
Xvlqj Sur{lhv iru wkh Vkruw Udwh= Zkhq
duh Wkuhh Prqwkv Olnh dq LqvwdqwB

Gdylg D1 FkdspdqW_ Mrkq E1 Orqj/ Mu1h Qhlo G1 Shduvrq=

Vhswhpehu 56/ 4<<;

Devwudfw
Wkh g|qdplfv ri wkh xqrevhuydeoh �vkruw� ru �lqvwdqwdqhrxv� udwh

ri lqwhuhvw duh iuhtxhqwo| hvwlpdwhg xvlqj d sur{|1 Zh vkrz krz wkh
eldvhv uhvxowlqj iurp wklv sudfwlfh +wkh �sur{| sureohp�, duh uhodwhg wr
wkh ghulydwlyhv ri wkh sur{| zlwk uhvshfw wr wkh vkruw udwh dqg wkh +lq0
yhuvh, ixqfwlrq iurp wkh sur{| wr wkh vkruw udwh1 Dqdo|wlf uhvxowv vkrz
wkdw wkh sur{| sureohp lv qrw hfrqrplfdoo| vljql�fdqw iru vlqjoh0idfwru
d!qh prghov/ iru sdudphwhu ydoxhv frqvlvwhqw zlwk XV gdwd1 Lq dggl0
wlrq/ iru wkh wzr0idfwru d!qh prgho ri Orqjvwd� dqg Vfkzduw} +4<<5,/
wkh sur{| sureohp lv rqo| hfrqrplfdoo| vljql�fdqw iru sulflqj glvfrxqw
erqgv zlwk pdwxulwlhv ri pruh wkdq �yh |hduv1 Zh dovr ghvfuleh wzr
gl�huhqw surfhgxuhv zklfk fdq eh xvhg wr dvvhvv wkh pdjqlwxgh ri wkh
sur{| sureohp lq pruh jhqhudo lqwhuhvw udwh prghov1 Qxphulfdo hydoxd0
wlrq ri d qrqolqhdu vlqjoh0idfwru prgho vxjjhvwv wkdw wkh sur{| sureohp
fdq vljql�fdqwo| d�hfw erwk hvwlpdwhv ri wkh gl�xvlrq ixqfwlrq dqg glv0
frxqw erqg sulfhv1

WZh wkdqn Pxuud| Fduovrq/ Qdudvlkpdq Mhjdghhvk/ dq dqrq|prxv uhihuhh/ dqg wkh
hglwru +Ehuqdug Gxpdv, iru h{wuhpho| khosixo frpphqwv dqg [lrqjzhl Mx iru fkhfnlqj
vrph ri wkh frpsxwdwlrqv1 Qhlo Shduvrq zdv sduwldoo| vxssruwhg e| wkh R!fh iru Ixwxuhv
dqg Rswlrqv Uhvhdufk dw wkh Xqlyhuvlw| ri Loolqrlv1

_Ilqdqfh Ghsduwphqw/ Judgxdwh Vfkrro ri Exvlqhvv/ Wkh Xqlyhuvlw| ri Wh{dv
dw Dxvwlq/ Dxvwlq/ Wh{dv :;:45044:<1 Skrqh= +845, 7:4099541 h0pdlo= fkds0
pdqChfr1xwh{dv1hgx1 Wkh prvw uhfhqw yhuvlrq ri wklv sdshu lv dydlodeoh rqolqh dw
kwws=22zzz1exv1xwh{dv1hgx2�fkdspdqg2fos1kwpo

hZlooldp H1 Vlprq Judgxdwh Vfkrro ri Exvlqhvv Dgplqlqvwudwlrq/ Xqlyhuvlw|
ri Urfkhvwhu/ Urfkhvwhu/ Qhz \run 4795:1 Skrqh= +:49, 5:80668;1 h0pdlo=
orqjCpdlo1vve1urfkhvwhu1hgx

=Ilqdqfh Ghsduwphqw/ Xqlyhuvlw| ri Loolqrlv dw Xuedqd0Fkdpsdljq/ 673 Frpphufh
Zhvw/ 4539 Vrxwk Vl{wk Vwuhhw/ Fkdpsdljq/ Loolqrlv 94;531 Skrqh= +54:, 577037<31 h0
pdlo= shduvrq5Cxlxf1hgx1
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4 Lqwurgxfwlrq

Wkhuh lv d odujh uhfhqw hpslulfdo olwhudwxuh ghyrwhg wr h{dplqlqj wkh wlph vh0
ulhv surshuwlhv ri vkruw0whup lqwhuhvw udwh gdwd1 H{dpsohv ri wklv uhvhdufk lq0
foxgh Fkdq/ Nduro|l/ Orqjvwd�/ dqg Vdqghuv +4<<5,/ Dòw0Vdkdold +4<<9d/e,/
Frqoh|/ Kdqvhq/ Oxwwphu/ dqg Vfkhlqnpdq +4<<:, +khuhdiwhu FKOV,/ Dq0
ghuvhq dqg Oxqg +4<<:,/ dqg Vwdqwrq +4<<:,1 Wkhvh dxwkruv xvh d ydulhw|
ri hfrqrphwulf whfkqltxhv lqfoxglqj vlpsoh phwkrg ri prphqwv/ h!flhqw
phwkrg ri prphqwv/ dqg qrqsdudphwulf hvwlpdwruv1 Uhjdugohvv ri whfk0
qltxh/ wklv uhvhdufk lv riwhq prwlydwhg/ h{solflwo| ru lpsolflwo|/ e| d ghvluh
wr xqghuvwdqg wkh wlph vhulhv surshuwlhv ri wkh +xqrevhuydeoh, udwh ri uhwxuq
rq d ghidxow0iuhh erqg pdwxulqj lq wkh qh{w lqvwdqw ri wlph/ wkh vr0fdoohg
�lqvwdqwdqhrxv� ru �vkruw� udwh1 Wklv udwh riwhq sod|v d fulwlfdo uroh lq vlp0
soh prghov ri wkh whup vwuxfwxuh ri lqwhuhvw udwhv1 Vhh/ iru h{dpsoh/ Ydvlfhn
+4<::,/ Fr{/ Lqjhuvroo dqg Urvv +4<;8, +khuhdiwhu FLU,/ ru Euhqqdq dqg
Vfkzduw} +4<:<,1

Hpslulfdo uhvhdufk rq wkh wlph0vhulhv surshuwlhv ri wkh vkruw udwh w|sl0
fdoo| uhtxluhv vshfli|lqj d sur{| iru wklv xqrevhuydeoh yduldeoh1 Wkh sdshuv
flwhg deryh pdnh d ydulhw| ri gl�huhqw fkrlfhv1 Iru h{dpsoh/ Dqghuvrq dqg
Oxqg +4<<:, dqg Vwdqwrq +4<<:, xvh wkh |lhog rq d 60prqwk Wuhdvxu| eloo dv
d sur{| iru wkh vkruw udwh/ zkloh Fkdq hw do +4<<5, xvh wkh 40prqwk Wuhdvxu|
eloo |lhog1 Lq frqwudvw/ Dòw0Vdkdold +4<<9d/e, xvhv wkh 40zhhn Hxurgroodu udwh/
dqg FKOV xvh wkh Ihghudo Ixqgv udwh1 Lq pdnlqj wkhvh fkrlfhv/ uhvhdufkhuv
idfh d fohdu wudgh0r�1 Orqjhu whup udwhv/ olnh wkh |lhog rq d 60prqwk Wuhd0
vxu| eloo/ pd| ghyldwh lq lpsruwdqw zd|v iurp wkh xqrevhuydeoh vkruw udwh1
Iru h{dpsoh/ wkh FLU prgho surylghv dq h{solflw irupxod iru wkh |lhog ri
d wkuhh0prqwk glvfrxqw erqg/ dqg lw fohduo| gl�huv iurp wkh lqvwdqwdqhrxv
udwh1 Rq wkh rwkhu kdqg/ wkhuh duh srwhqwldoo| vhulrxv plfurvwuxfwxuh ru
lqvwlwxwlrqdo ihdwxuhv ri wkh pdunhwv iru yhu| vkruw0whup lqvwuxphqwv wkdw
pdnh wkh xvh ri wkhvh gdwd sureohpdwlf lq hvwlpdwlqj dqg whvwlqj vlpsoh
whup vwuxfwxuh prghov1 Vhh/ iru h{dpsoh/ wkh el0zhhno| vhwwohphqw h�hfw
lq wkh Ihghudo Ixqgv pdunhw grfxphqwhg lq Kdplowrq +4<<9, ru wkh �fdvk
htxlydohqfh� h�hfw rq wkh sulfhv ri 40prqwk Wuhdvxu| eloov glvfxvvhg lq Nqh}/
Olwwhupdq/ dqg Vfkhlqnpdq +4<<7,1

Lq wklv sdshu/ zh h{dplqh wkh pdjqlwxgh ri wkh eldvhv +wkh �sur{| sure0
ohp�, dvvrfldwhg zlwk wkh xvh ri d 40 ru 60prqwk glvfrxqw erqg |lhog lq sodfh
ri wkh xqrevhuydeoh vkruw udwh1 Zkhq d sur{| lv xvhg/ wkh guliw dqg gl�xvlrq
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ixqfwlrqv hvwlpdwhg e| dq hfrqrphwulfldq duh wkrvh ri wkh sur{| surfhvv/ qrw
wkh vkruw udwh surfhvv1 Zh �uvw vkrz krz wkh guliw dqg gl�xvlrq ixqfwlrqv
ri wkh sur{| surfhvv duh uhodwhg wr wkh ghulydwlyhv ri wkh sur{| zlwk uhvshfw
wr wkh vkruw udwh dqg wkh +lqyhuvh, ixqfwlrq iurp wkh sur{| wr wkh vkruw
udwh1 Xvlqj wklv iudphzrun/ zh dqdo|}h wkh fodvv ri vlqjoh0idfwru d!qh erqg
sulflqj prghov/ zklfk lqfoxghv wkh Ydvlfhn +4<::, dqg FLU +4<;8, prghov
dv vshfldo fdvhv/ dqg wkh wzr0idfwru d!qh prgho ri Orqjvwd� dqg Vfkzduw}
+4<<5, +khuhdiwhu OV,1 Lq dgglwlrq/ zh ghyhors wzr surfhgxuhv iru dqdo|}lqj
pruh jhqhudo +l1h1/ qrqolqhdu, lqwhuhvw udwh prghov/ dqg dsso| wkhp wr d vlp0
soh qrqolqhdu vlqjoh0idfwru prgho edvhg rq wkh hpslulfdo zrun ri Dòw0Vdkdold
+4<<9e,/ FKOV +4<<:,/ dqg Vwdqwrq +4<<:,1

Rxu �uvw uhvxow lv wkdw wkh sur{| sureohp grhv qrw dsshdu wr eh hfr0
qrplfdoo| vljql�fdqw lq wkh fdvh ri vlqjoh0idfwru d!qh erqg sulfh prghov/
iru sdudphwhu ydoxhv wkdw duh frqvlvwhqw zlwk wkh XV gdwd1 Dqdo|wlf uhvxowv
vkrz wkdw wkh huuruv lq wkh hvwlpdwlrq ri wkh guliw dqg gl�xvlrq ixqfwlrqv
duh wulyldo/ hyhq zkhq xvlqj d 60prqwk eloo dv d sur{|1 Vlpsoh phwkrg ri
prphqwv sdudphwhu hvwlpdwhv edvhg rq vkruw0pdwxulw| sur{lhv lq wkh Yd0
vlfhn +4<::, dqg FLU fdvhv dqg wkh erqg sulfhv edvhg rq wkhvh sdudphwhu
hvwlpdwhv duh yluwxdoo| lqglvwlqjxlvkdeoh iurp wkh wuxh sdudphwhuv dqg erqg
sulfhv/ iru pdwxulwlhv iurp rqh wr wzhqw| |hduv1 Lq wkh fdvh ri wkh wzr0idfwru
d!qh prgho ri OV/ wkh sur{| sureohp +xvlqj d 60prqwk Wuhdvxu| eloo, lv
jhqhudoo| vpdoo zkhq sulflqj glvfrxqw erqgv ri pdwxulwlhv ri �yh |hduv ru
ohvv/ dowkrxjk wkhuh duh vrph vljql�fdqw sulflqj gl�huhqfhv zkhq wkh vkruw
udwh lv kljk zkloh wkh yduldqfh lv vlpxowdqhrxvo| orz1

Lq wkh fdvh ri wkh qrqolqhdu prgho/ dqdo|wlf uhvxowv duh qrw srvvleoh/ vlqfh
wkhuh lv qr forvhg0irup vroxwlrq wr wkh ixqgdphqwdo erqg sulflqj sduwldo
gl�huhqwldo htxdwlrq +SGH,1 Krzhyhu/ zh ghvfuleh wzr vhsdudwh surfhgxuhv
iru hydoxdwlqj wkh pdjqlwxgh ri wkh sur{| sureohp1 Wkh �uvw surfhgxuh lv
edvhg rq d �qlwh0gl�huhqfh dssur{lpdwlrq wr wkh erqg sulflqj SGH dqg d
qxphulfdo dssur{lpdwlrq wr wkh ghulydwlyhv ri wkh |lhog ixqfwlrq1 Wkh vhfrqg
dssur{lpdwlrq dssurdfk lv wr xvh d wuxqfdwhg Wd|oru vhulhv h{sdqvlrq ri wkh
|lhog ixqfwlrq dqg wkhq gh�qh wkh ghulydwlyhv lq whupv ri wkh dssur{lpdwh
|lhog ixqfwlrq1 Erwk dssurdfkhv fdq eh lpsohphqwhg zlwk rqo| nqrzohgjh
ri wkh guliw dqg gl�xvlrq ixqfwlrqv ri wkh vkruw udwh dqg wkh pdunhw sulfh
ri ulvn surfhvv1 Zkhq dssolhg wr wkh qrqolqhdu vlqjoh0idfwru prgho/ erwk
dssurdfkhv surylgh yhu| vlplodu uhvxowv1

D frpsdulvrq ri wkh guliw ixqfwlrqv ri wkh wuxh vkruw udwh dqg wkh 40
dqg 60prqwk sur{lhv lq wkh qrqolqhdu prgho vkrzv wkdw wkh sur{lhv glvsod|
dssur{lpdwho| wkh vdph dprxqw ri phdq uhyhuvlrq dv wkh hvwlpdwhv edvhg
rq wkh wuxh vkruw udwh/ zklfk lv frqvlvwhqw zlwk wkh uhvxowv lq wkh d!qh fdvh1
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Wkh gl�xvlrq ixqfwlrqv ri wkh sur{lhv/ krzhyhu/ h{klelw vrph lpsruwdqw
gl�huhqfhv iurp wkh wuxh gl�xvlrq1 Lq idfw/ wkh gl�xvlrq ixqfwlrq iru wkh
60prqwk |lhog dsshduv wr eh d frqfdyh ixqfwlrq ri wkh lqwhuhvw udwh iru d
vxevwdqwldo sruwlrq ri wkh vxssruw ri wkh vkruw udwh hyhq wkrxjk wkh wuxh
gl�xvlrq lv d frqyh{ ixqfwlrq1 Wkh vkdsh ri wkh gl�xvlrq ixqfwlrq kdv ehhq
d irfxv ri wkh hpslulfdo olwhudwxuh/ dqg lw uhpdlqv dq xquhvroyhg txhvwlrq1 Lw
lv reylrxv wkdw wkh vkdsh ri wklv ixqfwlrq kdv lpsolfdwlrqv iru sulflqj lqwhuhvw
udwh rswlrqv dqg rwkhu �{hg0lqfrph lqvwuxphqwv zlwk �rswlrq0olnh� ihdwxuhv1
Lq idfw/ lw wxuqv rxw wkdw hyhq iru glvfrxqw erqgv zlwk pdwxulwlhv iurp rqh
wr whq |hduv wkhuh duh gl�huhqfhv ri urxjko| rqh shufhqw shu |hdu ehwzhhq
wkh wuxh erqg sulfhv dqg wkh sulfhv lpsolhg e| wkh ixqfwlrqv hvwlpdwhg iurp
wkh 60prqwk sur{|1

Wkhvh uhvxowv looxvwudwh wkdw hpslulfdo dqdo|vhv dqg frqfoxvlrqv derxw
wkh vkruw udwh surfhvv fdq ghshqg rq wkh fkrlfh ri sur{|1 Wkh| dovr surylgh
lqirupdwlrq derxw zkhq lw lv uhdvrqdeoh wr lqwhusuhw wkh uhvxowv ri wkh hpslu0
lfdo olwhudwxuh dv vd|lqj vrphwklqj vxevwdqwlyh derxw wkh qdwxuh ri wkh vkruw
udwh surfhvv dqg zkhq vxfk dq lqwhusuhwdwlrq pljkw eh plvohdglqj1 Wkh
uhvxowv vxjjhvw wkdw wkh wudgh0r� ehwzhhq pdwxulw| plvvshfl�fdwlrq dqg sr0
whqwldo plfurvwuxfwxuh sureohpv pxvw eh hydoxdwhg rq d prgho e| prgho
edvlv1 Zkloh wkhvh uhvxowv vkrxog eh wuhdwhg zlwk vrph fdxwlrq/ vlqfh wkh|
rqo| dsso| gluhfwo| wr d vshfl�f vhw ri whup vwuxfwxuh prghov dqg iru sd0
udphwhuv frqvlvwhqw zlwk XV gdwd/ wkh wzr qxphulfdo surfhgxuhv ghvfulehg
lq wkh sdshu surylgh jhqhudo wrrov iru lghqwli|lqj vlwxdwlrqv zkhuh wkh sur{|
sureohp lv vhyhuh1 Lq dgglwlrq/ dowkrxjk zh gr qrw hpskdvl}h lw lq wklv
sdshu/ wkh Wd|oru vhulhv dssur{lpdwlrq fdq eh xvhg wr frqvwuxfw prphqw0
edvhg hvwlpdwruv ri wkh wuxh vkruw udwh +ru pxowlsoh vwdwh yduldeohv, iurp wkh
prphqwv ri revhuyhg |lhogv ri vkruw whup erqgv1

Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 lqwurgxfhv
vrph edvlf gh�qlwlrqv/ lqfoxglqj wkh ixqgdphqwdo erqg sulflqj htxdwlrq1 Lw
dovr vkrzv krz wkh guliw dqg gl�xvlrq ixqfwlrqv ri wkh surfhvv iru wkh sur{|
duh uhodwhg wr wkh ghulydwlyhv ri wkh sur{| zlwk uhvshfw wr wkh vkruw udwh
dqg wkh ixqfwlrq pdsslqj wkh sur{| wr wkh vkruw udwh1 Vhfwlrq 6 frqwdlqv
wkh uhvxowv iru wkh d!qh erqg sulflqj prghov1 D qrqolqhdu prgho frqvlvwhqw
zlwk vrph ri wkh uhfhqw hpslulfdo olwhudwxuh lv h{dplqhg lq Vhfwlrq 7/ dqg
Vhfwlrq 8 frqwdlqv wkh uhvxowv rq wkh wzr0idfwru OV prgho1 Wkh frqfoxvlrqv
duh lq Vhfwlrq 91 Dsshqgl{ D surylghv vrph hylghqfh rq wkh urexvwqhvv dqg
dffxudf| ri wkh �qlwh0gl�huhqfh dssurdfk/ dqg Dsshqgl{ E frqwdlqv vrph
fdofxodwlrqv xvhg lq Vhfwlrq 81
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5 Erqg Sulflqj dqg wkh Sur{| Sureohp

Wkh vkruw udwh lv dvvxphg wr eh wkh vroxwlrq wr d vwrfkdvwlf gl�huhqwldo
htxdwlrq +VGH, ri wkh irup

gu| @ � +u|,gw. � +u|, gZ|> +4,

zkhuh � dqg � duh wkh �guliw� dqg �gl�xvlrq� ixqfwlrqv/ uhvshfwlyho|/ dqg
Z lv d vwdqgdug Eurzqldq prwlrq1 D xqltxh vroxwlrq wr +4,/ iru dq| lqlwldo
frqglwlrq/ lv dvvxphg wr h{lvw/ dqg jlyhq wkdw � dqg � gr qrw ghshqg rq
wlph/ wkh vroxwlrq lv wlph0krprjhqhrxv1

Wkh hvvhqfh ri d vlqjoh0idfwru erqg sulflqj prgho lv wkh dvvxpswlrq wkdw
wkh sulfhv ri ghidxow0iuhh erqgv ri doo pdwxulwlhv duh jlyhq e| d ixqfwlrq ri
d vlqjoh vwdwh yduldeoh dqg wkh whup wr pdwxulw|1 Lq sduwlfxodu/ ohw wkh sulfh
dw wlph w ri d +ghidxow0iuhh, erqg pdnlqj d �{hg sd|phqw dw gdwh v ? W
eh d ixqfwlrq ri wkh vkruw udwh/ dqg ghqrwh wklv sulfh e| E +u> �,/ zkhuh
� � v� w1 Dvvxplqj wkdw wkh ixqfwlrq E +u> �, lv gl�huhqwldeoh dv uhtxluhg/
Lw÷*v irupxod lpsolhv

gE +u|> �, @ � +u|> �,E +u|> �, gw. � +u|> �,E +u|> �, gZ|> +5,

zkhuh wkh h{shfwhg udwh ri uhwxuq � +u> �, dqg yrodwlolw| � +u> �, duh

� +u> �,E @
4

5
�2 +u,Eoo . � +u,Eo �E� +6,

dqg
� +u> �,E @ � +u,Eo> +7,

uhvshfwlyho|1 Eo ghqrwhv wkh sduwldo ghulydwlyh CE +u> �, @Cu/ dqg E� dqg Eoo

duh gh�qhg dqdorjrxvo|1
Vlqfh erqg sulfhv duh ixqfwlrqv vroho| ri wkh vkruw udwh/ sulfh fkdqjhv

rq erqgv ri gl�huhqw pdwxulwlhv pxvw eh shuihfwo| fruuhodwhg1 Lw iroorzv
wkdw/ lq rughu wr suhfoxgh duelwudjh/ wkh ulvn suhplxpv rq erqgv ri gl�huhqw
pdwxulwlhv pxvw eh sursruwlrqdo wr wkh vwdqgdug ghyldwlrqv ri wkhlu uhwxuqv14

Wkhuhiruh/ wkh h{shfwhg udwh ri uhwxuq lq +5, pxvw vdwlvi|

� +u> �, @ u . � +u,
Eo +u> �,

E +u> �,
> +8,

4Vhh Ydvlfhn +4<::,/ sdjhv 4;304;4/ ru Lqjhuvroo +4<;:,/ sdjhv 6;406;5 dqg sdjh 6<71
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zkhuh �/ wkh ulvn suhplxp surfhvv/ lv d ixqfwlrq ri wkh vkruw udwh dorqh15

Vxevwlwxwlqj +8, lqwr +6, |lhogv wkh SGH

4

5
�2 +u,Eoo . ^� +u,� � +u,`Eo �E� � uE @ 3 +9,

zlwk wkh dvvrfldwhg erxqgdu| frqglwlrq

E +u> 3, @ 4> +:,

zkhuh wkh erqg*v sd|phqw kdv ehhq qrupdol}hg wr rqh xqlw ri dffrxqw1
Wkh srwhqwldo eldv lq xvlqj wkh |lhog rq d �qlwh0pdwxulw| erqg dv d sur{|

iru wkh vkruw udwh +wkh �sur{| sureohp�, vwhpv iurp wkh reylrxv idfw wkdw
wkh |lhog0wr0pdwxulw| rq d � 0shulrg erqg/ gh�qhg dv

| +u> �, @ �4

�
orj +E +u> �,, > +;,

lv/ lq jhqhudo/ qrw lghqwlfdo wr wkh vkruw udwh1 Dv d uhvxow/ wkh vwrfkdvwlf
surfhvv iru wkh |lhog0wr0pdwxulw|/

g|| @ �+ +||,gw. �+ +||,gZ|> +<,

lv qrw lghqwlfdo wr wkh vkruw udwh surfhvv +4,1 Li | lv xvhg dv d sur{| iru u/
wkh ixqfwlrqv ehlqj hvwlpdwhg duh �+ dqg �+ ri +<, dqg qrw wkh ixqfwlrqv �
dqg � wkdw dsshdu lq +4,1 Wkh �eldvhv� �+ � � dqg �+ � � +qrwh wkdw wkh|
duh ixqfwlrqv, pd| eh gxh wr �+ dqg �+ kdylqj gl�huhqw ixqfwlrqdo irupv
wkdq � dqg �1 Hyhq zkhq �+ dqg �+ kdyh wkh vdph ixqfwlrqdo irupv dv �
dqg �/ wkh eldvhv pd| dovr eh gxh wr wkh ydoxhv ri wkh sdudphwhuv ri �+ dqg
�+ gl�hulqj iurp wkh ydoxhv ri wkh fruuhvsrqglqj sdudphwhuv ri � dqg �1

Dsso|lqj Lw÷*v ohppd/ lw lv srvvleoh wr lghqwli| wkh vshfl�f qdwxuh dqg
pdjqlwxgh ri wkh eldv1 Kroglqj wkh pdwxulw| � frqvwdqw/ || @ | +u|, dffrug0
lqj wr +;,/ dqg

g|| @

�
C| +u|,

Cu
� +u|, .

4

5

C2| +u|,

Cu2
�2 +u|,

�
gw.

C| +u|,

Cu
� +u|,gZ|>

ru
5Dffruglqj wr +8,/ b Eo� ghwhuplqhv +lq sduw, wkh lqvwdqwdqhrxv h{fhvv kroglqj shulrg

uhwxuq ri d erqg ri pdwxulw| � ryhu o1 Li b Eo� ' f/ wkhq wkh �orfdo h{shfwdwlrqv k|srwkhvlv�
krogv/ zkloh b 	 f lpsolhv wkdw doo pdwxulwlhv r�hu dq h{shfwhg uhwxuq suhplxp deryh wkh
vkruw udwh1

9



g|| @

�
C| +u +||,,

Cu
� +u +||,, .

4

5

C2| +u +||,,

Cu2
�2 +u +||,,

�
gw

.
C| +u +||,,

Cu
� +u +||,,gZ| +43,

zkhuh u| @ u +||, dqg u = U $ U lv wkh lqyhuvh ri wkh |lhog ixqfwlrq | gh�qhg
e| +;,1 Htxdwlrq +43, uhyhdov wkdw �+ dqg �+ duh jlyhq e|

�+ +|, @
C| +u +||,,

Cu
� +u +||,, .

4

5

C2| +u +||,,

Cu2
�2 +u +||,, +44,

dqg

�+ +|, @
C| +u +||,,

Cu
� +u +||,, = +45,

Dffruglqj wr +44, dqg +45,/ wkh pdjqlwxgh ri wkh eldvhv duh ghwhuplqhg e|
wkh sduwldo ghulydwlyhv C|@Cu dqg C2|@Cu2/ dqg wkh lqyhuvh ixqfwlrq u1

Wkh pdjqlwxgh ri wkh eldvhv fdq eh ghwhuplqhg rqo| iru vshfl�f erqg
sulflqj prghov> l1h1/ iru vshfl�f fkrlfhv ri wkh ixqfwlrqv �/ �/ dqg �1 Jlyhq d
vshfl�f prgho/ wkh pdjqlwxgh ri wkh eldvhv fdq eh h{dplqhg e| hydoxdwlqj
wkh uljkw0kdqg vlghv ri +44, dqg +45, dqg frpsdulqj wkh uhvxowv wr wkh wuxh
guliw dqg gl�xvlrq ixqfwlrqv/ � dqg �1 Zkloh wklv fdq eh grqh h{solflwo| iru
rqo| d olplwhg fodvv ri prghov/ lw lv vwudljkwiruzdug wr frpsxwh qxphulfdo
dssur{lpdwlrqv wr wkh uhohydqw ghulydwlyhv dqg ixqfwlrqv1 Wkxv +44, dqg
+45, surylgh d jhqhudo surfhgxuh iru hydoxdwlqj wkh pdjqlwxgh ri wkh eldv1

Wkh iroorzlqj vhfwlrqv �uvw frqvlghu wkh fodvv ri d!qh erqg sulflqj prg0
hov/ zklfk lqfoxgh wkh zhoo0nqrzq Ydvlfhn +4<::, dqg FLU prghov dv vshfldo
fdvhv/ dqg wkhq d qrqolqhdu vlqjoh0idfwru prgho lqvsluhg e| uhfhqw hpslulfdo
uhvhdufk1 Lq erwk fdvhv/ zh irfxv rq wkh pdjqlwxgh ri wkh eldvhv lqwurgxfhg
e| vxevwlwxwlqj dq revhuydeoh vkruw0pdwxulw| erqg iru wkh wuxh vkruw udwh/
dqg zkhwkhu wkhvh eldvhv duh olnho| wr eh hfrqrplfdoo| vljql�fdqw1

6 D!qh Vlqjoh0Idfwru Hfrqrplhv

614 Jhqhudo Uhvxowv

Erqg sulfhv duh vdlg wr eh d!qh li wkh| fdq eh zulwwhq dv

E +u> �, @ h{s ^d +�, . e +�, u` = +46,

Wkh iroorzlqj sursrvlwlrq surylghv wkh frqqhfwlrq ehwzhhq wkh vkruw udwh
surfhvv/ wkh ulvn suhplxp/ dqg d!qh erqg sulfhv=

:



Sursrvlwlrq 4 Wkhuh h{lvw ixqfwlrqv d +�, dqg e +�, vxfk wkdw erqg sulfhv
duh jlyhq e| +46, li dqg rqo| li wkh gl�xvlrq frh!flhqw lq +4, lv

� +u, @
s
�f . ��u +47,

dqg wkh guliw dgmxvwhg e| wkh ulvn suhplxp ixqfwlrq lv

� +u,� � +u, @ �f . ��u> +48,

zkhuh �f/ ��/ �f/ dqg �� duh frqvwdqwv1

Surri1 Vhh Gx!h +4<<9,/ Vhfwlrq :H1

Vlqfh erqg sulfhv duh jlyhq e| +46,/ lw iroorzv wkdw dw wlph w wkh |lhog0
wr0pdwxulw| rq d erqg pdwxulqj dw w. � lv

| +u|> �, @ �4

�
^d +�, . e +�, u|` = +49,

Wkh g|qdplfv ri | +u|> �, +iru d frqvwdqw ydoxh ri �, wkhq iroorz iurp +49, dqg
wkh g|qdplfv ri u1 Iru h{dpsoh/ dvvxph wkdw wkh dfwxdo +qrw ulvn0dgmxvwhg,
guliw ri u lv d!qh6

� +u, @ �f . ��u=

Wkhq/ htxdwlrqv +44, dqg +45, lpso| wkdw wkh guliw dqg gl�xvlrq ixqfwlrqv
ri | iru d �{hg � duh

�+ +|, @ �+
f . �+

�| +4:,

�+ +|, @
t
�+f . �+�| +4;,

zkhuh
�+
f @ ^�e +�, @� `�f � ^�d +�, @� `��> +4<,

�+
� @ ��> +53,

�+f @ ^�e +�, @� `2 �f � ^�d +�, @� ` ^�e +�, @� `��> +54,

dqg
�+� @ ^�e +�, @� `��= +55,

Li | lv xvhg dv d sur{| iru u/ wkhq �+
f zloo eh hvwlpdwhg lqvwhdg ri �f/ �

+
f

lqvwhdg ri �f/ dqg �+� lqvwhdg ri ��1 Htxdwlrq +53, lpsolhv wkdw ��/ fdq eh hv0
wlpdwhg iurp wkh �qlwh0pdwxulw| sur{|1 Wkh iroorzlqj sursrvlwlrq h{dplqhv
wkh pdjqlwxgh ri wkh eldv1

6 Li > Eo� lv d!qh/ wkhq +48, lpsolhv wkdw b Eo� lv dovr d!qh/ l1h1/ b Eo� ' bf n b�o1
Pruhryhu/ vlqfh b Eo� vkrxog eh }hur zkhqhyhu j Eo� lv }hur/ +47, lpsolhv bf ' �qf dqg
b� ' �q

�
iru vrph �1 Wkxv wkh ulvn dgmxvwhg guliw sdudphwhuv lq +48, duh 4

f
' kf 3 �q

f

dqg 4
�
' k� 3 �q

�
1

;



Sursrvlwlrq 5 Ohw erqg sulfhv eh gh�qhg e| +46,1 Wkh ixqfwlrqv d +�, dqg
e +�, duh wkh vroxwlrqv wr

e� +�, @ ��e +�, .
4

5
��e

2 +�,� 4> +56,

d� +�, @ �fe +�, .
4

5
�fe

2 +�, > +57,

zlwk wkh lqlwldo frqglwlrqv e +3, @ 3 dqg d +3, @ 3/ zkhuh �f dqg �� duh
gh�qhg lq +47,/ dqg �f dqg �� duh gh�qhg lq +48,1 Wkh vhfrqg0rughu Wd|oru
vhulhv h{sdqvlrqv ri �e +�, @� dqg �d +�, @� durxqg � @ 3 duh

�e +�,

�
�@ 4 .

4

5
��� .

4

9

�
�2� � ��

�
�2> +58,

�d +�,

�
�@ 4

5
�f� .

4

9
+�f�� � �f, �

2= +59,

Surri1 Iru +56, dqg +57,/ vhh Gx!h +4<<9,/ Vhfwlrq :H1 Wkh Wd|oru vhulhv
h{sdqvlrqv iroorz e| gluhfw fdofxodwlrq1

Wrjhwkhu zlwk +4<, wkurxjk +55,/ Sursrvlwlrq 5 vxjjhvwv wkdw wkh plv0
vshfl�fdwlrq lqgxfhg e| vxevwlwxwlqj dq revhuyhg erqg |lhog iru wkh wuxh
vkruw udwh lv vpdoo iru vkruw pdwxulwlhv dqg iru fdvhv zkhq �� dqg �� duh
forvh wr }hur1 Sursrvlwlrq 4 dqg +49, lpso| wkdw wkh xqfrqglwlrqdo phdq ri
wkh |lhog rq d � 0shulrg erqg lv

H ^| +u> �,` @ �4

�
^d +�, . e +� ,H +u,` > +5:,

dqg wkh xqfrqglwlrqdo yduldqfh lv

Ydu ^| +u> �,` @
4

�2
e2 +�,Ydu +u, = +5;,

Jlyhq d vhtxhqfh ri revhuydwlrqv ri wkh |lhog surfhvv dw dq duelwudu| glvfuhwh
lqwhuydo �/ wkh xqfrqglwlrqdo n0wk rughu dxwrfruuhodwlrq ri wkh |lhogv lv

Fruu ^||n&{ +u> �, > || +u> �,` @ Fruu ^u|n&{> u|` = +5<,

Li wkh revhuydwlrqv rq d |lhog zlwk � 0shulrgv xqwlo pdwxulw| zhuh wuhdwhg
dv revhuydwlrqv ri u lwvhoi/ +5:, wkurxjk +5<, lqglfdwh wkh pdjqlwxgh ri wkh
plvvshfl�fdwlrq huuru wkdw zrxog uhvxow iurp d vlpsoh phwkrg0ri0prphqwv
hvwlpdwru1 Lq sduwlfxodu/ +5<, ghprqvwudwhv wkdw wkh dxwrfruuhodwlrq ixqf0
wlrq fdq eh lqihuuhg gluhfwo| zlwkrxw d sureohp/ zkloh +5:, dqg +5;, vkrz

<



wkdw hvwlpdwhv ri wkh orqj0uxq phdq dqg wkh yduldqfh ri wkh vkruw udwh zloo
kdyh eldvhv uhodwhg wr wkh ohyhov ri �d +�, @� dqg �e +�, @� 1 Wkh pdjqlwxgh
ri wkhvh h�hfwv zloo ghshqg rq wkh h{dfw irupv ri wkh vkruw udwh dqg ulvn
suhplxp ixqfwlrqv dqg rq wkh uhohydqw sdudphwhu ydoxhv17

615 Ydvlfhn +4<::,

Frqvlghu d vkruw udwh surfhvv gh�qhg e| wkh VGH

gu| @ � +� � u|,gw. �gZ|> +63,

zkhuh � A 31 Wklv lv d Jdxvvldq surfhvv1 Li � +u, @ �f +? 3,/ wkhq �f @ ��/
�� @ ��/ �f @ �2/ �� @ 3/ dqg u dqg � +u, vdwlvi| wkh frqglwlrqv iru dq
d!qh erqg sulfh prgho18 Ydvlfhn +4<::, vkrzv wkdw

d +�, @

�
� � �f

�
� 4

5

�2

�2

��
4

�
+4� h{s +���,,� �

�
� �2

7��
^4� h{s +���,`2 >

+64,

e +�, @ �4

�
^4� h{s +��� ,` = +65,

Htxdwlrqv +4<, wkurxjk +55, wkhq jlyh wkh g|qdplfv ri | iru �{hg � dv

g|| @

�
�e +�,

�
�� � d +� ,

�
�� �||

�
gw� e +�,

�
�gZ|= +66,

Iljxuhv 4 dqg 5 frqwdlq sorwv ri wkh wuxh guliw dqg gl�xvlrq ixqfwlrqv dqg
wkh ixqfwlrqv lpsolhg e| 40 dqg 60prqwk sur{lhv iru wkuhh vhwv ri sdudphwhu
fkrlfhv wkdw hperg| gl�huhqw ohyhov ri shuvlvwhqfh1 Wkh �uvw wzr vhwv ri
sdudphwhu fkrlfhv duh jhqhudoo| frqvlvwhqw zlwk wkh vkruw0whup lqwhuhvw udwh
gdwd xvhg lq hduolhu uhvhdufk1 Wkh sdudphwhu � lv vhw forvh wr wkh ydoxh ri wkh
orqj0uxq phdq ri wkh Hxurgroodu udwh xvhg lq Dòw0Vdkdold +4<<9d/e,/ dqg wkh
� dqg � frpelqdwlrqv duh fkrvhq wr lpso| wkh vdph vwhdg|0vwdwh yduldqfh ri
wkh vkruw udwh surfhvv1 � lv doorzhg wr dvvxph ydoxhv wkdw lpso| d �uvw0rughu
dxwrfruuhodwlrq ri wkh glvfuhwh revhuydwlrqv dv kljk dv 3=<; +� @ 3=55, ru dv

7Htxdwlrqv +5:, wkurxjk +5<, fdq eh xvhg/ lq frqmxqfwlrq zlwk wkh vdpsoh prphqwv
ri +dw ohdvw, wzr |lhogv dqg dq h{solflw vshfl�fdwlrq iru o dqg b +dqg/ wkhuhiruh/ @ E��
dqg K E��,/ lq d vwdqgdug jhqhudol}hg phwkrg ri prphqwv hvwlpdwlrq ri wkh vkruw udwh
sdudphwhuv1 Wklv hvwlpdwlrq lv qrw wkh irfxv ri wkh txhvwlrqv wkdw zh h{dplqh lq wklv
sdshu1 Krzhyhu/ li wkh sur{| sureohp lv txdqwlwdwlyho| vpdoo/ wkhq wkh fruuhfwlrqv wr d
prphqw0edvhg hvwlpdwlrq vwudwhj| lpsolhg e| +5:, wkurxjk +5<, zloo dovr eh vpdoo1

8Vhh Jrogvwhlq dqg ]dsdwhur +4<<9, iru dq h{dpsoh ri dq h{fkdqjh0hfrqrp| htxloleulxp
prgho lq zklfk wklv erqg sulflqj prgho krogv1
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orz dv 3=;: +� @ 4=:5,1 Wkh vpdoo ydoxh iru wkh ulvn suhplxp sdudphwhu/
�f @ �3=35/ lv frqvlvwhqw zlwk wkh hvwlpdwh lq Vwdqwrq +4<<:,1 Wkh guliw
dqg gl�xvlrq ixqfwlrqv sorwwhg lq Iljxuhv 4 dqg 5 duh txlwh forvh +hvvhqwldoo|
lghqwlfdo iru wkh guliwv, wr wkh wuxh ixqfwlrqv/ zklfk vxjjhvwv wkdw wkh sur{|
sureohp lv vpdoo1

Htxdwlrq +63, lv dq Ruqvwhlq0Xkohqehfn surfhvv/ zklfk lv d �uvw0rughu
dxwruhjuhvvlyh surfhvv zkhq revhuyhg dw glvfuhwh lqwhuydov1 Wkh sdudphwhu
� uh hfwv wkh vshhg ri dgmxvwphqw ri u edfn wrzdugv lwv xqfrqglwlrqdo +ru
orqj0uxq, phdq ri �1 Wkh xqfrqglwlrqdo prphqwv ri wkh vkruw udwh surfhvv
lq wklv fdvh duh zhoo nqrzq1 Lq sduwlfxodu=

H ^u|` @ �> +67,

Ydu ^u|` @
�2

5�
> +68,

dqg
Fruu ^u|n{> u|` @ h{s +���, = +69,

Lq wklv fdvh +5:, wkurxjk +5;, ehfrph=

H ^| +u> �,` @ �4

�
^d +�, . e +�, �` > +6:,

Ydu ^| +u> � ,` @
4

�2
e2 +�,

�2

5�
> +6;,

dqg
Fruu ^||n{ +u> �, > || +u> �,` @ h{s +���, > +6<,

zkhuh d +�, dqg e +�, duh gh�qhg lq +64, dqg +65,/ uhvshfwlyho|19

Wkh hfrqrplf vljql�fdqfh ri wkh sur{| sureohp lv hydoxdwhg e| dvvxplqj
wkdw dq hfrqrphwulfldq kdv frqvwuxfwhg wkh vdpsoh dqdorjv ri +6:, wkurxjk
+6<,/ exw surfhhgv xqghu wkh dvvxpswlrq wkdw wkh| duh wkh vdpsoh dqdorjv
ri +67, wkurxjk +69,1 Wklv uhvxowv lq +srwhqwldoo|, eldvhg hvwlpdwhv ri wkh
sdudphwhuv1 Zh wkhq frpsduh wkh |lhogv rq glvfrxqw erqgv frpsxwhg xvlqj
wkh wuxh dqg eldvhg sdudphwhuv1 Frpsdulqj +69, dqg +6<,/ lw lv fohdu wkdw wkh
wlph vhulhv ri revhuydwlrqv rq wkh |lhog ri dq| eloo doorzv � wr eh hvwlpdwhg/
dqg wkdw wkh xvh ri d sur{| grhv qrw uhvxow lq dq| eldv iru wklv sdudphwhu1

9Xvlqj wkh |lhog prphqwv wr uhfryhu hvwlpdwhv ri wkh vkruw udwh sdudphwhuv lv sduwlfx0
oduo| vlpsoh lq wkh Ydvlfhn fdvh1 Htxdwlrq +6<, dqg wkh vdpsoh dxwrfruuhodwlrq frh!flhqw
rq dq| |lhog fdq eh xvhg wr hvwlpdwh V1 Jlyhq dq hvwlpdwh ri V/ +6;, dqg wkh vdpsoh
yduldqfh rq dq| |lhog fdq eh xvhg wr frqvwuxfw dq hvwlpdwh ri j/ dqg +6:, dqg wkh vdpsoh
phdqv ri dq| wzr |lhogv fdq eh xvhg wr frqvwuxfw hvwlpdwhv ri w dqg bf1
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Wkh hvwlpdwhv ri sdudphwhuv � dqg � duh rewdlqhg e| htxdwlqj +67, dqg
+68, wr wkh vdpsoh dqdorjv ri +6:, dqg +6;,/ dqg zloo eh eldvhg1 Wkh ulvn
suhplxp �f d�hfwv wkh uhvxowv ri wklv h{huflvh wkurxjk wkh irup ri +6:, dqg
+6;,/ dqg zh dvvxph wkdw �f lv nqrzq1

Wdeoh 4 vkrzv wkh uhvxowv ri wklv h{huflvh lq wkh Ydvlfhn fdvh1 Iru hdfk
ri wkh wkuhh sdudphwhul}dwlrqv xvhg lq Iljxuhv 4 dqg 5/ wkh wuxh |lhogv rq
glvfrxqw erqgv ri pdwxulwlhv ri xs wr wzhqw| |hduv duh frpsduhg zlwk wkh
|lhogv wkdw zrxog eh fdofxodwhg xqghu wkh iroorzlqj dvvxpswlrqv= +4, D
60prqwk eloo lv xvhg lq sodfh ri wkh wuxh u> +5, D orqj hqrxjk vdpsoh ri
revhuydwlrqv ri wkh sur{| lv xvhg vr wkdw wkh vdpsoh prphqwv duh htxdo wr
wkh srsxodwlrq prphqwv +6:, wkurxjk +6<,> dqg +6, Wkh pdunhw sulfh ri ulvn
sdudphwhu lv nqrzq1 Frqvlvwhqw zlwk wkh uhvxowv lq Iljxuhv 4 dqg 5/ wkh
sulflqj gl�huhqfhv lpsolhg e| xvlqj d sur{| lq sodfh ri wkh wuxh vkruw udwh
duh txlwh vpdoo/ zlwk wkh odujhvw sulflqj huuru ehlqj 58 edvlv srlqwv rq d
530|hdu glvfrxqw erqg1:

616 Fr{/ Lqjhuvroo/ dqg Urvv +4<;8,

Lq wklv fdvh/ wkh vkruw udwh iroorzv d vtxduh0urrw gl�xvlrq

gu| @ � +� � u|,gw. �
s
u|gZ|= +73,

Ohw � +u, @ ��u/ zkhuh �� ? 31 Wklv vwuxfwxuh �wv lqwr wkh jhqhudo d!qh
fodvv zlwk �f @ ��/ �� @ ��/ �f @ 3/ dqg �� @ �21 Lw lv ixuwkhu dvvxphg
wkdw �/ � A 3 dqg 5�� � �21 Erqg sulfhv lq wklv prgho vdwlvi| +46, zlwk

d +�, @
5��

�2
orj

%
5� h{s

�
�
2
� +�. �� . �,

�
+�. �� . �, ^h{s +��,� 4` . 5�

&
+74,

dqg

e +�, @
�5 ^h{s +��,� 4`

+�. �� . �, ^h{s +��,� 4` . 5�
> +75,

zkhuh � �
t
+�. ��,

2 . 5�21 Htxdwlrqv +4<, wkurxjk +55, wkhq jlyh wkh
g|qdplfv ri | iru �{hg � dv

g|| @

�
�e +�,

�
�� � d +�,

�
�� �||

�
gw� �

u
�d +�, e +� ,

�2
� e +�,

�
||gZ|= +76,

:Qrwh wkdw li wkh pdunhw sulfh ri ulvn kdg dovr ehhq hvwlpdwhg/ wkh sur{|0jhqhudwhg
sulfhv zrxog kdyh ehhq hyhq pruh dffxudwh/ vlqfh wkh hvwlpdwhg pdunhw sulfhv ri ulvn
uhsruwhg lq wkh suhylrxv irrwqrwh duh doo vpdoohu lq devroxwh ydoxh wkdq wkh wuxh bf1
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Iljxuhv 6 dqg 7 frqwdlq sorwv ri wkh guliw dqg gl�xvlrq ixqfwlrqv ri wkh
vkruw udwh lq wkh FLU fdvh iru wkuhh sdudphwhul}dwlrqv wkdw lpso| wkh vdph
xqfrqglwlrqdo phdq/ yduldqfh/ dqg �uvw0rughu dxwrfruuhodwlrq frh!flhqwv dv
wkh sdudphwhul}dwlrqv xvhg lq wkh Ydvlfhn +4<::, fdvh1 Djdlq/ dv lq wkh
Ydvlfhn fdvh/ wkhvh sorwv vxjjhvw wkdw wkh pdjqlwxgh ri dq| plvvshfl�fdwlrq
gxh wr vxevwlwxwlqj d �qlwh pdwxulw| erqg lq sodfh ri wkh wuxh vkruw udwh lv
txlwh vpdoo1

Lq wkh fdvh ri wkh FLU vkruw udwh prgho/ wkh xqfrqglwlrqdo prphqwv ri
wkh wuxh vkruw udwh surfhvv duh=

H ^u|` @ �> +77,

Ydu ^u|` @
��2

5�
> +78,

dqg
Fruu ^u|n{> u|` @ h{s +���, +79,

lq wklv fdvh1 Wkh xqfrqglwlrqdo prphqwv ri d sur{| iru wkh vkruw udwh zlwk
� shulrgv xqwlo pdwxulw| duh

H +|| +u> �,, @ �4

�
^d +�, . e +�, �` > +7:,

Ydu +|| +u> �,, @
4

�2
e2 +�,

��2

5�
> +7;,

dqg
Fruu ^||n{ +u> �, > || +u> �,` @ h{s +���, > +7<,

zkhuh d +�, dqg e +�, duh gh�qhg e| +74, dqg +75,/ uhvshfwlyho|1
Wdeoh 5 vkrzv wkh hfrqrplf vljql�fdqfh ri gl�huhqfhv lq wkh hvwlpdwhv

ri wkh sdudphwhuv ri wkh vkruw udwh dvvrfldwhg zlwk wkh xvh ri d 60prqwk eloo
dv d sur{|/ djdlq e| h{dplqlqj wkh |lhogv0wr0pdwxulw| rq }hur0frxsrq erqgv
dqg xvlqj wkh vdph surfhgxuh xvhg lq Wdeoh 41 Dv lq wkh Ydvlfhn fdvh/ wkh
lpsolhg sulflqj gl�huhqfhv duh vpdoo dfurvv doo wkuhh sdudphwhul}dwlrqv dqg
iru doo pdwxulwlhv iurp wkuhh prqwkv wr wzhqw| |hduv1;

;Wkh fdofxodwlrqv lq Wdeoh 6 duh edvhg rq wkh vdph dvvxpswlrqv xvhg wr jhqhudwh wkh
uhvxowv lq Wdeoh 51
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617 Vxppdu| ri wkh D!qh H{dpsohv

Wkhvh wzr h{dpsohv ghprqvwudwh/ lq dq d!qh erqg sulfh prgho/ wkdw df0
fxudwh hvwlpdwhv ri wkh guliw dqg gl�xvlrq ri wkh vkruw udwh surfhvv fdq eh
rewdlqhg/ hyhq xvlqj sur{lhv zlwk pdwxulwlhv dv orqj dv wkuhh prqwkv1 Krz0
hyhu/ FKOV/ Dòw0Vdkdold +4<<9e, dqg Vwdqwrq +4<<:, doo �qg hylghqfh wkdw
lv lqfrqvlvwhqw zlwk wkh dvvxpswlrq ri d olqhdu guliw lq wkh vkruw udwh sur0
fhvv/ dqg Vwdqwrq +4<<:, hvwlpdwhv d qrqolqhdu ulvn suhplxp ixqfwlrq1< Wkh
iroorzlqj vhfwlrq h{dplqhv d vlpsoh h{dpsoh wkdw lv frqvlvwhqw zlwk wkhvh
�qglqjv1

7 D Qrqolqhdu Vlqjoh0Idfwru Prgho

714 Wkh Vwuxfwxuh ri wkh Prgho

Wkh vkruw udwh surfhvv lv gh�qhg e| wkh VGH

gu| @ � +u|,gw. � +u|, gZ|> +83,

zkhuh
� +u, @ #fu

3� . #� . #2u. #�u
2 +84,

dqg
� +u, @ �u�*2= +85,

Wkh guliw vshfl�fdwlrq lq +84, lv wkh  h{leoh ixqfwlrqdo irup xvhg lq Dòw0
Vdkdold +4<<9e, dqg FKOV/ dqg +85, lv wkh gl�xvlrq vshfl�fdwlrq vxjjhvwhg
e| Fkdq hw do +4<<5, dqg ixuwkhu h{dplqhg lq FKOV1 Wkh gl�xvlrq ixqfwlrq
+85, lv dovr d vshfldo fdvh ri wkh  h{leoh gl�xvlrq vshfl�fdwlrq xvhg e| Dòw0
Vdkdold +4<<9e,1 Wkh ulvn suhplxp ixqfwlrq lv

� +u, @ � +u,
�
�f . ��u . �2u

2
�
> +86,

zkhuh � +u, lv wkh gl�xvlrq ixqfwlrq lq +85,1 Wkh duelwudjh0iuhh erqg sulfhv
dvvrfldwhg zlwk +83, dqg +86, iroorz iurp wkh SGH +9, dqg wkh erxqgdu|
frqglwlrq +:,1 Dv Vwdqwrq +4<<:, qrwhv/ wklv vshfl�fdwlrq ri � +u, lv frqvlv0
whqw zlwk wkh devhqfh ri duelwudjh ehfdxvh lw vdwlv�hv wkh frqglwlrq wkdw

� +u, @ 3 li � +u, @ 3= +87,
<Fkdspdq dqg Shduvrq +4<<;, h{dplqh wkh �qlwh0vdpsoh surshuwlhv ri wkh hvwlpdwruv

xvhg lq Vwdqwrq +4<<:, dqg Dòw0Vdkdold +4<<9e,/ dqg wkh| frqfoxgh wkdw wkhvh sdshuv
gr qrw surylgh frpshoolqj hylghqfh wkdw wkh guliw ri wkh vkruw udwh lv dfwxdoo| qrqolqhdu1
Fkdspdq dqg Shduvrq +4<<;,/ krzhyhu/ gr qrw h{dplqh wkh hvwlpdwru lq FKOV1 Qru gr
wkh| frqfoxgh wkdw wkh guliw ixqfwlrq lq wkh dfwxdo gdwd lv olqhdu1
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Ylrodwlrq ri +87, uhvxowv lq dq duelwudjh rssruwxqlw| lq dq �duelwudjh0iuhh�
whup vwuxfwxuh prgho +vhh FLU sdjh 6<; ru Lqjhuvroo +4<;:,/ sdjhv 7330734,1

Wkh sdudphwhu ydoxhv iru wkh guliw dqg gl�xvlrq ixqfwlrqv duh wdnhq
iurp FKOV1 Lq sduwlfxodu/ #f @ 3=33:6/ #� @ �3=7779/ #2 @ <=84:;/ #� @
�89=<36;/ dqg � @ 4=33143 Wkh ulvn suhplxp ixqfwlrq +86, fdq dssur{lpdwh
wkh qrqsdudphwulf ulvn suhplxp ixqfwlrq hvwlpdwhg lq Vwdqwrq +4<<:, iru
wkh sdudphwhu fkrlfhv �f @ �4=3/ �� @ 48/ dqg �2 @ �4481

715 Dssur{lpdwlqj wkh Sur{| Guliw dqg Gl�xvlrq Ixqfwlrqv

Dv lq wkh d!qh fdvh/ wkh sur{| sureohp fdq eh dqdo|}hg xvlqj htxdwlrqv
+44, dqg +45,1 Lq wklv qrqolqhdu fdvh/ krzhyhu/ wkhuh duh qr forvhg0irup
h{suhvvlrqv iru erqg sulfhv dqg |lhogv/ zklfk pdnhv lw lpsrvvleoh wr frpsxwh
h{solflwo| wkh sduwldo ghulydwlyhv C|@Cu dqg C2|@Cu21 Qrqhwkhohvv/ wkhuh duh
dssur{lpdwlrqv wr wkh sulfh dqg |lhog ixqfwlrqv wkdw fdq eh xvhg wr frqvwuxfw
dssur{lpdwlrqv wr �+ dqg �+1 Lq wklv vxe0vhfwlrq zh ghvfuleh wzr gl�huhqw
dssurdfkhv wkdw fdq eh xvhg wr h{whqg dq dqdo|vlv ri wkh sur{| sureohp
wr dq| vlqjoh0idfwru whup vwuxfwxuh prgho lq zklfk wkh guliw dqg gl�xvlrq
ixqfwlrqv ri wkh vkruw udwh dqg wkh pdunhw sulfh ri lqwhuhvw udwh ulvn ixqfwlrq
fdq eh vshfl�hg144

Wkh �uvw dssurdfk lv edvhg rq d �qlwh0gl�huhqfh dssur{lpdwlrq wr wkh
vroxwlrq ri wkh erqg sulflqj SGH/ htxdwlrq +9,/ vxemhfw wr wkh erxqgdu|
frqglwlrq +:,1 Lw frqvlvwv ri wkh iroorzlqj vwhsv1 Iluvw/ xvh d �qlwh0gl�huhqfh
dojrulwkp wr �qg dq dssur{lpdwh vroxwlrq wr +9,145 Jlyhq wkh dssur{lpdwlrq
wr wkh erqg sulfh ixqfwlrq/ frpsxwh wkh |lhog ixqfwlrq dw wkh julg srlqwv
ri wkh erqg sulfh ixqfwlrq1 Lqwhusrodwh ehwzhhq wkh julg srlqwv xvlqj fx0
elf vsolqhv wr frqvwuxfw dq dssur{lpdwlrq wr wkh frqwlqxrxv |lhog ixqfwlrq1
Jlyhq wkh |lhog ixqfwlrq/ dw d pdwxulw| � / frqvwuxfw d julg ri vl}h Q rq
d erxqghg lqwhuydo ri wkh vkruw udwh ^u> u` dqg dssur{lpdwh wkh uhtxluhg
ghulydwlyhv dv

Ce| +u�> �,
Cu

� e| +u�n�> �,� e| +u�3�> �,
5�

+88,

43Vhh FKOV/ Dsshqgl{ J/ iru wkh guliw sdudphwhu hvwlpdwhv1
44Wkh iroorzlqj vhfwlrq glvfxvvhv krz wr h{whqg wkhvh dssurdfkhv wr d vshfl�f pxowl0

idfwru whup vwuxfwxuh h{dpsoh1
45 Lq wkh iroorzlqj vxe0vhfwlrq +dqg lq wkh dsshqgl{,/ wkh qxphulfdo dssur{lpdwlrq lv

frqgxfwhg xvlqj d Fudqn0Qlfkrovrq �qlwh0gl�huhqfh dojrulwkp/ dv ghvfulehg lq Vhfwlrqv K
dqg L ri Fkdswhu 44 ri Gx!h +4<<9,1 Wkh edfnzdug lwhudwlrqv wkurxjk wkh wlph vwhsv ri
wkh sureohp duh frpsxwhg e| vroylqj d wulgldjrqdo v|vwhp ri olqhdu htxdwlrqv1 Wklv zdv
dffrpsolvkhg xvlqj wkh wulgdjE�� ixqfwlrq gh�qhg lq Vhfwlrq 517 +sdjh 84, ri Suhvv hw do1
+4<<5, +dv lpsohphqwhg lq PdwkFdg*v Qxphulfdo Uhflshv Ixqfwlrq Sdfn ,1
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dqg
Ce| +u�> �,

Cu
� e| +u�n�> �,� 5e| +u�> �, . e| +u�3�> �,

�2
> +89,

zkhuh e| lv wkh dssur{lpdwlrq wr wkh |lhog ixqfwlrq/ l � 4/ l/ dqg l . 4
uhihu wr srlqwv rq wkh sduwlwlrq ri ^u> u`/ dqg � lv wkh +frqvwdqw, zlgwk ri
wkh sduwlwlrq lqwhuydov1 Ilqdoo|/ wkh sduwldo ghulydwlyhv +88, dqg +89, dqg
wkh dssur{lpdwh |lhog ixqfwlrq +dqg lwv lqyhuvh, iurp wkh �qlwh0gl�huhqfh
vroxwlrq/ lw lv srvvleoh wr frqvwuxfw dssur{lpdwlrqv wr +44, dqg +45,1

Wkhuh duh wkuhh vrxufhv ri dssur{lpdwlrq huuru lq wklv ��qlwh0gl�huhqfh
dssurdfk1� Wkh �uvw lv lqwurgxfhg e| wkh frpsxwdwlrq ri wkh �qlwh0gl�huhqfh
dssur{lpdwlrq1 Wkh vhfrqg frphv iurp wkh lqwhusrodwlrq ri wkh �qlwh0
gl�huhqfh vroxwlrq/ dqg wkh �qdo vrxufh ri huuru lv gxh wr wkh dssur{lpdwlrqv
wr wkh wuxh ghulydwlyhv jlyhq lq +88, dqg +89,1 Wkh huuru rughu ri pdjqlwxgh
ri wkh �qlwh0gl�huhqfh dssur{lpdwlrq ghshqgv rq wkh sduwlfxodu dojrulwkp
xvhg wr vroyh +9,146 Wkh ghulydwlyh dssur{lpdwlrqv/ +88, dqg +89,/ erwk kdyh
huuru rughu ri pdjqlwxghv ri �2/ zkhuh � � +u � u, @Q 1 Wkh vl}h ri wkhvh hu0
uruv/ dqg wkh dvvrfldwhg txdolw| ri wkh guliw dqg gl�xvlrq dssur{lpdwlrqv
iurp wkh �qlwh0gl�huhqfh dssurdfk lv h{dplqhg lq ghwdlo lq Dsshqgl{ D/
zkhuh lw lv vkrzq +iru wkh d!qh fdvh, wkdw wkh huuruv duh vpdoo dqg hfrqrp0
lfdoo| lqvljql�fdqw1 Lq doo ri wkh uhvxowv uhsruwhg lq wkh qh{w vxe0vhfwlrq/
wkh �qlwh0gl�huhqfh julg xvhv :53 wlph srlqwv dqg 573 vsdfh srlqwv/ dqg
wkh qxphulfdo ghulydwlyhv/ +88, dqg +89,/ duh frqvwuxfwhg xvlqj d julg ri :9
srlqwv1

D vhfrqg dssur{lpdwlrq/ wkh �Wd|oru vhulhv dssurdfk/� fdq eh lpsoh0
phqwhg xvlqj rqo| nqrzohgjh ri wkh guliw dqg gl�xvlrq ixqfwlrqv ri wkh
vkruw udwh dqg wkh pdunhw sulfh ri ulvn ixqfwlrq1 Lw lv gh�qhg lq wkh iroorz0
lqj sursrvlwlrq dqg fruroodu|1

Sursrvlwlrq 6 Ohw � +u,/ � +u,/ dqg �2 +u, eh frqwlqxrxv dqg kdyh 5 +Q � 5,
frqwlqxrxv ghulydwlyhv/ iru Q � 5 dqg u 5 G/ zkhuh G lv wkh vxssruw ri wkh
vwrfkdvwlf surfhvv u1 Wkh Q |�0rughu Wd|oru vhulhv dssur{lpdwlrq ri E +u> �,
lv

E +u> � >Q, @
�[
?'f

4

q$
i? +u, �

?>

46Wkh Fudqn0Qlfkrovrq vfkhph xvhg ehorz kdv dq huuru wkdw lv �
�
E{��2

�
/ zkhuh {� lv

wkh vl}h ri wkh julg lq wkh wlph glphqvlrq1 � E�� lv wkh dv|pswrwlf rughu v|pero/ phdqlqj
wkdw li s lv d ixqfwlrq ri { dqg s lv � E{� wkhq

*�4
{�f

s E{� *{ ' gc

zkhuh g lv d frqvwdqw1
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zkhuh

i?n� +u, @ ^� +u,� � +u,`
gi? +u,

gu
.

4

5
�2 +u,

g2i? +u,

gu2
� ui? +u, >

q � 3/ dqg
if +u, @ 4=

Surri1 Xqghu wkh dvvxpswlrqv ri wkh sursrvlwlrq/ i� +u, lv frqwlqxrxv rq
G1 Iru 3 � q � Q / i? +u, lv frqwlqxrxv dqg kdv wzr frqwlqxrxv ghulydwlyhv
rq G1 Lw÷*v irupxod wkhq lpsolhv

H'
f

�
i? +u� , h{s

�
�
] �

f

urgv

��
@

i? +uf, .H'
f

] �

f

i?n� +ur, h{s

�
�
] r

f

u�gx

�
gv

iru 3 � q � Q / zkhuh H'
f ^�` ghqrwhv h{shfwdwlrq frpsxwhg xqghu wkh ulvn0

qhxwudo phdvxuh1 Wkxv

C

C�
H'
f

�
i? +u� , h{s

�
�
] �

f

urgv

��
@ H'

f

�
i?n� +u� , h{s

�
�
] �

f

urgv

��
iru 3 � q � Q 1 Erqg sulfhv duh jlyhq e|

E +uf> �, @ H'
f

�
if +u� , h{s

�
�
] �

f

urgv

��
1

Wkxv
C?

C�?
E +uf> �, @ H'

f

�
i? +u� , h{s

�
�
] �

f

urgv

��
+8:,

iru 3 � q � Q 1 E +uf> �, dqg lwv �uvw Q ghulydwlyhv zlwk uhvshfw wr �
duh frqwlqxrxv zlwk uhvshfw wr � iru 3 � � ? 41 Wkh dssur{lpdwlrq lq
wkh sursrvlwlrq lv wkh wuxqfdwhg Wd|oru vhulhv h{sdqvlrq ri E +uf> �, durxqg
� @ 31 Lw lv edvhg rq

C?

C�?
E +uf> �,

����
�'f

@ i? +uf,

iru 4 � q � Q / zklfk lv dq lpsolfdwlrq ri +8:,1
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Fruroodu| 4 Ohw | +u> �,/ �+ +u> �,/ dqg �+ +u> �, eh wkh erqg |lhog/ wkh guliw
ri wkh |lhog +iru d frqvwdqw �,/ dqg wkh yrodwlolw| ri wkh |lhog +iru d frqvwdqw
�,/ dv ixqfwlrqv ri u dqg � 1 Dssur{lpdwlrqv ri wkhvh ixqfwlrqv edvhg rq
E +u> � >Q, duh

| +u> � >Q, @ �4

�
orj +E +u> � >Q,, >

�+ +u> � >Q, @ � +u,
C| +u> � >Q,

Cu
.

4

5
�2 +u,

C2| +u> � >Q,

Cu2
>

dqg

�+ +u> � >Q, @ � +u,
C| +u> � >Q,

Cu
=

Surri1 Wklv iroorzv lpphgldwho| iurp Lw÷*v ohppd/ dqg wkh ghulydwlyhv fdq
eh fdofxodwhg iurp wkh uhvxowv lq Sursrvlwlrq 61

Lq wkh uhvxowv uhsruwhg lq wkh qh{w vxe0vhfwlrq/ wkh Wd|oru vhulhv dssurdfk lv
lpsohphqwhg xvlqj d wklug rughu +Q @ 6, dssur{lpdwlrq147

716 Wkh Uhvxowv

Dv d �uvw vwhs lq h{dplqlqj wkh qrqolqhdu prgho/ zh frqvwuxfw hvwlpdwhv ri
wkh vwdwlrqdu| ghqvlw| ri wkh wuxh vkruw udwh dqg wkh 4�prqwk dqg 60prqwk
|lhogv1 Iroorzlqj Nduolq dqg Wd|oru +4<;4,/ wkh vwdwlrqdu| ghqvlw|/ ghqrwhg
� +u,/ lv wkh vroxwlrq wr wkh vwdwlrqdu| yhuvlrq ri wkh Nroprjrury iruzdug
htxdwlrq=

3 @
4

5

C2

Cu2
�
�2 +u,� +u,

�� C

Cu
^� +u,� +u,` = +8;,

Wkh ghqvlw| � +u, pxvw/ ri frxuvh/ dovr vdwlvi| wkh frqglwlrqv=
U K
K � +u, @ 4

dqg � +u, � 3 iru u 5 �
e> e

�
/ zkhuh

�
e> e

�
lv wkh vxssruw ri wkh vwdwlrqdu|

ghqvlw|1 Nduolq dqg Wd|oru +4<;4, vkrz wkdw wkh vwdwlrqdu| ghqvlw| lv ri wkh
irup

� +u, @ F�p +u,V +u, .F2p +u, > +8<,

zkhuh

V +{, @

] %

v +u, gu

47Wkh surfhvv ri �lqyhuwlqj� wkh prphqwv ri �qlwh0pdwxulw| |lhogv wr uhfryhu wkh vkruw
udwh +dqg pdunhw sulfh ri ulvn, sdudphwhuv lv pruh frpsolfdwhg lq wklv qrqolqhdu sureohp
ehfdxvh wkhuh lv qr forvhg0irup vroxwlrq iru |lhogv1 Krzhyhu/ wkh |lhog prphqwv edvhg rq
wkh Wd|oru vhulhv dssur{lpdwlrq lq Sursrvlwlrq 6 duh qrqolqhdu ixqfwlrqv wkdw uhodwh wkh
prphqwv ri revhuyhg |lhogv wr wkh sdudphwhuv ri vkruw udwh surfhvv/ dqg wkh| frxog eh
xvhg lq d jhqhudol}hg phwkrg ri prphqwv hvwlpdwlrq ri wkh vkruw udwh sdudphwhuv1
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dqg
p +{, @

4

v +{,�2 +{,
>

zlwk

v +{, @ h{s

�
�
] % 5� +u,

�2 +u,
gu

�
>

dqg F� dqg F2 duh frqvwdqwv ri lqwhjudwlrq fkrvhq wr hqvxuh wkdw � +u, lv d
ghqvlw|1 Lq wklv fdvh/ wkh frqglwlrqv deryh lpso| wkdw F� @ 3 dqg

F2 @

] K

K
p +u,gu=

Lq frpsxwlqj wklv frqvwdqw/ zh xvh wkh lqwhuydo ^3=36> 3=4;` dv dq dssur{l0
pdwlrq wr wkh vxssruw ri wkh vwdwlrqdu| ghqvlw|148

Wkh vwdwlrqdu| ghqvlw| ri wkh wuxh vkruw udwh lv frpsxwhg xvlqj wkh wuxh
guliw dqg gl�xvlrq ixqfwlrqv/ dqg wkh vwdwlrqdu| ghqvlwlhv ri wkh 40 dqg 60
prqwk |lhog vhulhv duh frpsxwhg xvlqj wkh qxphulfdo hvwlpdwhv ri wkh guliw
dqg gl�xvlrq ixqfwlrqv1 Iljxuh 8 vkrzv wkh uhvxowlqj ghqvlwlhv edvhg rq wkh
�qlwh0gl�huhqfh dssur{lpdwlrq dssurdfk/ dqg Iljxuh 9 vkrzv wkh frpsdud0
eoh uhvxowv edvhg rq wkh Wd|oru vhulhv dssur{lpdwlrq1 Lq erwk slfwxuhv/ wkh
60prqwk |lhog kdv wkh kljkhvw shdn dqg wkh vpdoohvw wdlov1 Wkh phdqv ri wkh
40prqwk |lhog dqg wkh 60prqwk |lhog duh erwk kljkhu wkdq wkh phdq ri wkh
wuxh vkruw udwh1 Doo ri wkh ghqvlwlhv lq erwk �jxuhv vxjjhvw wkdw erwk wkh
wuxh vkruw udwh dqg sur{lhv duh jhqhudoo| ehwzhhq 3=38 dqg 3=491

Iljxuhv : sorwv wkh guliw ixqfwlrq ri wkh wuxh vkruw udwh/ +84,/ dorqj zlwk
wkh qxphulfdo dssur{lpdwlrqv wr �+ +|, edvhg rq erwk wkh 40 dqg 60prqwk
|lhogv xvlqj wkh �qlwh0gl�huhqfh dssur{lpdwlrq1 Iljxuh ; vkrzv wkh vdph
ixqfwlrqv edvhg rq wkh Wd|oru vhulhv dssur{lpdwlrq1 D uhvhdufkhu xvlqj d
40prqwk sur{| zrxog revhuyh wkh vhfrqg sdqho lq hdfk �jxuh lqvwhdg ri
wkh �uvw sdqho/ dqg d uhvhdufkhu xvlqj d 60prqwk sur{| zrxog revhuyh wkh
wklug sdqho1 Doo wkuhh ixqfwlrqv lq Iljxuh : duh hvvhqwldoo| lghqwlfdo/ zklfk
vxjjhvwv wkdw wkh sur{| sureohp lv qrw d vxevwdqwldo lvvxh lq wkh hvwlpdwlrq
ri wkh guliw ixqfwlrq1 Krzhyhu/ xvlqj wkh Wd|oru vhulhv dssur{lpdwlrq/ Iljxuh
; vxjjhvwv wkdw wkh guliw ri wkh 40prqwk udwh h{klelwv voljkwo| pruh fxuydwxuh
+l1h1/ phdq uhyhuvlrq dw kljkhu udwh ohyhov, wkdq wkh wuxh vkruw udwh guliw/ dqg
wkh 60prqwk udwh h{klelwv hyhq pruh fxuydwxuh wkdq wkh 40prqwk udwh1 Wkh
hfrqrplf vljql�fdqfh ri wkhvh dssduhqwo| plqru gl�huhqfhv ghshqgv rq wkhlu

48Wkh qxphulfdo fdofxodwlrqv ri wkh lqwhjudov lqyroyhg lq vroylqj iru Z Eo� lv grqh xvlqj
PdwkFdg:/ Surihvvlrqdo1 PdwkFdg xvhv wkh Urpehuj phwkrg wr frpsxwh wkh lqwhjudov1
Vhh Suhvv/ hw do1 +4<<5,/ Vhfwlrq 7161
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lpsolfdwlrqv +dorqj zlwk wkh h�hfw ri wkh sur{| rq wkh gl�xvlrq ixqfwlrq,
iru erqg sulfhv dqg lqwhuhvw udwh ghulydwlyh sulfhv1

Wkh gl�xvlrq ixqfwlrqv iru wkh wuxh vkruw udwh dqg wkh 40 dqg 60prqwk
sur{lhv/ xvlqj wkh wzr gl�huhqw dssur{lpdwlrq dssurdfkhv/ duh vkrzq lq
Iljxuhv < dqg 431 Wkhvh �jxuhv kdyh wkh vdph jhqhudo vwuxfwxuh dv Iljxuhv
: dqg ;/ zlwk wkh wuxh ixqfwlrq lq wkh wrs sdqho dqg zkdw d uhvhdufkhu xvlqj
d 40 ru 60prqwk sur{| zrxog revhuyh lq wkh plggoh dqg erwwrp sdqhov/
uhvshfwlyho|1 Rqh lpsruwdqw lvvxh dgguhvvhg lq Fkdq hw do +4<<5,/ Dòw0
Vdkdold +4<<9d/e,/ dqg FKOV lv wkh vkdsh ri wkh gl�xvlrq ixqfwlrq1 Lw lv
uhodwhg wr srwhqwldoo| gholfdwh lvvxhv ri vwdwlrqdulw| dv zhoo dv frqvlvwhqf|
zlwk h{lvwlqj vlqjoh0idfwru prghov1 Iljxuhv < dqg 43 vkrz wkdw wkh vkdsh
ri wkh gl�xvlrq fdq ghshqg rq wkh fkrlfh ri sur{|1 Wkh wuxh gl�xvlrq lv d
frqyh{ ixqfwlrq ri wkh vkruw udwh/ zkhuhdv wkh 40prqwk gl�xvlrq lv hvvhqwldoo|
olqhdu1 Vwulnlqjo|/ lq wkh erwwrp sdqhov ri Iljxuhv < dqg 43/ wkh gl�xvlrq
ixqfwlrqv edvhg rq wkh 60prqwk sur{| duh frqfdyh iru d odujh sduw ri wkh
udqjh ri lqwhuhvw udwhv/ dqg lw dsshduv wkdw wkh gl�xvlrq ixqfwlrqv kdyh
lq hfwlrq srlqwv dw d |lhog ohyho ri dssur{lpdwho| 44 shufhqw149 Jlyhq wkh
lpsruwdqfh ri wkh gl�xvlrq ixqfwlrq lq sulflqj rswlrqv dqg rwkhu lqwhuhvw udwh
ghulydwlyhv/ wkh uhvxow wkdw wkh vkdsh ri wkh gl�xvlrq ixqfwlrq fdq eh vhqvlwlyh
wr wkh fkrlfh ri sur{| vxjjhvwv wkdw sur{| sureohp fdq eh vljql�fdqw1

Wkh sduwldo gl�huhqwldo htxdwlrq +9, ghprqvwudwhv wkdw lw lv wkh gl�xvlrq
dqg wkh guliw xqghu wkh htxlydohqw pduwlqjdoh phdvxuh/ � +u,�� +u,/ wkdw duh
lpsruwdqw lq sulflqj glvfrxqw erqgv1 Iljxuhv 44 dqg 45 vkrz sorwv ri wkh
guliw xqghu wkh htxlydohqw pduwlqjdoh phdvxuh frqvwuxfwhg iurp wkh dfwxdo
guliwv ri wkh wuxh udwh dqg wkh 40 dqg 60prqwk sur{lhv dqg wkh wuxh ulvn
suhplxp ixqfwlrq1 Djdlq/ wkhvh �jxuhv kdyh wkh vdph jhqhudo vwuxfwxuhv
dv Iljxuhv : dqg ; dqg Iljxuhv < dqg 431 Lq erwk Iljxuhv 44 dqg 45/ wkh
dgmxvwhg guliwv ri wkh 40prqwk sur{| +sorwwhg djdlqvw wkh 40prqwk |lhog,
orrnv yhu| vlplodu wr wkh vkdsh ri wkh wuxh ulvn dgmxvwhg guliw1 Krzhyhu/ wkh
guliwv ri wkh 60prqwk sur{| gl�hu iru odujh |lhogv14:

49Wkh erwwrp sdqhov ri Iljxuhv < dqg 43 lqglfdwh wkdw wkh wzr gl�huhqw dssur{lpdwlrq
vfkhphv surgxfh gl�huhqw hvwlpdwhv ri wkh gl�xvlrq ixqfwlrq iru odujh ydoxhv ri wkh 60
prqwk |lhog1 Iljxuhv 8 dqg 9 lqglfdwh wkdw vxfk odujh |lhog ydoxhv duh uhdol}hg lqiuhtxhqwo|/
vxjjhvwlqj wkdw wkhvh gl�huhqfhv gxh wr wkh gl�huhqw dssur{lpdwlrq phwkrgv pd| qrw eh
lpsruwdqw iru sulflqj erqgv1 Wdeohv 6 dqg 7 vkrz wkdw wklv lv lq idfw wkh fdvh1 Wkh
hvwlpdwhv ri wkh guliw dqg gl�xvlrq ixqfwlrqv iurp wkh gl�huhqw dssur{lpdwlrq vfkhphv
uhvxow lq erqg sulfhv dqg |lhogv wkdw duh yhu| vlplodu1

4:Wkh vkdsh ri wkh ulvn qhxwudo guliw iru wkh 60prqwk |lhog edvhg rq wkh �qlwh0gl�huhqfh
dssur{lpdwlrq lv gl�huhqw iurp wkh vkdsh ri wkh vdph ixqfwlrq hvwlpdwhg xvlqj wkh Wd|oru
vhulhv dssur{lpdwlrq wr wkh |lhog ixqfwlrq/ iru odujh lqwhuhvw udwhv1 Lq sduwlfxodu/ wkh �qlwh0
gl�huhqfh edvhg dssur{lpdwlrq lq Iljxuh 44 lpsolhv |lhog surfhvvhv zlwk vxevwdqwldoo| ohvv
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Wdeohv 6 dqg 7 h{dplqh wkh hfrqrplf vljql�fdqfh ri Iljxuhv : wkurxjk
451 Wkh| vkrz wkh |lhogv rq glvfrxqw erqgv ri pdwxulwlhv iurp rqh wr whq
|hduv xvlqj wkh wuxh ulvn suhplxp ixqfwlrq frpelqhg zlwk wkh wuxh guliw
dqg gl�xvlrq ixqfwlrqv dqg zlwk wkh guliw dqg gl�xvlrq ixqfwlrqv rewdlqhg
xvlqj wkh 40 dqg 60prqwk |lhogv dv sur{lhv1 Wkh �uvw wklqj wr qrwh derxw
wkhvh wdeohv lv wkdw wkhuh lv yluwxdoo| qr gl�huhqfh ehwzhhq wkh sulfhv edvhg
rq wkh ixqfwlrqv iurp wkh �qlwh0gl�huhqfh dssur{lpdwlrq zkhq frpsduhg wr
wkh sulfhv iurp wkh Wd|oru vhulhv dssur{lpdwlrq1 Dffruglqjo|/ wkh dqdo|vlv
zloo irfxv rq wkh �qlwh0gl�huhqfh uhvxowv lq Wdeoh 61

Sdqho D ri Wdeoh 6 suhvhqwv wkh uhvxowv xvlqj wkh wuxh ixqfwlrqv1 Wkh
prgho lpsolhv xszdug vorslqj whup vwuxfwxuhv iru orz ohyhov ri u dqg lqyhuwhg
whup vwuxfwxuhv iru kljk ohyhov ri u1 Ixuwkhupruh/ frpsdulqj grzq wkh
froxpqv ri Sdqho D vkrzv wkdw wkh |lhogv rq vkruwhu pdwxulw| erqgv duh
pruh yrodwloh wkdq wkh |lhogv rq orqjhu pdwxulw| erqgv1 Wkh uhvxowv lq
Sdqhov E dqg F duh txlwh vlplodu wr hdfk rwkhu1 Wkh hqwulhv iru fruuhvsrqglqj
pdwxulwlhv dqg ohyhov ri wkh uhohydqw sur{| duh/ w|slfdoo| zlwklq wkuhh edvlv
srlqwv ri hdfk rwkhu1 Sdqhov E dqg F ghprqvwudwh wkdw wkh sur{lhv surgxfh
glvfrxqw |lhogv wkdw duh erwk kljkhu dqg pruh yduldeoh wkdq wkh wuxh erqg
sulfhv1 Wkh lqfuhdvhg yduldelolw| lv sduwlfxoduo| wuxh ri pdwxulwlhv dw wkh
vkruw0hqg ri wkh |lhog fxuyh1

Wkhvh uhvxowv lqglfdwh wkdw wkh sur{| sureohp fdq eh lpsruwdqw iru qrq0
olqhdu lqwhuhvw udwh prghov1 pruhryhu/ wkhuh duh wzr uhdvrqv wr vxvshfw wkdw
Wdeohv 6 dqg 7 pd| xqghuvwdwh wkh h{whqw ri wkh sur{| sureohp1 Iluvw/ e|
xvlqj wkh wuxh ixqfwlrqv iru wkh guliwv dqg gl�xvlrqv ri wkh wuxh vkruw udwh
dqg wkh vkruw udwh sur{lhv dqg xvlqj wkh wuxh pdunhw sulfh ri ulvn ixqfwlrq/
wkhvh wdeohv devwudfw iurp dq| hvwlpdwlrq huuru1 Vhfrqg/ wkh gl�huhqfhv lq
wkh vkdsh ri wkh gl�xvlrq ixqfwlrqv grfxphqwhg lq Iljxuhv < dqg 43 zloo
kdyh d juhdwhu lpsdfw rq wkh sulflqj ri lqwhuhvw udwh dqg erqg rswlrqv wkdq
rq wkh sulflqj ri glvfrxqw erqgv1

8 Wkh Orqjvwd� dqg Vfkzduw} +4<<5, Prgho

Wkh suhfhglqj dqdo|vlv ri wkh sur{| sureohp fdq eh h{whqghg wr pxowl0idfwru
whup vwuxfwxuh prghov1 Zkloh wkhuh lv qr xqli|lqj iudphzrun dqdorjrxv wr
wkh d!qh vwuxfwxuh ri +46,/ +47,/ dqg +48, lq d pxowl0idfwru vhwwlqj4;/ wkh

phdq uhyhuvlrq wkdq wkh frpsdudeoh hvwlpdwh edvhg rq wkh Wd|oru vhulhv dssurdfk/ vkrzq
lq Iljxuh 451 Krzhyhu/ Wdeohv 6 dqg 7 vkrz wkdw wkh gl�huhqfhv iru odujh |lhogv gxh wr
wkh gl�huhqw dssur{lpdwlrq vfkhphv kdyh olwwoh lpsdfw rq erqg sulfhv1

4;D ihz h{dpsohv ri dowhuqdwh irupxodwlrqv ri pxowl0idfwru whup vwuxfwxuh prghov duh
Euhqqdq dqg Vfkzduw} +4<:<,/ Eurzq dqg Vfkdhihu +4<<6,/ Shduvrq dqg Vxq +4<<7,/ dqg
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jhqhudo surfhgxuhv rxwolqhg lq wkh suhylrxv vhfwlrqv fdq vwloo eh dssolhg wr
vshfl�f pxowl0idfwru prghov1 Dv dq h{dpsoh/ zh h{dplqh wkh wzr0idfwru
prgho ghvfulehg lq Orqjvwd� dqg Vfkzduw} +4<<5,1 Wklv prgho ehjlqv e|
vshfli|lqj wkh uhdol}hg uhwxuqv rq sk|vlfdo fdslwdo=

gT

T
@ +�[ . �\ , gw. �

s
\ gZ�> +93,

zkhuh �/ �/ dqg � duh srvlwlyh frqvwdqwv dqg Z� lv d Eurzqldq prwlrq1 Wkh
wzr vwdwh yduldeohv lq wklv prgho duh

g[ @ +d� e[, gw. f
s
[gZ2 +94,

dqg
g\ @ +g� h\ , gw. i

s
\ gZ�> +95,

zkhuh d> e/ f/ g/ h/ i A 3/ Z2 dqg Z� duh Eurzqldq prwlrqv/ dqg Z2

lv xqfruuhodwhg zlwk Z� dqg Z�14< Erwk +94, dqg +95, duh vtxduh0urrw
gl�xvlrqv/ zklfk lpsolhv wkdw wkhlu vwdwlrqdu| dqg wudqvlwlrq ghqvlwlhv duh
nqrzq/ dv duh wkhlu frqglwlrqdo dqg xqfrqglwlrqdo prphqwv1 [ lv lqwhusuhwhg
dv dq h{rjhqrxv vkrfn wr wkh h{shfwhg uhwxuq rq d frqvwdqw uhwxuqv wr vfdoh
surgxfwlrq whfkqrorj|/ dqg \ lv d vkrfn wr erwk wkh h{shfwhg uhwxuq dqg
yrodwlolw| ri surgxfwlrq1

Xqghu wkh dgglwlrqdo dvvxpswlrq wkdw wkh hfrqrp| frqvlvwv ri d odujh
qxpehu ri lghqwlfdo lqglylgxdov zlwk frqvwdqw udwh ri wlph suhihuhqfh dqg orj0
dulwkplf suhihuhqfhv ryhu uhdo frqvxpswlrq/ OV ghprqvwudwh wkdw wkh htxl0
oleulxp whup vwuxfwxuh fdq eh zulwwhq dv d ixqfwlrq ri wzr vwdwh yduldeohv=
wkh lqvwdqwdqhrxv lqwhuhvw udwh/ u/ dqg wkh yduldqfh ri fkdqjhv lq wkh lqvwdq0
wdqhrxv udwh/ Y 1 Wkh g|qdplfv ri wkhvh vwdwh yduldeohv duh

gu @

�
�� . �� � �� � ��

� � �
u � � � �

� � �
Y

�
gw

. �

v
�u � Y

� +� � �,
gZ2 . �

v
Y � �u

� +� � �,
gZ� +96,

dqg

Gx!h dqg Ndq +4<<9,1
4<Iru wklv vhfwlrq ri wkh sdshu/ zh kdyh +jhqhudoo|, dgrswhg wkh qrwdwlrq xvhg lq OV1
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gY @

�
�2� . �2� � �� +� � �,

� � �
u � �� � ��

� � �
Y

�
gw

. �2

v
�u � Y

� +� � �,
gZ2 . �2

v
Y � �u

� +� � �,
gZ�> +97,

zkhuh � @ �f2/ � @ d@f2/ � @
�
� � �2

�
i2/ � @ g@i2/ � @ e/ dqg � @ h1 Wkh

sdudphwhuv �/ �/ �/ �/ �/ � duh dovr doo srvlwlyh1 Ixuwkhupruh/ +96, dqg +97,
vkrz wkdw wkhvh vl{ sdudphwhuv ghwhuplqh wkh mrlqw glvwulexwlrq ri wkh vwdwh
yduldeohv u dqg Y 1

Lq sduwlfxodu � dqdorjrxv wr +67, dqg +68, ru +77, dqg +78, lq wkh Ydvlfhn
dqg FLU h{dpsohv � wkh xqfrqglwlrqdo phdqv dqg yduldqfhv ri wkh vwdwh
yduldeohv +iurp OV, duh

H ^u` @
��

�
.

��

�
> +98,

Ydu ^u` @
�2�

5�2
.

�2�

5�2
> +99,

H ^Y ` @
�2�

�
.

�2�

�
> +9:,

dqg

Ydu ^Y ` @
�e�

5�2
.

�e�

5�2
= +9;,

Wkh xqfrqglwlrqdo dxwrfryduldqfhv ri u dqg Y / iru dq duelwudu| wlph lqwhuydo
�/ duh

Fry ^u|n{> u|` @
�2�

5�2
h{s +���,.

�2�

5�2
h{s +���, > +9<,

dqg

Fry ^Y|n{> Y|` @
�e�

5�2
h{s +���, .

�e�

5�2
h{s +���, = +:3,

Zh xvh wkh phdqv/ yduldqfhv/ dqg fryduldqfhv lq dvvhvvlqj wkh lpsru0
wdqfh ri wkh sur{| sureohp1 Fohduo| wkh fkrlfh ri wkhvh prphqwv lv vrph0
zkdw duelwudu|1 Iru h{dpsoh/ dq dowhuqdwlyh hvwlpdwlrq vwudwhj| lv wr xvh
erwk vkruw dqg orqj0whup |lhogv/ dv Erxgrxnk/ Ulfkdugvrq/ Vwdqwrq/ dqg
Zklwhodz +4<<;, gr lq wkhlu hvwlpdwlrq ri d qrqolqhdu wzr0idfwru prgho1 Zh
xvh wkhvh vl{ prphqwv/ dqg frqvwuxfw doo ri wkhp xvlqj d sur{| iru wkh vkruw
udwh/ ehfdxvh lw vhhpv olnho| wkdw wklv fkrlfh ri prphqwv lv wkh fdvh zkhq
wkh sur{| sureohp zloo eh prvw vhyhuh1

Lq wkh vlqjoh0idfwru Ydvlfhn dqg FLU fdvhv/ lw lv vwudljkwiruzdug wr lq0
yhuw wkh phdq/ yduldqfh/ dqg dxwrfruuhodwlrq gh�qlwlrqv wr uhfryhu wkh wkuhh
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prgho sdudphwhuv1 Lq wkh OV prgho/ krzhyhu/ wkh vl{ prphqw frqglwlrqv
+98, wkurxjk +:3, hdfk lqyroyh doo vl{ sdudphwhuv1 Jlyhq hvwlpdwhv ri wkh
srsxodwlrq prphqwv ri u dqg Y +dvvxplqj wkh| duh revhuydeoh,/ zh fdq
uhfryhu wkh vl{ sdudphwhuv ri wkh prgho e| vroylqj iru � dqg � qxphulfdoo|
dqg xvlqj wkhvh ydoxhv wr vroyh iru �/ �/ � dqg �1 Dsshqgl{ E surylghv wkh
fdofxodwlrqv1 Ri frxuvh/ zh duh lqwhuhvwhg lq dvvhvvlqj wkh pdjqlwxgh ri wkh
sur{| sureohp lq wklv wzr0idfwru prgho1 Wklv �uvw uhtxluhv frpsxwlqj wkh
xqfrqglwlrqdo prphqwv ri wkh vkruw0pdwxulw| sur{lhv1

OV suryh wkdw wkh |lhog0wr0pdwxulw| rq d � 0shulrg glvfrxqw erqg fdq eh
zulwwhq dv

| +u> Y> �, @ ��� . 5� orj +D +�,, . 5� orj +E +�,, .F +�, u .G +�,Y

�
+:4,

zkhuh

D +�, @
5!

+� . !, ^h{s +!�,� 4` . 5!
>

E +�, @
5#

+� . #, ^h{s +#�,� 4` . 5#
>

F +�, @
�! ^h{s +#�,� 4`E +�,� �# ^h{s +!�,� 4`D +�,

!# +� � �,
>

G +�, @
# ^h{s +!�,� 4`D +�,� ! ^h{s +#�,� 4`E +�,

!# +� � �,
>

dqg
� @ � . �>

! @
s
5�. �2>

# @
s
5� . �2>

� @ � +� . !, . � +� . #, >

zkhuh � lv wkh pdunhw sulfh ri ulvn sdudphwhu1 Wkdw lv/ OV vkrz wkdw wkh
lqvwdqwdqhrxv h{shfwhg uhwxuq rq d � 0shulrg erqg lv

u . �
^h{s +#�,� 4`E +�,

# +� � �,
+�u� Y , =

Jlyhq d sur{| |lhog zlwk � 0shulrgv xqwlo pdwxulw|/ wkh prphqw frqglwlrqv
dqdorjrxv wr wkh vkruw0udwh prphqw frqglwlrqv +98,/ +99,/ dqg +9<, duh

H ^| +u> Y> �,` @ ��� 5�

�
orj +D +�,,� 5�

�
orj +E +�,,
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�4

�
F +�,H +u,� 4

�
G +�,H +Y , > +:5,

Ydu ^| +u> Y> �,` @
4

�2
F +�,2Ydu ^u` .

4

�2
G +�,2Ydu ^Y `

. 5
4

�2
F +�,G +�,Fry ^u> Y ` > +:6,

dqg

Fry ^||n{ +u> Y> � , > || +u> Y> �,` @
F +�,2

�2
Fry ^u|n{> u|`

.
G +�,2

�2
Fry ^Y|n{> Y|`.

F +�,G +�,

�2
iFry ^u|n{> Y|` .Fry ^Y|n{> u|`j > +:7,

zkhuh

Fry ^u> Y ` @
���

5�2
.

���

5�2
>

dqg

Fry ^u|n{> Y|` @
���

5�2
h{s +���,.

���

5�2
h{s +���, @ Fry ^Y|n{> u|` =

Dsso|lqj Lw÷*v ohppd wr +96, dqg +97, dqg wdnlqj h{shfwdwlrqv/ wkh
yrodwlolw| ri wkh |lhog sur{| lv

Y + @

�
��F +�,

�
� �2G +�,

�

�2
�u� Y

� +� � �,

.

�
��F +�,

�
� �2G +�,

�

�2
Y � �u

� +� � �,
=

Wkh prphqw frqglwlrqv dqdorjrxv wr wkh yrodwlolw| prphqw frqglwlrqv +9:,/
+9;,/ dqg +:3, duh

H ^Y +` @

�
��F +�,

�
� �2G +�,

�

�2
�

�
.

�
��F +�,

�
� �2G +�,

�

�2
�

�
> +:8,

Ydu ^Y +` @
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��F +�,
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� �2G +�,
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�e
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��F +�,
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� �2G +�,
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dqg

Fry
�
Y +
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��F +�,
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�
��F +�,

�
� �2G +�,

�

�e
�

5�2
h{s +���, = +::,

Vlplodu wr rxu dssurdfk zlwk wkh rqh0idfwru d!qh prghov/ zh hydoxdwh wkh
sur{| sureohp e| dvvxplqj wkdw dq hfrqrphwulfldq kdv frqvwuxfwhg wkh
vdpsoh dqdorjv ri +:5, wkurxjk +::,/ exw surfhhgv dv li kh kdv frqvwuxfwhg
wkh vdpsoh dqdorjv ri +98, wkurxjk +:3,1

Wkh �uvw vwhs lq h{dplqlqj wkh h{whqw ri dq| srvvleoh sur{| sureohp lq
wkh OV prgho lv wr rewdlq uhdvrqdeoh hvwlpdwhv ri wkh prgho sdudphwhuv1 Wr
gr wklv/ zh dvvxph wkdw wkh rqh0zhhn Hxurgroodu gdwd xvhg lq Dòw0Vdkdold
+4<<9d/e, lv h�hfwlyho| wkh vkruw0udwh/ frqvwuxfw hvwlpdwhv ri wkh xqfrqgl0
wlrqdo prphqwv ri u dqg Y / dqg xvh +98, wkurxjk +:3, wr rewdlq hvwlpdwhv ri
wkh sdudphwhuv153 Iljxuh 46 frqwdlqv sorwv ri wkh hqg0ri0prqwk ydoxh ri wkh
Hxurgroodu udwh dqg wkh vtxduh0urrw ri wkh prqwko| dyhudjh ri wkh yrodwlolw|
ri wkh gdlo| fkdqjh lq wkh Hxurgroodu udwh/ dq hvwlpdwh ri Y 1 Wkh srlqw hvwl0
pdwhv ri wkh xqfrqglwlrqdo prphqwv xvhg wr lghqwli| wkh prgho sdudphwhuv
duh vkrzq lq Wdeoh 8154

Jlyhq wkhvh prphqw frqglwlrqv/ wkh qrqolqhdu htxdwlrqv gh�qhg lq Ds0
shqgl{ E fdq eh vroyhg qxphulfdoo| iru � dqg � wr |lhog wkh ydoxhv � @ 3=377:
dqg � @ 3=3363155 Wkhvh ydoxhv lpso| wkdw � @ 3=49:</ dqg � @ 3=45<7/
zklfk +frpelqhg zlwk � dqg �, lpso| wkdw � @ 3=3454 dqg � @ 6=868<1
Wkhvh duh wkh �wuxh� sdudphwhu ydoxhv lpsolhg e| wkh �wuxh� vwdwh yduldeohv
u dqg Y 1 Wkhvh vl{ sdudphwhu ydoxhv/ dorqj zlwk wkh ulvn suhplxp sdudph0
whu � @ �3=568/ lpso| ydoxhv iru wkh prphqwv ri �qlwh0pdwxulw| |lhogv dqg
wkh yrodwlolw| ri |lhog fkdqjhv1 Fdofxodwlqj wkhvh prphqwv iru d wkuhh0prqwk
erqg dqg xvlqj wkhvh prphqwv lq wkh fdofxodwlrq ri wkh prgho sdudphwhuv/
|lhogv wkh iroorzlqj sur{|0edvhg sdudphwhuv= �R @ 3=4::3/ �R @ 3=3377/
�R @ 3=4788/ �R @ 3=473:/ �R @ 3=3333668/ dqg � @ 5=;5351 D frpsdul0
vrq ri wkh wuxh dqg wkh sur{|0edvhg sdudphwhuv lqglfdwhv wkdw wkh odujhvw
gl�huhqfhv duh lq wkh fdofxodwlrq ri � dqg �1

Wkhvh sdudphwhu gl�huhqfhv lpso| gl�huhqw hvwlpdwhv ri wkh guliw dqg
wkh gl�xvlrq ixqfwlrqv1 Lq rughu wr dvvhvv wkh hfrqrplf vljql�fdqfh ri wkhvh
gl�huhqfhv/ Wdeoh 9 suhvhqwv fdofxodwlrqv ri wkh gl�huhqfhv lq wkh |lhogv rq
glvfrxqw erqgv ri gl�huhqw pdwxulwlhv lpsolhg e| wkh Orqjvwd� dqg Vfkzduw}

53Zh wkdqn \dflqh Dòw0Vdkdold iru jhqhurxvo| pdnlqj klv gdwd dydlodeoh1
54Iljxuh 46 vxjjhvwv wkdw wkh yrodwlolw| ri Hxurgroodu udwh fkdqjhv ryhu wklv shulrg h{sh0

ulhqfhg wzr glvwlqfw �uhjlphv/� d kljk yrodwlolw| uhjlph lq wkh �uvw kdoi ri wkh vdpsoh dqg
d orz yrodwlolw| uhjlph lq wkh vhfrqg kdoi ri wkh vdpsoh1 Uhjlph vzlwfklqj lv lqfrqvlvwhqw
zlwk wkh prgho*v dvvxpswlrqv derxw wkh hyroxwlrq ri T / exw rxu jrdo khuh lv wr surylgh d
urxjk fdoleudwlrq ri wkh prgho*v sdudphwhuv1

55Wkhvh duh qrw qhfhvvdulo| wkh xqltxh vroxwlrq wr wkh sdlu ri qrqolqhdu htxdwlrqv1
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prgho hydoxdwhg dw wkh wzr vhwv ri sdudphwhuv1 Zkhq wkh gl�huhqfh kdv d
qhjdwlyh vljq/ lw lqglfdwhv wkdw wkh sur{|0edvhg sdudphwhuv xqghuvwdwh wkh
|lhog ohyhov uhodwlyh wr wkh wuxh sdudphwhu ydoxhv1 Frqvlvwhqw zlwk wkh uhvxowv
iurp wkh vlqjoh0idfwru d!qh fdvhv/ wkhvh gl�huhqfhv duh jhqhudoo| vpdoo iru
pdwxulwlhv ri �yh |hduv ru ohvv/ dowkrxjk h{wuhph ydoxhv ri yrodwlolw| dqg
wkh vkruw udwh fdq jhqhudwh sulflqj gl�huhqfhv dv odujh dv 4 shufhqw1 Dw wkh
whq dqg wzhqw| |hdu krul}rqv/ wkh gl�huhqfhv lq wkh |lhogv fdq eh odujhu1 Dw
kljk vkruw udwh ohyhov/ wkh sur{|0edvhg hvwlpdwhv xqghuvwdwh wkh wuxh whq0|hdu
|lhogv e| dv pxfk dv 51< shufhqw iru orz yrodwlolw|/ dqg iru orz ohyhov ri wkh
vkruw udwh/ wkh sur{|0edvhg hvwlpdwhv ryhuvwdwh wkh wuxh |lhog e| 41; shufhqw
iru kljk yrodwlolw|1 Dw wkh wzhqw| |hdu krul}rq/ wkh sur{|0edvhg hvwlpdwhv
dozd|v xqghuydoxh wkh erqgv +uhodwlyh wr wkh wuxh sulfh,/ zlwk wkh odujhvw
gl�huhqfh ehlqj ;1; shufhqw1 Wklv lpsolhv wkdw xvlqj d wkuhh0prqwk sur{| wr
frqvwuxfw erqg sulfh hvwlpdwhv zloo uhvxow lq  dwwhu |lhog fxuyh wkdq zrxog
eh lpsolhg e| wkh wuxh vwdwh yduldeohv1

Dv lq wkh vlqjoh0idfwru d!qh prghov/ lw lv srvvleoh wr lqyhuw wkh prphqwv
ri wkh phdvxuhg |lhogv dqg |lhog yrodwlolwlhv wr uhfryhu hvwlpdwhv ri wkh sd0
udphwhuv ri wkh wuxh vwdwh yduldeohv u dqg Y 1 Krzhyhu/ dv lq wkh vlqjoh
idfwru fdvh/ li wkh sur{| sureohp lv xqlpsruwdqw/ wkhq wkh fruuhfwlrqv wr d
prphqw0edvhg hvwlpdwlrq vwudwhj| zloo dovr eh xqlpsruwdqw1

Dq h{dplqdwlrq ri wkh sur{| sureohp lq pxowl0idfwru whup vwuxfwxuh
prghov fdq eh jhqhudol}hg lq dw ohdvw wzr gluhfwlrqv1 Iluvw/ wkhuh duh wzr0
idfwru d!qh prghov wkdw lghqwli| wkh vwdwh yduldeohv gl�huhqwo| iurp OV/ dqg
wkhvh irupxodwlrqv zloo jhqhudwh prphqw frqglwlrqv wkdw fdq eh hydoxdwhg
lq d pdqqhu wkdw lv txdolwdwlyho| vlplodu wr wkh OV fdvh156 Lq idfw/ ehfdxvh
lw uholhv rq d sur{| iru wkh vkruw udwh wr frqvwuxfw wkh prphqwv ri erwk
idfwruv/ lw pd| zhoo eh wkh fdvh wkdw zkhq hvwlpdwlrq lv edvhg rq prphqwv
ri wkh vkruw udwh dqg lwv yrodwlolw| wkh OV irupxodwlrq ri d wzr0idfwru d!qh
prgho kdv d odujhu sur{| sureohp wkdq rwkhu irupxodwlrqv1 Vhfrqg/ wkh
Wd|oru vhulhv dssur{lpdwlrq lqwurgxfhg lq Sursrvlwlrq 6 fdq eh h{whqghg lq
d vwudljkwiruzdug pdqqhu wr hydoxdwh d qrqolqhdu pxowlyduldwh prgho157

56Iru h{dpsoh/ FLU dqg Shduvrq dqg Vxq +4<<7, lghqwli| wkh idfwruv dv d �uhdo udwh�
surfhvv dqg dq �h{shfwhg lq dwlrq� surfhvv/ dqg Euhqqdq dqg Vfkzduw} +4<:<, dqg
Erxgrxnk/ Ulfkdugvrq/ Vwdqwrq/ dqg Zklwhodz +4<<;, xvh d vkruw udwh dqg d orqj udwh1

57Wklv pxowlyduldwh Wd|oru vhulhv h{sdqvlrq frxog dovr vhuyh dv wkh edvlv iru phwkrg ri
prphqwv hvwlpdwlrq ri wkh sdudphwhuv ri o/ T / dqg b1

5:



9 Frqfoxvlrqv

Lq wklv sdshu/ zh kdyh surylghg d ghwdlohg dqdo|vlv ri wkh lpsdfw ri xvlqj d
40 ru 60prqwk |lhog dv d sur{| iru wkh xqrevhuydeoh vkruw udwh1 Wkh uhvxowv
duh hqfrxudjlqj iru d odujh sduw ri wkh h{lvwlqj olwhudwxuh1 Iru vlqjoh idfwru
d!qh prghov lq jhqhudo dqg iru wkh wzr0idfwru d!qh prgho zh h{dplqhg/
wkh hfrqrplf vljql�fdqfh ri wkh sdudphwhu hvwlpdwh huuruv dqg wkh uhvxowlqj
erqg sulfh huuruv lv jhqhudoo| qhjoljleoh/ dowkrxjk iru orqj0whup erqgv wkhuh
fdq eh qrwlfhdeoh gl�huhqfhv ehwzhhq wkh wuxh erqg sulfhv dqg wkh sulfhv
edvhg rq wkh xvh ri d vkruw pdwxulw| sur{| lq wkh wzr0idfwru OV prgho1
Krzhyhu/ wkh xvh ri d sur{| uhvxowv lq hfrqrplfdoo| vljql�fdqw huuruv lq
wkh qrqolqhdu prgho zh h{dplqhg1 Lq sduwlfxodu/ rqh ri wkh prvw edvlf
surshuwlhv ri wkh gl�xvlrq ixqfwlrq/ zkhwkhu lw lv frqyh{ ru frqfdyh/ fdq eh
vhqvlwlyh wr wkh fkrlfh ri sur{|1 Ri frxuvh/ wkhvh frqfoxvlrqv dsso| rqo| wr
wkh vshfl�f prghov wkdw zh h{dplqhg1 Lq dgglwlrq/ wkh hfrqrplf vljql�fdqfh
ri wkh ghyldwlrqv lq wkh hvwlpdwhv ri wkh guliw dqg gl�xvlrq ixqfwlrqv zdv
rqo| hydoxdwhg xvlqj wkh sulfhv ri glvfrxqw erqgv1 Qrqhwkhohvv/ wkh uhvxowv
lqglfdwh wkdw wkh sur{| sureohp fdq eh lpsruwdqw iru qrqolqhdu prghov dqg
vxjjhvw wkdw uhvhdufkhuv zkr hvwlpdwh vxfk prghov pd| qhhg wr hydoxdwh lw
rq d fdvh0e|0fdvh edvlv1

Rqh ri wkh sulqflsdo frqwulexwlrqv ri wkh sdshu lv wr surylgh wzr vhs0
dudwh phwkrgv/ edvhg rq wkh qxphulfdo vroxwlrq wr wkh ixqgdphqwdo erqg
sulflqj sduwldo gl�huhqwldo htxdwlrq dqg wuxqfdwhg Wd|oru vhulhv h{sdqvlrqv/
wr dvvhvv wkh pdjqlwxgh ri wkh sur{| sureohp1 Iru prghov lq zklfk wkh
sur{| sureohp lv qrw vhyhuh/ hpslulfdo uhvhdufkhuv fdq ihho frq�ghqw lq h{0
dplqlqj wkh surshuwlhv ri wkh prgho xvlqj wkh |lhogv ri eloov zlwk pdwxulwlhv
dv orqj dv wkuhh prqwkv1 Wkhvh gdwd duh pruh olnho| wr eh iuhh iurp vrph
ri wkh plfurvwuxfwxuh sureohpv ru lqvwlwxwlrqdo ihdwxuhv ri wkh pdunhw wkdw
pljkw d�hfw wkh revhuyhg sulfhv ri yhu| vkruw0whup lqwhuhvw udwh vhulhv olnh
wkh Ihghudo Ixqgv udwh/ ryhuqljkw uhsr udwhv ru hyhq wkh 40prqwk Wuhdvxu|
eloo udwh1 Krzhyhu/ iru vrph vlqjoh idfwru prghov/ dq h{solflw fdofxodwlrq ri
wkh pdjqlwxgh ri wkh sur{| sureohp pljkw glfwdwh ghyrwlqj pruh dwwhqwlrq
wr h{solflw prghoolqj ri vrph ri wkh gdwd lvvxhv dvvrfldwhg zlwk wkh xvh ri
yhu| vkruw0whup lqwhuhvw udwh vhulhv1 Ixuwkhupruh/ wkh Wd|oru vhulhv dssur{0
lpdwlrq frxog vhuyh dv wkh edvlv iru d gluhfw phwkrg ri prphqwv hvwlpdwlrq
ri wkh vkruw udwh sdudphwhuv iurp wkh prphqwv ri �qlwh0pdwxulw| erqgv/
hyhq lq vhwwlqjv zkhuh wkhuh duh qr forvhg0irup erqg sulflqj vroxwlrqv1

5;



0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
-0.03

-0.02

-0.01

0

0.01

0.02
Kappa = 0.22    Theta = 0.085    Sigma = 0.023

Short Rate

D
rif

t

True

1-month

3-month

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
-0.1

-0.05

0

0.05

0.1
Kappa = 0.86    Theta = 0.085    Sigma = 0.047

Short Rate

D
rif

t

True

1-month

3-month

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15
Kappa = 1.72    Theta = 0.085    Sigma = 0.066

Short Rate

D
rif

t

True

1-month

3-month

Iljxuh 4= Wkh Guliw Ixqfwlrqv lq wkh Ydvlfhn +4<::, Fdvh1

5<



0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
0

0.005

0.01

0.015

0.02

0.025

0.03
Kappa = 0.22    Theta = 0.085    Sigma = 0.023

Short Rate

D
iff

us
io

n

True

1-month

3-month

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
0

0.01

0.02

0.03

0.04

0.05
Kappa = 0.86    Theta = 0.085    Sigma = 0.047

Short Rate

D
iff

us
io

n

True

1-month

3-month

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07
Kappa = 1.72    Theta = 0.085    Sigma = 0.066

Short Rate

D
iff

us
io

n

True

1-month

3-month

Iljxuh 5= Wkh Gl�xvlrq Ixqfwlrqv lq wkh Ydvlfhn +4<::, Fdvh1

63



0 0.05 0.1 0.15 0.2 0.25
-0.04

-0.03

-0.02

-0.01

0

0.01

0.02
Kappa = 0.22    Theta = 0.085    Sigma = 0.023

Short Rate

D
rif

t

True

1-month

3-month

0 0.05 0.1 0.15 0.2 0.25
-0.15

-0.1

-0.05

0

0.05
Kappa = 0.86    Theta = 0.085    Sigma = 0.047

Short Rate

D
rif

t

True

1-month

3-month

0 0.05 0.1 0.15 0.2 0.25
-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1
Kappa = 1.72    Theta = 0.085    Sigma = 0.066

Short Rate

D
rif

t

True

1-month

3-month

Iljxuh 6= Wkh Guliw Ixqfwlrqv lq wkh FLU Fdvh1

64



0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
0

0.01

0.02

0.03

0.04

0.05
Kappa = 0.22    Theta = 0.085    Sigma = 0.023

Short Rate

D
iff

us
io

n

True

1-month

3-month

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
0

0.02

0.04

0.06

0.08

0.1
Kappa = 0.86    Theta = 0.085    Sigma = 0.047

Short Rate

D
iff

us
io

n

True

1-month

3-month

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
0

0.05

0.1

0.15
Kappa = 1.72    Theta = 0.085    Sigma = 0.066

Short Rate

D
iff

us
io

n

True

1-month

3-month

Iljxuh 7= Wkh Gl�xvlrq Ixqfwlrqv lq wkh FLU Fdvh1

65



0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
0

5

10

15

20

25

30

35

40

Short Rate

1-month

3-month

Iljxuh 8= Wkh Vwdwlrqdu| Ghqvlwlhv ri wkh Wuxh vkruw udwh/ wkh
40prqwk \lhog/ dqg wkh 60Prqwk \lhog lq wkh Qrqolqhdu Prgho
Dssur{lpdwhg Xvlqj wkh Ilqlwh0Gl�huhqfh Dssurdfk1

66



0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
0

5

10

15

20

25

30

35

40

Short Rate

1-month

3-month

Iljxuh 9= Wkh Vwdwlrqdu| Ghqvlwlhv ri wkh Wuxh vkruw udwh/ wkh
40prqwk \lhog/ dqg wkh 60Prqwk \lhog lq wkh Qrqolqhdu Prgho
Dssur{lpdwhg Xvlqj wkh Wd|oru Vhulhv Dssurdfk1

67



0.04 0.06 0.08 0.1 0.12 0.14 0.16

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

Short Rate

D
rif

t

0.04 0.06 0.08 0.1 0.12 0.14 0.16

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

1-month Yield

D
rif

t

0.04 0.06 0.08 0.1 0.12 0.14 0.16

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

3-month Yield

D
rif

t

Iljxuh := Wkh Guliw Ixqfwlrqv lq wkh Qrqolqhdu Prgho Dssur{0
lpdwhg Xvlqj wkh Ilqlwh0Gl�huhqfh Dssurdfk1

68



0.04 0.06 0.08 0.1 0.12 0.14 0.16

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

Short Rate

D
rif

t

0.04 0.06 0.08 0.1 0.12 0.14 0.16

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

1-month Yield

D
rif

t

0.04 0.06 0.08 0.1 0.12 0.14 0.16

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

3-month Yield

D
rif

t

Iljxuh ;= Wkh Guliw Ixqfwlrqv lq wkh Qrqolqhdu Prgho Dssur{0
lpdwhg Xvlqj wkh Wd|oru0Vhulhv Dssurdfk1

69



0.04 0.06 0.08 0.1 0.12 0.14 0.16
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

Short Rate

D
iff

us
io

n

0.04 0.06 0.08 0.1 0.12 0.14 0.16
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

1-month Yield

D
iff

us
io

n

0.04 0.06 0.08 0.1 0.12 0.14 0.16
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

3-month Yield

D
iff

us
io

n

Iljxuh <= Wkh Gl�xvlrq Ixqfwlrqv lq wkh Qrqolqhdu Prgho Ds0
sur{lpdwhg Xvlqj wkh Ilqlwh0Gl�huhqfh Dssurdfk1

6:



0.04 0.06 0.08 0.1 0.12 0.14 0.16
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

Short Rate

D
iff

us
io

n

0.04 0.06 0.08 0.1 0.12 0.14 0.16
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

1-month Yield

D
iff

us
io

n

0.04 0.06 0.08 0.1 0.12 0.14 0.16
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

3-month Yield

D
iff

us
io

n

Iljxuh 43= Wkh Gl�xvlrq Ixqfwlrqv lq wkh Qrqolqhdu Prgho
Dssur{lpdwhg Xvlqj wkh Wd|oru0Vhulhv Dssurdfk1

6;



0.04 0.06 0.08 0.1 0.12 0.14 0.16
-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

Short Rate

D
rif

t

0.04 0.06 0.08 0.1 0.12 0.14 0.16
-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

1-month Yield

D
rif

t

0.04 0.06 0.08 0.1 0.12 0.14 0.16
-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

3-month Yield

D
rif

t

Iljxuh 44= Wkh Guliw Ixqfwlrqv lq wkh Qrqolqhdu Prgho Xq0
ghu wkh Htxlydohqw Pduwlqjdoh Phdvxuh Dssur{lpdwhg Xvlqj wkh
Ilqlwh0Gl�huhqfh Dssurdfk1

6<



0.04 0.06 0.08 0.1 0.12 0.14 0.16
-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

Short Rate

D
rif

t

0.04 0.06 0.08 0.1 0.12 0.14 0.16
-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

1-month Yield

D
rif

t

0.04 0.06 0.08 0.1 0.12 0.14 0.16
-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

3-month Yield

D
rif

t

Iljxuh 45= Wkh Guliw Ixqfwlrqv lq wkh Qrqolqhdu Prgho Xq0
ghu wkh Htxlydohqw Pduwlqjdoh Phdvxuh Dssur{lpdwhg Xvlqj wkh
Wd|oru0Vhulhv Dssurdfk1

73



May 1973 Jul 1977 Aug 1981 Nov 1985 Jan 1990 Feb 1994
0.00

0.05

0.10

0.15

0.20

0.25
One Week Eurodollar Rate

May 1973 Jul 1977 Aug 1981 Nov 1985 Jan 1990 Feb 1994
0.00

0.02

0.04

0.06

0.08

0.10

0.00

0.02

0.04

0.06

0.08
Square-Root of the Volatility of the Eurodollar Rate
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Wdeoh 4= Wkh H�hfw ri Pdwxulw|0Lqgxfhg Vshfl�fdwlrq Huuru rq
Phdvxuhg \lhogv lq wkh Ydvlfhn +4<::, Prgho1

Sdqho D= � @ 3=55/ � @ 3=3;83/ � @ 3=356/ dqg �f @ �3=351

Pdwxulwlhv
Hvwlpdwhv 60prqwk 40|hdu 80|hdu 430|hdu 530|hdu
Wuxh ;1:7 <175 441<: 4619< 4814<
Vlpsoh PrP ;1:8 <178 4513; 461;8 48173

Sdqho E= � @ 3=;9/ � @ 3=3;83/ � @ 3=37:/ dqg �f @ �3=351

Pdwxulwlhv
Hvwlpdwhv 60prqwk 40|hdu 80|hdu 430|hdu 530|hdu
Wuxh ;1:6 <158 4314< 43176 43188
Vlpsoh PrP ;1:9 <166 4316< 43199 431;3

Sdqho F= � @ 4=:5/ � @ 3=3;83/ � @ 3=399/ dqg �f @ �3=351

Pdwxulwlhv
Hvwlpdwhv 60Prqwk 40|hdu 80|hdu 430|hdu 530|hdu
Wuxh ;1:4 <13; <17: <186 <189
Vlpsoh PrP ;1:9 <153 <19; <1:8 <1:<

�Wuxh� uhihuv wr wkh erqg |lhogv lpsolhg e| wkh dvvxphg sd0
udphwhu ydoxhv hydoxdwhg dw wkh wuxh orqj0uxq phdq1 �Vlpsoh
PrP� duh wkh erqg |lhogv lpsolhg e| xvlqj wkh vlpsoh phwkrg0
ri0prphqwv hvwlpdwru ghvfulehg lq wkh wh{w dssolhg wr d vdpsoh
ri revhuydwlrqv ri d sur{| eloo zlwk wkuhh prqwkv wr pdwxulw|>
l1h1/ � @ 3=58/ hydoxdwhg dw wkh orqj0uxq phdq hvwlpdwhg iurp wkh
phwkrg0ri0prphqwv1 Wkh vdpsoh lv dvvxphg wr eh orqj hqrxjk
wr uhfryhu wkh srsxodwlrq prphqwv ri wkh sur{|/ dqg wkh pdunhw
sulfh ri ulvn sdudphwhu lv dvvxphg wr eh nqrzq lq frqvwuxfwlqj
wkh hvwlpdwhg |lhogv1
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Wdeoh 5= Wkh H�hfw ri Pdwxulw|0Lqgxfhg Vshfl�fdwlrq Huuru rq
Phdvxuhg \lhogv lq wkh FLU Prgho1

Sdqho D= � @ 3=55/ � @ 3=3;8/ � @ 3=3:;/ dqg �� @ �3=5681

Pdwxulwlhv
Hvwlpdwhv 60prqwk 40|hdu 80|hdu 430|hdu 530|hdu
Wuxh ;1:8 <17< 46166 4:196 57137
Vlpsoh PrP ;1:9 <185 4617: 4:1<3 57186

Sdqho E= � @ 3=;9/ � @ 3=3;8/ � @ 3=48:/ dqg �� @ �3=5681

Pdwxulwlhv
Hvwlpdwhv 60prqwk 40|hdu 80|hdu 430|hdu 530|hdu
Wuxh ;1:7 <163 43187 431<6 44147
Vlpsoh PrP ;1:9 <16; 431:< 44156 4417:

Sdqho F= � @ 4=:5/ � @ 3=3;8/ � @ 3=554/ dqg �� @ �3=5681

Pdwxulwlhv
Hvwlpdwhv 60Prqwk 40|hdu 80|hdu 430|hdu 530|hdu
Wuxh ;1:5 <145 <18; <199 <1:3
Vlpsoh PrP ;1:9 <158 <1;6 <1<5 <1<:

�Wuxh� uhihuv wr wkh erqg |lhogv lpsolhg e| wkh dvvxphg sd0
udphwhu ydoxhv hydoxdwhg dw wkh wuxh orqj0uxq phdq1 �Vlpsoh
PrP� duh wkh erqg |lhogv lpsolhg e| xvlqj wkh vlpsoh phwkrg0
ri0prphqwv hvwlpdwru ghvfulehg lq wkh wh{w dssolhg wr d vdpsoh
ri revhuydwlrqv ri d sur{| eloo zlwk wkuhh prqwkv wr pdwxulw|>
l1h1/ � @ 3=58/ hydoxdwhg dw wkh orqj0uxq phdq hvwlpdwhg iurp wkh
phwkrg0ri0prphqwv1 Wkh vdpsoh lv dvvxphg wr eh orqj hqrxjk
wr uhfryhu wkh srsxodwlrq prphqwv ri wkh sur{|/ dqg wkh pdunhw
sulfh ri ulvn sdudphwhu lv dvvxphg wr eh nqrzq lq frqvwuxfwlqj
wkh hvwlpdwhg |lhogv1
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Wdeoh 6= Glvfrxqw Erqg \lhogv lq wkh Qrqolqhdu Prgho Xvlqj wkh
Guliw dqg Gl�xvlrq Ixqfwlrqv Frqvwuxfwhg Xvlqj wkh
Ilqlwh0Gl�huhqfh Dssurdfk1

Sdqho D= Erqg \lhogv Xvlqj wkh Wuxh Guliw dqg Gl�xvlrq Ixqfwlrqv1

Pdwxulwlhv
Vkruw Udwh 40\hdu 60\hdu 80\hdu 430\hdu

3=3; <1:8 4317; 43198 431::
3=43 43196 431;3 431;7 431;:
3=45 4415; 44136 431<; 431<7
3=47 441:; 44154 4413; 431<<

Sdqho E= Erqg \lhogv Xvlqj wkh Guliw dqg Gl�xvlrq Ixqfwlrqv iurp
wkh 40prqwk \lhog1

Pdwxulwlhv
40prqwk Sur{| 40\hdu 60\hdu 80\hdu 430\hdu

3=3; 43164 4416: 44195 441;3
3=43 4415; 441:6 441;6 441<4
3=45 45135 45133 441<< 441<<
3=47 45196 45154 45145 45138

Sdqho F= Erqg \lhogv Xvlqj wkh Guliw dqg Gl�xvlrq Ixqfwlrqv iurp
wkh 60prqwk \lhog1

Pdwxulwlhv
60prqwk Sur{| 40\hdu 60\hdu 80\hdu 430\hdu

3=3; 4315: 44168 4418< 441::
3=43 44158 441:4 441;4 441;;
3=45 441<< 441<: 441<9 441<9
3=47 4518< 4514; 4513< 45135

Glvfrxqw erqg sulfhv duh irxqg e| vroylqj +9, qxphulfdoo|/ xv0
lqj wkh guliw dqg gl�xvlrq ixqfwlrqv frpsxwhg iurp wkh �qlwh0
gl�huhqfh dssur{lpdwlrq dqg wkh wuxh ulvn suhplxp ixqfwlrq
+86,1 Doo |lhogv duh h{suhvvhg lq shufhqw dw dq dqqxdo udwh1
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Wdeoh 7= Glvfrxqw Erqg \lhogv lq wkh Qrqolqhdu Prgho Xvlqj wkh
Guliw dqg Gl�xvlrq Ixqfwlrqv Frqvwuxfwhg Xvlqj wkh
Wd|oru0Vhulhv Dssurdfk1

Sdqho D= Erqg \lhogv Xvlqj wkh Wuxh Guliw dqg Gl�xvlrq Ixqfwlrqv1

Pdwxulwlhv
Vkruw Udwh 40\hdu 60\hdu 80\hdu 430\hdu

3=3; <1:8 4317; 43198 431::
3=43 43196 431;3 431;7 431;:
3=45 4415; 44136 431<; 431<7
3=47 441:; 44154 4413; 431<<

Sdqho E= Erqg \lhogv Xvlqj wkh Guliw dqg Gl�xvlrq Ixqfwlrqv iurp
wkh 40prqwk \lhog1

Pdwxulwlhv
40prqwk Sur{| 40\hdu 60\hdu 80\hdu 430\hdu

3=3; 43164 4416< 44196 441;4
3=43 4415< 441:8 441;8 441<5
3=45 45136 45134 45134 45133
3=47 45197 45156 45147 4513:

Sdqho F= Erqg \lhogv Xvlqj wkh Guliw dqg Gl�xvlrq Ixqfwlrqv iurp
wkh 60prqwk \lhog1

Pdwxulwlhv
60prqwk Sur{| 40\hdu 60\hdu 80\hdu 430\hdu

3=3; 4315: 44166 4418: 441:8
3=43 44159 4419< 441:; 441;9
3=45 441<; 441<8 441<7 441<6
3=47 45184 45146 45138 441<<

Glvfrxqw erqg sulfhv duh irxqg e| vroylqj +9, qxphulfdoo|/ xvlqj
wkh guliw dqg gl�xvlrq ixqfwlrqv frpsxwhg iurp wkh Wd|oru0vhulhv
dssur{lpdwlrq dqg wkh wuxh ulvn suhplxp ixqfwlrq +86,1 Doo
|lhogv duh h{suhvvhg lq shufhqw dw dq dqqxdo udwh1
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Wdeoh 8= Xqfrqglwlrqdo Vdpsoh Prphqwv ri wkh Vkruw0Udwh dqg
Yrodwlolw|/ Edvhg rq wkh Rqh0Zhhn Hxurgroodu Udwh1
Mxqh 4<:6 wr Iheuxdu| 4<<81

Prphqw Vkruw0Udwh +u, Yrodwlolw| +Y ,

Phdq 3=3;86 3=3336<

Yduldqfh 3=3346; ;=94� 433.

Dxwrfryduldqfh 3=33465 6=79� 433.

Wkh vkruw0udwh lv wkh rqh zhhn Hxurgroodu udwh/ iurp Dòw0Vdkdold
+4<<9d/e,/ uhfrughg rq wkh odvw wudglqj gd| ri hdfk prqwk1 Wkh
yrodwlolw| vhulhv lv hvwlpdwhg dv wkh prqwko| yduldqfh ri wkh gdlo|
fkdqjhv lq wkh Hxurgroodu udwh/ fdofxodwhg dv Y| @

S�|3�
�'� �u|c�/

zkhuh Q| lv wkh qxpehu ri gd|v lq prqwk w/ �u|c� @ u|c� � u|c�3�/
dqg l lqgh{hv gd|v zlwklq prqwk w1 cDxwrfryduldqfh* lv wkh �uvw0
rughu dxwrfryduldqfh/ gh�qhg dv Fry^u|n{> u|` dqg Fry^Y|n{> Y|`
zlwk � fruuhvsrqglqj wr rqh prqwk1
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Wdeoh 9= Gl�huhqfhv lq wkh \lhogv rq Glvfrxqw Erqgv lq wkh Orqjvwd�
dqg Vfkzduw} Prgho= \lhog Lpsolhg e|1wkh Sur{lhv Plqxv
\lhogv Lpsolhg e| wkh Wuxh Vwdwh Yduldeohv1

Sdqho D= Rqh \hdu Pdwxulw|1
us

Y 5=3 9=3 43=3 47=3

3=649 �3=3477 �3=39<7 �3=4573 �3=4;33
5=333 3=3;86 3=3635 �3=357; �3=3:<<
6=493 3=56<3 3=4;73 3=45;3 3=3:67

Sdqho E= Ilyh \hduv Pdwxulw|1
us

Y 5=3 9=3 43=3 47=3

3=649 �3=4443 �3=7683 �3=:8<3 �4=4333
5=333 3=69:3 3=3763 �3=5;43 �3=938
6=493 4=4333 3=::;3 3=7873 3=4633

Sdqho F= Whq \hduv Pdwxulw|1
us

Y 5=3 9=3 43=3 47=3

3=649 �3=7:73 �4=6333 �5=4333 �5=<333
5=333 �3=75:3 �3=6;<3 �4=5333 �5=3333
6=493 4=;333 3=<<93 3=4;43 �3=9683

Sdqho G= Wzhqw| \hduv Pdwxulw|1
us

Y 3=35 3=39 3=43 3=47

3=649 �5=:333 �7=:333 �9=;333 �;=;333
5=333 �4=5333 �6=6333 �8=6333 �:=7333
6=493 �3=<:83 �4=4333 �6=4333 �8=5333

Wkh |lhog/ dw hdfk pdwxulw|/ xqghu wkh sur{lhv lv fdofxodwhg xvlqj wkh sd0
udphwhu ydoxhv frqvwuxfwhg iurp wkh prphqw frqglwlrqv +:5, wkurxjk +::,
dqg wkh |lhog htxdwlrq +:4,1 Wkh |lhogv xqghu wkh wuxh vwdwh yduldeohv lv
frpsxwhg dqdorjrxvo|/ xvlqj wkh prphqw frqglwlrqv +98, wkurxjk +:3,1 Doo
gl�huhqfhv duh uhsruwhg lq shufhqw dw dq dqqxdo udwh1
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Dsshqgl{ D= Hydoxdwlqj wkh Ilqlwh0Gl�huhqfh Dssurdfk1

Wklv dsshqgl{ surylghv lqirupdwlrq rq wkh pdjqlwxgh ri wkh dssur{lpd0
wlrq huuruv dvvrfldwhg zlwk wkh �qlwh0gl�huhqfh dssurdfk/ zkhq dssolhg wr
wkh Ydvlfhn dqg FLU prghov1 Wdeohv D04 wkurxjk D07 vkrz wkh pd{lpxp
devroxwh huuru lq dssur{lpdwlqj wkh 40 dqg 60prqwk |lhog ixqfwlrqv iru wkh
wkuhh sdudphwhul}dwlrqv h{dplqhg lq Iljxuhv 4 wkurxjk 7/ iru d ydulhw| ri
julg vl}hv lq wkh wlph dqg vsdfh glphqvlrqv158 Iru doo sdudphwhul}dwlrq/ erwk
pdwxulwlhv/ dqg erwk prghov/ wkhvh wdeohv vkrz wkdw wkh dssur{lpdwlrq huuru
ghfolqhv xqlirupo| lq wkh qxpehu ri wlph srlqwv/ exw wkh huuru lv lqvhqvlwlyh
wr lqfuhdvhv lq wkh qxpehu ri vsdfh srlqwv1 Zkhq wkh qxpehu ri wlph srlqwv
htxdov 7;3/ wkh pd{lpxp devroxwh huuru lq dssur{lpdwlrq wkh |lhog ryhu
wkh udqjh ri 3134 wr 3153 lv urxjko| irxu edvlv srlqwv1 Zkhq wkh qxpehu
ri wlphv srlqwv lv lqfuhdvhg wr :53/ wkh pd{lpxp devroxwh huuru uhgxfhv wr
wkuhh edvlv srlqwv1 Wkhvh uhvxowv duh frqvlvwhqw dfurvv erwk prghov dqg doo
ri wkh sdudphwhul}dwlrqv h{dplqhg lq Wdeohv D04 wkurxjk D071

Wdeohv D08 dqg D09 hydoxdwh wkh pd{lpxp devroxwh huuru lq wkh qx0
phulfdo dssur{lpdwlrq ri wkh �uvw dqg vhfrqg ghulydwlyh ri wkh |lhog lq wkh
Ydvlfhn fdvh1 Wdeohv D0: dqg D0; uhsruw wkh vdph txdqwlwlhv iru wkh FLU
fdvh1 Hdfk wdeoh uhsruwv wkh uhvxowv iurp julgv ri vl}h Q @ 4< wr Q @ 485
gh�qhg rq wkh lqwhusrodwhg |lhog ixqfwlrq iru wkh lqwhuydo u 5 ^3=36> 3=53`159

Wkh pdjqlwxghv ri wkh huuruv iru wkh �uvw ghulydwlyhv lq erwk prghov duh
urxjko| wkh vdph/ dqg wkh| dsshdu wr eh vpdoo1 Wkh pdjqlwxghv ri wkh
huuruv ri wkh vhfrqg ghulydwlyh hvwlpdwhv duh odujhu dqg wkh| duh lqfuhdvlqj
lq �/ wkh phdq uhyhuvlrq sdudphwhu lq hdfk prgho1 Wkh pd{lpxp devr0
oxwh huuru iru wkh Ydvlfhn fdvh zlwk d 60prqwk pdwxulw| dqg � @ 4=:5 duh
dq rughu ri pdjqlwxgh odujhu wkdq wkh huuruv iru rwkhu sdudphwhul}dwlrqv ri
hlwkhu prgho1 Krzhyhu/ judskv ri wkh dssur{lpdwlrq +qrw uhsruwhg khuh,
lqglfdwh wkdw wkh huuru lv rqo| odujh iru yhu| vpdoo ohyhov ri wkh vkruw udwh
+dssur{lpdwho| 3136 wr 31368,1

Wkh suhylrxv wdeohv surylgh lpsruwdqw lqirupdwlrq rq wkh ryhudoo shu0

58Dv Zloprw/ Krzlvrq/ dqg Ghz|qqh +4<<8, qrwh= �Wkh Fudqn0Qlfkrovrq lpsolflw �qlwh0
gl�huhqfh vfkhph lv hvvhqwldoo| dq dyhudjh ri 1 1 1 lpsolflw dqg h{solflw phwkrgv1� ^sdjhv
489048:`1 Lw lv erwk vwdeoh dqg xqfrqglwlrqdoo| frqyhujhqw1 Vhh Zloprw/ Krzlvrq/ dqg
Ghz|qqh +4<<8, H{huflvh 4: rq sdjh 4961 Suhvv hw do +4<<5, Vhfwlrq 4<15 dovr glvfxvvhv
wkh xqfrqglwlrqdo frqyhujhqfh surshuwlhv ri wkh Fudqn0Qlfkrovrq vfkhph1 Wklv phdqv wkdw
wkhuh lv qr qhhg wr frqvwudlq wkh udwlr ri wkh vl}h ri wkh wlph vwhsv dqg wkh vwdwh vwhsv wr
dq| vshfl�f pdjqlwxgh1

59Xvlqj wkh uhvxowv iurp Wdeohv D04 wkurxjk D07/ doo ri wkh uhvxowv lq Wdeohv D08 wkurxjk
D0; duh edvhg rq d �qlwh gl�huhqfh dssur{lpdwlrq zlwk :53 wlph srlqwv dqg 573 vsdfh
srlqwv1
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irupdqfh ri wkh dssur{lpdwlrq/ exw wkh| gr qrw dqvzhu wkh prvw lpsruwdqw
txhvwlrq= Krz forvh duh wkh dssur{lpdwh guliw dqg gl�xvlrq ixqfwlrqv wr wkh
wuxh guliw dqg gl�xvlrq ixqfwlrqvB Wklv txhvwlrq lv dqvzhuhg lq Wdeoh D0<
+iru wkh Ydvlfhn fdvh, dqg Wdeoh D043 +iru wkh FLU fdvh,1 Lq erwk fdvhv/
wkh dssur{lpdwlrqv duh txlwh suhflvh1 Wkh pd{lpxp huuru lv w|slfdoo| mxvw
d ihz edvlv srlqwv/ dqg wkh dssur{lpdwlrqv duh dffxudwh iru erwk wkh guliw
dqg gl�xvlrq ixqfwlrqv1 Rq wkh edvlv ri wkhvh uhvxowv/ zh frqfoxgh wkdw wkh
�qlwh0gl�huhqfh dssurdfk fdq surylgh ydoxdeoh lqirupdwlrq rq wkh h{whqw ri
wkh sur{| sureohp lq fdvhv zkhuh wkhuh lv qr h{solflw vroxwlrq iru wkh |lhog
ixqfwlrq1

Wklv dsshqgl{ kdv hydoxdwhg wkh �qlwh0gl�huhqfh dssurdfk rqo|1 Krz0
hyhu/ wkh devroxwh ydoxh ri wkh pd{lpxp huuru � ryhu wkh udqjh ^3=36> 3=4;` �
lq frqvwuxfwlqj wkh guliw dqg gl�xvlrq ixqfwlrqv xvlqj wkh Wd|oru vhulhv ds0
sur{lpdwlrqv ri rughu 6 zdv ohvv wkdq 4@433 ri d edvlv srlqw1 Wkhvh uhvxowv
duh dydlodeoh xsrq uhtxhvw1
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Wdeoh D04= Pd{lpxp Devroxwh Huuru lq wkh Ilqlwh0Gl�huhqfh
Fdofxodwlrq ri | +u> � @ 4 prqwk, lq wkhYdvlfhn Fdvh1

Sdqho D= � @ 3=55/ � @ 3=3;8/ � @ 3=356/ dqg �f @ �3=351
Qr1 ri Vsdfh Srlqwv

Qr1 ri Wlph Srlqwv 453 573 7;3 :53
453 3133499 3133497 3133499 3133499
573 31333;6 31333;5 31333;6 31333;6
7;3 3133375 3133374 3133375 3133375
:53 313335; 313335: 313335; 313335;

Sdqho E= � @ 3=;9/ � @ 3=3;8/ � @ 3=37:/ dqg �f @ �3=351
Qr1 ri Vsdfh Srlqwv

Qr1 ri Wlph Srlqwv 453 573 7;3 :53
453 3133497 3133493 3133495 3133494
573 31333;6 31333;4 31333;4 31333;4
7;3 3133376 3133374 3133374 3133374
:53 3133363 313335; 313335: 313335:

Sdqho F= � @ 4=:5/ � @ 3=3;8/ � @ 3=399/ dqg �f @ �3=351
Qr1 ri Vsdfh Srlqwv

Qr1 ri Wlph Srlqwv 453 573 7;3 :53
453 3133494 3133489 3133489 3133488
573 31333;6 31333:< 31333:< 31333:;
7;3 3133377 3133373 3133373 3133373
:53 3133365 3133364 3133365 3133365

Wkh erqg sulflqj ixqfwlrq lv dssur{lpdwhg xvlqj d Fudqn0Qlfkrovrq �qlwh
gl�huhqfh dojrulwkp/ dv ghvfulehg lq Gx!h +4<<9,1 Wkh pd{lpxp huuru lv
uhsruwhg ryhu wkh udqjh u 5 ^3=34> 3=53`1
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Wdeoh D05= Pd{lpxp Devroxwh Huuru lq wkh Ilqlwh0Gl�huhqfh
Fdofxodwlrq ri | +u> � @ 6 prqwkv, lq wkhYdvlfhn Fdvh1

Sdqho D= � @ 3=55/ � @ 3=3;8/ � @ 3=356/ dqg �f @ �3=351
Qr1 ri Vsdfh Srlqwv

Qr1 ri Wlph Srlqwv 453 573 7;3 :53
453 3133499 3133496 3133498 3133498
573 31333;6 31333;5 31333;6 31333;6
7;3 3133375 3133374 3133374 3133374
:53 313335; 313335: 313335; 313335;

Sdqho E= � @ 3=;9/ � @ 3=3;8/ � @ 3=37:/ dqg �f @ �3=351
Qr1 ri Vsdfh Srlqwv

Qr1 ri Wlph Srlqwv 453 573 7;3 :53
453 313348< 3133486 3133486 3133485
573 31333;6 31333:; 31333:: 31333::
7;3 3133378 3133379 313337; 313337<
:53 3133373 3133378 3133379 313337:

Sdqho F= � @ 4=:5/ � @ 3=3;8/ � @ 3=399/ dqg �f @ �3=351
Qr1 ri Vsdfh Srlqwv

Qr1 ri Wlph Srlqwv 453 573 7;3 :53
453 3133483 3133474 3133473 313346;
573 31333<; 3133438 313343: 313343<
7;3 31333<4 31333<; 3133433 3133435
:53 31333;; 31333<8 31333<: 31333<<

Wkh erqg sulflqj ixqfwlrq lv dssur{lpdwhg xvlqj d Fudqn0Qlfkrovrq �qlwh
gl�huhqfh dojrulwkp/ dv ghvfulehg lq Gx!h +4<<9,1 Wkh pd{lpxp huuru lv
uhsruwhg ryhu wkh udqjh u 5 ^3=34> 3=53`1
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Wdeoh D06= Pd{lpxp Devroxwh Huuru lq wkh Ilqlwh0Gl�huhqfh
Fdofxodwlrq ri | +u> � @ 4 prqwk, lq wkh FLU Fdvh1

Sdqho D= � @ 3=55/ � @ 3=3;8/ � @ 3=3:;/ dqg �� @ �3=5681
Qr1 ri Vsdfh Srlqwv

Qr1 ri Wlph Srlqwv 453 573 7;3 :53
453 313349: 3133498 313349; 313349:
573 31333;6 31333;5 31333;7 31333;7
7;3 3133374 3133374 3133375 3133375
:53 313335: 313335: 313335; 313335;

Sdqho E= � @ 3=;9/ � @ 3=3;8/ � @ 3=48:/ dqg �� @ �3=5681
Qr1 ri Vsdfh Srlqwv

Qr1 ri Wlph Srlqwv 453 573 7;3 :53
453 3133497 3133494 3133496 3133496
573 31333;6 31333;4 31333;5 31333;4
7;3 3133375 3133374 3133374 3133374
:53 313335< 313335: 313335: 313335:

Sdqho F= � @ 4=:5/ � @ 3=3;8/ � @ 3=554/ dqg �� @ �3=5681
Qr1 ri Vsdfh Srlqwv

Qr1 ri Wlph Srlqwv 453 573 7;3 :53
453 3133494 313348: 313348; 313348:
573 31333;6 31333:< 31333:< 31333:<
7;3 3133376 3133374 3133373 3133373
:53 3133363 313335; 313335: 313335:

Wkh erqg sulflqj ixqfwlrq lv dssur{lpdwhg xvlqj d Fudqn0Qlfkrovrq �qlwh
gl�huhqfh dojrulwkp/ dv ghvfulehg lq Gx!h +4<<9,1 Wkh pd{lpxp huuru lv
uhsruwhg ryhu wkh udqjh u 5 ^3=34> 3=53`1
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Wdeoh D07= Pd{lpxp Devroxwh Huuru lq wkh Ilqlwh0Gl�huhqfh
Fdofxodwlrq ri | +u> � @ 6 prqwk, lq wkh FLU Fdvh1

Sdqho D= � @ 3=55/ � @ 3=3;8/ � @ 3=3:;/ dqg �� @ �3=5681
Qr1 ri Vsdfh Srlqwv

Qr1 ri Wlph Srlqwv 453 573 7;3 :53
453 313349; 313349: 31334:3 31334:3
573 31333;6 31333;6 31333;8 31333;8
7;3 3133373 3133374 3133375 3133375
:53 3133359 313335: 313335; 313335;

Sdqho E= � @ 3=;9/ � @ 3=3;8/ � @ 3=48:/ dqg �� @ �3=5681
Qr1 ri Vsdfh Srlqwv

Qr1 ri Wlph Srlqwv 453 573 7;3 :53
453 3133493 3133489 313348: 313348:
573 31333;5 31333:< 31333:< 31333:<
7;3 3133376 3133373 3133373 3133373
:53 3133363 313335: 313335: 313335:

Sdqho F= � @ 4=:5/ � @ 3=3;8/ � @ 3=554/ dqg �� @ �3=5681
Qr1 ri Vsdfh Srlqwv

Qr1 ri Wlph Srlqwv 453 573 7;3 :53
453 3133484 3133476 3133476 3133474
573 31333;4 31333:7 31333:5 31333:4
7;3 3133379 313336< 313336: 313336:
:53 3133367 313335; 3133359 3133358

Wkh erqg sulflqj ixqfwlrq lv dssur{lpdwhg xvlqj d Fudqn0Qlfkrovrq �qlwh
gl�huhqfh dojrulwkp/ dv ghvfulehg lq Gx!h +4<<9,1 Wkh pd{lpxp huuru lv
uhsruwhg ryhu wkh udqjh u 5 ^3=34> 3=53`1
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Wdeoh D08= Pd{lpxp Devroxwh Huuru lq wkh Hvwlpdwhv ri
C|@Cu iru wkh Ydvlfhn Fdvh1

Sdqho D= � @ 3=55/ � @ 3=3;8/ � @ 3=356/ dqg �f @ �3=351
Q @ & ri Julg Srlqwv

Pdwxulw| Q @ 4< Q @ 6; Q @ :9 Q @ 485

40prqwk 3133474 3133474 3133474 3133474
60prqwkv 3133477 3133477 3133477 3133477

Sdqho E= � @ 3=;9/ � @ 3=3;8/ � @ 3=37:/ dqg �f @ �3=351
Q @ & ri Julg Srlqwv

Pdwxulw| Q @ 4< Q @ 6; Q @ :9 Q @ 485

40prqwk 3133479 3133479 3133479 3133479
60prqwkv 313369< 3133595 3133488 3133565

Sdqho F= � @ 4=:5/ � @ 3=3;8/ � @ 3=399/ dqg �f @ �3=351
Q @ & ri Julg Srlqwv

Pdwxulw| Q @ 4< Q @ 6; Q @ :9 Q @ 485

40prqwk 3133484 3133484 3133484 3133484
60prqwkv 3134689 31344;8 3133;87 3134467

Wkh dssur{lpdwlrq wr wkh sduwldo ghulydwlyh ri wkh |lhog ixqfwlrq zlwk uhvshfw
wr u lv fdofxodwhg e| lqwhusrodwlqj wkh �qlwh0gl�huhqfh vroxwlrq xvlqj/ :53
wlph srlqwv dqg 573 vsdfh srlqwv/ ryhu wkh udqjh ri u iurp ^3=34> 3=53` xvlqj
fxelf vsolqhv1 Wkh lqwhusrodwhg ixqfwlrq lv wkhq hydoxdwhg dw d julg ri vl}h
Q / dqg wkh �uvw ghulydwlyh lv dssur{lpdwhg xvlqj wkh irupxod

Ce| +u�> �,
Cu

� e| +u�n�> �,� e| +u�3�> �,
5�

zkhuh � lv khog frqvwdqw/ dqg e| +u�> �, uhihuv wr wkh dssur{lpdwh |lhog ixqf0
wlrq hydoxdwhg dw wkh julg srlqw l1 � lv wkh frqvwdqw zlgwk ri wkh lqwhuydo
ehwzhhq julg srlqwv1 Wkh pd{lpxp huuruv duh uhsruwhg ryhu wkh udqjh ri
u 5 ^3=36> 3=53`1 Wkhuh zhuh odujh dssur{lpdwlrq huuruv iru h{wuhpho| vpdoo
ydoxhv ri u1
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Wdeoh D09= Pd{lpxp Devroxwh Huuru lq wkh Hvwlpdwhv ri
C2|@Cu2 iru wkh Ydvlfhn Fdvh1

Sdqho D= � @ 3=55/ � @ 3=3;8/ � @ 3=356/ dqg �f @ �3=351
Q @ & ri Julg Srlqwv

Pdwxulw| Q @ 4< Q @ 6; Q @ :9 Q @ 485

40prqwk 3133343 3133345 3133345 3133346
60prqwkv 31343<8 3133889 3133497 3133766

Sdqho E= � @ 3=;9/ � @ 3=3;8/ � @ 3=37:/ dqg �f @ �3=351
Q @ & ri Julg Srlqwv

Pdwxulw| Q @ 4< Q @ 6; Q @ :9 Q @ 485

40prqwk 313:;;< 31387<; 313587< 3137;8;
60prqwkv 3197736 318:8<9 316<878 31888::

Sdqho F= � @ 4=:5/ � @ 3=3;8/ � @ 3=399/ dqg �f @ �3=351
Q @ & ri Julg Srlqwv

Pdwxulw| Q @ 4< Q @ 6; Q @ :9 Q @ 485

40prqwk 317355< 3167676 31548;: 3165957
60prqwkv 4173935 41655<3 41349:4 415<::;

Wkh dssur{lpdwlrq wr wkh sduwldo ghulydwlyh ri wkh |lhog ixqfwlrq zlwk uhvshfw
wr u lv fdofxodwhg e| lqwhusrodwlqj wkh �qlwh0gl�huhqfh vroxwlrq xvlqj/ :53
wlph srlqwv dqg 573 vsdfh srlqwv/ ryhu wkh udqjh ri u iurp ^3=34> 3=53` xvlqj
fxelf vsolqhv1 Wkh lqwhusrodwhg ixqfwlrq lv wkhq hydoxdwhg dw d julg ri vl}h
Q / dqg wkh vhfrqg ghulydwlyh lv dssur{lpdwhg xvlqj wkh irupxod

C2e| +u�> �,
Cu2

� e| +u�n�> �,� 5e| +u�> �, . e| +u�3�> �,
�2

zkhuh � lv khog frqvwdqw/ dqg e| +u�> �, uhihuv wr wkh dssur{lpdwh |lhog ixqf0
wlrq hydoxdwhg dw wkh julg srlqw l1 � lv wkh frqvwdqw zlgwk ri wkh lqwhuydo
ehwzhhq julg srlqwv1 Wkh pd{lpxp huuruv duh uhsruwhg ryhu wkh udqjh ri
u 5 ^3=36> 3=53`1 Wkhuh zhuh odujh dssur{lpdwlrq huuruv iru h{wuhpho| vpdoo
ydoxhv ri u1
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Wdeoh D0:= Pd{lpxp Devroxwh Huuru lq wkh Hvwlpdwhv ri
C|@Cu iru wkh FLU Fdvh1

Sdqho D= � @ 3=55/ � @ 3=3;8/ � @ 3=356/ dqg �f @ �3=351
Q @ & ri Julg Srlqwv

Pdwxulw| Q @ 4< Q @ 6; Q @ :9 Q @ 485

40prqwk 313346< 313346< 313346< 313346<
60prqwkv 313346; 313346; 313346; 313346;

Sdqho E= � @ 3=;9/ � @ 3=3;8/ � @ 3=37:/ dqg �f @ �3=351
Q @ & ri Julg Srlqwv

Pdwxulw| Q @ 4< Q @ 6; Q @ :9 Q @ 485

40prqwk 3133476 3133476 3133476 3133476
60prqwkv 313347< 313347< 313347< 313347<

Sdqho F= � @ 4=:5/ � @ 3=3;8/ � @ 3=399/ dqg �f @ �3=351
Q @ & ri Julg Srlqwv

Pdwxulw| Q @ 4< Q @ 6; Q @ :9 Q @ 485

40prqwk 313347: 313347; 313347; 313347;
60prqwkv 313348; 313348< 313348< 313348<

Wkh dssur{lpdwlrq wr wkh sduwldo ghulydwlyh ri wkh |lhog ixqfwlrq zlwk uhvshfw
wr u lv fdofxodwhg e| lqwhusrodwlqj wkh �qlwh0gl�huhqfh vroxwlrq xvlqj/ :53
wlph srlqwv dqg 573 vsdfh srlqwv/ ryhu wkh udqjh ri u iurp ^3=34> 3=53` xvlqj
fxelf vsolqhv1 Wkh lqwhusrodwhg ixqfwlrq lv wkhq hydoxdwhg dw d julg ri vl}h
Q / dqg wkh �uvw ghulydwlyh lv dssur{lpdwhg xvlqj wkh irupxod

Ce| +u�> �,
Cu

� e| +u�n�> �,� e| +u�3�> �,
5�

zkhuh � lv khog frqvwdqw/ dqg e| +u�> �, uhihuv wr wkh dssur{lpdwh |lhog ixqf0
wlrq hydoxdwhg dw wkh julg srlqw l1 � lv wkh frqvwdqw zlgwk ri wkh lqwhuydo
ehwzhhq julg srlqwv1 Wkh pd{lpxp huuruv duh uhsruwhg ryhu wkh udqjh ri
u 5 ^3=36> 3=53`1 Wkhuh zhuh odujh dssur{lpdwlrq huuruv iru h{wuhpho| vpdoo
ydoxhv ri u1
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Wdeoh D0;= Pd{lpxp Devroxwh Huuru lq wkh Hvwlpdwhv ri
C2|@Cu2 iru wkh FLU Fdvh1

Sdqho D= � @ 3=55/ � @ 3=3;8/ � @ 3=356/ dqg �f @ �3=351
Q @ & ri Julg Srlqwv

Pdwxulw| Q @ 4< Q @ 6; Q @ :9 Q @ 485

40prqwk 3133345 3133345 3133344 3133345
60prqwkv 3133368 3133368 3133366 3133368

Sdqho E= � @ 3=;9/ � @ 3=3;8/ � @ 3=37:/ dqg �f @ �3=351
Q @ & ri Julg Srlqwv

Pdwxulw| Q @ 4< Q @ 6; Q @ :9 Q @ 485

40prqwk 313337< 313337< 3133379 313337<
60prqwkv 3133456 3133455 3133449 3133455

Sdqho F= � @ 4=:5/ � @ 3=3;8/ � @ 3=399/ dqg �f @ �3=351
Q @ & ri Julg Srlqwv

Pdwxulw| Q @ 4< Q @ 6; Q @ :9 Q @ 485

40prqwk 31333;< 31333;; 31333;6 31333;;
60prqwkv 31334;: 31334;9 31334:: 31334;9

Wkh dssur{lpdwlrq wr wkh sduwldo ghulydwlyh ri wkh |lhog ixqfwlrq zlwk uhvshfw
wr u lv fdofxodwhg e| lqwhusrodwlqj wkh �qlwh0gl�huhqfh vroxwlrq xvlqj/ :53
wlph srlqwv dqg 573 vsdfh srlqwv/ ryhu wkh udqjh ri u iurp ^3=34> 3=53` xvlqj
fxelf vsolqhv1 Wkh lqwhusrodwhg ixqfwlrq lv wkhq hydoxdwhg dw d julg ri vl}h
Q / dqg wkh vhfrqg ghulydwlyh lv dssur{lpdwhg xvlqj wkh irupxod

C2e| +u�> �,
Cu2

� e| +u�n�> �,� 5e| +u�> �, . e| +u�3�> �,
�2

zkhuh � lv khog frqvwdqw/ dqg e| +u�> �, uhihuv wr wkh dssur{lpdwh |lhog ixqf0
wlrq hydoxdwhg dw wkh julg srlqw l1 � lv wkh frqvwdqw zlgwk ri wkh lqwhuydo
ehwzhhq julg srlqwv1 Wkh pd{lpxp huuruv duh uhsruwhg ryhu wkh udqjh ri
u 5 ^3=36> 3=53`1 Wkhuh zhuh odujh dssur{lpdwlrq huuruv iru h{wuhpho| vpdoo
ydoxhv ri u1
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Wdeoh D0<= Pd{lpxp Devroxwh Huuru lq wkh Hvwlpdwhv ri wkh
Guliw dqg Gl�xvlrq Ixqfwlrqv lq wkh Ydvlfhn Fdvh
Xvlqj wkh Ilqlwh0Gl�huhqfh Dssurdfk1

Sdqho D= � @ 3=55/ � @ 3=3;8/ � @ 3=356/ dqg �f @ �3=351

40prqwk Sur{| 60prqwk Sur{|
Guliw Ixqfwlrq 3133336 3133336
Gl�xvlrq Ixqfwlrq 3133336 3133336

Sdqho E= � @ 3=;9/ � @ 3=3;8/ � @ 3=37:/ dqg �f @ �3=351

40prqwk Sur{| 60prqwk Sur{|
Guliw Ixqfwlrq 3133345 3133375
Gl�xvlrq Ixqfwlrq 313333: 313333:

Sdqho F= � @ 4=:5/ � @ 3=3;8/ � @ 3=399/ dqg �f @ �3=351

40prqwk Sur{| 60prqwk Sur{|
Guliw Ixqfwlrq 313338: 3133497
Gl�xvlrq Ixqfwlrq 3133343 3133389

Wkh dssur{lpdwlrq lv rq wkh lqwhuydo u 5 ^3=36> 3=4;`1 Wkh �qlwh0gl�huhqfh
dojrulwkp lv d Fudqn0Qlfkrovrq vfkhph zlwk :53 wlph srlqwv dqg 573 vsdfh
srlqwv1 Wkh qxphulfdo ghulydwlyhv duh frqvwuxfwhg xvlqj d julg ri vl}h Q @ :9
dssolhg wr wkh lqwhusrodwhg |lhog ixqfwlrq1
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Wdeoh D043= Pd{lpxp Devroxwh Huuru lq wkh Hvwlpdwhv ri wkh
Guliw dqg Gl�xvlrq Ixqfwlrqv lq wkh FLU Fdvh
Xvlqj wkh Ilqlwh0Gl�huhqfh Dssurdfk1

Sdqho D= � @ 3=55/ � @ 3=3;8/ � @ 3=3:;/ dqg �� @ �3=5681

40prqwk Sur{| 60prqwk Sur{|
Guliw Ixqfwlrq 3133336 3133335
Gl�xvlrq Ixqfwlrq 3133335 3133335

Sdqho E= � @ 3=;9/ � @ 3=3;8/ � @ 3=48:/ dqg �� @ �3=5681

40prqwk Sur{| 60prqwk Sur{|
Guliw Ixqfwlrq 3133343 313333<
Gl�xvlrq Ixqfwlrq 3133338 3133339

Sdqho F= � @ 4=:5/ � @ 3=3;8/ � @ 3=554/ dqg �� @ �3=5681

40prqwk Sur{| 60prqwk Sur{|
Guliw Ixqfwlrq 313334< 313334;
Gl�xvlrq Ixqfwlrq 313333; 313333<

Wkh dssur{lpdwlrq lv rq wkh lqwhuydo u 5 ^3=36> 3=4;`1 Wkh �qlwh0gl�huhqfh
dojrulwkp lv d Fudqn0Qlfkrovrq vfkhph zlwk :53 wlph srlqwv dqg 573 vsdfh
srlqwv1 Wkh qxphulfdo ghulydwlyhv duh frqvwuxfwhg xvlqj d julg ri vl}h Q @ :9
dssolhg wr wkh lqwhusrodwhg |lhog ixqfwlrq1
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Dsshqgl{ E= Lqyhuwlqj wkh Orqjvwd�0Vfkzduw} Prgho1

Lq wkh OV prgho/ wkh vl{ sdudphwhuv duh uhfryhuhg iurp wkh vl{ prphqw
frqglwlrqv e| uhgxflqj wkh vl{ qrqolqhdu htxdwlrqv wr wkuhh sdluv ri qrqolqhdu
htxdwlrqv1 Wkh �uvw vwhs lq wklv surfhvv lv wr uh0zulwh +99, dqg +9;, dv wkh
iroorzlqj �olqhdu� v|vwhp�

4 4
�2 �2

�% k2�
2B2
q2#
212

&
@

�
Ydu +u,
Ydu +Y ,

�
=

Vroylqj +dqg uh0duudqjlqj, |lhogv

�

�2
@

5�2Ydu +u,� 5Ydu +Y ,

�2
�
�2 � �2

� +:;,

dqg
�

�2
@

5Ydu +Y ,� 5�2Ydu +u,

�2
�
�2 � �2

� = +:<,

Wkh wzr h{shfwhg uhwxuq frqglwlrqv/ +98, dqg +9:,/ fdq eh zulwwhq dv�
� �
�2 �2

�� �
B
#
1

�
@

�
H +u,
H +Y ,

�
=

Vroylqj +dqg uh0duudqjlqj, |lhogv

�

�
@

�H +u,�H +Y ,

� +� � �,
+;3,

dqg
�

�
@

H +Y ,� �H +u,

� +� � �,
= +;4,

Wdnlqj wkh udwlr ri +;3, wr +:;, dqg +;4, wr +:<, surgxfhv wkh iroorzlqj
h{suhvvlrqv iru � dqg � dv ixqfwlrqv ri wkh prphqwv ri u dqg Y dqg wkh
sdudphwhuv � dqg �=

� +�> �, @
� +�. �, +�H +U,�H +Y ,,

5�2Ydu +u,� 5Ydu +Y ,

dqg

� +�>�, @
� +�. �, +H +Y ,� �H +u,,

5Ydu +Y ,� 5�2Ydu +u,
=
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Wkh wzr htxdwlrq v|vwhp iru � dqg � +wkh nh| wr wkh hqwluh lqyhuvlrq surfhvv,
iroorzv e| vxevwlwxwlqj � +�>�, dqg � +�>�, lqwr +9<, dqg +:3, dqg vlpsoli|lqj
wr jhw

�2Ydu +u,�Ydu +Y ,

�2 � �2
h{s +�� +�>�,�,

.
Ydu +Y ,� �2Ydu +u,

�2 � �2
h{s +�� +�>�,�,�Fry ^u|n{> u|` @ 3 +;5,

dqg

�2�2Ydu +u,� �2Ydu +Y ,

�2 � �2
h{s +�� +�>�,�,

.
�2Ydu +Y ,� �2�2Ydu +u,

�2 � �2
h{s +�� +�>�,�,�Fry ^Y|n{> Y|` @ 3= +;6,

Jlyhq �/ �/ �/ dqg �/ wkh uhpdlqlqj wzr sdudphwhuv fdq eh vroyhg dv

� +�> �, @
�H +u,�H +Y ,

� +� � �,
� � +�> �, +;7,

dqg

� +�>�, @
H +Y ,� �H +u,

� +� � �,
� � +�> �, = +;8,
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Uhihuhqfhv

^4` Dòw0Vdkdold/ \1/ 4<<9d/ �Qrqsdudphwulf Sulflqj ri Lqwhuhvw Udwh Ghulyd0
wlyh Vhfxulwlhv/� Hfrqrphwulfd 97/ sdjhv 85:08931

^5` Dòw0Vdkdold/ \1/ 4<<9e/ �Whvwlqj Frqwlqxrxv0Wlph Prghov ri wkh Vsrw
Lqwhuhvw Udwh/� Wkh Uhylhz ri Ilqdqfldo Vwxglhv </ sdjhv 6;807591

^6` Dqghuvhq/ W1 J1/ dqg M1 Oxqg/ 4<<:/ �Hvwlpdwlqj Frqwlqxrxv Wlph
Vwrfkdvwlf Yrodwlolw| Prghov ri wkh Vkruw0Whup Lqwhuhvw Udwh/� Mrxuqdo
ri Hfrqrphwulfv ::/ sdjhv 67606::1

^7` Erxgrxnk/ M1/ P1 Ulfkdugvrq/ U1 Vwdqwrq/ dqg U1 I1 Zklwhodz/ 4<<;/
�Wkh Vwrfkdvwlf Ehkdylru ri Lqwhuhvw Udwhv= Lpsolfdwlrqv iurp d Pxo0
wlidfwru/ Qrqolqhdu/ Frqwlqxrxv0Wlph Prgho/� Pdqxvfulsw1

^8` Euhqqdq/ P1 M1/ dqg H1 V1 Vfkzduw}/ 4<:</ �D Frqwlqxrxv0Wlph Ds0
surdfk wr wkh Sulflqj ri Erqgv/� Mrxuqdo ri Edqnlqj dqg Ilqdqfh 6/
sdjhv 46604881

^9` Eurzq/ U1/ dqg Vfkdhihu/ 4<<6/ �Lqwhuhvw Udwh Yrodwlolw| dqg wkh Vkdsh
ri wkh Whup Vwuxfwxuh/� Sklorvrsklfdo wudqvdfwlrqv ri wkh Ur|do Vrflhw|=
Sk|vlfdo Vflhqfhv dqg Hqjlqhhulqj 67:/ sdjhv 77<08<;1

^:` Fkdq/ N1 F1/ J1 D1 Nduro|l/ I1 D1 Orqjvwd�/ dqg D1 E1 Vdqghuv/ 4<<5/
�Dq Hpslulfdo Frpsdulvrq ri Dowhuqdwlyh Prghov ri wkh Vkruw0Whup
Lqwhuhvw Udwh/� Wkh Mrxuqdo ri Ilqdqfh 7:/ sdjhv 453<0455:1

^;` Fkdspdq/ G1 D1/ dqg Q1 G1 Shduvrq/ 4<<;/ �Lv wkh Vkruw Udwh Guliw
Dfwxdoo| QrqolqhduB� Pdqxvfulsw1

^<` Frqoh|/ W1 J1/ O1 S1 Kdqvhq/ H1 J1 M1 Oxwwphu/ dqg M1 D1 Vfkhlqnpdq/
4<<:/ �Vkruw0Whup Lqwhuhvw Udwhv dv Vxeruglqdwhg Gl�xvlrqv/� Wkh Uh0
ylhz ri Ilqdqfldo Vwxglhv 43/ sdjhv 85808::1

^43` Fr{/ M1 F1/ M1 H1 Lqjhuvroo/ Mu1/ dqg V1 D1 Urvv/ 4<;8/ �D Wkhru| ri wkh
Whup Vwuxfwxuh ri Lqwhuhvw Udwhv/� Hfrqrphwulfd 86/ sdjhv 65406791

^44` Gx!h/ G1/ 4<<9/ G|qdplf Dvvhw Sulflqj Wkhru|/ 5?_ Hglwlrq1 +Sulqfh0
wrq= Sulqfhwrq Xqlyhuvlw| Suhvv,1

^45` Gx!h/ G1/ dqg U1 Ndq/ 4<<9/ �D \lhog Idfwru Prgho ri Lqwhuhvw Udwhv/�
Pdwkhpdwlfdo Ilqdqfh 9/ sdjhv 6:<07391
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^46` Jrogvwhlq/ U1/ dqg I1 ]dsdwhur/ 4<<9/ �Jhqhudo Htxloleulxp zlwk Frq0
vwdqw Uhodwlyh Ulvn Dyhuvlrq dqg Ydvlfhn Lqwhuhvw Udwhv/� Pdwkhpdwlfdo
Ilqdqfh 9/ sdjh 66406731

^47` Kdplowrq/ M1 G1/ 4<<9/ �Wkh Gdlo| Pdunhw iru Ihghudo Ixqgv/� Mrxuqdo
ri Srolwlfdo Hfrqrp| 437/ sdjhv 590891

^48` Lqjhuvroo/ M1 H1/ Mu1/ 4<;:/ Wkhru| ri Ilqdqfldo Ghflvlrq Pdnlqj1 +Wr0
wrzd/ QM= Urzpdq ) Olwwoh�hog,1

^49` Nduolq/ V1/ dqg K1 P1 Wd|oru/ 4<;4/ D Vhfrqg Frxuvh lq Vwrfkdvwlf
Surfhvvhv1 +Vdq Glhjr= Dfdghplf Suhvv/ Lqf1,

^4:` Nqh}/ S1 M1/ U1 Olwwhupdq/ dqg M1 Vfkhlqnpdq/ 4<<7/ �H{sorudwlrqv Lqwr
Idfwruv H{sodlqlqj Prqh| Pdunhw Uhwxuqv/� Wkh Mrxuqdo ri Ilqdqfh
7</ sdjhv 4;9404;;51

^4;` Orqjvwd�/ I1 D1/ dqg H1 V1 Vfkzduw}/ 4<<5/ �Lqwhuhvw Udwh Yrodwlolw|
dqg wkh Whup Vwuxfwxuh= D Wzr0Idfwru Jhqhudo Htxloleulxp Prgho/�
Wkh Mrxuqdo ri Ilqdqfh 7:/ sdjhv 458<045;5

^4<` Shduvrq/ Q1 G1/ dqg W1 Vxq/ 4<<7/ �H{sorlwlqj wkh Frqglwlrqdo Ghqvlw|
lq Hvwlpdwlqj wkh Whup Vwuxfwxuh= Dq Dssolfdwlrq wr wkh Fr{/ Lqjhuvroo/
dqg Urvv Prgho/� Mrxuqdo ri Ilqdqfh 7</ sdjhv 45:<046371

^53` Suhvv/ Z1 K1/ V1 D1 Whxnryvn|/ Z1 W1 Yhwwhuolqj/ dqg E1 S1 Iodqqhu|/
4<<5/ Qxphulfdo Uhflshv lq F/ 5?_ Hglwlrq1 +Qhz \run= Fdpeulgjh
Xqlyhuvlw| Suhvv,1

^54` Vwdqwrq/ U1/ 4<<:/ �D Qrqsdudphwulf Prgho ri Whup Vwuxfwxuh G|0
qdplfv dqg wkh Pdunhw Sulfh ri Lqwhuhvw Udwh Ulvn/� Wkh Mrxuqdo ri
Ilqdqfh 85/ sdjhv 4<:6053351

^55` Ydvlfhn/ R1 D1/ 4<::/ �Dq Htxloleulxp Fkdudfwhul}dwlrq ri wkh Whup
Vwuxfwxuh/� Mrxuqdo ri Ilqdqfldo Hfrqrplfv 8/ sdjhv 4::04;;1

^56` Zloprw/ S1/ V1 Krzlvrq/ dqg M1 Ghz|qqh/ 4<<8/ Wkh Pdwkhpdwlfv ri
Ilqdqfldo Ghulydwlyhv1 +Fdpeulgjh> Fdpeulgjh Xqlyhuvlw| Suhvv,1
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