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Abstract

Recent works have used the theory of modular forms to establish linear congruences for the
partition function and for traces of singular moduli. In each case, the values of the given
arithmetic function appear as the Fourier coefficients of a weakly holomorphic modular
form. We show that similar congruences exist for the coefficients of any weakly holomorphic
modular form on any congruence subgroup I'q(N). In particular, we give congruences for a
wide class of partition functions and for traces of CM values of arbitrary modular functions
on certain congruence subgroups of prime level. Finally, we make a more general statement

about simultaneous congruences for the coefficients of weakly holomorphic modular forms

on I';(N).
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Chapter 1

Introduction and motivation

A modular form is a meromorphic function on the complex upper half-plane which transforms
with respect to SL2(Z) or one of its subgroups. Modular forms are central to much of modern
number theory. Famously, Wiles proved Fermat’s Last Theorem by showing that all rational
elliptic curves are associated to modular forms. They have also been used to investigate
properties of certain arithmetic functions. We start with examples of two functions whose
behavior has been explored through the theory of modular forms. We then propose a general

question which is the topic of the rest of this work.

1.1 The partition function p(n)

Our first example is an arithmetic function with a rich history dating back to Euler.

Definition. A partition of a positive integer n is a nonincreasing sequence of positive integers

which sums to n. The number of partitions of n is denoted by p(n).

Euler discovered the following generating function for p(n):

(o 0] oQ
no__ 1 — 2 3 4
gp(n)q —T]I;[lm—1+q+2q +3¢°+5¢"+---, (1.1)

where we agree that p(0) = 1. This generating function is a powerful tool in the study of
partitions.
Ramanujan made considerable contributions to partition theory. Arguably his most

famous result in this area is his discovery of the following properties of p(n), which hold for
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every mn:

p(dbn+4) =0 (mod 5),
p(Tn+5)=0 (mod 7),

p(1lln+6)=0 (mod 11).

Ramanujan proved these remarkable congruences using (1.1) together with some results from
g-series. His work inspired a wealth of research into other congruences of the partition func-
tion. Congruences modulo powers of 5, 7 and 11, which had been conjectured by Ramanujan,
were proved by Watson [38] and Atkin [5]. Atkin [6], Atkin-O’Brien [8], Hjelle-Klgve [17],
Klgve [20, 19], and Newman [28] found congruences modulo small powers of other primes
less than 31.

Recently, Ono [30], Ahlgren [1] and Ahlgren-Ono [3] showed that in fact there are
infinitely many families of congruences for p(n). Their method exploits the fact that if

q := €™ a slight modification of (1.1) yields

= —— ,
n=—1 (mod 24) 24 11— g¢*)

q
n=1

which is a weakly holomorphic modular form. Their method in [3] explains every known
linear congruence for p(n).

For each prime £ > 5, define & := £=1, and let S; be the set
24

S = {ﬂe{o,l,...,e—l}: (ﬁ;&) =0or — <_TF)}

Theorem 1.1. [3, Theorem 1] If £ > 5 is prime, m is a positive integer, and B € S, then
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a positive proportion of the primes Q@ = —1 (mod 24¢) have the property that

Q*n+1\ _
p( 51 ):O (mod £™)

for alln =1 — 248 (mod 24¢) with (Q,n) = 1.
Theorem 1.1 leads to the following corollary.

Corollary 1.2. [3, Theorem 3] If £ > 5 is prime, m is a positive integer, and B € S, then
there are infinitely many non-nested arithmetic progressions {An + B} C {én + B}, such

that for every integer n we have
p(An+B)=0 (mod ™).

Remark. Corollary 1.2 and the Chinese Remainder Theorem yield congruences for any mod-

ulus M coprime to 6.

1.2 Traces of singular moduli

Linear congruences have also been found for traces of singular moduli. Let D be a positive

integer, and let Qp be the set of positive definite integral binary quadratic forms
F(z,y) = az® + bzy + cy®

of discfiminant —D = b% — 4ac. The group T := PSLy(Z) acts on Qp with finitely many
equivalence classes. For each F € Qp, define ar to be the unique root of F(z,1) in the

complex upper half-plane H. Then the singular modulus j(ar) is an algebraic integer, where

1
j(2) = g T44+196884 + 21493760¢% + - - - ,
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is the usual elliptic modular function on SL,(Z). Singular moduli are related to many
important objects in number theory. They generate ring class fields over imaginary quadratic
fields, and are closely connected to the theory of elliptic curves with complex multiplication.

Following Zagier [39], we set J(z) := j(z) — 744 and consider the sequence of modular
functions defined as follows. Let Tj(m) be the normalized weight zero Hecke operator of

index m (see 2.25 for a definition). Set Jy(z) := 1, and for each positive integer m, define
Im(2) = J(2)|To(m).
Then the mth Hecke trace of the singular moduli of discriminant —D is

tm(D) == Y M, (1.2)

-  Wf
FeQp/T

where wp is the size of the stabilizer of F' under the action of . Ahlgren and Ono [4] showed

that infinitely many congruences exist for the Hecke traces.

Theorem 1.3. [4, Theorem 1] Suppose that p is an odd prime and that s and m are positive

integers with p+m. Then a positive proportion of the primes ¢ have the property that
tm(n) =0 (mod p*)

for every positive integer n coprime to £ such that p is inert or ramified in Q(/—nf).

Remark. As with p(n), the generating function for t,,(D) is a weakly holomorphic modular

form.

1.3 A general question

The method used to prove each of these results relies on the ability to realize both {p(n)} and

{tm(D)} as the coefficients of certain half-integral weight weakly holomorphic modular forms.

4
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Other results obtained in a similar way include congruences for the number of partitions of n
into distinct parts due to Lovejoy [25] and Ahlgren-Lovejoy [2], Swisher’s congruences for the
Andrews-Stanley partition function [37], and Mahlburg’s congruences for the crank function
[26]. It is natural, then, to ask how common such phenomena are. We answer this question
by proving a general result for weakly holomorphic modular forms. We show that an infinite
number of linear congruences exist for the coefficients of every weakly holomorphic modular
form of any weight, on any congruence subgroup I'g(/V), and with any character x. This
includes every form which can be written as a quotient of eta-functions. In particular, we
can find linear congruences for a wide class of partition functions.

Work of Deligne and Serre involving Galois representations provides a method for showing
the existence of congruences for the coefficients of integral weight cusp forms. This coupled
with Shimura’s correspondence leads to congruences for the coefficients of half-integral weight
cusp forms. The challenge, then, is to relate half-integral weight weakly holomorphic modular
forms to half-integral weight cusp forms. There are two approaches in the literature for
building cusp forms from weakly holomorphic forms, one which uses the U-operator and the
other which uses a quadratic twist. We will prove general statements about the congruences
that may be achieved through each approach.

In Chapter 2, we establish the definitions, facts and theorems that we will require. Chap-
ter 3 details the results of the U-operator approach. In Chapter 4, we present the results of
the quadratic twist approach, and give a comparison of the congruences predicted by each
method. Finally, in Chapter 5 we extend our main results to modular forms on I'; (), and
show that simultaneous congruences exist for any finite set of weakly holomorphic modular

forms.
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Chapter 2

Preliminaries and background
material

In this chapter we collect the definitions and results which we will require from the theory of
modular forms, as well as facts about modular Galois representations and quadratic Gauss

sums. Unless otherwise noted, these facts can be found in more detail in [21], [31], or [35].

2.1 Integral weight modular forms

Let € = C U {o0}. The modular group I' := SLy(Z) acts on C by linear fractional transfor-

mations. That is, for each v = < Z g ) € I', we define

az+b
Z =
Y cz+d

a
and yoo 1= —.
U C

The complex upper half-plane H = {z € C : Im(z) > 0} is preserved by the action of T,

since

Im(2)

For each N € N, the principal congruence subgroup of level N is the subgroup of I' defined
by
T(N) == {( e 2 ) eF:azdzl(modN),bECEO(modN)}.

Any group I" with T'(NV) < IV < T is called a congruence subgroup of level N. We will
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consider in particular the congruence subgroups

o

Ty (N) :={(‘C‘ Z) eF:aEdE1(modN),c50(modN)}.

Z) eF:CEo(modN)},

O R

and

Members of the set Q = Q U {oo} are called cusps. We will always write elements of
Q in lowest terms (i.e. ¢ with (a,c) = 1). There are finitely many equivalence classes of
cusps under the action of any congruence subgroup IV. The cusps are so called because a
fundamental domain for I\ H may be identified at its edges to form a Riemann surface. Then

each equivalence class of cusps corresponds to a point which must be added to compactify

the Riemann surface.
Ezample 2.1. For each £ € Q, there exist integers b and d such that ( i 3 ) € I'. Then

( g 3 ) oo = 4; hence I' has only one equivalence class of cusps. We say in this case that

" has a single cusp at co.

Ezample 2.2. A complete set of representatives for the cusps of T'g(IV) is given in [27] as
{% €Q:c|N,1<a.<N, (a;,N)=1,a. = ar (mod(c,N/c)) <= a.= acl} .

Suppose that f(z) is a meromorphic function on H, and let k € Z and v = ( z S ) €
GL} (Q). The slash operator | is defined by

F(2)ley == (det )3 (cz + d) T F(v2). (2.1)

k
Since (£(y2))? = (det v)3(cz + d)~*, the chain rule implies that for v;, v, € GLJ(Q), we
have

F@)emny2 = (F(2)ev1) e re-
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If f(z) is meromorphic and f(z + 1) = f(z) for all z € H, then the transformation
z + q := €™ takes H to the punctured open unit disk. Defining g(q) := f(z) implies that
g(g) is meromorphic for 0 < |g| < 1, so g(g) has a Fourier expansion g(g) = Y a(n)g™

n=—oo

We call f(z) = > a(n)q" the Fourier expansion of f at co.

n=-—o0o

Throughout this chapter, let kK € Z and N € N, and let [ be a congruence subgroup of
level N.

Definition. A function f is a weakly holomorphic modular form of weight & for I if
(a) f is holomorphic on H,
(b) f(2)|gy=f for all y € I", and

(c) 7y € T implies that f(z)|xy has a Fourier expansion of the form

F@ly = ay(n)gh

n>nN~y

2xiz

where gy := e~ and a,(n,) #0.

Remark. The fact that f(z)|xy has a Fourier expansion in powers of ¢y is explained in [21,
page 125|. Part (c) of the definition requires that f is meromorphic at each cusp. It is shown
in [21, Ch. III §3, Prop. 16] that this is a finite set of conditions, since it is sufficient to

check one element from each equivalence class of cusps.

Definition. If n, > 0 (resp. n, > 0) for a particular y then f is holomorphic (resp. vanishes)
at the cusp s = yoo. A weakly holomorphic modular form f that is holomorphic at each

cusp is a holomorphic modular form. If f vanishes at every cusp, then it is a cusp form.

We write My (I") to denote the C-vector space of weakly holomorphic modular forms of
weight k£ for I'. The subspaces of holomorphic modular forms and cusp forms are denoted

by Mi(I") and Si(I"), respectively.
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Ezample 2.3. If k > 4 is even, the Eisenstein series of weight k is defined by

where B is the kth Bernoulli number, and o;(n) = 3_ d*. For example,
d|n

Eiz)=1+ 240iag(n)qn € My(T),

n=1
and
Ee( _1—504205 n)q" € Mg(I).
Ezample 2.4.
E 3 _ E 2
AQ) = B B ou2osagt — e Su(D). (2.2)

1728

Suppose that y is a Dirichlet character modulo N. Define

Me(To(IV), %) = {f € M(Ty(N)) : Flov = x(d)f forall y = ( @b ) c rouv)} |

The spaces Mi(To(N), x) and Sk(To(N), x) are defined similarly.

(o) e (nen (3),

Proposition 2.1. [21, Ch. III, Prop. 28]

Ezxample 2.5.

M(T1(N)) = @ Me(To(N),x).

xmod N
The same statement holds with My, replaced by My, or Sy.
Let K be a number field with ring of integers Ok, and let f(z) = > a(n)q™ be a formal

9
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power series with coefficients in Ok. For any ideal m of Ok, we define the order of f modulo

m to be

ordn(f) := min{n : a(n) € m}.
If a(n) € m for all n, then we write ordy,(f) = +o0.
Proposition 2.2. (Sturm, [36, Theorem 1]) Let f(z) = ). a(n)q™ € Mg(To(N), x) N Okl4]
for some number field K, and suppose that m is an ideal of Ok . If

ordn(f) > 11“2-[1“  To(N)]

then ordy(f) = +oo.

Remark. Suppose that f(z) =Y a(n)q™ and g(z) = 3 b(n)q™ lie in M (T'o(N), x) N Ok[q].
We write

f(z) = g(z) (modm)

if a(n) — b(n) € m for all n. If we write f(z) = g(z) (mod M) for some M € Z, we mean

that a(n) — b(n) € MOk for all n. Proposition 2.2 asserts that these conditions only need
to be verified for n < £[I': To(N)].

2.2 Half-integral weight modular forms

Modular forms may also have half-integral weight. In this case, taking a direct analog of
the slash operator by replacing k with g in (2.1) is ambiguous because of the two possible
choices for the square root of cz + d. Greater care is therefore needed to define these forms.
Many of the fundamental properties of half-integral weight modular forms were discovered

by Shimura [35].

10
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Define the set

6= {(@oteia= (8 })eoLs@ mi g = ZZEA

Then G is a group under the operation

(@, ¢(2))(B,%(2)) = (aB, $(B2)9(2)), (2.3)

with identity (( (1) (1) ) ,1) and inverse (o, ¢(2)) 7! = (a‘l, %-1_—1:—)) for each (o, #(2)) € G.

Restriction to matrices in I' yields the subgroup
G :={(a,9(z)) e G:a €T}

For each meromorphic function f on H and each integer k, the slash operator | k is defined
for £ = (o, ¢(2)) € G as
(D56 = 9(2) " F(02). (2.4)

For v = ( Z Z ) € I'y(4) and 2 € H, define

i(y,2) = (2) e7\Vez + 4, (2.5)

where

1 if d =1 (mod4),
Eqd = (26)

¢ if d =3 (mod4),

c

and () is defined as follows. If d is an odd prime, then () is the usual Legendre symbol.

If d is any odd positive integer, then (5) is defined multiplicatively. If d is a negative odd

11
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integer, then

Finally, we let (%) = 1. Next, set

¥ :=(7,3(7,2).

For any congruence subgroup I" < T'g(4), let I'={y:y€l" }.

Definition. A function f on H is called a weakly holomorphic modular form of weight % for
I if

(a) f is holomorphic on H,

(b) fle7 = f for all ¥ € T, and

(c) f is meromorphic at the cusps.

Again, for part (c) it is sufficient to check one element from each equivalence class of
cusps. We say f is a holomorphic modular form if it is holomorphic at the cusps, and a cusp
form if it vanishes at the cusps. The spaces of weight g weakly holomorphic, holomorphic

and cusp forms for [V are denoted by Mg @), M 5 (I') and S 5 (L"), respectively.

Ezample 2.6.

O()=> ¢ =1+2¢+2¢"+2¢°+---€ M
neZ

(To(4)). (2.7)

We now describe the expansions of f(z) € M g(f’) at the cusps, which are derived in

[21, pp. 181-182]. Let ¥ = (o, ¢(2)) € G, let s = aoo, and set I, := {y € I : ys = s}.

12
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Then o 'T",a has one of the forms

{i(é i’)j} {(é ’f)]}, or {—(3 ’f)j} 23)

for some positive integers h and j. The number b is called the width of s as a cusp of I". If

I is of level N, then h | N. Let ¢t € {%1, =i} be the unique element such that

(1) e

The numbers h and ¢ depend only on the I''-equivalence class of s. Fix an integer k&, and let

r € {0,1,2,3} be the number that satisfies

If f(z) € M (I"), then the Fourier expansion of f(z)| 1 has the form

f@lsw =" ay(n)g, . (2.10)

TLZTL,I,

In the case [ = I'o(IV), we can explicitly calculate h. Writing a = ( Z Z ) and

1 A 1 [ 1—cah a2h
a(O 1)a _( —c%h 1+cah)’ (2.11)

we see that for the product in (2.11) to be an element of I'y(N),, we must have —c?h = 0

calculating

(mod N). Since ( é }ll ) is a generator of & 'T'y(V),c, then h must be the smallest positive

number to satisfy that congruence. Therefore,

13
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Suppose that 4 | N, and let x be a Dirichlet character modulo N. Then

{# € MyE) : 11y = x(@f torall 5 e B wieny = (& 5 ) |

The spaces My (1“/0_(\.77), x) and Sk (m, x) are defined similarly.

—_—

Since ( _(1) _(1) ) € T'o(NV) for all N, this implies that Mg(Po(N),x) = 0if x is an
odd character (that is, x(—1) = —1). In light of this, we have the following analog of

Proposition 2.1.

Proposition 2.3.

My(T2(V) = @D Ms(To(N), ).

X even

The same statement holds with M% replaced by M% or S%.

—_—

The next result says that if a holomorphic modular form f(z) € M 5 (To(N), x) has

algebraic coefficients, then the coefficients have bounded denominators.

N

Proposition 2.4. (Serre, Stark, [34, Lemma 8]) If f(2) = > a(n)q" € M (Fo(N), x)N Oklq]

for some number field K, then there is a nonzero D € Z such that D - a(n) € Ok for all n.

We have the following correspondence between spaces of integral and half-integral weight

modular forms for I'g(N) with character x.

Proposition 2.5. Let x_4(n) := (). Then if £ € Z, we have

—_— N

M (To(N), x) = M (To(N), xx*D).

[N

Proof. Let £ € Z and vy = < Z Z ) € I'y(4). For any meromorphic function f(z) on H, we

have

F@7 = (0,271 (2)

14
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(@) s
(_7) (cz + d)™*2f(2)
= X-

() f .

i

Proposition 2.5 now follows from this fact. O

2.3 Eta-quotients

Dedekind’s eta-function, n(z), is defined by the infinite product

g% ﬁ 1—q¢") (2.12)

Recalling the modular form A(z) from (2.2), we have

n(z)* = q[[(1 - ¢")* = A2).
The eta-function generates a wide class of weakly holomorphic modular forms.
Definition. An eta-quotient is any function f(z) of the form

=[] 2) (2-13)

8|N
where each 75 is an integer. If each 5 > 0, then f(2) is called an eta-product.

Proposition 2.6. [16] If f(z) = [1 n"*(62) is an eta-quotient with k := £ 3" rs € Z such
§IN SN
that

(a) > 156 =0 (mod 24), and
5N

(b) JIZ]V%TJ =0 (mod 24),

15
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then f(z) € Mi(Lo(N), x) with x defined by x(d) := (%) where s := [] ™.

iIN

The generating functions for many partition functions are given by eta-quotients.

Ezample 2.7. Let D(n) be the number of partitions of n into distinct parts. Then

ZD n)q" = H (1+4q").
n=0 n=1

Rewriting this generating function slightly, and using Theorem 2.6, we have

Y D ("2"41) ¢ = % € My (1‘0(1152), (%)) .

n=1 (mod 24)

We have the following corollary of Proposition 2.6 for half-integral weight eta-quotients.

Corollary 2.7. If4 | N and f(z) = [[ 7*(6z) is an eta-quotient with k := ) _ rs odd such
8|N 3IN
that

(a) Y 156 =0 (mod 24), and

5N
(b) 3 %rs=0 (mod 24),
3IN
then f(z) € Mg(ﬁ)_(\/]\/'), x) with x defined by x(d) := (2) where s :== 2 [] 7.

3N

Proof. The function ©(2) in (2.7) can be expressed as the eta quotient

Let g(z) = f(2) - ©(z). Then g(z) is an eta-quotient satisfying (a) and (b) above and
has integer weight 5%, so by Proposition 2.6, g(z) € Mgzi(Fo(N),x), where x(d) =

(g—l)“:‘)/"’s) for s = 2] 6. By Proposition 2.5,

9(2) € Mg (To(V), x5 %) = Mg (To(M), (2)).-
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Finally,

a

Ezample 2.8. Let k be a positive integer, and let px(n) be the number of k-colored partitions
of n, that is, the number of partitions of n where each part is assigned one of k colors. The

generating function for pg(n) is given by

> - 1
;pk(n)qn = }—:11 m

Using (2.12), Proposition 2.6 and Corollary 2.7, we can write

5 (n+k) i 1 {M_ (To(576), x/2)  if k is even,
Pr q

k
1% (242) M_i(To(576), (22)") if k is odd.

n=—-k (mod 24)

Ezample 2.9. An overpartition of n is a partition in which the first occurrence of a number
may be overlined. The number of overpartitions of n is denoted by p(n). See Corteel and

Lovejoy [11] for more about overpartitions. The generating function for p(n) is

Zﬁ(n)q" = H 11‘3: = 177723 € M_%(Im). (2.14)

Now we show that if f(z) is an eta-quotient of level N, its Fourier expansion at a cusp
% can be written in terms of the local variable gs,, where hy = ﬁ is the width of 2 as a

cusp of I'g(N).

Proposition 2.8. Suppose that f(z) = [][ n™¢(6z) is an eta-quotient of integral or half-

8|N
integral weight satisfying
(a) > rs6 =0 (mod 24), and
§|N
(%) > Zrs=0 (mod 24).
SIN
17
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Let k=) r;. Then for any ¢ € G’ with Yoo = 2, we can write
SIN

f@lsw =Y ay(m)dhy (2.15)

'ILZTW,

where hy = (CQNN) and r € {0,1,2,3}.

Proof. By Propositions 2.5 and 2.6 and Corollary 2.7, we have f(z) € M g(f‘/o(\JV), x) for

some real character x. Let ¥ = (o, ¢(2z)) € G’ with a = a b , and choose t € {1, £
c d

(5 7) e

Let r € {0,1, 2,3} be the number that satisfies

so that

t*x(1 + achg) = ™. (2.16)
This step is possible since x is real. Now by an argument similar to the one in [21, pp.

181-182], we have (2.15). O

Remark. As before, the choice of r depends only on k£ and the ['y(NV)-equivalence class of

the cusp £.

The next result gives the order of vanishing of an eta-quotient at any cusp.

Proposition 2.9. [24, 27] Let a,¢, N € N with (a,c) = 1, and let h = (?"ﬂlﬁ If f(z) is

an eta-quotient, then the order of vanishing of f(2) at the cusp & with respect to the local

variable gy is

N 5)2
ords(f) = 57 Wy 2 (65) e
SIN

18
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2.4 Linear operators

Here we present four linear operators which are crucial to our study of the coefficients of
weakly holomorphic modular forms. Each can be defined on spaces of integral or half-integral
weight modular forms, but we will state the first three only for half-integral weight modular
forms, as this is all we will need.

—

Let f(2) = Y a(n)q" € My (T'o(N), x). Suppose that v and ¢ are integers with ¢ > 1.

Guy = (( 5! ) ,t1/4) €G. (2.17)

—— —

®
The U-operator U : Mg (To(N), x) = M (To([N, 1)), xxF) is defined by

Set

R =ty f@lsone =t f (z “: ”) =Y altn)q". (2.18)
v=0 v=0

——— —————

The V-operator V; : M%(FO(N), xX) = Mg(Fo(Nt), xx¥) is defined by

sem=ri@l (6 1)) = 16 = Satm

These facts are stated in [35, Propositions 1.3 and 1.4] for holomorphic modular forms of
weight -’25 with & > 1. However, one can verify with the same arguments given in [35] that

these definitions extend to weakly holomorphic modular forms of weight g for any integer k.

= (3 731) ) 219)

Applying U, followed by V;, we have

Set

fR\U Vs =71 X_:f(z)lgﬂ,t = Za(tn)qt". (2.20)

19
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If 4 is a Dirichlet character modulo m, then the twist of f by 1 is given by

fey =Y d(na(n)g" € M(T o(Nm?2), x3?) (2:21)

[31, See §2.2]. Note that if xi is the trivial character modulo ¢, then
F@UIV: = f(2) = f(2) ® ™. (2.22)

Let k € Z. For each prime p, the integral weight Hecke operator Ty n,(p) preserves

the space M(I'o(N),x). When p t N, the effect of Ty n(p) on the Fourier expansion of
f(z) =Y a(n)g™ € My(T'o(N),x) is given by

F o) = 32 [alom) +x)#a ()| a7 (2.23)

where a(2) =0ifp1n.
The Ty v (p) generate Hecke operators Tj v, (n) for each n € N via the following rules

of composition:
(1) For all v > 1, Tk vy (0"11) = Tie v (P*) T v (P) — X(@)PF T v x (p”7), and
(2) if (m, TL) =1 then Tk,N,X(mn) == Tk,N,X(m)Tk,N,X(n).

A newform is a cusp form that is an eigenform for each Ty y,(n) and has a(1) = 1. The
following facts about newforms are due to Atkin-Lehner [7] and Li [23]. If f(2) = > a(n)q" €
Si(To(N), x) is a newform, then f(2)|Tx n(n) = a(n)f(z) for each n. Also, there exists a
number field K such that a(n) € Ok for all n.

We write SEe¥ (Fo(IV), x) to denote the subspace of Si(I'o(IV), x) consisting of cusp forms
that do not originate in a lower level. This new subspace has a basis of newforms. We can

write

Su(Ta(V), 0 = D) ) S (To(M), WVe

M|N dM|N
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It follows that each f(z) € Si(I'o(IV), x) can be written as

f(2) =Y a(5,8)f:(62) (2.24)

where the f;(z) are newforms in Sk(I'o(INV), x)-
In the half-integral weight case, for each prime p, the Hecke operator T% ’ N,X(PZ) preserves
the space M g(I‘O(N ),x). For p{ N, the effect of Ty, v (P?) on the Fourier expansion of

——

f(z) = Taln)g" € My (To(N), x) is

F@)ITe vy (P)

=3 [ a(*n) + x(p) (H)%) P a(n) + ()% (pﬁ)] o (2.25)

Using Proposition 2.3, this definition may be extended linearly to define Hecke opera-

—_—

tors Tg,N(pz) for the space M(T'1(N)). Then if p = —1 (mod N) is prime and f(z) =
Y a(n)q" € My ([1(V), we have

f(Z)ITg,N(pz) = Z [a(p2n) + (@) p%a(n) +p*F%a <I%>] q". (2.26)

2.5 GGalois representations

Here we give the facts we will use from the theory of Galois representations. This material
is described in more depth in [14, Ch. 9].

Let Q be the algebraic closure of Q. The set of all automorphisms of Q is the absolute
Galois group of Q, denoted by Gal (Q/Q). Each o € Gal (Q/Q) restricts to an element
o|lr € Gal(F/Q) for every finite Galois extension F of Q. In fact, Gal (Q/Q) can be

21
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described as the inverse limit of the finite Galois groups
Gal (Q/Q) = lim Gal (F/Q)
F

By giving Gal (@/ Q) the Krull topology, we get a suitable analog of the fundamental theorem
of Galois theory. In this case, there is a one-to-one correspondence between subextensions
Q D K D> Q and closed subgroups of Gal (Q/Q). The open subgroups of Gal (Q/Q)
correspond to the finite subextensions of Q/Q.

Let Z be the integral closure of Z in Q. Let p € Z be prime and fix a maximal ideal

p C Z over p. The decomposition group of p is
D, := {o € Gal (Q/Q) : p” = p}.

A reduction map Z — F,, can be defined by taking the kernel to be p. Then (z+p)” = z°+p
for each 0 € Dy, so o acts on Z/p and hence also on E,. This gives a surjective map
D, — Gal (F,/F,). The group Gal(F,/F,) is topologically generated by the Frobenius
automorphism ¢, : a — aP. Any preimage in D, of ¢, is called an absolute Frobenius
element, and is denoted Frob,. Hence Frob, is only defined up to the kernel of the map

D, — Gal (F,/F,), which is given by
I,:>={0€D,:12° =z (mod p) for all z € Z},

and called the inertia group of p.

Definition. Let K be an algebraic number field with ring of integers Ok, and let m be an

ideal of Og. A Galois representation is a continuous homomorphism

p: Gal (@/Q) — GL3 (O /mOk) .

22
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Since Frob, is defined only up to I,, we must have I, C ker p in order for p(Frob,) to be

well-defined. This leads to the following definition.

Definition. A Galois representation is said to be unramified at a prime p € Z if I, C kerp

for every maximal ideal p C Z lying over p.

The following result due to Deligne and Serre shows that the coeflicients of integral
weight newforms are determined by the images of Frobenius elements under certain Galois

representations.

Theorem 2.10. [12, 13] Let f(z) = 3 -, a(n)g" € Sp¥(Lo(N), x) be a newform, and let
K be a number field containing the Fourier coefficients a(n) and the values of x. If m is an

ideal of the ring of integers O with norm M, then there is a Galois representation

p: Gal (@/Q) — GL, ((’)K/m(’)K)

such that
(a) p is unramified at all primes pt MN, and

(b) for every prime pt M N, we have

Tr(p(Frob,)) = a{p) (mod m).

Remark. The absolute Frobenius elements are all conjugate in Gal (@/Q) Although the
image p(Frob,) depends on the choice of p above p, the trace of p(Frob,) depends only on
the conjugacy class of p(Frob,), so it is unambiguous to write Frob, in part (b) to denote

any absolute Frobenius element for p.

The next result, due to Serre [33, Exercise 6.4], is central to the proofs of Theorems 1.1

and 1.3, as well as to the main theorems of this thesis.
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Theorem 2.11. Let k € Z and N € N, and let x be a Dirichlet character modulo N.
Suppose that F' is a number field with ring of integers O, and let m be an ideal of O with
norm M. Then a positive proportion of the primes p = —1 (mod M N) have the property
that '

f(@)|Tenx(P) =0 (mod m)
for each f(z) € Si(To(N), x) N OF[q].

Proof. Let {fi(2),..., fa(z)} be all of the newforms in Si(Iy(N), x), and write their Fourier
expansions as f;(z) = Y~ a;(n)g” for 1 < ¢ < d. Suppose that K is a finite extension of F
containing all the coeflicients of the f; and all values of x. Denote by Sx(I'o(N), X)op/m the
set of reductions modulo m of the cusp forms in S(I'o(IV), x) whose coefficients lie in Op.

For each g(z) € Sk(To(N), X)op/m, choose an hy(z) € Sk(To(N), x) N Orlg] so that
he(2) = 9(2) (mod m)

Then by (2.24), each h,(z) has the form
ho(2) = ) (i, 6) fi(62)

where the a(i,d) are algebraic. By Proposition 2.2, Sx(I'o(N), X)og/m is a finite set, so
only finitely many (7, 8) appear as g ranges over Si(I'¢(N), X)op/m- Hence we can extend
K so that it contains all of the a(7,d). We can also choose a nonzero integer C' so that
C - a(i,8) € Ok for each «(i,8). Set m’ := Cm and M’ := CM. Since the f;(z) are
newforms, if p{ N then

fi(62)|Tie, v x (p) = ai(p) fi(2)
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for each ¢ and ¢, so that

d

ho(2)| T wx(P) = Y D ali, 6)ai(p) fi(6:2)-

i=1 §|N

Since each f(z) € Sk(To(N),x) N Orlq] is congruent modulo m to one of the hy(2), it
suffices to show that a positive proportion of the primes p = —1 (mod M N) have a;(p) =0
(mod m’) for each 3.

For each i, Theorem 2.10 implies the existence of a Galois representation

pPi: Gal (@/Q) - GL2 ((’)K/m’(’)K),

unramified outside M'N, such that Tr(p(Frob,)) = a:(p) (mod m') for each p{ M'N. Let
u be a primitive (M N)th root of unity. A character € : Gal (Q/Q) — (Z/MNZ)* may be
defined in the following way. For each o € Gal (Q/Q), the restriction o|q) takes p — p®

for some (a, MN) = 1, so we define e(0) := a. We now take the sum

p=€® épi : Gal (Q/Q) — (Z/MNZ)" ® é GL2 (O /m'Ok) .
i=1 i=1
Let H < Gal (@/Q) be the kernel of p, and let E be the fixed field of H. Since H is normal
and closed in Gal (@/Q), the extension E/Q is Galois and Gal (E/Q) & Gal (Q/Q) /H is
isomorphic to the image of p, which is finite. Hence FE is a number field and p factors through
Gal (E/Q). The restriction p|p must also be unramified outside of M'N.

Let ¢ € Gal (E/Q) denote complex conjugation. Then p;(c) is conjugate to ( (1) _(1) )
for each ¢, so Tr(p;(¢)) = 0. Now the Chebotarev density theorem implies that there is
a positive proportion of primes p { M'N such that Frob, is conjugate to ¢ in Gal (Q/Q).
For each such p, we have a;(p) = Tr(p;(Frob,)) = Tr(pi(c)) = 0 (mod m’) for each i. Now

Froby|g) : # > 1P, so e(Frob,) = p. But ¢(p) = p~?, so e(c) = —1. Since Frob, and c are
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conjugate in Gal (@/Q), we must have p = —1 (mod MN). This completes the proof of
Theorem 2.11. O

2.6 Shimura’s correspondence

In [35], Shimura describes the following relationship between cusp forms of integral and

half-integral weight.

Definition. If x is a Dirichlet character, then the Dirichlet L-function for x is defined by

nS
n=1

for real s > 1.

P

Theorem 2.12. (Shimura, [35]) Let f(z) = } a(n)q" € Sy 1(Fo(N),x) with A > 1 an

n=1

o0
integer. Let t > 0 be a squarefree integer, and define the Shimura lift S, f(2) :== > Ai(n)q™,
n=1

where the A;(n) are determined by

n ns

) o) 9
Z At(:L) = L(S - A + 1, XX(_])At) Z a(tn )
n=1

n=1

Then
(a) S:f(2) € Saa(To(N/2),x?), and

(b) the Shimura lift commutes with Hecke operators, that is, if p{ N is prime, then
Se(f (D) Tas2 vy (P)) = (Sef (2))[Tor,nj22 (P)-

Remark. Shimura showed only that the level of S, f(z) divided N. Niwa [29] proved that it

was in fact N/2.
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Remark. It follows from [35, Cor. 1.8] that (b) holds in the case that f(z) is an eigenform

for all of the T),1 N (P?) where p { N. Then since Sy,1(I'4(N),x) has a basis of such

——

eigenforms, the property extends additively to any f(z) € Sy, 1 (To(NN), x)-

Theorem 2.12 makes possible the following analog of Theorem 2.11 for half-integral weight

modular forms. The argument given here is due to Ono [30].

P

Theorem 2.13. Suppose that f(z) =Y .., a(n)q"™ € Sk (To(N), x)NOk|q] for some number
field K, and that m C Ok s an ideal with norm M. Furthermore, suppose that k > 3. Then

a positive proportion of the primes p = —1 (mod M N) have the property that

F(Ts uy@) =0 (mod m).

———

Proof. For each squarefree t > 0, we have the Shimura lift Sy f(2) € Sk—1(To(IN/2), x2)N Ok[q].
By Theorem 2.11, a positive proportion of the primes p = —1 (mod M N) have the property

that

(Sef () Ti-1,n/252(p) =0 (mod m)

for all t. By Theorem 2.12(b), we have
S ()T () =0 (mod m)

for all t. Write Sy(f(2)|Ts v, (P*)) = 3onli Ae(n)q”, and f(2)|Tx v, (P?) = 3502, b(n)g™
Then for n > 1, the definition of the Shimura lift implies that

Ai(n) = E xX(<1ppe{€)* T b(td?). (2.27)
cd=n
c,d>1

To see that b(tn?) = 0 (mod m) we induct on n. First, b(t) = 4;(1) = 0 (mod m). Now

suppose that b(tn?) = 0 (mod m) for all n < ny. Then by (2.27), As(ng) = b(tn?) (mod m).
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Therefore b(tn3) = 0 (mod m) for all ¢, so we have

FDI Ty ) =0 (mod m).

This concludes the proof of Theorem 2.13. (]

2.7 Gauss sums

Quadratic Gauss sums are related to twists of modular forms by quadratic characters, and
will appear in the proof of Theorem 4.1 below. Here we derive the main fact we will use.

Throughout this section, fix an odd prime p.
Definition. For any integer a, we call g, :== > (:—)) e a quadratic Gauss sum. We write

t=0
g:= g1
Proposition 2.14. [18, Proposition 6.3.1] For each integer a, we have g, = (%) ,
a
(2)
Proposition 2.15. [18, Proposition 6.3.2] g* = (ll-) p.

p

Proposition 2.16. Let k € Z and N € N with 4 | N, and let f(z) = > a(n)q" €

Mg(f‘ (N),x). Then

ro(3) =32 ()l ((5 7))

Proof. Using Propositions 2.14 and 2.15, we have

(7)) -5

15 (%)
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Chapter 3

Congruences using the U-operator
approach

Our first method for establishing congruences for the coefficients of weakly holomorphic mod-
ular forms uses the U-operator defined in (2.18). Our main result shows that the phenomena

in Theorems 1.1 and 1.3 are quite general.

Theorem 3.1. Suppose that p is an odd prime, and that k and m are integers with k
odd. Let N be a positive integer with 4 | N and (N,p) = 1, and let x be a Dirichlet

character modulo N. Let K be a number field with ring of integers Ok, and suppose that

—

f(z) => a(n)g" € M (To(N), x)NOK((q))- If m is sufficiently large, then for each positive

integer j, a positive proportion of the primes Q = —1 (mod Np’) have the property that
a(@3*™n) = 0 (mod p’)

for all n coprime to Qp.
For completeness, we record the analogous result for integer weight modular forms.

Theorem 3.2. Suppose that p is an odd prime, and that k and m are integers. Let N
be a positive integer with (N,p) = 1, and let x be a Dirichlet character modulo N. Let
K be a number field with ring of integers Ok, and suppose that f(z) = > a(n)¢" €
Mi(To(N), x) N Ok ((q)). If m is sufficiently large, then for each positive integer j,

(i) a(p™n) =0 (mod p’) for almost all n coprime to p, and
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(i) a positive proportion of the primes Q = —1 (mod Np?) have the property that

a(Qp™n) = 0 (mod p’)

for all n coprime to Qp.

Remark. In Theorem 3.2 (i), we mean “almost all” in the sense of density:
#{n<z:a(p™)=0 (modp’)}~z as T — co.

In light of part (i) of Theorem 3.2, the conclusion of part (ii) is less surprising, so the most

interesting result is really Theorem 3.1.

Remark. In each theorem, the integer m is determined by the order of vanishing of f at
the cusps ¢ with p? | c. If there is a pole at a particular cusp, the corresponding order of

vanishing is negative.

Remark. Note that Theorems 3.1 and 3.2 together with the Chinese Remainder Theorem

imply linear congruences for all odd moduli M coprime to N.

3.1 Proof of Theorem 3.1

The following result is critical for proving Theorem 3.1.

Theorem 3.3. Suppose that p is an odd prime, that k, m and N are integers with (N,p) =1,
and that x is a Dirichlet character modulo N. Let K be a number field with ring of integers
Ok. Let f(z) = > a(n)q" € Mg(m,x) N Ok ((q)). If m is sufficiently large, then for

every positive integer j, there is an integer f > 7 — 1 and a cusp form

—

9.3(2) € S, w20 (Co(NP?), 206™) N Okc[d]
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with the property that

a(p™n)q" (mod p’).
1

9p,i(2

pin
To prove Theorem 3.3, we show that we can pick an integer m large enough so that
f(2)|Up = 3 a(p™n)q"™ is holomorphic at every cusp ¢ with p? | c. We then define the
modular form fi,(2) := >_,, a(p™n)q", which vanishes at each of these cusps. Finally for
each j > 1, we form g, ;j(2) by multiplying f,»(z) by an eta-quotient which vanishes at all of
the cusps with p? { ¢, and is congruent to 1 modulo p?. The product g, ;(2) is then a cusp
form congruent to f,,(z) modulo p’.

First we need to know the explicit form of the Fourier expansion of f(z)|Upm at a cusp

¢ with p? | c.
Proposition 3.4. Suppose that p is an odd prime, k and N are integers with (N,p) = 1,

and x is a Dirichlet character modulo N. Let f(z) =) a(n)q" € M g(ITo_(\ZV), X). Suppose

u € {%1,+i}, and that £ := (( CZQ Z ) ) cp2z+d) € G', with ac > 0. Then there

ezists an integer ng, a sequence {ao(n)}n>n,, @ positive integer h|N , and an r € {0,1,2,3}

such that for each m > 1, we have

CUmE= Y aomat.

n>no
4n+r=0(mod p™)

Proof. Fix m > 1, and let 0, be defined as in (2.17). By (2.18),

pm-1

(F@NUm)le€ = (0™ D f(2)|zoupme. (3.1)

v=0

For each v appearing in (3.1), we choose an integer s, = 0 (mod 4) so that

suN = (a + vep?) ™ (b + vd) (mod p™), (3.2)
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and set

Wy = Sy V. (3.3)

We can ensure that 4 | s, since any integer s, satisfying the congruence can be replaced by

(1 - p™)s,. We require a lemma to show that the w, are distinct modulo p™.

Lemma 3.5. Let w, = s,N, with s, defined as in (3.2). The integers w, run through the

residue classes mod p™ as v does.

Proof. Suppose w, = w, (mod p™). Then using (3.2) we have

(a + ucp®) (b + vd) = (a +vep?)(b+ud) (mod p™). (3.4)

Expanding and simplifying (3.4) yields

avd + bucp® = aud + buep®  (mod p™). (3.5)

If u # v then write

uUu=v+ ’U1pe (3-6)

with v; # 0, p{ v, and e > 0. Substituting expression (3.6) in (3.5) and simplifying, we have

v1bep®*? = advyp®  (mod p™).

Since p t adv;, this gives a contradiction unless e > m. The lemma then follows from

(3.6). O

Now we return to the proof of Proposition 3.4. Recall the definitions of w, (3.3) and o,
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(2.17). For each v, define

a+ ve 2 b+vd—aw:,n—wvvcgﬁ
Yo = ( m+§ o , (3.7)
cp d — wyCp
and
= (Yo, 4/ P (P2 — wy) + d). (3.8)

It is easy to verify that the determinant of v, is 1, and that the choice of w, makes the upper

right entry of 7, an integer. Therefore v, € I'. A computation using (2.3) shows that

Jv,pmf = QyOy,, pm, (39)
so from (3.1) and (3.9), we have
pm—1
(F(2)|Upm)|5€ = ()5 Z F(2)|5 00w, pm- (3.10)

For each v, some computations using (2.3) and (3.7) show that

Yo, /(P2 — w,) + d

oyt ( vy A/ €P2 (P2 — wy) + d) (fyo, p/cp?(p™z — wo) + d)_l (3.11)
)

i
N

1
% " py/cp? (p"’(WEIZ)—wo)+d)
(7 1 Ver¥( "‘(’Y_IZ —wy) +d
"o ’\/cp —wp) +d

'yv'yo , \/(wv — wo)c2p™tiz + 1 + (wo — wv)acpz) ,

where

il = ( 1+ (wy — wo) (acp® +vp*) % + (wo — wv)(—*—2;ﬁ'cp ) ) . (3.12)
vIiQ (wv _ w0)02pm+4 1 + (wo —_ wv)acp
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—

The next lemma shows that o,y € Ty (N).

Lemma 3.6. Let o, and o be defined as in (3.8). Then

avagl = (7v7()_1’j(7v7()_17 Z)) € FI(N)

Proof. By (3.3) we have N|(w, — wy), 50 7,75 " € T1(N). By (3.11) it remains to show that

it 2) = V(wy — wo)c2p™ iz + 1+ (wy — w,)acp?.

By (2.5) and (3.12),

. B (w, — wo)2p™+ B
.7(71170 1: z) = (1 _*_v(,wo — ’wv)an2 gli(wo—wv)aczﬁ \/(wv - w0)62pm+4z +1+ (wO - wv)a0p2'

Each w, =0 (mod 4), S0 €14 (wp—wy)acp> = 1 by (2.6). To evaluate the Jacobi symbol requires
two cases: either w, > wy or w, < wy. Note that the case w, = wy is trivial. We will treat
the case where w, > wy.

Define € := {0,1} by € = m (mod 2). Since ac > 0, we have 1 + (wo — wy)acp? < 0, so

(15 i) = (o =1

Set w, — wy = 2°r, where r is odd. Then using properties of Jacobi symbols, and the fact

that (w, — wp)acp? = 0 (mod 8), we find that

(o) = (o ) =) (e ge—)
Wy — Wp) acp — 1) (_1)(:%—_1)

k
)

I
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The other case is handled similarly. This proves Lemma 3.6. O

Returning to the proof of Proposition 3.4, we see that (3.10) and Lemma 3.6 yield

p™—1
(FIUpm)[5E = (™)1 Y F(2)]5 0000, pm- (3.13)
v=0
By (2.10), f(z)lgao has the form
f@lsao= 3" anm)ay ™ = >~ ao(m)aly, (3.14)
n>no n>ng

where h and r are defined as in (2.8) and (2.9). Now (2.4), (3.14) and (2.17) yield

pm-1 p™—1
Z f( Z)|kaoawv,p"‘ = 2 pkm/4 Z ao(n) exp ((247;:) (z;:u,,) (4n+r)> (3.15)

n>ng
—km/4 — 2w,
Z ag(n) exp 4h —~ z exp 2hp (An+r7r)).
n>ng v=0

For each v, we have 4h | 4N | w, and (4h,p™) = 1, so by Lemma 3.5, the numbers 7} run

through the residue classes modulo p™ as v does. Therefore,

pm-1 . pr-1
271w, _ 2miv _fpm™ ifdn+7r=0 (modp™),
Z €xp (4hpm (4n + r)) - Z €xp ( pm (4n + T)) - { 0 otherwise.

v=0 v=0
(3.16)
Putting (3.15) and (3.16) together, we obtain
i 2miz
_k
D VRGN e B

4n+r=0 (mod p™)
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Finally, (3.13) and (3.17) imply that

(f(Z)IUpm)‘gg = Z ao(n)thm"*ﬁ.

n>ng
4n+r=0 (mod p™)

This concludes the proof of Proposition 3.4. a

Proposition 3.7. Suppose that p is an odd prime, k and N are integers with (N,p) = 1,
and x is a Dirichlet character modulo N. Let f(z) = a(n)q" € M%(I‘/o_(\/N), X). For each

nonnegative integer m, define

f(2) = F@Upm ~ F@IUpmisVp = 3 alp™n)a™ € My (To(Np2), x05™)-
n=1
pin

Then for m sufficiently large, f,, vanishes at each cusp c;%.

Proof. Without loss of generality, we may assume that ac > 0. By Proposition 3.4, for each

m and each
£ = (( CZZ Z ) ) cp2z+d) ed (3.18)

with ac > 0 and p € {%1, +:}, we have

(f(2)|Upm)|:€ = > ao(n)gumt (3.19)

n>no
4n+r=0 (mod p™)

Let 7o be defined as in (3.7). The integers ny and r are determined by the equivalence class
of the cusp 00 under the action of I';(IN), so there are finitely many such distinct pairs

(ng,r) as we run through all cusps of the form Eﬁg. If m is sufficiently large, then
—p" <dng+r

for all such pairs. Fix such an m, and suppose £ has the form (3.18). In the corresponding
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Fourier expansion (3.19), if ag(n) # 0 and 4n+r = 0 (mod p™), then 4n+r > 4no+r > —p™,

so 4n + r > 0, from which n > 0. Therefore,

F@UmsE= > ao(n)gpe, (3-20)
n>0
4n+r50(modp"‘)

so f(z)|Upm is holomorphic at the cusp 3. Now

Fn(2)]5€ = (S (D056 — (FIUm)IUpIVi £ (3.21)

By (2.20), the second term in (3.21) is

p—1

(F@NUpm) [Upl V3l £€ = p Y (f(2)[Upm)| 670 € (3.22)
v=0
For each v, we choose an integer s, so that
4Ns, = a 'vd (mod p), (3.23)
and set
Wy 1= 4Ns,. (3.24)
Define
_ 2.2 a’wy—avd _
5, = < 1 awvcpﬁ;vngc D s acvw, + bvcp ) , (3.25)
—WyC“P 1+ aw,cp
and
B, = (6,,, V—w,c2p3z + 1+ awucp) ) (3.26)
A computation shows that
Top€ = Bu€Tw, p- (3.27)

—

The next lemma shows that 8, € I'1(Np).
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N

Lemma 3.8. Let (3, be defined as in (3.26). Then 3, € I'y(Np).

Proof. By the definitions of w, in (3.24) and 4§, in (3.25), it is clear that &, € I'1(Np). It

remains to show that

§(8y, 2) = \/—wyp3z + 1 + wyacp.

By definition,

: —w,c*p’ —
J(0y,2) = <m—a—cp) eljwvacp\/—w,,&p?’z + 1 4+ wyacp.
v

Since 4 | wy, we have €144,4¢p = 1. Now

_wv02p3 — —WyP
1 + wyacp 1+ wyacp )’

Write w, = 2°r, where r is odd. Then using properties of Jacobi symbols,

—wy,p _ -1 2 € TP _
1+wyacp)  \1+wyacp/) \ 1+ wyacp 1+wyacp)

since wyacp = 0 (mod 8). This proves Lemma 3.8. O

Then by (3.27) and Lemma 3.8, for each v appearing in (3.22), we have

(f()U; "’),g'rv,p‘f = (f(z)’Upm)lgﬂvawv,p = (f(z)lUpm)’ngwv,p- (3.28)

Now we rewrite (3.22) using (3.28), (3.20), (2.4) and (2.19) to get

p—1

(f@Upm)[Up|Vpl£& = 7' D (F(2)|Upm) 66T

v=0

p
— +Z
=p ! Z Qg (n)qu":l T, P

v=0 n>0
4n+r=0 (mod p™)

[\
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p-1 2mi(z — %2
—p! Z Z ao(n) exp <—(h£m—”— (n + g)
v=0 n>0
4n+7=0(mod p™)

n>0 v=0
4n+r=0 (mod p™)

n>0 v=0
4n+r=0 (mod p™)

Recall the definition of w, (3.24). Note that since a, d, h and 4 are all coprime to p, the

numbers —w, /4h run through the residue classes modulo p as v does, so

in+r

-1 . p—-1 . .
—2miwy (An+7Y\\ _ 2mw (An+71\\ [ p ifp| LT,
Z; xp ( 4hp ( pm )) - Zo xp ( D ( ™ )) N { 0 otherwise. (3:30)

Putting together (3.29) and (3.30), we have

(f(2)|Upm)|Up| V| £€ = > ao (1) gy - (3.31)
n>0
4An+r=0 (mod pm+1)

Now using (3.21), (3.20) and (3.31), we have

+z +z
fm@lsE= Y ao(n)gum — > ao(n)gu (3.32)
n>0 n>0
4n+r=0 (mod p™) 4n+r=0 (mod pm+1)

If r # 0 then neither series in (3.32) has a constant term, and if r = 0, then the constant

a

term in each expansion is ag(0), so they cancel. Therefore f,,(z) vanishes at the cusp el

This concludes the proof of Proposition 3.7. ]
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Now for each odd prime p, we define the eta-quotient

) e Mo (To(?) ifp> 5
Fp(z) = n{p2z) € P22_—1( 0(p )) up-=o,

27 z .
Il € Mp(To(9))  if p=3.

(3.33)

Using Theorem 2.9, we see that F,(z) vanishes at every cusp ¢ with p? { c. By the definition
of n(z) (2.12), it is clear that F,(z) = 1 (mod p), and an easy induction argument shows

that F,(z)*"”" =1 (mod p*) for any integer s > 1.

Proof of Theorem 38.3. Let f be as in the hypotheses of Theorem 3.3. Let m be chosen to

satisfy Proposition 3.7 for f, and fix j. If 8 > 7 — 1 is sufficiently large, then

9i(2) = fm(2) - Fp(2)”" = fm(2) (mod p)

vanishes at all cusps 2 for which p? { c. By Proposition 3.7, g, ;(2) vanishes at the cusps 2

for which p?|c, so we have

—

9p,i(2) € S -1y (To(NP?), X06™) N Ok lal- (3.34)
By (2.18) and (2.20), we have
93(2) = fm(2) = ) _ a(p™n)q" (mod p?). (3.35)
n=1
pin
Combining (3.34) and (3.35) proves Theorem 3.3. O

Proof of Theorem 8.1. Let f and p be as in the hypotheses of Theorem 3.1. Fix an integer
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j > 1, and let

9p3(2) = ) _ a(p™n)g" (mod p’)
n=1
pin
be the cusp form guaranteed by Theorem 3.3, with 3 chosen so that x := k+p?(p? — 1) > 3.

By Proposition 2.13, a positive proportion of the primes Q@ = —1 (mod Np’) have
99.4(2)|Ts np2 xxem (@) = 0 (mod p). (3.36)
If we write g, ;(2) = > _ov, b(n)g", then (2.25) and (3.36) yield

99,5 ()| Ts N2 yxim (@)

& (nm e (Hg) e
5)°

+ Xxpm(Qz)Q”" 2p ( "=0 (mod p’) (3.37)

Replacing n by @n in (3.37), we have

gjl (b(cz%) +0d™(@Q) (WT_%) QFb(Qn) + ™ (QY)Q 2 (g’;)) <

=0 (modp’). (3.38)

If (Q,n) = 1, then the coefficient of ¢2" in (3.38) is just 5(Q3n). So

a(P™@%n) = b(@R%n) = 0 (mod p’)

for all n coprime to @p. This completes the proof of Theorem 3.1. U
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3.2 Proof of Theorem 3.2

We now prove the integral weight analog to Theorem 3.1. For part (a) of Theorem 3.2, we

use the following result of Serre.

Proposition 3.9. (Serre, [32, Corollaire du Théoreme 1]) Let

F@) = cadhyy M 21,

n=0

be a modular form of integral weight k > 1 on a congruence subgroup of SL2(Z), and suppose
that the coefficients c, lie in the ring of integers of an algebraic number field K. Then for
any integer m > 1,

¢, =0 (mod m)
for almost all n.

Proof of Theorem 38.2. Let f and p be as in the hypotheses of Theorem 3.2, and fix 5 > 1.
First, if 4 { N, we may consider f(z) as a modular form on I'y(4NV), so we will assume that
4 | N. Then by Theorem 2.5 and Theorem 3.3, there exists a cusp form g, ; of positive

integral weight with algebraic integer coefficients such that

a(p™n)g® (mod p’). (3.39)

M8

9p,j (2) =
1
n

3
[

3

The first assertion of Theorem 3.2 now follows from (3.39) and Proposition 3.9.
For the second assertion, it follows from (3.39) and Theorem 2.11 that if g, ;(z) has
weight & and character 1, then a positive proportion of the primes @ = —1 (mod Np’) have

the property that

99,5 (2)| T np2 (@) =0 (mod p?). (3.40)
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If we write g, ;(2) = >, b(n)g", then (2.23) and (3.40) imply that

gp,j<z)|TK,sz,¢<Q>:i(b@nww(@)@—lb (g))qns (mod ). (3.41)

n=1

If (@,n) =1, then the coefficient of ¢" in (3.41) is just b(Qn). Therefore

a(Qp™n) =b(Qn) =0 (mod p’)

for all n coprime to @p. This concludes the proof of Theorem 3.2. O

3.3 Congruences for eta-quotients

Next we show that infinitely many congruences exist for the coeflicients of any eta-quotient.

Let f(z) = )_ 7™ (02) be an eta-quotient as in (2.13). We require in addition that
3N

> rs6=0 (mod 24). (3.42)
5|IN

This is to ensure that f(z) has a Fourier expansion of the form Y a(n)q™. Any eta-quotient
can be made to satisfy condition (3.42) by replacing each ¢ with 244.

Theorem 3.10. Suppose p is an odd prime and N is an integer with 4 | N and (N,p) =

1. Let f(z) = Y_n"¢(0z) satisfy (3.42), and suppose that f(z) has the Fourier ezpansion
S|N

f(z) =Y a(n)g™. Set k := E5|N rs, and let m be a sufficiently large integer.

(a) If k is odd, then for each positive integer j, a positive proportion of the primes
@ = —1 (mod Np?) have

a(@’p™n) =0 (mod p’)
for all n coprime to Qp.
(b) If k is even, then for each positive integer j,
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(i) a(p™n) =0 (mod p’) for almost all n coprime to p, and

(ii) a positive proportion of the primes Q@ = —1 (mod Np’) have
a(@Qp™n) =0 (mod p’)

for all n coprime to Qp.

Proof. Let f be as in the hypotheses of Theorem 3.10. We claim that we can replace N by

a power of N, if necessary, so that f(z) satisfies

NZ%‘E =0 (mod 24). (3.43)
SIN

To see this, we first note that N )_ % is an integer, and 4 | N by hypothesis. If 3 | V, then
SN
24 | N2, and hence

N3Z%£ =0 (mod 24).
3N

If 31 N, then 62 =1 (mod 3) for each 6 | N, so

NZ ;—6 = NZmé =0 (mod 3), (3.44)

8N 8|N

where the second equivalence follows from (3.42). Since 4 | N,

N® Z;—" =0 (mod 8). (3.45)

Now by Corollary 2.7, f is a weakly holomorphic modular form of weight g and some
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character x with level N. Since n(z) has integer coefficients, so does f(z). Therefore, we may
apply either Theorem 3.1 or Theorem 3.2 to f, depending on the parity of k, to complete
the proof of Theorem 3.10. O

Remark. By Proposition 2.8, an eta-quotient f(z) of level N satisfying (3.42) and (3.43) has

Fourier expansions of the form

n+%
F@)lsd =Y ay(n)g, ° (3.46)
n>ny
for each ¢ € G’ with Yoo = 2, where hy = (_CZN_N) If we replace (3.14) with an expansion of

the form in (3.46), the conclusion of Proposition 3.4 becomes

F@UNE= D ao(n)gppm. (3.47)

n>ng
4n+r=0 (mod p™)

Now, if we replace (3.19) with (3.47), then Proposition 3.7 still holds, since the only property
we required of h was that A | N, and this is also true for hg. Thus, m is sufficiently large for
f(z) if it satisfies

—pm < 4TL() +r (348)

for all distinct pairs (ng, r) which come from Fourier expansions of the form (3.47).

Theorem 3.10 yields congruences for many partition functions. We mention only two

examples here for brevity.

Ezample 3.1. Recall from Example 2.8 that the generating function for pg(n), the number

of k-colored partitions of n, is

fa= Y, pk(n;;k>qn:nk(;4z)’

n=—k (mod 24)
a weakly holomorphic modular form of level 576. By Proposition 2.9, the order of vanishing
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of f(z) at a cusp s = ¢ is

976

ord,(f(2)) = ﬂ(&,TG) (_k

(c,24)2) (c,24)
Y ) =~k (c?,242) k.

Then the Fourier expansion of f(z) at s has the form
Cs-q;F +0(1), (3.49)

for some C, € C and h, = (Cf’%s).
Theorem 3.10 applies to f(z) with any prime £ 4 576, so let £ > 5. Then by (3.49) and
(3.48), m must satisfy —¢™ < —4k. For such m and for each positive integer j, we have

congruences of the form
3 pm
D (M) =0 (mod gj)

24
when £k is odd, and of the form

(Qémn +k
P\ ——F—

o1 )EO (mod #)

when k is even. Note that when k = 1, we recover congruences for p(n) of the form guaranteed

by Ahlgren [1] and Ono [30].

Ezample 3.2. Consider the generating function

1) = Yonme” = [ 75 = B € M.y (£(16)

for overpartitions given in Example 2.9. By Proposition 2.9, we have

16 (C, 2)2 _ 0 if2 | C,
4(c?,16) ( 2 2) - (3:50)

ord,(f(2)) = 3
-1 if2te.
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Then by (3.48), for each prime p # 2, we need m large enough so that —p™ < —4. Hence
for p = 3, we need m > 2, and for p > 5 we only need m > 1. Then for such m, Theorem

3.10 yields congruences of the form
p(Q*¢™) =0 (mod #).

When the modulus is 5, we find an explicit infinite family of such congruences.

Proposition 3.11. Let @ = —1 (mod 5) be prime. Then
5(5@3n) =0 (mod 5)

for all n coprime to Q.

Proof. Consider the theta functions

0(x) =Y ¢ =1+2¢+2¢*+2¢°+- - € My([o(4)),

n=—o0

and

———

(To(16)).

©1(z) :=

N

il i (-1)"¢" =1-2¢+2¢" —2°+--- € M
1(22)

Let xi¥ be the trivial character modulo 2. Using (2.21), it is easy to verify that these theta
functions satisfy

0:1(2)* = 0(2)* — 20(2)* ® x5 € M3 (Lo(16)). (3.51)
Recall the definition of A(z) in (2.2), and the fact that the generating function for overpar-

titions is

2. n n(22) 1
2P = 5y = Sy

n=0
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Set

f(z) = — e (3.52)

Since the numerator of f(z) is of level 2, and the 24th power of the denominator is also of

level 2, it suffices to check holomorphicity at 0 and oo, the two cusps of I'4(2). It is clear by

(2.12) and (2.23) that f is holomorphic at infinity. A computation using (2.23) shows that
A’(2)

A2(z)
—_— = 2812 234 ; )
Ao | Tiea(5) = 48828126 7075 + 234238TT19A(2) +4G30511616A(22).  (3.59)

Using Theorem 2.9 with (3.52) and (3.53), we calculate that the expansion of f(z) at 0 has

the form

o

)
e

+

for some constant ¢ € C. Therefore

Since Ti2(5) is the same as the operator Us modulo 5, it can be verified using (2.12)

and (2.18) that

flz) = G (mod 5) (3.54)

Recall the Eisenstein series

E4(Z) =14 240iag(n)q" € M4(F), (355)

n=1
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which clearly satisfies

Eiz) =1 (mod 5). (3.56)
Using (3.51), (3.55) and (3.56), we have

——

01(2)% - E2(2) € M1e(To(16))

2

with
0:1(2)} = ©1(2)* - E2(2) (mod 5). (3.57)

—

By Theorem 2.2, two holomorphic modular forms in M k (To(N), x) are congruent modulo
m if their coefficients are congruent modulo m for each index n < L[ : To(N)]. (To see

this, apply Theorem 2.2 to the squares of the two forms.) Using (3.57), the congruence
f(z) =61(2)* (mod 5) (3.58)

can be easily verified with a computer algebra system, well beyond the Sturm bound of 19.

Then (3.54) and (3.58) imply that

0.(2)% = Zﬁ(fm)q” (mod 5). (3.59)

It is well known that ©3(z), considered as a form of level 16, is a normalized eigenform
for T 16(Q%), satisfying
O(2)°|Ts.15(Q?) = (Q + 1)O%(2) (3.60)

for each odd prime Q.
The Hecke operator T} 16(Q?) commutes with the quadratic twist x5, so using (3.51)
and (3.60) we have

01(2)|T3 15(Q*) = (Q + 1)61(2)* =0 (mod 5)
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when @ = —1 (mod 5). Then using (3.59) and an argument as in (3.38), we have
p(5@°n) =0 (mod 5),

when 7 is coprime to (). This concludes the proof of Proposition 3.11. O

3.4 Traces of CM values of modular functions

For our final application of Theorem 3.1, we obtain linear congruences for the trace of

an arbitrary weakly holomorphic modular function (a modular form of weight zero) on

2 -1 ) is the Fricke

involution. Following Bruinier and Funke [10], let D be a positive integer, and let Qp , be

I'$(p) = (To(p), W,), where p is prime (or p = 1) and W, = (

the subset of quadratic forms F(z,y) = az? + bzy + cy® in Qp with a = 0 (mod p). Then
I'3(p) acts on Qp, with finitely many equivalence classes. For any weakly holomorphic

modular function f on I'j(p), define the modular trace function

1
(D) = —_— , 3.61
o=, T oo

where I'§(p)r is the stabilizer of F' in ['{(p). Note that if p = 1 and f = J,,, the trace
function t,,(n) from (1.2) is recovered. Using Theorem 3.1 and recent work of Bruinier and

Funke [10], we have the following corollary.

Theorem 3.12. Suppose that p is prime (or p = 1), k is an integer and (, := e’ . Let f be
a weakly holomorphic modular function on I'}(p) with Fourier ezpansion f(z) =Y a(n)q" €

Q(¢)((g)), and suppose a(0) = 0. Let £ be an odd prime with £ # p.
(a) There exists an integer M such that Mt}(D) is an algebraic integer for each D > 0.

(b) Let M be as in (a). If m is a sufficiently large integer, then for each positive integer j,
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a positive proportion of the primes Q = —1 (mod 4p*#’) have the property that
Mt (Q*™D) =0 (mod #)

for each D coprime to Q.

Remark. There is no hypothesis controlling the principal part of the function f(z), so a

result as general as Theorem 3.1 is required in order to get congruences for ¢3(D).

In [10], Bruinier and Funke realize the traces of arbitrary modular functions on any con-
gruence subgroup as the Fourier coefficients of certain weakly holomorphic modular forms.
These forms are obtained by integrating the modular functions against a theta series asso-
ciated to a certain lattice and a certain Schwartz function. The authors give the following
theorem as a concrete example of their more general result.

Define o1(n) := 3, t for n € Z, set 01(0) := —-L, and let o1(z) := 0 for z & Z,.

Theorem 3.13. (Bruinier-Funke [10], Theorem 1.1) Let f € Mo(T4(p)) have the Fourier
expansion f(z) =Y a(n)g™ with a(0) = 0. Then

)——-Zt}( q +Z(01 (n) + poi(n/p))a(-n) — ZZma —mn)g~™

D>0 n>0 m>0 n>0

o ——

is a weakly holomorphic modular form of weight 3/2 for the group T'o(4p).

Proof of Theorem 8.12. For simplicity, let G(z) := G(z, f) be the modular form guaranteed

by Theorem 3.13. The following lemma shows that G(z) has algebraic coefficients.

Lemma 3.14. Let f be a weakly holomorphic modular function for I'i(p) whose Fourier
coefficients with respect to q, lie in Q((p). Then for each discriminant D > 0, t3(D) is

algebraic.

Proof. We can view f as a modular function for the principal congruence subgroup I'(p),

which consists of matrices in I' congruent to the identity modulo p. Let k, be the field
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of modular functions for I', whose Fourier expansions with respect to g, have coefficients
in Q(¢,). Fix a discriminant D > 0 and a quadratic form F' € Qp,, and let ar be the
associated root in H. Set K = Q(ar). By the theory of complex multiplication, the field
Kky(ar), generated over K by all values f(ap) with f € k, and f defined at ap, is the
ray class field over K with conductor p {22, Ch. 10 §1, Corollary to Theorem 2| . So in

particular, f(ar) is algebraic. Lemma 3.14 then follows from definition (3.61). O

By Lemma 3.14, we have G(z) € Q((g)). The next lemma proves conclusion (a) of
Theorem 3.12.

Lemma 3.15. Let f be as in the hypotheses of Theorem 3.12, and let G(z) := G(z, f) be
the modular form guaranteed by Theorem 3.18. Then there exists a nonzero integer M and

an algebraic number field L such that MG(z) € OL((q))-

Proof. Recall the function A(z) from (2.2). Since G(z) is meromorphic at the cusps of I'y(4p)

and A(z) vanishes at each cusp, then for sufficiently large h, the function A"(2)G(z) is a

cusp form for I'y(4p). Since A(z) has integer coefficients,

AM2)G(2) € Qla].

Then by Proposition 2.4, there is an algebraic number field L and a nonzero integer M such
that
MAM2)G(2) € OL]q].

But -57,1(—2) also has integer coefficients, so we have
MG(z) € OL((9))-

O

Now we prove Theorem 3.12(b). By Lemma 3.15, we can apply Theorem 3.1 to MG(z).
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Hence for each j > 1, a positive proportion of the primes @ = —1 (mod 4p#’) have
MtH(Q*"D)=0 (mod ¢)

for all D coprime to Q¢. This concludes the proof of Theorem 3.12.
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Chapter 4

Congruences using the quadratic
twist approach

We now present a second approach for producing congruences for the coefficients of a weakly
holomorphic modular form f(z). Instead of applying a U-operator to f(z) to build cusp
forms as in Theorem 3.1, we instead twist f(z) by a quadratic character, as defined in
(2.21). For the quadratic twist method to be successful, we require a set of conditions on
the Fourier expansions of f(z) at each cusp.

Let I" < T'y(4) be a congruence subgroup of level N. Associate to each cusp s = £ the
integers hy and r; (as defined in 2.8 and 2.9) and an element ¢, € G’ with ;00 = s. If
f(z) =Y aln)g" € Mg(f’), then for each s, write

+_3.
| ws - E a"ps n’)qh *

n>n

Definition. We say that f satisfies condition C for a prime p if there exists ¢, € {£1} such

that for each v, the following is true: for all n < 0 with p { (4n + r;) and ay, (n) # 0, we

(*57)=+()

Remark. In the case s = 0o, condition C requires that (%) = ¢, for allm < 0 with p{n and

a(n) # 0.

have

Remark. Condition C is well-defined. If a different element 3, € G’ were chosen with
Bs00 = s, then f] & Bs and f| %"/}s would be the same up to multiplication by a fourth root of

unity. Further, it is sufficient to check the condition for one element from each equivalence
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class of cusps, because if s’ = ys for v € I, then y);00 = &', and f|§7y¢s = f|§¢s.

We now state our main theorem for congruences using the quadratic twist method.

Theorem 4.1. Suppose that p is an odd prime, and that k is an odd integer. Let N be a
positive integer with 4 | N and (N,p) = 1, and let x be a Dirichlet character modulo N.

Let K be a number field with ring of integers Ok, and suppose that f(z) = > a(n)q" €

M%(I‘O(N), x) N Ok((q)). Let f satisfy condition C for p. Then for each positive integer j,

a positive proportion of the primes Q = —1 (mod Np’) have the property that
a(@*n) =0 (mod p’)

for all n coprime to Q) such that (‘Tf') = —¢p.

As before, we have an analog of Theorem 4.1 for integer weight modular forms. If
f(2) € Mi(To(N), x), we say that f(z) satisfies condition C for p if it does so when viewed

as a half-integral weight modular form via Proposition 2.5.

Theorem 4.2. Suppose that p is an odd prime, and that k is an integer. Let N be a positive
integer with (N,p) = 1, and let x be a Dirichlet character modulo N. Let K be a number field
with ring of integers Ok, and suppose that f(z) = > a(n)g® € Mi(To(N),x) N Ok((q)).

Let f satisfy condition C for p. Then for each positive integer j,
(i) a(n) =0 (mod p’) for almost all n with (—%’1) = —¢p, and

(ii) a positive proportion of the primes Q@ = —1 (mod Np’) have the property that
a(@n) = 0 (mod p’)

for all n coprime to QQ such that (—Tf’) = —¢,.
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The next result shows that every weakly holomorphic modular form of integral or half-
integral weight on I'g(/V) with character x satisfies condition C for a positive proportion of
primes p.

Theorem 4.3. Let k and N be integers with N > 1 and 4 | N, and let x be a Dirichlet

character modulo N. Suppose that f(z) = Y a(n)q" € Mg(FO(N),X). Then a positive

proportion of primes p have the property that f satisfies condition C for p.

4.1 Proofs of Theorems 4.1, 4.2 and 4.3

The following result is critical for proving Theorem 4.1.

Theorem 4.4. Suppose that p is an odd prime, and that k is an odd integer. Let N be
a positive integer with 4 | N and (N,p) = 1, and let x be a Dirichlet character modulo
N. Let K be a number field with ring of integers O, and suppose f(z) = Y. a(n)¢" €

M g(FO(N ), x) N Ok((q)). Let f satisfy condition C for p. Then for every positive integer

j, there exists an integer 8 > j — 1 and a cusp form

— e

9r.4(2) € S 821 (To(VP?), X) N Oklal,

with the property that

gpi(2) = Z a(n)g® (mod p’).
()=

To prove Theorem 4.4, we need the following technical result.

Proposition 4.5. Suppose that p is an odd prime, and that k is an integer. Let N be

a positive integer with 4 | N and (N,p) = 1, and let x be a Dirichlet character modulo

—

N. Let f(z) = > a(n)q™ € M%(FO(N),X). Suppose that p € {£1,+i}, and that £ :=
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(( cgz Z),u cp22+d> € G" with ac > 0. Let

Then

)

Proof. Let g be the quadratic Gauss sum defined in §2.6. Then recalling Proposition 2.16

@e(3) =1 (2) sy

()5 (5w

nojer

and (2.19), we have

SO

Recall the definitions of s, (3.23), w, (3.24) and 3, (3.26). Then by (3.27), we have

(f() ( ))'f—%pz( ) 2)|x BT -

—— —

Since I (Np) < T'1(N), Lemma 3.8 shows that 8, € I} (IV), so

o)

g% (v
55 (5) Ol
-1

- ;% > (%) (Z %(n)qz%) Twup

v n>ng &
p—1 .
g v () ex 2mi(z — wy /p)(dn + 1)
32 (5) e (R
= - Z aE n)qh+4 ZO (;) exp <_27TZUZJ}E;TL + T)) . (41)
n>n§ V=l

Now recalling the definition of s, (3.23), we see that since 4, a, d, and N are coprime to
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p, the s, = w,/4N run through the residue classes modulo p as v does. Also, v = wyad™"

(mod p). Then writing N = hh', we have

-1 -1
L4 v\  —2riwpdngr) o wyad ™!
E — € 4hp — E
p

ex 2miw, (—4n — 1
P |/ 4h

(B (2 (5
(5 () ()

(o) (),

The last line follows from Proposition 2.14. Combining (4.1) and (4.2), and using Proposition

2.15, we have
(108 (5)) =Y o (N;l) (—h'(4;»+ ),
3 n>ng
-(3) (5 p> (FHEED) ey
B (W) ) (4nz;|-r) ag(n)gy . (4.3)

nan
Now we use the facts that ad = 1 (mod p), that A’ = h~'N (mod p), and that if b is coprime

to p, then (”—;) = (%), to see that

() (B0 () (). o

Therefore by (4.3) and (4.4), we have

(o0 ()= () 5 (52 i

nan
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This concludes the proof of Proposition 4.5. O

Proposition 4.6. Suppose that p is an odd prime, and k is an integer. Let N be a positive

integer with 4 | N and (N,p) = 1, and let x be a Dirichlet character modulo N. Let

f(z) =Y a(n)g" € M%(FO(N),X) satisfy condition C for p with €,. Define

— N

(@) = 1@ © X~ ()8 £ € My (Telip) ).

Then f, vanishes at each cusp c;%.

Proof. Assume without loss of generality that ac > 0, and let

b /
£ .= (( CZQ d),,u cp2z+d) e

with p € {1, £i}. By (2.20) and (2.22), we can write

p~—1
G @ x5 = 1) =3 3 13
v=0

so that
1522 .
FANGE = SN~ S ICluot ~ S () @ (3) e (45)
Recall the definitions of s, (3.23), w, (3.24) and 8, (3.26). Using (3.27) and Lemma 3.8, we
have
152 15
- Z f(2)]emyp€ = = f(z)|§§7—wum
v=0 p v=0
13~
== Z Z ag(n)gy, | Tw, 0
p v=0 \n>ng
121 21i(z — wy /P)
= ’ ag(n) exp ( a (4n + r))
v=0 n>n;
60

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



+z
= > ag(n)g,

h'(4n+r)=0 (mod p)

= Y amg’r (4.6)

4n+r=0(mod p)

The last line follows since p { h'.
Now by (4.5), (4.6) and Proposition 4.5, we have

M= X wmi -6 (5) T (B ) ama @)

4n+r#£0 (mod p) p n>ng p

Therefore, f,(z) vanishes at £ if for each n < 0 with pt (4n +r) and a¢(n) # 0, we have

(5%) =)

This requirement is met since f satisfies condition C for p. This concludes the proof of

Proposition 4.6. 0

Proof of Theorem 4.4. A cusp ¢ either has p* | ¢ or p® { ¢. Recall the eta-quotient Fj(z)

defined in (3.33). By Proposition 4.6, if 8 > j — 1 is sufficiently large, then
fo(2) - Fp(2)”" = fp(2)  (mod p)

vanishes at every cusp. Set

—

94(2) = 355(2) - B2 € Sy, 2 (Co(NP), 20 0 Ol (4.9
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Then since

e (3)=—e
we have
%)= Y aln)g® (modp’) (4.9)
()=
Combining (4.8) and (4.9) proves Theorem 4.4. O

Proof of Theorem 4.1. Let f and p be as in the hypotheses of Theorem 4.1, fix an integer
7 >1, and let

gp,;(2) = Z a(n)q™ (mod p’)
()=

be the cusp form guaranteed by Theorem 4.4. Set k := k + p?(p? — 1). By Proposition 2.13,

a positive proportion of the primes Q = —1 (mod Np’) have the property that
gp,j(z)ITg,sz,x(Q2) =0 (modpj).

If we write g, j(2) = > oo, b(n)g", then

gpj(z)|T§,Np2,x(Q2)

( Q%) + X(Q) (ﬁ—D) QFb(n) + (@)@ Zb(QQ)) =0 (mod p).

MS

n=1

(4.10)

Replacing n by @Qn in (4.10), we have

> (b(Q3n) ) (@) Q5(Qn) + (@) Q"% (%)) @

=0 (mod p’). (4.11)
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If (Q,n) = 1, then the coefficient of ¢ in (4.11) is just b(Q*n). So
a(@*n) = b(Q3n) = 0 (mod p’)

for all n coprime to @ with @n) = _¢,. Since @ = —1 (mod p), this completes the proof
P P
of Theorem 4.1. O

Proof of Theorem 4.2. Theorem 4.2 follows from Theorem 4.4, Proposition 3.9 and Theo-

rem 2.11 in the same manner as the proof of Theorem 3.2. O

Proof of Theorem 4.3. Let S be a complete set of representatives for the equivalence classes
of cusps under the action of I' (V). For each s € S, let hy, 75 and 5 be as in the definition
of condition C. Let M, := {m € Zo : 4m + r, # 0 (mod p) and ay,(m) # 0}. By the
remark following the definition of condition C, the set M, does not depend on our choice of
representative s. If p is prime and a is an integer, then p = 1 (mod 4a) implies that (%) =1.

Set M :=[[ I (4m+rs), and M’ := [ p. Then for any prime p =1 (mod 4M’), we
s€ESmeM; plMN

“)-
(=)

for each m € M, and s € S. Then f satisfies condition C for each p = 1 (mod 4M’). By

have

for each s € S, and

Dirichlet’s theorem on primes in arithmetic progression, the density of such primes is 7¢(417’)‘

This is a lower bound for the density of primes p for which f satisfies condition C. This

completes the proof of Theorem 4.3. O
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4.2 Congruences for eta-quotients

We now give the congruences for eta-quotients that are obtained using the quadratic twist
method. We state an alternate form of condition C for eta-quotients, which we will call
condition C,,.

Suppose that f(z) € M (T'o(N), x) is an eta-quotient. Associate to each cusp s = ¢ the

integers h, = and 7, (defined as in 2.16) and an element ¥, € G’ with ;00 = 5. Then

N
(c%,N)

by Proposition 2.8, we can write

+_§.
I 1/)3 - Z a"ws q’}’; .

n>ns

Definition. We say that f satisfies condition C,, for a prime p if there exists ¢, € {£1} such

that for each 1),, the following is true: for all n < 0 with p { (4n + r,) and ay,(n) # 0, we

(57) =+ ()

Remark. Just as before, condition C,q is well-defined.

have

Theorem 4.7. Suppose p is an odd prime and N is an integer with (N,p) = 1. Let f(z) =

S n"6(82) satisfy (3.42), and suppose that f(z) has Fourier expansion f(z) =3 a(n)q". Let
3IN
f(2) satisfy condition Ceq for p, and set k := 3 5 7s.

(a) If k is odd, then for each positive integer j, a positive proportion of the primes
= —1 (mod Np’) have
a(@*n) =0 (mod p’)

for all (n, @) =1 with (‘T") = —¢p.
(b) If k is even, then for each positive integer j,

(i) a(n) =0 (mod p’) for almost all n with (‘Tf‘) = —¢,, and
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(i) a positive proportion of the primes Q = —1 (mod Np’) have
a(@n) =0 (mod p’)

for all (n, Q) = 1 with (—‘p—") = —¢,.

a

Proof. In the statement of Proposition 4.5, £ represents the cusp -2;. By Proposition 2.8,

cp?
we can replace
n+2
f@se =Y gy
n>ng
with
n+2
f2)s€ =) ae(n)gy, ¥, (4.12)
where hy = —~— = —~_ in the hypothesis of Proposition 4.5, as well as in (4.1). Then
((ep®)?,N) — (c%,N)

the conclusion of Proposition 4.5 becomes

(0 )= () 5 ()i

n>ng
Now Proposition 4.6 holds with condition C replaced by condition C,q, by substituting

k

(4.12) in (4.6) and (4.7), and using our alternate version of Proposition 4.5. Theorem 4.7

now follows in the same manner as Theorems 4.1 and 4.2. O

4.3 A comparison of the two methods

We now consider the advantages and disadvantages of our two approaches for finding con-
gruences. The U-operator method succeeds in establishing congruences for the coeflicients of
weakly holomorphic modular forms modulo any prime power p’, where p does not divide the
level. It makes no requirement on the Fourier expansions of the forms at the cusps, which is

helpful in practice, since these can be difficult to compute. However, the congruences that
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arise are limited because they occur in only one residue class modulo some (possibly large)
power of p.

The twist method yields congruences for coefficients with indices of the form Q3n, which
are not divisible by p. Hence these congruences are not limited to a particular residue class
modulo p, but they exclude those coefficients whose indices are divisible by p. Also, this
approach does not, in general, guarantee congruences modulo every prime power, as we see

in the following example.

Ezample 4.1. Consider the eta-quotient

1
) g2 4+48¢7 +1244 4+ - - - € M_yy(T).

Condition C¢, requires that (‘72) = (”71), so we only get congruences modulo powers of p

where p=1,7 (mod 8).

4.3.1 Congruences for p(n)

The partition function p(n) provides a good test case for our two methods. Recall that the

generating function

f(z):=n(214z)= > p(nz-zl)q"

n=-1 (mod 24)

for p(n) is a weakly holomorphic modular form for 'z(576) with character. By (3.49), the
order of vanishing of f(z) at a cusp s = ¢ is —1. Recall from Example 3.1 that for each
prime £ > 5, m must satisfy —¢™ < —4 in order for Theorem 3.10 to hold, so let m > 1.
Then for each j > 1, a positive proportion of the primes @ = —1 (mod 576¢) have the

property that
Q¥Mn +1
p _— -

51 )EO (mod #)
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for all (n,Q¢) = 1 with @*¢™n = —1 (mod 24). These congruences are of the form guaran-
teed by Ono [30] and Ahlgren [1].
Turning to the twist approach, we see that for f(z) to satisfy condition C,, for a prime

£ > 5, there must be a choice of ¢, € {£1} so that

(#)-o(

36 __ and 576 is a square, each h, must be a square, so each

for each cusp s. Since h; = @ 576)

(&) = 1. Then for each prime £ > 5, f(2) satisfies condition C¢q for £ with e, = (7).
Therefore by Theorem 4.7, for each j > 1, a positive proportion of the primes @ = —1

(mod 576¢7) have the property that

p (Q3” + 1) =0 (mod #) (4.13)
24
for all (n,Q) =1 with @*n = —1 (mod 24) and () = —e,.

Recall from §1.1 the definition J, := ez—zl, and the set

Sp = {ﬁe{0,1,...,£—1}: (5;51) =0or — (_TF)}

Since each @ = —1 (mod 24), then @3n = —1 (mod 24) implies that n = 1 (mod 24), so

we may write n = 1 — 24s. Then

(7)- () - (=) - () () - () (57)

for B € {0,1,...,£—1} with s = 8 (mod ¢). If (*) = — (}), then (ﬂ—tﬁi) =— (7). By

writing n = 1 — 24(8 + k£), we see that n = 1 — 243 (mod 24¢). Therefore, (4.13) duplicates

Theorem 1.1 for all 8 € S; except for the case § = —§, (mod ¢).
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4.3.2 Congruences for t;(D)

As a second comparison, we consider the trace function ¢, (D) (1.2). Zagier [39] showed that

values of ¢;(D) are generated by the weakly holomorphic modular form

()= 208E) _ s S (D) e My (o).

0<D=0,3 (mod 4)
There are three equivalence classes of cusps of I'g(4), represented by 0, % and i. To calculate
the order of vanishing of g;(z) at each cusp, we note that since E4(z) is holomorphic and

nonvanishing at every cusp, it is sufficient to calculate the order of

The information we need is gathered in the following table.

Cusp Fourier Expansion h
T~ glt—2—-- 1
0 holomorphic 4
% g Vi ... 1

Let p be an odd prime. To apply Theorem 3.10, we must choose m so that —p™ < —4,
so we need m > 2 for p = 3 and m > 1 for p > 5. Then for each 5 > 1, a positive proportion

of the primes @ = —1 (mod 4p’) have the property that

t1(@*p™n) =0 (mod p’)

for all (n,Q@p) = 1.
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Now for g;(z) to satisfy condition C,, for an odd prime p, we must have

)+ = ()--0)

so let €, = (_TI) Then by Theorem 4.7, for each j7 > 1, a positive proportion of the primes

Q@ = —1 (mod 4p’) have the property that

t(@%n) =0 (mod p’)

for all (n,Q) = 1 with (‘T") = - (‘?1) This replicates the results of Theorem 1.3 for the
first Hecke trace ¢;(D) when p is inert in Q(v/—Qn).

4.3.3 Congruences for D(n)

Finally, we recall from Example 2.7 that

_ n—1Y , n(482)
&= 2 D( 24 )q = 7(242)

n=1 (mod 24)

is an eta-quotient on I'g(1152). Using Theorem 2.9, we calculate that

(c,48)? 2(c, 24)? :{ -1 if16¢te,

orde(f) = 2 1159) (@152 ~ |1 16]c

Since we need p 11152, let p > 5 be prime. To apply Theorem 3.10, we must choose m
so that ~p™ < —4, so we just need m > 1. Then for each j > 1, a positive proportion of

the primes Q = —1 (mod 1152p’) have the property that

Qpn—1Y\ _ :

for all (n,@p) = 1. In the case j = 1, these congruences are guaranteed by Lovejoy [25].
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If s = 2 with 16 { ¢, then

_ 1152 2(24)2 o ?
°T (e2,1152)  (c2,24%)

for some d > 0. Then for f(z) to satisfy condition C,, for a prime p > 5, we must have

5)-+(5)-+()

Hence by Theorem 4.7, a positive proportion of the primes @ = —1 (mod 1152p’) have the

property that

D <Qn24— 1) =0 (mod p)

for all (n,Q) =1 with (—‘5"-) = — (‘72) This replicates the results of Ahlgren and Lovejoy

[2] except for the case in which p | n.
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Chapter 5

Further generalizations

In this chapter we prove some more general statements about congruences for weakly holo-
morphic modular forms. We extend Theorems 3.1 and 4.1 to show that simultaneous congru-
ences exist for any finite set of weakly holomorphic modular forms for I'; (), even when the
forms have different levels and weights. We first give the result found using the U-operator

method.

Theorem 5.1. Fiz an integer r > 1. Associate to each 1 < ¢ < r the integers k; and N; > 1
with 4 | N;, and a prime p; 1 N;. Let fi(z) = > ai(n)¢" € M%(m)) for each i, and
suppose that all of the coefficients of the f;(z) are contained in the ring of integers Ok of some
number field K. If my,...,m, are sufficiently large integers, then for any choice of integers
1, dr > 1, a positive proportion of the primes Q = —1 (mod lem(Ny, ..., N, pi',...p7))
have the property that

a;(@%*p™n) =0 (mod p¥)
for each 1 <1i < r and each (n,Qpy---p,) = 1.
Next we give the result for simultaneous congruences using the twist method.

Theorem 5.2. Fiz an integer r > 1. Associate to each 1 < ¢ < r the integers k; and N; > 1
with 4 | N;, and a prime p; §{ N;. Let fi(z) = Y ai(n)g" € M%L(IT‘(YVT)) for each i, and
suppose that all of the coefficients of the f;(z) are contained in the ring of integers Ok of some
number field K. Let each f;(z) satisfy condition C for p;. Then for each choice of integers

J1,---Jr > 1, a positive proportion of the primes Q = —1 (mod lem(Vy, .. ., N,.,pil, D))
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have the property that
a;(@%n) =0 (mod pl*)

for each 1 < i <r and each (n,Q) = 1 satisfying the conditions {(;—") = —€,:1 <1< r}.

1

5.1 Proofs of Theorem 5.1 and Theorem 5.2

To prove Theorems 5.1 and 5.2, we will need the following generalizations of Theorems 2.11

and 2.13.

Theorem 5.3. Fiz an integer r > 1. Associate to each 1 < i < r, the integers k; and
N; > 1, and the Dirichlet character x; modulo N;. Suppose that F is a number field with
ring of integers O, and let m; be an ideal of O with norm M; for each i. Then a positive

proportion of the primes p = —1 (mod lem(M, ..., M,, Ny, ..., N,)) have the property that
f(z)ITki,Ni,Xi (p) =0 (mOd ml)

for every 1 <i <r and each f(2) € Sk, (To(N;), xi) N Orlq].

Proof. For each i, let {fi1(2),..., fiau)(2)} be all of the newforms in S, (T'o(NV;), xi), and
write their Fourier expansions as f; ;(z) = Y~ ; ais(n)g" for 1 < s < d(3). Suppose that K
is a finite extension of F' containing all the coefficients of the f; ;(z) and all values of x; for
each i. For each g(z) € Si,(To(IN;), Xi)orjm:» choose an hy(z) € Sk, (To(N:), xi) N Orlg] so
that

hy(2) = g(2) (mod my).

Then by (2.24), each hy(z) has the form

hy(z) = Z a(i, 8,6) fi,s(02)

where the a(z,s,d) are algebraic. Since there are a finite number of g for each %, we can
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extend K so that it contains all the a(i,s,d), and choose a nonzero integer C so that
C- aft,s,6) € Ok for each a(i, s,d). Set m; := Cm; and M} := CM;. If pt N;, then

d(i)
hy(z)|Tki,Ni,Xi (p) = Z Z a(i7 S, 6)ai,8(p)fi,s(6z)

s=1 J’N,‘

for all g and i. Since each f(z) € Sk, (T'o(Vi),x:) N Orl[g] is congruent modulo m; to

one of the hy(z), it is sufficient to show that a positive proportion of the primes p = —1

(mod lem(Mj, ..., M,, Ny,...,N,)) have a; ;(p) =0 (mod m}) for each ¢ and s.

Now let
p=€® @ Pi,s
2,8

where € : Gal (@/Q) — (Z/lem(M,, ..., M, Ny,...,N,)Z)™ is defined as in the proof of
Theorem 2.11, and each p;, : Gal (Q/Q) — GL, (Ox/mOk) satisfies Tr(p; (Frob,)) =
a;s(p) (mod m}) for each prime p { M;N;. Theorem 5.3 now follows as in the proof of

Theorem 2.11. O

Theorem 5.4. Fiz anr > 1 and let K be a number field. Associate to each 1 <1 < r the

integers k; and N; > 1 with 4 | N;. For each i, suppose that fi(2), f2(2), ..., fr(z) are cusp

forms with each fi(z) = a;(n)q" € Sk (T'1(N;)) N Ok|g]. For each i, let m; C Ok be an
2
ideal with norm M;, and suppose that each k; > 3. Then a positive proportion of the primes

p = -1 (mod lem(M, ..., M,,Ny,...,N,)) have the property that

f,~(z)(T£2i N (*) =0 (mod m;)

for each1 <i<r.

Proof. By Proposition 2.3, we can write

fiz) = Z ay, fxi () (5.1)

xi mod N;
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— N

for each 4, where the o, are algebraic and each f,,(z) € S K (To(V;), x:) has algebraic integer
coeflicients. There is a nonzero integer C such that each C - a,, is an algebraic integer for
all 7 and all x;. Let m} := Cm; and M] := CM;. Then it is sufficient to prove that a positive
proportion of the primes p = —1 (mod lem(My, ..., M,, Ny,..., N,)) have the property that

F@)ITy () =0 (mod m})

2

for each ¢ and each ;.

By Theorem 2.12(a), for each x; and each squarefree ¢ > 0 we have a Shimura lift
Sifr:(2) € Sk;—1(To(Ni/2), x?). By Theorem 5.3, a positive proportion of the primes p = —1
(mod lem(My, ..., M,, N,...,N,)) have the property that

Stfri ()T 1 n; 252 (P) =0 (mod mj)

for all 7, x; and ¢t. The result now follows as in the proof of Theorem 2.13. O

Proof of Theorem 5.1. Throughout the proof of Theorem 3.3, no properties of the weakly
holomorphic modular form f(z) were used other than those common to all elements of
M (If(\ﬁ)) Further, the U and V operators may also be applied to elements of M (I‘/JZV))
Therefore, for each 7, we may choose an integer m; large enough so that Theorem 3.3 guar-

antees cusp forms

— N

9:5(2) €S, pia., T1(Nip})) N Oklal,

k.
__L+
2

with the property that
o0
9:;(2) = Zai(l):nin)qn (mod p}),
n=1
pifn

for each j > 1. Then by Theorem 5.4, for each r-tuple (51, .. ., jr) with each j; > 1, a positive
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proportion of the primes @ = —1 (mod lem(NVy, ..., N, A p’r)) have the property that

9,3:(2) | Tg g2 (Q%) = 0 (mod pf),

where k; := k; + pi*(p? — 1), for each 1 < ¢ < r. Using (2.26), it follows as in the proof of

Theorem 3.1 that
a:(Q*pn) =0 (mod pl')

for each 1 < ¢ < r and each (n,@p; - - - p,) = 1. This completes the proof of Theorem 5.1. O

Proof of Theorem 5.2. Throughout the proof of Theorem 4.4, no properties of the weakly

holomorphic modular form f(z) were used other than those common to all elements of

————

M (I’/l_(\IV)) Further, the twist operator may also be applied to elements of M (I';(N ))-

Hence for each i, Theorem 4.4 guarantees cusp forms

9:5(2) € S, oty (I“l(N, ?)) N Oklal,
2

with the property that

95(2)= Y an)g® (modp)),
(pl): €p;

for each 7 > 1. Then by Theorem 5.4, for each r-tuple (ji,...,J,) with j; > 1, a positive

proportion of the primes @ = —1 (mod N -- rp{ pi") have the property that
945 (2)| T vp2 (@%) = 0 (mod p'),

where «; := k; + p/*(p? — 1), for each 1 < i < r. Using (2.26), it follows as in the proof of
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Theorem 4.1 that
ai(@*n) =0 (mod pf’)

for each 1 < i < r and each (n, Q) = 1 satisfying the conditions {(;") =—€,;:1<1< r}.

1

Remark. Analogs of Theorems 5.1 and 5.2 may be stated for integer weight weakly holomor-

phic modular forms in a similar manner, but we will omit their statements.

5.2 Consequences of Theorems 5.1 and 5.2

Ezample 5.1. Dyson [15] defined the rank of a partition to be its largest part minus the
number of its parts. Let N(r,¢;n) be the number of partitions of n whose rank is r (mod t).
For fixed 0 < r < ¢, Bringmann and Ono [9] relate the function N(r,t;n) to the coefficients
of a weakly holomorphic modular form of weight 1/2 for some I';(N). Applying Theorem
3.3 to this form, they show that if £ > 1 is odd and ¢ ¢ 6¢, then for all j > 1, there are

infinitely many non-nested arithmetic progressions An + B such that
N(r,t;An+B) =0 (mod #).
These congruences may be viewed as a combinatorial decomposition of the congruences
p(An+B) =0 (mod #)

predicted by Corollary 1.2. Bringmann and Ono use Theorem 3.3 after making the argument
that it extends to forms on I';(/V) once they are written as linear combinations of forms on
[Co(N) with character, as in (5.1). We point out that the same result now follows directly

from Theorem 5.1.

Theorems 5.1 and 5.2 lead to results like the following one for overpartitions (2.14) and
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Hecke traces (1.2).

Proposition 5.5. Let £ be an odd prime, and fix an integer m with m > 2 of £ = 3 and

m>1if>5.

(a) For each integer j > 1, a positive proportion of the primes @ = —1 (mod 16¢’) have the
property that
p(Q*™n) = t,(Q*¢™n) =0 (mod #)

for all (n, Q) = 1.

(b) For each integer 7 > 1, a positive proportion of the primes @ = —1 (mod 16¢?) have the
property that
p(Q%n) = t,(@%*1) =0  (mod #)

for all n coprime to Q such that (_T") = (—T})

Proof. Part (a) follows from Example 3.2, §4.3.2, and Theorem 5.1. For part (b), we see

from (3.50) that for zg; % to satisfy condition C,, for an odd prime ¢, we must have

—4 hs
—_— = € —
] ‘\ 7
for each cusp s = ¢ with 2{ c. Since h, = ﬁ is a square for each s, these conditions are
satisfied by taking ¢, = (5}). By §4.3.2, g(z) satisfies condition C, for all odd primes ¢
with the same choice of ¢,. Therefore, Proposition 5.5 follows when Theorem 5.2 is applied
n(2z)

to 7) and gl(Z). d
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