the following upper bound for the

] ZP log an =0. (A.6)

second term in the bias:

E (Zl%log ]\?30' < kf:“). (A7)

Hence,

B(Dapn01.3) - D(PIQ) )| < £+ B

A.2 Bounding the Variance

Applying the Efron-Stein inequality [22, Theorem 3.1], we have:

m ~ ~
var[DA plug— m(M N)] EE [(DA—plug—in(Ma N) - DA—plug—in(M/a N)>2]

n 2 2 /
+ §E [(DAfplugfin(Ma N) - DAfplugfin(Ma N ))2:| )
(A.9)
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where M’ and N’ are the histograms of (X1, ..., X,,_1, X/ ) and (Y7,...,Y, 1,Y)),
respectively. Here, X/ is an independent copy of X,, and Y, is an indepen-
dent copy of Y.

Let M = (Ml,...,]\Z/k) be the histogram of (Xi,...,X,,_1), and N =
(N1, ..., Ni) be the histogram of (Y7, ...,Y,_;). Then M ~ Multinomial(m—
1, P) is independent from X,, and X’  and N ~ Multinomial(n — 1, Q) is

independent from Y;, and Y,!. Denote the function ¢ as
d(z,y) = zlogr — xlogy. (A.10)

Using this notation, the augmented plug-in estimator can be written as

k

DA—plug—in(]\47 N) = Z ¢(

=1

M; N;+1
m’ = n

). (A.11)

Let My, be the number of samples in bin X,,. We can bound the first

term in (A.9) as follows:

E [(ﬁAfplugfin(Mu N) - DAfplugfin(Mx N)>2i|

E

’ n m n

Mx +1 Ny +1 My, Ny +1
(¢( X;nn Xm )+¢( Xm7 X, )

Y

m n m n

My Ny +1 Msx +1 Ny +1.\2
(Fhe, ia ) gkt L)

M 1 N 1 My N 1.\?
<4E |E (cb( R B C s )) Xm”
m n m n
k ~ 2
M;+1 N;+1 M; N;+1
4N E J J (=L, P
k B ~ ~ 2
4 M;+1 - M, N, +1
:ﬁZE ((Mj—l—l)log J —Mjlogﬁ—log J ) P;
Jj=1 L
LA VA VS| 1 N; +1\?
_ J Y J )
_ﬁ.lE (log +Mjlog(1+ﬁj)—log " > P;
J= L
B8 8 M; 41 Ny +1)\?
w+@;E <log —— —log —- ) p;, (A.12)

where (a) is due to the fact that X,, is independent and identically distributed
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as X, and (b) is due to the fact that 0 < zlog(1+4 1) <1 for all z > 0. We

rewrite the second term in (A.12) as follows:

[ M:+1 n 2
E 1 J
(Og m N]"—l)

_E _(log Lk NJZ 1t on<mey b, >an
+E _(log MJJ 1 N;:L 1oy nQ]}>
4 E _(log Mm+ : Njn+ o<y, <nQ]}>
+E _(log M]}vj : % 1 e <an}>

To analyze the above equation, we first observe the following properties that

are useful:

~ mP; 1
If M < 2o, then m 2+
1

. P, P
If Mj>%,then—J+—< <1

1
+_.

O
=

L
| =
=
+3
IN

If Np%, 1
1 gen Lo Nl Q1
n

n

If N;<—=

With the above bounds, and assuming that m > 2, n > 2, we next analyze

the following four cases:

n

LIfM<Z J and N; > nQ] , then we have ey < == iy <

M‘@M‘xﬁ
3= B
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and

E

(log m N+ 11{MJ‘<?PJ'}]1{N]->’€7’}>

—
3)
~

[\
o
oo
~—~
+
/3
O
PN
U
+
—_
|
=}
o
~—~
o |
+
S|
S~—
Sl ~—
%
¢
>
ko]
—~
|
3
m |
)
S~—
T
SN—

(A.13)

where (c) follows from the Chernoff bound on the binomial tail.

If My > ™5 and N >nQJ , then we have oo (% 4 1 )§M+ n- <

n+1 m  Nj+l1
1
J
%_'—% an
M]+1 n ?
n P 1 Q
< |log? - log*(=F + —
< o8 2 (G oy oGk 1)
P;
<2 log?() +10g2 2 (A14)
It Mj < m2Pa' and Nj < %Qj, then we have m(%ﬂl'+l) < M:;@HN]”H <

np; n
5t + -, and

Mj‘f’l n 2
8 (log m Nj—l—l]l{MngLPj}]l{Nﬁn?j}) ]

Q; 1 ., P 1 (m—2)P; nQ,
< 2 LA A _ i Ty
_[log(m(2 +n))+log( (2+m)) exp ( 2 < )

9, b; — ) P; .
(A.15)
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4. If M > = j and N; < QJ , then we have 52;;"11”‘ < ijl Njnﬂ <n, and
s — N, +1 {M;>5 Py * vy < 290y
P 1 Q; 2 nQ);
< (log(?j + E) log( J ﬁ)> + log n] exp (— Tj)
<2 {log n+ <log (5]) + log (Q2 ))] exp (— %Qj) (A.16)

Combining the four cases together, we have

E [(DAfplugfin(Ma N) - DAfplugfin(Mla N))2:|

i Y 2
8 8 M; +1 N;+1
SWJFEJZIE <log —— —log —- > P,
k
16 Q; P; (m—2)P; nQ,
SW;PJ[IOg (%)—l—log m+log(2‘7)+log2n}exp(_ g i 83)
k _
10 b Q) (m — 2)P;
+ szj _10g2(2m) <log (5) +1og2(7f))] exp (= )

+ % > P :logQ(n) + <log2(%) + 1og2(%))] exp ( — -

k -
16 P; j 8
+— 5 P; _logQ(ZJ) + log2(7j)] + —

m? m2
j=1
k
16 g, 4 (m —2)P;
SW;PJ{MOg (Fj)+4log (Qj)—i-Qlog (2m)exp ( — 3 L)
+2log2nexp(—LQj) +_. (A.17)
8 m?

Now, we analyze the asymptotic behavior of the above four terms in (A.17):

1. It can be shown that Z?Zl —P;log P; < logk and Zle Pjlog® P; <

log? k. Hence, we obtain

k k

4
> :leog2(F) = P;(log’(P;)+log® 4—2log P;log4) < (log k-+log4).
— J

"~ (A.18)
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2. Given the bounded ratio constraint Q <{ I(f), we have
J J

Z Pilog?(=) < i P;log? 2/ (k) (A.19)

Pi(log”2f (k) + log® P; — 2log 2f (k) log P))
=1

< (logk +log 2f(k ))2.

3. Since sup,., x exp(—nz/8) = £, we have

k k 2 2
—2)P; 8log”(2m) _ 8klog”(2m)
le 2 2 o (m J < <
ZZ:; og"(2m) exp ( 8 )_;(m—Q)e - (m—2)e
(A.20)
4. Since Q; > f(k) and sup,.,x exp(—nz/8) = =, we have
k 2
nQ; nP; 8k f(k)log”n
;Plog nexp(—? Zlog np; exp( 8f(k)) < s .
(A.21)
Thus,
E [(DA—plug—in(Ma N) - DA—plug—in(Mla N))Q}
 (log f(k) +log k)? N k:long kf(k)log®n
~ m? m3 m?n
1 log k)? log” log”
5(ogf(k)+ ogk) (1 klog"m kf(k)log ny (A.22)

mlog’k  log®(kf(k))n

m2

where the second term applies kf(k) > k. Note that the assumption m = k

and n = kf(k) implies that kl‘fg 7 S 1 and % < 1, because -

an increasing function. We then obtain

18

log? f(k) 4+ log® k

m2

E | (Da-piug-in(M, N) = Da_piog-in(M', N))?] S - (A23)
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The second term in (A.9) can be bounded similarly as follows:

E [(ﬁAfplugfin(Ma N) - DAfplugfin(Ma N/))2:|

My Ny, +2 My, Ny, +1
B (o, D2 g (e, T
m n m n
> < 2
_ (X NYm“)—qb(MY%,N%“)) Y.V,
m n m n
My, Ny, +2 My, Ny, +1.\°
<4E |E (¢( ) — (= )) Yo
k B O v 2
M, N;,+2 M, N;,+1
:4ZE (Qb(ﬁa ]TL ) _¢(HJ, jn )) ] QJ
=1 L
k B ' 2
=1 R (—Jlog(1+ — 1) ]QJ
=1 L J
4 & 1
= N"E[MAE |log? 14+ — 3 A.24
e 2B VTE g’ +Nj+1)]@3 (A24)

Since M; follows the binomial distribution, we compute E [A j]2 as follows:

E [M?] = E[M;]?> + Var(M;) = m*P} + mP;(1 — P;). (A.25)

J
We can also derive

log? (1+ N1+ 1)] <E -<Nj1+ 1>2

J

E

(A.26)
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where the last inequality follows similarly from (A.5). Thus,

E [(ﬁAfplugfin(Ma N) - ﬁAfplugfin(Ma N/))2:|

4 1
E;E [M2)E [log? (1+ N-+1)] Q

J

. PBU-P)\ 2
SA‘;(P” m )<n—1>2@3Qj
P 1\ 2
g (745)

) . kf(R)

n2 n?m

Ed

2

A

_|_

(A.27)

Combing (A.23) and (A.27), we obtain the following upper bound on the

variance:

Var[Da _pug—in(M, N))]
m ~ ~
S?E [(DAfplugfin(My N) — DAfplugfin(Mlu N>>2]

n ~ A
+ §E [(DAfplugfin<M7 N) - DAfplugfin<M7 NI))Q]

510g2k+10g2f(k’) L) kR

m m n nm

(A.28)

Note that the term %(nk)

follows:

in the variance can be further upper bounded as

nm ~ mn m \ n m

kf(k) _ kf(k) b _ (M + £>2, (A.29)

Combining (A.8), (A.28) and (A.29), we obtain the following upper bound

on the worse case quadratic risk for augmented plug-in estimator:

R(Da—_prugin; k. m, n, f(K)) < (M N ﬁ) N log? k N log? £ (k) . f(k)‘
n m m m n
(A.30)
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APPENDIX B

PROOF OF PROPOSITION 2

In this section, we derive necessary conditions on the sample complexity to
guarantee consistency of the augmented plug-in estimator over My, ¢r). We
first show that m > k and n > kf(k) are necessary by lower bounding the
squared bias. We then show that m > log? f(k) is necessary by Le Cam’s

two-point method.

B.1 m >k and n > kf(k) Are Necessary

It can be shown that the mean square error is lower bounded by the squared

bias, which is as follows:

E [(Da g (M, N) = D(PIQ)’] 2 (B [Da-yus (M, N) = DPIQ)] )
(B.1)

Following steps in (A.1), we have:

k
E[DAfplug*in(Ma N) PHQ (Z (%1 g_ —PlOgP))

=1
k
E Pl . B.2
+ (;ZogNile) (B.2)

The first term in (B.2) is the bias of the plug-in entropy estimator. As shown

in [13] and [21], the worst case quadratic risk of the first term can be bounded
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as follows:
(MM k
E (Z (—l og— — P logP)) (— A1), if P is uniform distribution,
—~ \m m
(B.3a)

k
M; M; k—1
E g —log— — PjlogP; | | <log|1+——], forany P.
m m m

=1

(B.3b)

As shown in (A.3), we have the following bound on the second term in
(B.2):

Ef (k) S nQ;
S gE(;Pilog Ni“‘l) , for any (P, Q). (B.4)

In order to obtain a tight bound for the bias, we choose the following

(P, Q):

p:(%’ %7 . %>’ QZ(#{/&)’ . #(k)’ 1—:%(;))' (B.5)

It can be verified that P and @) satisfy the density ratio constraint. For this
a (P, Q) pair, we have

k
E(Z;Pilog]\;: i )<ZP10g]EL\Z%1]
—Zmog( - - Q)

< Z Pylog(1 — (1 — Q)™

< log(1 — (1 -+ f(k)>"“>
<
Since (1—z)'/* is decreasing on [0, 1], and lim,_,o(1—)"/* = 1, for sufficiently
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large k, 1/(kf(k)) is close to 0 , and thus we have

- R S 7175 B
et > (1 kf(k>) > e P, (B.7)

where 5y > 1 is a constant. Thus,

k
Qi k—1 B .
- (;Pilog ]\Z-i- 1) = _TeXp(—kf(](Z))’ for (P,Q) in (B.5).
(B.8)

Combining (B.3a) and (A.3), we have

Eay B G EDa (ML N) - DPIQ),  (B.9)

m n (P,Q)EMy, £k

and combining (B.3b) and (B.8), we obtain

k—1 ﬂon
TGXP(—W)7
(B.10)

E[Da- (M. N) = D(P|[Q)] < log (1 ; %) -

for (P,Q) in (B.5).

1) If m < kand n> kf(k), let m < Cik, where C} is a positive constant.
Then (B.9) suggests

- k kf(k 1
swp EDa (M. N)-D(PIQ)] 2 ()T Lnyy
(P,Q)EMy, 51y m n 1
(B.11)

The bias is lower bounded by a positive constant, and hence, for suffi-

ciently large k, the augmented plug-in estimator is not consistent.

2) If m > kandn S kf(k), let n < Cokf(k), where Cy is a positive constant.
Then (B.10) suggests

E[ﬁA—plug—in(M, N) — D(PHQ)] < log (1 + %) _ % exp (_kio(z))
k-1 Bon
o )
<t - Lo, (B.12)
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The bias is upper bounded by a negative constant, and hence, for suffi-

ciently large k, the augmented plug-in estimator is not consistent.

3) If m < kand n < kf(k), we cannot get a useful lower bound on the
squared bias from (B.9) and (B.10) using the chosen pair (P, Q). Hence,

we need to choose other pairs (P, Q).

The bias of the augmented plug-in estimator can be decomposed into: bias
due to estimating Zle P;log P; and bias due to estimating Zle P;log Q;.
It can be shown that the first bias term is always positive because x log x is a
convex function. The second bias term is always negative for any distribution
. Hence, the two bias terms may cancel out partially or even fully. Thus,
to show that the risk is bounded away from zero, we first determine which
bias term dominates, and then construct a pair of distributions such that the
dominant bias term is either lower bounded by a positive constant or upper
bounded by a negative constant.

Case I: If £ > (146)%5®) where e > 0 and 0 < o < 1 are constants, and

n

which implies that the number of samples drawn from P is smaller than the

set:

11 1 B 1 1 k-1
EEk) Q_(akf(k:)"”’akf(k)’ - akf(k))”

number of samples drawn from (), the first bias term dominates. We then
(B.13)

=
Let v > ﬁk), and then 1 — a’;%(lk) > % It can be verified that the density
ratio between P and () is bounded by af(k) < f(k). Since P is a uniform

distribution, which has the maximal entropy, the bias of entropy estimation

can be written as
KM, M, "M M,
E (Zl (E log —t ~ R;logR-)) —logk+E (;Elogﬁ> . (B.14)

It can be shown that

M; M;
— log — > —logm. (B.15)
m m

hE

=1
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Combining with (B.3a) and (B.3b), we have

k
k k M; M; k
(—Al)Vlog—SIE(g <—Zlog—Z—PilogPZ-)>§log<1+—>.
m m m m m

=1

(B.16)
And for the above choice of (P, Q),
b M;  Ni+1
E Pilog Q; — - log 2
(;( 0g Qi — — log —— ))
k
N; +1
=— Y PE|l
,Z [Og nQ; }
k
> — ZP log £ [ }
i=1
——ZPlog(1+ ! )
ne;
k — akf(k 1 k
S k=l — Clog 14+~
k < n ) k og< +n>
— log (1 + akf(k)) _ o Qk. (B.17)
n k
Combining with (B.16), we obtain the following lower bound:
E[Da-ptug-in(M, N) = D(P||Q)]
log 2
> A1) Viog £ —log (1 + akf(k)) _ log2k
m m n k
k k k log 2k
>(— A1) Vieg— —1 I+ —— ) — : B.1
_(m/\ )\/Ogm og( +m(1+e)) k (B.18)

Note that m < k. Let m < Cik, where C} is a positive constant. Without
loss of generality, we can assume that C} > 1, since the case C; < 1 is
included in the following discussion.

Denote z = £z € [C%,oo]. If x € [Cll, 1], then (z A1) Vlogx = z, and it

can be shown that

T x €
— > x — > . .
x 10g( 1+E>_m T4e= GAto) (B.19)
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If z € (1,€], then (x A1) Vlogz = 1, and it can be shown that

1+e

X
1-1 1+—— ) >1-1 1+ — B.2
og(+1+€)_ og(—l— ) (B.20)

If x € (e,00), then (x A1) Vlogz = logx, and it can be shown that

x 1 e
1 —1 1+——) =1 — | >1-1 1+——|. (B.21
ogw og<+1+€> Og(%-i‘ﬁ)_ og(+1+€) ( )

Combining (B.19), (B.20) and (B.21), we obtain

x € e
A1)V —1 1+ —— | >min|( =———-,1-1 <1 —) .
(B.22)
If € > ——, the right-hand side in the above inequality is positive. And for

log(% is arbitrarily small. This implies that the worst

Sufﬁmently large k,
case quadratic error is also lower bounded by a positive constant, and hence,
the augmented plug-in estimator is not consistent.

Case IL: If £ < (1 +¢) O‘kf k7 k) which implies that the number of samples
drawn from P is larger than the number of samples drawn from (), then the
second bias term dominates.

Since n < kf(k), assume that n < Cykf(k), where Cy is a positive con-
stant. Without loss of generality, we assume that Cy > 1.

For n < kf(k), we set:

P (%%%) Q= (#(k) #(k) 1_%). (B.23)

Following the steps in (B.6) and (B.7), we have

E[Da _pug_in(M, N) = D(P||Q)] (B.24)

<log (1 + %) + k-1 log(1 — exp(—kio(z)))

:/lC . L (log (1 + %) + log(1 — exp(—%))) + ;log <1 + k)

- -  log ((1 +(1+ e)&k{fk)) (1- eXP(—kiO(Z)))) + log/i%)' (B.25)
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Let 32 (1 +€)a, and t = kf’ék). Then, we define the function

h(t) = (1+ g)(l —exp(—fot)), t€(0,1). (B.26)
For sufficiently large k, we choose 5y = 1.05. Then for any 8 < 0.3, we have
h(t) = (1+ g)(l —exp(—1.05t)) < 0.9, Vte (0,1). (B.27)

Thus, if f(k) is large, e.g., f(k) > 6, then we can find « that satisfies the
condition o > ﬁk) and (14 €)a < 0.3, with € > e—Ll Then, for sufficiently
large k,

E[DAfPIUgfin(Mv N) - D(PHQ)]
<k ; ! log ((1 + (1+ 6)—ak£(k:)) (1 — exp( fon ))) + log(2k)

= Ckf(k) k
ak;;];(k))(l 1.05n)))

kf(k)
<log0.9 < 0. (B.28)

—log ((1 +(1+¢€)

For kf(k) <n < Cokf(k), we set:

o (f(k')w”’f(k)’l_(k—l)f(’ﬂ)’ o <1,_,,,171_’f—1>. (B.29)

n n n n n n

It can be shown that (P, () satisfy the density ratio constraint. Following
the steps for deriving (B.6), we have

E[Dapiug-in(M, N) = D(P[|Q)]
<log (1 + %) + w log(1 — (1 - %)nﬂ)
(a) k (k—1)f(k)

<—-0.3
m n
1 RIS kFH) 0370
n n n
(b) 1 0.3

<(1+€)a— 0.3)5 +
2
(c)

<0, (B.30)
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where (a) is due to the fact that log(1 — (1 — L)) < —0.3 for n > 5; (b)
holds if (1 + €)a — 0.3 < 0; and (c) holds for sufficiently large k.
This implies that for large k,

E[Da_piug—in(M, N) — D(P||Q)] < ¢ < 0, (B.31)

where c is a negative constant. Hence, the worst case quadratic risk is lower
bounded by a positive constant, and the augmented plug-in estimator is not

consistent in this case.

B2 m > log? f(k) Is Necessary

It suffices to show that the augmented plug-in estimator is not consistent
when m < log? f(k). We use the minimax risk as the lower bound of the worst
case quadratic risk for augmented plug-in estimator. To this end, we apply

Le Cam’s two-point method. We first construct two pairs of distributions as

follows:
1 1 2
P — = B.32
(S(k;—l)’ ’3(k;—1)’3)’ (B:32)
1—c¢ 1—¢ 1—e¢
PR — 1— B.
(3(1@—1)’ "3(k—1) 3 ) (B.33)
1 1 1
1) _ H@ _ 11— ) B.34
vr=a (3<k B (SRR T} TS R v ) R
The above distributions satisfy:
Wy oMy _ L 2 3
D(PV|QY) = S log f(k) + 5 log —=——, (B.35)
3 3 71— 5

1—c¢
3

D(PQY) = 1og<1—e>f<k>+(1—1;6)1%5:3 (B.36)

2

1 2 z
D(PY||P®) = ~log + =~ log

1 3
3 71—e 3 T1-L4F

(B.37)
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We set € = \/—%, and then obtain

1 2
D(PW||P?) = 5 log (1 - LE) + 3 log (1 I )

1— 2+¢€
€ 2 €
< —_
“3(1—€) 32+c¢
€ 1
= < — B.38
i 9@ m (D:3%)
Furthermore,
D(PYIQY) - D(PP(|Q®)
1 2 2 1-— 1 - l— =
:glogf(k)—l—glo i — 3610g(1—6)f(k)—<1— 36)10g 2
-5 L= 5w
1 € 2 2 € 2+c¢€
==1 —log(1 — k)+ =1 — =1
glos T Tglosll mafh) +glosgmm =y I
1 1 4 € 2+ €
_1 _t g B.39
3T r e 3 = aBAD - 1) (B
which implies that
2 log® f (k)
D(PY|QM) — D(PP|Q@))? > €?1og? = , (B.40
(DPOQY) ~ D(P Q) T < e (B0

as m — oo. Now applying Le Cam’s two-point method, we obtain

R (kymon, f(k)) > —

> S£(DPYIQW) = D(P Q)

exp (-mD(PV||[P®) —nD@QW[QP)). (B.41)
Clearly, if m < log® f(k), the minimax quadratic risk does not converge to

0 as k — oo, which further implies that the augmented plug-in estimator is

not consistent for this case.
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APPENDIX C

PROOF OF LEMMA 1

We prove the inequality (4.2) that connects the minimax risk (1.8) un-
der the deterministic sample size to the risk (4.1) under the Poisson sam-
pling model. We first prove the left-hand side of (4.2). Recall that 0 <
R*(k,m,n, f(k)) < log® f(k) and R*(k,m,n, f(k)) is decreasing with m,n.
Therefore,

R*(k,2m, 2n, f(k))
=> Y R*(k,i, j, f(k))Poi(2m, )Poi(2n, i)

i>0 >0

= Y Y R(k.ij, f(k))Poi(2m,i)Poi(2n, i)

i>m+1 j>n+1

+ ) 0> R (ki g, f(k))Poi(2m, i)Poi(2n, i)

i>0 j=0
+Y > R*(k,i, j, f(k))Poi(2m, i)Poi(2n, i)
i=0 j>n+1

<R*(k,m, m, f(k)) + e~ log? f(k) 4 =006 Dm log? f(k),  (C.1)

where the last inequality follows from the Chernoff bound P[Poi(2n) < n| <
exp(—(1 —log2)n). We then prove the right-hand side of (4.2). By the

minimax theorem,

R*(k,m.n, f(k) = supinf (DM, N) = D(P|Q), (€2
where 7 ranges over all probability distribution pairs on My, ¢y and the
expectation is over (P, Q) ~ .

Fix a prior 7 and an arbitrary sequence of estimators {D,,,} indexed by
the sample sizes m and n. It is unclear whether the sequence of Bayesian
risks o, = E[(Dmn(M, N) — D(P||Q))?] with respect to 7 is decreasing in
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m or n. However, we can define {a;;} as
Qoo = o0,  Qij = Qij A ay15 N\ 1. (C.3)
Further, define

n(Ma N), it am,n = Omn;
M,N), if Gn = Gt (C.4)
M, N

Dy,
Dpn(M,N)2{ D,,
Dm, y ), if &mm = Oém,nfl'

—1n
n—1

Then for m’ ~ Poi(m/2) and n’ ~ Poi(n/2), and (P, Q) ~ m, we have

E | (Do (M',N') = D(P]|Q))?]

=Z ZE [(Diy(M',N') = D(P]|Q))?] Poi(, )Poi(5, )
>3 ZE (Dis (M, N) = D(P[|Q))?] Poi(5,i)Poi(3. )
> iZE (D501, 8) = D(PQ)?] Poi(%. i Poi(2. )
2B [(Dua(M,N) - D(PIQ)Y]. (©5)

where (a) is due to the Markov’s inequality: P[Poi(n/2) > n] < 1. If we take
infimum of the left-hand side over ZA)m,n, then take supremum of both sides
over 7, and use the Bayesian risk as a lower bound on the minimax risk, then

we can show that

~ m
R*(k, —
(727

N3

SH)) = R b, f(8)) (C6)
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APPENDIX D

PROOF OF PROPOSITION 3

D.1 Bounds Using Le Cam’s Two-Point Method

D.1.1 Proof of R*(k,m,n, f(k)) 2 log” f(k)

m

Following the same steps in Appendix B.2, we can show that

R (b, () 2 (D(PY]QO) = D(PD Q@) > 18I0 )

m
D.1.2  Proof of R*(k,m,n, f(k)) = f(k)
n
We construct two pairs of distributions as follows:
1 1 5
1 — p@ — hd
PO —p (3(k_1),0,3(k_1),0,...,6>, (D.2)
1 1 1
1 _ N 11— ), D.3
"~ (=7 T 5w 03
Q(2)=< 1—e¢ 1+e 1—e¢ 1+e L 1 >
20k = D f(k) 2(k =) f (k)" " 2(k = 1)f(k) 2(k = 1)f (k)" 2f(k)
(D.4)
It can be verified that if € < %, then the density ratio is bounded by i{@g) <
f(k). We set e = \/@. The above distributions satisfy:
1 1 1 1
DQWQ?) = 1 1 D.
1
DPYIQYW) - D(PPIQP) = Zlog(l—) <~ (D.6)

49



Due to € = %, it can be shown that
€2 1 € €

=) S Af(k)y1—e " f(k) o

D@QQY) = 5 081 +

We apply Le Cam’s two-point method,

R*(k,m,n, f(k)) > 1%(D(p(l)HQ(l)) _ D(p(z)HQ@)))z
exp (—m(D(P(l)”p@)) _ nD(Q(I)HQ@))))
> (D(PYQW) — D(PP||Q?))?

> = @ (D.8)

D.2  Bounds Using Generalized Le Cam’s Method

k 2
D.2.1 Proof of R*(k,m,n, f(k)) 2 (mlogk)
Let Q© denote the uniform distribution. The minimax risk is lower bound-

ed as follows:

R*(k,m,n, f(k)) =inf  sup  E[(D(M,N) - D(P||Q))*
D (PQ)EMy ;1)

Sinf s E[(D(M,QY) — D(PIQU))
D (PQO)YeM s

2R (k,m, Q. f(k)). (D.9)

If Q = Q© is known, then estimating the KL divergence between P and Q(©

is equivalent to estimating the entropy of P, because

k

1
D(P[IQ®) :Z (Pilogpi + P;log W)

=1 7

=H(P) + logk. (D.10)

Hence, R*(k,m,Q©, f(k)) is equivalent to the following minimax risk of

estimating the entropy of distribution P with P; < % for 1 <17 < k such
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that the ratio between P and Q) is upper bounded by f(k).

R (k,m, QO f(K) = inf swp  E[(H(M) - H(P).  (D.11)
H p.p<i®
Ifm 2 ﬁ, as shown in [13], the minimax lower bound for estimating entropy
og
is given by
inf sup E[(H (M) — H(P))?] = ( k )2. (D.12)
H P ~ *mlogk

The supremum is achieved for P; < %. Comparing this result to (D.11),
if f(k) > log®k, then
log’k _ f(k)
< —, D.13
ST (D.13)

Thus, we can use the minimax lower bound of entropy estimation as the

lower bound for divergence estimation on My, fax,

k

R (k. f(K) 2 B (k. QO () Z (o

)2, (D.14)

D.2.2 Proof of R*(k,m,n, f(k)) 2 (5{0(3)2

Since n 2 ]Y(J:(’Z), we assume that n > C;kfff). If C" > 1, we set P = PO,
e og

where

o _ [ J) f(k) (k—1)f(k)
PU_(nlogk’”"nlogk’l_ nlogk > (D.15)

Then, we have 0 < 1 — % < 1. Hence, P© is a well-defined probability

distribution. If C" < 1, we set P© as follows:

C'f(k) C'f(k) C'(k —1)f (k)
0) — _
P = (nlogk’”" nlogk71 nlogk )’ (D-16)

which is also a well defined probability distribution. In the following, we
focus on the case that € > 1. And the results can be easily generalized to
the case when C” < 1.

If P = PO given in (D.15) and is known, then estimating the KL diver-
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gence between P and () is equivalent to estimating the following function:

= nl “7Q, nlog k O
(D.17)
which is further equivalent to estimating
3 f log G IUE (D.18)
=l Qi nlogk Qs

We further consider the following subset of My, @

cylog k

Nisoy 2{(P?,Q) € My, pr) - <Qi <

forl<i<k-—1
nlogk — ) L2202 b

(D.19)

where ¢4 is a constant defined later.

The minimax risk can be lower bounded as follows:

R*(k,m,n, f(k)) =inf  sup  E[(D(M,N) - D(P|Q))’]
D (PQ)eMy, r(r)

> inf sup E[(D(P(O),N) — D(P©Q))%]

LR (K, PO n, f(k)). (D.20)

For 0 < ¢ < 1, we introduce the following set of approximate probability

vectors:

Nisw(€) 2 {(PY,Q) :Q e RY IZQ —1<e

cqlog k

<Q; <

for1<i<k-—1}. (D.21
nlogk — ' forl<i<k—1} ( )

Note that Q is not a distribution. Furthermore, the set N, ;) (€) reduces to

Nk,f(k) if e =0.

We further consider the minimax quadratic risk (D.20) under Poisson sam-
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pling on the set Ny ) (€) as follows:

Ri(k, PO n, f(k),e)=inf  sup  E[(D(P?,N) - DP? Q)
D (P©®,Q)eN;, i) (€)

(D.22)

where N; ~ Poi(nQ;), for 1 < i < k. The risk (D.22) is connected to the risk

(D.20) for multinomial sampling by the following lemma.
Lemma 2. For any k, n € N and e < 1/3,
* (o 1 1=, (0) 2 n 2
R (k7P agaf(k)) > §RN(]€>P 7naf(k)76)_log f(k)exp(_%)_l()g (1+6)
(D.23)
Proof. See Appendix D.2.3. O
For (P©,Q) € N ) (€), we then apply the generalized Le Cam’s method

which involves two composite hypothesis as follows:

kE—1)f(k
Hy: D(PY|Q) <t versus H,: D(PY|Q) >t + (k= DJk) (D.24)
nlogk
In the following we construct tractable prior distributions. Let V' and V' be

two R* valued random variables defined on the interval [nlggk, = lsgk] and

have equal mean E(V) = E(V') = a. We construct two random vectors
Q=WVi,...Vi,1—(k—1)a) and Q' = (V},....V/_,1—(k—1)a) (D.25)

consisting of £ — 1 ii.d. copies of V and V' and a deterministic term
1 — (k- 1)a, respectively. It can be verified that (P®, Q),(P©, Q) €
N s (€) satisfy the density ratio constraint. Then the averaged divergences

are separated by the distance of

EDEOIQ)] - EDEOIQ)]] = E= D E) im0 vy~ Blog 1))

nlogk
(D.26)
Thus, if we construct V' and V' such that
|Eflog V] — E[log V']| > d (D.27)
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then the constructions in (D.25) satisfy (D.24), serving as the two composite
hypothesis which are separated.

By such a construction, we have the following lemma via the generalized
Le Cam’s method:

Lemma 3. Let V and V' be random variables such that V., V' € [ﬁgk, %],
E[V] =E[V'] = «a, and |E[log V] — EllogV’]| > d. Then,

Ri(k, PO n, f(k),€) >

(%)2 (1 _2(k - 1)c2log® k 32 log?(nlog k)
- 32

n2e2 (k? — 1)d2
— kJTV(E[POi(nV)],]E[POi(TLV’)])) ,
(D.28)

where TV(P,Q) = %Zle |P; — Q| denotes the total variation between two

distributions.
Proof. See Appendix D.2.4.. O

To establish the impossibility of hypothesis testing between V and V', we
also have the following lemma which provides an upper bound on the total

variation of the two mixture Poisson distributions.

Lemma 4. [13, Lemma 3] Let V and V' be random variables on [—1—, “108k],

nlogk’ n
IfEVI] =E[V"Y] forj=1,...,L, and L > %, then

L L
TV (E[Poi(nV)], E[Poi(nV")]) < 2exp (— (5 log e logk 2¢4 log k)) Al
(D.29)
What remains is to construct V' and V'’ to maximize d = |E[log V'] —

E[log V]|, subject to the constraints in Lemma 4. Consider the following

optimization problem over random variables X and X’.
&* =maxEl[log X] — E[log X']
st. E[X/] =E[X"Y], j=1,...,L

X, X' €] 1]. (D.30)

calog? &
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As shown in Appendix E in [13], the maximum £* is equal to twice the error

in approximating log z by a polynomial with degree L:

& = 2E; (log, | D). (D.31)

— 1
cylog? k
The following lemma provides a lower bound on the error in the approxima-

tion of logz by a polynomial with degree L over [L72, 1].

Lemma 5. [13, Lemma 4] There exist universal positive constants ¢, ¢, Ly

such that for any L > Ly,
E\cr(log, [L7%,1]) > ¢ (D.32)

Let (X, X’) be the maximizer of (D.30). We let V = <8k X and V' =
culogk ¥/ such that V, V' € [ﬁgk, clogk] Then it can be shown that

Ellog V] — Ellog V'] = £, (D.33)

where V' and V'’ match up to L-th moment. We choose the value of d to be
E*.
Hence, we set L = |clogk]|. Then from Lemma 5, d = & > 2¢. We

further assume that log2n < csk, set ¢4 and c5 such that 2¢% + i% < 1 and

510g 52— —2¢4 > 2. Then from Lemma 3 and Lemma 2, with € = @, the
minimax risk is lower bounded as follows:
kf(k)
R*(k, PO k) > (—=22)2, D.34
(PO S (0) 2 (S (D34

D.2.3 Proof of Lemma 2
Fix § > 0 and (P©,Q) € Ny su)(0). Let D(P©®,n) be a near optimal

minimax estimator for D(P©||Q) with n samples such that

sup  E[(D(P,n) — D(PVQ))*] <6+ R*(k, PO n, f(F)).
(PO,Q)eN, £(1)(0)

(D.35)
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For any (P9,Q) € Ny sk (€), Q is approximately a distribution. We nor-

malize Q to be a probability distribution, i.e., ﬁ, and then we have
k
V)Q) = melog 24— —log > Qi+ D(P ). (D36)
i=1 ¢

Fix distributions (P, Q) € N sy (€). Let N = (Ny, ..., Ni), and N; ~Poi(nQ;).
And definen’ = > N; ~ Poi(n ) Q;). We set an estimator under the Poisson
sampling by

D(P©,N) = D(PO n)). (D.37)

By the triangle inequality, we obtain

Q 2
hal (0) _ (0) 2 D(pO) _ (0)
5 (D(PO, N) = D(PO Q) < (D(P ,N) D(P HZL Q))

+ (D(P@)HZ,S1 Q) - D(P“”HQ))2

= Q ; .
k Q)) + (IOgZQi)Q
=1 Wi i=1

D(PO, N) - D<P<0>HQQ>>2 +1og2(1 + ).

(D.38)

Since n' = > N; ~Poi(n ) Q;), we can show that

E (D(P(O) N) < HZ 1Q))
:Zo_o:E (E(P(O)’j) <P(O)”Z Q))

Z (k, PO, j, f(k))P(n' = j) + 0. (D.39)

We note that for fixed k, R*(k, P(9), j, f(k)) is a monotone decreasing function
with respect to n. We also have R*(k, P j, f(k)) < log® f(k), because
for any (P, Q) € Ny s1)(0), D(PP||Q) < log f(k). Furthermore, since
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n' ~ Poi(n> Q;), and |>Q; — 1] < € < 1/3, we have P(n' > 2) < e 0.

2
Hence, we obtain

E

(f)(P(O), N)—D <P<0>

<ZR* k, PO G, F(R)B(n = j) + 6

n/2 0o
—ZR* k,POG FR)B( = )+ ) R (k, PO, f(k)P(n' = j) +0
Jj= 5"‘1
<R (k, PO, 5, f(k)) + (l08” J (k) P(n' > 5) +9
<R (k, PO, 3, £(k)) + log? f(k)e™% + 6. (D.40)

Combining (D.38) and (D.40) completes the proof because ¢ can be arbitrar-

ily small.

D.2.4 Proof of Lemma 3

We construct the following pairs of (P,Q) and (P, Q’):

P:P:p@:<f%) f%)l_%—UﬂM) (D.41)

nlogk’  "nlogk’ nlogk
Q=WV,...,. Vi1, 1 — (k= 1a), (D.42)
Q=W Vi,1-(k=1a). (D.43)

We further define the following events:

Eé{Zw—(k—l)a

d(k — 1) f(k)
2 <6 |D(PIQ) —E(D(P|Q))] < W} :

(D.44)

ahﬂvw}
4nlogk '
(D.45)

<& [D(PQ) - E(D(FQ))] <

E’é{Zv’ k—1a

o7



By union bound and Chebyshev’s inequality, we have

(k — 1)Var(V) N 16(k — 1)\[31"(% log V;)

P(EY) < -
€2 (%dﬁ
2 2 2
ci(k—1)logk  16log”(nlogk)
< D.46
- €2n? (k—1)d? ( )
Similarly, we have
201, 2 2
P(EC) < ci(k—1)logk  16log”(nlogk) (D.47)

€2n? (k—1)d?

Now, we define two priors on the set Ny () (€) by the following conditional
distributions:m = Py and 7' = Pyyp.

Hence, given 7 and 7’ as prior distributions, recall the assumption |E[log V]—
E[log V']| > d, and we have

d(k —1)f(k)

D(PIQ) - D(P|Q) = T

(D.48)

Now, we consider the total variation of observations under m and 7n’. The
observations are Poisson distributed: N; ~ Poi(nQ;) and N/ ~ Poi(nQ}). By

the triangle inequality, we have

TV(Pxg, Pnjer) < TV(Pyig, Px) + TV(Py, Pxt) + TV(Pyr, Py
= P(E°) + P(E'°) + TV(Py, Py/)

< 2¢2(k —1)1log’k  32log*(nlogk)
- e2n? (k —1)d?

+ TV(Py, Pyr).

(D.49)

From the fact that total variation of product distribution can be upper

bounded by the summation of individual ones, we obtain

k—1
TV(Py, Py) <Y TV(E(Poi(nV;)), E(Poi(nV}))),

=1

= KTV (E(Poi(nV)), E(Poi(nV"))). (D.50)

Applying the generalized Le Cam’s method [16], and combining (D.49) and
(D.50) completes the proof.
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APPENDIX E

PROOF OF PROPOSITION 4

We first denote

k k
Di£) PlogP, Dy2% PlogQi (E.1)
i=1

=1

Hence, D(P||Q) = Dy — D,. Recall that our estimator Dy for D(P||Q) is:

~ ~

Dapt = Dopy V 0 Alog f(k), (E.2)
where
Doy = Dy = Do, (E.3)
k k
2 M; M, 1 N
= | ; 1<l — -t It é .
Dl o ZZI <gL(MZ)]l{M¢<CQIng} + ( m lOg m Qm)]l{Mi>c2logk}> iZIDLZ?
(E.4)
k
D = —_— N’L ]]- '<eo lo _<1 — )]]_ 'Seolo
2 ; <m9L( ) {N/<cslogk} T+ - og n 2(N, + 1) {NZ>21gk}>
k
£ D (E.5)

We define the following sets:

By £{N] < c;logk, Q; <

EQJ‘ = {Nzl > cologk, Q; >

Fi; £ {N! < clogk,Q; >

By £ {N] > cylogh,Q; <
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and

/
By & (M < dlogh, Py < 108%

}7
2
2

1 (E.7)

m

L log k
By, 2 (M > & logh, P, > 4108%
i logk

F, &{M] < dylogk, P, > p-

cslogk

B2 (] > ylogh, P, < 2

where ¢; > ¢y > ¢35 and ¢] > ¢, > ¢;. We further define the following sets:

k k
Ey £ ()Ew, E»2()Ea (E.8)
=1 =1
k k
By & (Bl By 2 () Es, (E.9)
=1 =1
E£EUE, FE =E UE),, (E.10)
k
ELENE =) ((EM U Ey;) N (B, U Egﬂ.)). (E.11)
=1

It can be shown that

k k
E° = J(B1iU B2)°U (B, UE; )" = | J(Fui U Fag) U (F{,UF})).
im1 i=1

(E.12)

By union bound and Chernoff bound for Poisson distributions [23, Theorem

5.4], we have

P(E) =P ( U(FM U Fy,) U (F] ;U FQ’J.))

i=1

<k (P(Fiy) + P(Fy) + P(F,) + P(Fy,))

< 1 1 L 1 L 1
— —colog £61 _q —colog €83 1 ec/ ech
kcl €208, kc3 €208 7, kcllfclg log Tl;fl kjcéfc’Q log C—,jfl
(E.13)

We note that Dopta D(P||Q) € [0,log f(k)], and ﬁopt = ﬁopt VO Alog f(k).
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Therefore, we have

E[(Dopy — D(P]Q))?]

Dopt = D(P|Q))* 1) + (Dops — D(P1Q))*15e)]
Doyt = D(P||Q))* 1)) + log” f (k) P(E)
Dy — Dy — Dy + D2) ]l{E}] + 10% f(k)P(E®).

We choose constants ¢, co, c3, ¢, ¢y, ¢3 such that ¢; — cplog <+
cl—c2logecl 1>0C, c3—crloge® —1>C, andc3—0210gec3
Then together with logm < C'log k, we have

oy log® f(k

log? f(k)P(E°) < log” f(k)
m

We define the index sets Iy, o, I] and I} as follows:

log k
L& {i: N/ <clogk,Q; < a8

I3
2
2
).

n

log k
Iy 2{i: N >cylogk,Q; > G308 %
n

c logk

I 2 {i: M <d)logk, P, <
m

cslogk

I 2 {i: M] > dylogk, P, >
m

Using these index set, define
A= Z (Dlz — Dy — Plog P, + P;log @),
£ > (Dyi— Dai — Plog P + Pilog Q)
C 2 Z (lA)u - ﬁz,i — Pilog P; + Pilog Q;),

D2 > (Dij— Dy — P,log P; + Plog Q).
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-1 > C,
1> C.

(E.15)

(E.16)



We can further decompose E[(D; — Dy — Dy + D3)*1 5] as follows:

E[(Dl - f)g - Dl —+ DQ)Q]I{E}]

—E (A+B+C+D>2]1{E}}

<E:<A+B+C+D>2]

_E|E2 (A +B+C+ D‘11,12,11,1;> + Var(A +B+C+ D‘Il,lg,I{,Q)] ,
(E17)

where the last step follows from the conditional variance formula. For the

second term in (E.17),

var(A +B+C+ D)II,IQ,J;,I;)

§4Var Z (lA)Li — ﬁg,i) Il, I{ + 4Var Z (bl,i — ﬁgﬂ) IQ, I{]
eIy i€lNI}
—+ 4Var Z ([)Li — [)2,i) Il, ]é + 4Var Z (Dl,i — [)271') IQ, Ié] .
ichni i€lNI)
(E.18)
Furthermore, we define &;, & and &£’ as follows:
= Z (ﬁQ,i — Pilog @), (E.19)
iel1N(I7UI})
ielaN(I{UI)
g4 > (Dyi—PlogP). (E.21)
1€(I1UL)N(IUIL)
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Then, the first term in (E.17) can be bounded by

]E2<A+B+O+D

[17[2711715)

_[R? (5’ -

]17 ]27 ]{7 Ié)
<O (&I, I, I}, ) + 2B2(& + &by, I, 11, 1)

<OR? (5’\11, L, I, Ié) VARSI, ) + ARG\, I, I (B.22)
Following steps similar to those in [13], it can be shown that

/{32
B2( &1, I, 1], 1) < E.23
1> 42

~ m2log®k’

Thus, in order to bound (E.17), we bound the four terms in (E.18) and

the two terms in (E.22) one by one.

E.1 Bounds on the Variance

E.1.1 Bounds on Var [ Senn (Dri = Do) | I, I{}
We first show that
Var Z ([)171'—15271') [1,[1 S 2Var Z Dl,i Il,]—{ —|—2Var Z DZ,i Il, [{] .
ielNIj ielNIj ielNIj
(E.24)
Following steps similar to those in [13], it can be shown that
/C2
r| Y Du|L I (E.25)
) m2 log® k'’
ielNl

In order to bound Var[.; Do i| I, T}], we bound Var (2 gL(N )) for each
i € I; N I]. Due to the independence between M; and NZ, is independent

63



of gr.(N;). Hence,

Z ﬁQ,i

enly

Var

Il,[{]

M;
= Y var(Sla(v)
m
ienly

= 3 | (Ve + B Ve (gu () + Ver () (B (40) )|

m
ieNly

(E.26)

We note that Var(2%) = £ and E(2%) = P,. We need to upper bound

m 2
Var(gr(N;)) and <]E(gL(Ni))> ,for i € I, N I}. Recall that g;(N;) =

Zle (01102#<Ni)j_1 — log .57 The following lemma from [13] is also

useful, which provides an upper bound on the variance of (IV;);.

Lemma 6. [13, Lemma 6] If X ~Poi(\) and (z); = =2, then the variance

@
of (X); is increasing in A and

[ 2oV
Var(X); < (Aj)’ oY V1. (E.27)

Furthermore, the polynomial coefficients can be upper bounded as |a;| <
2e7123L [24]. Due to the fact that the variance of the sum of random vari-
ables is upper bounded by the square of the sum of the individual standard

deviations, we obtain

L

Var (gL(Ni)> = Var( 2 (qé#(zvi)jl)

<.
I

< (Z% Var((Ni)j_1)> . (E.28)
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By Lemma 6, we obtain

- i1 (2€>2\/m
(i) < eomest -y (L )

(2€>2\/ ci1eo log2 k
V1
T\ 1o log2 k

Substituting (E.29) into (E.28), we obtain

< (ercplog? k)1 ( (E.29)

Var(g(N:)) < LZ( 2e 2% >2Var<(N)] 1) (E.30)

(¢ logk)i—1
< kz(co log 8+/2oe1 0g 2¢) |0 . (E.31)

Furthermore, for i € I; N I{, we bound |E(g.(N;))| as follows:

L
N1 n
z; cllogk‘ﬂ r(nQi) Ogcllogk:

L. 9p-193L - n
<2 Tolog Ry 18Ry Hlos o
=1
< k088 ]og k + log n. (E.32)

So far, we have all the ingredients we need to bound Var(%gL(Ni)). Note
that P < f(k)Q:, and @Q; < <18E for i € [;. First, we derive the following
bound:

f(k) 10g2 ka(co log 8+/cocy log 2¢) < kf(lﬂ)

M,
Var(—)V: N;)) < . (E.33
ar( m) ar(gL( )) ~ mn ~ mnlog® k ( )
if 2(colog 8 + /cocy log 2¢) < %
Secondly, we derive
Mi f2(/€) 10g3 kk?(co log 8+,/cocy log 2¢e) kf2(/€)
E(—)%V: N;)) < < . (E.34
() Var(gu(V) S = S o B3

if 2(colog 8 + (/cocy log 2¢e) < %
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Thirdly, we have

M; 2 k) log? kk2coloss k) log klog® n
m mn mn
kf(k) kl_ef(k) log k
~ 2 +
mn log” k mn

_ (k)

~ mnlog? k’

(E.35)

if 2colog8 < 1 and log?n < k'~

Combining these three terms together, we obtain

S b,

el NI

OIS0

Var .
mnlog®k  n2logk

(E.36)

Il’I{] 5

Due to the fact that =Lk < F12() + &

mnlogZk ~ n2log?k m2log? k’

R fQ(k.)k.2 k‘2

!

E[var[ Y D, [1,[1H S it o (E.37)
ieliNIj

E.1.2 Bounds on Var[zz’e]ml{ (lA)u - ﬁQz)

I, 1{}

Note that for i € I, N I{, Q; > @ and P; < clll%k. Following steps

similar to those in [13], it can be shown that

S b,

ielNI]

k’2
L, 11] S (E.38)

Vi .
o m?log? k
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We further consider Var [Zze LA f)h} By the definition of 15271-, for ¢ €

I, N I}, we have 15271' = ( N“ m> Therefore,
Z Do —72,—7{]
i€lxNI]
M; N; +1 1
Z Var [ log — }
e m ( n 2(N; + 1))
M; N; + 1
< E— — . .
_242 Var[m< )]+2 3 Var[ ((N+1)>] (E.39)
ielnly ielnIy

The first term in (E.39) can be bounded as follows:

Z Var [An?(logNig—l)]
<y E(i{i(bgm:l)—&log@)?

M; N; +1 M; M; ?
- Y E ((bg i )—logQHrlogQi—PilogQi)
n m m

m
ielxnIy L
< op | (M : log Vit : on | (M _p 21 2
< > P og — — —log Qs > -~ Pi) logm Qi .
i€lNl] i€laNI]

(E.40)

Note that for i € b N I, Q; > % and P; < Clll%k. We then have the
following bound on the first term in (E.40):

B (5 e
|

_ Z mP +PE < logQi)Q}

ZEIQOI/

Pi(1+mP; N; +1 ?

m
ielNI]
N, +1 2
+ <log — log Qi) ]l{Ni>n§i}]
SO & 1
S — (E41)
m?2log” k
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where (a) holds if 63(1_—21()%@ +1—C >0, and can be shown as follows. First,

Py(1+mP) N, +1 2
> TEK@ " —IOgQi) ]1{Ni<"§i}]

iEIQﬂI/

< Z Plogk o )P(Ni§n§i>

ielnly

(b) .
< klogk nQ;

5 )

(C) k‘ log k‘ k— (;3(1—210g 2)

P(N; <

<

~Y

(d) 2

S (E.42)

where (a) is due to the fact that P; < C“%k, Nitl ¢ (L] Q, e [@lek 1]
(b) is due to the assumption that log*n < k:l_E and Zz‘ebﬂli P, < 1; (c) is
due to the Chernoff bound: P(N; < ”Ql) < g5 = ; and (d) is due to the
assumption that logm < C'log k and %logm +1-C>0.

Secondly,

mP,(1 +mP;) N;+1 2
Z -~ E{(log - —logQi> ]1{N1>n§i}}

i€lxNI]
Plogk [ N;+1 2
S Z - E <log - —logQi) ]l{N1>n§i}}
ielxNI] -
(a) Plogk_ [ N;+1 5 1
<2 T, B -Q) gﬂ{m”?i}}
ielxNI] -

(0) Plogk [ N;+1 !
= , Z m Bl no @) @]l{NDTLg)"}}
i€lanI) - ¢
Plogk_ [ N;+1 4
< 3 PlskgNel g4,
ielanI} - ¢
= 2 )2
i€lxNI] n QZ
~ m  logk
7,6]20]{
1
- E.43
—, (E.43)
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where (a) is due to the mean value theorem, with ¢ satisfying min(&:t, Q;) <
¢ < max(YH Q)); (b) is due to the fact that & > %.

We next bound the second term in (E.40).

Z E (%—R) logQQz'] = Z PZI%@

ielnIy ielnly
P, log2 D
¢ f(k)
< 2 I
ielnly
2P, (log P, + log? f(k))
<
ielnly
@210g” f(k) | 2k 05 logh ()
m m
1) 1pe? 2
~ooom m2log® k’

where (a) is due to the facts that xlog® z is monotone increasing when z is
small and P; < C/ll%gk, and (b) is due to the assumption that logm < logk.
Substituting (E.44) and (E.41) into (E.40), we obtain

M; N; +1 log® f (k) k?
T <
E Var [m <log - >] S + 0% k- (E.45)

ielaNIy

We then consider the second term in (E.39).

S v [ ]
1 1

2 M; 1 M; 2 M;
:ielzﬂl’ (E [E]Var[m] + Var[E]E [m] + Var[m]Var[Q(MJrl)])
(E.46)

In order to bound (E.46), we bound each term as follows. Note that

M; ~Poi(mP;), and N; ~Poi(nQ;). Therefore, B[] = P? Var[2i] = L
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and

Varls N 1)

1
< : E.47
S o (E.47)
Therefore, (E.46) can be further upper bounded as follows:
1
3 var[ S )}
ielaNlf N + 1)
P
< > ("5 wmar)
€Nl an m(nQi)
S
~nlogk  mlogk
k 1
JW, L (E.15)
n m
Substituting (E.48) and (E.45) into (E.39), we obtain
. 1 2 2
Var | Y Dy|B, T | < J(k) | log” J(F) L (E.49)
, .7 n m m?log” k
USIPIaTY
Therefore,
A p f(k) | log® f(k) k?
Vi D1;— Do) |2, I;| < + + . (E.50
o 3 (0= pufn] < M I e

E.1.3 Bounds on Var Ziehm& (Bu - ﬁm)

I Jg}

We first note that given i € NI}, P, > Ci"’l;:lgk, Q; < Cllzgk, and g < f(k).

Hence, % izgk < P < M. Following steps similar to those in [13], it
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can be shown that

S b

ielNI}

4 12k 4k 2P
2.

—t — 4+ log? P;. E.51
m+ m2  dym?logk og"Fi )

Var Il,Iél <

ielNI}

Consider the last term >, 2L 10g? Py in (E.51), under the condition

m

that Cgl%k <P < M. Then,

P, 1 Al
Z Ti0g? P < Z c1f (k) nglogQ cglogk
m

) ‘ mn m
ielNl i€l1NI}
< cikf(k)logk log? ¢ logk
mn m
(a) 1
5 kf(k) nglome
mn
O kfR)log'k _ K2F(K)
~ mn ~ mnlog®k
(&) 2 2 2
< SRk b (E.52)

~ n2log?k  m2log?k’

where (a) is due to the assumption that m 2 %, (b) is due to the assumption
that logm < Clogk, and (c) is due to the fact that 2ab < a®+b?. Therefore,

we obtain

Var Z Dl,i

ieliNI}

o) | SRR K (E.53)

0,1, .
b2 m n2log’k  m2log? k

Following steps similar to those in Appendix E.1.1, we can show that

- flk) | f(R)K k?
\Y Do\, I,| < + -+ . E.54
o EIZNI 210 2] ~ on n2logk  m2logk ( )
ielhNi
Hence,
S log? f(k)  f(K) | PR K
Va D i D i I ,I, S —+ .
I ieﬁzﬁp ( 1, 2, ) 1 2] m n n2 10g2 k mQ 10g2 k
(E.55)
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I, Jg}

chlogk c3logk
—=, Qy > 255, and

E.1.4 Bounds on Var{zidz)m—é (f)u - ﬁm)

We note that for i € LN 15, P, >

M, M, 1 M/ N,+1 1
_ 1 _ ) E.56
m ( . “awn) B

It can be shown that

Var Z (ﬁl,i — ﬁ2,i) [2,]5]
i€lNI)
M; M; M; N; +1
<2Var| > —log— — —'log 12,1’]
m m m
ielNl}
M; 1
2V —— —  _|L,1]. E.57
+ 2Var Z m 2(N, + 1) 2, 2] ( )
7,6[2ﬁfé

Following steps similar to those used in showing (E.48), we bound the second

term in (E.57) as follows:

M; 1
> I

ielxnl)

Var 2, [é] < J k) + % (E.58)

We next bound the first term in (E.57) as follows:

M, M; M;. N;+ ,
V o 1 _ 2 I, I
ar Z - o) - - 2, 15
ielnl)
/M, M, M, N;+1 P\ 2
< E E <11 — — log it — P;log >
. m n Qz
Zelgﬂlé L
[ Ni+1 M P,
S B <M’1 My Miy Nitl My gP+~ Ulog ot
. m m n Qz
zélgﬂlé L

M; . M; 2
< il v 3
< E <3E (m (log - logH)> + 3E
ielxN)
M; . N;j+1 2
+3E (m(log R log QZ)> ]) (E.59)




We further bound the three terms in (E.59) one by one. Note that logz <
x — 1 for any > 0. Therefore

M, M, Mo (M _ p)?
— P < log <P n , E.60
m - m o8 P, m * P ( )
which implies that

M; M2 M, (M _ pyt

—log ) <2(— —-P)*+2-1—— E.61

(Glog ) <2 - Rp+2tes (E61)
Taking expectations on both sides, we have

M; N 2 .
E[<%10gm>]<2PZ 6
m P

2
<=+ =+
[ m

m2

25
<

6

m3P;, —

2
m m2

E.62
m2dylog k’ (E62)
where the last inequality is due to the condition that P; >

% logk logk . Therefore,

M;, M, ?
> E|{ —"(log— —log F)
m m

i€lxNl}

k

S —4— E.63
s s 1 (E.63)

For the second term in (E.59), we derive the following bound

Y E

M; P\’ P, 5 P _log’ f(k)
iclnl; ! i€lxNI) g
where the last inequality is because
P P. P,
Pilog? (P log? —]l +Q;=1og> 1,5 _ >
2 (Pt - 0 1 g e
< log? f (k).

(E.65)
where the last inequality is because the function zlog”z is bounded by
constant on the interval [0, 1]

We next bound the third term in (E.59)

Note that % <logl <
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and therefore

| M; N; +1 2
Z E (E(log n —logQi)) ]
iEIQOIé L
"2t (ang nQ; >> I{Nﬂ"ff}*(ﬁlogn—@i)) “{an;?i}]
ielonly L
@ MzQ Nz‘f‘l—an 2 Nz‘l’l—an 2
< IZI Bl |E <f) et + ()
i€l
() nQ <
iGIzﬂI’ an
LS (m s 5 )
i€NT) nQ;
DL
il iz an
k) Ef(k
§¥+ fn(n)' (E.66)

where (a) is due to the mean value theorem and the fact N; +1 > 1; (b)
uses the Chernoff bound of Poisson distribution; (¢) is due to the fact that
22e= "5 is bounded by a constant for z > 0.

Combining (E.58), (E.63), (E.64) and (E.66), we obtain

Z (Dlz - D2z)

ielxNI)

1'2,]5] < LA log” f (k) L SR RS

m2 m n mn

(E.67)

E.2 Bounds on the Bias:

Consider the first term in (E.22). Based on the definition of the set Iy, &

can be written as follows:
& = M (V) — Plog Q) (E.68)
m

iehN(I{UI})
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Hence, |E[& |1, I}, )] = {Ziellm(liulé)E[%gL<Ni) — Pilog Q| Iy, I, It]|.
Fori e Iy N (1] UI}), we have 0 < Q; < % and Pl% — %QilogQi <
fl(k)k. Therefore,
nlog
Mi 7
‘E[—QL(ND — Pilog Q; [Iujiulé] = Pz‘MLCgQ ) — Pilog Q;
m i
f(k)
. E.69
~ nlogk ( )
Hence, |E[&|11, 11, I5]| can be bounded as follows:
!E(El\fl,fi [é)’ - Z E[%QLUV@') — P;log Q| 11, I} [é}
? m 7 7
ieliN(IUly)
kf(k)
< _ E.70
~ nlogk ( )
Therefore,
K2 £ (k)
E[IEP AT ] < B E.71

Now consider the second term in (E.22). Based on how we define I, &

can be written as follows:

M,/ N+1 1
£= ) (E(bg n _2(Ni+1))_PilOgQi)

1elaN(I{Ul})

— — Pl =1 _
> ((m )log Qi+ —~log w0, AN 1)

ielaN(I{uUl})

) . (E.72)

Taking expectations on both sides, we obtain

N; +1 P
E|&| Iy, I1, 1| = E|PR1 : — : I,I, 1. (E.73
[2| 2,471, 2] | Z [ 0og n0; 2(Ni+]—) 15471, 2] ( )
ielaN(I7UI})
Consider »~,cr.un) E[Pi log ]\251 I, 1, Ié] Note that for any z > 0,
1 2, 1 3
logx < (x—l)—g(x—l) —l—g(a:—l) : (E.74)
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Since NN; ~Poi(nQ);),

N;+1
n

E| P log < PE

N+l . LN+l o, LNl
(G 030 g - )]
! > L (E.75)

= P50, T 6w T 3moy

It can be shown that

P P, 0
E{2(Ni+1)] = QnQi(l_e @, (E.76)

Hence, we obtain

1 1 P,
E[gz‘[m I, 1] < Z Py( + 0 + =) — (1 — e @)

. 32 )
ienN(I{uIL) 2nQ;  6(n@:)*  3(nQ:i)*  2nQ;
(a) P
Cy I
1€laN(1{UI5) v
kf(k)
S E.
~ nlogk’ (E.77)

where (a) is due to the fact that ze™* is bounded by a constant for x > 0.
We further derive a lower bound on E[SQ}IQ, I, I } For any z > =, it can
be shown that

logz > (x—1) — %(3: —1)%+ %(:C — 1 = (z — D™ (E.78)

Define the following event: A; = 1}, We then rewrite E [& |15, 11, I}]

as follows:

E (&L, 17, I3)]

N;+1 N, +1 P;
i€l,N(I]UIY) i nQ; 2N+ 1)
N; +1 P;
> ) E{Pl og Liay — s Iz,li,fé]
i€ I,N(I]ULL) nei 2(Ni +1)
N;+1
— Z E|:P log + ]l{AC} _[2,]1,]:| (E79)
iclaN(I{UI)
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Using (E.78), we obtain

E{Pi log ]\26—;11{’41’} b,f{,[g]
N; +1 1 N;+1
ZE{PZ(( ngz _1) _5( nC; _1)2
+ %(]\:;511 _ 1)3 - (]\:;;2'21 _ 1)4>]]'{Ai} ]27]{715], (E.80)
Note that
E (]\;51 — Dlgap |, I, 1;}
- <Nnc—51 1 [2’[1’[4 _E{(Nriztl — Dy Tz,fi,lé}
 x (Nngl - 1) 12,1;,14
:le (E.81)

where (a) follows because (1251 — 1)1 gaey < 0. Similarly,

N;+1 ’ N; +1 ° 4 1
. — 1) Lgan|L, I, 1| > E . -1 = .
( nQ; ) R ( nQ; ) ] Q) " (nQ:)?
(E.82)
For the term El(ZZLC‘;I — 1)2 I, I, I;] , it can be shown that
N;+1 2
E[( w0~ 1) 1ap [2,11,[;}
N;+1 2 1 1
<E . — 1)L, I I = — + ——. E.83
= |:( an ) 2541, 2:| nQ'L + (an)Q ( )
Similarly, it can be shown that
N; +1 4 N;+1 4
]E{( L) 12,1;,1;} < IE?[( 1oy 12,1;,1;}
1+3nQ; 10 1
_ L + , E.84
N N CTONERR TN T (50
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Combining these results together, we obtain

N+ 1 pls B B 2Lk
E{P”Og( o} )1{“]2’]“]} 0Q:  6(nQE  30Q)F Q)"
(E.85)

From the previous results, we know that

P P
E| - ———|L,I|,I,| = 1 — e "9 E.86
S| ] = g e (B
Combining (E.85) and (E.86), it can be shown that
N;+1 P
> E[ros ity - gl
i€ LN (I,UI}) nei 2(Ni +1)
I 13F; 32P; I P, iy
> (2n@- TEmQ 3@y @)t ¢ "%)
i€ oN(IjUl}) ! ! ! ! !

13P; 32P, P P
= > - - e e"Qi>- (E.87)
)2 )3

ielgﬁ(I{uI§)< 6(rQ:) 3(nQi) (nQi)*  2nQ;

We further bound the absolute value of the right-hand side of (E.87) as
follows:

135 _32P P, P o\| o kSR
Z _6 2 3 3 4 + 92 € "o 5 1 k:
i€ lN(I,UI}) (nQs) (nQ:)*  (nQ) nQ; nlog

(E.88)

where we use the facts that % < f(k), nQ; > c3logk, and nQ;e " is upper
bounded by a constant for any value of n@);.
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N;+1

For the E[ % Yor Tiae

L, I}, Iﬂ, it can be shown that

N; +1
2.

ielaN(I{Ul})
(a)

< S PlognQ)P(AY)

ielaN(1{UI5)
(®)
< 2
ielaN(I{ul})

(c)
9 kf(R)
~ nlogk’

11{AC}

E {P log

12,1{,1’}

(nQ:)? log(nQ;)e~ 1~ 5!

P,
(nQi)*

(E.89)

where (a) is due to the fact that N; +1 > 1, and the fact that Q; > “&*
hence |log NH| < log(n@;) for large k; (b) is due to the Chernoff bound,
where 1 — 1Og(5e) > 0; ¢ is due to the fact that (nQ;)? log(nQ;)e~ (1-2E2)nQ;

bounded by a constant for n(); > 1, and the fact that nQ); > cslogk. Thus,
(E.88) and (E.89) yield

I

kEf(k
E[&|L, 11, 1] 2 —ﬂ. (E.90)
Combining (E.77) and (E.90), we obtain,

E[&| L. 1. 1] | < :{(g’“i, (E.91)

For the constant cq, ¢, cs and c3, note that logm < C'logk for some

constant C',; and we can choose ¢; = 50(C + 1), ¢; = e l¢y, 3 = e Lo, such

thatcl—cﬂogec —-1>0C, cg—cglog@—1>0andM+1 C>0

hold simultaneously. Also, we can choose ¢q > 0 sufficiently small, satisfying

condition 2¢qlog 8 < % and 2(cglog 8 + /cocq log 2e) < % Thus, we show the
existence of ¢g, ¢; and cs.
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