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ABSTRACT

The performance gain of allowing half-duplex source cooperation is studied
for Gaussian interference channels. The source cooperation is in-band, mean-
ing that each source can listen to the other source’s transmission, but there
is no independent channel between the sources; half-duplex assumes that,
at each time instant, the sources can either transmit or listen but cannot
do both. This assumption differs from some previous works on source co-
operation. When the cooperation is bidirectional and the channel gains are
symmetric, the sum capacity is characterized within a constant. When the
cooperation is unidirectional, from the primary to the secondary, it is essen-
tially a cognitive channel. By requiring the primary to achieve a rate at most
a constant from its link capacity, the best possible rate for the secondary is
characterized within a constant. A general coding scheme is proposed for this
type of channel. In the first step, only one source transmits and the other
source listens. The active source can send data to its destination, share in-
formation with the other nodes, or relay data from the other source to the
other destination. In the second step, both sources transmit. The shared
information from the previous step and the interference channel together can
be viewed as a virtual channel. On this virtual channel, the sources can
do beamforming for the shared messages, and the destinations can partially
cancel the interference, achieving better rates compared with the original

interference channel.
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CHAPTER 1

INTRODUCTION

A basic characteristic of the wireless medium is its broadcast nature. This
manifests itself as interference when multiple users try to share the medium.
An active area of research which investigates efficient schemes for managing
interference has focused on interference channels [3, 8, 9, 10]. However, the
broadcast feature is also a blessing in disguise in that the same transmission
could be heard by multiple receivers, opening up the possibility of coopera-
tion. Traditionally, the cooperation aspect has been investigated separately
using relay channels in which only one source-destination pair is present [7].
Recently, the role of cooperation in managing interference has come under
scrutiny. [4, 5,11, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24| is an incomplete
list of references.

In this thesis we investigate the two-user interference channel, where the
two sources may not only transmit but also receive (Figure 1.1). This ability
to receive will allow the sources to cooperate. However, to be realistic about
the gains that can be derived from this cooperation, we impose two key

restrictions:

e [n-band cooperation. No extra orthogonal band is available for the
source nodes to transmit to each other over; all transmission and re-
ception must happen over the same band. Thus, the sources cooperate
by transmitting and receiving over the same band that is originally

available for the interference channel.

o Half-duplex operation. Each source node may either transmit or receive
at a time but cannot do both. This respects the limitations of current

hardware technology.

The in-band cooperation assumption here is a key difference from [13],

which considered cooperation over conferencing links orthogonal to the orig-
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Figure 1.1: Interference channel with half-duplex source cooperation. The
sources can work in three modes: (A) both sources transmit, (B) source 1
transmits while source 2 receives, and (C) source 2 transmits and source 1
recelves.

inal channel. Our model is identical to the one in [16] except that the full-
duplex mode of operation was studied there.

We focus on two scenarios. In the first case, the cooperation is bidi-
rectional and the channel gains are symmetric. The sum capacity of this
channel is characterized within a constant. In the second case, the coopera-
tion is unidirectional; i.e., source 2 can listen to source 1’s transmission but
not the other way around, which is essentially a cognitive channel. We call
source 1 and destination 3 the primary user and source 2 and destination 4
the secondary user. One interesting question we want to ask about this cog-
nitive channel is, what rate can the secondary achieve without affecting the
primary user’s performance much? We call the best such rate the cognitive
capacity of the channel and characterize it up to a constant. This definition
will be made precise in later sections.

The coding scheme is quite general and can be applied to all interference
channels with half-duplex source cooperation. The key idea is to turn the
half-duplex cooperation problem to a virtual channel problem. A virtual
channel is an interference channel with rate-limited bit-pipes between the two
sources and from each source to the destination where it causes interference.
This virtual channel is similar to the channel considered in [22] except that

there they do not have bit-pipes from sources to destinations.



The coding scheme for the virtual channel is an extension of the super-
position coding scheme for the interference channels [10]. In addition to
public and private messages, we further introduce cooperative private and
pre-shared public messages. Cooperative private messages are shared over
the bit-pipes between the two sources so they can be sent using source beam-
forming. Pre-shared public messages are shared over the bit-pipes from the
sources to the destinations so the signals corresponding to such messages can
be canceled at the other destination and do not cause interference.

To reduce the original channel to a virtual channel, we schedule the trans-
mission in two steps. In the first step, only one source transmits and the other
source listens. The active source can send data to its destination, share in-
formation with the other nodes, or relay data from the other source to the
other destination. In the second step, both sources transmit. The shared
information from the previous step and the interference channel together is
indeed a virtual channel, and the scheme mentioned above is applied to this
channel. In the end, we optimize over the scheduling parameters to get the
best achievable rate.

The rest of the paper is organized as follows. In chapter 2, we formally
state the two problems, and in chapter 3 the main results about the sum
capacity and the cognitive capacity are given. The general coding scheme
is described in chapter 4. Chapter 5 deals with the symmetric case, and
chapter 6 is for the cognitive case. In both cases, we start by examining the
corresponding linear deterministic model and use the intuition there to solve

the Gaussian model.



CHAPTER 2

PROBLEM STATEMENT

2.1 The Symmetric Case

The Gaussian interference channel with bidirectional source cooperation is
depicted in Figure 1.1.

The source nodes 1 and 2 want to communicate with destination nodes
3 and 4, respectively. Without loss of generality, we assume the channel is
normalized; i.e., the additive noise processes (Z;),i = 1,2, 3,4 are indepen-
dent CN(0,1), i.i.d. over time, and the codeword (X;;) at source i satisfies

the power constraint
1 N
2 .
TLE[Xf]<1i=12
t=1

Further, we assume the channel is symmetric, i.e., |hi3]* = |hos|* = SNR, |h14]? =
|hog|? = INR, |hia|® = |ho1|* = CNR.
As the cooperation is half-duplex, the sources can work in one of the

following three modes. In mode A, both sources transmit. The nodes receive

Yi: =0,
Yo =0,
Yai = hi3 Xy + hos Xop + Zay,
Yie = hia X1y + hoy Xop + Zy.

In mode B, source 1 transmits and source 2 listens. Then

}/125 - 07
Yor = hi2 X1t + Zoy,
Ya = his X + Zsy,
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Yie = h1a Xy + Zas-
In mode C', source 2 transmits, source 1 listens, and

Yie = hoa Xoy + Zy,
Yo =0,

Yai = hos Xop + Zay,
Yir = hoaXop + Zy.

A block length-L codebook of rate (Ry, Ry) for the channel consists of a
schedule function ¢(t) € {A,B,C} and a sequence of encoding functions f;
and decoding functions ¢;,12, ¢ = 1,2, t = 1,2,..., L. The source messages
W; € {1,2,...,2M%} i = 1,2 are independent and uniformly distributed.
The sources transmit X;; = fi,(W;, Y/™"), where Y/™' = (Yi,...,Yiq-1))-
Note that the encoding functions are causal. Further, the encoding functions
also satisfy the schedule set out by ¢(t); i.e., we have Xo, = fo(Wa, Y47 1) =0
when o(t) = B and Xy, = f1,(W1, Y{™') = 0 when ¢(t) = C. Denote the pro-

portion of time spent on mode A as p(A) and define the scheduling parameter

d = fféa) or p(A) = 2%6, which is proportional to ¢(A) and specifies roughly
how the resource is allocated among the three modes. Destination-(i + 2) es-
timates the message intended for it as W; = 9ira(Yih,), i = 1,2. We say
that a rate pair (Ry, Ry) is achievable if there is sequence of rate (Ry, Rs)

codebooks such that as L — oo,
P(W; £ W;) — 0,i=1,2.

The capacity region % is the collection of all achievable (Ry, Ry). The sum-
capacity Cgum of the channel is defined as the largest Ry + Ry such that
(R1, Ry) € €. In Section 3 we will provide a characterization of the sum-

capacity within a constant.

2.2 The Cognitive Case

The Gaussian interference channel with unidirectional source cooperation is

depicted in Figure 2.1. This channel has no cooperation link from source 2
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Figure 2.1: Interference channel with unidirectional half-duplex source coop-
eration.

to source 1.

The source nodes 1 and 2 want to communicate with destination nodes
3 and 4, respectively. Without loss of generality, we assume the channel is
normalized; i.e., the additive noise processes (Z;),7 = 2,3, 4 are independent
CN(0,1), i.i.d. over time, and the codeword (X;;) at source i satisfies the

power constraint
1 Y )
TLE X <1i=12
t=1

Here, we assume that the channel gains are asymmetric in general. We can
view source 1 as the primary user and source 2 as the secondary user, and
the secondary can listen to the primary’s transmission and adapt its behavior
accordingly. Hence, this case corresponds to the cognitive scenario.

As there is only one-side half-duplex cooperation, the sources can work
in one of the following two modes. In mode A, both sources transmit. The

nodes receive

)/lt = 07
Yo =0,
Yai = hi3 Xy + hos Xop + Zay,
Y = hia X1 + hoa Xoy + Zy.

In mode B, source 1 transmits and source 2 listens. Then

}/lt:O7



Yo = hi2 X1 + Zoy,
Ya = his X + Zsy,
Yy = hia X + Zyy.

Let SNRy = |hy3]%, SNRy = |hoyg|?, INR; = |ho3|?, INRy = |h14]?, CNR = |hya|?.
The codebook definition is similar to that in the symmetric case except

that now (t) € A, B and the encoding function fy; is only a function of W7,

as Y7y, is always 0. Define the scheduling parameter § = 1ff£;) or o(B) = &.
This definition of § is a little bit different from the one for the symmetric case,
as it is now proportional to ¢(B), which is more convenient for presenting
the result. In this case, rather than the sum capacity, we are more interested
in another question from the cognitive perspective: what can the secondary
achieve if we do not sacrifice the primary’s performance? This motivates us

to give the following definition.

Definition 2.2.1 Let Cy = log(1 4 SNRy) be the capacity achieved by source
1 when X9y = 0,Vt. Then Ry-capacity for the secondary user is defined as

Cro = (Rf}z%}){e%’ By
R1>Co—Ro

This definition specifies the best secondary performance, given the primary
backs off less than Ry from its link capacity. In Section 3, the Ry-capacity is
characterized when Ry is larger than some constant.

To see why we introduce a back-off in the primary rate, consider the Z-
channel where CNR = INRy = 0,SNR; = SNRy, > INR; ~ 0. If no back-off is
allowed, i.e., if we insist that Ry = Cj, then destination 3 must first decode

the interference, or the secondary’s message, and then its own message. So we

INRq
1+SNRy

rate by some constant, the secondary can send its message as long as it does

achieve only Ry = log(1-+ ) = 0 bits. But if the primary can back off its
not cause significant interference at destination 3. As INR; &~ 0 and INRy; = 0,
the secondary can essentially achieve nontrivial rate Ry = log(1 + SNRy).
Notice that the gap between the two is unbounded when SNR, scales to oc.
Since we are more interested in the high-SNR region and would want to
characterize capacity only up to a constant, the definition above with back-
off better serves our purpose.

We further remark that this definition is not a constant gap character-



ization of the upper-right corner point of the capacity region 4. In some
channel parameter settings, with the help of the secondary, the primary can
do strictly better than Cj.



CHAPTER 3

RESULTS

The main result of this thesis is the approximate characterization of the
sum capacity of the symmetric case and the Ry-capacity of the cognitive
case for Ry larger than some constant. We will state them in the following
two theorems in this section and also show the gains we can get from half-
duplex cooperation. In Section 5.1 and 6.1, we will study the corresponding
linear deterministic model to motivate the schemes we use, and in Section
5.2 and 6.2 we sketch proofs of the two theorems with details taken up in the

appendices.

3.1 The Symmetric Case

Theorem 3.1 Define Cgym = maxs Coym () = maxs min(uy, us, us, uy), where

9 ¢
wm =5 _5 log(1 4 z) + log(1 + x + 2)

i
uz =55 dlog(l+ 2z +2y) +log(l + )+ log(l + x4+ y + 2)

x
+ dlog(1 +
8( 1+y)

2 70 2
U3 =515 _5max{log(1 +y+ f_:—yy), log(142y)} + log(l + = +y + 2)]

1T
Uy =515 §log(1 + 4a + 4y + 2° 4+ y* — 22y cos 0) + 2log(1 +z + y)|.

Then the sum capacity Csum of the symmetric channel defined in section 2.1
satisfies Coym — 17 < Coum < Csum + 3.

To demonstrate the gains from cooperation, we now plot the general-

ized degree of freedom [9] of the sum capacity. Here, we use the natural
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Figure 3.1: Sum capacity of the interference channel with half-duplex source
cooperation.

generalization of the original definition given by [22]. Let

log INR . logCNR
im —— =qa, lim —— =
sik—oo Jog SNR sNR—oo log SNR

g.

Then the generalized degree of freedom for fixed «, 3 is

— Csum
= m —————-.
fix(a,B) log SNR

SNR—00

dsum(a7 ﬁ)

dsum 1s well-defined for @ # 1. When a = 1, dg,,, can take two different

values, and we need to treat them separately.

1. hizhos = hyahos. Consider the cut-set bound with sources on one side
and destinations on the other. The upper bound on the sum capacity

of the interference channel reduces to the capacity of a degenerated

10



multiple input multiple output (MIMO) point-to-point channel. As
the latter channel is of degree of freedom 1, Hence, we can get only
dgum = 1.

2. highos # hishos. For this setting, the channel is well-conditioned and

dsum is a continuous function with respect to a at the a = 1.

In Figure 3.1, we show some plots of d,, against « for different (3's
under the assumption hizhsy # highes, which is usually the case, and we
also compare it with the result for full-duplex source cooperation [16]. In
[16], the sources are allowed both to listen and transmit at the same time
instant. For full-duplex cooperation, only one mode is used: both sources
transmit and listen. So the resulted dg,,, is a piecewise linear function of
«. For half-duplex cooperation, however, we need to schedule over the three
modes properly; and the optimization involved makes each piece a smoothed
curve rather than a linear segment. From the plots, we can see that half-
duplex cooperation is helpful only when § > 1, while full-duplex cooperation
is helpful for all 5 > 0. Moreover, when [ is large enough (as in § = 3.2), by
having half-duplex cooperation the sum capacity can be strictly better than
that of the usual interference channel. When (8 = oo, the sources can get to
know both messages in a negligible amount of time with either half-duplex
or full-duplex cooperation. So the channel essentially become a two-source-

antenna broadcast channel, and both would have the same sum capacity.

3.2 The Cognitive Case

Theorem 3.2 Define Cgr, = maxs Cg,(0) = maxs min(uy, ug, us, uy), where

Uy :1i510g<1+x2) +1
U2 =75 [log(l + 2x9 + 2ys) — log(1 + x1) + dlog(1 + z1J2++;)
+ log(1 + . f_lw)] + 2+ Ry
us :11_1_5 [log(l + 221 + 2y1) — log(1 + 1) + log(1 + 1 $2y1) +2+ Ry
s =7 j_ 5 [log(l + 2x1 + 2y;) — log(1 + x1) + log(1 + . —T—lyg) —log(1 + )

11



2x9 + 1o
I+

Yo + 2

log(1
+ max(log(1 + yo + s

), log(1 4 2y5)) + dlog(1 +

)

+ 3+ 2R,.

Then when Ry > 7, the Ry-capacity Cr, of the cognitive channel defined in
section 2.2 satisfies C’iRO —23—-2Ry < (g, < C’iRO.

To demonstrate the gains from cooperation, we now plot the generalized

degree of freedom [9] of the Ry-capacity. Similar to above, let

log SNR, ;. log INR; ,

im ———— =mn,, lim ———— =aj,
SNR; —oo Jog SNR, sNR;—oo Jog SNR;

logINRy, , .. logCNR

/
im =qa,, lim —— =/
SNR; —00 log SNR, 2 SNR1—00 log SNR, ﬁ

Then the generalized degree of freedom for fixed n}, o}, af, 3 is

Cr,

deog(ny, ay, 0y, f') = _lim  ——2—.
cog( 2 %1 2’5) SNR; —00 10gSNR1

Unlike the symmetric case, this limit always exists; hence, d.o, is well-
defined. In fact, when |hy3||haos| = |hos||h14], we have d.,, the same as that of
an interference channel without cooperation. This is essentially saying that
cooperation is not quite helpful when the absolute value of the channel gains
are aligned. Phases do not matter here. Figure 3.2 shows two typical plots
of d.o, against o} for various " while n}, o, are held fixed.

In our model, when 3 = 0, it corresponds to an interference channel
without cooperation. The above plot shows that when 3’ < of V 1, the
generalized degree of freedom is the same as that of 3/ = 0. Hence, coop-
eration is not very helpful unless it is above the threshold. This behavior
is the same as what happens for the symmetric channel case. On the other
hand, when 3’ = oo, the cooperation link is so strong that the secondary can
decode the primary’s message in a negligible amount of time. This case is
equivalent to the cognitive radio channel model in [12], where the secondary
is assumed to know both messages. One interesting thing to notice is that
when ny < oy < ny, the deyy is always 0, even with infinite cooperation. In
fact, in this region, what destination 4 gets from source 2 is only a noisy
version of what destination 3 gets from source 2. So destination 3 can also

decode W5. On the other hand, as we require the primary to achieve a

12
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Figure 3.2: Cognitive capacity of the interference channel with half-duplex
source cooperation.

rate near its link capacity and the interference at destination 3 is weak, the

allowable rate for W5 is negligible in the high-SNR region.
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CHAPTER 4

ACHIEVABILITY

Our coding scheme turns the original channel into a virtual two-user inter-
ference channel (Figure 4.1) with rate-limited (noiseless) bit-pipes between
the two sources and from each source to the destination node where it causes
interference. The bit-pipes are realized by operating in modes B and C
(Figurel.1b and 1.1c) where only one of the source nodes transmits while
the other receives. In these modes, the transmitting source sends data to
its own destination and, in addition, sends messages to the other nodes in
order to realize the noiseless links, as will become clear in the sequel. We
will first describe a coding scheme and characterize an achievable rate region
for the virtual channel. Then we will use this characterization to obtain an
achievable rate region for the two-user interference channel with half-duplex

source cooperation.

An/

Src 1 np — Dst 3

An

&8

Src 2 np P Dst 4=

An/

Figure 4.1: Interference channel with bit-pipes. The rate-limited bit pipes
(shown in bold) run between the two sources and from each source to the
destination node where it causes interference.

14



4.1 Interference Channel with Bit-Pipes

We denote the wvirtual channel in Figure 4.1 by

COO
IF p(ng,Y4|X1,X2> Cia, Co1, Gy, C23)7

where C;; are the rates of the bit-pipes between node i € {1,2} and node
j € {1,2,3,4}. For this new channel, we limit ourselves to block-coding

schemes of the following type:

1. First, the sources send at most LC;; bits over the bit-pipes, where L is
the block length. These bits are functions of only the message of the

source sending the bits.

2. Then, the sources transmit over the interference channel with each of
their channel inputs (of block length L) being functions of their message
and the bits exchanged in the first step. For the Gaussian channel, these

transmissions are required to satisfy average power constraints of unity.

In the rest of the section, we first discuss an achievable region for the vir-
tual channel® Ryirual(Cia, Ca1, Cia, Co3). Then using this result, an achievable
region for the half-duplex channel will be presented.

Our coding scheme for this virtual channel is a generalization of the su-
perposition coding scheme of Han-Kobayashi for interference channels. The
scheme of Han and Kobayashi in this context may be interpreted as follows.

Each source node transmits its information in two parts:

e public message is decoded by both destinations (even though it is meant

for only one of the destinations),

e private message is decoded by only one of the destinations, the one to

which it is intended.

Our scheme also uses superposition coding and involves two additional parts,

each of which takes advantage of one of the two types of bit-pipes available.

1. cooperative private message. These messages are shared in advance

between the sources over the bit-pipes between them. The messages are

"'We drop the channel PYs,v4|X1,X, from the notation since the channel will be clear
from the context.

15



then sent out cooperatively by the two sources. But they are decoded
by only the intended destination. Below, we will use superposition

coding and beamforming for transmitting these messages.

2. pre-shared public message. Each source shares this type of message
with the unintended destination in advance over the bit-pipes to that
destination. This ensures that, when it appears as interference in the
transmission over the interference channel, the destination can treat it

as known interference while decoding.

In slightly greater detail, our coding scheme is as follows:

Encoding: Source i € {1,2} divides its message into four parts
m; = (mWi,mUi,mme{);

where W stands for (noncooperative) public, U for (noncooperative) private,
V for cooperative private, and V' for pre-shared public. First, my, is shared
with the other source and my, is shared with the other destination over the
bit-pipes. Superposition codewords are then transmitted over the interfer-
ence channel. A random codebook construction for these codewords is as

follows:

1. At source i € {1,2}, generate the pre-shared public codeword X%, (myy)

independently according to distribution p(z%,) = [11, p(xyy ), where
L(Rvi/—e)}

2. At source i, for each myy, generate the public codeword X{f/i(mw M, )

mys € {1,2,...,2

independently according to distribution

L

Py ey, (myr)) = [T paw,.
t=1

‘rVi,t(mVZ/))?

where my, € {1,2,...,2Ew; =9},

3. At source i, for each pair of (mw,, my-), generate the private codeword
X{;. (my,, mw,, my) according to distribution
L

P(QJ& |$5vi (mw;, mv;)a wa/ (m\/;)) = H p(zu, tlzw, ¢ (mw,, mv;)a ﬂiw,t(mw))a
t=1

16



where my, € {1,2,...,2M8vi=91

4. Generate, for i € {1,2}, the auziliary cooperative private codewords
Vik(my,), according to distribution p,r = TI;L; p(vis), Where my, €
{1,2,...,2L8v=91 For every pair (my,,my,), define the coopera-
tive private codewords (X{:, X{;)(my,, my,) according to distribution

p<x\L/1 ) x‘l}g |UlL (mV1)7 UZL(mV2)) = Hthl p(tht’ xV2,t|Ul,t(mV1)7 UQ,t(mVQ))°

5. Superimpose the codewords to form the transmit codewords

XlL(mW17 mUlamV{7 mV17mV2) = Xél (mU17 mw,, mV{) + X\% (mV17mV2)7

X2L<mW27 muy,, mV2/7 mV27mV1) = X[[]IZ(mUza mw,, va’) + X\%(mmeVQ)-

Decoding: Destination 3 looks for a unique (myw,, my,, my;, myy) such that
(}/?)L7 XLl’ (me)a X‘ﬁ’/l (qu mVl')ﬂ Xéjl (mUl » Mwy, mV{)v VvlL(mVl)7 Xi%/g (mW2)7

X‘Z, (myy)) is jointly typical, for some ryy,. Note that my; is available to
destination 3 via the bit-pipe from source 2. Destination 4 uses the same

decoding rule with index 1 and 2 exchanged.

Theorem 4.1 The rate pair (Rw, + Ry, + Ry, + Ry:, Rw, + Ry, + Ry, + Ry;)
is achievable if Rw,, Rw,, Ru,, Ru,, Rv;, Rv,, Ry, Ry are nonnegative reals
which satisfy the following constraints.

Constraints at destination 3:

RU1 I XU17YE’)|XW17‘/17XV' XWzyXV’)

Ry, + Ry, < 1(Xwy, Xuy; V3|V, Xvy, X,
Rys + Rw, + Ry, < I(Xw,, Xu,, Xvr; Y3 Vi, Xw,, Xy
Ry, < I(Vi; V3| Xy, Xy, Xvy, Xy, Xy
Ry, + Ry, < I(Xuy,, Vi; V3| Xwy, Xvr, Xy, Xy

Ry, + Rw, + Ry,
Ry, + Rv; + Rw, + Ry,
Rw, + Ry,

IN

IA

Xy, Xvy, Vi, Xvrs Y| Xy,
Xwy, Xvy; Ya| Xy, Vi, X, Xy
Rw, + Rw, + Ry, Xwy, Xy, Xoy; Ya| Vi, X, Xy
Rw, + Ry; + Rw, + Ry, Xwy, X, Xvy, Xvy; Ya| Vi, Xy
Rw, + Ry, < I(Xw,, Vl,Y},|XW1,XU1,XV/ Xvy

IN

IA

1
1
1
1
1
1
1
1
1

IN

(

( Xvy)
( /)
( /)
( /)
(Xwy, Xuy, Vi Vs | Xy, Xy, Xvy)
( Xvy)
( )
( )
( /)
( )

17



RWQ + RV1 + RUl S I(XW27XU17 ‘/17}/3|XW17XV1’7XV2')
RWQ + RV1 + RW1 + RUl S I(XW2,XW1,XU1, ‘/17}/:3|XV1/7XV2/>
RWQ + RV1 + RV{ + RW1 + RUl S I(XW17XU17XV1/7 ‘/17XW27)/:3|XV2/)

Constraints at destination 4: Above, with index 1 and 2 exchanged.

Constraints at sources:
Ryy <Cis,  Ryy < Cas, Ry <Cia, Ry, <Cy
for some

p(l’Wl,l'Ul, Tvy, IV{; TWoy XUy TV, 'TV2'7 (% %) UQ)

:p(‘rV{? Twy, Loy )p(xVéa Ty, fEUg)p@l)p(?Q)p(le » Ly |U1) UQ)‘
For the Guassian channel, the joint distribution must satisfy
Var (Xy,) + Var (Xy;) <1, i€ {1,2}.

We denote this rate region by Ryirtual(Ci2, Ca1, Cig, Co3).
Proof. The proof is omitted since it follows from standard arguments

for superposition coding. O

4.2 Achievability for Half-Duplex Channel

Now we give a scheme for the original channel. The rate region will be given
in terms of Ryirual in Theorem 4.1. Our coding scheme consists of a sequence
of blocks. Each block is [0aL] + [ogL] + [dcL] long (da,dp,dc > 0). Let
us denote, Ly = [0aL], Ly = [0gL], and Lc = [dcL]. In each block, the
first 1,2,...,Lg and Ly + 1,Lg +2,..., Lg + L¢, respectively, are operated
in modes B and C, respectively. The rest L, long duration is in mode A.
During the mode B and C phases of each block, we will realize the bit-pipes
of the virtual channel, which allow us to implement our coding scheme for
the virtual channel during the mode A phase. In addition to realizing the bit-

pipes of the virtual channel, during the mode B amd C phases, the sources

18



(i) send data to their own destinations, (ii) send data to the other source
to be relayed to the intended destination in a future phase/block, and (iii)
relay data received from the other source during a previous phase/block to
its intended destination.

In the mode B phase, source node 1 uses superposition coding to send
messages to each of the other nodes. In particular, it sends at a rate of Rip
to destination 3, at a rate %Clz + ARj93 to the other source (node 2), and
at a rate of g—gCM + %ARQM to destination node 4. The transmissions at
rates g—gClg and %CM are used to realize the bit-pipes originating from source
node 1 to nodes 2 and 4, respectively, in the virtual channel. Similarly, the
following mode C phase realizes the bit-pipes originating from source node 2.
With these bit-pipes in place, the following mode A phase is effectively trans-
formed into a virtual channel. The transmission at rate ARjs3 is meant to
be relayed by source node 2 to destination node 3 in the following mode
C phase, and the transmission at rate %ARQM is of the data that node 1
received from source node 2 in the mode C phase of the previous block in-
tended to be relayed to destination node 4. Similarly, in the mode C phase,
source node 2 sends using superposition coding at rates Rac, %Cﬂ + ARg14,
and g—éng + %AR123 to nodes 4, 1, and 3, respectively. Note that for the
first block, in the mode B phase, there is no relay data available for node 1
to relay to node 4. But, by increasing the number of blocks, the resulting
deficit in rate can be made as small as desired.

For the Gaussian channel, we will use the natural ordering of users for
superposition coding. To denote all possiblities together, we adopt the fol-

lowing notation. Let

F}E = Rz, ﬁf = Rac,

- ) - )

RY = ACuy + ARy, RY = ACo1 + ARgyy,
(5]3 5C

- ) ) ~ o o

RY = 7AC14 + EARQM; and Rg = *AC23 + EARU&
5]3 5]3 5C 50

Then, by superposition coding, the above rates are achievable if there are
permutations ¢® of {2,3,4} and ¢© of {1,3,4}, and a joint distribution

p(ay )iy )p(ag )p(a: |Gy, a3, )p(as )p(ag )p(as )p(wa|iy , 5, 5 ), (which sat-
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isfies the condition Var (X;), Var (X3) <1 for the Gaussian case) such that
Zﬁ%wgf LUR Yee), i€ {1,2,3}, (4.1)
ZR 5 < TUC,. U Yoew),  i€{1,2,3). (4.2)

Thus, we have proved the following theorem:

Theorem 4.2 The rate pair (Ry, Rs) is achievable for the half-duplez chan-

nel, where

daRiA + 0Rip + 0BAR23

R, = ,
! S + 0p + oc

R — OaRoA + dcRoc + 0cAR214
2 oo + 0p + 0c ’

for parameters as defined in the above discussion such that (4.1) and (4.2)
hold and
(Ria, R2a) € Ruirtual(Cra, Ca1, Cua, Cas).
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CHAPTER 5

SYMMETRIC CASE

5.1 Symmetric Case: LDM

In this section, we will study the linear deterministic model (LDM) of the

symmetric half duplex source cooperation problem.

5.1.1 Channel Model and Sum Capacity

The corresponding linear deterministic channel [1] is parameterized by non-

negative integers
np = |logSNR| ", n; = |log INR|*, ne = [log CNR| .

The channel is depicted in Figure 5.1. Let n = max{np,n;,nc} and S €
F5*™ be the shift matrix

X Y3
Sre 1 np D Dst 3
Yi
Y,
Src 2 np B Dst 4

X Yy

Figure 5.1: Linear deterministic interference channel with half-duplex source
cooperation.
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O -- 0 1 0

- - nxn

where Iy is the finite field with two elements. The channel inputs X4, Xo;
are n-length vectors over F5. As above, the sources can work in one of the

three modes. In mode A, both sources transmit. The nodes receive:

Yi =0,
Yo =0,
Y = S""P X ST Xy,
Yy =S"""P Xy & S"M Xy

In mode B, source 2 listens. Then,

Y. =0,

Yor = 5" Xy,
Yar = 5" Xy,
Yy = S"M Xy,

In mode C, source 1 listens and

Yie=5""""Xo,
Yo =0,

Yy = 5" Xy,
Y = S"""P Xy,

Theorem 5.1 The sum capacity of the interference channel in Figure 5.1 is

Csum = %1238( min{ll (5)7 l2(6)7 l3<5)7 l4(6)}7
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where

2(1+4
L(5) = (QJ:S) max{np,n;}, np #ns
np, np =Ny
2
l5(9) =513 (0np + max{np,nc}),
I3(9) :m(émax{ZnD —nrp,n;}+np
+ max{np,n;,nc}),
2
14(0) =575 (0 max{n;,np —nr} + max{np,nc}).

The parameter ¢ is just a scheduling parameter. Its meaning will become
clearer when we describe the coding scheme and the the converse. Note
that when n; = np or ng < np, the sum capacity reduces to that of the
interference channel without cooperation. Hence, it can be achieved with the
optimal interference channel scheme. In the following discussions, we assume

ny # np and ng > np.

5.1.2 Coding Scheme

To characterize the sum capacity, we will need to consider only symmetric
schemes. The induced virtual channel is also symmetric. The symmetric
virtual channel has an interference channel determined by (np,n;), and its
bit-pipes have rates Cio = Co1 = Cg4, say, and Cyy = Co3 = C4y, say. We
denote this type of virtual channel by IF“((np, ny), Css, Csa)-

To choose the auxiliary random variables in Theorem 4.1 for this sym-
metric virtual channel, let n = npVn; (by which we mean max(np,ny)). For
source i € {1,2}, we define the public, pre-shared, and private auxiliary ran-
dom variables W;, V! U;, respectively, to be independent and with identical
alphabets 4. While the public and pre-shared auxiliary random variables
are uniformly distributed over their alphabets, the upper n — (np —n;)* ele-
ments of the private auxiliary random variables are fixed to be 0 and the lower
(np — n;)* elements uniformly distributed over Fy"> ™" )" In Theorem 4.1,

we set

X‘/i/ pr— ‘/1:,7
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XW,:‘/;/+M7
Xy, =V + Wi+ Us.

Note that the private auxiliary random variable U; occupies the lower (np —
ny)T levels, so that it does not appear at the other destination. This choice
is similar to the choice made in [9] for the (noncooperative) intereference
channel.

For the cooperative private codebook, we choose the auxiliary random
variables V;,i = 1,2 independently (of each other and all the other auxiliary
random variables) distributed uniformly over F§. We choose (Xy,, Xy,) as
deterministic functions of (V;, V) such that the beamforming is a zero-forcing
beamforming. In other words, our choice will be such that the interfering sig-

nals (e.g., V] at destination 2) are canceled out by beamforming. Specifically,

Snan Snfnl le
gn—nr  gn—np XV2 :
As the channel matrix is invertible, we may always find such Xy, for arbi-

trary V;. Source 7 sends X{;i + X‘%,i = 1,2. The induced channel (after

removing the unintended pre-shared public signals which the receivers know

we require

Vi
Va

in advance) py, v, |vy,vy,wi, Wa,U1,Ua,Vi,Va 19

1/;3 — Sn_nD(Wl "—Ul _‘_‘/1/) +Sn—n1W2 +‘/1
Y, = 8" (Wy + Us + V3) + S" ™MW, + V.

We will choose symmetric rates for the four types of messages: i.e., Ry =
RV2/ = Ry, and so on. When n; < np, we will naturally set C;4 = 0 in
the superposition coding in modes B and C. Hence, we have Ry = 0. By
Theorem 4.1, the rate pair (Rw + Ry + Ry, Rw + Ry + Ry ) is achievable if

2Rw + Ry + Ry < np
Ry + Rw < max{n;,np —ns}

Ry <np —n;

with Ry > 0, Ry > 0,0 < Ry < C,s. When ny > np, we set Ry = 0, and by
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Theorem 4.1, the rate pair (Ry + Ry + Ry, Rw + Ry + R},) is achievable if

2Rw+Rv+va S nr
Ry + Ry: <np

with Ry > 0,0 < Ry < C4,0 < Ry, < Cy. By the Fourier-Motzkin

elimination, we arrive at

Theorem 5.2 The following is an achievable sum rate RV for the chan-
nel IF°P’((np,nr), Css, Csa)-

1. When n; <np,Csq =0,

np,
virtual __ : 1 1
R = 2min np — snr + 5Css,

max{nr;,np —n;} + Css

2. When ny > np,

np + Cssa

virtual __ : nr+Css+Csq

Ry, ™ =2min § Mi=sized
ny

Now we can show the achievability of the sum capacity Cg,, using a
symmetric version of the scheme in Section 4.2. We set dgp = ¢ = 1,04 = 9.
For superposition coding in modes B and C, the sources set the data rates
Rig = Ric = np and choose the shared rates Ci5 = Cy; = C,,, Ciy = Co3 =
Csq and relay rates ARjp3 = ARgyy = AR. The constraints (4.1) and (4.2)

translate to

6Css + AR S (nC — nD)+7
5C5d + AR S (n[ — nD)+,
6Cys + 0Csq + 2AR < (max{n;,nc} —np)*.
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By Theorem 4.2, the sum rate achieved by this scheme is

(2”1) + 2AR + 5Rvirtual(nD’ nr, Css, Csd))'

sum

R = 155 5

It is not hard to verify that with the following choice of Cg,, Csq, AR, the

above constraints are satisfied and Rgym = Csum-
1. ny <np <ng. Cgs = (nc —np)/d, Cq =0, and AR = 0.
2. np <n;r <ne. Csd =0.

(a) nc —np <ony. Cys = (nc —np)/d and AR = 0.

(b) ng —np > dny. C4 =ny and

—np—6
AR = min <nc n2D anTL[ — 7’LD> .

3. np <ng <ny.

(a) nf—np < dnjornc—np < d(n;—np). Css = (nc—np)/d,Csqg =
(n;y —ne)/0 and AR = 0.
(b) ny—np > ényand nc—np > d(n;—np). Css = ny—np, Css+Csq =

ny and

ny—np —on
AR = min (nc—np—é(n[—np), ! 12) I) )
Remark: Primarily, cooperation enables better rates of transmission over the
interference channel. When both ne and n; are large relative to np, relaying
also comes into play. In the Gaussian model, we will also consider the regions
separately as above and the power for each signal will be set according to

the intuition provided by the linear deterministic channel.

5.2 The Symmetric Case: Gaussian Model

We follow the intuition from the linear deterministic channel and use a sym-
metric version of the coding scheme in section 4 here as well. The auxiliary
random variables in Theorem 4.1 for the induced symmetric virtual chan-

nel are chosen as follows: for source ¢ = 1,2, we define the auxiliary random
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variables W;, U;, V! to be independent, zero-mean Gaussian random variables

with variances o3, 0%, 0%, respectively. In Theorem 4.1, we set

Xy =V,
XWZ' = V;/ + VVi7
Xy, =V + W, + U,.

The choice of o7 will be such that it appears at lower than the noise power
at the destination where it causes interference. Following the intuition from
the linear deterministic case, we will employ zero-forcing beamforming for
the cooperative private messages. We choose Vi, Vs to be independent (of
each other and all previously defined auxiliary random variables), identically
distributed, zero-mean Gaussian random variables with variance o%,. When

the channel matrix is invertible, Xy;,7 = 1,2 are chosen such that

_ h13 h23 XV1
h14 h24 XV2

where Xy, ,7 = 1,2 are correlated Gaussians with variance

Vi
Va

SNR + INR )
Oy/.
SNR2 + INR2 — 2SNR INRcosf v

Var (X‘/z) =

When the channel matrix is not invertible, we will set o = 0, and Xy, =
Xy, = 0 (i.e., there will be no cooperative private message). The variance

parameters must satisfy the power constraint
o +op + ot + Var (Xy,) <1, i=1,2.

The destinations receive (with the unintended, pre-shared public signals can-
celed)

Y3 = his(Wy + Uy + V)) + hosWa + Vi + hosUs + Z3,
Yy = hoas(Wo + Uy + V3) + hoaWh + Vo + hiaUy + Zy.

We set the rates for the four types of messages to be symmetric, i.e., Ry, =
Rw, = Ry, say, and so on. Also, in Theorem 4.2, we set C;5 = Cy; = Cgq,

say, Ciy = Cp3 = Cyy, say, and ARjp3 = ARg1y = AR, say.
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In appendix A, we show that with the choice of auxiliary random variables
above, there are power and rate allocations such that a sum-rate of Cyyn

(defined in Theorem 3.1) is achievable within a constant. Specifically,
Theorem 5.3 Cym > Coum — 17.

We are also able to show an upperbound to the sum-rate. In appendix B,

we prove the following theorem.

Theorem 5.4 Let

210
log(1 + (2 + 2)Pi) + log(1 + (x + Z)PQC)]

Cut(d) = {5 log(1 4+ xPy4) + dlog(1l 4 xPsa)

Z((S) 510g<1+2$P1A+2yP2A>+lOg(1+(L’PlB)

:2+5{

TPy
+log(1+ (z+y+2)Pc)+dlo 1+}
g(1+ (z+y+2)Pc) g( 1+y%A)
20Pia +yPoa
1+yPia

20Pop +yPra
———— | +log(l+ (x +y+ 2)P. :|
DI g1+ (4 4 2) P

1
V(9) :m [(5 log (1 +yPoys + ) +log(1+ (x +y+ 2)Pip)

+ 0 log <1+yP1A+

1
Cut'(0) =553 {5 log(1 +2(z +y)(Pia+ Paa) + PiaPoa(z® + y* — 2zy cos 0))

+log(1 + (z +y) Pip) + log(1 + (2 + y) Pac)

Define CHID = 5 max min(Cut (), Z(5),V(9), Cut'(8)), where the maxi-
s I1A 1B
mization is over all nonnegative 6, Pia, Pig, Poa, Poc which satisfy the power

constraints

OP, P OP, P
14+ 1B§1and 24+ chl.
240 2+90

Then

The above two theorems together imply Theorem 3.1.



CHAPTER 6

THE COGNITIVE CASE

6.1 The Cognitive Case: LDM

6.1.1 Channel Model and Cognitive Capacity

The corresponding linear deterministic model is parameterized by the non-

negative integers

ny = |log SNRy |, ny = |log SNRy | T, oy = |log INRy | T,
a; = |log INRy |7, 3 = |log CNR| "

The channel is depicted in Figure 6.1. Let n = max{ny, ng, a1, e, 5} and S
be the shift matrix defined as in Section 5.1. The channel inputs X4, Xo;
are n-length vectors over F5. As the cooperation is only unidirectional, the
sources can work in mode A and B. In mode A, both sources transmit. The

nodes receive:

Yie =0,
Yo =0,
Yo = 5" Xy, @ 5" Xy,
Yy =9""Xo & 95" Xy,

In mode B, source 2 listens. Then,

Y1, =0,

Yoo = 5" Xy,
Ya = S"™ X1,
Yy = S""* Xy,
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X, Y3
Sre 1 np D Dst 3

En

3
v 2

Src 2 02 P Dst 4
X, Y,

Figure 6.1: Linear deterministic interference channel with unidirectional half-
duplex source cooperation.

For this channel, source 1 is the primary and source 2 is the secondary,
and as mentioned in Section 2, we would like to know the best rate the
secondary can get when the primary is communicating at its link capacity,
which is R; = ny. So here, we will define the cognitive capacity for this linear

deterministic model, which is similar to the Ry-capacity.

Definition 6.1.1 Assume the capacity region of the channel in Figure 6.1
1s €. The cognitive capacity is defined as

Ceog = (er,r}%j;{e% Fs.
Ri=n1
Note that in this definition, the primary does not need to back off as in
the Ry-capacity. This difference is because the linear deterministic model
is a coarser description of the true channel. In fact, it characterizes the
channel capacity only up to degree of freedom; hence, a constant difference

is negligible in this model. But the idea is essentially the same.

Theorem 6.1 The cognitive capacity Ceog of channel in Figure 6.1 is given

by
Ceog = rglzag{ min(u, ug, Uz, Uy),
where
1
B
Uy = 1_15[712\/a2—a2/\n1+5(5\/a2\/n1 —ny)]
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1
Us = ?[(al — n1)+ + (712 - (]11)+]
1

Uy = m[(% —n1)" —aa Anyi+ (2 —a1) Vas +6(8Vax Vi —n)l.

The parameter § is again the scheduling parameter as defined for the
cognitive case in Section 2.
For comparison, we also summarize here the result for cognitive capacity

of the interference channel without cooperation.

Proposition 6.1.1 The cognitive capacity of linear deterministic interfer-

ence channel parameterized by ny,ng, aq, Qg 18

IFC :
Coog = Min(vy, va, v3,v4),

where

V1 = No
Vg = No V Qg — g A Nq
V3 = (Oél — n1)+ -+ (’I”Lg — Oél)Jr

Vy = (Oél —n1)+ —042/\711—1— (ng —Oél) \/Oég.

Proof. The capacity region of the linear deterministic interference chan-

nel [2] is given by the set of (R;, Ry) satisfying

Ry <ny
Ry <ny
Ri+ Ry <(ny —ao)™ +naVas
Ri+ Ry <(ng —a1)" +n1 Vay
Ri+ Ry <ai; V (ng —ag) + as V (ng — ay)
2R+ Ry <miVag+ (ng —ag)™ +as V (ny — aq)
Ry + 2Ry <nayVas+ (ng —ay)™ + a1 V (ng — ag).

Evaluating the inequalities at R; = ny, the maximum R, gives the cognitive

capacity above. 0

Using the notation in the proposition, we can rewrite the cognitive ca-
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pacity of the cognitive channel as

1 )
5 min(vy, ve + 6(8V ag Vg —ny),vs, 04 + (8 V as Vng —ny)).

Ceog = max
5

When 3 = 0, clearly the cognitive channel reduces to the original interference

channel and C.,(8 = 0) = CIFC. When 3 < ay V ny, we can see that

cog

Crog(B) = Copy(B = 0) = CLEC. Moreover, when the channel is aligned, i.e.,

cog

n1 + ny = a1 + ao, we have

— CIFC

Crog < max u = vz = max(ny, ng, ay, ag) — N 0g -

In both cases, the cooperation link is useless in this region and the opti-
mal interference channel scheme is enough. In the following discussions, we

assume 3 > as V ny, Ny + ng # a1 + ag, and

Clog = max min(vy, vg + 6(8 — nq1),v3,v4 + 6(6 — nq)).

1+0

6.1.2 Coding Scheme

We consider general asymmetric schemes for this channel. Compared with
the symmetric case, we have several differences: (a) the interference channel is
asymmetric and is determined by (n1, aq, ng, ay); (b) for the virtual channel,
as ng; = 0, we have Cy; = 0.

In our coding scheme, we will not use the pre-shared message. So we set
Cy4 = Co3 = 0. Hence, we can denote the channel as IF°P(ny, ay, ng, g, Cia).
Moreover, relay is also not used in this case, and we set the relay rates
ARj23 = ARy14 = 0. To meet R; = ny in the cognitive capacity definition,
our scheme chooses Rip = Ri4 = n1.

To choose the auxiliary random variables in Theorem 4.1 for this sym-
metric virtual channel, let n = ny V oy V ng V ag. For source i € {1,2}, we
define the public and private auxiliary random variables W;, U;, respectively,
to be independent and with identical alphabets F3. While the public aux-
iliary random variables are uniformly distributed over their alphabets, the
upper n — (n; — ;)" elements of the private auxiliary random variables are

fixed to be 0 and the lower (n; —a;)* elements are uniformly distributed over
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F{ 9" In Theorem 4.1, we set V! =0 and

XWZ' - Wi)
Xy = W, + U,

Note that U; occupies the lower (n; — n;)* levels, so that it does not appear
at the other destination.

For the cooperative private codebook, we set the auxiliary random vari-
able V5, = 0 and choose V] independent of the auxiliary random variables
and distributed over F} with the upper n — k elements being 0 and the lower
k elements uniformly distributed over F5. The choice of k will be specified
later. We choose (Xy,, Xy,) as deterministic functions of V; such that the
beamforming is a zero-forcing beamforming. In other words, our choice will
be such that the signals cancel each other at destination 2. Specifically, we

require

Vi
0

Sn—nl Sn—al
Sn—a2 Sn—ng

[ i:l ] . (6.1)

For this scheme to be feasible, k is chosen such that for arbitrary V; in 3
with the upper n — k elements being 0, there exists (Xy,, Xy,) satisfying the

above equation. We call such k realizable and we have the following lemma.

Lemma 6.1 For a channel with parameters (ny,ng, aq, ), the biggest real-

izable k is [n1 - (062 - n2)+] V [Oél - (HQ - 062>+].

Proof. Clearly we have k£ < ny V a1. Assume as > ny. As Vo = 0 and the
upper oz —ny bits of V, and Xy, are the same, those bits of Xy, must be zero.
After removing the corresponding first as — ny columns, the channel matrix
is equivalent to a channel with parameters (n; — (ag —n3), no, a1, ny). Hence,
we have k < (n; — (ag — na)) V ay. Ignoring the all-zero rows of this new
channel matrix, it is not hard to see that it is of full row rank and for any
Vi € F% with its upper n—k elements being 0, where k = (n; — (az —n2)) Vay,
there exists Xy, , Xy, satisfying (6.1). Hence, the maximum realizable k is
(n1 — (a2 — n2)) V ay. A similar argument can be made for ay < ng; and

combining the two, we have the lemma. 0]
So in our scheme, we set k = [n1 — (a2 — n2)"] V [a1 — (n2 — ag)™].
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Source 1 sends X}y, + X{: and source 2 sends X/;. The induced channel

Pys,Ya|Wh, W, Uy Uz, Vi 18

Yy = S"TM(Wy + Uy) 4 SV W, + V4
Y;; == Sn_n2<W2 + UQ) + Sn—azwl'

By Theorem 4.1, the rate pair (R, + Ry, + Ry, , Rw,+ Ry, ) is achievable if the
rates Ry, , Ry, , Rv,, Rw,, Ry, are nonnegative and they satisfy the following

conditions:

Rw, + Ry, + Rw, + Ry, < max(ay,ny)
Ry, + Rw, + Ry, < max(ay, k)
Rw, + Ry, + Ry, < max(nq, k)
Rw, + Ry, <mny
Ry, + Ry, < max(n; — ag, a;)
Ry, + Ry, <k
Ry, < (ng —ag)”
Ry, < Gy
Rw, + Rw, + Ry, < max(ag,ns)
Rw, + Ry, < max(ny — ag, as)

RW2 + RU2 S N9

RU2 S (n2 — 041)+.

Set Ry = Rw, + Ry, + Ry, = ny and Ry = Ry, + Ry,. Applying Fourier-

Motzkin elimination to the above inequalities, we get

Theorem 6.2 The following is an achievable cognitive rate for the channel

00
[FC p(n17a17n27a27C12>;

irtual :
R::/:)gu = min(vy, vy + Ciz,v3,v4 + Cy2)

in which vy, 1 = 1,2,3,4 are defined in Proposition 6.1.1.

With this theorem in hand, showing the achievability of the cognitive
capacity for the original half-duplex channel Cc.g is quite straightforward. We

set 0 = 0,0c = 0,04 = 1. For the superposition coding in mode B, source
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1 sets rate R;g = n; and the shared rate % = —mny or Cip = (6 —ny).
As Rig = R4 = ng, the total rate for the primary is Ry = ny. So by

Theorem 4.2, the cognitive rate achieved by the secondary is

1
virtual __
Reog = max - 5Rcog = max min(uy, ug, Uz, Uy),

where uq, us, ug, uy were defined in Theorem 6.1.

6.1.3 An Interpretation of the Scheme

For the interesting region 3 > as V ny and nq, + ny # a1 + as, we can obtain

a simple interpretation of the scheme by optimizing over §. Let

1
Ccog(é) +5 (U17U2"‘5(5_”1)71}3,1)4"’5(5_”1))
1 .
=153 min(vy A vs, v9 Avg 4+ 6(8 —nq)).
Define §, = WAvs— 21/\;12/\”3/\”4 > 0. When 6 > 6,
Crog8) = ——[o1 Avs] < —— [ Ay
cog 1+501 U3_1+50111 V3].

When 0 < § < §g, we must have §g > 0, which means v; Avz > v1 Avg AvgAvy;

hence, vy A vy = v1 Avg Avg A vy.

_ lié[v? A+ 63 — 1)]

o2 A v+ 00(5 — 1))
[v1 A vg]) .

1
1+ 0
=max (v Ava ANvg A Vg, ——

< 1 A V2 AUs A s, 5
The second inequality is due to the fact that C,,(d) is a monotone function
in this region and its maximum is achieved at the end points. Noting voAvy =
v1 A vg A vz A vy, we get the last equality.

In summary,

Crog(0) < max (Ul A Vg A U3 A Uy,

71 + (50 [1)1 N ’U3]>
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1
14 dg

Ceog = max Ceog(0) = max <v1 A Vg A U3 A Uy, [v1 A v3]> )

The equality is achieved by taking either § = 0 or 6 = §g. As defined in
Section 6.1.1, C’CI(ZC = v; A vy Avg Avg. Now if we let ap = 0, the interfer-
ence channel reduces to the corresponding Z-channel and we can define its
cognitive capacity as

Z IFC
Ocog = Ccog (062 = 0) = U1 A V2 A\ (%] A U4|a2:0 = U1 A Vs,

then the equation above can be rewritten as

Crog = max (ngc, Hl%ccig> |

Using this expression, we can now get a new interpretation of our scheme
. It contains two optional schemes. One is the optimal scheme for the inter-
ference channel that achieves its cognitive capacity. In the second scheme,
the secondary first listens in mode B long enough to collect information of
the interference from source 1 during mode A. In each time instant, it gets
B — ny bits. Then in mode A, it uses this information to perform dirty
paper coding to fully “cancel” the interference. So the original channel is
now equivalent to a Z-channel and CZ  is achieved for the secondary. The

cog
Z _ (IFC.

amount of information needed to cancel interference is C hence,

. o oz _cire N
the time to listen is dy = T, as defined above. It is easy to see that
this scheme achieves rate ——CZ_, and our scheme picks the better of the

1490 ~cog’
two and achieves Clogq.

6.1.4 Converse

To prove the converse, we need the following theorem.

Theorem 6.3 The capacity region € is contained within Us € (J), where
€ (0) is the set of rate pairs (Ry, Ry) satisfying

1
1496
1

Ry + Ry gm[max(ng, ) + d max(3, ag,my) + (1 — an)?]

Ry <
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1
Ry + Ry Sm[max(alynl> + 0ny + (n2 — aq) 7]

1
2R, + R, §m[max(a1,n1) + 0+ (ng — az)t + max(ny — ay, as)

+ 6 max(3, az, n1)].

For schemes with scheduling parameter d, € (d) can be shown as an outer
bound on the achievable rate region. The first upper bound is proved by
assuming no interference. The second and third upper bounds are proved
along the lines of the Z-channel bound in [9], and the last bound has simi-
larities to the 2R; + Ry upper bound in the same reference. The full details
are provided for the Gaussian model.

By evaluating the upper bounds with R; = n; and optimizing over ¢,
we get an upper bound on R, that matches the cognitive capacity given in
Theorem 6.1.

6.2 The Cognitive Case: Gaussian Model

We follow the intuition in the previous section to approximately characterize
the Rg-capacity of the Gaussian cognitive channel. The auxiliary random
variables for the virtual channel in Theorem 4.1 are chosen as follows: For
source ¢ = 1,2, we define respectively the public and the private auxiliary
random variables W; and U; to be independent, zero-mean Gaussian random

variables with variances oy, , 07, , respectively. In Theorem 4.1, we define

XWi = Wi7
Xy, = W, + U,

The choice of 012]1, will be such that it appears at lower than the noise power
at the destination where it may cause interference. Following the intuition
from the linear deterministic case, we will employ zero-forcing beamforming
for the cooperative private messages. We choose V5 = 0 and V; to be inde-
pendent (of each other and all previously defined auxiliary random variables),
identically distributed, zero-mean Gaussian random variables with variance
0‘2/1. When the channel matrix is invertible, we will impose the following

zero-forcing condition, which will ensure that the cooperative signal cancels
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out at destination 4.

Vi _ hiz  has Xv;
0 his  hoy Xv,
In this case, Xy,,7 = 1,2 are correlated Gaussian random variables with
variances
‘h24’2 2
Var XV =
(w) |h13has — highos|? "
SNR
= 2 ol (6.2)
SNR;SNRy + INR;INRy; — 24/SNR;SNRoINR;INRy cosf !
|haa? 2
Var (Xy,) = o
() |h13hos — highas|? Y
INR
& 2 (6.3)

= oy, -
SNR;SNRy + INR; INRy — 24/SNR;SNRoINR; INR, cos 6 i

When the channel matrix is singular, we set' o7, = 0; i.e., there is no co-
operative provate message. The variance parameters must satisfy the power

constraint
Var (Xy,) + Var (Xy;) <1, i=1,2.
The destinations receive

Y5 =his(Wh + Ur) + hosWa + Vi + hosUs + Zs
Y;L :h24<W2 + UQ) + h24W1 + h14U1 + Z4.

In Theorem 4.2, as mentioned earlier, we set Cy; = Cyy = Co3 = ARy93 =
ARg14 = 0; i.e., only Cy5 is nonzero, in general.

In appendix D, we show that with the above choice of auxiliary random
variables, there are power and rate allocations under which we achieve an
Ry which is within Ry of the point-to-point capacity Cy = log(1 + SNR;) of
the primary link and an R, which is within a constant of C, as defined in

Theorem 3.2. Specifically, we prove that

In fact, in a region where the channel matrix is ill-conditioned, we do not employ
cooperative private messages.
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Theorem 6.4 If Ry > 7,
Cry > Cr, — 23 — 2Ry.

To prove the converse part of Theorem 3.2, we need a theorem that is similar

to Theorem 6.3. We prove the following in appendix E.

Theorem 6.5 The capacity region € is contained within s € (J), where
€ (0) is the set of rate pairs (Ry, Ry) satisfying

1
RQ 10g(1 + ZEQPQA)
146
Ry + Ry <7 [log (14 229 Pop + 2y2 Pra) + 6log(1 + (w1 + 2 + 2) Pi)
x1P1a

+ log(l + —————

Bl 1+ yaPia
Ri+Ry < P%1+ampm+2%g@+ﬂmg1+mpw)
T2 Pax

+log(1l + ————— ]

B 1+ y1Poy
2R1+R2 |:10g 1+21’1P1A+2Z/1P2A)+610g( +.1'1P13)
209Pos + Yo Pia
IR L WL S S ST SO
o8 1+ y2P1A) 81 +y2Fia I+ yi1Pog
+ dlog(l+ (21 +y2 + z)PlB)}
with power constraint
Piy+ 0P Py
<1 <1 P =0.
146 — 7 146 %8

By setting the power terms to be their maximum possible value, i.e., P4 =
14+0,Pp= 1+‘5 .1 = 1,2, we get a new outer bound on the capacity region.

The following lemma is shown in appendix C.

Lemma 6.2 The capacity region € is contained within Js € (5), where € (0)
is the set of rate pairs (Ry, Rs) satisfying

1
R, <
>=1+6

1
Ry + R, Sm log(1 4 25 + 2ys) + 0 log(1 + (z1 + y2 + 2))

log(1 +z5) +1
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1
T log(1 + ]+2
8 1+y2)

T2
L+u
I
1+ y2

1
R+ Rs Sli [log(l + 2x1 + 2y1) + dlog(1 + 1) + log(1 +

s )| + 2

1
2Ry + Ry <—— {log(l + 221 + 2y1) + 0 log(1 + z1) + log(1 +

1+6 )

279 +y2)

+ max(log(1 + yo +
(log( Y2 L +u

,log(1 + 2y3))

+dlog(l+ (z1+y2+2))| +3

Setting Ry = log(1 + z1) — Ry in this lemma, we get Cr, < Chg,.
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APPENDIX A

PROOF OF THEOREM 5.3

We prove this sum-rate achievability result in two steps. Instead of directly
comparing Cy,m with the rate achievable by the coding scheme in section 4,
we will first show that the Cy,n, is within a constant of @, a quantity we
define below, inspired by the result for the linear deterministic model. We
will then prove that the coding scheme in section 4 can be used to achieve
a sum-rate which is within a constant of CLDM. Specifically, we prove the

sum

following two lemmas, which together imply Theorem 5.3.
Lemma A.1 Let np = [logSNR|",n; = |log INR|T,nc = |logCNR| ™. De-
fine

DM — DM (§) — N — 6.1 — 4y — _
CcLo _m?szum (6)_m(§1xm1n(u1 6, uy — 4, us, wy — 4, uy — 10)

where
i = 2 (5np + max{np, nc})
— X
1 2 —|—(5 D D, ¢

1

uy = S (0 max{2np — nr,n;} + np + max{np,nr,nc})
2

ug = m (5 max{nb np — nl} + max{nD, nc})

2(1+9
uy = (ij_é)max{n[),n[}

and uy is as defined in Theorem 3.1. Then Ceym < CLPM 4 10,

sum

Lemma A.2 Cy, > CLDM 7

sum

Note that in the definition of CLDM we have preserved the term wuy rather
than have all the terms as functions of np,n;, and ne. The reason for this is
that the linear deterministic model is too coarse to model the channel phase
information. When the channel matrix becomes ill-conditioned, the term uy

may dominate Cg,y, and also have a large gap with respect to u).
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A1 Proof of Lemma A.1

We let |logz|" =np, [logy|™ = ns, [log z]T = ne. Observe that
1. [logz]™ < (logx)™ < [logx]™ + 1.
2. [logz]t <log(l+xz) <1+ (logz)™ <2+ |logz]T.

We can show that

log(1 + 2z + 2y) <log5 + (log(z Vy))" <log5+ (logz)* V (log 2)*
<logb+1+npVns

2x +
log(1+y+ yy) <log(1+ 3y + y* + 22) — log(1 + v)

<log 7+ (logy)™ V (logy*)* V (log )™ —n;
<log7+ (2n;+2)V (np +1) —n;
<log7+n;V (np—mny)+2.

Using these, it is easy to verify that

u1§u'1+m(25+10g3+1)§u'1+4§u’1—6+10

uy < uy 215((10g5+ 1)d+2+3+ (log3+1)0) < uy +loglh+ 2
<uy;—4+10

U3§ug+m((log7+2)5+3)§u§+2(10g7+2)§u§+10

uy < ul 215((log13+2)6+2(log3+1))§u21+log13+2
<y — 4+ 10.

Thus, we have

Com = max min(uy, g, Us, Uy)

< max min(u} — 6,u) — 4, ul, u) — 4, uy — 10) + 10 = CLDM 1 10,
1)

sum
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A.2 Proof of Lemma A.2

To simplify notation, let

2% +y* — 2zy cos b

= z(z +y)
2?2 + y? — 2zy cosd
Ba =
y(z +y)

Then, for the auxiliary random variables in section 5.2, we have o% =

BixVar (Xy ). Let us also note some useful facts about 3; and .

L. Sz = Day.
2. %§§§2—>ﬂi§3,i:1,2
38220 >502>22— %>

To prove the lemma, we will consider five different regions which together

cover all possibilities.
Region 1: z<zxorz<lory<1.

In this region, we do not use any cooperation (0p = dc¢ = 0 in The-
orem 4.2). The scheme reduces to Han and Kobayashi’s scheme for the
interference channel. Using this scheme, we have the following achievable

sum-rate for the interference channel.

Lemma A.3 R!FC — 6 is achievable for the interference channel, where

(27”LD — TL]) Vg
ﬁ =min | 2(n; V (np —ny))

ZTlD

Proof. We know from [9] that the sum capacity of the interference channel
is upper bounded by CIFC defined below.
When SNR > INR,

sum 2log(1 + INR + 1_‘?&1

FFC — min ( log(1 + SNR) + log(1 + hz) ) .

43



When SNR < INR,

CIFC = min

log(1 + SNR + INR)
2log(1 + SNR) '

In either case, it is not hard to verify that CIFC > RIFC 4 Ag CIFC can

sum sum sum

be achieved within 2 bits when SNR > INR [9] and achieved exactly when

SNR < INR [6], we can conclude that RIFC —6 is achievable for the interference

sum

channel. O

When z < zor z <1ory <1, we can verify that C:PM = maxs min(u} —

6, ub — 4, uy, uy —4) < maxs min(uy, ub, uy, uy) < RIFC . By the above lemma,

CLEPM can be achieved within 6 bits in this region.

Region 2: %§§§2,2>x,z>1,andy>1.
If x <1, we have y < 2z < 2, and we get np = n; = 0. Hence CLPM = (),

sum

which can be achieved trivially. Hence, let us take z > 1.

In this region, we have ny — 2 < np < ny+ 2 and #; < 3. We set
Csqg = 0,AR = 0. In modes B and C, each source uses power 1 — % to send
data to its own destination and uses power % to share bits with the other
source. Under the natural order for superposition coding, the following rates
are achievable.

(1_2z>$> =log(l1+z)—1>(np—1)*

> > log <;) > (ne —np — 1)*

RB:Rczlog<1+

5C.. = log <1 42
xXr

We set Rg = Rc = (np — 1) and 6Cys = (nc — np — 1)*.
For the virtual channel, we set rates Ry = Ry = 0 and powers o3, =

%,Var (Xy) = % Then, destination 3 gets Wi, Ws, Vi with powers 7, ¥, *617”“,
z y Bz

9599 o respec-

tively. From Theorem 4.1, nonnegative rates which satisfy the following

respectively, and destination 4 gets Wy, Wi, Vo with powers
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conditions are achievable!

The above conditions are met if the following reduced set of constraints are

satisfied.
5)

RW+RV§log<1+§>

Ry <log <1 + ﬁ?) A Cgs.

<

2Ry + Ry < log (1 +

and Ry, Ry > 0. This implies that nonnegative rates satisfying the condi-

tions below are also achievable.
2Rw + Ry < (n; — 1)+
RW —|—RV S (nD — 1)+

Ry <log (1 + B;x) A Cgq

!'Redundant conditions are not listed here. Also, conditions corresponding to error
events which involve an unwanted message along with zero-rate messages are also not
listed. For example, the rate constraint on Ry, + Ry, is avoided since it corresponds to
the error event of destination 3 making an error on the unwanted message myy, and the
message my,, which is absent in this case.
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Let Rx = 2(Rw + Ry), the sum-rate achieved by the virtual channel. We

have

(27’LD — 2)+
Rj = min (n;+ Ces — )T
(nr +log(1 + &%) — 1)+

We achieve a sum-rate of Rgym = ﬁ((SRA + Rp + Rc). Observing that

1. np Any > max(np,ny) — 2,

2. max(2np — ny,ny) < max(np,ny) + 2

ne = max(np, ng) > max(np,ny,ne) — 2,

3. log(1+ %%) = log(1 4 “-2eyces?)
> log(1+ x4y + 22 + y2 — 2zy cos§) — log(2(z + y))

> log(1+ 4z + 4y + 2® + y* — 2zy cos ) — 2 — (max(np, n;) + 3), and
4. 2log(l1 4+ x +y) < 2(log3 + 1+ max(np,nr)),
we get

I 6646
Uy 246

Rsym > min uh — 42%%5 > CLDM(§) — 2.

_ 65+8+2log3

Uy 246

Hence, CLPM can be achieved within 2 bits in this region.

Region 3: 2y < x < z and y > 1.

In this region, (#; > % is a finite constant bounded away from 0. We set
Csqa = 0,AR = 0. As in the previous region, in modes B and C, each source
uses power 1 — % to send data to its own destination and uses power i to
share bits with the other source. Under the natural order for superposition
coding, the following rates are achievable.

(1- )

ar)) =log(l+z)—1>(np—1)"

RB:RC:10g<1+ .

0Css = log (1 + Z) > log (z) > (ng —np —1)".
x x
We set Rg = Rc = (np —1)" and 6C4s = (ng —np — 1)7.
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For the virtual channel, we take Ry, = 0 and set powers oy, = 3,07 =

=, Var (Xy) = % So destination 3 receives W7y, Uy, Wy, Vi, Uy with powers

powers 3, 3—, 2,55, 3, respectively. It is easy to verify that the following
constraints on nonnegative rates imply all the relevant rate constraints in

Theorem 4.1.

2Ry + Ry + Ry < log (1 54)
+y

RU+RW<log( y4 )

Ry < log (1 +
4y

Hence, the following nonnegative rates are achievable.

2Rw + Ry + Ry < (TLD —2—10g6)+
RU+RW ( (nD—nI,nI) —3)+
(

7’LD—7’L[—3)

| A

| A

Css
Setting Ry = 2(Rw + Ry + Ry ), we can achieve

(2np —4 — 2log6)"
Ry =min{ (2max(np —ny,ny) + 2C — 6)"
(2nD —nr+ Css —5— 10g6)+

We get

Reym = dRs + Rp + Rc)

2+ 5(
Ul . (4+210g 6)5+2
4 2+6
: /6544 'LDM
> min uy — 5 > CLOM(§) — 6.
o — (5Hlog6)6+3
2 2446

Hence, CLDM can be achieved within 6 bits in this region.
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Region 4: 2z <y <z and y > 1.

In this region, B > % and we set C,y = 0. We further divide this region
into two subregions depending on whether x > 1 or x < 1. Moreover, when
ne is small, we will use only the cooperative private signal to improve the
virtual channel sum-rate. But when n¢ is big enough to achieve the cut-
set bound of the virtual channel, we need to use relaying in modes B and
C (AR > 0) to further increase the achievable rate. In each subregion, we
consider two cases — one involving relaying in modes B and C (AR > 0) and

the other not (AR = 0).

Subregion 1: x <1 <y < z. As np = 0, no (significant) direct transmission
of data from source to destination is possible; all data must pass through the
other source. It can happen in one of two ways: relaying in modes B and C,
and cooperative private message for the virtual channel. We consider these
two cases.

Case 1: y° > 2. In this case, we do not relay in modes B and C (i.e.,
AR =0). In modes B and C, the sources use all their power to send data to

the other source. Then
0Css = log(1+ 2) > ne.

For the virtual channel, each source relays the shared data to the other
destination and the direct link signals are treated as interference. It is easy

to see that we can achieve

. )
=2 log(1 4+ ——), Cqs
Ra min(log(1 + 1+x),C )

> 2min((n; — 1), Cys) > 2(%0 —2),

where the last inequalty follows from the fact that the condition y° > z

implies that on; + 0 > ne. The sum-rate achieved is

b

Rsum =
246

44 —
0RA > uy — 2452 Cam’(0).

Hence, CLPM can be achieved in this case.
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R 1 /g8 1

Case 2: y° < z. In mode B and C, each source uses powers 51/% and 3,
respectively, to share bits with the other source and the other destination,
respectively. With the natural order for superposition coding, the following

rates are achievable.

y
A1)
og +1+; y(;:z
1 [y5+2
210g(1+y)—10g<1+ y)
2 2 z
yo+2 +
an—l—(log —1> -1
z
0+ 2 1 o\t
>n;—2— - = -
= ( g M 2”C+2)
0+ 2 1 L)
>n;—2— — = — =
Z Ny < 9 ny 2”0) 9

) 1
> min(ny, §(nc —dng)) — 5 2
1
AR+ 6Cys = log(1 + ix/y‘sz)

> (log \/yoz — 1)*
> logy/y®z — 1
1

> §(nc +ony) — 1.

We set

3 +
5C.. — (5n, _ 2)

, 1 ) +
AR = (mm(nl, §(nc —dng)) — 3 2) ,

which is easily seen to be a valid choice. For the virtual channel, we use the

same scheme as in case 1 and we achieve

RA = len((nf - 1)7 Css) = 2(”[ —-1- 235)

Then, the achieved sum-rate is

1
Rym = ——(0R 2AR
2+5( A+ )
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1

> ——(26n; — 20 — 2A
> min e 357+7 > CLDM(§).
ul 246

Hence, CEPM can be achieved in this case.

Subregion 2: 1 < x <y < z. We consider two cases.

Case 1: y°z > z. This is the case when n¢ is small. We set AR = 0. As
in regions 2 and 3, in modes B and C, each source uses power 1 — i to send
data to its own destination and uses power % to share bits with the other
source. Under the natural order for superposition coding, the following rates

are achievable.

(1—1)

RB:RC:10g<1+ 2>>:log(1+m)—12(n[)—1)+

0Css = log (1 + Z) > log (z) > (n¢ —np —1)".
T €T

We set Rg = Rc = (np —1)" and 6Cys = (ng —np — 1)7.
For the virtual channel, we choose Ry = Ry = 0 and set powers o3, =
%,Var (Xy) = % Note that 12 = foy. So destination 3 receives Wy, Wy, V;

with powers 7, %, %, respectively, and destination 4 gets W5, Wy, Vo with

powers 3, &, %, respectively. It is easy to verify that the following constraints

on nonnegative rates imply all the rate constraints in Theorem 4.1.

2Rw + Ry < log (1 + ﬁ;y)

Ry <log (1—1—;)

RV S Css'
Hence, the following nonnegative rates are achievable.

QRW + RV S (n] — 10g6 — 2)+
RW S (nD — 1)+

RV S Css-
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Setting Rx = 2(Rw + Ry), we can achieve

(2n; —2log6 —4)"
Ry =minq (n;+ Cs —logh —2)*
(2np +2C,, — 2)*

> min (ng + "e=2p=L — 2]og 6 — 5)F
- (2np + 2ne=tp=l _ 9)+ '

The second inequality is due to the fact the condition y°z > z implies that

nc —np — 1 < §(n; + 1). Thus, the following is an achievable sum-rate

Rom = 7T 5(5RA + R + Rc)

uh — (54+21og 6)5+3
>min{ - 2+6
- o 26+4

Uy 246

> CIoV _ 7.

sum

Hence, CEPM can be achieved within 7 bits in this case.

Case 2: 1%z < z. In this case, n¢ is large enough to require relaying in
modes B and C. Unlike case 1, for modes B and C, sources use power of %
to send data to its own destination, and %\/ %i and i, respectively, to send
to the other source and the other destination, respectively. With the natural

order for superposition coding, the following are achievable.

w8

Ry = R¢ —log( ) > log(1 )> (np —log5)*"
14141/

AR =1
o[ 1+;\/y:;)
Y + y6+2 +
2<log—log3) —(1og —log?)) —1
x xz
>ny —np — 1 —log3
1
_(5((54‘2)”1—nD—nc+5)+1—log3)+—1
1 1
Z”I_”D_2_10g3_5((5+2)n1—np—nc)+—§5

>min(n; — np, i(nc —np—90ny)) —2—log3 — 55
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5

1
AR+ 6C.. = log (1+ Zy)
3 €T

1 1)
> (5 log(-) — log 3)*
1 1
25 log(%) —log3
1
Zi(nc +dnr —np — 1) — log 3.

We set

Rg = Rc = (np —logh)*
6Css = (0n; — 1 —log3)*

1 1
AR = (min(n; — np, i(nc —np —ony)) —2 —log3 — 55)+.

Since the condition y‘sx < z implies that on; — 1 < ng — np, it is easy to see
that the above choice is valid.

For the virtual channel, the scheme is the same as in case 1, which gives

(2n; —2log6 —4)"
Ry =min{ (n;+ Cys —log6 —2)*

(2np 4+ 2C4 — 2)*
24 2log3

>2ny —2logb — 4 — 5

Thus, the following is an achievable sum-rate.

1
Roum = 5-—5(0Ra + Rp + Ro + 2AR)
2
= 550 = (2+10g6)0 +np — 1 —log 3 — log 5AR)
2 .
= m((Fn] + np + min(n; — np, 5(”0 —np —ony))

5
- (§+10g6)5—3—210g3—log5)

o u) (54 2log6)d + 6 + 41log3 + 2logh
> min —
ul 2490

> CLDM(§) — (1 + 21og 6)

sum

> CIDM(§5) _ 7.

sum
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Hence, CLPM can be achieved within 7 bits in this case.
Region 5: z < z < y,2z <y, and z > 1.

In this region, By > %. We again subdivide this region into two subregions
depending on whether or not x > 1. Moreover, when n¢e and ny are small, we
will use only the cooperative private signal and the pre-shared public signal
to improve the virtual channel sum-rate. But when ng,n; are big enough
to achieve the cut-set bound of the virtual channel, we need to use relaying
in modes B and C (i.e., AR > 0) to further improve the achievable rate. In

each subregion, we will consider both cases.

Subregion 1: x < 1 < z < y. As in subregion 1 of region 4, since np = 0, no
(significant) direct transmission of data from source to destination is possible;
and all data must pass through the other source. It can happen in one of
two ways: relaying in modes B and C, and cooperative private message for
the virtual channel. Again, we consider two cases.

Case 1: y° > 2. The same scheme that we used in region 4, subregion 1,
case 1 (i.e., 2v <y, x <1<y < zand y° > 2), applies here.

Case 2: y° < z. In modes B and C, each source uses powers % and

1
o

tively. Under the natural order of superposition coding, the following rates

to share bits with the other source and the other destination, respec-

are achievable.

5Ce+ AR =log (1 +

N
\_/

1+2 1+6
st (15) b1+ 7
y1+5
+
>ne—1-— (log -1) -1
1+6
1 5 +
ch—2—<nc + )
. 149
= min <nc, 2n[) -2
1
AR =1 (1 \/16)
og -1-2 Y
1—96
> — 1.
= nr
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We set

0Css = 0ny — 3

1—
AR = min (nc —ony, 25n1> — 1.

It is easy to see that the above choice is valid. For the virtual channel, let

us use the same scheme as in case 1, and we have

Ry =2min((n; — 1),Cys) > 2<n1 —-1- ?)

The sum-rate achieved is

1
R — m <5RA n 2AR>
2 5 5m—5 3+AR)
> mm{ } - 25—:—54) > C’SLU'?HM (0).

Hence, CEPM can be achieved in this case.
Subregion 2: 1 <z < z <y.

Case 1: y < a3° or ng —np + 1 < 6(n; — np). The condition y < xy°
leads to ny < np+dn;+d+1. In mode B, C, each source uses power 1 —1/x
to send data to its own destination and 1/x — 1/z and 1/z to share bits with
the other source and the other destination, respectively. Under the natural

order of superposition coding, the following rates are achievable.

Rg=Rc=log(l+x)—1> (np—1)"
0Css = log(1 + E) —1>(ng—np—2)*"

§5Cyq = log(1 + y) > (ny —ne — 1)7

We set the rates to the right-hand sides above.
For the virtual channel, we take Ry = 0 and set powers oy, = %, 0%, =
%, Var (Xy) = l Note that £z = [yy. Hence, destination 3 gets Wy, Wy, Vq, V/

with powers % %, B2y 2 respectively, and destination 4 gets Wa, Wi, Va, Vi
B2

with power £, %, %%, 2, respectively. It is easy to verify (using the fact that

o4



B2 < (x+1vy)/y) that the following constraints on nonnegative rates imply all

the rate constraints in Theorem 4.1.

2Ry + Ry + Ryr < log (1 + %y>

Ry < Cyq
RV S Css~

Hence, the following nonnegative rates are achievable.

2Rw + Ry + Ry < (ny —log3 — log6)*
Rw + Ry < (np —log 3)*
Ry < Cyq
Ry < Cg,.

Setting Ry = 2(Rw + Ry + Ry+), we can achieve

(2np + 2C4s — 2log 3)*
Ry =min{ (n;+ C4 + Cyq —log3 —log6)*
(2n; — 2log3 — 2log6)™
Since y < xy° or ng —np + 1 < §(n; — np) holds, we have either

)+

(nc—nD—2 < (6(n1—nD)—3)+

4} - )

(TL] —MNp — 3)+ < ((5711 + 0 — 2)+
) - )

Css = <ny—mnp, or

Css+Csd§ S?’L[*Fl

Therefore,

i 2np + 2C4s — 2log 3 — 2log 6
RA = min .
ny+ Ces + Coqg — 2log3 — 2log6 — 1

Thus, we have an achievable sum-rate of

1

Rsum:2+5

(0RA + R + Rc)

95



U — (2log 3+21og 6)5+6
. 1 246 (LDM(§) _
2 min o _ (2log3+2l0g6+1)3+5 > Cgmt(0) — 7.
L —

249

Hence, CLPM can be achieved within 7 bits in this case.
Case 2: y > 29° and nc — np +1 > d(n; — np). In modes B and C,
each source uses a power of % to send data to its own destination and % and
1 . . . .
Py to share bits with the other source and the other destination,
respectively. Note that this is a valid power allocation since we may prove
that for this case, y'™02'=2° > 1. Under the natural order for superposition

coding, the following rates are achievable

2
Ry =Re =1 (1 3 )
B C 0og + 1+%+ T
3‘ /y1+5x1—2§

> log (1 + g) > (np — logh)*

6CSS+AR:10g<1+1 gz )
Ty

z z
> ] 1+ — 1 =1 14+ —
_Og<+3x> Og(+3¢m)

> +
> - —1-1 3—(1 _ ] 3> —1
ZN¢c np 0og Og\/m 0g
ch—nD—Q—logS
( 1 1496 1-26 +6 | 3>+
— — — — —lo
ne 5 nr 9 np 5 g
1496 1—-26 RE)
ch—nD—Q—logS—(nc— 5 nr — 5 nD> —-3
) 1490 1420 0
:m1n<nc—nD, 5 ny — 5 nD)—2—10g3—2

1 yl—E
5C5d+AR:10g 14— 1 9%
X

3
1-6,.0 +
(b2 ve)
1 1-6,.0
zilogw—log?)
>1_5n1—1_725np—1;6—10g3
- 2 2 2
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We set

)
0Css = 0(ny —np) —3 —log3 — 5

3 0
5Csd:5np—§+§—log3

1-946 1
AR = min (nc —np —d(n; —np), 5 nr — 2nD) + 1.

It is easy to verify that the above choice is valid using the fact that the
condition y > xy? implies that n; +1 > np 4+ dnyand 1 —§ > 0.

For the virtual channel, we use the same scheme as in case 1 and achieve

2np + 2C4s — 2log 3
Ry =ming n;+ C,y + Cyqy — log3 — log 6
2n; — 2log3 — 2log 6

g +2log3
22n1—210g3—210g6—2—1—50g
6+ 2log 3
22n1—210g3—210g6—+50g.

Hence, the total achievable sum rate is

—_

Rgum = ——=(0RA + Rp + Rc + 2AR)

> ——(dnr +np — (log3 +log6)d —3 —log3 —log 5+ AR)

5
_ uy 2
> min —m((log3+log6)5+2+log3+log5)

Hence, CEPM can be achieved within 6 bits in this case.
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APPENDIX B

PROOF OF THEOREM 5.4

We will show that for fixed 6 > 0, Cut(d),Z(5),V(5),Cut'(§) are upper-
bounds to the sum rate. Let P,y = |X;4]?, i = 1,2, and t = 1,2,..., N. We

define the average power in the different modes as follows:

2+5 2490 2490 ‘
Pia = Zplt, zB—izplta zC—izplta 1=1,2.

teA teB teB

By power constraint, we have ‘Wfié‘ﬁﬂc < 1,i=1,2. We further define

ViR =hisX{y + 214, Uty =h1aX{y + Z3y,
‘/QA —h24X 2A + ZQLA, UQA —h23X + Z
1. Cut(9)
L(R, — )
SI Wla YE’)%M YESI]137 }/Eﬂlév Y2%)

(
I(Wh; Yay, Yag, Yae, Yai, Yic, We)
I(W; Yoy, Yag, Yi6, Xy, Yop, Yie, Wa)
(
(

= 1A

I(Wi; 5%%73%%7Z§C7X§,Y2%,K%,W2)

I(Wi; Vi, Yai, Xy, Yap, Yie| W)

H(‘GA,Y},%Xf,YQ%a 16|Wa) — H(Vi3, Y, XT' X5, Yo, Yie|Wh, Wa)
H(Vi, Yah, X5, Yoi, Z{c|Wa) — H(Z3y, Zsn, X1, Xy, Zag, Zic|Wh, Wa)
H(V{3, Yag, X5, Yop |Wa) + H(Z{e) — H(Z3h, Zss)

— H(Zyp, Zic|Wh, W) — H(XY', X5| Z3, Zic, W1, Wa)

=H(V/4, Yip, Yo |Wa) — H(Ziy, Zis, Z)

<H(Vix,Ysp, Yap) — H(Z55. Zsn, Z3p)

<H(Vi4) + H(Yap, Yap) — H(Z55, Z3, Zap).

IA

58



Hence,

R1+R2—6

1
Sﬁ 510g( +$P1A) + (SlOg(l +xP2A)

+log(l+ (x4 2)Pig) + log(1l + (x + 2) Pyc) |-

. Z2(5)

I(Wh; Yaa, Yap, Yic)
<I(Wh;, Yy, Yag, Yae, Yi6, Yio)
=H (Y3a, Yz, Yac, Yac, Yi6) — H(Yaa, Yag, Va6, Yie, Yie|Wh)
=H (Y53, Yam, Yac, Yac, Yie) — H(Usy, Ya6, Yie, Yie|Wh) — H(Zsg)

I(Wa;, Yia. Vi, Yic)
I(Wa3, Yii, Yig, Yie, Yac, Y, Yic|W1)
I(Wa3, Yii, Yig, Yie, Ya, X1, Yag, Yie|Wh)
(
(

IhIA

I(Was, Vai. Zi, Yic Yae, X1, Yo, Yie| W)
I(Was, Vai. Yie, Va6, X1, Yo, Yie | W)
H(Voa, Yic Yac, X1, Y, Yic|W1)
— H(V5R, Yie, Yae, X{, X5, Yap, Yie | Wi, W)
<H(Vix, Yit Ys6, Zo, YieWh)
— H(Zy, Zio, Zse Xi', Xy, Zois, Zic|Wh, We)
<H(Vai, Yie, Yae, Yie|Wh) + H(Zyg) — H(Ziy. Zic, Zse, Zaw: Zic)
— H(X{, Xy | Zy, Zic, Wi, Wa)
=H (Vai, Usy, Yie, Yae, YioIWh) — H(Uga | Vi, Yie, Yac, Yie, Wh)
— H(Ziy, Zics Zsos Zic)
<H(V3x, Uz, Yic, Yae, Yie|Wh) — H(Ugp | Xy, Vai, Yie, Va6, Yie, Wh)
— H(Zy, Zic, Zse. Zic)
<H(Vaa, Us, Yic Yae, YielWh) — H(Zsy) — H(Ziy, Zio, Zse. Zic)
<H(Voi|Usp) + H(Usy, Yae, Yie, YielWh) — H(Zsy, Zin, Zic, Zses Zic)

IN
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L(R, + Ry, —¢)

<H(Yia, Vg, Yac, Yae, Yie) + H(Vaa|Usy)
= H(Z5\, Zgy, Zix, Zic: Zson Zic)

<H(Y53) + H(Yyp) + H(Ys6, Yie, Yie) + H(Voa|Usy)
— H(Z3y, Zsp, Zip: Zics Zsos Zic)-

Notice that

H(Y33) — H(Z3))
<> H(Ys)— H(Zs)

<3 log(1 + (/2 Pri+\/yP2i)?)
A

< Z log(1 + 2xPy; + 2y Ps;)
A

oL
<
2490

log(1 4 22Pia + 2yPsy)

H(V3x|Usp) — H(Ziy)

hoahls Poa
<H(VE — cUL) — H(ZE — =B 22
> ( oA — C 2A) ( 4A) (C 1+ yPor

<> H(Vay — cUy) — H(Zy)

oy
< H Xoi + Zu; 73 H(Zy
S ot ) U
TPy

<N log(l+ %+

EA: 8 1+yP2A)

oL TPoy
< log(1 4 ¢® +
240 &l (14 yPya)?

oL Po4)? P
_ g(1+ ($ 2A) _ TLo4 .
oL LL’PQA

=——log(l+ ————).
R A
Hence,

R1+R2—€

1
gm dlog(l+2xPi g+ 2yPon) +log(l + xPip)
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[L’PQA

1 log(l+ (z+y+ 2)Pye) + Slog(1 + 24
og(1+ (z +y + 2)Pac) g( T 4P

.V (6)

I(Whs Vi, Yap, Y30)

<I(Wi; Y, Yag, Yao, Yig, Ula, Yap, Yi6)

=H (Y5x, Yz, Yo |Yip, Uia, Yon, Yi6) + H(UYy, Vi, Yop, Yic)
— H(Y33, Yap, Yac, Yai, Uty Yai, Yic|Wh)

The last term can be bounded as follows
HG/Z&LA’ }/3?37 Y3LC7 )/4%7 U1LA7 }/2%’ }/1LC|W1>
=H(Ugp, a6, Yo, Yie|Wh) + H(Z{y) + H(Z3p) + H(Zyp)
L
=> " H(Usat, Yact, Yane, Yice|Usa ', Yac L Yog 1 YiGH, Wh)

t=1

+ H(Zix, Zsp, 1)
B i: H(Uaar, Yac, ViU, Yia ™, Vi Yig ) + H(Zam)

+ H(Zix, Zsp, Z13)
§ il H(Uzar, Yacr, Yome, YierlUps' Y Yan ™, Yie ) — H (Yo Yas™)
+ H(Zgs, Zin, Zai Zi)

:H(U2LAa YE’)LCv }/2[]%7 }/1LC) - H(YZ%) + H(Z2LBa Z4LA7 ZSLB7 Z4LB)
Similarly, we have

I(Was Yix, Vi, Yic)

<I(Wy ViR, Yig, Yi6, Ys6, Usas Yam, Yi0)

=H(Yix, Yig, Yic|Ya6, Usa, Yau, Yic) + H (Ui, Ys6, Vg, Yic)
— H(Yia, Yip, Yi6, Vst Una, Yon, YieW2)

and

H(n[/&a Ylllléa Y;Lléa YE%%a U2LA7 Y;]éa }qL(?‘W2>
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>H(Ul\, Vi, Yo, Yie) — HY (o) + H(Z{e, Z55, Zic, Z3c).
Hence,

L(Ry + Ry —€)
<H(Y Uta) + H(Yag|Yig, Yop) + H(Yae|Yie) + H(Yp)
H(Yi3|Ugy) + H(Yig|Yos) + H(Yie|Yse, Yie) + H(Yie)
- H(Z2LB7 Zsi, Zin, Zins Zics Zscs Zics Zsa)
=H (Y33 |Uly) + H(Ysg, Yap, Vi) + H(YR|Usy) + H(Yie, Yie, Vi)
— H(Zgis, Zs, Ziss Zin Zics Zscs Zics Zis)-

Notice that

H(Y;A|ULL) — H(Zsy)

<H(Y§; — cUR) — H(Z,) (=T pr
< Z H(Y3; — cUyi) — H(Zs:)
— Z H(—————X4; + hos Xo; + Z3; — cZy;)

I 1+yP1A

2y l'yPuP%)

X
<Nlog|14++—" P, +yPy +
—ZA: g( (1+yPia)2 " Y2 1+ yPiy

x Py +yP2i>

X
<Mlog |1+ + ——Py+yPy+———
—XA: g( (1+yPia)2 " yr2 1+ yPig

5L T TPig +yPoa
< log(14+P+—" Pa+yPys+—— 2 =2
=575 g( (1+yP1A)2 1A T YL24 1+ yPia
L 20Pia + yPoa
= log (1 4+yPoyq + ——=—"— .
2+ g( YA T P )
Hence,
R1—|—R2—6
1 20Pia +yPoa
<——141 P. - = log(1 P,
I 5{ og< +yPos + 1+ P >+og( +(z+y+2)Pip)
20 Py +yPia

+ dlog <1+yP1A+ >—|—log(1+(x+y—|—z)ch) :

1+yPoq
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4. Cut'(5)

L(R; + Ry —¢)
<I(Wh, Wa; a4, Yag, Yac, Yii, Yig, Yic)
=H (Y33, Ysp, Yie, Yia. Vig, Yic)
— H(Y{3, Yap, Yo, YiR, Yig, Yic Wi, Wa)
<H (Y33, Yap, Yae, Yia, Yig, Yic)
— H(Y33, Yap, Yae, ViR, Yig, Yie [ Yap, Yie, Wi, Wa)
=H (Y33, Y35, V¢ Yia, Vig, Yic)
— H(Y3, Yap. Yae, Yii, Y, Yie, Xi', X5 [Vap, Yie, Wi, Wa)
=H (Y33, Yap, Ys¢, Yia. Yig, Yie) — H(Zsh, Zss, Zso, Zins Zins Zic)
— H(X{, Xy [Yag, Yie, Wi, Wa)
=H (Y34, Yap. Yac, Yia, Yip, Yie) — H(Z5y, Zsp, Zsc, Ziy, Zis, Zic)
<H(Ya3,Yiz) + H(Yap, Yig) + H(Yse,, Yie)
— H(Z5), Zsp, Zsc. Zin, Zis Zic)

Kll K12

The covariance matrix of [Vz;, V|7 is K =
Ky Ky

] , where

K11 = 14 2Py; + yPo + 2Re(hughip)\/ Pri Py
Kig = hi3hiy Pri + hashs Pai + hizhyyp) PriPai + hashiyp*y/ PriPai
Ko = hishi4Pii + hishoa Po; + h>{3h24;0*\/% + h§3h14p\/@
Ky = 1+ 2Py + yPy; + 2Re(hashiyyp)y/ PriPas.

Then
H(%“ nl) — H(Zgl, Z4l) = log(det K)

=1+ (2* + *)(1 — |p]*) PuiPoi + (x + y) (Pri + Pa;)

+ 2Re(hizhysp)y/ Prilai + 2Re(hiahiyp)\/ Pri Pa
— 2Re(hizhizhighad) (1 — |pf*) PriPai

0
<1+ (z+y)(Py + Pu) + 4/xy|p|\/ Pri Py cos 3
+ (xZ + y2 —2xycosd)(1 — |p|2)P1iP2i
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<log(l+2(z +y)(Pi; + Pai) + Plip2i<x2 + y? — 2zy cos 0))

H(Y;3,YiR) — H(Z3, Zin)
< Z H (Y3, Yyi) — H(Z3i, Zas)
A

< Z log(1 + 2(z + y) (P + Pag) + Py Poi(2* + y* — 21y cos §))
A

oL
§2 5 log(1+2(x 4+ y)(Pia+ Poa) + PlAPgA(:z:2 + y? — 2xy cos 0)).
Hence,
Rl + Rg — €

1
<3 T 510g(1 +2(x + y)(Pia + Paa) + PraPoa(2® + y* — 22y cos 0))

+log(1+ (z +y)Pig) + log(1+ (z 4+ y) Pac) |-

It remains to show that CHP < Cg,,, + 3. By power constraint, we have

Pia < 2%5,132,4 < QT*‘S,PlB < 249, Poo < 2+40. In Cut(6), Z(0), and Cut’(9),

each term is a monotone increasing function of P4, Pig, Pic,i = 1,2, so

2490

10 240
<——|dlog(1
Cut(9) <53 _(5 og(l+z 5 )

5
l%ﬂ+%x+@@+6»+bg1+@+wx2+®ﬂ

1 945 244
<L 2
R 5 TS

)+ dlog(l+ =

Z(9)

) +1log(1 4+ z(2+9))

246 }

T
+log(1+ (z4+y+2)(2+0)) +6log(l + Hy‘g?)

dlog(1 + 2x

1 2406 2496
") <—— 1+2 e
Cm@n_2+55bg +2(z 4+ )( st )

+ 2202 17— 2wycos0)) +log(1 + (e + ) (24 9))
+log(1+ (z 4+ y)(2+4))].
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In V(§), observe that

20Pyia + yPoa
L+ yPia
<1+y2+6 20Py 4+ yE2
d T+yPia

245 | oty
< max{ L+y5 + 1+y2E2 .

1 4 2y2+5

14+ yPos +

So we have

249
1 1+ 246 + (22+y) =5
V(9) < {(5 log [ max VT e
249

1+ 2y2+5
+log(1+ (x +y+2)(2+6))

245

1+ 2+46 + (2z+y) =5

+ dlog [ max v Ly 45
1+2y2+5

+log(l1+ (z+y+2)(2+9))|.

Comparing them term by term with u;,2 = 1,2, 3,4, we get

Cut(§) — wy < 2i6:510g2—({;6 +5log2j;(5+10g(2+5)+10g(2+5):
Z(0) —up < 2i5:510g2j;6+log(2+(5)+10g(2+5)+510g2—;6:
V(6) —us < 2+5:510g2:;6+10g(2+5)+510g2:;6+10g(2+5):

Cut'(0) —uy < Qi(s dlog (2;5>2+10g(2+5) +log(2 +6)|.

For 6 > 0,

2151055(2;5) = 61112 ’ ziélog@”) = 61112'

So we can conclude that

CHD — mgxmln(C’ut((S) Z(6),V (), Cut'(9))

4
< C’sum 3.
eln2 — +

< max min(uy, ug, Uz, ) +
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APPENDIX C

PROOF OF LEMMA 6.2

The power constraint implies that we have Py < 140, Poy < 146, Pip < 1+5
In the upper bound of Ry and R; + Rs, each term is a monotone increasing

function of Py, Poa, Pig. So

1
146 140

1
R {log(l +25(1 4 6) + 2y5(1 + 6))

Ry <

1
log(1 + 22(1+9)) < log(1 4 z2) + 55 log(1 + )

)
+log(1 4+ —1= "7/
) + log( T 021+ 9)

1
+ dlog(1l + (z1 + yo + 2) —(;

)

1
gi {log(l + 2w + 2y9) + dlog(1 4 (x1 + yo + 2))

+6
) 1+46 2

1 log(1
og(1+ 1+y2)] 7585 ) T g lesll o)
1496
R+ Ry, < {log 14221(140) 4+ 2y1(1+9)) + dlog(1 + x4 j; )
1
ol +1~|—y1(1—|—6))
1
<<
S [log(1+2x1 +2y;) + dlog(1l + z1) + log(1 + 1 —I—y1)
) 146 2
+1+5log( 5 )+1+5log(1+6).

In the upper bound for 2R; + R, observe that

209 Pop + y2 Pra
L4+ y1Poa
2w9Pop + y2(1 4 6)
L+ y1P2a
< o { L+ yo(1+ ) + Lrtiallio) }
14 2y2(1+9)

L+ yaPra+

<14y (1+0)+
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1+ yp + 22tz
< (14 0) max { V2T i } :

1+2y2
So we have
1 1496
2R + R Sw[log(l—l—le(l—f—(S)+2y1(1+6))+510g(1+x1 5 )
+log(1 4+ ———=
o8 1+ yo(1+9)
(21‘2+ 2)(l+5)
+ log | max L+l +9) + 55,405
1+ 2y2(149)
1+6
+0log(1+ (1 + 1 +9)—)
1 T
<—|log(l+2 2 0log(1 log(1
_1+5[og( +2z1 + 2y1) + 0 log(1 + 1) + log( +1+y2)

229 +
+ max(log(1l + y2 + 1:_ yy2), log(1 + 2ys))
1

20 146
—|—510g(1—|—(m1+y2—|—z))] —|—1+5log( 5 )

+ log(1 +9).

3
1+6
We finish the proof by noticing that for 6 > 0,

1) 1+0 1 1 1
< .
1+510g( ) eln?2 1+510g(1+6) eln?2

IN
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APPENDIX D

PROOF OF THEOREM 6.4

As in the sum-rate case, we will prove this achievability result in two steps.
Instead of directly comparing Cr, with the rate achievable by the coding
scheme in section 4, we will first show that the Cg, is within a constant
of W?M, a quantity we define below inspired by the result for the linear
deterministic model. We will then prove that the coding scheme in section 4
can be used to achieve an R; which is within R of the point-to-point capacity
Co = log(1 4 SNR;) of the primary link and an Ry which is within a constant

of CFPM. Specifically, we prove the following two lemmas, which together

imply Theorem 6.4

Lemma D.1 Letn; = [log SNR; |, ny = [log SNRy |, vy = |log INRy | T, ap =
|log INRy |*, 3 = [logCNR|T. Define

CEPM = mng’l'-%'gM((S) = maxmin(uj — 10 — 2Ry, uy — 5 — Ry, uz — 5 — Ry, u}y),

6>0
where
U 1
1714457
1
ul2 :m[nz\/ag — g ANy +5(5\/O‘2\/n1 _nl)]
1
us :mKOﬁ — )"+ (ng — )]
1
uy :m[(a1 —m)t —ag Ang+ (ng —a1) Vay +6(BVay Vi —n)).

Then Cr, < CEPM + 13 + 2R,.

Lemma D.2 For Ry > 7, (R, Ry) = (Cy — Ry, CEPM —10) is achievable.
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D.1  Proof of Lemma D.1

As in the proof of Lemma A.1, we can show that

2
ulgull‘Fm‘Flgull‘i‘g

1
ug <uh + m[(log5+ 1)+ 0(logd + 1)+ (log3+1)] + 2 + R
<ujy+ 8 + Ry

1
us <ug + 7 [(log5+1) + (log 3+ 1)] +2+ Ro < uz + 8+ Ro

1
uy <uj + m[(log5+ 1)+ (log3+1) + (log7+ 1)+ d(log4 + 1)] + 3+ 2R,

<uj + 13 + 2Ry.
So we get
Cgr, = mgtxmin(ul,uz, Uz, Uy)

< mgmxmim(u’1 — 10 — 2Ry, uy, — 5 — R, uy — 5 — Ry, u}y) + 13 + 2Ry

< CEPM 413 4 2R,

D.2 Proof of Lemma D.2

First we will first prove the following result for the interference channel.

Lemma D.3 For Ry > 7, C({(f;C—LDM < C’II{C + 1, where

no
ANTEC—LDM . TLQ\/CYQ—OéQ/\nl
Clog = min . N
(v —np) T+ (ne — ay)

(Oél —n1)+ — Q9 /\n1 + (712 —@1) \/042

and Cﬁfc 1s the Ry-capacity for the interference channel.

Proof. Let CIFC bhe the outer bound to the interference channel capacity

region derived in [9]. From the achievability result there, we know that given
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Ry =log(1+ SNR;) — Ry, Rs is achievable, if
(log(l + SNRl) — RO + 1, R2 -+ 1) < CIFC.

By taking the maximum of such Ry, we get C' 1125 ¢ Now we will show the result

by considering the weak, mixed, and strong interference regions separately.

1. SNR; > INRs, SNRy, > INR,. In this region,

+
(CIFC-LDM — ppin ( (n2 — as) )
Jr

“ (a1 —=n1) "+ (n2 — o — )
and the outer bound CTF¢ is the set of (Ry, Ry) satisfying

Ry <log(l+ x)
Ry <log(1+ x)
Ry + Ry <log(1l+ x1) + log(1 +

14y
T
R; + Ry <log(1l+ x5) +log(1 +
1 2 S g( 2) g( 1+y1)
R+ Ry <log(l+y; +———)+1o
1 2 g( Y1 1—|—y) g( l—l—y)
1+£L’1
2R1+R2<10g(1+£v1+y1)+10g(1+y2+7) (1+y)
2
1—|—l’2
Ry + 2Ry <log(l 4+ x5 + + lo +lo )
1 2 S g( 2 y2) g( 1+y2) g<1+y1)

So when R; = log(1 + SNR;) — Ry, R» is achievable if

Ry +1 <log(1+ a2)

Ry + 1 <log( =2 )+ Ro—1
Y2

x

Ry + 1 <log(1 + 22) + log(1 + ﬁ) —log(l+z1) + Ry —1
1
x1

Ry+1<log(14+y + —) +log(1 + 4y + ——
o+ 1 <log(1+w 1erz) g(1+ye 1+y)

—log(1+ 1)+ Ro— 1

T
Ry +1 <log(1+x1 + 1) + log(1 +y» + ﬁ) — log(1 + y»)
1
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1+
L) 4 log(—2

2Ry + 2 <log(1l + zo + +log(1 4+ y; +
2 < log( 2 +12) g( n 1+ 15 1+

)

—log(1+a1) + Ry — 1.
The following rate is achievable

Ro <mny—1

Ro<naVag—ag—2+4 Ry—2
Ro<ng4+niVag—a;—2—n;—2+Ry—2
Ry<miV(ai+ay)—as—24+nsV(ag+ay) —a;—2—n; —2+ Ry — 2
Ry<miVaj+ngV(wyg+ay)—ag—2—ay—2—n3 —2+2R;—3

2Ry <nagVag+n V(g +ag) —ag—2+ns—a; —2—n; —2+ Ry — 2.

The following rate is achievable

R2 S (TLQ —042)+ -1

R2 S (Oél —n1)++ (TLQ — _a2)+ —8+R0.

TFC—LDM [FC
Hence, C5 <Ck -~ +1

. SNR; > INRy, SNRy < INR;. In this region,

OIFC—LDM — pip ( (n2 — )™ )

and the outer bound CTF¢ is the set of (Ry, Ry) satisfying

Ry <log(l+ z4)

Ry <log(1 + z3)
L2

14 ys

Ry + Ry <log(1+ z1) + log(1 +

)

Ry + Ry <log(l + 21 + 1)

Z1 X2

Ry + 2Ry <log(1l+ xo + y2) + log(1 + y1 + )+ log(1 +

14y 14y

).
So when R; = log(1 4 SNR;) — Ry, R» is achievable if

Ry +1 <log(1+ x2)

71



X2

Ry +1 <log(1+ + Ry —1
2 = g( 1—|—y2) 0
Rg—l—l§10g(1+x1+y1)—10g(1—|—x1)+R0—1
T i)
2R, + 2 <log(1l 4 x5 + +log(1l + vy + + log(1 +
2 <log( 2+ Y2) g( n 1+y2) g( 1+y1)

The following rate is achievable

Ry <ng —1

Ry <noVas—ay—2+ Ry—2

Ro<nmiVa—ny—2+ Ry —2

2Ry <naVoag+m V(ig+oag) —ag—2+nVoy —a —2—mny
-2+ Ry—3.

The following rate is achievable

R2 S (Tlg _a2)+ -1
Ry < (Oél —n1)+ — 8+ Ry.

ATFC—LDM IFC
Hence, CIFC=LPM < Cp-¢ + 1.
. SNR; < INRy, SNRy > INR,. In this region,

U

S . N9y V g — Ny
CLFC=LDM — min
g o\ _

(g —ny)T +ne— g

(061 — n1)+ — Ny + (nz — al) V Qo
and the outer bound CTFC is the set of (R, Ry) satisfying

Ry <log(l+ 1)
Ry <log(1+ x)

).

a1
R + Ry <log(1l+ x9) +log(1 +
1 2 S g( 2) g( 1—|—y1)
Ry + Ry <log(1l + x5 + y2)
T2 T1
2R + Ry <log(l 4+ 1 + + log(1 + yo + + log(1 +
1 2 < log( 1+ 1) g( Y2 1+y1) g( 1+ 4,
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So when R; = log(1 + SNR;) — Ry, R» is achievable if

Ry + 1 <log(1 + x2)

Ry 41 <log(1l + z2) + log(1 + 1 f_ly ) —log(l+ 1)+ Ry —1
1
Ry +1 <log(1l+ xo + y2) —log(1 4+ x1) + Ry — 1
T2

) +log(1+ — 1)

Ry +1<log(l + 21+ 4+ log(1 4+ yo +
2 = g( 1 yl) g( Y2 1+ 1+ 15

—2log(l + 1) + 2Ry — 2.
The following rate is achievable

Ry <ng —1

Ry<ng4+m Vo —a1—2—n—2+Ry—2

Ry <naVas—ny —2+ Ry—2

Ry <nmiVag+mnyV(ag+a) —a; —2+nVay—ay—2—2n
— 44 2Ry — 3.

The following rate is achievable

Ry <ng—1

Ry < (ay —n))tT +ny—a; — 6+ Ry

Ry <nyVag—n —4+ Ry

Ry < (a1 —n1)t —ny + (ng — aq) Vay — 11 + 2R,

Hence, C’C[Cf;C_LDM < Cﬁfo + 1.

4. SNR; < INRy, SNRy < INR;. In this region,

na
CIFC=LDM — min | ny V ap — ny
(a1 —m)*

and the outer bound C'F¢ (which in this case is achievable without

any gap) is the set of (R, Rs) satisfying

Ry <log(1l+ z4)
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Ry <log(1 + z3)
Rl + R2 S log(l + T + y1>
Rl + RQ S 10g(1 + 29 + y2>.

So when R; = log(1+ SNR;) — Ry, R is achievable if

Ry +1 <log(1+ x2)
Rg—f-]_ S 10g<1+$1+y1) —10g(1+$1)+R0— 1
R2+ 1 S 10g(1+$2 +y2) —log(l +l‘1) +R0 — 1.

The following rate is achievable

R2§n2—1
R2§n1Va1—n1—2+R0—2
Rzgng\/ag—nl—2—|—R0—2.

The following rate is achievable

R2§n2_1
Rgﬁ(al—n1)+—4+Rg
Rggngvag—nl—él—f—Ro.

Hence, CIEC-LDM < C’,I{C + 1.

cog

O

Now we are ready to show that CEPM can be achieved within a constant

for Ry > 7. We consider four separate regions.
Region 1: 2z < 2y Vys or yp < 1.

In this region, § < as V ny or s = 0. In both cases, we have uj, >
u}, uy > uh. Hence,

CEPM(§) < min(u) — 101 — 2Rg, uy — 5 — Ry)
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< CIFCfLDM — 5 RO

cog

< O

Hence, Cg, can be achieved in this region.

For the following regions, we will assume z > z1 V yo and yo > 1.

Region 2: z; <1 or x5 < 1.

When 27 < 1, the primary link capacity log(1+x1) is of a constant smaller
than 7 and will be 0 after backing off Ry. Hence, the secondary achieves
log(1 + 23), which is the best possible; and Ry-capacity is achieved without
gap. When x5 < 1, the secondary can at most achieve log(1+ z5) < 2, which
is only a constant. Hence, by letting R, = 0, the Ry-capacity is achieved
within 2 bits in this region. For the following regions, we also assume x; > 1

and z9 > 1.

Region 3: y; < 1, which implies that a; = 0. We consider two subregions.

< r1x2 < 4

1Y2

(1)

=
<

In this region, the channel gains are aligned, the cooperation is not very
helpful, and the interference channel scheme suffices to achieve the upper
bound within a constant.

By condition % < 4, we have n; + ny < as + 4. Then it can be shown
that

1. 712\/0(2—&2/\”120(2—”12712—4.
2. (g —n)t + (ng —aq)™ = na.
3. (oq—n1)+—042/\n1—|—(n2—051)\/0422—n1+a22n2—4.

which gives CEPM = maxs u) — 10 — 2Ry = ny — 10 — 2Ry and CIEC-LDM >

ne — 4. So we get
CEPM < CIFC=IDM — 6 — 2Ry < CH°.

Hence, CEFPM can be achieved in this region.
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For this region, in the scheme from section 4, we set 0, = 1,5 = J, and
0c = 0; i.e., the secondary receiver will listen for part of the time and then
transmit for the rest of time, when it cooperates with the primary by using
some of the information it gathered during the time it listened. The mode of
cooperation is through cooperative private messages. For simplicity, we will
require that Rip, Ria > log(1 4+ z1) — Rp.

In mode B, source 1 uses power % to share bits with source 2 and power
1-— i to send data to destination 3. So, under the natural order for super-

position coding, the following rates are achievable

1

T
Rip > log(1+ (2”“1) =log(l+z)—1

€2 5 log(1 4 2) > (log(Z)* = (B—m —1)* > 8-y —1
) 1 €1

Hence, we need at least Ry > 1.
For the virtual channel, source 1 uses three messages W7, Uy, V; and source

2 uses only message Us. Let

T1T9 + Y1Y2 — 24/T1T2Y1Y2 cos O

B =
1T
B, = T122 + Y1Y2 — 24/T122Y1Y2 cos O
) =
Y1Yy2

By (6.2) and (6.3), we have o}, = Var(Xy,) 21 = Var(Xy,) Gy and
Var (Xy,) z3 = Var (Xy,) y2. It is not hard to see that

1T 1 1T 1 1

172 >y implies that #; > —, and 172 < 2 implies that G, > —.
Y1y2 4 Yiye ~ 4 1
At source 1 we allocate powers oy, = 3,08, = ﬁ,\/ar (Xv,) = (1A 22)

and at source 2 o7, = %, Var (Xy,) = 2 Var (Xy,) = (1 A ). Destination

T2

1 gets W1, Uy, Vi with power %, -, 513“ (1A %), respectively, and Us with

power % < %, which is treated as noise. Destination 2 gets Uy, W1, U; with

powers %2, 22, %, respectively, and U, is treated as noise.
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To simplify the constraints at the destinations, we first prove the following

lemma.

Lemma D.4 When 222 > 4 or 222 < 1 we have Sz (1 A 22) > Z[a1(1 A
Y1y2 Y1y2 Y2

= 7>
z def
2)VIinAAL)] =g

Proof. If % > 4, we have 3; > i and x; > 4%. Hence

) 1 To
Grxi (1A —) > —x1(1 AN —
17 y2) 4 1 yQ)
4 1
Bar(1A2) > B2 A2y > (1A 2) > Zy (14 2
Y2 i) Y2 i) 4 To
If 2122 < & we can rewrite the LHS as
Y1Yy2
x x
Brai(1A22) = B2 (1A 22) = By (1 A ).
Y2 T2 Y2 T2

Now, using the fact that G, > i and 1y, > 4% when % < i, we can show

similarly that

Y2 1 T2 Y2
Bayr (1 A ;2) > 1[%(1 A g)] V [y (1A ;2)]-

O

Using this lemma it is easy to verify that the following constraints on

nonnegative rates imply all the relevant constraints in Theorem 4.1.

RW1 + RUI + RVI S 1Og(1 + %)

1(1/\%))
16

x1
Ry, <log(l+ —
Ui g( 4y2)

x
Ry, + Ry, <log(1+

Ry, < Cyo

To + y2)
4

Ry, <log(1+ %)

RW1 + RU2 S 10g(1 +

First, we will get the condition on Ry such that Ria = log(1l + z1) — Rp is

supported by the above constraints. Set Ry = 0. In the worst case, we have
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Ci2 = 0 when Ry, = 0. So at least we can achieve R14 = Rw, + Ry,, where

nonnegative Ry, and Ry, satisfy the constraints

RW1 + RU1 S log(l + %)

T1
Ry, <log(1

£U2+y2)
I )

RW1 S log(l +

x1

Hence, a rate Ri4 which is the minimum of log(1 + %) and log(1 + 3g--) +
log(1 4 #22*2) is acheivable. Thus, we may conclude that R4 = (log(1 +
x1) — Rp)™ is achievable when Ry > 7.

Now, in the original constraints, eliminating Vi, U with Ria = Ry, +
Ry, + Ry, and Roa = Ry, and setting R14 = (log(1 + 1) — Ro)™*, we get

(log(1 + z1) — Ro)* < log(1 + =2

4
(12

x
— Ry, <log(1+ 1176‘1’2) — (log(1 +z1) — Ro)™

€
< <log(l+ —
0 < Ry, < log( +4y2)
RW1 + RUl S (10g(1 + iCl) — R())+
RW1 + RUl Z (10g(1 + .’171) — R(])+ — C12

To + Y2

RW1 + RQA S 10g<1 + 4 )

0 < Ry,
T2
0 < Roa <log(l+ Z)

By the choice of Ry, we already have
(log(1 + z1) — Ro)* < log(1 + %).
Using the inequalities
n; <logx; <n; +1
log(1 + x;) < n; + 2

log(1 + &) > n; — loga,
a
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we can rewrite the constraints as follows:

([ — (a2 = n2)™]" =5)" — (1 +2— Ro) "
0< Ry, <(ng—ag)™ —3)"
(n1 — Ro)*

RW1 + ftiU1 Z min((m + 2 — R0)+ — Clg, (n1 — R0)+)

By Fourier-Motzkin, the following rate is achievable

0< Rpna <ng—2
R2A§n2\/a2—n1/\a2—|—clg—7—l—Ro
R2A§n2\/a2_(a2_n2)+_9+R0.

With Ry > 7, the above conditions can be simplified as

0 < Rga<ng—2

RgASnQVag—nl/\a2+Clg—7+R0.

Hence, we can achieve Ry = max Ry(6), where

1 ' _
Ry(8) = ngA > min(uj — 2,uy — 7+ Ry — 1) > CEPM(0).
Hence, CEPM can be achieved in this region.

Region 4: z; > 1,y; > 1,2 > 1,7 = 1,2. We again consider two subregions.

< T1x2 < 4
= Y1y —

(1)

=
<

In this region, the channel gains are aligned, the cooperation is not very help-
ful, and the interference channel scheme suffices to achieve the upper bound

within a constant. The condition i < 2122 < 4 implies that a; +ap —4 <
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ny + no < a1 + ag + 4. Observing

+

(a1 —ny)" + (n2 — a1)t = max(a; — ny,ne — ay,n9 — ny, 0),

it can be shown that
L. noVag—as Ang > (g —n)t + (ng —ag)™ — 4.
2. (g =)t —ag Any+ (ng —aq) Vag > (g —ny)t + (ng —aq)™ — 4,
which gives
CEPM(5) < min(uj — 10 — 2Ry, ul — 5 — Ry)

< min(ny — 10 — 2Ry, (g — n1) ™ + (n2 — az)™),

CIEC=LDM > min(ny, (g —n1)" + (ng — a1)™ — 4).

So we get
CIDM(5) < CIFC-IDM _1 — R,
IFC
<Chg,~ -
Hence, CEPM can be achieved in this region.

(2) 22 > 4 or B2 <
Yyiy2 — Y1y —

.

As in region 3, in the scheme from section 4, we set oo = 1,0 = 6,
and 6 = 0. Here also, cooperation is achieved through cooperative private
messages. For simplicity, we will require that Rig, Ria > log(1 + x1) — Ry.

In mode B, source 1 uses power i to share bits with source 2 and power
1— i to send data to destination 3. Under the natural order of superposition

coding, the following rates are suppported.

1 T
m Ty D og(l4ay) — 1

RlB = log(l + 9

C

=2 ogl1+ 5) > log(Z) 2 (B - 1) 2 - - L
T T

For the virtual channel, source 1 uses three messages Wy, Uy, V; and source 2

uses two messages Ws, Us. For source 1, we allocate powers 0124/1 = %, 012]1 =
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Var (Xy,) = (1 A 22), and for source 2, 02, = %, 02 = 2, Var (Xy,
1 3 W2 ™ 30702 3y 2

- ) Destination 1 gets Wy, Uy, Vi, Wy, Uy with powers
L

2 respectlvely, and Us is treated as noise. Destination

3y ’
yQVar (Xv,) = %(
:61 x1 ﬂ1x1(1/\1‘2

1
)%

37 3y2’
2 gets Wy, Uy, W1, Uy w1th powers 2, g”; 2, é, respectively, and U is treated
as noise.

Using lemma D.4, it is easy to verify that the following constraints on

nonnegative rates imply all the relevant constraints in Theorem 4.1.

1+
)

y1 + k)4
4

xy + k/4
4

RW1 + PLU1 + RW2 + va < log(l +

RU1 + RWQ + RV1 < IOg(l +

)

Rw, + Ry, + Ry, <log(1 + )

RWI + RU1 S 1Og(1 + %)

Lty
RU1 + RW2 < 10g(1 + yQT)

/4)

RU1 S log(l + 47)

RU1 + va § log(l +

Yo
Ry, < Cyo
To +
RW1 + RW2 + RU2 < log(l + 2 1 y2)
2+ Yo

RW1 + RU2 < 10g(1 + le)

x
RW2 + RU2 < 1Og(1 + ZQ)
T2

Ry, <log(l+ —).

U2 — Og( + 4y1)

As in region 3, it is not hard to see that Ryx = (log(1+x1) — Ro)", Rip =0
satisfies these constraints when Ry > 7.

Now, in the original constraints, eliminating Vi, Us; with Rix = Rw, +

Ry, + Ry, and Rop = Ry, + Ry, and setting Ria = (log(1 + 1) — Ry)™, we

get

_.I_
Ru, < log(1 + %) —(

log(1+ x1) — Ro)™
Y1+ ];3/4

—Rw, + Rw, <log(1+ 1

) — (log(1 + 1) — Ro)™

81



(log(1+ x1) — Ro)™ < log(1 + I

)
I
RW1 + RU1 S log(l + Z)

2ty
RU1 + RW2 < log(l + yQT>

k/4

— Ry, <log(1+ T) — (log(1 +z1) — Ro)*
T

0 < Ry, <log(1+ —

U g( 4y2)

0 < R, < log(1+ %)

RU1 + RW1 Z (10g(1 + 171) — R0)+ — C12
(log

RU1 + RW1 S (]— + ml) - R0)+
Ry, + Roa < log(1+ “4“’2)
2 4y

RW1 + RQA - RW2 S log(l + le)
Rox < log(1 + %)
0 < Ruy < log(1+2)

0 < Ron — Ry, < log(1+ j—z).

N

By the choice of Ry, we already have

1 +ﬁ~1$1

(log(1 + 1) — Ro)™ < log(1 + 1 ).

Again, we may simplify the constraints with linear deterministic notation to

obtain the following set of constraints

RWQ - RW1 S
Rw, + Ry, <



OSRWI S a2—2)+
0 S RQA - RW2 S (TLQ — Oél)+ — 3)+

By Fourier-Motzkin elimination, we can show that Rey = min(v; — 9, vy +
Cio — 7+ Ro,v3 — 19,v4 + Ci2 — 16 + Ry) is achievable, where v;,i = 1,2, 3,4
are defined in Proposition 6.1.1. Since we have Ci5 > (8 — ny — 1), we can

conclude that when Ry > 7, we may achieve Ry = rglggc Ry(6), where

1
Ry(8) = mRQA > min(u) — 9,uy — 7+ Ry — 1,uy — 19, u) — 16 + Ry — 1).

With Ry > 7, we can see that Ry(d) > CiPM — 10. Hence, CFPM can be

achieved within 10 bits in this region.
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APPENDIX E

PROOF OF THEOREM 6.5

For a given scheme, let § > 0 be the proportion of the time spent in mode B
to the time spent in mode A. Note that there is no mode C in the cognitive
setting. It is enough to show that for any scheme with scheduling parameter
d >0, €(0) is an outer bound of the achievable rate region.

Let Py = | X%, i = 1,2, and t = 1,2,...,N. We define the average

power in the different modes as follows:

1+0 1+96

PlA—izplta Pleizpl,n and
N teA 5N teB
1+0 1+5
P2A—7zp2t Pop = —— ZP2t—O
teA teB

By power constraint, we have R’A%%BB < 1,7 =1,2. We further define

VA =hisXE + 2k, Ulp =huXiy + Z3y,
Vi =haa Xy + Zgy, Usp =has Xg + Z1y
1. Ry
L(Ry —€) < I(Wy; Y,})
< I(Wa; Yaa|Wh)
< I(Wa; Y3 |Wh)
< H(Y5|Wh) — H(Y,3|Wi, Wa, Yag)
= H(V2A|W1) H(ZfA)
< H(VJi) — H(Zjy)
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R2_€§

s log(1 4+ 22 Ps4).

2. Ri+ Ry
L(Ry + Ry — ) < I(Wi; Yi3, Vi) + I(Wai  Yi, V).
We have

I(Wl;léﬁ%%)
<I(Wh; Y3, Yag, Yap, Yip|Ws)
=H (Y53, Yap, Yo, Y| We) — H(Ysa, Y, Yig Wi, Wa, Yp,)

— H(Yyp| Wy, Wa)
=H (Yy5|Wa) + H(Y3}, Yap, Yip [ Wo, Yop,)

— H(Y3x, Yag, Y| Wi, Wa, Yig) — H(Yop| W1, Ws)
=H(Yop|Wa) + H(Ya3, Yap, Vi |Wo, Yap, X53)

— H(Yih, Yap, Yig|Wi, W, Yois) — H(Yop| W1, Wa)
<H(Yy5|Wa) + H(Vi4, Yag, Yig|Wa, Ya)

— H (Y4, Yp, Vi | Wi, W, Yoiy) — H(Yop| Wy, Wa)
=H(Vii, Y5, Yap, Yip|Wa) — H(Z3s, Zsn, Zip) — H(Zgs)
<H(V{R, Yop, Yo, Yis|Wa) — H(Z3\, Zsp, Zin) — H(Zsp)

+ I(Ufa; Xia|Vik, Yag, Yag. Yig, W)
=H(Vix, Ufx. Yon, Vi, Yig|Wa) — H(U{3| X1y, Vi, Yon, Yag, Yig, W2)

— H(Z355, Zsp, Zip. Z3n)
<H(Vi|ULy) + H(U{y, Y, Yap, Yip|Wa) — H(Z1y)

— H(Z5y, Zsp. Zin, Z3)

I(Wa; Y5, Yip)
:H(nﬁan%’%%a%%) - H(ﬂ%aﬁ%’ﬂ%aﬂﬁs\wﬁ
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Hence, we get

L(Ry + Ry — €) <H(Y{3) + H(Yap, Yag, Yig) + H(VR|ULL)
- H(ZéfAv ZSLA7 Z?{/Bv Z4LB> ZQLB)

Notice that

H(Y[}) — H(Ziy)
<> H(Yy)— H(Zy)

teA

< log(1+ (\/1’2P2t + \/?JZPlt)2>

S Z lOg(l —+ QIQPQt + 2y2P1t)
A

L
1+0

S 10g(]. + 21’2P2A + 2y2P1A)

H(VIUL) = H(Zs3)
hizhi Pia
<H(V = cUfi) = H(Z33) =T p,

< ZH(VM —cUy) — H(Z3)
A

(1+1y2P1a)?

ylePfA r1P1a
1+ nglA)2 (1 + y2P1A)2
r1P1a
L+yoPia”

log(1 +
(
=——log(1 +
Hence,

1
Rl + RQ — € Sm log(l -+ QCC'QPQA + 2y2P1A>

x1 P,
+510g(1+(!)§'1+y2+Z)PlB)—|—IOg(1+ 1714

1+ ysPra
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3. R+ Ry

L(Ry + Ry — €) < I(Wy; Ya3, Yap) + I(Wa;, Vi3, Vip).

Notice that

We get

L(Ry+ Rp — €) < H(Y53) + H(Ysp) + H(VialUsa) — H(Zsy, Zia, Zsi)-

Hence,

1
Ri+ Ry —e<——

We have

I(Wh; Ysa, Ys)
_H(YE%A7§/3%> _H( 3A» B|W1)
=H(Y3) + H(Yap) — H(Usp|[Wh) — H(Z3p)

I(Wa; Yi4, Yip)
<I(W2§K1€MY£3|W1)

<H(Y}3,Yig|Wh) — H(Y3, Yig| Wi, Wa, Yop)
H( oAlWh) + H(Zi) — H(Zix, Zip)
<H(Vai, Usa[Wh) — H(Uz [Vai, Wi, X3) — H(Zi)
H(V2A|U2A) + H(Ugp|Wh) = H(Z31) — H(Ziy).

IA

1+0

o P
+log(1 4+ —2 24

1+y1Poa

2Ry + Ry

L(2R, + Ry) < 21(Wy; Y, Vi) + I(Wa: Y, Yis).

I(W1; Y34, Yap)
:H(Y}ia YE’;%) - H(YE’;[;M }?ﬂ%ywl)
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SH(%&?%%) - H(%&?%LB’Wh}éléaXlL)
=H (Y33, Ysp) — H(Usy [Wh, Yop, XT') — H(Zs3)
<H(Y3i) + H(Yss) — H(Usn|Yap) — H(Z3p),

where the last inequality follows from the fact that I(ULy; W, XE|VE) =
0 since UL, — XL — Y — (W, XT) is a Markov chain. Proceeding as
in case 2 (the bound for Ry + Rs),

I(Wh; Y34, Ysp)
<I(Wy; Y3, Yai, Yop, Yig| Wa)
=H (Y3, Ysp, Yap, Yip|Wo) — H(Y3, Y, Yig| Wi, Wa, Vo)
H (Y5 |Wh, W)
=H(VIk, Yap, Vs, Yig|Wa) — H(Z3y, Zig, Zis) — H(Z3p)
<H(Vix, U, Yan, Vi, Yig) — HULIXT, Vi, Yop, Yag, Yig, Wo)
— H(Z3x: Z3s, Zip, Zag)
H(VRIULL) + H(U|Yag, Yag, Yig) + H(Yag, Yig, Yig)
— H(Ziy) — H(Zs), Zsg. Zip, Zip)

I(W27 YZLA? Yllll/%)
I(W27 ’ YL }/2[]:%7 )/3]:]/37 U2LA)
I(WQ) ’ 3/4%7 U2A|Y2%7 Y:’illl% )/41]13)

IIA

H(Y;lLAa U2A|Yv2[]‘3’ YE’)%? Yzl%) - H(KILA7 UéAD@%?%%a Yzlllév WQ)
H(Y,5, UsalYar, Yai, Yin) — H(UL Yo, Yag, Vi, Wa) — H(Z3,)
H(YA|UsA) + H(UsaYap) — H(ULYag, Yai, Yig) — H(Z3)).

IA

Combining all the inequalities, we get

L(2R1 + RQ - 6)
<H(Y;i) + H(Yss) + HVR|UL) + HYR|Uza) + H(Yah, Yai, Yig)
- H(Z?{/Av ZSLEn Z4LA) - H(Z3LA> ZSLB7 ZfB? ZQLB)
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Notice that

H(Y|Usy) — H(Z4y)
hoshsq Poa
<H(YE — cUL) - H(ZE = =B 22
> ( 4A — € 2A) ( 4A) (C 1+ 4, Pon
<> H(Yy — cUy) — H(Zy)
A

hay
H(————Xo; + hiuX1; + Zy; — cZs;
(1+y1P2A 9i + h1a X1 + Zyi — cZs;)

2 952y2P1iP2i>

1+y1Poa

xoPo; + y2P1¢>

X2
Py + o Pri +
5172 Yo I1 1+ 11 Pon

(1 + yngA)

A
L2
<Nlog 1+ + ———Py+y: P +
_EA: g( (1 + 91 Pon)? 2i T Y2471
Zlog<1+62+
A
L

x
510g (1 t+ ———Poa+yoPra+

ToPos + y2Pra
(1 + y1P2A)2

1+ y1Poa

L 209Pop + y2Pra
= log | 1+ y2Pia+ )
149 g( Y214 1+y1P2A
Hence,
2R1 —I— R_E
<L |:10g(1 + 2131P1A + 2y1P2A) + 510g(1 + xlplB) + lOg(l —+ 1P1A
1+ ) 1+ nglA

209 Pop + Y2 P1a

log(1 P
+log(1 + yoPria + 1+ 91 Pox

)+510g(1+ (1'1 +y2+Z)P13) .
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