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Abstract

Recent works have used the theory of modular forms to establish linear congruences for the 

partition function and for traces of singular moduli. In each case, the values of the given 

arithmetic function appear as the Fourier coefficients of a weakly holomorphic modular 

form. We show that similar congruences exist for the coefficients of any weakly holomorphic 

modular form on any congruence subgroup T0(N). In particular, we give congruences for a 

wide class of partition functions and for traces of CM values of arbitrary modular functions 

on certain congruence subgroups of prime level. Finally, we make a more general statement 

about simultaneous congruences for the coefficients of weakly holomorphic modular forms 

on r  !(JV).
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Chapter 1 

Introduction and m otivation

A modular form is a meromorphic function on the complex upper half-plane which transforms 

with respect to SL2(Z) or one of its subgroups. Modular forms are central to much of modern 

number theory. Famously, Wiles proved Fermat’s Last Theorem by showing that all rational 

elliptic curves are associated to modular forms. They have also been used to investigate 

properties of certain arithmetic functions. We start with examples of two functions whose 

behavior has been explored through the theory of modular forms. We then propose a general 

question which is the topic of the rest of this work.

1.1 The partition function p(n)

Our first example is an arithmetic function with a rich history dating back to Euler.

Definition. A partition of a positive integer n is a nonincreasing sequence of positive integers 

which sums to n. The number of partitions of n is denoted by p(n).

Euler discovered the following generating function for p(n):

OO OO -
^ p ( n ) q n ^ l [ T — ^  = l  + q + 2q2 + 3q3 + 5q4 + - - - ,  (1.1)
n = 0  n = 1 ®

where we agree that p(0) =  1. This generating function is a powerful tool in the study of 

partitions.

Ramanujan made considerable contributions to partition theory. Arguably his most 

famous result in this area is his discovery of the following properties of p(n), which hold for

1
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every n:

p(5n +  4) =  0 (mod 5),

p(7n + 5) =  0 (mod 7),

p ( l ln  +  6 ) =  0 (mod 11).

Ramanujan proved these remarkable congruences using (1.1) together with some results from 

^-series. His work inspired a wealth of research into other congruences of the partition func­

tion. Congruences modulo powers of 5, 7 and 11, which had been conjectured by Ramanujan, 

were proved by Watson [38] and Atkin [5]. Atkin [6], Atkin-O’Brien [8], Hjelle-Klpve [17], 

Klpve [20, 19], and Newman [28] found congruences modulo small powers of other primes 

less than 31.

Recently, Ono [30], Ahlgren [1] and Ahlgren-Ono [3] showed that in fact there are 

infinitely many families of congruences for p{n). Their method exploits the fact that if 

q e2wiz, a slight modification of (1 .1) yields

( n  + 1 \  „ 1
P \ ^ r ) q =  ~ --------------’n=—1 (mod 24) ' q (1 — q24n)

71—1

which is a weakly holomorphic modular form. Their method in [3] explains every known 

linear congruence for p(n).

For each prime £ > 5 ,  define 61 := , and let Si be the set

S ' := {/? 6  {0 , 1 , . . . ,  I  -  1} : ( ^ )  =  o or -  ( ^ )  ]  .

T h eo rem  1.1. [3, Theorem 1] / /£  > 5 is prime, m  is a positive integer, and G Si, then

2
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a positive proportion of the primes Q =  — 1 (mod 24£) have the property that

p 24~~~) "  ° m̂° d r  ̂

for all n =  1 — 24yd (mod 24£) with (Q ,n ) =  1.

Theorem 1.1 leads to the following corollary.

Corollary 1.2. [3, Theorem 3] I f  I  > 5 is prime, m  is a positive integer, and j3 E St, then 

there are infinitely many non-nested arithmetic progressions {An + B }  C {In  +  (3}, such 

that for every integer n we have

p(An + B) = 0 (mod Pn).

Remark. Corollary 1.2 and the Chinese Remainder Theorem yield congruences for any mod­

ulus M  coprime to 6 .

1.2 Traces of singular moduli

Linear congruences have also been found for traces of singular moduli. Let D  be a positive 

integer, and let Qd be the set of positive definite integral binary quadratic forms

F(x, y) = ax2 +  bxy +  cy2

of discriminant — D  =  b2 — 4ac. The group T := PSL2(Z) acts on QB with finitely many 

equivalence classes. For each F  E Qd, define ap  to be the unique root of F(x, 1) in the 

complex upper half-plane H. Then the singular modulus j(a p )  is an algebraic integer, where

j(z )  := ^ +  744 +  196884g +  21493760?2 +  • • • ,

3
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is the usual elliptic modular function on SL2(Z). Singular moduli are related to many 

important objects in number theory. They generate ring class fields over imaginary quadratic 

fields, and are closely connected to the theory of elliptic curves with complex multiplication.

Following Zagier [39], we set J (z ) := j(z )  — 744 and consider the sequence of modular 

functions defined as follows. Let T0(m ) be the normalized weight zero Hecke operator of 

index m  (see 2.25 for a definition). Set J q ( z )  := 1, and for each positive integer m, define

Jm(z) := J(z)\T0(m).

Then the mth Hecke trace of the singular moduli of discriminant — D  is

M D ) : =  £  (1 .2 )
F e Q o / T

where wp is the size of the stabilizer of F  under the action of T. Ahlgren and Ono [4] showed 

that infinitely many congruences exist for the Hecke traces.

T h eo rem  1.3. [4, Theorem 1] Suppose that p is an odd prime and that s and m  are positive 

integers with p \ m .  Then a positive proportion of the primes £ have the property that

tm(lzn) =  0 (mod ps)

for every positive integer n coprime to £ such that p is inert or ramified in Q (y/—n£).

Remark. As with p(n), the generating function for tm(D ) is a weakly holomorphic modular 

form.

1.3 A general question

The method used to prove each of these results relies on the ability to realize both {p(n)} and 

{tm(D)j  as the coefficients of certain half-integral weight weakly holomorphic modular forms.

4
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Other results obtained in a similar way include congruences for the number of partitions of n 

into distinct parts due to Lovejoy [25] and Ahlgren-Lovejoy [2], Swisher’s congruences for the 

Andrews-Stanley partition function [37], and Mahlburg’s congruences for the crank function 

[26]. It is natural, then, to ask how common such phenomena are. We answer this question 

by proving a general result for weakly holomorphic modular forms. We show that an infinite 

number of linear congruences exist for the coefficients of every weakly holomorphic modular 

form of any weight, on any congruence subgroup T0(N),  and with any character x- This 

includes every form which can be written as a quotient of eta-functions. In particular, we 

can find linear congruences for a wide class of partition functions.

Work of Deligne and Serre involving Galois representations provides a method for showing 

the existence of congruences for the coefficients of integral weight cusp forms. This coupled 

with Shimura’s correspondence leads to congruences for the coefficients of half-integral weight 

cusp forms. The challenge, then, is to relate half-integral weight weakly holomorphic modular 

forms to half-integral weight cusp forms. There are two approaches in the literature for 

building cusp forms from weakly holomorphic forms, one which uses the 17-operator and the 

other which uses a quadratic twist. We will prove general statements about the congruences 

that may be achieved through each approach.

In Chapter 2, we establish the definitions, facts and theorems that we will require. Chap­

ter 3 details the results of the [/-operator approach. In Chapter 4, we present the results of 

the quadratic twist approach, and give a comparison of the congruences predicted by each 

method. Finally, in Chapter 5 we extend our main results to modular forms on Fi(iV), and 

show that simultaneous congruences exist for any finite set of weakly holomorphic modular 

forms.

5
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Chapter 2 

Prelim inaries and background 
material

In this chapter we collect the definitions and results which we will require from the theory of 

modular forms, as well as facts about modular Galois representations and quadratic Gauss 

sums. Unless otherwise noted, these facts can be found in more detail in [21], [31], or [35].

2.1 Integral weight modular forms

Let C =  € U  {oo}. The modular group T := SL2(Z) acts on C by linear fractional transfor­

mations. That is, for each 7  =  ^ ^ d ^ e  we define

az + b a
'yz : = ------- ; and 7 0 0  := —.

cz +  d c

The complex upper half-plane H =  {z  6  C : Im(z) > 0} is preserved by the action of T,

since

Im (7*)=  ' m(Z)| cz +  d \2

For each JY eN , the principal congruence subgroup of level N  is the subgroup of T defined

by

T(N)  :=  { (  “ d )  ^  F : a =  d =  1 (mod N ) , 6 =  c =  0 (mod N)  j - .

Any group T' with T(N)  ^  T; ^  T is called a congruence subgroup of level N . We will

6
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consider in particular the congruence subgroups

r o(JV):= { ( “ r f )  e r : c  =  0(modJV)|

and

r > W := { ( c  d ) (mod N ), c = 0 (mod N)

Members of the set Q =  Q U {0 0 } are called cusps. We will always write elements of

Q in lowest terms (i.e. ^ with (a,c) =  1). There are finitely many equivalence classes of 

cusps under the action of any congruence subgroup P . The cusps are so called because a 

fundamental domain for r'\IH  may be identified at its edges to form a Riemann surface. Then 

each equivalence class of cusps corresponds to a point which must be added to compactify 

the Riemann surface.

^ c ^ J  00 = hence T has only one equivalence class of cusps. We say in this case that 

T has a single cusp at 0 0 .

Example 2.1. For each ~c G Q, there exist integers b and d such that

Example 2.2. A complete set of representatives for the cusps of T0(N) is given in [27] as

Suppose that f ( z ) is a meromorphic function on H, and let k G Z and 7  

G L j (Q). The slash operator |fe is defined by

f ( z )\kj  := (det 7) * (cz +  d) kf { l z )- (2 .1)

Since ( ^ ( 7 2 )) 2 =  (det7 ) 2 (02: +  d) k, the chain rule implies that for 71,72  € GLj (Q), we

have

/(2)|*7 i72 =  (/(z)|fc7i)l*72-

7
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If f ( z ) is meromorphic and f ( z  + 1) =  f ( z )  for all z G H, then the transformation 

z i—y q e2™2 takes El to the punctured open unit disk. Defining g(q) := f ( z )  implies that
OO

g(q) is meromorphic for 0 <  \q\ < 1, so g(q) has a Fourier expansion g(q) =  ^2 a(n)qn.
71——00

OO
We call f ( z )  = ^2 a(n)qn the Fourier expansion of f  at oo.

n = —oo

Throughout this chapter, let k G Z and N  G N, and let T' be a congruence subgroup of 

level N.

Definition. A function /  is a weakly holomorphic modular form  of weight k for T' if

(a) /  is holomorphic on H,

(b) / ( z ) |* 7  =  /  for all 7  G T , and

(c) 7  G T implies that f ( z )  |fc7  has a Fourier expansion of the form

/(A) 1*7= °7(n)9Ar
n > n 7

where qn  := and a7 (n7) 7  ̂0 .

Remark. The fact that f ( z )  ̂ 7  has a Fourier expansion in powers of q^ is explained in [21, 

page 125]. Part (c) of the definition requires that /  is meromorphic at each cusp. It is shown 

in [21, Ch. Ill §3, Prop. 16] that this is a finite set of conditions, since it is sufficient to 

check one element from each equivalence class of cusps.

Definition. If n7 >  0 (resp. n7 > 0) for a particular 7  then /  is holomorphic (resp. vanishes) 

at the cusp s =  7 0 0 . A weakly holomorphic modular form /  that is holomorphic at each 

cusp is a holomorphic modular form. If /  vanishes at every cusp, then it is a cusp form.

We write Alfc(r') to denote the C-vector space of weakly holomorphic modular forms of 

weight k for T'. The subspaces of holomorphic modular forms and cusp forms are denoted 

by Affc(r') and SkfT'),  respectively.

8

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



Example 2.3. If k > 4 is even, the Eisenstein series of weight k is defined by

2  k  °°
Ek(z) -  1 - — Y , a k- M < r  e

k n = 1

where B k is the kth. Bernoulli number, and at{n) =  ^ d 4. For example,
d\n

oo

E 4(z) = 1 +  240^C T3(n)gn e  M4(r),
71=1

and
OO

E 6(z) =  1 -  504^ 2 a 5(n)qn G M 6(T).
71=1

Example 2.4.

A(z) := E>l'z)3~ ^ (z)2 =  1 -  24?" +  252?3 -  • • • £ S12(r). (2.2)

Suppose that x  *s a Dirichlet character modulo N.  Define

M t (r0(N),x) ■■= { /  6 M k(T,(N)) : f \ k 7 =  x W  for all 1 = [ %  d )  € r „ ( J ¥ ) | .

The spaces M k(T0( N ) , x )  and Sk(T0(N),  x)  are defined similarly.

Example 2.5.

P ro p o sitio n  2.1. [21, Ch. Ill, Prop. 28]

MkiT.iN)) = ©  M k(T0{N),x).
X m od AT

The same statement holds with A ik replaced by M k or Sk-

Let K  be a number field with ring of integers Ok , and let f (z)  =  ^2a(n)qn be a formal

9
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power series with coefficients in Ok- For any ideal m of Ok-, we define the order of f  modulo 

m to be

ordm(/)  := min{n : a(n) m}.

If a(n) G m for all n, then we write ordm(/)  =  + 00 .

Proposition 2.2. (Sturm, [36, Theorem 1]) Let f ( z ) =  X )a (n)9n ^ Mk{Lo(N),x)  fl 

for some number field K , and suppose that m is an ideal of Ok- I f

°rdm(/) > ^ [ r  : r„(JV)]

then ordm(/)  =  + 0 0 .

Remark. Suppose that f ( z )  = '^2,a{n)qn and g{z) =  J^b(n)qn lie in M k(T0(N),  x)  H Ok\<]\- 

We write

f ( z )  =  g(z) (mod m)

if a(n) — b(n) G m for all n. If we write f ( z )  = g(z) (mod M)  for some M  G Z,  we mean 

that a(n) — b(n) G M O k  for all n. Proposition 2.2  asserts that these conditions only need 

to be verified for n < ^ [ r  : r 0(N)].

2.2 Half-integral weight modular forms

Modular forms may also have half-integral weight. In this case, taking a direct analog of 

the slash operator by replacing k with |  in (2 .1) is ambiguous because of the two possible 

choices for the square root of cz + d. Greater care is therefore needed to define these forms. 

Many of the fundamental properties of half-integral weight modular forms were discovered 

by Shimura [35].

10
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Define the set

±(cz + of) 
V  det a

Then G is a group under the operation

(a, (f>(z))(P, ip{z)) = (a/3, <f>(Pz)if>(z)), (2.3)

with identity ^ ^ o 1 ^  ^  anc  ̂ n̂verse (a > <K Z) ) ~ 1 =  ( a_1> <p(a- ~t̂ j') f°r eac^ (a > 4>{z )) £ G.

Restriction to matrices in T yields the subgroup

a  : ={ { a , ( f >( z ) ) e G: a e  T}.

For each meromorphic function /  on H and each integer k, the slash operator | |  is defined 

for £ =  (a, (j)(z)) € G as

/(*)!§£ :=  <t>(z )~kf ( a z )- (2-4)

For 7  =  ^ ^ ^ ^ r°(4) and z € H, define

j { l , z ) := ( ^ )  e jV c z  +  d, (2.5)

where

{1 if of =  1 (mod4),
(2 .6 )

« if d =  3 (mod 4),

and ( j)  is defined as follows. If d is an odd prime, then (^) is the usual Legendre symbol. 

If d is any odd positive integer, then (^) is defined multiplicatively. If of is a negative odd

11
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integer, then

Finally, we let (^ -) =  1. Next, set

7 := (7>i(7> z ))- 

For any congruence subgroup T' ^  r 0(4), let F  := {7  : 7  G T'}.

Definition. A function /  on I® is called a weakly holomorphic modular form  of weight |  for 

P  if

(a) /  is holomorphic on H,

(b) / 1*7 =  /  for all 7  G T', and

(c) /  is meromorphic at the cusps.

Again, for part (c) it is sufficient to check one element from each equivalence class of 

cusps. We say /  is a holomorphic modular form  if it is holomorphic at the cusps, and a cusp 

form  if it vanishes at the cusps. The spaces of weight |  weakly holomorphic, holomorphic 

and cusp forms for T' are denoted by A P  (r ') , Mk(T')  and Sk (T7), respectively.

Example 2.6.

0 (2) :=  =  1 +  2q +  2q4 + 2q9 + ■ ■ ■ G M i(1^4)). (2.7)
n e Z

We now describe the expansions of f ( z ) 6  M k ( P )  at the cusps, which are derived in 

[21, pp. 181-182]. Let if =  (a,<f(z)) G G' , let s =  aoo, and set T' := {7  G T' : 7 s =  s}.

12
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Then a  1T'o; has one of the forms

± ( i i ) >  { ( - ) ) ’ -  { - ( - ) )  ( 2 8 )

for some positive integers h and j .  The number h is called the width of s as a cusp of T'. If 

T' is of level N , then h \ N . Let t  6  {±1, ±z} be the unique element such that

±V>( ( J J  ̂ 1 e r0(4).

The numbers h and t depend only on the F'-equivalence class of s. Fix an integer k, and let 

r e  {0 , 1 , 2 ,3} be the number that satisfies

tk = e ^ .  (2.9)

If f ( z )  € A4fc(P), then the Fourier expansion of f (z)\kip has the form

/ ( z)l§^  =  aA n )Qh+1- (2-10)
n>n$

In the case P  =  To (N),  we can explicitly calculate h. Writing a — ^ ^ ^ ^ and 

calculating

a 1 h \  _i / I  — cah a2h
0  1 ) a  - [  - c2h 1 +  cah J ’ (2-lV)

we see that for the product in (2 .11) to be an element of Fo(A^)s, we must have — c2h =  0 

(mod N ). Since ^ q  ̂ ^ is a generator of a~1T0(N)sa , then h must be the smallest positive 

number to satisfy that congruence. Therefore,

(c2, N ) '

13
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Suppose that 4 | N,  and let ^  be a Dirichlet character modulo N.  Then

■M{(r0(JV),x): =

j /  e Mi(r,(JV)) : / | | 7  = x(d)f for all 7 € r0(JV)with7 = (  “ J ) } .

The spaces M k ( r 0( N ) , x ) and Sk(T0( N ) , x )  are defined similarly.

Since ^ g — 1 ^ e  To{N)  for all N,  this implies that A 4|(ro(A 0, x) =  0 if x  is an 

odd character (that is, x (—1) =  — !)• I*1 light °f this, we have the following analog of 

Proposition 2.1.

P ro p o sitio n  2.3.

M i { T A N ) ) =  © J M } ( f v iv ) ,x ) .
xeven

The same statement holds with M.k replaced by Mk or Sk.
2 2 2

The next result says that if a holomorphic modular form f ( z )  G M |( r 0(AO,x) has

algebraic coefficients, then the coefficients have bounded denominators.

P ro p o sitio n  2.4. (Serre, Stark, [34, Lemma8]) I f f ( z )  =  X )a (n)?n ^ M k ( r Q(N),x)T\  

for some number field K , then there is a nonzero D  G Z such that D • a(n) G O k  for all n.

We have the following correspondence between spaces of integral and half-integral weight 

modular forms for To(N)  with character x-

P ro p o sitio n  2.5. Let X- i (n ) := (^ r)- Then if  |  G Z, we have

-Mj(r„(JV),x) = Mt(U{N),xxklt)-

Proof. Let |  G Z and 7  =  (  ^ d )  e  r 0f4 ). For any meromorphic function f ( z )  on H, we 

have

f ( z ) \ k7 = j('Y,z)~kf (z )

14
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=  ( ( ^ )  £«, V c z  +  d) f (z)
/ _ - >  \  fc/2

= f T J  ( «  +  i ) ~ ^ S ( z )

Proposition 2.5 now follows from this fact. □

2.3 Eta-quotients

Dedekind’s eta-function, rj(z), is defined by the infinite product

OO
V( z ) : = q * H ( l - q n). (2 .12)

71=1

Recalling the modular form A(z) from (2.2), we have

OO

’>M24 =  ' / I T ( 1 - 9 n )24 =  A M -
71=1

The eta-function generates a wide class of weakly holomorphic modular forms. 

Definition. An eta-quotient is any function f ( z )  of the form

f {z)  = Y [ v rs(Sz) (2.13)
5 \ N

where each rg is an integer. If each rg > 0, then f ( z )  is called an eta-product.

P ro p o sitio n  2 .6 . [16] I f  f ( z )  = J} rf s{5z) is an eta-quotient with k := 1 ^2  rg £ % such
S\ N S \ N

that

(a) r6$ =  0 (mod 24), and
S\N

(b)  E  f 'rs = 0 (mod 24),
<5|AT

15

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



then f (z )  € Mk{To{N) , x)  with x  defined by x{d) ■= ( ( lj  where s := f ]  5rs.
v  7 <5|JV

The generating functions for many partition functions are given by eta-quotients.

Example 2.7. Let D (n ) be the number of partitions of n  into distinct parts. Then

OO OO
^ D ( n ) 9'* =  n ( l + 9 " ) -
71=0 71=1

Rewriting this generating function slightly, and using Theorem 2.6, we have

7 i= l (m od 24) V 7  /V ’  X \  /  /

We have the following corollary of Proposition 2.6 for half-integral weight eta-quotients.

Corollary 2.7. I f  4 \ N  and f ( z ) =  rfs{5z) is an eta-quotient with k := ^2 r$ odd such
S \N  <S|iV

that

(a) E  rsd =  0 (mod 24), and
S\N

S\N
(b) E  7 ‘rs =  0 (mod 24),

then f ( z )  € M k ( T 0(N),  x) with x  defined by x(d) ■= (5 ) where s 2 5rs.
2 S\ N

Proof. The function ©(2 ) in (2.7) can be expressed as the eta quotient

0 (* )  =  erf{z)ri2(4z) 2

Let g(z) =  f ( z )  ■ Q(z).  Then g(z) is an eta-quotient satisfying (a) and (b) above and 

has integer weight so by Proposition 2.6, g(z) € Mk±±(T0(N),  x), where x(d) '■= 

( ^~1̂ d+1)/2s) ôr s =  2 n , | v ^ -  By Proposition 2.5,

g(z) € M ^ ( l 7 (iV),XX(-*4+1)/2) =  M u ,  (iU W ), ( ; ) )  •

16
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Finally,

□

Example 2.8. Let fcbea positive integer, and let Pk(n) be the number of /c-colored partitions 

of n, that is, the number of partitions of n where each part is assigned one of k colors. The 

generating function for Pk{n) is given by

OO OO

X > ( n ) 9 ” =  I ]  n
n= 0  n = 1 v H ’

Using (2.12), Proposition 2.6 and Corollary 2.7, we can write

n + k \  n 1 (  M_ k { T 0{576),X-4)  if k is even,
24 /  “  ^(242) G |  A 4 _ |(r0(576), if A: is odd.

Example 2.9. An overpartition of n  is a partition in which the first occurrence of a number

may be overlined. The number of overpartitions of n  is denoted by p(n). See Corteel and

Lovejoy [11] for more about overpartitions. The generating function for p(n) is

=  =  (2-14)
71=0 77=1 1  Q V  \ Z >

Now we show that if f ( z ) is an eta-quotient of level N,  its Fourier expansion at a cusp 

~ can be written in terms of the local variable q^ ,  where h0 = is the width of ^ as a

cusp of r 0(AT).

P r o p o s it io n  2 .8 . Suppose that f ( z )  — rf s {$z ) is an eta-quotient of integral or half-
6 \ N

integral weight satisfying

(a) =  0 (mod 24), and
6 \ N

(b) Y  T rs =  0 (mod 24).
S\ N

17
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Let k := Y ^ r5- Then for any if £ G' with ifoo — we can write
<5|iV C

f ( z ) \ k i f =  ^ 2  a ^ ( n ) q ^ 4, (2.15)
n > n ^

where h0 — and r £ {0 , 1 , 2 ,3}.

Proof. By Propositions 2.5 and 2.6  and Corollary 2.7, we have f ( z )  £ A4k(T0(N) , x )  f°r 

some real character x ■ Let ip =  (a, (j)(z)) e  G'  with a  =  ^ ^ ^ ^ , and choose t £ {±1, ±*}

±</>((j 'J’ ) , ( ) r 1e iy 4).
so that

Let r £ {0,1,2,3} be the number that satisfies

i fcx ( l  +  ach0) =  e ^ r . (2.16)

This step is possible since x  is reaL Now by an argument similar to the one in [21, pp.

181-182], we have (2.15). □

Remark. As before, the choice of r depends only on k and the T0 (A)-equivalence class of

the cusp

The next result gives the order of vanishing of an eta-quotient at any cusp.

P ro p o sitio n  2.9. [24, 27] Let a , c , N  £ N with (a, c) =  1, and let h — • U f ( z )

an eta-quotient, then the order of vanishing of f ( z )  at the cusp ^ with respect to the local 

variable is
a ( t \  -N (c> ^ )2

° rd ? ( / ) = 2 4 ( ? J V ) S — ^

18
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2.4 Linear operators

Here we present four linear operators which are crucial to our study of the coefficients of 

weakly holomorphic modular forms. Each can be defined on spaces of integral or half-integral 

weight modular forms, but we will state the first three only for half-integral weight modular 

forms, as this is all we will need.

Let f ( z )  =  X )a (n )?n ^ M.k(T0(N) ,x)-  Suppose that v and t  are integers with t >  1 .

Set

<v<:= ( ( o  t)'*1/4) €G- <217)

The U-operator Ut ■ A4|(ro(./V),x) —> • M |( r 0([./V’, t]),xXt)  is defined by

f (z) \Ut = t * - 1 ^ f ( z ) \ k a Vtt = t - 1^ f  = ^ a { t n ) q n. (2.18)
u = 0  v= 0  '

The V-operator Vt : M  k(To(N),  x) —> Mk(To{Nt ) , xXt )  is defined by

f(z )\V t = t~*f(z)\± ^  o 1 )  >rV 4 )  = f ( t z ) ^ ^ 2 a(n )<ltn-

These facts are stated in [35, Propositions 1.3 and 1.4] for holomorphic modular forms of 

weight |  with k > 1. However, one can verify with the same arguments given in [35] that 

these definitions extend to weakly holomorphic modular forms of weight |  for any integer k. 

Set

T”.‘ := ( ( o  I 7* ) ’1)- <219>

Applying Ut follow ed by Vt , w e have

t- 1

f(z)\U t \Vt =  t - 1 2 ^ / ( z ) | |V t =  J ~2a(tn)qtn. (2.20)
u=0

19
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If ijj is a Dirichlet character modulo m, then the twist of /  by ip is given by

/  <8> ip := '^2i>(n)a(n)qu G M ^ ( T 0( N m 2), x ^ 2) (2.21)

[31, See §2 .2]. Note that if Xt"v is the trivial character modulo t, then

(2 .22 )

Let k G Z. For each prime p, the integral weight Hecke operator Tk^ , x{p) preserves 

the space M k(T0(N),  x). When p \ N,  the effect of Tk N̂,x (p) on the Fourier expansion of

where a(^) =  0 if p \ n.

The Tk>NtX(p) generate Hecke operators Tk N̂tX(n) for each n G N via the following rules 

of composition:

(2) if (m, n) =  1 then TkiNtX(mn) -  Tk,N!X(m)TktNa(n).

A newform is a cusp form that is an eigenform for each TkjNjX(n) and has a(l) =  1. The

Sk( r 0( N ) , x )  is a newform, then f(z)\Tk>K,x(n) =  a(n)f(z)  for each n. Also, there exists a 

number field K  such that a(n) G Ok  for all n.

We write S%ew(T0(N),  x)  to denote the subspace of Sk(T0(N),  x) consisting of cusp forms 

that do not originate in a lower level. This new subspace has a basis of newforms. We can 

write

f ( z )  = 52a(n)qn G M k{T0(N),  x)  is given by

(2.23)

(1) For all i/ > 1 , TktK,x{pu+1) =  T ^ J p ^ T ^ J p )  -  X(p)pk~lTk,N,x (p1/- 1), and

following facts about newforms are due to Atkin-Lehner [7] and Li [23]. If f ( z )  =  ^  a(n)qn G

s*(r<,(N),x ) =  ©  ©  s r w( r 0(M ),x ) |W
M  N d M \ N  

20
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It follows that each f ( z )  G Sk{To{N),x)  can be written as

/ ( * )  = (2.24)

where the fi(z) are newforms in 5fc(r0(iV), x)-

In the half-integral weight case, for each prime p , the Hecke operator T k Nx (p2) preserves 

the space M k  (T0(N),  x)- For p \ N,  the effect of T ± Nx (p2) on the Fourier expansion of

tors Tk N(p2) for the space Mk{Ti ( N) ) .  Then if p =  - 1  (mod N ) is prime and f ( z )  — 

'ŶJo,(n)qn € Mt i T x i N) ) ,  we have

2.5 Galois representations

Here we give the facts we will use from the theory of Galois representations. This material 

is described in more depth in [14, Ch. 9].

Let Q be the algebraic closure of Q. The set of all automorphisms of Q is the absolute 

Galois group of <Q>, denoted by Gal (Q /Q ). Each a  G Gal (Q/Q) restricts to an element 

o \ f  G G al(F /Q ) for every finite Galois extension F  of Q. In fact, Gal (Q/Q) can be

f ( z )  = Y , a(n )qn e  A 4 |(T 0(A?'),x) is

</'. (2.25)

Using Proposition 2.3, this definition may be extended linearly to define Hecke opera-

(2.26)
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described as the inverse limit of the finite Galois groups

Gal (Q/Q) =  £ n G a l(F /Q ) .
F

By giving Gal (Q/Q) the Krull topology, we get a suitable analog of the fundamental theorem 

of Galois theory. In this case, there is a one-to-one correspondence between subextensions 

Q D K  D Q and closed subgroups of Gal (Q /Q ). The open subgroups of Gal (Q/Q) 

correspond to the finite subextensions of Q/Q.

Let Z be the integral closure of Z in Q. Let p € Z be prime and fix a maximal ideal 

p C Z over p. The decomposition group of p is

Dp := {a E Gal (Q/Q) : p" = p}.

A reduction map Z —> Fp can be defined by taking the kernel to be p. Then (rr +  p) '7 =  x° + p 

for each a e  Dp, so a acts on Z /p and hence also on Fp. This gives a surjective map 

Dp Gal (Fp/Fp). The group Gal (Fp/F p) is topologically generated by the Frobenius 

automorphism (j)p : a ap. Any preimage in Dp of 4>p is called an absolute Frobenius 

element, and is denoted Frobp. Hence Frobp is only defined up to the kernel of the map 

Dp -* Gal (Fp/Fp), which is given by

ip := {a  6  Dp : x a =  x  (mod p) for all x  € Z},

and called the inertia group of p.

Definition. Let K  be an algebraic number field with ring of integers Ok , and let m be an 

ideal of Ok - A Galois representation is a continuous homomorphism

p : Gal (Q/Q) ->■ GL2 (0 K/ m 0 K).

22
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Since Frobp is defined only up to 7p, we must have 7p C kerp in order for p(Frobp) to be 

well-defined. This leads to the following definition.

Definition. A Galois representation is said to be unramified at a prime p e  Z if Ip C ker p 

for every maximal ideal p C Z lying over p.

The following result due to Deligne and Serre shows that the coefficients of integral 

weight newforms are determined by the images of Frobenius elements under certain Galois 

representations.

Theorem  2.10. [12, 13] Let f ( z )  = Y ^ = ia(n )(ln e ‘Sfcew(r'o(A'), x) be a newform, and let 

K  be a number field containing the Fourier coefficients a(n) and the values of x- U m an 

ideal of the ring of integers O k with norm M , then there is a Galois representation

p : Gal (Q/Q) GL2 ( 0 K/ m 0 K)

such that

(a) p is unramified at all primes p \  M N , and

(b) for every prime p \  M N , we have

Tr(p(Frobp)) =  a(p) (mod m).

Remark. The absolute Frobenius elements are all conjugate in Gal (Q/Q) ■ Although the 

image p(Frobp) depends on the choice of p above p, the trace of p(Frobp) depends only on 

the conjugacy class of p(Frobp), so it is unambiguous to write Frobp in part (b) to denote 

any absolute Frobenius element for p.

The next result, due to Serre [33, Exercise 6.4], is central to the proofs of Theorems 1.1 

and 1.3, as well as to the main theorems of this thesis.
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T h eo rem  2.11. Let k G Z and N  G N, and let x  be a Dirichlet character modulo N .  

Suppose that F  is a number field with ring of integers Op, and let m be an ideal of Op with 

norm M . Then a positive proportion of the primes p =  — 1 (mod M N ) have the property 

that

f { z ) \Tk,N,x {p) =  0 (m o d  m )

for each f ( z )  G Sk(T0{N), x)  H 0 F[q].

Proof. Let {/i(<z),. . . ,  fd(z)} be all of the newforms in Sk(T0(N),  y), and write their Fourier 

expansions as ffiz)  =  J^°=i ai(n )Qn f°r 1 < i < d. Suppose that K  is a finite extension of F  

containing all the coefficients of the fi and all values of y. Denote by Sk{To(N),  x ) o F/m the 

set of reductions modulo m of the cusp forms in Sk{To(N),  x)  whose coefficients lie in Op. 

For each g(z) G Sk(T0( N ) , x ) o F/m, choose an hg(z) G Sk(T0(N),  x)  n  0 F[q] so that

hg(z) — g(z) (mod m).

Then by (2.24), each hg(z) has the form

hg(z ) = y ^ ; a ( h s ) M 5z)

where the a(i,5) are algebraic. By Proposition 2.2, Sk(To(N), x )o F/m is a finite set, so 

only finitely many a(i,5 ) appear as g ranges over Sk(T0(N ) ,x )o F/m- Hence we can extend 

K  so that it contains all of the a(i,8). We can also choose a nonzero integer C  so that 

C ■ a(i,S) G Op  for each a(i,5). Set m' := Cm and M ' CM .  Since the ffiz)  are 

newforms, if p \ N  then

fi(5z)\Tk,N,x(p) =  ai(p)fi(bz)
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for each i and 8, so that

d

hg(z)\Tk,N,x(p) ~  EE
i = l  S \ N

Since each f ( z )  € Sk(T0(N ),x )  G is congruent modulo m to one of the hg(z), it

suffices to show that a positive proportion of the primes p =  — 1 (mod M N )  have Oj(p) =  0 

(mod m') for each i.

For each i, Theorem 2.10 implies the existence of a Galois representation

Pi : Gal (Q/Q) -> GL2 (0 K/m '0 K),

unramified outside M 'N ,  such that Tr(p(Frobp)) =  ai(p) (mod m') for each p \ M 'N .  Let 

p  be a primitive (M N )th  root of unity. A character e : Gal (Q/Q) —> (Z/ilE/VZ)* may be 

defined in the following way. For each a  € Gal (Q /Q ), the restriction ctIq^) takes p  (->■ p a 

for some (a, M N )  =  1, so we define e(a) := a. We now take the sum

d  d

, : = e ® ©  Pi : Gal (Q/Q) -> (Z /M N Z ) X © ©  GL2 (0 K/xn'0K).
i = 1 i —1

Let H  < Gal (Q/Q) be the kernel of p, and let E  be the fixed field of H. Since H  is normal 

and closed in Gal (Q /Q ), the extension E /Q  is Galois and G al(£ '/Q ) =  Gal (Q/Q) / H  is 

isomorphic to the image of p, which is finite. Hence E  is a number field and p factors through 

Gal (.E/Q). The restriction p\E must also be unramified outside of M 'N .

Let c € Gal (E/Q ) denote complex conjugation. Then pj(c) is conjugate to ^ q _ i  ^ 

for each i ,  so  T r(pj(c)) =  0. N ow  th e  C h eb otarev  d en sity  th eorem  im p lies th a t there is 

a positive proportion of primes p \  M 'N  such that Frobp is conjugate to c in Gal (Q /Q ). 

For each such p, we have at(p) =  Tr(p,(Frobp)) =  Tr(pz(c)) =  0 (mod m') for each i. Now 

Frobp|o(p) : p M- pp, so e(Frobp) =  p. But c(p) =  p _1, so e(c) =  —1. Since Frobp and c are
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conjugate in Gal (Q /Q ), we must have p =  — 1 (mod M N ).  This completes the proof of 

Theorem 2.11. □

2.6 Shimura’s correspondence

In [35], Shimura describes the following relationship between cusp forms of integral and 

half-integral weight.

Definition. If x  is a Dirichlet character, then the Dirichlet L-function for x  is defined by

71=1

for real s > 1 .

00  -  "—

T h eo rem  2.12. (Shimura, [35]) Let f ( z ) = a(n )<ln e  ^x+^(^o(N),x)  wif/i A > 1 an
n = l  2

OO

integer. Let t > 0 be a squarefree integer, and define the Shimura lift Stf ( z )  := ^  A t (n)qn,
71=1

where the A t(n) are determined by

^  A t (n) . a(tn2)
£  «  ■■= - A+ « < - ■ > > . )  E  N r -
n = l  n = l

Then

(a) Stf (z )  E S2X(r0(N /2 ) ,x 2), and

(b) the Shimura lift commutes with Hecke operators, that is, if p \ N  is prime, then

S ,(f(z) \T x, > x t f ) )  =  (S« /(z))|Tm,k/2iX.(P).

Remark. Shimura showed only that the level of Stf ( z )  divided N.  Niwa [29] proved that it 

was in fact N f  2.
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Remark. It follows from [35, Cor. 1.8] that (b) holds in the case that f ( z ) is an eigenform 

for all of the T\+±,n, x (p2) where p \ N. Then since i(r0(iV),x) has a basis of such 

eigenforms, the property extends additively to any f ( z )  e  s J+i(r„(iv),x).

Theorem 2.12 makes possible the following analog of Theorem 2.11 for half-integral weight 

modular forms. The argument given here is due to Ono [30].

T h eo rem  2.13. Suppose that f  (z) — Y ^= i a(n )<ln ^  ^  ( r 0(^V), x) HOk [<z] for some number 

field K , and that m C Ok  is an ideal with norm M . Furthermore, suppose that k > 3. Then 

a positive proportion of the primes p = —\  (mod M N ) have the property that

f{z)\Tk N x{p2) =  0 (mod m).

Proof. For each squarefree t > 0, we have the Shimura lift S tf(z)  G Sk~i(To{N/2), x 2)C Ok [</]]■ 

By Theorem 2.11, a positive proportion of the primes p = — 1 (mod M N )  have the property 

that

(Stf{z))\Tk-i,N/2,x*(p) =  0 (mod m) 

for all t. By Theorem 2.12(b), we have

St ( f ( z ) \T ^ N x (p2)) = 0 (mod m)

for all t. Write St( f ( z ) \T ^ NjX{p2)) = T ,7 = iM n )q n, and f{z ) \T ± N x{p2) = 1b(n)qn. 

Then for n > 1, the definition of the Shimura lift implies that

A t(n) = ^ 2  XX(-i)xt(c)cA_16(td2). (2.27)
cd= n  
c,d>  1

To see that b(tn2) =  0 (mod m) we induct on n. First, b(t) = At (l) 0 (mod m). Now 

suppose that b(tn2) =  0 (mod m) for all n < n0. Then by (2.27), A t(n0) = b(tnl) (mod m).
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Therefore b(tnl) =  0 (mod m) for all t, so we have

f(z)\Tk_ N x{p2) =  0 (mod m).

This concludes the proof of Theorem 2.13. □

2.7 Gauss sums

Quadratic Gauss sums are related to twists of modular forms by quadratic characters, and 

will appear in the proof of Theorem 4.1 below. Here we derive the main fact we will use. 

Throughout this section, fix an odd prime p.
p  j

Definition. For any integer a, we call ga := ( M e p a quadratic Gauss sum. We write
t=o '

9 ■= 51-

P ro p o sitio n  2.14. [18, Proposition 6.3.1] For each integer a, we have ga — g.

P ro p o sitio n  2.16. Let k G Z and N  e  N with 4 | N, and let f ( z ) =  ^2a(n)qn G 

M k { T ^ N ) ,x ) -  Then

P ro p o sitio n  2.15. [18, Proposition 6.3.2] g2 =  P-

Proof. Using Propositions 2.14 and 2.15, we have

27T in v /p
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Chapter 3 

Congruences using the [/-operator 
approach

Our first method for establishing congruences for the coefficients of weakly holomorphic mod­

ular forms uses the [/-operator defined in (2.18). Our main result shows that the phenomena 

in Theorems 1.1 and 1.3 are quite general.

T h eo rem  3.1. Suppose that p is an odd prime, and that k and m  are integers with k 

odd. Let N  be a positive integer with 4 | N  and (N ,p ) =  1, and let x  be a Dirichlet 

character modulo N . Let K  be a number field with ring of integers O k, and suppose that 

f ( z ) = ^ 2 a{n)Qn £ -Ad* (r0( N),  x )n O ^  ((g)). I fm  is sufficiently large, then for each positive 

integer j ,  a positive proportion of the primes Q =  — 1 (mod Np?) have the property that

a(Q3pmn) =  0 (mod pi)

for all n coprime to Qp.

For completeness, we record the analogous result for integer weight modular forms.

T h eo rem  3.2. Suppose that p is an odd prime, and that k and m are integers. Let N  

be a positive integer with (N ,p ) = 1, and let x  be a Dirichlet character modulo N . Let 

K  be a number field with ring of integers O k, and suppose that f ( z )  =  ^ a(n)qn € 

M k(T0(N ),x )  O Ok ((q))- I f m  is sufficiently large, then for each positive integer j ,

(i) a(pmn) = 0 (mod pi) for almost all n coprime to p, and
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(ii) a positive proportion of the primes Q = — 1 (mod N p3) have the property that

a(Qpmn) =  0 (mod;**)

for all n coprime to Qp.

Remark. In Theorem 3.2 (i), we mean “almost all” in the sense of density:

# { n  < x : a(pmn ) =  0 (mod jp)} ~  x  as x  —>■ oo.

In light of part (i) of Theorem 3.2, the conclusion of part (ii) is less surprising, so the most 

interesting result is really Theorem 3.1.

Remark. In each theorem, the integer m  is determined by the order of vanishing of /  at 

the cusps ^ with p2 | c. If there is a pole at a particular cusp, the corresponding order of 

vanishing is negative.

Remark. Note that Theorems 3.1 and 3.2 together with the Chinese Remainder Theorem 

imply linear congruences for all odd moduli M  coprime to N.

3.1 Proof of Theorem 3.1

The following result is critical for proving Theorem 3.1.

T h eo rem  3.3. Suppose thatp is an odd prime, that k, m  and N  are integers with (N,p) =  1, 

and that x  is a Dirichlet character modulo N . Let K  be a number field with ring of integers 

Ok - Let f ( z )  =  ^ 2 a{n)qn G A d*(ro(N ) ,x )  D 0 K((q)). I f m  is sufficiently large, then for 

every positive integer j ,  there is an integer fd > j  — 1 and a cusp form

gr , j (z)  e S„ (WV),xx!r) n 0 Klq 1
2 2
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with the property that
OO

9pA z ) = ^ 2 a(Pmn)Qn (modp7).
n ~  1 
p\n

To prove Theorem 3.3, we show that we can pick an integer m  large enough so that 

f(z)\Upm =  a{pmn)qn is holomorphic at every cusp ~c with p2 \ c. We then define the 

modular form f m(z) := Yhp\n a(pmn)qn, which vanishes at each of these cusps. Finally for 

each j  > 1 , we form gp,j(z) by multiplying f m(z) by an eta-quotient which vanishes at all of 

the cusps with p2 j  c, and is congruent to 1 modulo p7. The product gpj(z )  is then a cusp 

form congruent to f m(z) modulo p 7.

First we need to know the explicit form of the Fourier expansion of f(z)\Upm at a cusp 

^ with p2 | c.

P ro p o sitio n  3.4. Suppose that p is an odd prime, k and N  are integers with (N ,p ) =  1, 

and x  is a Dirichlet character modulo N . Let f ( z )  = Y , a(n )(f l e  ^ |(Fo(-^V ),x). Suppose

p  E { ± l ,± i } ,  and that £ ^  ^  ^ ^ , p\Jcp2z +  dj E G', with ac > 0. Then there

exists an integer n0, a sequence {ao(n)}„>„0, a positive integer h\N , and an r E {0,1, 2,3} 

such that for each m  > 1, we have

{f{z)\Upm )\k f=  a° (n )<hP-
n> no  

4 n + r = 0  (m o d p m )

Proof. Fix m > 1, and let avj  be defined as in (2.17). By (2.18),

p m - i

(/(z ) |[/pm )||£  =  (pm) * _1 ^ 2  f ( Z)\^av,PmC (3-1)
v= 0

For each v appearing in (3.1), we choose an integer sv = 0 (mod 4) so that

svN  =  (a + vcp2) _1 (b + vd) (modpm), (3.2)
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and set

wv := svN. (3-3)

We can ensure that 4 | sv since any integer sv satisfying the congruence can be replaced by 

(1 — p2m)sv. We require a lemma to show that the wv are distinct modulo pm.

L em m a 3.5. Let wv — svN , with sv defined as in (3.2). The integers wv run through the 

residue classes mod pm as v does.

Proof. Suppose wv =  wu (mod pm). Then using (3.2) we have

(a +  ucp2)(b + vd) =  (a +  vcp2)(b +  ud) (mod pm). (3.4)

Expanding and simplifying (3.4) yields

avd + bucp2 = aud + bvcp2 (mod pm). (3.5)

If m / v then write

u =  v +  v\pe (3.6)

with Vi ^  0, p \ Vi and e >  0 . Substituting expression (3.6) in (3.5) and simplifying, we have

Vi bcpe+2 =  adv\pe (mod pm).

Since p \ advi, this gives a contradiction unless e > m. The lemma then follows from 

(3.6). □

Now we return to the proof of Proposition 3.4. Recall the definitions of wv (3.3) and aVft

33

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



(2.17). For each v, define

a +  Ucp2 b + v d - a w v - w vv c £

l v  ■= , Pm ,  > (3 -7 )cpm+2 d — wvcp2 

and

otv := (7«> p V cP2(Pmz -  wv) +  d). (3.8)

It is easy to verify that the determinant of j v is 1, and that the choice of wv makes the upper

right entry of j v an integer. Therefore j v G T. A computation using (2.3) shows that

&v ,pm£ ,pm i (3-9)

so from (3.1) and (3.9), we have

pm- i

(f(z)\Upm ) \ ^  = (p"1) ^ -1  ^  f ( Z)\^a VaWv,pm- (3-10)
u=0

For each v , some computations using (2.3) and (3.7) show that

cv^o1 =  p \/c p 2(pmz -  wv) +  d)j (jo, Py/cp2(pmz -  w0) + dj  (3.11)

=  ('Tv, p V cp2{pmz -  wv) +  dj  7 " 1, — ^ ------------
'  \  py/cp2(pm(7o z ) - W o )  + dy

= {  _i Vcp2(prn(% 1z) — wv) +  d
r 7° ’ v /cp2(pm(7 o“1z) -  w0) +  d t

-  \J(wv -  w0)c2pm+Az +  1 +  (ie0 -  wv)acp2j  ,

where

1 _  (  1 +  (tu» -  W0)(acp2 +  n c V ) +  (™0 -  w„)(a y T P ) \  /g 12\
v (wv -  w0)c2pm+i 1 +  (w0 -  Wv)acp2 J
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The next lemma shows that ava Q 1 G Ti (N).

L em m a 3.6. Let a v and ao be defined as in (3.8). Then

a ^ o  1 =  {TvTq1,3{TvTo1, z)) 6  T1(N).

Proof. By (3.3) we have N\(wv — w0), so Jv'Yq1 G T i (N). By (3.11) it remains to show that

j(rtvlQl ,z)  =  V  {Wv -  W0)c2pm+Az +  1 +  (w0 -  wv)acp2.

By (2.5) and (3.12),

3{TvTq1 , z) = ^ ( w o - ^ a c p ^ i w v  ~  W0)c*p™+*z + l  + (w o -  wv)acp2.

Each wv =  0 (mod 4), so £i+(W0-wv)acp'2 =  1 by (2.6). To evaluate the Jacobi symbol requires 

two cases: either wv > wo or wv < Wo■ Note that the case wv = wq is trivial. We will treat 

the case where wv > wq.

Define e := {0,1} by e = m  (mod 2). Since ac > 0, we have 1 +  (w0 — wv)acp2 < 0, so

{wv -  Wo)c2pm+4 \  _  /  (wv -  w0)p£ \
1 +  (w0 -  wv)acp2 J \ ( w v -  w0)acp2 — 1 /

Set wv — w0 = 2er, where r  is odd. Then using properties of Jacobi symbols, and the fact 

that (wv — wo)acp2 =  0 (mod 8 ), we find that

f  ('W y -  W 0 ) p £ \
\ ( w v -  w0)acp2 -  I J

35

{wv — w0)acp2 — 1 

(wv — Wq )acp2 — 1
r p e

rp
(wv — w0)acp2 — 1

( - d ( ^ )
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The other case is handled similarly. This proves Lemma 3.6. □

Returning to the proof of Proposition 3.4, we see that (3.10) and Lemma 3.6 yield

p m - i

{f(z)\Upm)\k€ = (pm)* _1 X  f ( z ) kaoOwvjf*- (3-13)
2u=0

By (2.10), f ( z ) \k a 0 has the form

f ( z )h a o  = X  ao(n )Qh+4 = X  a°(n ) ^ +r> (3-14)2
n>no n>no

where h and r are defined as in (2.8) and (2.9). Now (2.4), (3.14) and (2.17) yield

Pm - i  p m - i

X  f{z)\k<Xo<TWvJ?n =  X ?  W 4  X  G° ( « ) eXP ( ( ^ )  (4 n  +  r ) )  (3 -1 5 )
u = 0  u = 0  n > n o

P?7l — J

-  £  « .(„) exp ( | ™  (4» +  r))  £  exp ( ^ ( 4 n  +  r ) )  .
n > n o  u = 0  '  '

For each v, we have 4h | 4N  \ wv and (4h,pm) =  1, so by Lemma 3.5, the numbers ^  run 

through the residue classes modulo pm as v does. Therefore,

p m  j  « m _^

( j. , 0  _  v '  j. , 0  -  /  pm if 4n + r  = ° (mod p” ).

(3.16)
^  6XP ( l p p(4’1 +  r))  =  5  6XP ( ^ (4n +  r))  =  {  o" otherwise.

Putting (3.15) and (3.16) together, we obtain

p m - i

X/WI|aô ,P-=pm(1 5) X a°HexP (|^(4n + r)) ■ (3-17)
-»1 f t Tl '*'!> n  e. '  'v=Q n>no

4 n -p r= 0  (m o d p T71)
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Finally, (3.13) and (3.17) imply that

(f(z)\Upm)\k£ = ^  ao(n)qhpmn+4.
n> no  

4n+r=0 (modpm)

This concludes the proof of Proposition 3.4. □

P ro p o sitio n  3.7. Suppose that p is an odd prime, k and N  are integers with (N ,p ) =  1,

and x  is a Dirichlet character modulo N . Let f ( z ) =  ^  a(n)qn G A 4|(r0(lV), %). For each 

nonnegative integer m, define

OO

f m(z) := f(z)\Upm -  f(z)\Upm+l\Vp =  5 > ( p ”*n)g" e  ^ t | ( r 0(lVp2),xx{m)-
71= 1  
■p\n

Then for m sufficiently large, f m vanishes at each cusp

Proof Without loss of generality, we may assume that ac > 0. By Proposition 3.4, for each 

m  and each

? := ( ( ^ 2  hd )  , l i y / q ? z T d J  € G' (3.18)

with ac > 0 and p  G {±1, ±*}, we have

(f(z)\Upm) \ ^ =  Y ,  °o (")®*™n+5- (3-19)
7l>710 

47i+r=0 (modpm)

be defined as in (3.7). The integers n0 and r  are determined by the equivalence class 

cusp 7000 under the action of Ti(N),  so there are finitely many such distinct pairs 

as we run through all cusps of the form If m  is sufficiently large, thencp

- pm < 4 n0 + r

for all such pairs. Fix such an m , and suppose £ has the form (3.18). In the corresponding

37

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.

Let 70 

of the 

(no,r)



Fourier expansion (3.19), if ao(n) /  0 and 4 n + r =  0 (mod pm), then 4 n + r > 4n0+r > —pm, 

so 4n +  r  > 0, from which n > 0. Therefore,

( / w i t w i i ? =  E  “o (« )C ” > (3-2°)
n > 0

4 ra+ r= 0  (m o d p m )

so f{z)\Upm is holomorphic at the cusp ^ 5 . Now

= (f(z)\Upm) \ -  (f(z)\Upm)\Up\Vp\k£. (3.21)

By (2.20), the second term in (3.21) is

p - 1

{ m \u r™)\up\v,\i t; = p - ' ' £ ( f ( z ) \ u r™)\i T„1,Z. (3.22)

For each v , we choose an integer sv so that

4iVs„ =  a~lvd (modp), (3.23)

and set

Define

wv := 4N sv. (3-24)

 (  1 — awvcp +  vwvc2p2 0,2Wvn avd — acvwv +  bvcp ^
-wvc2p3

r  I  1  LblJUyLs£/ I t / U / y C '  J - / U /L /( / U / | ;  | U U ls fJ  1 / q  O C \
Ov . I 2 3   ̂ 1 1 I ’ (O.ZOJ-- 2 p  1 +  aw vcp J

and

0V := \ J —wvc2p3z +  1 +  awvcpj . (3.26)

A computation shows that

Ty,pfi = Pv^Twv,p- (3.27)

The next lemma shows that (3V £ T \  (N p ).
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L em m a 3.8. Let fiv be defined as in (3.26). Then fiv E Ti(Np).

Proof. By the definitions of wv in (3.24) and Sv in (3.25), it is clear that 5V E Fi(Np). It 

remains to show that

j(6v, z) =  \ f - w vc2p3z  +  1 +  wvacp.

By definition,

-wvc2p3 \ _x
1 +  wvacp

£x l Wvacp \ /~ W vC2p3Z +  1 +  Wvacp.

Since 4 | wv, we have ex+WvaCp =  1- Now

9 3 — WVCP
1 +  wvacp J  \  1 +  wvacp

- w vp

Write wv =  2er, where r is odd. Then using properties of Jacobi symbols,

- w vp - 1

1 +  wvacpJ \  1 +  wvacp J \  1 +  wvacpJ \  1 +  wvacp
rp

=  1,

since wvacp =  0 (mod 8 ). This proves Lemma 3.8. □

Then by (3.27) and Lemma 3.8, for each v appearing in (3.22), we have

(f(z)\Upm)\kTv,pt = {}{z)\Upm)\±(3v£TWv# = (f(z)\Upm)\k£TWvtp. (3.28)

Now we rewrite (3.22) using (3.28), (3.20), (2.4) and (2.19) to get

p - i

(f(z)\Upm)\Up\Vp\ ^  =  p 1 ^2 { f ( z ) \U pm )\^TWv!p
v= 0

p - 1

= p - ‘ E
v= 0

^ 2  ao(n h
n + \
h p m

n>  0
\ 4 n + r s 0  (m o d p m )

T,w v ,p
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J 2  E  <*o(«)expl -----— ------ ( n + j )
p - 1

_ 1

P
u = 0  n > 0

4 n + rH 0  (m od p m )

p - 1

P 1 J2 °o(n)C- E  exP ( i 0 ^ 4n + r))
T l> 0  11=0

4 n + r = 0  (m od p m )

p - 1
  . r-l= P
n> 0  u= 0

4 n + r = 0  (m o d p m )

Recall the definition of wv (3.24). Note that since a, d, h and 4 are all coprime to p , the 

numbers —wv/4h  run through the residue classes modulo p as v does, so

§ ^ ( = ^ ( ^ ) ) - § - ( ^ ( ^ ) ) - { s  < * ■ » >

Putting together (3.29) and (3.30), we have

(f{z)\Vp")\Ur \Vr \tS  =  E  “o W C J .  (3.31)
n > 0

4ra-fr= 0  (m o d p m +1)

Now using (3.21), (3.20) and (3.31), we have

fm (z)\k£=  ^ 2  aQ(n)qnhp  -  a0(n )g^m4. (3.32)
n > 0  n > 0

4 n + r = 0  (m o d p m ) 4 n + r = 0  (m o d p m+ 1)

If r ^  0 then neither series in (3.32) has a constant term, and if r  =  0, then the constant 

term in each expansion is g0(0), s o  they cancel. Therefore f m(z) vanishes at the cusp ^ . 

This concludes the proof of Proposition 3.7. □
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Now for each odd prime p , we define the eta-quotient

if p > 5, . .
4 I t  2 ’ 3 3 3
l j | e M 11(r,(9)) if p = 3.

Using Theorem 2.9, we see that Fp(z) vanishes at every cusp ^ with p2 \ c. By the definition 

of 7](z) (2.12), it is clear that Fp(z) =  1 (mod p), and an easy induction argument shows 

that Fp(z)pS~1 =  1 (mod ps) for any integer s > 1.

Proof of Theorem 3.3. Let /  be as in the hypotheses of Theorem 3.3. Let m be chosen to 

satisfy Proposition 3.7 for / ,  and fix j .  If f3 > j  — 1 is sufficiently large, then

9p,jiz ) ■'= fm(z) ■ Fp(z)p0 = f m{z) (mod p>)

vanishes at all cusps ~c for which p2 \ c. By Proposition 3.7, gpj ( z ) vanishes at the cusps |  

for which p2\c, so we have

gpJ(z) G S k pgfp2_n (r0(iVp2), x x kr,m) n  O k M .  (3.34)
2 2

By (2.18) and (2.20), we have

OO
9 p A z ) -  fm iz ) =  X I  a (pmn)?n (modp j ).  (3.35)

71—1
p\n

Combining (3.34) and (3.35) proves Theorem 3.3. □

Proof of Theorem 3.1. Let /  and p  be as in the hypotheses of Theorem 3.1. Fix an integer
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j  > 1, and let
OO

9pA z ) -  ^ 2 a(pmn)Qn {modp>)
71=1
p\n

be the cusp form guaranteed by Theorem 3.3, with /? chosen so that k k+ p^(p2 — 1) > 3. 

By Proposition 2.13, a positive proportion of the primes Q = — 1 (mod Np>) have

9p,j(z )\T!%,Np2,xxkP™(Q2) = 0 (m°d p ?)- (3.36)

If we write gp,j(z) = K71)?"* then (2.25) and (3.36) yield

9p,j(z)\TztNp2,xxim(Q )2>J,r )AApm"Q
OO
E ( 6(Q2n) + x4m(Q) ( ( l)Q n ] Q̂Hn)
71=1

+  x 4 m(Q2)QK- 2b ( ^ ) ) q n = 0 (mod p*). (3.37)

Replacing n by Qn in (3.37), we have

E  ( w 3«) +  xxJmW) ( ' (~ 1)Q Q ^ b ( Q n )  + x x T ( Q 2)QK- 2l> ( ^ ) j

=  0 (mod jP). (3.38)

If (Q ,n ) =  1, then the coefficient of qQn in (3.38) is just b(Q3n). So

a(pmQ3n ) =  b(Q3n ) =  0 (modp^) 

for all n coprime to Qp. This completes the proof of Theorem 3.1. □
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3.2 Proof of Theorem 3.2

We now prove the integral weight analog to Theorem 3.1. For part (a) of Theorem 3.2, we 

use the following result of Serre.

P ro p o sitio n  3.9. (Serre, [32, Corollaire du Theoreme 1]) Let

00

f ( Z) = ' ^ 2 CnQM, M > 1 ,
71=0

be a modular form of integral weight k > 1 on a congruence subgroup of SL2(Z), and suppose 

that the coefficients cn lie in the ring of integers of an algebraic number field K . Then for 

any integer m  > 1,

cn =  0 (mod m )

for almost all n.

Proof of Theorem 3.2. Let /  and p be as in the hypotheses of Theorem 3.2, and fix j  >  1. 

First, if 4 { N, we may consider f ( z ) as a modular form on T0(4N), so we will assume that 

4 | N.  Then by Theorem 2.5 and Theorem 3.3, there exists a cusp form gpj  of positive 

integral weight with algebraic integer coefficients such that

OO

9p A z ) = ^ 2 a(pmn)qn (mod pP). (3.39)
n —1
p\n

The first assertion of Theorem 3.2 now follows from (3.39) and Proposition 3.9.

For the second assertion, it follows from (3.39) and Theorem 2.11 that if gpj{z)  has

weight k and character -0, then a positive proportion of the primes Q =  — 1 (mod Npp) have

the property that

9P,j{z )\TK,Np2A Q )  = 0 (mod P1)- (3-40)

43

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



If we write gpj(z) = Y^= i b{n)(t i  then (2.23) and (3.40) imply that

9p j (z)\Tk^ A Q )  =  E  ( 6( ^ n) +  ^(Q )Q K~lb ( | ) )  Qn = 0 (mod P7')- (3-41)

If (Q,n) =  1, then the coefficient of q11 in (3.41) is just b(Qn). Therefore

a(Qpmn) = b(Qn) =  0 (mod pi) 

for all n coprime to Qp. This concludes the proof of Theorem 3.2. □

3.3 Congruences for eta-quotients

Next we show that infinitely many congruences exist for the coefficients of any eta-quotient. 

Let f ( z )  =  ^2 pr5{bz) be an eta-quotient as in (2.13). We require in addition that
6\N

^ 2 r sS = 0 (mod 24). (3.42)
S\N

This is to ensure that f ( z )  has a Fourier expansion of the form a{n)qn. Any eta-quotient

can be made to satisfy condition (3.42) by replacing each S with 245.

T h eo rem  3.10. Suppose p is an odd prime and N  is an integer with 4 | N  and (N ,p ) =  

1. Let f ( z )  — ^ 2 v r6(5z) satisfy (3.42), and suppose that f ( z )  has the Fourier expansion
<5| N

f ( z )  =  'Y^a(n)qn. Set k := Y^s\Nr6> and ^  m be a sufficiently large integer.

(a) I f  k is odd, then for each positive integer j ,  a positive proportion of the primes 

Q =  — 1 (mod Npj ) have

a(Q3pmn ) =  0 (mod pi)

for all n coprime to Qp.

(b) I f  k is even, then for each positive integer j ,

44

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



(i) a(pmn) =  0 (mod pi) for almost all n coprime to p, and

(ii) a positive proportion of the primes Q = — 1 (mod Npi) have

a(Qpmn ) =  0 (mod pi)

for all n coprime to Qp.

Proof. Let /  be as in the hypotheses of Theorem 3.10. We claim that we can replace TV by 

a power of TV, if necessary, so that f ( z )  satisfies

N ^ J  = 0 (mod 24). (3.43)
S\ N

To see this, we first note that TV ^2 ^  is an integer, and 4 | TV by hypothesis. If 3 | TV, then
<5|iV

24 | TV2, and hence

(m o d 2 4 )-
S\ N

If 3 f TV, then 52 =  1 (mod 3) for each 5 \ TV, so

T V j ] y  =  T V j ] r ^  =  0 (mod 3), (3.44)
6 \ N  6 \ N

where the second equivalence follows from (3.42). Since 4 | TV,

TV3^ y  =  0 (mod 8 ). (3.45)
6 \ N

T h en  (3 .44) and  (3 .45) im p ly  th a t

TV3 ^ y  =  ° (mod 24).
S\N

Now by Corollary 2.7, /  is a weakly holomorphic modular form of weight |  and some
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character x  with level N.  Since r/(z) has integer coefficients, so does f (z) .  Therefore, we may 

apply either Theorem 3.1 or Theorem 3.2 to / ,  depending on the parity of k, to complete 

the proof of Theorem 3.10. □

Remark. By Proposition 2.8, an eta-quotient f ( z )  of level N  satisfying (3.42) and (3.43) has 

Fourier expansions of the form

f ( z ) \ ^ =  °i>(n )Vho* (3-46)
n > n ^

for each ip G G' with ipoo =  where h0 =  j^ Ny  If we replace (3.14) with an expansion of 

the form in (3.46), the conclusion of Proposition 3.4 becomes

(/WltWlsf = E  “oW C-- (3-47>
n > n  o 

4 ra+ r= 0  (m od p m )

Now, if we replace (3.19) with (3.47), then Proposition 3.7 still holds, since the only property 

we required of h was that h \ N ,  and this is also true for ho. Thus, m  is sufficiently large for 

f ( z )  if it satisfies

- p m < 4 n0 + r (3.48)

for all distinct pairs (n0, r) which come from Fourier expansions of the form (3.47).

Theorem 3.10 yields congruences for many partition functions. We mention only two 

examples here for brevity.

Example 3.1. Recall from Example 2.8 that the generating function for pk(n), the number 

o f A;-colored p a rtitio n s o f  n , is

/ « =  e
n = —k  (m od 24)

a weakly holomorphic modular form of level 576. By Proposition 2.9, the order of vanishing
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of f (z)  at a cusp s — ^ is

o r d f f f . D  576 (  k  (C' 24)2N1 -  k  (C’ 24)2 -  ko r d , ( / ( z ) )  24((;2j576) A 24 J (c2,2 4 2)

Then the Fourier expansion of f {z)  at s has the form

C , - g £  + 0 (  1), (3.49)

for some Cs e €  and hs = •

Theorem 3.10 applies to f ( z ) with any prime I  { 576, so let I  >  5. Then by (3.49) and 

(3.48), m  must satisfy —£m < —4k. For such m  and for each positive integer j ,  we have 

congruences of the form
( Q 3t mn + h \ _ n ,

Pk V-----24-J (m o d ^ )

when k is odd, and of the form

( Q l mn + h \ _  •
Pk { ---- 24------ J =   ̂ ^

when k is even. Note that when k = 1, we recover congruences for p(n) of the form guaranteed 

by Ahlgren [1] and Ono [30].

Example 3.2. Consider the generating function

m  =  f » ?» =  f t  i ± £  =  s M  6
n = 0  n = l  1 q  V  { >

for overpartitions given  in E xam p le 2.9. B y  P rop osition  2.9 , we have

°r<M/(z)) =  24(^16) “ 2 1 = i  <3'50>
0 if 2 c,

- 1  if 2 f c.
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Then by (3.48), for each prime p ^  2, we need m  large enough so that — pm < —4. Hence 

for p = 3, we need m  >  2, and for p > 5 we only need m  > 1. Then for such m, Theorem 

3.10 yields congruences of the form

p(Q3£mn) =  0 (mod &).

When the modulus is 5, we find an explicit infinite family of such congruences. 

P ro p o sitio n  3.11. Let Q = — 1 (mod 5) be prime. Then

p(5Q3n) =  0 (mod 5)

for all n coprime to Q.

Proof. Consider the theta functions

00

0(z)  := = 1 +  2q +  2q4 +  2q9 +  • • • € Mi  (T0(4)),
n = —oo

and
2 / \ 00 _

e,(2) := ^  = Yi (-l)V' = 1 -  25 + 2,4 -  2?» + •.. € Mi(r„(16)).
'  n = —oo

Let X2nv be the trivial character modulo 2 . Using (2.21), it is easy to verify that these theta 

functions satisfy

0 i ( z )3 =  0 (^ )3 -  20 (z )3 (8) X2riv € M|(To(16)). (3.51)

Recall the definition of A(z) in (2.2), and the fact that the generating function for overpar­

titions is
V ' '- /  \ n v(2z) 12_^p(n)q -
n = 0

rf(z)  0 i (z)'
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Since the numerator of f ( z ) is of level 2, and the 24th power of the denominator is also of 

level 2, it suffices to check holomorphicity at 0 and oo, the two cusps of r 0(2). It is clear by 

(2 .12) and (2.23) that /  is holomorphic at infinity. A computation using (2.23) shows that

A \ z )
A(2 z)

7 i 2 , 2 ( 5 )  =  4 8 8 2 8 1 2 6 ^ -^  +  2342387712A(z) +  4630511616A(2^). (3.53)

Using Theorem 2.9 with (3.52) and (3.53), we calculate that the expansion of f ( z ) at 0 has 

the form
_3_c . q is -|-----

for some constant e G C. Therefore

f ( z )  € M a ( f v ie j ) .

Since Ti2,2(5) is the same as the operator C/5 modulo 5, it can be verified using (2 .12) 

and (2.18) that

A!(A
A(2 u;5

f ( z ) = —Bio/rv -  (mod 5) (3.54)T?10(z) 
r,5(2 z)

{ m y  EPW )|t4 , _
=    ( m o d 5 )f?5(2z)

= ^^p (5 n )q n (mod 5).

Recall the Eisenstein series

E4(z) := 1 +  2 4 0 ^ u 3(n)gn G M 4(T), (3.55)
7 1 =  I
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which clearly satisfies

E±(z) =  1 (mod 5). (3.56)

Using (3.51), (3.55) and (3.56), we have

Q ^ z f  ■ El{z)  e

with

0 !(z )3 =  © ^z ) 3 • El{z)  (mod 5). (3.57)

By Theorem 2.2, two holomorphic modular forms in Mk(Fo{N),  x) are congruent modulo

m  if their coefficients are congruent modulo m  for each index n < ^ [ r  : r 0(7V)]. (To see 

this, apply Theorem 2.2 to the squares of the two forms.) Using (3.57), the congruence

f ( z ) =  © i(z)3 (mod 5) (3.58)

can be easily verified with a computer algebra system, well beyond the Sturm bound of 19. 

Then (3.54) and (3.58) imply that

©i(.z)3 =  p(5n)qn (mod 5). (3.59)

It is well known that 0 3(z), considered as a form of level 16, is a normalized eigenform 

for T | 16(Q2), satisfying

©(z)3|Tfil6(g2) =  (Q +  l ) 0 3(2 ) (3.60)

for each odd prim e Q.

The Hecke operator Ts 16(g 2) commutes with the quadratic twist X2nv> so using (3.51) 

and (3.60) we have

©1(^)3 |Xf l6(Q2) =  (Q +  l ) 0 i (z)3 = 0 (mod 5)
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when Q =  — 1 (mod 5). Then using (3.59) and an argument as in (3.38), we have

p(bQ3n ) =  0 (mod 5), 

when n is coprime to Q. This concludes the proof of Proposition 3.11. □

3.4 Traces of CM values of modular functions

For our final application of Theorem 3.1, we obtain linear congruences for the trace of 

an arbitrary weakly holomorphic modular function (a modular form of weight zero) on 

Tq(p) = (T0(p),W p), where p  is prime (or p — 1) and Wp =  ^ ^ ^ is the Fricke

involution. Following Bruinier and Funke [10], let D  be a positive integer, and let Q d ,p be 

the subset of quadratic forms F (x ,y ) =  ax2 +  bxy + cy2 in QD with a =  0 (mod p). Then 

Tq(p) acts on Q d ,p with finitely many equivalence classes. For any weakly holomorphic 

modular function /  on T^p), define the modular trace function

where Tl(p)F is the stabilizer of F  in T^p). Note that if p =  1 and /  =  Jm, the trace 

function tm(n) from (1.2) is recovered. Using Theorem 3.1 and recent work of Bruinier and 

Funke [10], we have the following corollary.

/ \ 27riTheorem  3.12. Suppose that p is prime (or p — 1), k is an integer and C,p e p . Let f  be 

a weakly holomorphic modular function on Tq(p) with Fourier expansion f ( z ) =  a(n)gn G 

Q((p )((</)), and suppose a(0) =  0. Let I  be an odd prime with I ^  p.

(a) There exists an integer M  such that Mt*j(D) is an algebraic integer for each D > 0.

(b) Let M  be as in (a). I f  m  is a sufficiently large integer, then for each positive integer j ,
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a positive proportion of the primes Q = — 1 (mod 4p2£i) have the property that

M t){Q zr D )  = 0 (mod &)

for each D coprime to Qi.

Remark. There is no hypothesis controlling the principal part of the function f (z ) ,  so a 

result as general as Theorem 3.1 is required in order to get congruences for t*j(D).

In [10], Bruinier and Funke realize the traces of arbitrary modular functions on any con­

gruence subgroup as the Fourier coefficients of certain weakly holomorphic modular forms. 

These forms are obtained by integrating the modular functions against a theta series asso­

ciated to a certain lattice and a certain Schwartz function. The authors give the following 

theorem as a concrete example of their more general result.

Define o\{n) Yht\n^ ôr n ^ ^> 0) se  ̂ ^(O ) := — and let &i(x) 0 for x  0  Z>0.

T h eo rem  3.13. (Bruinier-Funke [10], Theorem 1.1) Let f  E A4o(r5(p)) have the Fourier 

expansion f ( z )  = ^~f,a(n)qn with a(0) =  0. Then

G( z , f )  ■■= ^2t*f (D)qD +  ^2(ai(n) +  p<Ti(n/p))a(-n) -  ^ 'Y ^ m a { - m n ) q ~ m2
D > 0 n > 0  m > 0 n > 0

is a weakly holomorphic modular form of weight 3/2 for the group r 0(4p).

Proof of Theorem 3.12. For simplicity, let G(z) G(z, f )  be the modular form guaranteed 

by Theorem 3.13. The following lemma shows that G(z) has algebraic coefficients.

L em m a 3.14. Let f  be a weakly holomorphic modular function for  To(p) whose Fourier 

coefficients with respect to qp lie in Q((p). Then for each discriminant D > 0, t*j(D) is 

algebraic.

Proof. We can view /  as a modular function for the principal congruence subgroup T(p), 

which consists of matrices in T congruent to the identity modulo p. Let kp be the field
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of modular functions for Tp whose Fourier expansions with respect to qp have coefficients 

in Q(CP). Fix a discriminant D > 0 and a quadratic form F  G Qd,p, and let otp be the 

associated root in H. Set K  — Q(ap).  By the theory of complex multiplication, the field 

K k p(ocF), generated over K  by all values f (ap)  with /  G kp and /  defined at ap,  is the 

ray class field over K  with conductor p [22, Ch. 10 §1, Corollary to Theorem 2] . So in 

particular, f (ap)  is algebraic. Lemma 3.14 then follows from definition (3.61). □

By Lemma 3.14, we have G(z) G Q((q))- The next lemma proves conclusion (a) of 

Theorem 3.12.

L em m a 3.15. Let f  be as in the hypotheses of Theorem 3.12, and let G (z) := G ( z , f )  be 

the modular form guaranteed by Theorem 3.13. Then there exists a nonzero integer M  and 

an algebraic number field L such that MG(z)  G £>£,((9)).

Proof. Recall the function A (z) from (2.2). Since G(z) is meromorphic at the cusps of r 0(4p) 

and A (z) vanishes at each cusp, then for sufficiently large h, the function Ah(z)G(z) is a 

cusp form for F0(4p). Since A (z) has integer coefficients,

Ak(z)G(z)  e  Q[(,].

Then by Proposition 2.4, there is an algebraic number field L  and a nonzero integer M  such 

that

M A h(z)G(z) G O M .

But also has integer coefficients, so we have

MG(z)  G 0 L{{q)).

a

Now we prove Theorem 3.12(b). By Lemma 3.15, we can apply Theorem 3.1 to MG(z).
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Hence for each j  > 1 , a positive proportion of the primes Q =  — 1 (mod ApP) have

Mt}(Q3r D )  = 0 (mod P)  

for all D  coprime to Qi.  This concludes the proof of Theorem 3.12.
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Chapter 4 

Congruences using the quadratic 
tw ist approach

We now present a second approach for producing congruences for the coefficients of a weakly 

holomorphic modular form f (z) .  Instead of applying a C-operator to f ( z )  to build cusp 

forms as in Theorem 3.1, we instead twist f ( z ) by a quadratic character, as defined in 

(2.21). For the quadratic twist method to be successful, we require a set of conditions on 

the Fourier expansions of f ( z )  at each cusp.

Let T' ^ r 0(4) be a congruence subgroup of level N.  Associate to each cusp s =  ̂ the 

integers hs and rs (as defined in 2.8 and 2.9) and an element ips G G' with ?psoo =  s. If 

f (z) = X)a (n )9n ^ A4fc(r;), then for each s, write

f(z)\kips =  53 a^ i n)(C ^ -
n > n s

Definition. We say that /  satisfies condition C  for a prime p if there exists ep G {±1} such 

that for each ips, the following is true: for all n < 0 with p \ {An + rs) and a^^n ) ^  0, we 

have

Remark. In the case s = oo, condition C  requires that (^ J  =  ep for all n < 0 with p \ n  and

a(n ) 7̂  0 .

Remark. Condition C  is well-defined. If a different element fis G G' were chosen with 

fisoo =  s, then f \k f is and f\k'ips would be the same up to multiplication by a fourth root of 

unity. Further, it is sufficient to check the condition for one element from each equivalence
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class of cusps, because if s' =  7 s for 7  £ T', then jijjaoo =  s', and / I ^ V ’s =

We now state our main theorem for congruences using the quadratic twist method.

T h eo rem  4.1. Suppose that p is an odd prime, and that k is an odd integer. Let N  be a

positive integer with 4 | N  and (N ,p ) =  1, and let x  be a Dirichlet character modulo N .

Let K  be a number field with ring of integers O k, and suppose that f ( z ) =  ^  a(n)qn £ 

M  k (r0(iV), x) H Ok((q))- Let f  satisfy condition C for p. Then for each positive integer j ,  

a positive proportion of the primes Q =  — 1 (mod NpP) have the property that

a(Q3n ) =  0 (mod pP)

for all n coprime to Q such that ( 7 7 )  =  ~ ep-

As before, we have an analog of Theorem 4.1 for integer weight modular forms. If 

f ( z )  £ A4fc(r0(A’), x), we say that f ( z )  satisfies condition C  for p if it does so when viewed 

as a half-integral weight modular form via Proposition 2.5.

T h eo rem  4.2. Suppose that p is an odd prime, and that k is an integer. Let N  be a positive 

integer with (N , p ) — 1, and let x  be a Dirichlet character modulo N . Let K  be a number field 

with ring of integers Ok , and suppose that f ( z )  =  ^ 2 a(ri)qn £ A4fc(r0(A’),x ) H OK{{q))- 

Let f  satisfy condition C for p. Then for each positive integer j ,

(i) a(n) =  0 (mod jp) for almost all n with ( 7 7 ) =  ~ ep, and

(ii) a positive proportion of the primes Q =  — 1 (mod Npi) have the property that

a(Qn) =  0 (mod jp) 

for all n coprime to Q such that =: ~ ep-
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The next result shows that every weakly holomorphic modular form of integral or half­

integral weight on T0(Ar) with character x satisfies condition C for a positive proportion of 

primes p.

T h eo rem  4.3. Let k and N  be integers with N  > 1 and 4 | N , and let x  be a Dirichlet 

character modulo N . Suppose that f ( z ) =  '%fl a(n)qn G A 4 |(r 0(iV), x)- Then a positive 

proportion of primes p have the property that f  satisfies condition C for p.

4.1 Proofs of Theorems 4.1, 4.2 and 4.3

The following result is critical for proving Theorem 4.1.

T h eo rem  4.4. Suppose that p is an odd prime, and that k is an odd integer. Let N  be 

a positive integer with 4 | N  and (N , p ) — 1, and let x  be a Dirichlet character modulo 

N . Let K  be a number field with ring of integers O k, and suppose f ( z )  =  Y l a(n)<ln e  

A 4 i(r0(iV), x) n 0 K {{q))- Let f  satisfy condition C for p. Then for every positive integer 

j ,  there exists an integer (3 > j  — 1 and a cusp form

9P,j(z) € S k s0l£2_11(To{Np2) , x )  n O k M ,
2 2

with the property that

9pA z ) =  A n )Qn (mod pp).
(F)=

To prove Theorem 4.4, we need the following technical result.

P ro p o sitio n  4.5. Suppose that p is an odd prime, and that k is an integer. Let N  be 

a positive integer with 4 | N  and (N ,p ) =  1, and let x  be a Dirichlet character modulo 

N . Let f ( z )  =  'Yfa{n)qn G A 4 i( r0(A/’),x)- Suppose that p, G { ± l,± i} ,  and that £
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cp2 d )  , n^Jcp2z +  d j  G G' with ac > 0. Let

f ( z ) i f £ =  X  a«(n ) ^ +'-
n>n.£

Then

f{z)  ® -
2 n>nc '

) oe( n )^ '

Proof. Let g be the quadratic Gauss sum defined in §2.6. Then recalling Proposition 2.16 

and (2.19), we have

/ ( z ) ® G ) = § § ( i D / w , *T w

so

(/(z)0G))ll?=? |( ; ) /(z)l̂ e-
Recall the definitions of sv (3.23), wv (3.24) and f3v (3.26). Then by (3.27), we have

f (z) ® ( - £ -  f ( Z)\%Pv€Tu>vJp-

Since Ti(Np) < Ti(N),  Lemma 3.8 shows that /3V G T i ( N ), so

f ( z ) <g> - J - gp Y l  ( ^ )  / ( Z) I | ^ , P
2  V ~ 0  '

= f E © ( E ^
F  u=0 \ n > n ?

"+4
‘w v ,p

p  —  ̂ V P ,v= 0 n>ri£

exp

= “ X as(n)<h+* X (I)expp n >  np

(  2iri(z — wv/p)(An +  r)
V 4h

—2iriwv(4n + r )
4 hp

(4.1)

Now recalling the definition of sv (3.23), we see that since 4, a, d, and N  are coprime to
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p, the sv = wv/ AN  run through the residue classes modulo p as v does. Also, v = wvad 1 

(mod p). Then writing N  — hh', we have

p -  1

E
v=0

V  \  — 2ir iw v ( 4 n + r )
g  4 hp

P (
EP 1 ( wvad 1 \  (  2iviwv (  —An — r

—  ) exp
v= 0 V

£
v= 0

( N a d ~ 1'  — 1

P  P

£ ( * ) « *

V p

exp

Ah

ad 1\ ^ - k ( A N s v\  (2ni (ANsv) (  —An — r

\  p 

(  2nisv

Ah

(—h'(An +  r))

( N a d  1N\ ( —h'(An + r)'
(4.2)

The last line follows from Proposition 2.14. Combining (4.1) and (4.2), and using Proposition 

2.15, we have

f ( z )  ® ( - £ =  ~ I ]  ae(n )̂ i
n > n ^

- 1

P

h

N a d -1

Nad  * \ ( —h'(An + r)

P E
P )  \  P 

—h'(An +  r)

_  / N a d ^ h '  
V P E

n>ri£

n > n $

An + r 
P

P

a d n )%+1-

ad n )%+J

(4.3)

Now we use the facts that ad =  1 (mod p), that h' =  h 1N  (mod p), and that if b is coprime 

to p, then to see that

Nad~1hl\  _  ( N^adr^fV 
P J V P

adh
P

(4.4)

Therefore by (4.3) and (4.4), we have

m
kP .f=g E

2 n>ri£
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This concludes the proof of Proposition 4.5. □

P ro p o sitio n  4.6. Suppose that p is an odd prime, and k is an integer. Let N  be a positive 

integer with 4 | N  and (N , p ) = 1, and let x  be a Dirichlet character modulo N . Let 

f ( z ) =  ^ -M* (r0(./V), x) satisfy condition C f o r p  with ep. Define

U ( z )  : = f ( z )  ® x?” -  <rf ( z )  ® U )  6 *).

Then f p vanishes at each cusp fp .

Proof. Assume without loss of generality that ac>  0, and let

5:=((ep2 J ) + <<) 6 <?

with p  G { ± l,± i} . By (2.20) and (2.22), we can write

1 P_1
f{z)  ® X p iv =  f ( z )  ~

P  v= 0

so that

fp ( z )k€  = f ( z ) \k t  ~  - '% 2 f( z )k T v,P€ -  epf ( z )  ® ( ^ \  L f. (4.5)

Recall the definitions of sv (3.23), wv (3.24) and fiv (3.26). Using (3.27) and Lemma 3.8, we 

have

P v=0

60

p  u=0

v= 0 \ n > 7i£

p - 1

11 Tw v ,p

=  - E E  Of (w) exp
P v = 0  n > n c

2n i(z — wv/ p ) 
4h

(4n +  r)
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/i'(4n+r)=0 (mod p)

n+j
°s(n ) ^ 5- (4-6)

4 n + r s 0  (m odp)

The last line follows since p \  h'.

Now by (4.5), (4.6) and Proposition 4.5, we have

fP(z) iff = a{(n)«r* -  ( £ )  X ) ad n)%+*- (4-7)
4 n + r ^ 0  (m od p) n > n ^  '

Therefore, f p(z) vanishes at £ if for each n < 0 with p \ (An + r) and a^(n) 0, we have

An + r \  (  h
P )  \ P

This requirement is met since /  satisfies condition C  for p. This concludes the proof of 

Proposition 4.6. □

Proof of Theorem 4-4■ A cusp ^ either has p2 \ c or p2 \ c. Recall the eta-quotient Fp(z)

defined in (3.33). By Proposition 4.6, if /? > j  — 1 is sufficiently large, then

}p(z) ■ Fp(z)pB = f p(z) (mod f t )

vanishes at every cusp. Set

I pM  ■■= \ u * )  ■ w "  e  5 . ,w ^ - n ( r d A y ) , x )  n  0 K[q\. (4.8)
Z  2 2
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Then since

fP(z) = ^2a<̂ qn~ epJ2 (■■) a^ qH = 2 J2 a(n)qn’ 
** (?)=-*

we have

9pA z ) =  ^ 2  a(n )qn (mod A ). (4.9)

( f ) = - e*

Combining (4.8) and (4.9) proves Theorem 4.4. □

Proof of Theorem 4-1- Let /  and p be as in the hypotheses of Theorem 4.1, fix an integer 

j  >  1 , and let

9pA z ) = J 2  a^ qH (“K^P*)
(?)= -*

be the cusp form guaranteed by Theorem 4.4. Set k := k + p^(p2 — 1). By Proposition 2.13, 

a positive proportion of the primes Q = — 1 (mod Npi)  have the property that

9pA z)\t %,np*,x{Q2) =  0 (mod p>).

If we write gpj (z)  =  K n )9n, then

9p,j(z )\T£,Np2,x(Q )

=  E  ( w o 2™) +  x(Q)  +  x(Q 2)Q '~2t’ ( ^ )  j  g" = o (mod p>).

(4.10)

Replacing n by Qn in (4.10), we have

E +  x(Q) f( °n] Q'-?b(Qn) + x(Q2)Q'-2b (^)] «<-.Qn
i i v j  -r  \ y ^ )  I  Y ) --------- I ^  * " W 1 )  t  AA'tf W  u  I T-vT )  I  •

71—  1

=  0 (m odp7). (4.11)
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If (Q, n) — 1, then the coefficient of qQn in (4.11) is just b(Q3n). So

a(Q n) =  b(Q n) = 0 (modp7)

for all n  coprime to Q with — — ep- Since Q =  — 1 (mod p), this completes the proof

of Theorem 4.1. □

Proof of Theorem f.2.  Theorem 4.2 follows from Theorem 4.4, Proposition 3.9 and Theo­

rem 2.11 in the same manner as the proof of Theorem 3.2. □

Proof of Theorem f.3.  Let 5  be a complete set of representatives for the equivalence classes 

of cusps under the action of Ti(N).  For each s £ S,  let hs, rs and xj)s be as in the definition 

of condition C. Let Ms := {m  G Z <0 : 4m +  rs ^  0 (mod p) and ^  0}. By the

remark following the definition of condition C , the set M s does not depend on our choice of 

representative s. If p  is prime and a is an integer, then p =  1 (mod 4a) implies that =  1. 

Set M  := Yl I I  (^m 4" rs)> and M ' := p. Then for any prime p  =  1 (mod 4M '), we
s 6 S  m g M j  p \ M N

have

for each s G 5, and
'4m  +  rs

=  1
P

for each m G M s and s G S. Then /  satisfies condition C  for each p =  1 (mod AM'). By 

Dirichlet’s theorem on primes in arithmetic progression, the density of such primes is ■ 

This is a lower bound for the density of primes p  for which /  satisfies condition C.  This 

completes the proof of Theorem 4.3. □
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4.2 Congruences for eta-quotients

We now give the congruences for eta-quotients that are obtained using the quadratic twist 

method. We state an alternate form of condition C  for eta-quotients, which we will call 

condition Ceq.

Suppose that f ( z )  G M.k (T0(N),  x) is an eta-quotient. Associate to each cusp s =  ^ the 

integers hs = and rs (defined as in 2.16) and an element ips E G' with ^*00  =  s. Then 

by Proposition 2.8, we can write

f (z) \ t ipa =  ] T  dfo(n)q£"* .
n > n a

Definition. We say that /  satisfies condition Ceq for a prime p if there exists ep G {±1} such 

that for each ips, the following is true: for all n < 0 with p \ (4n + rs) and £%, (n) 7  ̂ 0 , we 

have

Remark. Just as before, condition Ceq is well-defined.

T h eo rem  4.7. Suppose p is an odd prime and N  is an integer with (N ,p ) =  1. Let f ( z ) =  

Yf, rjTS(5z) satisfy (3.42), and suppose that f ( z )  has Fourier expansion f ( z )  =  Y2a(n )Qn■ Let
S\ N

f ( z )  satisfy condition Ceq for p, and set k := Y2s\Nrs-

(a) I f  k is odd, then for each positive integer j ,  a positive proportion of the primes 

Q = — 1 (mod Np*) have

a(Q3n ) =  0 (mod p’) 

for all (n , Q) =  1 with — ~ ep-

(b) I f  k is even, then for each positive integer j ,

(i) a(n) =  0 (mod p>) for almost all n with — ~ ep> and
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(ii) a positive proportion of the primes Q =  — 1 (mod NpP) have

a(Qn) =  0 (mod jP)

for all (n , Q ) -- 1 with (-jf  j  — ~£p-

Proof. In the statement of Proposition 4.5, £ represents the cusp A-. By Proposition 2.8,Cp

we can replace

f ( z ) \ ^  =  ad n)%+*2 n>ri£

with

f ( z ) \ ^  = Ge(n ) ^ 0 (4-12)2 n>ri£

where h0 =  ^cpJJ2 N) =  (^vy? i*1 f^e hypothesis of Proposition 4.5, as well as in (4.1). Then 

the conclusion of Proposition 4.5 becomes

('•=>* (S))l,̂  - ($ )£
Now Proposition 4.6 holds with condition C  replaced by condition Ceg, by substituting 

(4.12) in (4.6) and (4.7), and using our alternate version of Proposition 4.5. Theorem 4.7 

now follows in the same manner as Theorems 4.1 and 4.2. □

4.3 A comparison of the two m ethods

We now consider the advantages and disadvantages of our two approaches for finding con­

gruences. The 17-operator method succeeds in establishing congruences for the coefficients of 

weakly holomorphic modular forms modulo any prime power p>, where p does not divide the 

level. It makes no requirement on the Fourier expansions of the forms at the cusps, which is 

helpful in practice, since these can be difficult to compute. However, the congruences that
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arise are limited because they occur in only one residue class modulo some (possibly large) 

power of p.

The twist method yields congruences for coefficients with indices of the form Q3n , which 

are not divisible by p. Hence these congruences are not limited to a particular residue class 

modulo p, but they exclude those coefficients whose indices are divisible by p. Also, this 

approach does not, in general, guarantee congruences modulo every prime power, as we see 

in the following example.

Example 4.1. Consider the eta-quotient

=  <7  ̂-F 48<? * +  1244 -I- • • • G A4_24(r).
rj48(z)

Condition Ceq requires that so we on^  Set congruences modulo powers of p

where p =  1,7 (mod 8).

4.3.1 Congruences for p(n)

The partition function p(ri) provides a good test case for our two methods. Recall that the 

generating function

s(z) := j ( k )  = £  p (^ sr ) q’
/V '  n = —1 (m od 24) X '

for p(n) is a weakly holomorphic modular form for r 0(576) with character. By (3.49), the 

order of vanishing of f ( z )  a t a cusp s =  “ is — 1. Recall from Example 3.1 that for each 

prime £ > 5, m  must satisfy — l m < —4 in order for Theorem 3.10 to hold, so let m  > 1. 

Then for each j  > 1, a positive proportion of the primes Q =  — 1 (mod 576^) have the 

property that

„ ( < £ £ £ ± i ) s  o (mod e )
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for all {n,Q£) =  1 with Q3£mn  =  - 1  (mod 24). These congruences are of the form guaran­

teed by Ono [30] and Ahlgren [1],

Turning to the twist approach, we see that for f ( z ) to satisfy condition Ceq for a prime 

£ > 5 ,  there must be a choice of q  £ {±1} so that

for each cusp s. Since hs =  and 576 is a square, each hs must be a square, so each

( ^ )  =  1. Then for each prime £ > 5, f ( z )  satisfies condition Ceq for £ with ee =  ( x ) -  

Therefore by Theorem 4.7, for each j  > 1 , a positive proportion of the primes Q =  — 1 

(mod 576&) have the property that

P 24+ 1 )  ^  ° m̂° d ^  4̂'13^

for all (n, Q) =  1 with Q3n  =  —1 (mod 24) and ( ^ )  =  — q.

Recall from §1.1 the definition 8g x p ,  and the set

S t := {/ Je{0, l , . . . , < - l } : ( £ ± ^ ) = 0o r - ( ^ ) } .

Since each Q =  — 1 (mod 24), then Q3n =  —1 (mod 24) implies that n  =  1 (mod 24), so 

we may write n  =  1 — 24s. Then

for /3 £ {0,1, . . . , £ — 1} with s =  f3 (mod £). If ( ^ )  =  -  ( ^ ) ,  then (^x*-) =  -  ( x ) -  By 

writing n = 1 — 24(/3 +  k£), we see that n = 1 — 24/1 (mod 2A£). Therefore, (4.13) duplicates 

Theorem 1.1 for all j3 £ Sg except for the case (3 =  —8i (mod £).
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4.3.2 Congruences for h(D)

As a second comparison, we consider the trace function t i (D)  (1.2). Zagier [39] showed that 

values of ti (D) are generated by the weakly holomorphic modular form

S i ( z ) =  ^ H 7 § n  =  5™1 " 2 "  £  «i ( D ) 9D e  M j ( f y 4 ) ) .
'  '  '  0<Z?=0,3 (m od 4)

There are three equivalence classes of cusps of r 0(4), represented by 0, 1 and To calculate 

the order of vanishing of gi(z) at each cusp, we note that since E\(z)  is holomorphic and 

nonvanishing at every cusp, it is sufficient to calculate the order of

(z) _  n\z )  
rf(Az) r}(2z)rf{Az)'

The information we need is gathered in the following table.

Cusp Fourier Expansion h

i  ~  oo Q 1 — 2 — • • • 1

0 holomorphic 4

1
2

9 - 1/4 +  . . . 1

Let p be an odd prime. To apply Theorem 3.10, we must choose m  so that —pm < —4, 

so we need m > 2 for p =  3 and m  > 1 for p > 5. Then for each j  > 1, a positive proportion 

of the primes Q =  — 1 (mod 4pi) have the property that

ti(Q 3pmn) =  0 (mod p?)

for all (n, Qp) = 1.
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Now for (2) to satisfy condition Ceq for an odd prime p, we must have

= l ) = e p ( i )  and )  =  £p ( I )  ,

so let ep = j . Then by Theorem 4.7, for each j  > 1, a positive proportion of the primes

Q =  — 1 (mod Ap>) have the property that

t \ (Qzn ) - 0 (mod jp)

for all (n , Q ) =  1 with j  =  — This replicates the results of Theorem 1.3 for the

first Hecke trace t i(D)  when p is inert in Q (V —Qn )-

4.3.3 Congruences for D(n)

Finally, we recall from Example 2.7 that

n - l \  7/(48 z)7W= E »{*£)
( m  r-\ s\ '  'x - -  /  7/ ( 242 :)

n = l  (m od 24)

is an eta-quotient on r 0(1152). Using Theorem 2.9, we calculate that

(c,48)2 2(c, 24)2 f - 1  if 16
° r (c2, 1152) (c2, 1152) \  1 if 16

c,
c.

Since we need p  { 1152, let p > 5 be prime. To apply Theorem 3.10, we must choose m  

so that —pm < —4, so we just need m  > 1. Then for each j  > 1, a positive proportion of 

the primes Q =  — 1 (mod 1152jp) have the property that

D ( ^24 ^  = ° m̂°d ̂

for all (n,Qp) =  1. In the case j  = 1, these congruences are guaranteed by Lovejoy [25].
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If s — ^ with 16 { c, then

1152 _  2(24)2 _ o ^2

s (c2, 1152) (c2,242)

for some d > 0. Then for f ( z )  to satisfy condition Ceq for a prime p > 5, we must have

:t ) = •■ (?)-©
Hence by Theorem 4.7, a positive proportion of the primes Q = — 1 (mod 1152p?) have the 

property that

D ( ^24 ^  = ° m̂°d ̂

for all (n, Q) =  1 with ) =  — • This replicates the results of Ahlgren and Lovejoy

[2] except for the case in which p \ n .
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Chapter 5 

Further generalizations

In this chapter we prove some more general statements about congruences for weakly holo­

morphic modular forms. We extend Theorems 3.1 and 4.1 to show that simultaneous congru­

ences exist for any finite set of weakly holomorphic modular forms for Fi(N),  even when the 

forms have different levels and weights. We first give the result found using the U-operator 

method.

T h eo rem  5.1. Fix an integer r >  1. Associate to each 1 < i < r the integers ki and Ni >  1

with 4 I Ni, and a prime pi \ iV*. Let f i (z) =  Yhai{n)qn E Mk^fT^Ni ) )  for each i, and
2

suppose that all of the coefficients of the fi(z) are contained in the ring of integers Ok  of some 

number field K . I f  m x, . . .  ,m r are sufficiently large integers, then for any choice of integers 

j i ,  ■ ■ - ,jr  > 1, a positive proportion of the primes Q = — 1 (mod lcm(iVi,. . . ,  Nr,p { \ .. .pif)) 

have the property that

Oi(Q3P r n ) =  ° (mod pi1) 

for each 1 < i < r and each (n , Qpi • • •pT) =  1 .

Next we give the result for simultaneous congruences using the twist method.

T h eo rem  5.2. Fix an integer r > 1 . Associate to each 1 < i < r the integers ki and N  > 1

with 4 | Ni, and a prime pi j  Ni. Let fi(z) =  X^ai(n )?n ^ for each i, and
2

suppose that all of the coefficients of the fi(z) are contained in the ring of integers Ok  of some 

number field K . Let each fi(z) satisfy condition C for pi. Then for each choice of integers 

j i i  ■ ■ -jr >  1; a positive proportion of the primes Q = — 1 (mod lcm(Ar1, . . . ,  N r,p [l , . . .  ,p^T))
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have the property that

ai(Q3n ) =  0 (mod p f ) 

for each 1 < i < r and each (n , Q) =  1 satisfying the conditions |  =  ~ ePi : 1 < * < r | .

5.1 Proofs of Theorem 5.1 and Theorem 5.2

To prove Theorems 5.1 and 5.2, we will need the following generalizations of Theorems 2.11 

and 2.13.

T h eo rem  5.3. Fix an integer r > 1. Associate to each 1 < i < r, the integers ki and 

Ni > 1, and the Dirichlet character Xi modulo Ni. Suppose that F  is a number field with 

ring of integers Op, and let m, be an ideal of Op with norm Mi for each i. Then a positive 

proportion of the primes p = — 1 (mod lcm (M i,. . . ,  Mr, N i , . . . ,  N r)) have the property that

f ( z )\Tki,Ni,xi(p) = 0 (mod mi) 

for every 1 <  i < r and each f ( z )  £ Ski (T0(Ni),Xi) Of Iq]-

Proof. For each i, let {f i ti ( z ) , . . . ,  fi,d(i){z)} be all of the newforms in Ski(To(Ni),Xi), and 

write their Fourier expansions as fi,s(z ) =  YlnLi ai,s(n )Qn for 1 < s < d(i). Suppose that K  

is a finite extension of F  containing all the coefficients of the fi,s(z ) and all values of Xi f°r 

each i. For each g(z) e  Ski( r0(Ni),Xi)oF/mi, choose an hg(z) e  Ski(^o(Ni),Xi) H 0 F{q\ so 

that

hg(z) = g(z) (mod mj).

Then by (2.24), each hg(z) has the form

hAz) = &)fiASz)

where the a(i, s, <5) are algebraic. Since there are a finite number of g for each i, we can
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extend K  so that it contains all the a ( i,s ,5 ) , and choose a nonzero integer C  so that 

C  • a(i, s, S) G O k  for each a(i, s, 6). Set m' := Cva.i and M[ := CMi. If p \  Ni, then

d(i)
hg(z )\Tki,NuXi(p) = ^ 2 ^ 2  a (h s, 6)aitS(p)fitS(5z)

s = 1 S \N i

for all g and i. Since each f ( z )  G 5fci(r0(A^), Xi) n  CVM is congruent modulo mj to 

one of the hg(z), it is sufficient to show that a positive proportion of the primes p =  — 1 

(mod lcm (M i,. . . ,  M r, N i , . . . ,  N r)) have aliS(p) =  0 (mod m )̂ for each i and s.

Now let

where e : Gal (Q/Q) —»■ (Z /lcm (M i,. . . ,  M r, N x, . . . ,  N r)Z)x is defined as in the proof of 

Theorem 2.11, and each p,jS : Gal (Q/Q) —> GL2 (Ok / ^ O k ) satisfies Tr(pi;S(Frobp)) =  

OjjS(p) (mod m') for each prime p \ M[Nt. Theorem 5.3 now follows as in the proof of

integers ki and Ni >  1 with 4 | Ni. For each i, suppose that f x(z), 72(2 ) , . . . ,  f r(z) are cusp

ideal with norm Mi, and suppose that each ki > 3. Then a positive proportion of the primes 

p = — 1 (mod lcm (M i,. . . ,  M r, N x, . . . ,  N r )) have the property that

p := e ® 0  pitS

Theorem 2.11. □

T h eo rem  5.4. Fix an r > 1 and let K  be a number field. Associate to each 1 < i < r the

forms with each fi(z) — Y l ai(n )(ln ^ S ^ f T ^ N i ) )  D For each i, let m* C Ok  be an

fi(z )\T *± N.(P2) - 0 (mod mi) 
2 1

for each 1 < i < r.

Proof. By Proposition 2.3, we can write

(5.1)
X i  m od N i
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for each i , where the a Xi are algebraic and each f Xi(z) G Ski (To(Ni)) xi) has algebraic integer
1 * 2

coefficients. There is a nonzero integer C  such that each C • aXi is an algebraic integer for 

all i and all Xi• Let m' := Cm* and M[ := CM,. Then it is sufficient to prove that a positive 

proportion of the primes p  =  — 1 (mod lcm(M1;. . . ,  Mr, N x, . . . ,  N r)) have the property that

fxi (z )\Tk-i N. X (P2) = 0 (mod

for each i and each Xi-

By Theorem 2.12(a), for each Xi and ea°h squarefree t > 0 we have a Shimura lift 

Stf Xi(z) G Ski-i(To(Ni/2),  Xi)- By Theorem 5.3, a positive proportion of the primes p = — 1 

(mod lcm (M i,. . . ,  M r, N i , . . . ,  N r)) have the property that

Stfxi(z)\Tki-i ,Ni/2,x^(p) =  0 (mod m')

for all i , Xi and t. The result now follows as in the proof of Theorem 2.13. □

Proof of Theorem 5.1. Throughout the proof of Theorem 3.3, no properties of the weakly 

holomorphic modular form f ( z )  were used other than those common to all elements of 

A4* (^(iV )). Further, the U and V  operators may also be applied to elements of 7W |(ri(iV)). 

Therefore, for each i, we may choose an integer m, large enough so that Theorem 3.3 guar­

antees cusp forms

g<j(z) e  s  ( r y iv j j ) )  n  o K{ql
Kl I yi ’
2 2

with the property that
(X)

gij(z) = ^ 2 ^i(PiHn)Qn (mod p{),
71 =  1
Pi\n

for each j  > 1. Then by Theorem 5.4, for each r-tuple ( ji , . . . ,  j r) with each j,  > 1 , a positive
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proportion of the primes Q = —1 (mod lcm(A^!,. . . ,  Nr,p { \ . . .  ,v ir)) have the property that

9i,ii(*) \ T ^ NiP>{Q2) = 0 (mod p f ),

where := ki +  pf{(pf — 1), for each 1 <  i < r. Using (2.26), it follows as in the proof of 

Theorem 3.1 that

a i i Q ^ n )  = 0 (mod p f ) 

for each 1 < i < r and each (n, Qp\ • ■ ■pr) =  1. This completes the proof of Theorem 5.1. □

Proof of Theorem 5.2. Throughout the proof of Theorem 4.4, no properties of the weakly 

holomorphic modular form f {z)  were used other than those common to all elements of 

M k  (Ti(N)).  Further, the twist operator may also be applied to elements of M.k(Ti(N)).  

Hence for each i, Theorem 4.4 guarantees cusp forms

S k j ( z )  € nC M ?],
2 +  2

with the property that

= ^ 2  “•(«)?" (mod Pi),

(# )= — .

for each j  > 1 . Then by Theorem 5.4, for each r-tuple ( j i , . . .  , j r) with ji > 1, a positive 

proportion of the primes Q s - 1  (mod Ni • • • A^pf • • -pfr) have the property that

9i,ji(z )\T *-,Nip?(Q2) = 0 (mod p f ), 

where := + p f ’(pf — 1), for each 1 < i < r. Using (2.26), it follows as in the proof of
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Theorem 4.1 that

c i i ( Q 3 n ) = 0 (mod p f )

for each 1 < i < r and each (n, Q) =  1 satisfying the conditions : 1 <  i < r j .

□

Remark. Analogs of Theorems 5.1 and 5.2 may be stated for integer weight weakly holomor­

phic modular forms in a similar manner, but we will omit their statements.

5.2 Consequences of Theorems 5.1 and 5.2

Example 5.1. Dyson [15] defined the rank of a partition to be its largest part minus the 

number of its parts. Let N(r,  t; n) be the number of partitions of n  whose rank is r  (mod t). 

For fixed 0 < r  < t, Bringmann and Ono [9] relate the function N(r,  t\ n ) to the coefficients 

of a weakly holomorphic modular form of weight 1/2 for some T\(N).  Applying Theorem

3.3 to this form, they show that if t > 1 is odd and £ { 6f, then for all j  > 1, there are 

infinitely many non-nested arithmetic progressions An  +  B  such that

N(r,  f; An  +  B)  =  0 (mod P).

These congruences may be viewed as a combinatorial decomposition of the congruences

p(An  +  B) =  0 (mod P)

predicted by Corollary 1 .2 . Bringmann and Ono use Theorem 3.3 after making the argument 

that it extends to forms on Ti (N) once they are written as linear combinations of forms on 

To(A )̂ with character, as in (5.1). We point out that the same result now follows directly 

from Theorem 5.1.

Theorems 5.1 and 5.2 lead to results like the following one for overpartitions (2.14) and
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Hecke traces (1.2).

P ro p o sitio n  5.5. Let £ be an odd prime, and fix an integer m  with m  > 2 if £ =  3 and 

m >  1 if £>  5.

(a) For each integer j  > 1, a positive proportion of the primes Q = — 1 (mod 16P) have the 

property that

p(Q3r n )  =  t i {Qf irn)  = 0 (mod £j )

for all (n , Qt') =  1 .

(b) For each integer j  > 1, a positive proportion of the primes Q =  — 1 (mod 1 Q£3) have the 

property that

p(Q3n) - ti(Q 3n) =  0 (mod P) 

for all n coprime to Q such that (-ff) = (-^ ) •

Proof. Part (a) follows from Example 3.2, §4.3.2, and Theorem 5.1. For part (b), we see 

from (3.50) that for to satisfy condition Ceq for an odd prime £, we must have

for each cusp s = ^ with 2 \ c. Since hs = is a square for each s, these conditions are

satisfied by taking e£ =  ( ^ ) -  By §4.3.2, gi(z) satisfies condition Ceq for all odd primes £ 

with the same choice of q . Therefore, Proposition 5.5 follows when Theorem 5.2 is applied 

to ^  and gi(z). □
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