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Abstract

We consider node-weighted network design problems, in particular the survivable network design problem (SNDP)
and its prize-collecting version (PC-SNDP). The input consists of a node-weighted undirected graph G = (V, E) and
integral connectivity requirements 7 (st) for each pair of nodes st. The goal is to find a minimum node-weighted
subgraph H of G such that, for each pair st, H contains r(st) disjoint paths between s and ¢t. PC-SNDP is a gen-
eralization in which the input also includes a penalty 7(st) for each pair, and the goal is to find a subgraph H to
minimize the sum of the weight of H and the sum of the penalties for all pairs whose connectivity requirements
are not fully satisfied by H. We consider three types of connectivity requirements, edge-connectivity (EC), element-
connectivity (ELC) and vertex-connectivity (VC). Let k = maxg; r(st) be the maximum requirement. There has been
no non-trivial approximation for node-weighted PC-SNDP for k£ > 1 even in edge-connectivity setup. We describe
multiroute-flow based relaxations for PC-EC-SNDP and PC-ELC-SNDP and obtain approximation algorithms for
PC-SNDP and PC-ELC-SNDP through them. The approximation ratios we obtain for PC-EC-SNDP are similar to
those that were previously known for EC-SNDP via combinatorial algorithms. Specifically, for PC-EC-SNDP (and
PC-ELC-SNDP) we obtain an O(k log n)-approximation in general graphs and an O(k)-approximation in graphs that
exclude a fixed minor. Moreover, based on the approximation algorithm of ELC-SNDP and the reduction method of
Chuzhoy and Khanna [6] we obtain O(k* log® n)-approximation for PC-VC-SNDP which improves to O(k* log n)

on instances from a minor-closed families of graphs.
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Chapter 1

Introduction

1.1 Problems Statement and Previous Works

In the Survivable Network Design Problem (SNDP) the input consists of an undirected graph G = (V, E') and a con-
nectivity requirement function specified in terms of an integer r(st) for each unordered pair of nodes st. The goal is
to find a minimum-weight subgraph H of G that contains r(st) disjoint paths for each pair st. We use EC-SNDP and
VC-SNDP to refer to the versions of SNDP depending on whether the desired paths are required to be edge-disjoint or
vertex-disjoint. An intermediate connection model is element-connectivity in which the input graph has two types of
vertices, reliable (R) and non-reliable (V — R), and the goal is to find a minimum weight subgraph H of G that contains
r(st) element-disjoint st-paths for each s, ¢ € R where edges and non-reliable nodes are considered as elements. We
use ELC-SNDP to refer to the version of SNDP that the desired paths are required to be element-disjoint. A parameter
of interest is the maximum requirement k¥ = maxg; r(st). Several fundamental problems in combinatorial optimiza-
tion are special cases SNDP. Among them there are some polynomially solvable such as minimum spanning tree and
NP-complete problems such as Steiner tree or forest problem. Edge-weighted SNDP problems have been studied
extensively and many different approaches have developed to give an approximation for them. In the edge-weighted
version, each edge has a weight w(e) and the weight of H is the sum of the weights of the edges in H. By applying
primal-dual approach in an augmentation framework, Williamson et al. [27] obtains O(k)-approximation for edge-
weighted EC-SNDP. The ratio was improved to O(log k) by Goemans et al. via doing the augmentation in reverse [9].
Jain et al. [[19]] showed that primal-dual technique also gives O(log n)-approximation for edge-weighted ELC-SNDP.
Jain [18]] obtained a 2-approximation for this problem via the influential iterated rounding technique that he introduced.
Later, Fleischer et al. [8]] extended the approach to the element-connectivity setup and obtained a 2-approximation for
edge-weighted ELC-SNDP as well. However, the problem is much harder in vertex-connectivity setup. While EC-
SNDP and ELC-SNDP both admits a 2-approximation in edge-weighted graphs, the only non-trivial approach toward
edge-weighted VC-SNDP is due to Chuzhoy and Khanna which gives O(k® log n)-approximation [[6]. We refer the
reader to the survey [12]] for much more detailed information on the different approaches toward network design prob-

lems. In this thesis we focus on the more general node-weighted case where each node v has a weight w(v); the weight



of H is the sum of the weights of the nodes in ilﬂ The node-weighted version is provably harder to approximate. In
contrast to the constant factor approximation for edge-weighted EC-SNDP, the node-weighted Steiner tree problem is
already €)(log n)-hard to approximate via a simple reduction from the Set Cover problem [22].

Klein and Ravi [22] were the first to study node-weighted network design from an approximation point of view.
They showed the hardness result mentioned above and described algorithms that achieved an 2H (n)-approximation
for the Steiner tree and Steiner forest problems where H(n) = Y., 1/i = O(logn). Guha and Khuller improved
the ratio to (1.35 + ¢)H(n) [10]. Their algorithms are based on finding a structure called spider. Nutov examined
the approximability of node-weighted SNDP [24] and obtained an O(k logn)-approximation via the augmentation
framework of Williamson et al. [27] (the connectivity requirements are met in k stages with each stage increasing the
connectivity of every unsatisfied pair by 1). His algorithm is based on a non-trivial structural result on spiders for
covering an arbitrary 0-1 uncrossable requirement function. Further, Nutov gave evidence, via a reduction from the
k-densest subgraph problem, that a dependence on k is necessary in the approximation ratio when k& is large. The
algorithms of Klein and Ravi [22]] and that of Nutov [24] are combinatorial. Mathematical programming relaxation
based algorithms are powerful and flexible and it is natural to ask about their efficacy for node-weighted network
design, and in particular for SNDP. Guha et al. [11]] considered a natural LP relaxation for node-weighted Steiner
tree and forest and showed that its integrality gap is O(logn), matching the bound obtained via the combinatorial
algorithm; in fact, their proof uses a nice dual-fitting argument via spiders. In more recent work Demaine, Hajiaghayi,
and Klein [[7] demonstrated the advantage of the LP relaxation by describing a primal-dual algorithm that achieves
an O(1)-approximation for node-weighted Steiner tree and forest when the underlying graph is planar. Furthermore,
Chekuri et al. [3] generalized the work of Demaine et al. [7] and described an O(k)-approximation for node-weighted
EC-SNDP in planar graphs. A technical point of interest is that the algorithm is not based on a single LP relaxation.
It uses the augmentation framework in which the connectivity requirements are incrementally satisfied in k phases; a

separate LP relaxation (Aug—LP) for each stage (that depends on the solution for the previous stages) is usetﬂ

Prize-collecting SNDP (PC-SNDP): In PC-SNDP the input, in addition to that for SNDP, consists of penalties 7 (st)
for each pair of nodes. The goal is to find a subgraph H of G to minimize the weight of H plus the sum of the
penalties for pairs whose connectivity requirement is not satisfied by H; a pair st is not satisfied if the number of
disjoint paths in H between s and ¢ is strictly less than r(st); this is the all-or-nothing penalty model. The prize-
collecting version of Steiner tree and Steiner forest have been studied extensively and have several theoretical and

practical applications [13}|14,]20L/26]. Previous work on prize-collecting SNDP has considered submodular penalty

IThe version where both edges and nodes have weights can be easily reduced to the node-weighted version by sub-dividing each edge e and
placing a weight of w(e) on the new node.

2There is some subtlety to understanding the integrality gap of Aug—LP since it only applies to a certain restricted class of uncrossable functions
that arise from proper functions; in particular, each uncrossable function is a residual function of a node-induced subgraph of the original graph.
This is in contrast to the edge-weighted case where there is a natural cut relaxation for covering an arbitrary uncrossable function whose integrality
gap is at most 2. We refer the reader to Subsectionand [3]] for more details.



I | EC-SNDP [ PC-EC-SNDP | Elem-SNDP | PC-ELC-SNDP | (PC-)VC-SNDP |

[ Gen graphs, EW || 2 (18] [ 254015] ] 2 (8] | 254(15] [ O(K*logn) [6]15] |

[ Planar, EW ] 2 (18] [ 254[15] ] 28] [ 25415] [ O(K*logn) [6[15] |

Gen graphs, NW || O(klogn) [24] | O(klogn) | O(klogn) [24] O(klogn) O(k*log® n) [424] |
Planar, NW O(k) 3] O(k) O(k) 3] O(k) O(k*logn)

Table 1.1: Approximation ratios for different versions of SNDP. The ratios with no citation are from this thesis and
based on [4]. There is an 2(log n)-hardness for all the node-weighted problems in the table for general graphs.

functions [[15}[26]); here the penalty for not connecting a set of pairs is a monotone submodular function of those pairs.
It is easy to extend our algorithms and analysis to this more general case by simply replacing the linear penalty in the
objective function of the relaxation by a Lovasz-extension based convex penalty function; this is in the same fashion
as in the work of Chudak and Nagano [3].

A simple scaling technique, introduced by Bienstock et al. [2], shows how one can use an LP relaxation based
p-approximation algorithm for Steiner tree (and Steiner forest) to obtain an O(p) approximation algorithm for the
prize-collecting version. PC-SNDP for higher connectivity has been recently studied [[15}|16}23]]. In [15] a technique
similar to that of Bienstock et al. is used for edge-weighted EC-SNDP (and also for ELC-SNDP and VC-SNDP).
However, [|15] showed that a straightforward and natural LP relaxation has a large integrality gap, and introduced a
stronger LP relaxation. For node-weighted Steiner tree and Steiner forest there is a natural LP relaxation with O(log n)
integrality gap (and O(1) gap for planar graphs), and one can use this to obtain a corresponding approximation for the
prize-collecting version. However, as we already remarked, the algorithms for node-weighted SNDP for £ > 1 have

not been based on a single LP relaxation.

1.2 Results and Organization

We formulate an LP relaxation for node-weighted EC-SNDP and PC-EC-SNDP in edge-connectivity setup via multi-
route flows [|1,21]. The multi-route flow based relaxation easily allows us to apply the basic idea of Bienstock et al. [2]
to reduce the PC-EC-SNDP problem to the EC-SNDP problem. Then, we analyze the integrality gap of this relaxation
for node-weighted EC-SNDP. We obtain an upper bound on the integrality gap by relating the optimum value of the
relaxation to that of the Aug—LP relaxation [3] in each phase of the augmentation framework. Chekuri et al. [3,/4]
show that Aug—LP has an integrality gap of O(logn) for general graphs which improves to O(1) in minor-closed
families of graphs. Further we extend the approach to the element-connectivity and obtain the same approximation

guarantees for prize-collecting versions. These ingredients give us the following theorem that summarizes our results.

Theorem 1.2.1. There is an O(klogn)-approximation for node-weighted PC-ELC-SNDP in undirected graphs.

Moreover, let G be a minor-closed family of graphs. There is an O(k)-approximation for node-weighted PC-ELC-



SNDP on instances in which the graph is in G, where the constant only depends on the family G.

Based on the O(klogn)-approximation for Aug-LP in element-connectivity setup and the reduction method of
Chuzhoy and Khanna for VC-SNDP [/6], we obtain an O (k* log® n)-approximation for node-weighted PC-VC-SNDP

which improves to O(k*logn) for instances in minor-closed families of graphs.

Theorem 1.2.2. There is an O(k* log? n)-approximation for node-weighted PC-VC-SNDP in undirected graphs.
Moreover, let G be a minor-closed family of graphs. There is an O(k*logn)-approximation for node-weighted PC-

VC-SNDP on instances in which the input graph is in G, where the constant only depends on the family G.

We start with the question as to why it is non-trivial to find a natural LP relaxation for the node-weighted SNDP
problem. Consider the problem where the requirement is only for a single pair st; that is, we wish to find a minimum
weight subgraph that has k edge-disjoint paths from s to ¢. If the weights are on the edges then this problem can be
solved easily via min-cost flow. However, if the weights are on the nodes the edge-disjoint paths from s to ¢ may use
a node v multiple times, yet the weight of the node v counts only once. The NP-hardness of the single pair problenﬂ
is at the heart of the difficulty of finding a relaxation for node-weighted SNDP. We write a multi-route flow based
LP that we cannot solve in polynomial time because the separation oracle for the dual requires us to solve the single
pair problem. However, this relaxation can be solved approximately within a factor of k. In Chapter [2| we give an
O(k? log n)-approximation by solving the LP-relaxation approximately; this approach has appeared in [4]. One factor
of k from approximating the relaxation, and another factor of k from the augmentation framework. In Chapter [3]
we show that it is also possible to solve the prize-collecting instance directly in the augmentation framework; we use
the augmentation framework and solve the problem in k phases. In each phase ¢, we decide whether to increase the
connectivity requirement of an unsatisfied pair or pay its penalty. A separate LP relaxation (PC~Aug—LP) is used in
each stage. Via the scaling method of Bienstock et al. and the O(log n) integrality gap of Aug—LP, we show a similar
integrality gap for PC-Aug-LP. This helps us to get around solving Multiroute-LP and save a factor of k that
we missed to have an approximate feasible solution to Multiroute-LP. In Chapter 3] we consider this approach
in a more general connectivity setup, element-connectivity, and give an O(k log n)-approximation for node-weighted

PC-ELC-SNDP. This ratio improves to O(k) in minor-closed families of graphs.

3Via a reduction to the dense-k-subgraph, Nutov [24] gives an evidence that the single pair problem may not admit a polylogarithmic approxi-
mation.



1.3 Preliminaries and Definitions

1.3.1 Connectivity models

To define the problem first we need to know about the exact definition of different models of connections in a graph.
In an undirected graph G, two nodes s and ¢ are k-edge (k-vertex) connected if G contains k& edge-disjoint (vertex-

disjoint) paths from s to ¢. There is an intermediate notion of connectivity known as element-connectivity.

Definition 1.3.1. Let G = (V, E) be an undirected graph with two types of vertices: reliable and non-reliable where
R C V denotes reliable vertices. A pair of reliable nodes s,t is k-element connected iff there are k edge-disjoint
st-paths in G such that each non-reliable node appears in at most one of them (there is no restriction for reliable
nodes). In other words, we consider edges and non-reliables nodes as elements and we look for a set of paths that do

not share any element.

There is a close relation between the maximum connectivity of a pair of vertices and the minimum cut separating them
which is characterized by Menger’s theorem. Let S C V(G) be a subset of vertices in G. We denote the set of edges
crossing S by 6(5); (S) = {uv € E(G)|u € S,v ¢ S}. Moreover, we denote the set of all neighbors of .S by I'(S);
T'(S) = {v|v ¢ S,3u € S s.t. uwv € E(G)}. Menger’s theorem plays an important role in the problems dealing with

connectivity requirements. The statement of Menger’s theorem in different connection models are as follows:

Theorem 1.3.2. Edge-connectivity version of Menger’s theorem: Let G be an undirected graph. Two vertices s

and t are k-edge connected iff for each set S C V such that s € S andt ¢ S, |5(S)| > k.

To state Menger’s theorem for element-connectivity and vertex-connectivity we need to introduce some notation called

biset (see Subsection [1.3.2).

Theorem 1.3.3. Element-connectivity version of Menger’s theorem: Let G be an undirected graph. Two vertices
s and t are k-element connected iff for each bisets S CV xV suchthats € S and t ¢ S and S’ — S only contains

(9418 =S| > k.

non-reliable vertices,

Theorem 1.3.4. Vertex-connectivity version of Menger’s theorem: Ler G be an undirected graph. Two vertices s

and t are k-vertex connected iff for each biset S C V x V such that s € S and t ¢ S, |5(S)| + S’ — S| > k.

1.3.2 Biset

To deal with vertex connectivity and element connectivity problems we need to consider a pair of ordered sets. This

will help us to establish Menger’s theorem for these connection models. The definitions and notation that we use are



based on previous work [8}/17,25]. We work with bisets X = (X, X’) € 2V x 2" such that X C X’. The set X is
the inner part of X, X' is the outer part of X, and X’ — X is the boundary of X.
We define a relation =< on the bisets as follows. Let X = (X, X’)and Y = (Y, Y”) be two bisets. We have X < Y’
iff X CY and X’ C Y”. Itis straightforward to verify that < is a partial order. We say that Y contains X if X < Y.
We also define the following operations on the bisets. Let X = (X, X’) and Y = (Y,Y’) be two bisets. The
union, intersection, and difference of X and Y are defined as X NY = (XNY, X'nY’), XUy = (XUY, X'UY),
and X —Y = (X -Y' X' —-Y).

Proposition 1. Ler X = (X, X")andY = (Y,Y") be two bisets such that X C X' andY C Y. We have XNY < X
and X —Y = X.

Definition 1.3.5. Two bisets X and Y are non-overlapping iff one of the following holds:
(i) X <Y.
(ii) Y < X.

(iii) The sets X' NY and X NY" are empty.

If the bisets do not satisfy any of the conditions above, we say that they are overlapping.

Similar to different types of set function, we can define submodular/supermodular functions in biset setup. Many
network design (or more generally connectivity) problems in edge-connectivity model are captured as covering a set
function via Menger’s theorem (see Theorem [I.3.2)). Similarly via Menger’s theorem (see Theorem [1.3.4] and [T.3:3),

we can model the same problem in vertex-connectivity (or element-connectivity) as covering a biset function.

Definition 1.3.6. Overlapping bifamily: A biset family F is called overlapping if for any two overlapping bisets X
andY, allbisetsXﬂY, XUY, X —-YandY — X arein F.

Definition 1.3.7. Bisubmodular function: Let f : P — 7 be a function defined on an overlapping bifamily P. The
Sfunction f is bisubmodular iff for any two bisets X and Y in P, both of the following hold:

FX)+fY) > fXNY)+f(XUY), VX,YeP (1.1)

F(X)+ F(Y) fX=Y)+f(Y -X), VX, YeP (1.2)

Y

A function f is bisupermodular iff — f is bisubmodular.



Definition 1.3.8. Skew-bisupermodular function: Let f : P — 7Z be a function defined on an overlapping bifamily

‘P. The function f is skew-bisupermodular iff for any two bisets X andY in P, one of the following holds:

JXNY)+ f(XUY) > f(X)+f(Y), VX, YeP (1.3)

fX=-V)4+f¥Y-X) > fX)+fY), VX, YeP (1.4)

Definition 1.3.9. 0-1 Biuncrossable function: Let f : P — 7 be a function defined on a collection of bisets P. The
function f is 0-1 biuncrossable iff for any two bisets X and Y in P such that f (X' )=f (Y) = 1, one of the following
holds:

XNYeP,XNY eP, f(XNY)+f(XUY) > f(X)+f(), (1.5)

X-YePY-XeP fX-YV)+fY-X) > f(X)+f(), (1.6)

Proposition 2. Let f be a skew bisupermodular function and let g be a bisubmodular function on the same domain
P. Then f — g is skew bisupermodular.

Proof: Since f is a skew-bisupermodular function, for any two bisets X and Y in P, either f(X) + f(Y) < f(X N
Y)+f(XUY)or f(X)+f(YV) < f(X=Y)+f(Y=Y). Suppose that the former case holds (the other case is similar).
Since g is a bisubmodular function, g(X) + g(Y) > g(X NY) + g(X UY). Thus f(X) — g(X) + (V) —g(¥) <
fXNY)—g(XNY)+ f(XUY)—g(XUY). 0
For a set pair X = (X, X’) such that X C X’ and any set F' of edges, we let §(X) be the set of all edges of I with

one endpoint in X and the other in V' — X’. Moreover, we let I'7(X) be the set of all vertices with an incident edge

in 5F(X)

Lemma 1.3.10. For any set F of edges, the function |0 (- )| is bisubmodular.
Proof: We show that [6x(X)| + |67(Y)| > |65(X NY)| + |67(X UY)| and the other case can be shown similarly.
Consider an edge e € 67X N'Y'. It has one endpoint in X NY and its other endpoint is either in X’ —Y” (or Y’ — X”)
or V — (X'"UY’) (consider e3 and e4 in Figure . In the former case, e € d7(X) and in the latter case e is in both
6p(X) and 6p(Y).

Next, consider an edge e € §(X NY). It has one endpoint in V — (X’ UY") and its other endpoint is either in X
(orY)or X NY) (consider e; and ey in Figure . In the first case, e € 5F(X) and in the second case e is in both
6p(X) and 65 (V). Thus the contribution of an edge e to the left hand side is at least the contribution of e to the right

hand side and the equation holds. ]

Lemma 1.3.11. For any two bisets X and Y, we have



Figure 1.1: Thus the contribution of an edge e to |67-(X )|+ |67 (Y')| is at least the contribution of e to |5 (X NY)|+|0r (X UY).

o X'~ X|+|Y —Y|=|(X'NY)— (XNY)|+|(X'UY") — (XUY)

, and

o [ X' —X[+Y -Y|[=|X"-Y)-(X-Y)+|Y -X)— (Y -X)|+2/(X'nY) = (XNY)|.

1.3.3 Witness Families

A natural approach in covering a biset function is to consider the family of bisets that are required to be covered and
exploit their structural properties. It essentially makes sense when the underlying biset function is a 0-1 function. In

the following we define some useful concepts in this regards.

Definition 1.3.12. Feasible cover: Let f : P — Z be a function defined on a collection ‘P of bisets on vertex set of

agraph G = (V, E). A subgrap}ﬂH of G is a cover of f iff, for each biset X € P, we have |6(X)| > f(X).

Definition 1.3.13. Minimal violated bisets: Let f : P — Z be a function defined on a collection P of bisets. A biset
X is a violated biset with respect to a graph H iff |65 (X)| < f(X). A biset X is a minimal violated biset of f iff X

is violated with respect to H and there does not exist a violated biset Y with respect to H such that Y < X.

To analyze the performance of an algorithm for covering a biset function (or solving its corresponding network
design problem), a useful concept is witness sets and families. Picking an inclusion-wise minimal feasible cover M
of a set function f, S is a witness set for e if e is the only edge in M covering S; e is crucial to cover S,. In this
part, we extend the notion of witness sets and families to the biset setting. We use the witness biset and bifamilies in

Section [3.3]to bound the integrality gap of ELC-Aug—LP.

Definition 1.3.14. Let F be a set of edges. A set pair S. = (S., S') is an F-witness pair for an edge e iff h(S.) = 1

and 6 (S.) = {e}.

4We sometimes abuse notation and we refer to a set of edges as a feasible cover.

8



A useful observation that we will need later is that minimal violated bisets of a biuncrossable function do not overlap

with other (not necessarily minimal) violated bisets.

Definition 1.3.15. Bilaminar family: Ler F be a family of bisets. The family is bilaminar iff, for any two bisets X

andY in F, X and Y are non-overlapping.
As shown in the following lemma, we can construct a bilaminar witness family for “non-redundant” edges.

Lemma 1.3.16. Let F be a feasible cover for h. Let M C F be a subset of F' such that, for each edge e € M, F — e
is not a feasible cover for h. There is a bilaminar family L = {Se | e € M} that contains an F-witness set pair

S. = (Se, ') for each edge e € M.
In the rest of this section we prove Lemma[1.3.16]

Lemma 1.3.17. Let F be a feasible cover for biuncrossable function h. Let M C F' be a subset of ' such that M is a
feasible cover for h and for each edge e € M, M —e is not a feasible cover for h. There is a family F = {S'p |ee M}
that contains an M-witness biset S, = (S., S") for each edge e € M.

Proof: Let e be an edge of M. Since M — e is not a feasible cover for h, there is a biset S, = (Se, S.) such that

h(ge) =1and 6M(Se) = {e}. S, is an F-witness biset for e. Then F = {5’6 | e € M} is the desired family. a

In order to get a laminar family of M -witness bisets, we start with a family F of witness biset that is guaranteed by
Lemma|l.3.17|and we replace overlapping bisets with non-overlapping ones. The following lemma shows that, if we
have two witness bisets 5”61 and S’ez that overlap, we can replace them by two bisets that are also witness bisets; by

Proposition [3| the latter bisets do not overlap.

Proposition 3. Let X and Y be two bisets. The bisets X N'Y and X U'Y do not overlap. Additionally, the bisets
X —YandY — X do not overlap.

Lemma 1.3.18. Let S,, = (Se,,St,) and Sey = (Ses, Si,) be two M-witness bisets for the edges e and e,

respectively. Then one of the following must hold:
(i) The bisets Sel N 5’62 and Sel U SEZ are M -witness bisets for distinct edges in the set {e1, ea}.

(ii) The bisets Sel — S62 and 362 — Sel are M -witness bisets for distinct edges in the set {ey, es}.
Proof Sketch: Both S., and S, are M-witness bisets. This implies that h(S.,) = h(S.,) = 1. Since h is a
biuncrossable function, either /(S, N Se,) = h(Se, U Se,) = 1 or h(Se, — Se,) = h(Se, — Se,) = 1.
Suppose that 1(S,, N Se,) = h(Se, US.,) = 1. Since M is a feasible cover for h, we have |05/ (Se, N Se,)| > 1

and |07 (S, U S, )| > 1. Since |d;(- )] is bisubmodular, it follows from the inequality (1.1) that 557 (Se, N Se,)| +



1601 (Se, U Se,)| < 2. Therefore |07 (Se, U Se,)| = [6as(Se, N Se,)| = 1. Itis straightforward to verify that, since
S’el and 5‘62 are witness bisets for e; and es, Sel N SEZ and 5‘61 U 5’62 are witness bisets for distinct edges of {e1, es}.

The case h(Se, — Se,) = h(Se, — Se,) = 1 is similar and we omit it. (Here we use the fact that |9, (- )| satisfies
inequality (T.2)). a

Using the following lemma, we can show that, if we replace two overlapping witness set pairs by the witness bisets
guaranteed by Lemma [T.3.18] the number of bisets that are overlapping decreases and thus we are making progress

towards a laminar witness bifamily.

Lemma 1.3.19 (Fleischer et al. [8]). Let X = (X, X'), Y = (Y,Y') and Z = (Z,Z') be bisets. Suppose that
X and Y overlap. Then the number of pairs of {(X,Z),(Y,Z)} that overlap is at least the number of pairs of
{(XNY,Z),(XUY,Z)} that overlap. Additionally, the number of pairs of {(X, Z), (Y, Z)} that overlap is at least
the number of pairs of {(X =Y, Z),(Y — X, Z)} that overlap.

Proof of Lemma [1.3.16} Let F be the witness bifamily guaranteed by Lemma[I.3.17] If no two bisets in F overlap,
F is the desired bifamily. Otherwise, let Sel and .§'€2 be two bisets that overlap. By Lemma we can replace
S'el and 5‘62 by either S'el N 5'62 and S’el U SCQ or by 5’61 - S62 and 5’62 - gel. Lemmaimplies that the resulting
bifamily is a witness bifamily for M that has fewer overlapping bisets. Thus we can repeat this process until we get a

witness bifamily in which no two bisets overlap. g
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Chapter 2

PC-EC-SNDP via Multiroute Flows

In this chapter, we consider node-weighted PC-SNDP in edge-connectivity setup (PC-EC-SNDP) and obtain an
O(k? log n)-approximation. In Chapter 3| we improve our method and give an O(k log n)-approximation for node-

weighted prize-collecting SNDP in a more general connectivity setup, element-connectivity.

2.1 LP Relaxations for node-weighted PC-EC-SNDP

Let s and ¢ be two vertices of the graph and let ¢ be an integer. Consider a tuple p = (p1,p2,- - ,p¢) such that each
p; is a path from s to ¢ and the paths in p are edge-disjoint; we refer to such a tuple p as an /-route tuple connecting s
to t. In the following, we ignore the order in which the paths appear in the tuple; more precisely, two tuples consisting
of the same collection of paths are considered to be the same tuple. A vertex v intersects p if there exists some path in
P that contains v; we use v € D to denote the fact that v intersects p. Similarly, an edge e intersects p if there exists
some path in p that contains e; we use e € p to denote the fact that e intersects p.

Consider an instance of the node-weighted PC-EC-SNDP. For each unordered pair st of nodes, we let P;t(St)
denote the collection of all r(st)-tuples that connect s to ¢, where r(st) is the requirement of the pair. We can write
a relaxation for the problem as follows. We have a variable 2 (v) for each vertex v and a variable z(st) for each pair
st of nodes with the interpretation that 2:(v) = 1 if v is in the solution and z(st) = 1 if the requirement of st is not
satisfied by the solution. We also have variables f(7), where p € P;(St), with the interpretation that f(p) = 1 if the

paths connecting s to ¢ are the paths of p.
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PC-Multiroute-LP

min Y " w(v)z(v) + Y w(st)z(st)

Multiroute—-LP

veV steV XV min Z w(v)z(v)
veV
s.t. Z f(@) =1—z(st) Vst
Fepr(e? s.t. Z f@)=1 Vst
L peplit)
Z f(@) <z(v) Yu,Vst
PEPTCO vep Z f@) <z(v) Vo,Vst

peP Y vep
0<z(w)<1l Wo
0<z(w)<1l Yo
0<z(st)<1 Vst

f(e) =0 vp

f®) >0 vp

Proposition 4. PC-Multiroute-LP is a valid relaxation for the node-weighted PC-EC-SNDP. Moreover if there

is a single pair st with non-zero requirement then the relaxation is exact.

Proof: Let H be a feasible solution for the node-weighted PC-EC-SNDP on graph G with requirement function
r(st) and penalty function 7(st) for each pair of vertices st. Construct a solution (z, z) to PC-Multiroute-LP
as follows. Let z(v) = 1if v € V(H) and 0 otherwise. For each pair s and ¢ which is not connected via r(st)
edge-disjoint paths in H, let z(st) = 1; otherwise, let z(st) = 0. For each pair of vertices st with z(st) = 0, consider
a set of r(st) edge-disjoint st-paths D, and let f (D) = 1;let f(p) = 0 forany p € P;t(‘qt) — Pg- Since for each pair
of terminals st with z(st) = 0 we have picked an r(st)-flow, p,,, (z, z) satisfy the first set of constraints. Moreover,
f(@) = 1if all vertices of p are in H. Since for each v € V(H), x(v) = 1 and for each pair st one tuple has
non-zero f-value, (z, z) satisfy the second set of constraints too. Hence, PC-Multiroute-LP is a valid relaxation
for PC-EC-SNDP.

Now, consider the case that only one pair has non-zero requirement. Let s and ¢ be the pair with non-zero require-
ment. For eachp € P! let w(p) = > vep w(v). For each feasible solution of PC-Multiroute-LP, the value of
the solution is a linear combination of 7(st) and {w(p)[p € P~*"’} which is less than min(r (st), ming_pren w(p)).

Since 7(st) and w(p) correspond to integral solutions, the relaxation is exact in this case. |

Corollary 2.1.1. Multiroute-LP is a valid relaxation for the node-weighted EC-SNDP. Moreover if there is a

single pair st with non-zero requirement then the relaxation is exact.
We summarize at a high-level our theorems about PC-Multiroute-LP and Multiroute-LP below.

e Given a feasible solution (z, f,z) to PC-Multiroute-LP it is easy to obtain another feasible solution

/

(a', f',2"), via the scaling method of Bienstock et al. [2], such that 2’ is integral and the cost of (2/, f’, 2')

is at most 2 times the cost of (z, f, z).
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e The integrality gap of Multiroute-LP is O(klogn) for general graphs and O(k) for graphs from a minor-

closed family of graphs.

e PC-Multiroute-LP and Multiroute-LP are NP-hard to solve when k is part of the input. However, one
can find in polynomial time a feasible solution to them with cost at most k& times the optimum solution value.
This is done by solving a compact relaxation. Combining the above three ingredients gives an O(k?logn)
approximation for node-weighted PC-EC-SNDP and the ratio improves to O(k?) for minor-closed families of

graphs.

Remark 2.1.2. For edge-weighted problems the multi-route formulation will have a variable x(e) for each edge and
the total multi-route flow on each edge e for any pair will be bounded by x(e). This relaxation can be solved in
polynomial time since the separation oracle for the dual is the min-cost flow problem. This relaxation for PC-EC-
SNDP is equivalent (in the sense of having the same optimal value for each instance) to the cut-based relaxation

from [|15]].

2.2 Approximate solution to PC-Multiroute-LP

Consider the following special case of the node-weighted SNDP problem in which we are given a single pair (s, t)
and an integer k£ and the goal is to find a minimum weight subgraph H such that s and ¢ are k-edge-connected in H.
We will refer to this special case as the node-weighted single-pair connectivity problem.

Multiroute-LP and PC-Multiroute—LP are exact on instances of the node-weighted single pair connectiv-
ity problem. The edge-weighted single pair connectivity problem is solvable in polynomial time but the node-weighted
problem is known to be NP-hard when £ is part of the input via a reduction from the DENSEST SUBGRAPH prob-
lem [24]. Therefore we cannot solve the Multiroute-LP or the PC-Multiroute-LP relaxations exactly when
k is large. In the following, we show that we can solve the PC-Mult iroute-LP relaxation approximately.

We can write a compact formulation of PC-Multiroute-LP as follows. We replace each edge uv by two
directed edges u — v and v — u, one in each direction; we refer to u — v and v — w as the arcs corresponding to the
edge uv. Let A denote the set of all resulting arcs. As before, we have a variable x(v) for each vertex v and a variable
z(st) for each pair st. We have a variable f(a, st) for each directed edge a and each pair st with the interpretation
that f(a, st) = 1 iff the solution satisfies the requirement of st and a is on the r(st)-tuple p,, € 77;5(‘%) chosen for st.

For each pair st, we impose the constraint that the values f(a, st) define a flow that sends (1 — z(st))r(st) units of
flow from s to ¢ subject to the following capacity constraints. For a pair st, each vertex v has a capacity of r(st)z(v).

(As before, different pairs do not share the capacity.)

13



In the following, we use §~(v) to denote the set of all incoming arcs of v, that is, arcs u — v. We use 6 (v) to

denote the set of all outgoing arcs of v, that is, arcs v — u.

Compact-PC-Multiroute-LP

min Z w(v)z(v) + Z m(st)z(st)

veV steVxV

s.t. Z f(a,st) — Z fla,st) = (1 —z(st))r(st) Vst
a€dt(s) a€d—(s)
> flasty= > fla,st) Vst,Yo ¢ {st}
a€d—(v) acdt(v)

fla,st) <1—z(st) Va,Vst

3" flast) <r(st)z(v) Vst Vv

ags—(v)
0<z(v)<1 Wo
0<z(st) <1 Vst

f(a,st) >0 Va,Vst

Proposition 5. Compact-PC-Multiroute—-LP is a valid relaxation for the node-weighted PC-SNDP.

Proof: Let H be a feasible solution for PC-SNDP. For each v € V, let z(v) = 1if v € V(H) and zero otherwise.
For each pair of terminals st, let z(st) = 1 if H contains less than r(st) edge-disjoint st-paths and zero otherwise.
Moreover, for each pair st with z(st) = 0 pick a set of r(st) edge-disjoint st-paths and orient them from s to ¢. Let
f(a,st) = 1if ais in the st-flow of value r(st).

(z, z) satisfy the first set of constraints since for each st either z(st) = 1 and the right hand side is zero or there
exists an st flow of value r(st). The second constraint holds since we have a valid st-flow. Consider the third set of
constraints. For a pair of terminals with z(st) = 1 we don not add any st-paths and it holds. In the case that z(st) = 0,
the right hand side is 1 and since for each a, f(a, st) < 1 the constraint holds trivially. Moreover, (z, z) satisfy the
last set of constraints because for each pair of terminals st we have picked at most r(st) st-paths and thus in-degree
of each vertex v € H is at most r(st) = r(st)z(v). O
In the following, we show that, given an optimal solution to Compact-PC-Multiroute-LP, we can construct
a k-approximate solution to PC-Multiroute-LP in polynomial time. More precisely, we prove the following

theorem.

Theorem 2.2.1. We can find in polynomial time a fractional solution (x, f,z) to PC-Multiroute-LP whose cost
Yoo x(Ww(v) + >, z2(st)m(st) is at most k- OPT, where OPT is the cost of the optimal fractional solution to

PC-Multiroute-LP.
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The following lemma allow us to decompose an edge-based flow into a multi-route flow. We refer the reader to

Lemma 2 in [1]] for a proof.

Lemma 2.2.2 ( [1,21]). Let G = (V, A) be a directed network and let s and t be two vertices of V. Let k be an
integer and let v be a non-negative real number. Let f : A — R, be an st flow such that the value of f is kv and
f(a) < v foreach arc a € A. Let PY, be the set of all k-route tuples of G that connect s to t. There is a k-route flow
g : Pk — R, of value v such that g(a) < f(a) for all a € A, where g(a) = Zﬁepg’a@g(f)). Moreover, we can

construct such a flow g in polynomial time.

Proposition 6. Given a feasible solution (x, f,z) to Compact-PC—Multiroute—LP, we can find in polynomial

time a feasible solution (x', 2, f') to PC-Mult iroute—-LP such that

Z 7' (v)w(v) + Z 2 (st)ym(st) <k (Z z(v)w(v) + Z z(st)n(st)) .

Proof: Let (z, f, z) be a feasible solution to Compact-PC-Multiroute—-LP. Let (2/,2’, f’) be the following

solution. For each vertex v, we set 2’ (v) = min{1, kz(v)}. For each pair st, we set 2’ (st) = z(st). Finally, for each

pair st, we apply Lemma to f(-,st) in order to get an r(st)-route flow gs; : 77;(8” — Ry of value 1 — z(st),
r(s

and we set f'(p) = g«(p) for all pairs st and all tuples p € Py, D Ttis straightforward to verify that (2/, 2/, f') is a

feasible solution to PC-Multiroute-LP. O

Proposition 7. Let (x, f, z) be a feasible solution to PC-Mult i route—LP. There exists a feasible solution (z',z', f')

to Compact—-PC-Multiroute—LP such that

D W)+ (st)m(st) <Y w(v)w(v) + Y z(st)m(st).

Proof: We set 2/ = x and 2z’ = z. For each pair st, we orient paths in P:t(St) from s to ¢. Then, we set f'(a, st) =
Zﬁepgst)’aeﬁ f(P). It is straightforward to verify that (', 2/, f') is feasible for Compact-PC-Multiroute-LP.

|
The Compact-PC-Multiroute-LP relaxation has polynomial size and therefore we can solve it in polynomial
time. Proposition [6] and Proposition [7]imply that we can find a k-approximate solution to PC-Multiroute—-LP in

polynomial time via solving the corresponding instance of Compact-PC-Multiroute-LP (see Theorem [2.2.1).

2.3 Rounding a fractional solution to PC-Multiroute-LP

We use the approach of Bienstock et al. [2] to relate the integrality gap of PC-Multiroute-LP to the integrality

gap of Multiroute-LP.
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Lemma 2.3.1. Consider an instance (G, w, ) of the node-weighted PC-EC-SNDP where the input graph G belongs
to a family G of graphs. Let (x, f, z) be a feasible fractional solution to PC-Multiroute—LP for this instance.

There is a feasible integral solution H whose cost is at most

2y (Zx(v)w(v)) +2 <Z z(st)w(st)) <2y (Zx(v)w(v) +y z(st)w(st)) ,

v st v

where v is an upper bound on the integrality gap of Multiroute—-LP on instances of the node-weighted SNDP
problem in which the input graph G is in G. Moreover, if there is a polynomial-time algorithm that rounds a fractional
solution to Multiroute—LP to an integral solution of value at most p times the value of the fractional solution,
then there is a polynomial time algorithm that rounds a fractional solution to PC-Multiroute—LP to an integral
solution of cost at most 2p times the cost of the fractional solution.
Proof: Let I = {st | z(st) > 1/2}. Consider the Multiroute—LP instance that we get from the prize-collecting
instance by setting the requirements of all the pairs in I to zero. Let J be the set of all pairs not in I. Let 2’ and f’
be the following vectors. For each vertex v € V, we set 2'(v) = min{1,2z(v)}. For each pair st € J and each
peP weset £(p) = £(B)/(1 — z(st)). (Note that, for each st € J, z(st) < 1/2.)

We can show that (2/, f') is a feasible solution to the Mult i route—LP instance as follows. The solution clearly
satisfies the first and third set of constraints. Therefore it suffices to verify that it also satisfies the second set of

constraints. Consider a vertex v € V' and a pair st € J. Suppose that 2/ (v) = 1. We have

o o< Y. =1L

pePI vep peprit)

Therefore we may assume that 2’ (v) = 2z:(v). We have

S w2 S ) < 2) = 2 (0).

peP Y vep pePIEY vep

The first inequality follows from the fact that z(st) < 1/2 and the second inequality follows from the fact that (z, f, z)
is a feasible solution to PC-Multiroute-LP.

Therefore (2', f') is a feasible solution to Multiroute—LP. Since the integrality gap of Multiroute—LP is
7, there is a subgraph H of weight at most v > w(v)z’(v) that satisfies the requirements of all the pairs in .J. Since

H satisfies the requirements of all pairs in J, the cost of H is at most

0% Z 7' (v)w(v) + Z mw(st) < 27y Zx(v)w(v) +2 Z z(st)m(st) < 2y (Z z(v)w(v) + Z z(st)w(st)) .

stel v v
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|
In Theorem we show that the integrality gap of Multiroute-LP is O(klogn). Following corollaries follow

from the O(klogn) integrality gap of Multiroute-LP and the scaling method we describe in this section (see

Theorem[2.3.T).

Corollary 2.3.2. The integrality gap of PC-Multiroute-LP is O(klogn).

Corollary 2.3.3. There is an algorithm that takes as input a fractional solution (z, f,z) to PC-Multiroute—-LP
and in polynomial time it constructs a feasible integral solution whose cost is at most O(klogn) times the cost of the

fractional solution.

Corollary 2.3.4. The integrality gap of PC-Multiroute-LP is O(k) in minor-closed graph families, where the

constant depends only on the family.

Corollary 2.3.5. Consider an instance of the node-weighted PC-EC-SNDP for which the input graph belongs to a
minor-closed family G. There is a polynomial time algorithm that takes as input a fractional solution (x, f,z) to
PC-Multiroute-LP and it constructs a feasible integral solution whose cost is at most O(k) times the cost of the

fractional solution, where the constant depends only on the family G.

Now we turn our attention to the problem of approximating the node-weighted PC-EC-SNDP. We start by constructing
an O(k)-approximate fractional solution to PC-Multiroute—-LP; by Theorem|2.2.1] we can construct such a solu-
tion in polynomial-time. Once we have a fractional solution, we can use the algorithm guaranteed by Corollary [2.3.3]
or Corollary [2.3.5]to construct a feasible integral solution. Therefore we have the following approximation guarantees

for the problem.

Theorem 2.3.6. There is an O(k? log n)-approximation for node-weighted PC-EC-SNDP, where k is the maximum

requirement between a pair of vertices.

Theorem 2.3.7. There is an O(k?)-approximation for node-weighted PC-SNDP on minor-closed families of graphs,

where k is the maximum requirement between a pair of vertices.

2.3.1 Integrality gap of Multiroute-LP via Aug-LP

In this section, we show that the integrality gap of Multiroute-LP is O(k) times the integrality gap of Aug-LP.

In Sectionwe show that the integrality gap of ELC-Aug—LP which captures Aug-LP is O(logn).

Theorem 2.3.8. Let OPT be the value of the optimal fractional solution to Multiroute—-LP. There is a polynomial
time algorithm that constructs a subgraph H of G such that H is a feasible solution for the node-weighted EC-SNDP
instance and the weight of H is O(klogn)- OPT.
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By the fact that the integrality gap of ELC-Aug-LP is O(logn) we can similarly show that the integrality gap of

ELC-Multiroute-LP is O(klogn).

Theorem 2.3.9. Let OPT be the value of the optimal fractional solution to ELC-Multiroute—-LP. There is a
polynomial time algorithm that constructs a subgraph H of G such that H is a feasible solution for the node-weighted

ELC-SNDP instance and the weight of H is O(klogn)- OPT.

Via primal-dual approach, Chekuri et al. [3|] show that the integrality gap of Aug—LP that arise from instances of
EC-SNDP for which the input graph belongs to a minor-closed family G is O(1). Following theorems follow from the

O(1) integrality gap of Aug—LP in minor-closed families of graphs.

Theorem 2.3.10. Let OPT be the value of the optimal fractional solution to Multiroute—-LP. If the input graph G
belongs to a minor-closed family G, there is a polynomial time algorithm that constructs a subgraph H of G such that
H is a feasible solution for the node-weighted SNDP instance and the weight of H is O(k)- OPT, where the constant

depends only on the family G.

Theorem 2.3.11. Let OPT be the value of the optimal fractional solution to ELC-Multiroute—-LP. If the input
graph G belongs to a minor-closed family G, there is a polynomial time algorithm that constructs a subgraph H of
G such that H is a feasible solution for the node-weighted ELC-SNDP instance and the weight of H is O(k)- OPT,

where the constant depends only on the family G.

In order to prove Theorem [2.3.8] and Theorem [2.3.10] we use the augmentation framework that was introduced by
Williamson et al. [27] for the edge-weighted EC-SNDP problem. Note that the theorems only upper bound the inte-
grality gap of the relaxations; the algorithms for EC-SNDP are not based on solving them. The relaxations need to be
solved for PC-EC-SNDP to identify the pairs to connect and reduce to EC-SNDP.

We start by introducing some notation. A set S separates a pair st iff S contains exactly one of s,¢. Let r :
2V — Z, be the function such that r(.S) is the maximum requirement of a pair separated by S. Let r, : 2V — Z,
be the function such that 7,(.S) = min{r(S), ¢} for all sets S C V. Let §z7(5) be the set of all edges of H with an
endpoint in S and the other in V' — S (note that H may not contain all the vertices of S). A graph H covers r iff
|01 (S)| > r(S) for all sets S. By Menger’s theorem, a graph H is a feasible solution to the SNDP instance iff H
covers 7 (see Theorem[1.3.2).

The algorithm selects a cover H of r in k phases. The algorithm maintains the invariant that the first ¢ phases have
selected a graph H, that covers r,. During phase ¢, the algorithm adds a new set of nodes to Hy_; in order to get a
graph H, that covers . More precisely, in phase ¢, we solve the following augmentation problem. It is convenient to
assume that all the nodes in H,_1 have weight zero; since we have already paid for the nodes, we can set their weight

to zero at the beginning of phase ¢. Let hy : 2 — {0, 1} be the function such that hy(S) = 1iff |6z, ,(S)] = —1
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and r(S) > (. Let G, = (V,E — E(Hy—1)). The goal is to select a minimum weight subgraph K, of G, that covers
he; once we have K, we let H, be the subgraph of G induced by V (H,_1) UV (K,).

Consider a phase /. Recall that the goal is to cover hy using a subgraph of G',. Let e (S) be the vertex neighbor-
hood of S that is, the set of vertices v € V' — S such that there is an edge uv € F (G}), where u© € S. We have the

following relaxation for the augmentation problem of phase £.

Aug-LP (Glév h)

min Z w(v)z(v)

z(v) >0 YwveV

As shown in Lemma [2.3.12] for each phase of the algorithm, the optimal value of Aug-LP is at most the optimal

value of Multiroute-LP.

Lemma 2.3.12. Let (z, f) be a feasible solution to Multiroute—LP. For any phase {, x is a feasible solution to
Aug—-LP(GY, hy).

Proof: Consider a set S C V such that hy(S) = 1. It follows from the definition of h, that S separates a pair st
with requirement at least ¢ and |dy,_, (S)| = £ — 1. Consider a tuple p € P;(‘St). Since |0p,_,(S)| =¢—1andp
contains at least ¢ edge-disjoint s-¢ paths, there is at least one edge e € P such that e € §G2 (S). Therefore, for any

tuple p € P;fSt), there exists a vertex v € I'g (:5) such that v € p. It follows that

oowwz= Y Y = Y =1

vel g (5) vel'qy (5) pePl* wep pept)

st

where the first and last inequalities follow from the fact that (x, f) is feasible for Multiroute-LP and the second

inequality follows from the fact that each tuple p € P;t(St) contains a vertex of ', (v). |

Corollary 2.3.13. Suppose that for each phase (, the integrality gap of Aug—LP(GY, hy) is at most p. Then the

integrality gap of Mult iroute—LP is at most kp.

The O(log n) integrality gap of Aug—LP (see Theorem |3.1.6) together with Corollary|2.3.13|imply an O(k logn)-
approximation for EC-SNDP ( see Theorem[2.3.8). Similarly, the O(k)-approximation for EC-SNDP in minor-closed

families of graphs (Theorem [2.3.10) follows from the O(1) integrality gap of Aug-LP in minor-closed families of
graphs ( see Theorem [3.1.7) and Corollary[2.3.13
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Chapter 3

Improved Approach and
Element-Connectivity

In this chapter, we consider node-weighted PC-SNDP in element-connectivity setup, PC-ELC-SNDP. We improve the
approach introduced in Chapter [2| and give an O(k logn)-approximation for PC-ELC-SNDP. Node-weighted ELC-
SNDP is defined as follows. The input is an undirected node-weighted graph G = (V, F) (weight of node v is denoted
by w(v)) and a requirement function r(st) for each pair of nodes. The vertices of G are partitioned into two sets, R
and V — R; we refer to the vertices of R as reliable and to the vertices of V' — R as non-reliable. A vertex s € V'
is terminal if there is some vertex ¢t € V such that r(st) > 0. Moreover, all terminals are in R. We assume that no
two reliable vertices are adjacent in GG; this assumption is without loss of generality, since we can subdivide each such
edge using an element of weight zero. The goal is to find a minimum weight subgraph H of G such that H contains
r(st) element-disjoint paths between each pair s and t. We use k to denote the maximum requirement. Similar to
PC-EC-SNDP, in prize-collecting ELC-SNDP the input in addition to that of ELC-SNDP, consists of penalties 7 (st)
for each pair of nodes s and ¢. The goal is to find a subgraph H of G to minimize the weight of H plus the sum of
the penalties for pairs whose connectivity requirement is not satisfied by H; a pair st is not satisfied if the number of
element disjoint paths in H between s and ¢ is strictly less than r(st) [1_1

In Chapter 2] we described how to relate the integrality gap of Multiroute-LP to its augmentation counterpart,
Aug-LP. Here we follow the same approach for the prize-collecting variant of Aug—LP in the element-connectivity
setup which is called PC-ELC—-Aug-LP. In this way, we are not required to solve the multiroute flow based relaxation

of PC-ELC-SNDP and we save a factor of k in the approximation ratio.

3.1 Integrality gap of PC-ELC-SNDP via PC-ELC—-Aug-LP

In this section, we show that there exists an O(k log n)-approximation algorithm for node-weighted PC-ELC-SNDP.

The ratio improves to O(k) in minor-closed families of graphs.

Theorem 3.1.1. There is an O(klogn)-approximation algorithm for node-weighted PC-ELC-SNDP in undirected

graphs which improves to an O(k)-approximation in minor-closed families of graphs.

'We consider the all-or-nothing penalty model; one should pay the penalty even if the connectivity requirement is slightly violated.
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In order to prove Theorem [3.1.1] we use the augmentation framework that was introduced by Williamson et al. [27]]
for the edge-weighted SNDP. The algorithm constructs a feasible solution to PC-ELC-SNDP in k phases. It selects
a subgraph H of G and a set of pairs Z such that for each pair st ¢ Z, H contains r(st) element-disjoint st-paths.
The set Z denotes the set of pairs whose connectivity requirement is not satisfied by H and we choose to pay their
penalties instead.

Letry : V x V — Z, be the requirement function of pairs in phase ¢; for each pair st, r¢(st) = min{¢,r(st)}.
The algorithm maintains the invariant that the first £ — 1 phases have selected a subgraph H,_; and a set of pairs Z,_;
such that for each pair st ¢ Z,_1, Hy—1 contains ry(st) element-disjoint st-paths. Let H, and Z, be empty sets. In
the first ¢ — 1 phases we have paid the cost of all vertices in Hy_; and the penalty cost of all pairs in Z,.

Let R be the set of pairs with connectivity requirement at least ¢; R, = {st|r(st) > £}. In phase ¢, a pair st
is called “unsatisfied” iff st € Ry — Z,_1 and H,_; contains exactly { — 1 element-disjoint st-paths. In phase ¢,
we augment the connectivity of a set of unsatisfied pairs by at least one and pay the penalty of the rest of unsatisfied
pairs. Since we have already paid for all vertices in H,_; and all pairs in Z,_;, it is convenient to assume that for
each v € Hy_1, w(v) = 0 and for each st € Z,_;, n(st) = 0. Let G = (V,E(G) — E(H¢-1)). In phase
¢, the problem is to select a subgraph K, of G, and a set of pairs Z; such that for each pair st ¢ Z,_1 U Z],
Ky U Hy_; contains at least ,(st) element-disjoint st-paths and the weight of K, plus the total penalty of pairs in
Z, is minimized. Let hy : Bgic — {0, 1} be the function that hg(S’) = 1iff § separates a pair st € Ry — Z;_, and
|A"— Al + |61, (S)\ ={—1.Let Z, = Z,_1 U Z;. By Menger’s theorem on element-connectivity, the goal is to
select Ky and Z; such that for each pair st € Ry, — Z; and each biset S € By that separates st, |FKZ(5’)| > hg(S’).
At the end of phase ¢, we pay the cost of the vertices in K, and the penalty cost of the pairs in Z;. Moreover, we set

Hy=H), UKpand Zy = Zy_1 U ZZ

Proposition 3.1.2. Consider phase ¢ of the algorithm. The function hy is a biuncrossable function.
Proof: Let X and Y be bisets that hs(X) = he(Y) = 1. This implies that r,(X) > ¢ and r,(Y) > (. Since
X, Y e Bz and terminals are reliable nodes, terminals are eitherin X NY, X — Y'Y — X' or V — (X UY) (see
Figure . Let sx,tx be the pair separated by X and let Sy, ty be the pair separated by Y. Then itis straightforward
to verify that either one of XNY and X UY and the other separates sy, ty or one of X—YandY-X separates sx, tx
and the other separates sy, fy. Suppose that the former case holds (the other case is similar). By bisubmodularity of
|S" =S|+ [0m, , ()] (see Lemmaand, he(X) +he(Y) < ho(X UY) 4 hy(X NY) which implies that
he(XUY)=he(XNY)=1. O
In Theorem and we show that in phase ¢, we can select a feasible solution (K, Z,) whose cost is
at most O(logn)- OPT, where OPT is the value of an optimal solution of PC-ELC-SNDP; this ratio improves to

O(1) on instances for which the input graphs is in a minor-closed family of graphs G. Thus at the end of phase k
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Figure 3.1: Terminals are either in A, B, C or D.

we have a feasible solution to PC-ELC-SNDP such that the weight of H}, plus the total penalty of all pairs in Zj, is
O(klogn)- OPT in general graphs and O(k)- OPT in minor-closed families of graphs.
Consider phase ¢. Let FG;(S) be the vertex neighborhood of S; FG;(S) ={veV-53uw e E(G)),uc S}

The LP relaxation of the augmentation problem in phase / is as follows.

PC-ELC-Aug-LP(GYy, hy)

min Z w(v)z(v) + Z m(st)z(st)

veV steVxV

st > @(v) > hy(S)(1—z(st)) Vst € Ry, VS € Bare,s€ StV -
UGFGQ(S)

z(v) >0 YweV

z(st) >0 VsteVxV

Lemma 3.1.3. PC-ELC-Aug-LP(GY, he) is a valid relaxation of the augmentation problem of PC-ELC-SNDP on
input graph G in phase (.

Proof: Let (H, Z) be a feasible solution for the augmentation problem of PC-ELC-SNDP in phase ¢. Define (z, z)
such that 2(v) = 1 if v € H and z(v) = 0 otherwise and z(st) = 1if (s,t) € Z and zero otherwise. Consider a
biset S that he(S) = 1 and S separates a pair st € Ry — Z (not that since we set 7(st) = 0 for each (s,t) € Zy_1,

Zy_y C Z). Since h¢(S) = 1, 7(st) > £ and |S" — S| + |0, ,(S)| = £ — 1. Since (H, Z) is a feasible solution to the
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augmentation problem in phase ¢, H contains at least ¢ element-disjoint st-paths. This implies that for each st € Ry,

Y ww) 26— 6m, ,(S)] 212 he(S)(L — 2(st)).
IEFG/Z(S')
|
Following lemma shows that in each phase ¢, the cost of an optimal solution to PC-ELC-Aug-LP (G, hy) is not

more than the cost of an optimal solution of PC-ELC-SNDP.

Lemma 3.1.4. Let subgraph H and set of pairs Z be a feasible solution of PC-ELC-SNDP. For each phase ¢ < k, H
along with Z is a feasible solution to PC~ELC-Aug—LP(G}, hy).

Proof: For each v € V, let z(v) = 1 if v € V(H) and zero otherwise. Similarly, let z(st) = 1if st € Z
and zero otherwise. The pair (z, z) corresponds to the solution (H,Z). Clearly (x, z) satisfy the non-negativity
constraints of PC-ELC-Aug-LP (G}, hy). We only need to show that (x, z) satisfy the first set of constraints as
well. Consider a biset S € Bg.c such that hg(S) = 1. Since hg(S’) =19 separates a pair st with r(st) > ¢ and
165, (9)| + ]S’ — S| = £ — 1. If z(st) = 1 for st, the right-hand side of the corresponding constraint becomes 0 and
it trivially holds. Consider the case that z(st) = 0. Note that |6z, , (S)|+ ]S’ — S| = £ — 1 and S’ — S only contains
non-reliable vertices. Since st € Ry — Z, H contains ¢ element-disjoint st paths. Thus there is at least one edge of
5(S) that is in dc, (S). Therefore, T, (8) NV (H)| is nonempty and it follows that for each S € By separating a

pair st € Ry — Z,

Z x(v) > 1.

velqy (9)

Thus (z, z) (or equivalently H and Z) is a feasible solution to PC-ELC-Aug-LP(GY, hy). O

Corollary 3.1.5. Let G be a node-weighted graph from a family of graphs G. Suppose that in each phase ¢, there is
an approximation algorithm that finds an integral p-approximate solution to PC-ELC—Aug—LP(GY, h¢). Then there

is a (kp)-approximation for PC-ELC-SNDP on graphs from family G.

Thus it suffices to bound the integrality gap of PC-ELC-Aug-LP(GY, he). Following the scaling method of Bienstock
et al. [2] and similar to Theorem [2.3.1} in Theorem we show that a A-approximation to ELC-Aug—LP gives a

2A-approximation to PC-ELC—Aug-LP. Thus it is enough to upper bound the integrality gap of ELC-Aug-LP. We

prove Theorem[3.1.6]in section[3.3]

Theorem 3.1.6. In each phase {, the integrality gap of ELC-Aug—LP(GY, hy) is O(logn). Moreover, there is a
polynomial time algorithm that selects a subgraph K, of G/, that covers hy and the weight of K is at most O(logn)

times the weight of the optimal solution to ELC-Aug—LP(GY, hy).
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You can find the proof of Theorem [3.1.7]in the long version of [3].

Theorem 3.1.7 (Long version of [3]]). Suppose that G belongs to a minor-closed family G. In each phase ¢, the
integrality gap of ELC-Aug-LP(G), he) is a constant that only depends on the family G. Moreover, there is a
polynomial time algorithm that selects a subgraph K, of G/, covers hy and the weight of K is at most O(1) times the

weight of the optimal solution to ELC-Aug—-LP(G), hy).

An important observation about the constraints of ELC-Aug-LP instances derived from ELC-SNDP is that if

he(S) = 1 then S" — S is a subset of zero-weight vertices, S’ — S C V (Hy_1).

Lemma 3.1.8. Consider ELC~Aug-LP(G), hy) and let S = (S, S") be a biset such that h(S) = 1. Then, 8" — 8 C
V(Hy—1).
Proof: Since hy(S) = 1, 7(S) > £and |S" — S| + |6, (S)| = —1. LetT = (8 — S) N (V(G) — V(Ho_1)).
Suppose for contradiction that 7" is a non-empty set and let Y = (S, 8" — T). Since all terminals have zero weight,
Y separates all terminal pairs separated by S and T(Y) = T(S’) > (. Note that since the vertices of 7' have non-
zero weight, H,_; does not have any edge incident to a vertex of 7. Therefore 6, (S) = g, (V). Thus
|S" =S —T| 4 0m, ,(Y)| = £ —1 —|T| < £ — 1, which contradicts the fact that at the end of phase £ — 1,
|S" = S| + |05, ,(S)| > ¢ —1foreach S € P with 7(S5) > ¢. O
Suppose that PC-ELC-Aug-LP(GY, h¢) is solvable in polynomial time. Then by the scaling method of Bien-
stock et al. [2]], the integrality gap of PC-ELC-Aug-LP(GY, he) is within a constant factor of the integrality gap
of ELC-Aug-LP(GY), h) (see Lemma and by Corollary and Theorem we have an O(klogn)-
approximation for node-weighted PC-ELC-SNDP. Similarly by Corollaryand Theorem there is an O (k)-
approximation algorithm for node-weighted PC-ELC-SNDP on minor-closed families of graphs. Theorem

shows that we can find an optimal fractional solution to PC-ELC-Aug-LP(GY, h¢) in polynomial time.

Lemma 3.1.9. Suppose that the integrality gap of ELC-Aug—LP(G), h¢) is o and PC-ELC-Aug—-LP(G), hy) is
solvable in polynomial time. Then the integrality gap of PC~ELC-Aug-LP(GY, hy) is O(c). Furthermore if there is
an algorithm that finds an integral p-approximate solution to ELC-Aug—LP(G, h¢) in polynomial time, we can find
an integral solution to PC~ELC-Aug—LP(GY, hy) in polynomial time whose cost is at most O(p).OPT, where OPT
is the cost of the optimal solution to PC-ELC-Aug—-LP(GY, he).

Proof: Let (x,z) be a feasible fractional solution to PC-ELC-Aug-LP(Gy, he). Let I = {st | z(st) > 1/2}.
Consider the ELC-Aug-LP(GY, h}) instance that we get from the prize-collecting instance by setting the requirement
of the pairs in I to zero. Let .J be the set of all pairs not in I. h},(S) = 1iff h,(S) = 1 and S separates a pair st € .J
and zero otherwise. Similar to h,, we can show that A} is a biuncrossable function. Let 2’ be the following vector. For

each vertex v € V, we set 2’ (v) = min{1, 2z(v)}.
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We can show that 2’ is a feasible solution to ELC-Aug-LP (G, hj,). The solution clearly satisfies 2’(v) > 0 for
all v € V(G}). Therefore it suffices to verify that it covers h}. Consider a biset S € Bzrc and an unsatisfied pair

st € J. Since (z, z) is a feasible solution for the prize-collecting instance,

> x(v) = he(S)(1 - z(st)).

UGFG}(S’)

If for a node v € FGQ(S'), x'(v) = 1 then,

UEFGZ(S’)

Therefore we may assume that ’(v) = 2x(v) forall v € ', (S). We have

o)=Y 23(v) > 2h(S)(1 — 2(st) > hu(S) = hi(S).
UEFGZ(S) vEFGZ(g)
The first inequality follows from the fact that (z, z) is a feasible solution to PC-ELC-Aug-LP (G, h¢) and the
second inequality follows from the fact that z(st) < 1/2 for all st € J. Therefore 2’ is a feasible solution to
ELC-Aug-LP(GY, hy). This implies that the integrality gap of PC-ELC-Aug-LP(GY, h¢) is at most 2« If there
exists an algorithm that finds an integral p-approximate solution of ELC-Aug-LP(GY, h}), there is a subgraph H of
weight at most p >~ w(v)z’(v) that satisfies the connectivity requirements of all pairs in .J. Thus the cost of H plus

the penalty of the pairs in [ is at most

pr/(v)w(v) + Zw(st) < Qpr(v)w(v) + 22 z(st)m(st) < 2p (Z z(v)w(v) + Z z(st)w(st)) .

v

Thus the subgraph H along with the set I is an O(p)-approximation solution for PC-ELC-Aug-LP (G, h¢). |

Next, we show that PC-ELC—-Aug-LP is solvable in polynomial time. In general, PC-ELC-Aug—-LP has expo-
nentially many constraints and to solve it in polynomial time we need to design a separation oracle and apply ellipsoid
method. First we describe a separation oracle for ELC-Aug-LP and then we show how to modify the oracle so that

it works for PC-ELC—-Aug-LP as well.

Theorem 3.1.10. Consider phase £ of the augmentation framework. There is an algorithm that finds an optimal

fractional solution to ELC-Aug—-LP(G, h¢) in polynomial time.
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ELC-Aug-LP(GY, hye)

min Z w(v)z(v)

S.t. Z fE(U) 2 h[(S) VS S BELC

yercz(ﬁ)

z(v) >0 YweV

Given a fractional solution x to ELC-Aug-LP (Gg, he), we define the function g, as follows. For each biset Se Beic,
let go(S, ) = |65, , (S)|+]5" =S|+ ZUEFG;Z (s) Z(v). By the constraint of ELC-Aug-LP, a biset S is violated w.r:1.
zif go(S, ) < r¢(S). To decide whether  is a feasible solution to ELC-Aug-LP(G’, hy) we need to check whether
there exists a biset § € By such that go(S, x) < 74(S). The idea is to construct a directed graph G* for each pair
st with r(st) > ¢ such that the value of st-min-cut in G%! is equal to MiNgep (c5 ey g g¢(S, x). This implies that
there is a polynomial time algorithm to check whether z is a feasible fractional solution of PC-ELC-Aug-LP (G, hy)
and report a violated constraint if there exists any.

We assume that 0 < z(v) < 1 for each v € V(G); otherwise, we can simply find a violated constraint. Since
w(v) = 0 for each v € V(H,y_1), we can assume that 2(v) = 1 for each v in Hy_;. For each pair st with r(st) > ¢,
we construct a directed graph G¢ with edge capacities as follows. Each edge uv € E(G) is replaced with two directed
arcs w — v and v — u both with unit capacity (c(u — v) = ¢(v — u) = 1). Moreover, we replace each vertex
v € V —{s,t} with two nodes v; and v, such that v; serves as the entrance gate and v,, serves as the exit gate of v (all
incoming arcs of v are incident to v; and all outgoing arcs of v are incident to v,) and an arc v; — v,, connects v; to

v,. The capacity of each arc v; — v, is defined as follows.

z(v) ifveV(G)—V(He)
c(vi—=vo) =4 oo ifveV(H;1)NR
1 ifve V(Hy—1)— R
There are two types of arc in G&!: the arcs representing nodes of G, v; — v,, and the arcs representing edges of G,
v, — ;. We call the first type, “node” arcs and the other one, “edge” arcs. In the following, we use 6~ (.5) to denote
the set of all incoming arcs of S, that is, arcs u — v where u ¢ S,v € S. We use 61(S5) to denote the set of all

outgoing arcs of .S, that is, arcs v — u where u ¢ S,v € S.

Foraset S C V(G3'), ¢(S) denote the value of the cut induced by S in G5’ which is equal to y s+ (s) cla).
Gst

Remark 3.1.11. Note that we consider terminal s (and similarly t) as a node representing both entrance and exit

gates of s; s = 8; = So.
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Figure 3.2: Undirected graph G with two types of
vertices: reliable vertices and non-reliable ones. Cir-
cles denote reliable vertices and squares denote non- Figure 3.3: The corresponding G of the graph in
reliable ones. Figure[3.2]

In following, we define simple st-cut in fo. In addition, we show that for each violated biset S e Bgrc w.rt. x

that separates s and ¢ there exists a simple st-cut S, in G5! such that ¢(S,) = g¢(S, z).
Definition 3.1.12. In directed graph G, an st-cut S is a simple st-cut if:

1. If v; — v, crosses S and v € V(Hy_1), then v is a non-reliable node.

2. Ifv, € S thenwv; is in S too.

3. If v, — w; crosses S, both u and v are zero-weight.

4. Ifv; — v, crosses S and v ¢ V(H;_1), there exists a node u, € S such that u,v; € E(GS!).
In the following proposition we show that there exists an st-min-cut of G5! that is a simple st-cut.

Proposition 8. Let GS' be the directed graph corresponding to a pair of nodes st and a fractional solution x to
ELC-Aug-LP(G, h). There exists a simple st-cut S’ that is an st-min-cut of G5'. Morover, we can find a simple
st-min-cut in ploynomial time.

Proof: We assume that Gj;t has a finite cut; otherwise, the proposition trivially holds. Consider an st-min-cut of G;t,

S. We show that in polynomial time we can construct a simple st-cut S’ such that ¢(S") = ¢(S).
1. Since the capacity of a “node” arc representing a zero-weight reliable node is infinity, no such arc crosses S.

2. Suppose that there exists a node v € V(G) such that v, € S and v; ¢ S. Consider S — {v,}. Since the only
incoming arc of v, is v;v, and v; & S, ¢(S — {vo}) = ¢(S). Let S1 = S — {v,|v, € S,v; ¢ S}; ¢(S1) = ¢(S)

and S, satisfies properties 1 and 2.

3. Then, we continue with S;. Suppose that there exists an arc v,u; crossing S7 such that at least one of v and u

is notin V(Hy_1). Assume that v ¢ V (H,_1); the other case is similar. Since the second property of simple
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Figure 3.4: A simple cut in G5'. White vertices denote the vertices in V (Hy_1).

cuts holds for 57, v; € S; too. Since the capacity of an “edge” arc is one and the capacity of a “node” arc
corresponding to a vertex v ¢ V(Hy_1) is z(v) < 1, ¢(S1 — {vo}) < ¢(S1) (in the case that u ¢ V (Hy—1),
we have ¢(S7; U {u}) < ¢(S1)). Since v; is not a zero-weight vertex, this update does not violate properties
1 and 2. Note that each time we perform this step the number of “edge” arcs of the cut decreases; thus this
update terminates in a polynomial time. We keep on performing this update until we reach a set So such that

¢(S2) < ¢(S1) and Sy satisfies properties 1 to 3.

4. Now, we proceed with set So. Suppose that there exists an arc v;v, crossing S that v € V(G) — V(Hy—1). If
there exists no u, € Sy such that u,v; € E(GS!), ¢(S2 — {v;}) < ¢(S2); we can remove v; from Sy without
increasing the cut value. We repeat this update until we obtain a set S3 that satisfies properties 1 to 4 and
c(53) < ¢(S2). Note that since v; is removed from Sy only if v, ¢ Sz and v; & dgs:(S2), this update does not
violate the properties 1 and 3. Moreover, since each time we perform this update the value of | S| decreases,

this step terminates in polynomial time.

The set S’ = Ss is a simple st-cut such that ¢(S’) < ¢(S). Our approach implies that we can find a simple st-min-cut
in polynomial time. 0
Now, we are ready to prove the main lemma that leads to a separation oracle for ELC-Aug—LP(G’, hy). Lemma
and shows that the value of an st-min-cut in G%¢ determines whether there exists a violated biset S w.r.t.

separating s and ¢.

Lemma 3.1.13. Consider phase { of the algorithm and let x be a fractional solution to ELC-Aug—LP(GY, h¢). For
each violated biset S = (S, S") w.rt. z, there exists a pair st and a simple st-min-cut S such that ¢(S,) = g¢(S, x).
Proof: Since S is a violated biset w.r:t. z, hy(S) = 1 and it separates a pair st with 7(st) > £. We assume that s € S
and construct S as follows. Let S = {v;,v,|v € S — {s}}, S2 = {v;|v € ' — S} U {w|v € FG;(S)}~ We define
S, =StuS2u{s}.
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First we show that S, is a simple st-cut. An arc v; — v, crosses S, if v € 8" — Sorv € FGé(g)' Since S is a
violated biset w.r.t. x, FGQ (S’ ) contains no reliable node; moreover, S’ — S only contains non-reliable nodes (S' eP).
Thus v is not a zero-weight reliable vertex and the first property holds. Our construction insures the second property;
v; € Sy if v, € S,. Moreover, if v; — v, crosses S, and v is not a zero-weight vertex, then v is either in S’ — S or
Iver (S). Since 8" — S consists of zero-weight vertices (Lemma , velg (S). Thus there exists a node u € S
such that uv € E(G) and property 4 holds. Finally suppose that an arc v, — w; crosses S. This implies that v € S,
ueV—(S"Ulg, (S)). Since v € Sand u € T (S) — FG;(S) Thus both u and v are zero-weight (u € T, ,(S))
and the third property holds too. Hence S, is a simple st-cut.

Next, we show that ¢(S,.) = g¢(S, z). Since S, is a simple st-cut, it only contains three types of arc:

u, — v; where both u and v have zero weight — wely, (S

v; — v, Where v is a zero-weight non-reliable vertex <= vesS -8

v; = v, where v € FGQ(S‘) and v has non-zero weight < ve FG2(§>

For the first type, if u, € S, and v; € V(G5!) — S, we can conclude that u € S and v € V(G) — S’ and since
both have zero weight, uv € dg,_, (S) Furthermore, for each uv € 0y, _, (S’) the arc u,v; crosses S,. Since u, — v;
is an “edge” arc and the capacity of “edge” arcs is one, |6z, , (S)| = Zuo—wieécgt (5, C(Uo = v;).

For the second type, by Lemma for each v € S’ — S, v is a zero-weight non-reliable node and v; — v,

crosses 5. Since c(v; — v,) = 1 for all zero-weight non-reliable vertices, [S" — S| = >, 0,5, (5.) (Vi = Vo).
w('u):LO
And for the last type, if v; — v, crosses S, and it corresponds to a non zero-weight vertex v, v € PG;(S)-

Moreover, for each v € FGQ(S'), v; € S and v, € V(G,) — S,. Since S is a violated biset w.rt. x, v is a non-zero

weight vertex. Thus ZUEFG/(S') T(V) = D 0008400 (50) C(Vilo)-
A’w(v);éO
These all together imply that ¢(S;) = g¢(S, x). O
Lemma 3.1.14. Consider phase { of the algorithm. For each finite simple st-cut S, in G5! where r(st) > {, there
exists a biset S such that he(S) = 1 and g¢(S, ) = ¢(Sy).
Proof: Consider a simple st-cut S,, where 7(st) > £. Construct the biset S = (.5,.5") as follows. Let S = {v|v;, v, €
Sz} U {s} and let Spay = {v|v; € Sz, v, ¢ Sz, w(v) = 0}. Define S” = S U Spqy. Since S, is a simple st-cut, the

first property of simple cuts implies that Sjq,, only contains zero-weight non-reliable vertices (see Definition[3.1.12).

By a similar argument to the proof of Lemma [3.1.13} we can show that |37, , (S)| = Zq;ouig(scst(s : clvouy), |8" —

S| = Zvivoeécét(é‘z) C(Uﬂ)o) and ngrg, (9) x(v) = Z”ivoe‘scgt (Sz) C('Uivo)- Thus C(Sm) = gZ(Sa CC) g
w(v)=0 ¢ w('u)#O
Now, we are ready to present a polynomial time separation oracle for ELC-Aug-LP relaxation.
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Lemma 3.1.15. ELC-Aug—LP(GY, h¢) has a polynomial time separation oracle.
Proof: We assume that 0 < z(v) < 1 for each v € V in the given fractional solution x; otherwise we can simply find
a violated constraint. Furthermore we can assume that z:(v) = 1 for all zero-weight vertices in G,

By the definition of gy, if there exists a violated biset S w.rz. z then g,(S,z) < ¢. For each pair st with r(st) > ¢
we construct G5!, If for each G5! the value of st-min-cut is not less than ¢ then z is a feasible solution (Lemma
and Proposition . Otherwise, if there exists a pair st such that the value of an st-min-cut in G2¢ is ¢/ < ¢, by
Proposition |3| we can find a simple st-cut whose value is ¢'. Furthermore, Lemma implies that a biset S such
that g(g(S’ ,x) = ¢ < £. Consequently, the corresponding constraint of S is violated w.r.. x. Since the number of st
pairs is O(n?) and for each pair we run a polynomial time algorithm, the whole algorithm runs in a polynomial time.

]
Thus we can solve ELC-Aug-LP (G, he) via ellipsoid method by the separation oracle guaranteed in Lemma

Similarly, we are able to find an optimal fractional solution to PC-ELC-Aug-LP (G, hy) in polynomial time.

Lemma 3.1.16. PC-ELC-Aug-LP(GY, hy) has a polynomial time separation oracle.

Proof: A fractional solution z is a feasible solution to PC-ELC-Aug-LP(G’, hy) iff 0 < z(v) < 1forallv €
V(G") and for each biset S where hy(S) = 1 and S separates s and t, ZUGFG,(S) z(v) > 1 — z(st). The non-
negativity constraints can be easily checked in polynomial time. Thus it is enough to check the constraints of type
ZUGFG/(S) x(v) > 1 — z(st) for each S with hy(S) = 1 that separates a terminal pair st with r(st) > ¢. Similar
to Lemma x is a feasible solution if for each pair st with 7(st) > ¢, the value of st-min cut in G5! is at least
¢ — z(st). By Lemma and similar to the proof of Lemma we can output a violated biset S if S is nota
feasible solution w.x.t. . Since the number of st pairs is O(n?) and for each pair we run a polynomial time algorithm,

the whole algorithm runs in a polynomial time. g

Theorem 3.1.17. Consider phase { of the augmentation framework. There is an algorithm that finds an optimal

solution to PC-ELC-Aug-LP(GY, hy).

3.2 Approximation Algorithm for Node-weighted PC-VC-SNDP

In this section we show that there is an O (k* log? n)-approximation for node-weighted PC-VC-SNDP which improves
to O(k*logn) in minor-closed families of graphs. Chuzhoy and Khanna [6] show that in order to solve an instance
of VC-SNDP, it is enough to solve O(k?logn) instances of ELC-SNDP obtained from the VC-SNDP instance. In
this section, we combine the scaling method of Bienstock et al. [2] and Chuzhoy’s and Khanna’s reduction to give an

O(k* log? n)-approximation for node-weighted PC-VC-SNDP.
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Similar to the initial step of the algorithms we proposed for PC-SNDP and PC-ELC-SNDP earlier in Section [2.3]
and Section [3.1} first we reduce the given node-weighted PC-VC-SNDP instance to a non prize-collecting instance
by solving an LP-relaxation of node-weighted PC-VC-SNDP. The relaxation we consider for the node-weighted
PC-VC-SNDP (and VC-SNDP) is based on multiroute flows and we refer it as PC-VC-Multiroute—-LP (and
VC-Multiroute-LP). In Chapter 2] we proved that Multiroute-LP is NP-hard and we instead worked with
a k-approximate feasible solution. However, in Lemma we show that PC-VC-Multiroute-LP is solvable
in polynomial time. Moreover, Corollary [3.2.3] implies that given a p-approximation to VC-Multiroute-LP, we
can design an O(p)-approximation for PC-VC-Multiroute-LP. Following Chuzhoy’s and Khanna’s method,
we decompose the given instance of node-weighted VC-SNDP into O(k®logn) instances of ELC-SNDP such that
the union of their feasible solution is a feasible solution to the VC-SNDP instance. Since the integrality gaps of
ELC-Multiroute-LP is O(klogn) (see Theorem and a feasible solution to the VC-Multiroute-LPisa
feasible solution to the ELC-Multiroute-LP instances arise from Chuzhoy’s and Khanna’s decomposition (Propo-
sition , the integrality gap of VC-Multiroute-LP is O(k* log? n). Moreover since VC-Multiroute-LP is

solvable in polynomial time, by Lemma , the integrality gap of PC-VC-Multiroute-LP is O(k* log? n) too
(see Corollary [3.2.3).

3.2.1 LP Relaxations for node-weighted PC-VC-SNDP

Let s and ¢ be two terminals and let ¢ be an integer. Consider a tuple D = (p1,pa2, - - , p¢) such that each p; is a path
from s to ¢ and the paths in p are vertex-disjoint; we refer to such a tuple p as an /-route tuple connecting s to t. A
vertex v intersects P if there exists a path in P that contains v; we use v € p to denote the fact that v intersects p.
Consider an instance (G, r, ) of node-weighted PC-VC-SNDP. For each pair st, we let 77;(80 denote the collec-
tion of all r(st)-tuples that connect s to ¢, where r(st) is the connectivity requirement of the pair. We can write a
relaxation for the problem as follows. We have a variable x(v) for each vertex v and a variable z(st) for each pair
st of nodes with the interpretation that z(v) = 1 if v is in the solution and z(st) = 1 if the requirement of st is not
satisfied by the solution. We also have variables f(p), where p € 77;(“), with the interpretation that f(p) = 1 if the

paths connecting s to ¢ are the paths of p.
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PC-VC-Multiroute-LP

min Y " w(v)z(v) + Y w(st)z(st)

VC-Multiroute-LP

veV steV XV min Z w(v)z(v)
veV
s.t. Z f(@) =1—z(st) Vst
Fepr(e? s.t. Z f@)=1 Vst
L peplit)
Z f(@) <z(v) Yu,Vst
PEPTCO vep Z f@) <z(v) Vo,Vst

peP Y vep
0<z(w)<1l Wo
0<z(w)<1l Yo
0<z(st)<1 Vst

f(e) =0 vp

f®) >0 vp

Proposition 9. PC-VC-Multiroute—LP is a valid relaxation for node-weighted PC-VC-SNDP.
Proof: Consider a feasible solution H of PC-VC-SNDP. Let I be the set of all pairs st such that there are less than
r(st) vertex-disjoint paths in H from s to ¢; differently said, I is the set of all pairs whose requirement is not satisfied
by H. Note that the cost of H is 3, ey w(v) + ey T(s0).

We construct a solution (z, f, z) to PC-VC-Multiroute-LP as follows. For each vertex v, we set z(v) = 1
if v is in H and we set z(v) = 0 otherwise. For each pair st, we set z(st) = 1 if st is in I and we set z(st) = 0
otherwise. For each pair st not in I, we select a tuple p € P;t(St) such that all the vertices of p are in H, and we set
f (@) = 1. For each tuple P such that f(p) is undefined, we set f(p) = 0.

The solution (x, f, ) clearly satisfies the first set of constraints and the last three sets of constraints. Therefore it
suffices to verify that the solution satisfies the second set of constraints. Consider a vertex v and a pair st. If v is not
in H, there does not exist a tuple p such that v € p and f(p) = 1. Now suppose that v is in H. Note that 2(v) = 1.

1.

Since we selected at most one tuple p € P35 for the pair st, there is at most one tuple p such that v € p and f(p)

a
We design an approximation algorithm for node-weighted PC-VC-SNDP as follows. Following the scaling technique
of Bienstock et al., given a feasible solution (z, f, z) to PC-VC-Multiroute—-LP itis easy to obtain another feasible
solution (2/, f’, z’) such that 2’ is integral and the cost of (2/, f’, 2’) is at most 2 times the cost of (z, f, z). The proof

of the following lemma is similar to the proof of Lemma[2.3.T]and we skip it.

Lemma 3.2.1. Consider an instance (G, w, ) of the node-weighted PC-VC-SNDP problem where the input graph G

belongs to a family G of graphs. Let (x, f, z) be a feasible fractional solution to PC-VC—Mult iroute—LP for this
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instance. There is a feasible integral solution H whose cost is at most

2 (Z x(v)w(v)) +2 <Z z(st)w(st)) <2y (Z z(v)w(v) + Z z(st)w(st)) ,

v st v

where vy is an upper bound on the integrality gap of VC-Multiroute—LP on instances of the node-weighted VC-
SNDP in which the input graph G is in G. Moreover, if there is a polynomial-time algorithm that finds an integral
solution to VC-Mult iroute—LP of value at most p times the value of the optimal solution, then there is a polynomial
time algorithm that finds an integral solution to PC-VC-Multiroute—LP of cost at most 2p times the cost of its

optimal solution.

Lemma 3.2.2. PC-VC-Multiroute—-LP(G,r, ) is solvable in polynomial time.

Proof: For each pair of terminals st, we need to check whether there exists (1 — z(st))r(st) vertex-disjoint st-
paths in G or not. It is equivalent to compute max st-flow in node-capacitated graph G’ where the node capacity
of each vertex v is «(v). For each pair st, this can be computed in polynomial time via a max-flow algorithm. Thus
PC-VC-Multiroute-LP has a separation oracle and we can find an optimal solution to PC-VC-Multiroute-LP
in polynomial time via ellipsoid method. |
Lemmatogether with Lemmaimply that there is an O(p)-approximation to PC—VC-Multiroute-LP if

VC-Multiroute-LP admits a p-approximation.

Corollary 3.2.3. Suppose that the integrality gap of VC—-Multiroute—LP on instance of node-weighted VC-SNDP
in which the input graph belongs to a family G of graphs is ~y. Then the integrality gap of PC-VC-Multiroute—-LP
on instances of node-weighted PC-VC-SNDP in which the input graph belongs to G is O(~). Moreover, there is a
polynomial time algorithm that finds an integral O(p)-approximation to PC-VC-Mult iroute—LP if there exists an

algorithm that finds an integral p-approximation to VC-Mult iroute—-LP in polynomial time.
Following technical lemma follows form Chuzhoy’s and Khanna’s reduction [6].

Lemma 3.2.4. Given an instance {G,r) of VC-SNDP, in polynomial time we can construct a family terminals T =
{11, Ts,- -+ ,T,} of size O(k®logn) such that the union of the feasible solutions to ELC-SNDP instances on each T;
is a feasible solution to the VC-SNDP instance. For each T;, the ELC-SNDP (G, ;) is defined as follows. Vertices of
T; are considered as reliable and the rest are considered as non-reliable. Moreover, r;(st) = r(st) if s,t € T; and

zero otherwise.
It is straightforward to verify the following proposition.

Proposition 10. Consider an instance (G, r) of VC-SNDP. Let (G, ;) be an instance of ELC-SNDP that arises from on

terminal set T; generated by Chuzhoy’s and Khanna’s reduction. A feasible solution H to VC-Multiroute-LP(G, 1)
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is a feasible solution to ELC-Multiroute—-LP(G,1;).

Lemma and Proposition |10| and the fact that the integrality gap of ELC-Multiroute-LP is O(klogn) in
general graphs an O(k) in minor-closed families of graphs (see Theorem and Theorem [2.3.11)) imply that the

integrality gap of VC-Multiroute-LP is O(k*log? n).

Theorem 3.2.5. There is an algorithm that constructs a feasible integral solution of VC-Multiroute—LP in
polynomial time with cost at most O(k* log2 n)OPT where OPT is the cost of the optimal fractional solution of
VC-Multiroute—LP. This ratio improves to O(k*logn) on instances for which the input graph belongs to a

minor-closed family G where the constant only depends on the family G.

Corollary and Theorem m show that there exists an O(k* log® n)-approximation for node-weighted PC-VC-
SNDP.

Theorem 3.2.6. There is an algorithm that finds an O(k* log? n)-approximate solution of PC-VC-SNDP in polyno-
mial time. This ratio improves to O(k*logn) on instances for which the input graph belongs to a minor-closed family

G where the constant only depends on the family G.

Chuzhoy and Khanna [|6] also showed the following result that improves the approximation ratio for Rooted VC-SNDP

in which in addition to the input graph G we are given a root vertex r € V(G) and r(st) = 0if s # 7.

Lemma 3.2.7. Given an instance (G, r) of Rooted VC-SNDP with root s, in polynomial time we can construct a
family terminals T = {T1,Ts, -+, T,} of size O(k®logn) such that the union of the feasible solutions to Rooted
ELC-SNDP instances on each T; is a feasible solution to the Rooted VC-SNDP instance. For each T;, the Rooted
ELC-SNDP instance (G, ;) is defined as follows. Vertices of T; are considered as reliable and the rest are considered

as non-reliable. Moreover, r;(st) = r(st) ift € T; and zero otherwise.

Remark 3.2.8. Similar to our approach we described for node-weighted PC-VC-SNDP and by Lemma There
is an O(k3log® n)-approximation for node-weighted Rooted PC-VC-SNDP. The ratio improves to O(k®logn) on
minor-closed families of graphs. By Corollary we have an O(k* log2 n)-approximation for node-weighted
Rooted PC-VC-SNDP which improves to O(k3 logn) on instances in which the input graph belongs to a minor-closed

families of graphs.

3.3 Integrality gap of ELC-Aug-LP

In this section, we prove Theorem [3.1.6| that upper bounds the integrality gap of ELC-Aug-LP. In order to simplify
notation, we let G’ = G and h = hy; our goal is to select a minimum-weight subgraph K of G’ that covers h. As we

have already seen in section we have the following LP relaxation for this problem.
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ELC-Aug-LP(G’, h) Dual of ELC-Aug-LP(G', h)
min Z w(v)z(v) max Z y(S)h(S)
veV Sep
st. Y @(v) = h(S) VS € B st Y y®) <wlw) YweV
vEl g1 (S) S:wel g (S)
z(v) >0 YoeV y(8) >0 VS € Bgic

Our proof uses the concept of a (generalized) spider that was introduced by Nutov [24] which we will define shortly.
While Nutov uses a combinatorial algorithm to find a spider we find one via a primal-dual algorithm and relate its

density to the solution of the LP relaxation. We start with some notation and some definitions that are based on [24,27]].

Recall that we are working with a 0-1 biuncrossable function & : Bz — {0,1}. We can also view h as a family
consisting of all bisets S such that (S) = 1. Following Nutov, we let 7 = {S | h(S) = 1} be the bifamily
corresponding to h. We refer to each biset in F as a violated biset and we refer to the inclusion-wise minimal bisets
of F as min-core. Let C be the set of all min-core of F. The min-cores in C are non-overlapping and we can compute
the collection C in polynomial time for the function A that arises in ELC-SNDP [19]]. Additionally, by Lemma|3.3.1}if

S is a violated biset and C' is a min-core, C and S are non-overlapping.

Lemma 3.3.1. Consider a biuncrossable family F. Let S be a biset in F and C be a min-core of F. Then, Cand S
are non-overlapping. In particular, the inner part of the min-cores of F are pairwise disjoint.
Proof: Suppose that S and C are overlapping. Since F is a biuncrossable family either CnSorC—Sisin F which
contradicts the minimality of C. Thus S and C are non-overlapping. In particular, since no min-core contains a biset
of F, the inner part of the min-cores of F are pairwise disjoint. g
Abiset § = (S,8") € Fisacore of Fiff S contains exactly one min-core of F; we refer to a core S that contains
the min-core C' € C as a C-core. Let A C C and let u be a vertex. Let S (A,u) C F be the family consisting of all
bisets 5 € F such that S is an A-core for some A € Aand u ¢ S’. We refer to the bifamily S(A, u) as a spider
bifamily. We refer to the min-cores in 4 as the feet of S(.A, u) and we refer to u as the center of S(A,u). A set
F C E(G') of edges covers a family F of bisets iff for each biset 5 € F, there is at least one edge of F leaving S;
more precisely, we have |07 (S)| > 1 for each biset S € F'. If F is a spider bifamily, we refer to F as a spider cover.
Nutov [24] introduced the notions of spider families and covers as a generalization to the concept of spiders that play
an important role in the algorithm of Klein and Ravi [22] for the node-weighted Steiner tree problem; we refer the
reader to [24] for more details. We remark that there are subtleties when thinking about spiders for biuncrossable

functions since a spider cover F' can be disconnected.
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The algorithm for covering /. Nutov extended the algorithm of Klein and Ravi to the problem of covering an
uncrossable family F as follows. We find a spider bifamily S(A, u) and a cover F of S(A,u). Let F' = {S | § €
F,67(S) = 0} be the subfamily of F that is not covered by F'; the residual family ' is uncrossable as well (see
Proposition 3.1.2). Let G” = (V, E(G’) — F). We recursively construct a cover F/ C E(G") for 7' and we return
F U F’ as our cover of F.

Nutov gave a polynomial time algorithm to find a spider cover whose weight (in terms of nodes) is “comparable”
to the weight of the optimal integral solution; here the comparison is in the sense of density which is the weight
divided by the number of min-cores that are removed by the addition of the cover. We show that we can find a spider

cover whose weight is “comparable” to the weight of the optimal fractional solution for ELC-Aug-LP(G’, h). More

precisely, we show the following theorem.

Theorem 3.3.2. There is a spider bifamily S(A, u) of F and a cover F of S(A, w) with the following properties. Let
F' ={S| S e F, bop(S) = 0} be the subfamily of F that is not covered by F, and let C' be the collection of all
minimal bisets of F'. We have |C'| < |C| and w(V (F)) (total weight of the nodes in F) is O((|C| — |C'|)/|C|) times
the value of the optimal fractional solution to ELC-Aug-LP(G’, h). Moreover, we can find the feet A, the center u,

and the cover F of S(A, u) in polynomial time.

Once we have Theorem [3.3.2] we can find a cover of h using a greedy algorithm. If the collection C of all minimal
violated bisets is empty, we return an empty cover. Otherwise, let S(A, u) and F' be the spider bifamily and spider
cover guaranteed by Theorem[3.3.2] Let H' be the selected subgraph and A’ be the 0-1 function corresponding to the
residual family 7 (h/(S) = 1if S € F’ and zero otherwise), and let G” = (V, E — E(H')). We recursively find a
cover F’ of b/ and we return F U F”.

It is straightforward to verify that the weight of the optimal fractional solution to ELC-Aug-LP(G”, k') is at most
the weight of the optimal fractional solution to ELC-Aug-LP(G’, h). This observation together with a standard set
cover analysis gives us that the total weight of the cover constructed by the algorithm above is O(log|C|) times the
weight of the optimal fractional solution to ELC-Aug-LP(G’, h).

Therefore, in order to complete the proof of Theorem [3.1.6] it suffices to prove Theorem [3.3.2] In the following,

we give the algorithm for constructing the spider bifamily S(.A, u).

Primal-dual algorithm for constructing the spider bifamily. Consider the dual of the ELC-Aug-LP(G’, k). The
algorithm selects a set X C V(G’) of nodes as follows. The algorithm also maintains a solution y that is feasible for
the dual of ELC-Aug-LP(G’, h); the solution y is implicitly initialized to zero.

We proceed in iterations. Consider iteration ¢ and let X;_; be the nodes selected in the first ¢ — 1 iterations; X

is the set of all zero-weight nodes. A biset S is violated with respect to a set Z of nodes iff h(S ) = land d¢r(z (S )
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is empty. Recall that C is the collection of all minimal violated bisets of h; note that C is also the collection of all
minimal bisets that are violated with respect to Xg. Let C;_1 be the collection of minimal violated bisets with respect
to X;_1. For each biset C' € C;_;, we have €’ C X;_1; furthermore, ¢/ — C' C X, (see Lemmaand .
Since the components of C;_; are non-overlapping and two components C eCand ¢’ € C;_ do not overlap, we have
ICi—1| < |C|. If |C;—1] is strictly less than |C|, we return the set X = X;_; and the dual solution y, and we terminate
the algorithm. In other words, we stop the algorithm when at least two of the min-cores in C merge and are part of
the same minimal violated biset of C;_;. Otherwise, we increase the dual variables {y(C)} ¢ec,_, uniformly until a
dual constraint for a vertex becomes tight. (Note that it is possible that the increase was zero if there was already a
tight vertex at the beginning of the iteration; any vertex that was already tight is not in X;_;.) Let v be a vertex that
became tight; if there are several such vertices, we pick one of them arbitrarily. We add v to X and we proceed to the
next iteration (note that we have X; = X;_; U {v}).

The primal-dual algorithm described above is not well-defined for an arbitrary biuncrossable function . However,

by Lemma[3.1.8]and the following lemma, primal-dual works on biuncrossable function arise in ELC-SNDP instances.

Lemma 3.3.3. Let C = (C,C") be a biset in Ci_y. Then C' is a subset of X;_1.
Proof: By Lemma C’ — C is contained in X. Therefore it suffices to show that C is a subset of X;_;. Let
S = C N X;_1. Suppose for contradiction that S is a proper subset of C. Note that S contains all of the terminals
of C, since terminals have zero weight and let Y = (S, S U (C’ — C)). Since C' — S contains no terminal, we have
7(C) = r(Y) . Therefore 7(Y') > £. Note that H,_; does not have any edges incident to C' — 3, since the vertices in
C — S have non-zero weight. Therefore 87, ,(Y) = 6, , (C). It follows that Y is violated, which contradicts the
minimality of C. ]
Following lemma shows that primal-dual is well-defined for ELC-Aug—LP on biuncrossable functions arise in

ELC-SNDP instances.

Lemma 3.3.4. Consider iteration i in the phase { of the augmentation problem of ELC-SNDP. The dual solution y
constructed by the primal-dual algorithm satisfies the primal complementary slackness conditions. More precisely,
for each vertex v € X, we have ZS’:UEFC;/(S’) y(S) = w(v).

Proof: We can prove the lemma by induction on the number of iterations of the primal-dual algorithm. Initially, y
is zero and X consists of all zero-weight vertices. Thus the complementary slackness conditions are satisfied at the
beginning of the algorithm. Now consider iteration ¢ > 0. By Lemma|[3.3.3] none of the vertices in X;_; are adjacent
in G’ to the minimal violated components of C;_;. Thus, at the end of iteration i, we have ZS’:UEFG/ &) y(S) = w(v)

for each vertex v € X;_;. Additionally, the vertices in X; — X;_; became tight in iteration ¢. Thus, at the end of

iteration 4, we have Zé:veFG,(S) y(8) = w(v) for each vertex v € X; — X;_; as well. O
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Figure 3.5: This figure shows the case that integrality gap of ELC-Aug—LP is unbounded. Note that the inner part of the biset

contains a non-zero weight vertex. Consider the function h that h(S) = 1 and zero for other bisets.

Remark 3.3.5. The integrality gap of ELC-Aug—LP(G}), hy) is unbounded when hy is an arbitrary 0-1 uncrossable
function (Figure [3.3). However, the functions hy that arise from instances of the node-weighted ELC-SNDP in the

augmentation framework have additional properties that guarantee a bounded integrality gap.

Let X be the set of nodes selected by the algorithm. Let ¢* denote the last iteration of the algorithm which adds
anode. Let C = U;<i=C;—1 be the collection of all bisets that were minimal violated bisets throughout the history of
the primal-dual algorithm before merging happens at the end of iteration ¢*. Let u be the node that was added to X
in iteration ¢*. Intuitively, the addition of u merged some of the cores. We formally identify the min-cores associated
with the merged cores as follows. Let A = {C' € C | thereis D € C;«_ such that C' < D and u € T'¢v(D)}. The
family S(A, u) is the desired spider bifamily. In order to describe the reverse delete and analyze the cost of the selected
nodes we need to establish some properties of bifamily C formally. Following lemma implies that the collection Cis

a non-overlapping union of non-empty chains {£4} &, where each chain £ consists of C-cores.

Lemma 3.3.6. The collection C has the following properties:

(a) C is a laminar bifamily.

(b) For each min-core C' € C and each iteration i of the primal-dual algorithm, there is a biset D € Ci_y such that
C =< D.

(c) Each biset in C is a core of h.

Consider the collection L consisting of all bisets of C that contain the min-core C' € C. By the theorem above,

L is a laminar bifamily. Since the bisets of L are C-cores, they form a chain. The lemma above follows from
Proposition[T2] Proposition[I3] and Proposition [14}

Proposition 11. Consider an iteration i of the primal-dual algorithm. The bisets of C;_1 are non-overlapping. Addi-

tionally, each biset of C;_1 contains a min-core of C.
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Proof: The fact that the components of C;_; are non-overlapping follows from Lemma Moreover, each violated

biset contains a min-core of C and therefore each biset of C; contains a min-core of C. O

Proposition 12. The collection C is a laminar bifamily.
Proof: Consider two bisets D; € C; and [)j € C;. Without loss of generality, 7 < j. The set D; is a minimal violated
biset with respect to X; and D; is a violated biset with respect to X; O X;. Thus it follows from Lemma that

D; and D; do not overlap. U

Proposition 13. Consider an iteration i of the primal-dual algorithm. For each min-core C € C, there exists a biset
D € C;_y such that C < D.

Proof: Since Cy = C, the claim holds for the first iteration. Therefore we may assume that ¢ > 2. Suppose for
contradiction that there is a min-core C' € C such that there does not exist a biset D € C;_1 that contains C. We claim
that |C;—1| < |C|. It follows from Proposition [l 1|that each biset of C;_; contains at least one min-core of C. Since the
bisets of C;_; are non-overlapping and C is not contained in any of the bisets of C;_1, it follows that |C;_1| < |C|. But

then the algorithm should have terminated at the end of iteration ¢ — 1 instead of ¢*. |

Proposition 14. Each biset D eCisacore of h.

Proof: Suppose for contradiction that there is a biset D € C;_; that is not a core; thus D contains at least two min-
cores of C. By Proposition[TT] the bisets of C;_; are non-overlapping and each biset of C;_; contains a min-core of C.
Therefore |C;_;| < |C|. Since D contains at least two min-cores of C, we have |C;_;| < |C|. But then the algorithm
should have terminated at the end of iteration 7 — 1 instead of 7*. |
Each vertex v € X — (X U {u}) is added in some iteration of the primal-dual algorithm. Since none of the chains
merged until © was added, we have the property that v is adjacent to only bisets in a single chain in C. Moreover,
by definition v is adjacent to all of the chains whose min-cores are in A. We let Yj; be the set of all the nodes in
X — (Xo U {u}) that are adjacent to some C-core in C. The following lemma shows that {Yeateee is a partition of

X — (XoU{u}). Let Y,  be the set of all vertices of Y that were added to X before v.

Lemma 3.3.7. For each vertex v € X — (Xo U {u}), the collection {D | D € C,v € Tc(D)} is a subset of a single

chain L 4 of C. Additionally, if D is a biset in C such that u € T'¢ (ﬁ), then D is an A-core for some foot A € A.
The lemma follows from Proposition [17]and Proposition

Proposition 15. Consider a C-core D such that v € T (15) Suppose that v is added to X in iteration i. Then
D € Cj for some j <1 — 1.

Proof: Suppose for contradiction that D e C; for some j > i and thus D is violated with respect to X;. By
Lemma we have D C X;. Additionally, v € X; C X,. Therefore the edge of G’ connecting v to D is in

G'[X;], which contradicts the fact that D is violated with respect to X ;. Therefore j < i — 1. O
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Proposition 16. Consider a min-core of C € C and let v be a vertex in Ye that is added to X in iteration j. There

exists a C-core D € Cj such thatv € D.

Proof: Since v ¢ X, v became tight in some iteration of the primal-dual algorithm. Let i denote the iteration in
which v became tight; note that ¢ < j < ¢* (we have j < ¢* because v # u). Since v became tight in iteration ¢ and
veEYe, Propositionimplies that there is a C-core S € Cj_1 such thatv € FG’[Xi_lu{u}](S)~ Since 7 < ¢*, there
isa C-core T € C; (by Proposition . Additionally, S < T, since C is a laminar pair family (by Proposition .
Since 7' is violated with respect to X; and v € X, we have v € T'. Since v ¢ X, Lemmaimplies thatv € T.
Therefore D = 7' is the desired biset. ]

Proposition 17. Let v be a vertex in X — (Xo U {u}) that is added to X in iteration i. The collection {D | D &

C,v € D/ (D)} consists of cores containing the same min-core of C.

Proof: The claim is clearly true if there is at most one biset D € C such that v € FGf(D). Now consider two bisets
151 and Eg in C such that v € ng(ﬁl) and v € I'e (152). By Proposition Dl and DQ are non-overlapping.
Propositionimplies that ﬁl € C; for some j < i — 1. Similarly, 152 € C, for some index ¢ < i — 1.

Suppose for contradiction that neither Dl = 152 nor 152 =< ﬁl; Disa C'l—core and D2 isa C'g core where é’l and
C‘g are different min-cores of C. Thus it follows from Proposition that there are a C’l—core W1 €C;anda C'g—core
Wg € C; such that v € Wy N Ws. Since W1 and Wg are cores of different min-cores, W, and W, are overlapping;

however, by Proposition the collection C is a laminar bifamily and it is a contradiction. |

Proposition 18. Consider a biset D € C such that u € ¢y (D) Then D is an A-core for some foot Aec A

Proof: Suppose for contradiction that D is a B-core where B ¢ A. Let S € C be a maximal B-core. Note
that S ¢ Ci«_1, since otherwise B would be in A. It follows that none of the bisets in C;+_1 contain B But then
|Ci»—1| < |C| (by Proposition [T1]). Therefore the algorithm should have terminated in iteration i < i* — 1. O

The following lemma says that, during iteration ¢, the minimal violated bisets contain only vertices of X, and

vertices of their chain that were added so far.

Lemma 3.3.8. Let D be the unique C-coreinCi_1. Then D C (Yo N X;-1) U X.
Proof: By Lemma[3.3.3] we have D C X;_;. Suppose for contradiction that there exists a vertex v € D such that

v & Yo U Xo. Then v € Y, for some min-core ¢’ € C such that C' # . Since v ¢ X, it was added to X by
a (’-core. By Proposition there is a C'-core D’ € C that contains v in its inner part. But then D and D’ are
overlapping, which contradicts the fact that C is a laminar bifamily (see Proposition . |

We consider each foot A € A separately. An important observation is that G’[Y; U Xo U {u}] covers S({A}, u).

Following lemma proves this observation.

Lemma 3.3.9. Consider a min-core A € A, one of the feet. The graph G’ (Y4 U X U {u}] covers the spider bifamily
S({A}, u).
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Proof: Let ﬁu be the maximal biset in £A~ Since A € A, u is adjacent to ﬁu, that is, u € I‘G/{X] (ﬁu) By
Lemma we have D, € (Y; N X;-_1) U Xy = Y; U X,. Let S be a biset in S({A}, u) that is not covered
by Y; U XoU {u}. Since Du is the minimal violated pair with respect to X — u, S is not contained in ﬁu. If ﬁu
is contained in S, we have u € Loy u Xou{u}](g). Therefore we may assume that S and D, overlap. Since h is
biuncrossable and S and D,, are both A-cores, we have h(SND,) = h(SUD,) = 1. The biset D,,N S is not violated
with respect to X — u (for otherwise D,, would not be a minimal violated biset at that stage) and therefore there is
an edge e € dg/[x—y (D, NS). Since e ¢ ¢ [X_u](ﬁu), e has one endpoint in D,, N S and the other in D] — S’.
By Lemma D), C Y; U X, and this implies that both endpoints of e are in Y; U Xj. Since both endpoints of
e are in Y; U X, and the edge e is leaving S, S is covered by G’ [Y4 U Xo]. Therefore G'[Y; U Xo U {u}] covers
S{A},w). O
Finally, we perform the following reverse-delete step on the set X of nodes in order to identify a subset of nodes that
cover S(A, u). For each foot A, we select a set Z; C Y such that G'[Z ; U X U {u}] covers S({A}, u) as follows.
We start with Z ; = Y ;. We consider the nodes of Z ; in the reverse of the order in which they were added to X. Let
v be the current node. If the graph G'[(Z ; U X U {u}) — {v}] covers the spider bifamily S({A}, u), we remove v
from Z ;. We set Z = U ;. ,Z ; and we output the family S(A, u) and the cover G'[Z U X U {u}].

In the following we prove that the spider family S(A, u) and the cover G'[Z U Xy U {u}] have the properties
required by Theorem[3.3.2] As before we let C = Cj be the set of all min-cores of h. Let H' = G[V (H)UZUXU{u}].
Let C’ be the collection of all min-cores with respect to H'.

In the following, we relate the cost of the nodes in Z to the cost of ELC-Aug-LP(G’, h). Let A; be the amount
we increased the dual variables in iteration ¢ of the primal-dual algorithm, and let A = 23:1 A;.

Our first observation is that, since in each iteration the number of minimal violated bisets is |C| and we grew each
biset by the same amount, the value of the dual solution is A|C|. Therefore the optimal cost of ELC-Aug-LP(G’, h)
is at least A|C|. Our second observation — which is the main ingredient of the analysis — is that we can charge the
vertices of Z to the growth of the chains; for each foot A € A, we can charge the vertices in Z 4 to the chain of ¢
whose min-core is A. More precisely, we show in Lemmathat the total weight of Z is O(].A|A). Finally, since
Z U X, covers the spider family S(A, u), after we add Z each new minimal violated biset that contains a foot also
contains an additional min-core of C. This observation gives us that the number of minimal violated bisets decreases

by Q(|.AJ).

Proposition 19. The dual solution y constructed by the primal-dual algorithm is a feasible solution such that

> y(SA(S) = [c|A.
B
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Proof: Note that the dual variable of each component in C; increases by A; in iteration ¢. Therefore the total increase
of the dual variables in iteration ¢ is A;|C;_1|. For each iteration ¢ < i*, we have |C;_1| = |C|, and the proposition

follows. O

By weak duality, the weight of the optimal fractional solution for ELC-Aug-LP(G’, h) is at least the value of the

dual solution y constructed by the primal-dual algorithm. Therefore we have the following corollary.

Corollary 3.3.10. The weight of the optimal fractional solution to ELC-Aug—LP(G', h) is at least |C|A.

The following lemma relates the weight of Z U {u} to the total increase A, and it is the main component of our
analysis. The main idea behind the proof of the lemma is that, for each foot A, each component of the chain £ 4 has

at most one neighbor in Z (see Lemma|3.3.12).

Lemma 3.3.11. The total weight of the nodes in Z is at most | A|A. The weight of u is at most | A|A.

By Lemma , if v is a vertex of Z 4, all of the components C e C that have v as a neighbor are in S({A}, u).
Therefore we can consider each foot A € A separately. As shown in Lemma [3.3.12] each biset in the chain of ¢
containing the foot A has only a constant number of neighbors in Z ;. The lemma allows us to charge the weight of

the vertices of Z ; to the dual growth of the chain containing A.
Lemma 3.3.12. Consider a foot A € A and let D be an A-core in C. We have | ¢ (D) N Zil <1

Before proving Lemma [3.3.12] we show that it implies Lemma [3.3.11] via the standard primal-dual argument.

Proof of Lemma [3.3.11} Let £ ; be the collection of all bisets of C that are A-cores. Note that the bisets of £ ; form

a chain, since C is a laminar bifamily (by Proposition . Therefore we have

> (@) =A

éGﬁA

Consider a vertex v € Z. Since v ¢ X, v became tight in some iteration of the primal-dual algorithm and therefore

w)=" > yd).
S: vel g/ (8)
The node v is in Z ; for some foot A € A. We claim that, if v € D'/ (S) and () is non-zero, then S is in L ;. Note
that the only bisets S that have a non-zero dual variable y(S’ ) are in C. By Lemma , S is an A-core, and the claim

follows. Therefore

w(v) = > y(S).

S: S'EﬁA,UEFG/(S')
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Thus

w(Zz) =Y > y(9) < > (8 <A

V€Z4 §: SeL 4,vET G/ (9) Sec;
The second to last inequality follow from Lemma[3.3.12] It follows that w(Z) < |A]A.

Finally, consider the vertex u. Since u is not in X, we have

By Proposition[T8]

wluw) < Y > y(S) < [A|A.

A€ AS: SeL 5, uel ¢ (S)

O

We devote the rest of this section to the proof of Lemma [3.3.12} Let ¢ : 2V x 2V — {0,1} be a biuncrossable
function. Let F be a set of edges. A biset W, is a F-wimess biset for an edge e iff ¢(W,) = 1 and 6z(W,) = {e}

(see Subsection[I.3.3)). Similar the result of [27] for sets system, we have the following lemma.

Lemma 3.3.13. Let F' be a feasible cover for ¢ and M C F be an inclusion-wise minimal cover for q. There is a

laminar bifamily £ = {W, | e € M} such that W, is an M-witness biset for e.
We will need the following lemma to prove Lemma[3.3.12]

Lemma 3.3.14. Let A € Aandlet D € L ;. Let Qp be the family consisting of all bisets S € S({A},u) such that
D =< S. For any two bisets Ql and QQ in Qp, we have Ql N QQ € Qp and Ql U QQ € Qp. Additionally, the graph
K =G'[DUZ; U Xy U {u}] covers Qp, and, for each vertex v € Ty (D) N Z j, the graph K — v does not cover
Qp.

Proposition 20. Consider a min-core C € C and let v be a vertex in Y. Suppose that v was added to X in iteration
4. There exists a C-core D, € Cj_1 such thatv € FG’[YC‘UUXOU{U}] (ﬁv) Additionally, D,, C Yé,v U Xo and D, is
a minimal violated biset with respect to Yé,u U Xo.

Proof: Since v ¢ Xy, v became tight in some iteration 7 < j of the primal-dual algorithm. Therefore there exists
abiset D € C;_; such that v € FG/[XFIU{U}](ZA)). By Proposition there is a biset S € C;—1 that contains C.
Additionally, D < 8, since C is a laminar bifamily (see Proposition . Therefore v € FG'[Xj,lu{u}](S) By
Lemma we have S C (Yo NX;_ 1)U Xy = Ye , U Xo. Therefore D, = S is the desired biset. a

Proof of Lemma [3.3.14¢ Let Ql and Qg be two bisets in Q . Note that Ql N Qg and Ql U Qz both contain D and
they are in S({A}, u). Therefore Q1N Qs and Q1 U Qs are in Qp.
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Consider a vertex v € ' (ﬁ) NZj. Let D, be the set guaranteed by Proposition[20l We claim that D < D,. Note
that one of D and D, is contained in the other, since C is bilaminar (see Proposition . Suppose for contradiction
that ﬁv is contained in D. Let 7 denote the iteration in which v was added to X. Then ﬁv € Cj_1. Additionally, by
Proposition there exists an A-core W € Cj such thatv € W. Since Cis laminar, W contains both ﬁy and D. Since
W contains v and D does not contain v, it follows that De C; for some i < j — 1, which is a contradiction. Therefore
D < D,. Since G'[Z 4 U Xo U {u}] covers S({A},u), K covers Qp. Now consider a vertex v € T (D) N Zj.
Since we could not remove v in the reverse-delete step, there is a biset Q, € S ({A}, u) that is violated with respect
to(Z; — {v}U YA,v U Xo U{u}. Since D C D,, C Y4, U Xy, K — v does not cover Qv. Since D, is a minimal
violated biset with respect to YA,U U Xo, we have ﬁv = Qv (see Lemma . Since D = bv, the biset QU is in

Qp. Therefore K — v does not cover Q p. O

Now we are ready to prove Lemma|3.3.12]

Proof of Lemma [3.3.12} Let Q 4, and K be as in the statement of Lemma[3.3.14] Let M be an edge-minimal subset
of E(K) that covers the bifamily Q p- Note that, for each vertex v € '/ (13) N Z 4, there is at least one edge of M
that is incident to v, since K — v is not a feasible cover for Q . Let {We | e € M} be the laminar witness bifamily
guaranteed by Lemma Note that the witness family {We | e € M} is a chain. The set M contains at least one
edge e, such that e, € 637(D). Let a be the endpoint of e, that is not in D’. Note that a € Z 4 U {u}. Additionally,
if @ = u then D has no neighbors in Z ; because e, itself covers Q 5. Therefore we may assume that a # u.

Suppose for contradiction that there exists a vertex b € I‘G/(ﬁ) N Z; such that b # a. Since K — b does not
cover Q b there is at least one edge e, € M that is incident to b; if there are several such edges, we choose e;, to be
the edge with the maximal witness biset 1,,. Note that a is inside W, since D < W,, and W,, is a witness biset
for an edge e, # e,. Since a ¢ Xy, by Lemma a € We,. Additionally, each edge of M with an endpoint in
a has both endpoints in Wéb unless that edge is ab. Since K — a does not cover Q b there is a biset Q € Q p such
that 5K,a(Q) = (). We claim that b is in @’ for otherwise the edge of G’ connecting D to b will cover Q inK —a
(since D < Q). Since b ¢ X, by Lemma b € Q. Additionally, all the edges of M — {ab} that are incident to b
have both endpoints in @)’. (We use ab to denote the edge ab; note that the edge may not exist in G'.) It follows that
all the edges of M that have an endpoint in the set {a, b} have both endpoints in W, U Q. Note that W,, NQ and
Web U Q are both in Q 5. Therefore there is an edge e € M such that e € 0 M(Web U Q) Since a is not an endpoint
ofe,e ¢ oy (Q) and thus we must have e € 5M(Web ). But since b is not an endpoint of e, e # e, which contradicts
the fact that Web is a witness biset for ey,.

Therefore there is at most one vertex in I'/ (D) N Z 4. O

The following proposition follows essentially from [25]].
Proposition 21. We have | A| > 1 and |C| — |C'| > |A|/3.
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Proof: Note that, since u ¢ Xy, there is at least one component C € Cs_y such that u € g (C‘) Therefore |A| > 1.
Suppose that |A| = 1. Since |C’| < |C| and |C| — |C’| is an integer, we have |C| — |C'| > 1 = |.A|. Therefore we may
assume that |A| > 2. In the following, we show that |C| — |C’| > (].A] — 1)/2, which implies the proposition.

The components of C’ are non-overlapping and each biset of C’ contains at least one biset of C. Moreover, since
G'[Z U X U {u}] covers the spider bifamily S(A, u), if C = (C,C") € C' contains a foot of A then either u € C”
or (' is not a core of a foot (contains at least two bisets of C). Since u ¢ Xy, u € C’ implies that u € C and there is
at most one biset C' € C' that contains v in its inner part. Thus |C| — |C’| > (JA| — 1)/2 and for |A] > 2, we have

IA| — 1> 2]A]/3. O

Corollary 3.3.15. The total weight of the nodes in Z U {u} is O((|C| — |C'|)/|C|) times the weight of the optimal
fractional solution to ELC-Aug-LP(G', h).

Proof: By Proposition[21] we have |C| — |C’| > |.A|/3. Thus it follows from Lemmal[3.3.11|that the weight of Z U {u}
isO(IC| — |C'])- A. O

Theorem [3.3.2] follows by combining the preceding corollary with Corollary 3.3.10]and Proposition [21]
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