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Abstract

We consider proper holomorphic maps between balls that are invariant under the action of
finite groups of unitary matrices. We are primarily interested in actions of groups that are fixed-
point-free; for purposes of comparison we will briefly consider matrix groups that act with fixed
points (that is, groups that have at least one nontrivial element with an eigenvalue of one) in
the last chapter. Forstneric showed that given any finite unitary fixed-point-free matrix group,
there exists a proper holomorphic map from the ball in the appropriate dimensional complex
Euclidean space to a higher dimensional ball, that is invariant under the action of that group.
He showed on the other hand that if we also require the map to be smooth to the boundary,

then many groups are ruled out.

One of our main results is the following theorem: if f is a proper holomorphic map between
balls that is invariant under the action of some finite fixed-point-free matrix subgroup of a unitary
group (acting on the domain of f), and, in addition, smooth to the boundary, then necessarily
that group is cyclic and diagonally generated (with respect to some basis). We rule out some
of these possibilities as well. We give corollaries concerning the nonexistence of smooth CR

mappings from certain spherical space forms to spheres.

We next prove some propositions related to the theory of polynomial proper mappings
between balls. As another important result, in cases where there are known finite fixed-point-
free matrix group-invariant mappings we classify all such maps in terms of a group-basic
map. In a subsequent chapter we investigate existence and nonexistence of various sorts of
polynomial proper maps between balls, mostly invariant under some matrix group action, from
a combinatorial perspective. We give a simple means of depicting monomial mappings from
the ball in two-dimensional space, and show some applications. As a final theorem, we show

how proper holomorphic maps between balls, invariant under the action of finite matrix groups



possibly acting with fixed points, can be “constructed”. This uses a technique developed by

Lew. We derive some interesting examples from this construction.
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Chapter 1 Smooth group-invariant proper holomorphic maps between balls

1.1 Introduction

We will investigate proper maps between balls in complex Euclidean space. Proper holo-
morphic maps in several complex variables have received a good deal of attention in recent
years (see survey articles {CS3] and [Fo3], for example). When domain and range are balls,
one can use powerful general results about maps between strongly pseudoconvex domains with
real analytic boundaries, such as extension results that arise from polarization and related theory.
One also has available techniques related to the invariance of balls under the action of the unitary
group. We put such techniques to use in the main results of this thesis.

Recall that a map f : D — ) is proper if the preimages of compact sets in {2 are compact
in D, When domain and range are (open) balls in complex Euclidean spaces this is easily seen
to he eauivalent to the following condition: if z, is a sequence approaching the boundary in the
domain ball, then f(z,) tends to the boundary in the target ball. Furthermore, if f is holomorphic
(or just continuous) on its domain ball and continuous to the boundary, one can easily deduce
that f is proper if and only if it maps boundary into boundary. It is also an easy exercise to
show that a proper holomorphic map must go to a target of equal or greater dimension, and that
generically such a map will look like a local embedding [Ru3). Thus it makes sense to speak of
the codimension of such a map. We use the standard notation B,, for the open unit ball centered
at the origin in n—dimensional complex Euclidean space, and S2*—! for its boundary sphere.
We use the word smooth to mean C°°—smooth, unless specifically stated otherwise.

Some research ({D1], [Fol], [Rul], [Ru2]) has focused on proper holomorphic maps from
balls that are invariant under the action of some finite unitary matrix group acting on the
domain.In [Ru2] and [Fol] it is shown that proper holomorphic maps from balls that are smooth

to the boundary factor through finite unitary matrix groups (after perhaps first applying an



automorphism on the domain). Rudin assumes domain and range have the same dimension,
larger than one. Forstneric assumes both are of dimension larger than one, and the codimension
is positive. He also assumes the range is strongly pseudoconvex. He showed that in this case the
unitary matrix group must furthermore be fixed-point-free (the Rudin result, by way of contrast,
always involves a reflection group). Forstneric showed that all fixed-point-free groups arise in
the context of his theorem provided one removes the hypothesis of smoothness to boundary.

One can even take the range to be a ball in this case.

The case where the map is smooth to boundary is much different. While little is known
about the group-invariance properties of such maps to arbitrary strongly pseudoconvex domains
(beyond the above mentioned factoring through a fixed-point-free group), it is noted in [Fo3] that
“the problem becomes more interesting if we require the target domain...to be the unit ball....”
In this case we have available more powerful techniques and also some simple examples of

e . .
such group-invanant maps. Furthermcre, smocth proper holomornhic mans hetween balls, as

opposed to arbitrary domains, are in some sense quite abundant and straightforward to construct
(see [D2]). Forstneric noted the seemingly curious phenomenon that in this particular case,
despite the plethora of proper holomorphic maps between balls, very few unitary groups are
known to arise in the context of these maps. He gave simple examples of nontrivial groups that
do; a family of these appears in [Rul]. He ruled out a large class of these groups, assuming
the map to be rational in this case. This requirement is no stronger than C*°—smoothness; we
give more details and appropriate references below. D’Angelo [D1] enlarged the set of groups
for which such maps can be constructed, showing (as suggested in [Fol]) that a second family
of these groups exists for which there are particularly simple invariant maps between bails. He
also gave simple proofs conceming certain uniqueness properties of the maps in [Rul). Most
of this thesis continues the lines of enquiry pursued in [D1] and [Fol]. We are concerned

with group-invariant smooth proper holomorphic maps between balls; we contribute a few more



pieces to the “solution” of the question posed by Rudin in [Ru3, chapter 15]: “What are the

proper holomorphic maps between balls?”

Having introduced some of the history behind this work, it is appropriate here to note
that proper holomorphic maps that extend smoothly to the boundary of a domain are of some
importance in geometry and partial differential equations. The unit sphere is one of the simplest
examples of a CR manifold, and the study of the Cauchy-Riemann equations on the 3-sphere
led to the Lewy operator and an example of a non-locally-solvable partial differential equation.
This operator, in fact, is the one that defines the CR structure on S3, and so the CR functions

that sphere are precisely the solutions to the homogeneous Lewy equation.

If a CR function on a sphere is invariant under the action of a finite unitary group, we can
consider it as a function on the quotient space. These are odd dimensional spaces of constant
positive curvature (sphericai space forms). Thus some of our results can be interpreted as
restrictions on smooth CR maps between spaces of constant positive curvature. In order that

nonconstant such CR maps exist, we prove that the underlying group must be cyclic.

As shown in [Fol], any proper holomorphic map between balls invariant under some
automorphism group of the domain is, after composition with an automorphism, invariant under
the action of a unitary group. Thus there is no loss of generality in restricting our attention to
such groups. The main purpose of this first chapter is to show that any finite subgroup of the
unitary group U(n) that acts freely on C", for which there is an invariant proper holomorphic
map between balls, smooth on the closures, must be cyclic and generated by a diagonal matrix.
We rule out some of these groups as well. We start with the relevant definitions and background
theory.

We adopt the following notational conventions. By ¢, we denote a primitive p root of
unity. When more than one of these appears in a matrix, we assume that each denotes the same

primitive root. We may thence drop the subscript for the remainder of that usage. For ¢ an



integer, vo(m) denotes the largest power of 2 that divides m.

Recall that a subgroup I' of U(n) is said to be fixed-point-free if no member other than
the identity matrix has an eigenvalue of 1. Equivalently, the only fixed point in C* of any
non-identity element in the group is the origin. A subgroup of U(n) is said to be irreducible if
it fixes no nontrivial proper subspaces of C".

Throughout this paper we will work with unitary fixed-point-free matrix groups. We will
also consider matrix groups acting with fixed points in the last chapter. We note that different
matrix groups can be isomorphic as abstract groups and yet give completely different results in
the theory we cover in this thesis. Specifically, for some finite fixed-point-free unitary groups
we can show existence of certain invariant proper holomorphic maps between balls, while we
can show nonexistence of such for other matrix groups isomorphic to those. In other words,
suppose G is some finite abstract group and = : G 1— I' C U(n) an injective representation
of G. Then whether there exists a smooth invariant proper holomorphic map between balls will

depend on the particular representation = as well as on the group G.

We outline some of the relevant theory below. Forstneric showed in [Fol] that given
any finite fixed-point-free unitary group I' C U(n) there exists a proper holomorphic map
f : B, — By for some N > n with the property that f is invariant under the action of T,
i.e. forany v € I' we have f oy = f. We will outline a proof of this result in chapter four.
Though such functions always exist (and even can be made continuous to the boundary), the
class of unitary groups for which smooth such functions are known to exist is quite small. In
fact, if f is a proper holomorphic map between balls that is C* to the boundary, then Forstneric
has shown that f must be rational. (See [Fo2]; actually C¥—"+1 suffices.) For a large class
of finite fixed-point-free unitary groups, Forsteric [Fol] showed that there can be no proper
rational maps between balls that are invariant under the actions of those groups. In this chapter

we rule out all remaining finite fixed-point-free unitary groups that are not cyclic and diagonally



generated. We rule out some that are, as well. Before describing our specific results, we give

a brief description of the playing field.

In [W], Wolf worked out a classification of finite fixed-point-free unitary groups in order
to classify all odd-dimensional spherical space forms (complete connected odd-dimensional
Riemannian manifolds of constant positive curvature; they turn out to be topological quotients
of spheres modulo such groups). For our purposes a bare sketch of the details will suffice.
These groups are direct sums of irreducible subgroups (so the matrix representation has block-
diagonal elements, each block being an irreducible subgroup). The irreducible groups fall into
two categories: those whose Sylow 2—subgroups are cyclic (type A) and those for which these
subgroups are generalized quaternionic (type B). With respect to some basis, each irreducible
group of type A is either 1x1 or else has only two nxn generators, one diagonal and the other

of the form

(9

v

O

o)

< =

(1.1.1) ¥y=

VY
where § is a primitive m#2 root of one. Each irreducible group of type B contains an element
that, on some two dimensional subspace, is the submatrix ( _(1) (1)\) Every finite fixed-point-
free unitary group is the direct sum of irreducible representations. See [W] or [Fol] for further
details. In the latter, it is shown that there can be no proper rational map between balls that is
invariant under the action of any group of type B or any group containing a 2kx2k generator
of the sort in 1.1.1. In fact such maps are ruled out when the group contains an element that,

on some two dimensional subspace, is of the form

(1.1.2) ( : _2)



where ¢ is a primitive even root of unity. As we will outline in section 1.3, this is always the
case for type B groups and groups with even dimensional generators of the form 1.1.1; nence
the Forstneric results. Using a technique similar to his, we will rule out a class of generators

similar to, but larger than, those of the form 1.1.2

1.2 Statement of results

12.1 Theorem: There is no proper rational map f : B, — By invariant under the action of
any unitary group with an element ~ of the form given in 1.1.1 above. (This is true for allm, n,
and N .) In particular, in order for a proper rational group-invariant map between balls to exist,

the group must be cyclic with all its elements with respect to an appropriate basis diagonal.

122 Theorem: Suppose T' C U(2) is generated by a matrix of the form (g’ 3,) and the
?

Jollowing condition holds: 0 < va(q — 1) < vo(p). Then there does not exist any proper rationa!

map f from By to any By that is invariant under the action of T.

Before stating our corollaries we recall some relevant definitions, versions of which can be
found in [Ra, IV.2.3]. Let D be a domain in C" bounded by 2 C—smooth real hypersurface
M. That is, D is given (locally) by a C'! real-valued defining equation of the form {r(z) < 0},
where r is defined in some neighborhood of a boundary point p € M, and the differential dr is
nonvanishing on M. The tangent space T, M is of real dimension 2n— 1. We compiexify it to form
C(T,M) = T,M ® C. This gives rise to the complexified tangent bundle C(TM) = TM @ C.
Sections of this bundie are given locally (in a neighborhood of p) by differential operators of
the form v = ¥ a,(2)5% + L bj(z) 2, where a;, b; are C! functions near p and v(r)|, = 0
for all z € M] near p. ’

We define the subbundle of (1,0) sections (locally) to be the set TH'M = C(TM)n
{Z ‘11'3%;}- We then define the subbundle of (0, 1) sections T*1M to be its conjugates. It is

2

easy to show that T,,I'OM and its conjugate space T,?'IM each have complex dimension n — 1.



Now let f be a complex valued function that is defined on, and C! in, an open subset U of the
boundary M. Then f is a Cauchy-Riemann (CR) function on U if for every point p € U we have
v(f)=0forallv € T,?’IM . In this case we say that f satisfies the tangential Cauchy-Riemann
equations.

Now suppose we have a map f, with CR coordinate functions, from M to complex Euclidean
space C¥. If the image f(M) lies in some hypersurface M’ then we call f a CR map from
M o M'.

Some remarks: (i) One can define CR manifolds abstractly (that is, define the subbundle of
(1,0) sections), and then define a CR map f between CR manifolds to be one whose differential
df maps (1,0) sections into (1,0) sections. The concrete definitions given above will serve
more readily for our purposes.

(i) If f is holomorphic on the domain D and C* up to the boundary hypersurface M, then

it can be shown that the restriction of f to M is a CR function.

(iii) As a simple but relevant example, we work out the CR structure on the sphere S3. The
defining function is r(2,%) = |z1|2 + |22|2 — 1= 2171 4+ 2929 — 1. (When the defining function
is real analytic, we write it explicitly as a function of 2 and z). The section L = 2‘2337' - 215":—2
generates 71753, (i.e. any other section of that bundle is this one multiplied by a C! function).
The conjugate section is the Lewy operator L = 223%-; ~ 212%. As this is ail there is of the
antiholomorphic bundle T%15% up to multiplication by functions, a function f is CR if and only

if it is killed by the vector field L. Finally, we note that the Lie bracket

-9 _ 9 0 5}
_[L,m— 22'3—27—21%,226_1—2 aT2]

59 _ 0 +z 0 +2 7]
5% 55 T %8m  Mon
is a vector field that is algebraically independent of L and L. Hence the set {L,L,T} spans

C(TS%).

We move on to the corollaries involving CR geometry.



1.2.3 Corollary: Let v be a unitary matrix of the type in the above theorems or in the
Forstneric nonexistence results mentioned above. Then there does not exist any nonconstant
y—invariant C*®—smooth CR mapping from S*~! to any sphere S2N-1.

This is of course true if only a linear subspace intersected with the domain sphere is invariant

under such a matrix action.

Proof of corollary: Strong pseudoconvexity of the sphere implies that such a CR mapping
would extend to a holomorphic function f on the ball that is C*°—smooth on the closed ball
and takes (boundary) sphere into sphere (see [Ra] I1.2, IV.2). As this map is nonconstant, the
maximum principle for plurisubharmonic functions ([Ra] IL.4) may be applied to || f ||2. We see
that f maps interior to interior as well as boundary to boundary; we conclude that it is proper.
Note also that f o 4y — f = 0 on the boundary and hence inside as well, also by the maximum
principle. Thus f is y—invariant. The hypothesis of C°° —smoothness to boundary then implies
that f is rational ([Fo2]), which contradicts the theorems.l

A mapping from S2*~1 that is invariant under such a finite fixed-point-free unitary group
is simply a mapping from the spherical space form that is obtained as the topological quotient
of the (unit) sphere modulo the action of that group. Among the spherical space forms are the
lens spaces L(p,q) obtained as the quotients of S* modulo the cyclic groups with generators
(j;’ 2’,) We obtain

12.4 Corollary: There are no smooth nonconstant CR mappings from lens spaces L(p,q)
to spheres when p and q satisfy the conditions of theorem 1.2.2. There are likewise no smooth
nonconstant mappings from spherical space forms ST to spheres when T is not cyclic.

The classification of lens spaces is well known; see for example [M, section 40]. In particular,
there is 2 homeomorphism between L(p, ¢) and L(r, s) if and only if p = r and g = +s*! modulo
p. Theorem 1.2.2 may be viewed via the corollaries as a result about maps from lens spaces; thus

one is tempted to ask what role, if any, is played by homeomorphic lens spaces in finding further



existence or nonexistence results concerning invariant proper maps between complex balls. We

look into this in chapter four.

1.3 Remarks

We note that the nonexistence result of Forstneric concerning groups generated by
in/2%

(e 0 _e,-?/zk) also follows from theorem 722, by taking p = 4k and ¢ = 2k + 1.
Forstneric then used this result to rule out rational maps invariant under the action of unitary

groups of type B; for completeness, we outline his argument below (see [Fol]).

The type B unitary groups have Sylow 2-subgroups isomorphic to a generalized quatemionic

subgroup. These contain cyclic subgroups generated by the matrix (_01 (1)), which, after
change of basis, is just ( : fz.). Eliminating groups with 2kx2k generator ~ of the form

1.1.1 is similarly accomplished. This matrix has eigenvalues of §1/2 512y  §1/2k,2-~1
where n is a primitive 2kt root of one. Now nf = —1 so on some 2-dimensional subspace,

61/'11 0’

with respect to an appropriate basis, v acts as ( 0 —gln ), and these likewise fall into

the forbidden category.

Together, theorem 1.2.1 and the results of Forstneric show that there are no proper rational
maps from B, to By that are invariant under the action of non-diagonal finite fixed-point-free
unitary groups. Specifically, in order i0 achieve sich an invariant map the mawix group I’ must

necessarily be cyclic with an n x n generator of the form

0 ar
(with respect to some unitary coordinate system on C") where ¢;, 42, ...,ga arc all relatively
prime to p. We get an additional restriction from theorem 1.2.2. For any pair i and ; we let m

be such that mg; = kp + 1 for some integer k (m is the representative of ¢;” ! in the ring Z,).



We then let g be the remainder (representative) of mgq; modulo p. Then the pair (p, ¢) must not
satisfy the hypotheses of theorem 12.2.

Invariant proper rational (actually monomial) maps between balls are actually known for only
(essentially) two subclasses of group generator of the above type. If g1 = g2 = ... = go = 1 then

we have homogeneous monomial maps of degree p, with the coefficient of 2723

2...z3~ given by
the multinomial coefficient \/(QT) . Up to multiplication by a unitary matrix, these are the only
invariant such maps of degree p. Note that the monomials used comprise a minimal generating
set for the algebra of invariant polynomials for that group. We will call such a set a basis in this
thesis. Following Rudin [Ru2] we will refer to such maps as basic polynomial maps associated
to the group I, or more simply as I'—basic maps. See [Rul] or {D1] for proofs and further
details concerning these maps. The second class of cyclic unitary groups for which such maps
exist was conjectured by Forstneric [Fol] and actually constructed by D’Angelo [D1]. The first
few examples were known previously (see [CS2], for example). Each such group I' is generated
by a matrix of the form (g 602) The corresponding map uses only basis monomials for the
algebra of polynomials invariant under I'. (That is, the map is '—basic). As shown in [D1], the
squares of the coefficients appear in an interesting asymmetric analogue of the Pascal triangle.
That is, one obtains squares of coefficients for a given map from squares of coefficients of lower
degree maps. D’Angelo [D1] also gives an explicit formula for computing these coefficients.
We give another algorithm (as distinct from a closed formula) for generating them in chapter
three. For the first class of groups above, when n = 2 we get the squared coefficients from

the Pascal triangle itself.

1.3.1 Example: For p = 3 we have the map

(z,w) 1— (23, ﬁzw,uﬂ),

2%i/3
which is invariant under the action of the group generated by (e 0 649,— /3 ) .Forp> 3 the

basis monomials are no longer symmetric.

10



13.2 Example: When p > 9 the coefficients of the basic invariant map are no longer

symmetric. For the case p = 9 we have the map

(z,w) 1— (zg, 327w, V272%w?, V3023w, 3zw4,w9),

e2x1/9 0
0 641(;'/9 .

which is invariant under the action of the cyclic unitary group with generator (

In higher dimensions, if p is odd and each g; is either 1 or 2 then the above two classes give
rise to a I'—basic map for this situation as well. In fact, since the map z — z* properly takes the
one-ball to itself, by simply replacing the condition |z|2 = 1 with [|2'||2 = |21} +...+]z| = 1 we

get a homogeneous map of degree s from By to some higher dimensional ball. More generally,

e O
0 ¢

212+ |w]® = 1 we replace |z|? by ||2'||* = |z1*+...+|zx[” and |w|? by ||w’|| = fwil*+... 4|l

take a continuous map from B invariant under the action of ( ) In the condition
We obtain a map from By ,; invariant under the action of a matrix group of the scrt described
above, that satisfies the same condition on the sphere as before. For instance, we have

1.3.3 Example: To obtain a proper monomial map from B4 to some ball that is invariant
under the group I' generated by

& 0 ) This map is given by

we medify the D’ Angelo map g invariant under the action of ( 0 &

g:(z,w)— (zs, V523, \/5_2w2, ws).

Denote the variables in By by z;,1 < j < 4, and let z; = |z;|>

A simple result of D’ Angelo (proposition 1 of [D1]) states that if f is a proper monomial map
between balls that takes zero to zero then the real polynomial p = || f ||2 has positive coefficients
and is identically 1 on the hyperplane z; +... + z, = 1. Specifically, if the proper monomial map

has components c,2® (& = (ay,...,a,) is a multi-index) then we take p(z) = 3 Ica|2.r". This

11



correspondence is unique up to what D’Angelo [D1] calls essential equivalence of monomial
maps: reordering of terms and multiplication by diagonal unitaries. Conversely, from such a
real polynomial one can construct a proper monomial map between balls in the obvious way.

We will return to this correspondence in the next chapter.

The condition that the map g above is a proper map between balls amounts to saying that
|21 + 51z "leo* + Slzlleof* + o] = 1

when |2|2 + |w|?> = 1. When we replace [2|% by z; + 22 = |z1]> + |22|° and |w|* by

3414 = |z3|2 + |24|2 we obtain the real polynomial equation
(z1 4 1‘2)5 + 5(z1 + 32)3(::3 + z4) + 5(z1 + z2)(z3 + 1:4)2 + (z3 + 1:4)5 =1

on z) + z2 + z3 4+ z4 = 1. Expanding this into an explicit sum of monomials then gives the
recipe for our proper monomial map from By, We take as coefficient for the monomial =* the
square root of the coefficient of > in the polynomial above. This simple but tedious procedure
yields a I'—basic monomial map from B4 to Bog. It is
(21, 22,23, 24) 1— (z';', \/52?22, \/ﬁ).zi‘z%, \/1_62'{',2?}, \/E'_)zlz-f, zg’, \/gz:fz:;, \/]32%2223,
\/1—5zlz%z;;, \/gzgz;;, \/52:1‘24, s/ﬁz%zgz.g, \/_13212324, \/52%24,
\/5222%, \/ﬁzzz:;n, \/-_5—2222, \/gzlz;%, \/-1_6212324, \[5-2122, z_f;',

\/52324, vV 102%23, Vv IOz;fz,":, \/5z:;z:, z::').

From any of the above invariant maps one can construct other maps invariant under the
action of the same groups by the operation of tensoring on subspaces, its inverse, and linear
operations. The appropriate definitions and some remarks on this technique appear in the next
chapter. We will at that time have further use for the corresponding real valued polynomials
mentioned above.

A less trivial cousin, the only other known example of a group for which such invariant

maps exist, was given by Chiappari in [C]. It is a monomial map invariant under the action of
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the group I' generated by the matrix

e¢s 0 O
(1.3.4) 0 & 0]
0 0 e

This map has 17 components and is not I'—basic. Note that for any pair of diagonal elements,
one is the square of the other. We show a way to generate this map, as well as the D’Angelo
family of invariant maps from Bs, in chapter three.

It has been suggested by D’Angelo [D3, ch.5] that the previous groups are the only ones for

which there are invariant proper rational maps between balls. The proof seems elusive.

As noted above, for every group I' (except that generated by 1.3.4) for which an invariant
proper rational map between balls is known to exist, there is in fact a I'—basic monomial invariant
map. It is not hard to show that there can be no such basic maps for any of the matrix groups
not yet ruled cut. We will prove this in the next chapter. Thus we have in some sense a measure
of the complexity of these invariant mans, or at least of the difficulty in finding them. With
those groups for which the existence of such maps is unresoived, it is clear that they will be

harder to find. On the heuristic that counterexamples are generally not too hard to construct or

else nonexistent, this supports D’Angelo’s suggestion.

1.4 Proofs of theoremg

We require a classical result concerning separate invariance of numerator and denominator
for invariant rational maps. Forstneric uses it in [Fol] and cites [S, p. 73]. For completeness,
we give our own elementary proof below.

14.1 Lemma: Suppose p = (py,...,pN) is a (vector valued) polynomial on some complex
Euclidean space (i.e. p: C* i—CN ), and q is a complex valued polynomial, on the same domain,
that has no factor in common with every p;. Suppose that q(0) # 0 and that g is invariant under

the action of some matrix «y. Then q and each p; are separately invariant under that action.
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Remark: the condition that ¢(0) # 0 is necessary. To see this, take v = (Bl _01) and
let p =21, q= 29
To prove this lemma we first require a special case.

1.4.2 Lemma: Suppose p and q are polynomials that have no common factor. Suppose that
q(0) # 0 and that g’- is invariant under the action of some matrix v. Then p and q are separately

invariunt under that action.

Proof of 1.42: By hypothesis, %} = 3. We must show that numerators and denominators

are respectively equal. It clearly suffices to show this for just the denominator.

We have p - ’%1 = po~. Since p and ¢ have no common factor, we must have g | g o~y
(in the polynomial ring C[z1, ..., 2s]). Now the action of + is linear and so q o «y has the same
degree as q. Consequently ¢ o v = cq for some constant ¢ € C. Denote by ¢ the part of ¢ that

is of degree . Since the action of 4 on the constant term is trivial,

g0 7(z) = q(0) + q1(7(2)) + ... = cq(z) = ¢(q(0) + ...).

This proves that ¢ = 1 and thus proves the lemma |

Proof of 1.4.1: We may first write g- = (ﬁ, ceny %) where each rational function is in

lowest terms in the quotient fieid of C{z]. Now g; | ¢ and hence ¢;(0) # 0 for each j. By 1.4.1

each p; and g¢; is thus separately invariant under the action of ~.

The denominator ¢ is the least common multiple (Icm) of {q1, ...,qx}. This may be iterated
as ¢ = lem(...lem(lem(q1,42),43) - ..,qn). We claim that lcm(q;, ¢2) is invariant. To prove
this, suppose that the greatest common divisor of ¢; and g9 is r. (We are, as always, in the
polynomial ring.) Then we have q; = rs and g2 = rt where s and ¢ have no common factors.
As above, we see that r(0), s(0), £(0) # 0. Since ¢; and g9 are invariant under the action of

rs

v so is the quotient 4121 = 13 = ;- As s and ¢ have no common factors and t(0) # 0 we may

14



again apply the previous lemma to conclude that s and ¢ are separately invariant. Hence so is

o= 2} and thus rst = lem(q, g2) is invariant, as claimed.

By induction on N we see that ¢ is invariant. Because the quotient f”- was assumed to be

invariant, (each component of) the numerator p is thus separately invariant as well.ll

Proof of theorem 1.22: By composing f with an appropriate automorphism of the range By
we may assume that f(0) = 0. Now f is rational, so we can write it as 71;(91,---,91\[) where h
and each g; are polynomials, and there is no factor common to all of them. Furthermore we have
h(0) # O because otherwise one sees that k has a factor in common with every g;. (This follows
as an easy exercise from unique factorization in Ciz),...,2,] and the polynomial version of
the Nulistellensatz, for example. The latter can be avoided at the expense of using some basic
manifold and analytic variety theory. The result is more generally true of meromorphic functions
that are holomorphic at the origin, also proven by invoking suitable versions of those theorems.)
Thus by lemma 1.4.1 each of these polynomials is separately invariant under the action of I'.
Furthermore, as the matrix group is diagonal, invariance of these polynomials implies invariance

of each monomial term.

Since f is both proper and continuous to the boundary, we see that ||f||2 =1lon|z|f?=1,

where z € C2 Thus we have
3 2 2
(1.43) ;& Nl = 1hf? om el = 1.

A simple but powerful technique [D2] is to expand this identity and equate Fourier coefficients.

To this end, using multi-index notation we write

g=(g1,-9N) = Y_ ca2®
aeN?

where each c, is a vector, and also write h = " ko2%. Now let z; = rje's. for j = 1,2 (the
a
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usual polar notation). Then /.4.3 becomes

Z (Cas cﬁ),,in+ﬁ|r¢;z+ﬂzei(ar—ﬂx)01ei(a;-—ﬂz)&;
a,B
- Z kﬂEnrtl“ﬂ!,Jz'zﬂ!ei(m—m)Oxei(ﬂ:—rr:)é‘:
na

onr? = 1 —rj. (This is the “expand” part.) Let d be the maximum degree of these polynomials,
and let § be the degree of h. Then Forstneric [Fol], D’Angelo [D3, ch.5], and others have shown
that § < d. This in fact follows at once from the above identity, by independence of the different
powers of ¢'®! and of *%2. Next replace r; with r for ease of notation, and equate powers of e'®’

on each side of the equation. We do so with the §—constant terms (that is, those independent

of 8 = (6;,8,)) to obtain

2 leall’r®1 (1 =13 = 3 Iyl (1 - )™

laj<d Inl<é

The high degree on the left side is 2d while that on the right is 26. Hence the high degree term

on the left must vanish identically, so we have

(1.49) > lleall*(=1)* =0.

laj=d

We have p | a) + gog for each term that appears in the sum. Since a) + a2 = d we get
plar+az+ (¢ —1)ag =d+ (¢ — 1)as. Thus (¢ — 1)ag = top — d for some integer ¢,. Let
m = vy(q — 1). The hypotheses then imply that a is even if and only if 2™+1 divides d. As
this condition is independent of «, each term in the left side of 1.4.4 has the same sign (every
a9 has the same parity). Thus that sum must be strictly positive or negative, hence not zero.

This finishes the proof of theorem /221

The proof of theorem 1.2.] will proceed in several steps. We first investigate holomorphic

maps from B" that are invariant under the action of such a matrix « (as given in 1.1.1 above).
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This action is given by

z1 z9
22
104 =
Zn
Zn 6z

Suppose that
p(zl,zz,...,z,.) = Z P(m. ,an)zl 22 n
(01, ,a..)
is a holomorphic map invariant under the action of . (Here p, is a vector in CV ) By invariance
we have p(z9,...,2a,021) = p(21,..., z4). This becomes

Z P(ay,.. .ou.)z2l 23’ Z:Ml(azl)anz Z P(a.,...,a..)Z'f‘zg’--.z;'.

(alv va") (ab"‘)aﬂ)

Equating monomials we see that

Plan,ay...,@n-1) = 6" Play,...,an)"

Similarly, we obtain

6an—l+an

Ql
~—r

(1.4 Play,....an)

p(an—-l'awdl--uan—!) =

— faid...$an
p(ahah'“vanpal) - 6 ’ p(ali"'van)’

p(alv"'vaﬁ) = 6al+."+a"p(al!'"van).

146 Lemma: m | a; + a3 + ... + a, (unless p, = 0).
Proof: This follows from the last equation in /.4.5, which implies that §:+-*2» — 1l

14.7 Lemma: Suppose f = p/q is a proper rational map from B3 to By that takes zero 1o

zero. Then p has a term of the form p(, 0)2] where the coefficient is a nonzero vector in C¥ .
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Moreover, if we take the largest o such that the vector coefficient is nonzero, then pq o) must be
orthogonal 10 p(g o). (This latter vector could of course be zero.)

Proof: The results in [CS1] and [C] show that f is holomorphic in a neighborhood of the
closed ball; that is, when expressed in lowest terms f = p/q, we have ¢ # 0 on the boundary.

We claim that there is a term in p of the form p(, )27 If not then we have

»L0)
f.0=Era=o0

This would contradict the fact that our map takes boundary into boundary.

Note that since f extends to be holomorphic in a neighborhood of the ball, it is necessarily
continuous to the boundary. That it is proper and holomorphic is then equivalent to the identity
If]I> = 1 on the sphere ||z||? = 1. This in tumn becomes |ip||® — |gI*> = 0 on the unit sphere.
We have

Z ({Du. Do) — 4.3,)2"7" = 0

114
on ||z||? = 1. Again we “expand and equate.” We write z, = r,e's for j = 1,2 to obtain

the identity
(1.4.8) Y (Purp) = 4uq, )} iy e A gliliamia) - g
By

on r? + rZ = 1. As the different powers of ¢*® are independent on the sphere, we can equate

Fourier coefficients in /.4.8 above to see that

Z ((Pp, P,,) q“q”)rl"l‘HH patve _ =0
u—v=constant£(0,0)

onr%-}—r%: 1.

Now fix g —v) = a and ug — v3 = —a. Then we have

Z((P(v|+a.uz—a)vP(v-.vz))—Q(v.w.uz-a)?(ul.m) Py =0

v
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on r‘f-}-r% = 1, where the sum is over all v = (v, v2) for which v2 > « (recall that all subscripts
correspond to monomial powers and hence must be nonnegative). If « is even, leave this equation
alone; otherwise multiply both sides by riro. We obtain (for k = a/2 or k = (o + 1)/2 as the

case may be):

- k. 2v—2k
Z ((p(v1+a,uz—a)’ p(ul,vz)) - q(u|+a,uz-a)Q(u|,vz))rf”nL? r2y2 %* = 0

v

on r? +r? = 1. Replacing r§ by ¢ and rf by 1 — ¢ yields the identity

- kb
Z ((P(uﬁa,v;—a)a P(u,,v;)) - 9(vn+a.vz-or)q(m,vz))(1 - t)w+ t*2 k= 0.

v

The lowest degree terms in ¢ occur when v2 = a. These must vanish identically, hence

(1.4.9) Z ((P(y.+a,0)a p(v..a)) - 9(vl+a.0)§(v|,a)) = 0.

vi=a
By the hypothesis on a the only nonzero vector of the form p(,,+n 01 1S P(4.0). Furthermore,
by restriction of our map to the set {29 = 0} we have a proper rational map between balls that
takes zero to zero; hence the degree of the denominator is strictly less than that of the numerator.
Thus all coefficients of the form g(,,,, o) are zero. The only surviving term in equation 1.4.9
is thus (p(a,O)vp((),a)> = 0.0

With this technical lemma we now prove

Theorem 1.2.1: There is no proper rational map f : B, — By invariant under the action
of any matrix of the form ~.

Proof: Assume f = p/q is such a map. By composing it with an automorphism of the
target ball we may assume that it preserves the origin. We write p = ) p,2® in the usual
multi-index notation. By restricting to the set z3 = ... = 2, = 0 we have aapropcr rational map
from B; to By. Lemma 1.4.7 then implies that p has (nonzero) terms of the form p(,, g, 027"
and pq,..022° By lemma /4.1, invariance of f implies separate invariance of numerator

and denominator. Lemma /.4.6 and the equations that precede it then show that terms of the
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above form come in pairs with exponents and vector coefficients equal. (That is, for any nonzero
vector coefficient p,, o .. 0) there is an equal coefficient pg ,,..,0))- For some pair this exponent
must be maximal, as p is a polynomial. But lemma 4.7 states that the coefficients for that
pair must be orthogonal, a contradiction to the fact that they are equal and nonzero. This proves

theorem 1.2.1.H

1.4.10 Corollary to theorem 12.1: There is no proper rational map from B3 to By that is

e 0 O
y=[0 ¢ 0]
0 0 ¢

Proof- Take § = ¢2*/3 | The matrix

010
yvi=(0 0 1
6 00

N

invariant under the action of

is unitarily similar to 4. That is, they have the same characteristic polynomial and thus represent
the same transformation relative to different bases. Thus by a unitary change of variables, a
proper rational function invariant under the action of - becomes one invariant under the action

of v4;, contradicting the theorem.l
This result has a combinatorial interpretation given in chapter three. We can rule out some

other diagonal matrix groups in this manner. Specifically, one can show that exactly those

diagonal groups generated by matrices of the form

€q 0 0 °
y=1{ 0 e271/3 €9 0
0 0 et*i/3¢y

are eliminated by this method. This generalizes to higher dimensions in a straightforward way. In

the even dimensional cases we get nothing that was not already eliminated by Forstneric’s results.



Chapter 2 Invariant polynomial maps: algebraic results

2.1 Preliminary material

As in the previous chapter, we may associate to a proper monomial map f between balls
that takes zero to zero a real valued polynomial with nonnegative coefficients. This polynomial
is p = ||f1|%, and it will play an important role in this and the next chapter. In more detail, if
the components of f are the monomials cy,,... .o, 27 ".--23" then p(z1,...,2,) = ; |ca|2z‘f‘...x;’,",
where z; = |z,-|2. Note that if f is invariant under the action of some diagonal unitary matrix
group, then all monomials that occur in p are squared absolute values of invariant complex
monomials. Since f is a proper map between balls, we see that p = 1 on the hyperplane
zy + ...+ o = 1. Equivalently, z; + ... + z, — 1 | p(z1,...,2a) — 1 where the division is

performed in the polynomial ring Rizy, .. 2,1 We will henceforth refer to p as the canonical
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use z,w for our compiex variables, and z,y for real variables, for ease of notation.

An operation of fundamental importance in D’Angelo’s factorization results is that of
tensoring one proper map between balls (or a part thereof) by another. Specifically, if h =
(hy, ..., hy) is one proper holomorphic map between balls, and k = (ky, ..., k,) is another, then

the map
h® k = (hiky, hika, ..., hikg, hoky, ..., hok,)

is easily shown to be a proper holomorphic map between balls as well (see [D3, ch.5]). We
remark that the particular order in which we list the components is irrelevant; it merely amounts
to a choice of basis for the range space. It is natural, in this setting, to consider maps that differ
by a unitary matrix to be equivalent. Note also that the dimension of the tensor product map

is the product of the dimensions of the component maps. This accounts for a crucial difference
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between maps to one versus multiple dimensions; tensoring pairs of the former amounts to simple

muitiplication and does not increase the dimension of the range.

Suppose now that A is a linear subspace of C'. Denote by h 4, h 41 those components of h
that map into A, AL respectively. That is, h 4 is the projection of & onto the subspace A. We
write h = hg @ h s and define E 4 )b = (ha ® k) ® hge. (E is for “extend”™). This “tensor
product on a subspace” is similarly seen to be a proper holomorphic map between balls. For
notational convenience we generally just write E and suppress the rest. If we have a map in the
form f = (hs ® k) ® h 4+ we similarly write (again suppressing some information) A = E-1f.

(This we naturally call “untensoring”.)

Suppose p is a proper polynomial map between balls that takes zero to zero, and the degree
of p is n. Then D’Angelo in [D2] shows that p can be obtained as (E~!)™ LE™(Id) where L

is linear. That is, we siart with the ideniity map, tensor it with itself n times (taking the full

tensor product cach time) i0 Obiaiii a HOMOEEHCOUS map, porfomm some lincar cperation (that
is unitary on the range of the map constructed thus far), and then perform some untensoring
operations (these last might be done on proper subspaces). The proof proceeds as follows (see
(D2] for full details). If we write p = p; + ... + p, where each p; is homogencous of degree ;
then it is not hard to show that the range of p, is orthogonal to that of p;. More generally, for
nonhomogeneous polynomial maps, the range of the highest degree terms is orthogonal to that of
the lowest degree nonvanishing terms. (Just set <Z p,',z p,-> =1on ||;:||2 =1, let z = re',
and look at the highest powers of €' in the resulti‘ng ex;Jression.) Letting A denote the range
of p;, we form E(4 14)p and still have a proper polynomial map between balls of degree n.
Moreover, now we have (the new) p; = 0 as well, and the range of p, is thus orthogonal to that
of (the new) py. We continue this procedure to produce a homogeneous map of degree n. Since

this map is just the full tensor product of the identity with itself n times (up to multiplication

by a unitary), we have our result.



Along these lines we require another basic fact.

2.1.1 Proposition (D’ Angelo): Suppose f is proper polynomial map between balls that takes
zero to zero. Then there is a linear map L and a proper monomial map g between balls such
that f = Lg. Furthermore, the linear map has unit column vectors, and the coefficients in the

monomial map are all positive reals.

The monomials used in g are precisely those that appear in the polynomial map. In fact,
if our polynomial map is given (in multi-index notation) as f = 3 c,2* where the coefficients
are vector valued, then the monomial map ¢, which we call the monomialization of f, has

components given by g, = ||ca]] 2°.

2.2 Results concerning polynomial invariant maps

There is a result analogous to D’Angelo’s factorization, for poiynomial maps between baiis
that take zero to zero and are invariant under the action of some unitary group. We state and

prove the relevant theorem in this section.

In the D’Angelo factorization, the allowable operations are linear operations that monomi-
alize or split or collect like monomials (these preserve length from domain to its image) and
tensoring and untensoring operations on linear subspaces, by the identity map. With group-
invariant maps for given unitary group I', we will instead do tensoring and untensoring by the
I'~basic invariant monomial map. For polynomial maps invariant under the action of a matrix
generated by ] we will give a simple proof that essentially mimics a more general factoriza-
tion of proper polynomial maps between balls given by D’Angelo in [D1]. For maps invariant

under the action of a matrix group generated by some (6

0 E%) the proof we give will use

different techniques.

2.2.1 Theorem: (i) Let f be a proper polynomial map that takes zero to zero and is invariant

under the action of the group I' generated by exI. Then f can be obtained from the T —basic
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monomial map g described in section 1.3 by the type of linear operations described above and
the operations of tensoring and untensoring on subspaces by that map g. That is, we can write
- (' \"
f= ( (—,y)) LE?-,y)(g)'
(i) Let f be as above but now invariant under the action of a group I generated by ( e(;‘ 602 ) .
k
Then f can likewise be obtained from the T —basic monomial map g described in section 1.3 by

linear operations as above and the operations of tensoring and untensoring on subspaces by that

m
map g. In other words, once again we can write f = (E(‘_ l,g)) LET_ g)(g).

A conjecture of D’Angelo’s is that all rational maps can be obtained by a factorization
similar to that for polynomial maps, if one also permits tensor products and inverses thereof
with automorphisms that move the origin [D3, ch.5]. If this conjecture is verified, one expects
there to be an analogous factorization result for rational group-invariant maps.

Proof of (i): By 2.1 1 we may write f = L o ¢ where L is such a linear operation and g is
2 proper monomial man hetween balls; it too is invariant since the matrix group is diagonal. It
suffices now to obtain g as in the theorem. To do 50 we will “homogenize”. Let d be the degree
of g. Then each monomial in g is of the form ¢, 27"...25" where & | zn: a, and hence d = kr.
Since the I'-basic monomial map b is of degree k, we can iteratively ]t;r;sor every entry of g of
degree less than d by the basic map b until we obtain a homogeneous map of degree d to a higher
dimensional ball. It is still invariant and proper. After performing a linear operation that collects
monomials (which is of the above type), we obtain a map that is unique up to multiplication by
a unitary ([R1] or [D1]). This map is therefore U o h, where h is the degree d homogeneous
map that is invariant under the action of €!/7I. As this map is obtained by tensoring the I'—basic
monomial map with itself, we have g = (E~1)" o L o (E)'(b) as desired.®

It should be noted that a proof can also be modelled on the factorization result in [D2] as
outlined in the previous section. The one in [D1] was used here because a similar approach

will be required to prove 2.2.1 (ii).
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22.2 Example: Let I" be generated by ( 0

_(1] ) One checks that

2.,.2 2_ .2
flz,w) = (z \-;éw , z \/iw V223w, 22202, \/§zw3)

is a proper map from B to Bj that is ['—invariant. Then
g(z,w) = (22, w2, \/izaw,2z2w2, \/ézw3)

where the linear operation is in this instance a rotation by 7 /4 in the first two slots and the
identity in the last three, hence is unitary. To get a homogeneous map of degree 4 we now

tensor the first two slots of g with the I'—basic map (z,w) 1— (22, v2zw, w?) to obtain
(z,w)1— (24, \/§z3w, z2w2, z2w2, \/izwz, w4, \/izzw, 2z2w2, \/ézws) .
A linear operation takes this to
g'(z,w) = (24,2331_17, \/622102, 2zw3.w4)

which is (up to multiplication by a permutation or diagonal unitary mawix) the unique monomiai

map with linearly independent terms that is invariant under the action of v = ( (; (3) Note

-1 0
0 -1
(z,w) 1= (22, V22w, w?) with itself and then collecting like terms via linear operation, we

that ¥ = 2 in this example, and thai 4% = ( ) As g* is cbtained by tensoring
have f factored as specified in the theorem.

For polynomial maps that take zero to zero and are invariant under the action of a unitary

group I' generated by

(2.2.3) N = ( (‘) 32)

we first require a weaker result; it is of some interest in its own right.
22.4 Proposition: Suppose f is a proper polynomial map between balls that takes zero to
zero and is y—invariant with +y as in 2.2.3. Suppose g is the I'—basic such map. Then |lg||2 -1

divides ||f||* - 1 in the ring Rz, y).
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Proof: Let p, q be the canonical real polynomials associated to f, g respectively. As each is
I'—-invariant, so is their quotient. Now suppose that

*

p—1 p

-1 ¢

expressed in lowest terms. Each factor of ¢ — 1 has nonzero constant term that can (dividing
through by that constant) be taken to be 1. By the introductory remarks to this chapter, z +y—1
divides both p(z,y) — 1 and ¢(z,y) — 1 as polynomials. Thus ¢* is a proper divisor of ¢ — 1,
and we have ¢* = 1 + .... If ¢* # 1 then it has terms in only one variable; otherwise the high
degree terms in the product that yields ¢ — 1 would have zy as a factor. This is not the case
since the high degree terms in ¢ are each in only one variable. (Recall that, for ¢ a primitive k%
root of 1, we have ¢ = |jg||? = z* + kzF~2y + ... + y*. The coefficients are the squares of the
I'-basic monomial map coefficients.) Now since ¢* has nonzero constant term, it is separately
I'—invariant by lemma ] 4.7; as T is diagonal, each term is then invariant. But the degree of ¢*
ig strictly less than that of 4, and there are no invariant terms in one variable that are of smaller
degree. Hence ¢* = 1, as required. @

Note that the quotient polynomial is invariant, for if not, then any noninvariant monomial
term of minimal degree would give rise to a noninvariant term in the product p(z,y) — 1. We
also remark that the result of this proposition also holds for maps that are invariant under the
action of a group generated by eI; the proof is unchanged.

We now prove theorem 2.2.1 (ii). Let f,g,p, q be as above. We assume ¢ is a primitive
k™ root of 1, and so q(z,y) = |lg||*> = z* + kz*~2y + ... + kzy"T + y*. (As we assume
I' to be fixed-point-free, k¥ must be odd.) By 224 we know ¢ —1 | p — 1 in the real
polynomial ring. We will denote the quotient by Qy; this notation is similar to that used in
[D4]. Choose n large enough so that the (n — 1)—fold tensor product of g with itself, which we
will call h, contains no monomial that appears in f. (For example, take n = 1 +deg f.) Let

r(z,y) = ||h||2 be the canonical real polynomial associated with h. By construction, r = g".
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Thus r ~1 = (g—1)(1+g+...+¢*!) = (¢—1)Qx. Note that our choice of n is also
sufficiently large that every monomial in Qy also appears in Q.

As in 2.1.1 we first apply a linear operation to f to obtain a monomial map (which we
will sdll call f). We now claim that by applying linear operations that split monomials into
two components, and then tensoring one of these components with ¢, and repeating this process
finitely many times, we can obtain h. This suffices to prove the theorem, for it tells us that f
can be obtained as L(LE)™™LE"(g) where all ensoring and untensoring is by the map g. We
will show that appropriate linear operations and tensoring by g will transform f into h, where
||iz||2 = ||k||® = r; hence h differs from h by a linear operation.

225 Lemma: Suppose c\z®y® is a monomial term in p(z,y), and 0 < ¢ < ¢,. Then we may
perform a linear operation to split the z*w® monomial, followed by a tensoring operation of one
of the new monomial components by the basic invariant map, in such a way tha: the resulting
monomial map, f*, satisfies Q- = Qg + coz®y’.

We conclude that tensoring a part of f with g to obtain f* corresponds to taking part of a
term in p = ||f||2 and adding it to Q to form Q.. A similar result is stated in [D4], though
instead of working with the basic invariant map g one works with the identity map.

Proof: f = (...,/€1z*w’,...). A linear operation as described above takes this to

(..., Caz*wb, /o1 — caz%wP, .. .). We tensor the \/c3z°w® entry with g to obtain
f*= ( ey \/c_zz"“wb, kegz8th—2ypb+1 \/c_zz"wb'”‘, Vel — ca2®u’, .. )
This map has canonical real polynomial
.12
WP =... + caz®yP(alz, ) + (c1 — )=y +
.+ ez®Pg(z,y) - 1) + iz + ..

= IFI? + e1z®4t(g - 1).

'I‘hus Q[. pa— "f "l-l —_ “!"3 +C[I y — Q[+Cll’ y .

II
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To prove the claim, we have Q) = ¢" ! +¢" 2+ ... +¢+1 = z%ca‘b:z:“yb and
Qr = Zbda‘,,z“yb where cg0 = doo = 1. Suppose inductively that for som:pair (a,b) we
have c:,; # dg p but that for all lower degree terms the respective coefficients agree.

22.6 Lemma: As in lemma 2.2.5, we can perform a linear operation followed by a tensoring
operation on our map f to obtain a new monomial map f*, in such a way that Q¢. = Q5 +
(cap ~ dap)zy.

Hence Q. agrees with Q; in every term that Q; did, as well as in the z°y® term. Note
that this lemma suffices to prove the claim, and hence theorem 2.2.1 (ii).

Proof:
p=1=(¢-1)Qr=(g—1)(1+... +duss®y’ +...)

=-14...4 [ca—k,b + kcg—gsop-1+-.. + kca-—l,b—(k—l)/2 + Cak—k — da.blzayb +...
Call the bracketed expression t. We adopt the convention that all coefficients with either subscript

negative are zero. All terms except the last come from multiplying the squares of coefficients
of the I'-basic map g with appropriate c; s in Q. As p is the canonical real polynomial
corresponding to the map f, we have t > 0.

Now f has an entry +/22%w®. We want to perform a linear operation and tensoring operation
to obtain f*, so that Q. = Qy + (cap — dap)z°y®. By the previous lemma this is possible

provided 0 < cgp — dgp < &

Case (i): The monomial z°w? does not appear in k. Then we have
Ca—kbp+ kCak42p-1+ ... +Capt —Cap = 0.

Hence cop — dgp = t > 0 so in this case the desired operations can be performed.

Case (ii): The monomial z%w® appears in h. Then since
2
r= k)" = ... 4 [ca—kp + kCakr2b-1+ .. + Capok — Cap)z®y’ + ...
has positive coefficients, we must have c,_gp + ... + a3~k > Cap and hence cop — dyp < 2.
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Now by choice of (large) n, we are in case (ii) only for pairs (a, b) for which d, 5 = 0. On
the other hand, as Qp, = 1+q+¢2+...+¢"" !, we see that every coefficient ¢, 5 > 0. Hence we
also have ¢, 3 —d, 3 = ¢4 > 0. Thus the operations may be performed in this case as well. This

concludes the proof of lemma 2.2.5, and hence finishes the claim that proves theorem 2.2.1 (ii).l

The invariant map from Bj to B17 found by Chiappari (and derived in chapter three), though
not a basic invariant map, nevertheless has minimal possible degree and is therefore seen to satisfy

proposition 22.4. Hence it satisfies theorem 2.2.1 (ii) as well. The proofs are the same as above.

The results above all hypothesize origin-preserving maps. If a proper polynomial map
between balls has a nonzero constant term, then we may still perform the monomialization of
2.1.1. We then we take the square of the norm to form the associated real polynomizl, ac before,

We obtain the equation

pz) = leal’z® +lcol® =1

on z) + ... + z, = 1. In an obvious manner we get an origin-preserving group-invariant proper
monomial map from B, i0 (1 - icoi2) By for some N. We rescale to get 2 map between unit

balls, and all above results will then apply to this map.

2.3 Nonexistence of other basic invariant maps

We now prove a resuit mentioned in chapter one.

23.1 Proposition: Let T’ be generated by v = (66’ 3,), with p relatively prime to q. We
P
assume that 2 < q < p, and p # 2q — 1 (this last being clearly equivalent to the case q = 2.)

Then there is no I'—basic invariant proper map from By to any By .

We remark that this proposition suffices to prove a corresponding result in the case of a

higher dimensional domain; we simply restrict our attention to a two dimensional subspace.
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Proof: The proof given here may be a bit longer than necessary; it is completely elementary
and makes no use of results in the literature concemning bases of the algebra of I'-invariant

polynomials.

Since T is diagonal it is easy to see that we may take our basis to consist of monomials.
The invariant monomials are of the form z%w® where p | a + gb. Now zP and wP are basis
monomials; they are invariant and clearly no lower power in either variable alone is invariant,

so they are not products of other invariants.

Suppose we have such a monomial map between balls. If it has elements ¢, 32%w? then as

before we let r(z,y) = 3. |c,.,,|2x“y" and note that r(z,1 — z) = 1. Thus

2
1= epol’z® +lopl’(1 = 2P + Y |eap| 2%(1 ~ 2)".
a,b#0

Equating terms of like degree on each side, we immediately see that |co,,,|2 = 1. By reversing
the roles of z and y (i.e. noting that r(1 —~ y, y) = 1) we obtain |c,,,oi2 =1 as well. We see that
if there are no I'—basic monomials of degree larger than p — 2 then we are done because in that
case the only term in zP—! is (—1)" 'plco p|%, which forces the contradiction [co - = 0. We
will show that there are indeed no such basis monomials. To this end, forany 1 <k <p-1
we define o; to be the smallest positive integer such that zF102* js I'—invariant. In other words,
ay is the representative of —g~ !k in the ring Z,.

232 Lemma: (i}1 <ap S p—-1

(i) If k # 1 then o # ay.

Proof of 2.32: Since p and q are relatively prime there exist integers s,¢ such that
sp+tq = 1. We take the set of integers {k,k + ¢,k + 2q, ...,k + (p — 1)q}. Upon rewriting this

as {ksp + ktq,ksp+ (kt +1)q,....ksp+ (kt + p — 1)q} it becomes clear that p divides exactly

one of these integers, and not the first one, k. Hence there for some unique 1 < m < p-1
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we have p | k + mg and so a; = m. Furthermore, if op = oy then we have p | k + azg and
p|l+arqandthus p| k— 1. As1 < k,1 < p we must then have k = [l

2.3.3 Lemma: Under the hypotheses of proposition 2.3.1, we have a; +1 < p —~ 1.

Proof of 2.3.3: By lemma 2.3.2 this inequality can only be violated if either oy = p—1 or
aj=p—-2Ifa;=p~1thenp|1+(p—1)g and so p | ¢ — 1. This implies ¢ = 1 which
contradicts our hypotheses. If on the other hand we have a;j = p—2 thenp | 1 + (p—2)q
and so p | 2¢ — 1. Since ¢ < p we have 2¢g — 1 < 2p and so p = 2q — 1 which again violates
our hypotheses.l

234 Lemma: Forany 1 < j < p—1 either j + a; < p — 1 or else there is some k < j
such that ap < «oj.

We note that this lemma suffices to finish the proof of proposition 2.3.1 because if j + o >
p—1 then zJw® = (7% ) (27—#* =) where all exponents are positive. Since z/w® and
2k are each T'—invariant, so is z/~%w® =2 Hence a;_r = a; — ar and so 2zJw® is not a
basis monomial. Thus all basis monomials are of degree stictly less than p— 1, and this suffices.

Proof of lemma 2.34: If the lemma is false, then take ; to be the smaliest violator. Then
for every k < j we have ap > aj. Thus we obtain p— j ~1 < aj < ay,...,a;-1 < p-—1.
We now have j distinct integers occupying j + 1 consecutive slots; the inequalities then force
cither aj = p— j — 1 or aj = p — j. (We remark that from this point, it is trivial to prove by
the pigeonhole principle that no basis monomial has degree strictly larger than p.)

Claim: for some 1 < k < 7 we must have k +a; > p— 1. Indeed, the second lemma implies
that a; = p—3. Thus for some 1 < k < j we have a; € {p — 2, p — 1} and this proves the claim.

By the assumption of minimality of j there must be some 1 < [ < k with a < ay.

We then have z*

w* = (2'w®)(F'w**~) with all cxponents positive; it is then clear that
aj_t=ar—ar. Nowp—j<ay<ap <p-limpliesthataor ; <(p—1)—(p-j)=j—-1.

Since k—1 < j we also know that a_; > p—j. Thus we have p—j < j—1andsoj > }(p+ 1).
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We call this condition S (for Sarah, the author’s daughter) and note that it is independent of our
parameter g, subject to the hypotheses that ¢ # 1 and 2¢ # p + 1. We now show that unless
g = 2, condition S will be violated for another matrix group T generated by y = (; 3)
for some r relatively prime to p.

Specifically, take r < p such that rqg = 1 modulo p. We have r = 1 if and only if ¢ = 1 and
similarly 2r = p+ 1 if and only if ¢ = 2; those cases are excluded by our hypotheses. Thus we

are in a position to apply condition S to the F—invariant monomials.

To this end, we now reverse the roles of our variables; that is, we take monomials invariant

e
0
matrix group, every invariant monomial is of the form z*'w' where z'w™ is ['~invariant. Given

under the group generated by 5 = ( S) This group is just T because 3" = p. For this

1 <t < p-—1 we define B, to be minimal such that 2w is T —invariant. Observe that the
pairs (¢, 3,) arc identical to the pairs (o, [) where 2/w® is T—invariant.

Now let m = a,. Then f,, = j. Our assumpdons apbout j imply thai oy < aj only if { > j.
That is, for a pair (¢,3;) we have ¢ < m only if B > Bn.

in summary, m + S, > p— 1 and for any ¢ < m we have 5¢ > Sm. We see that m viclates
the lemma. But m = o; < 5 and this contradicts condition S, which was shown to hold for the

minimum (and hence any) such value violating the lemma.li

This finishes the proof of proposition 2.3./.0

2.4 Further remarks about polynomial maps from lens spaces

We use the first theorem of this chapter to give necessary conditions on proper polynomial
maps between balls that take zero to zero and are invariant under the action on the domain of
certain cyclic diagonally generated finite matrix groups. We will work with some of the groups

for which we have not ruled out the existence of such maps.
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24.1 Example: Suppose that ¢ = €12 and I' is generated by v = (0 3,) Then

0 € -\0 :
such a map may be factorized as in theorem 22.I (i) by tensoring the 43—basic monomial

3 63 0 + 1 0 . . . 3 .
7 = ( = . Now any v—invariant map is vy"—invariant as well; thus

map f = (z*,22%w, VB22w?, 220%, w*) with itself, applying a linear map that is unitary on its

range, and untensoring on subspaces by this map.

This sort of reasoning applies to any cyclic matrix group that contains a subgroup generated

by a nontrivial element of the form (g g) or (g f2 ) . An important class of such groups are

those that give rise, upon taking topological quotients, to the lens spaces L(2k,2k ~ 1). Letting

€ = eg;,these are generated by vy = ( ; 62,?_1). (Note that if 2 | k£ then the existence of such

0 €
k €k 0 -1 0 . . be obtai bl b
and s0 7* = 0 £/ 10 -1 . Thus any 4—invariant map must be obtainable by
\ N\

a linear operation and tensoring/untensoring the 4*—basic invariant map, which is g(z,w) =

maps is precluded by theorem 1.2.2.) For these groups we have y = (; 622_1) - (6 0)

(22. \/ﬁzw,wz), with itself.

2.4.2 Example: As a related remark in the specific case of L(6, 5), we recall that an invariant
proper map of minimal degree would exist if and only if there were a real polynomial of the
form p(z,y) = 28+ az’y® + bx2y? + czy + y® with nonnegative coefficients such that p = 1 on
the hyperplane z +y = 1. There is no such polynomial. Indeed, the only polynomial of degree 6
which is identically one on the hyperplane is p(z,y) = z8+22%3 — 9222 + 62y + y®. The same
proof as in proposition 2.2.4 then gives the following: any proper polynomial map f from L(6, 5)
to some ball must satisfy p—1 | (|| fl |2 - l) in the polynomial ring. Thus the existence of such a
map is equivalent to the existence of a real polynomial g(z,y) = 1+... invariant under the action
ofy= (8 605 ) , such that the product (p — 1)q has only nonnegative coefficients. It is not hard
to show that similar results hold for other lens spaces of the form L(2k,2k — 1). For example,

when k = 2 (a case ruled out by theorem 1.2.2) we have p(z,y) = z* — 2222 + 4zy + y*. It is
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then a straightforward exercise to see that no such quotient polynomial g can exist (one of the

high degree terms in the product must have a negative coefficient.)

There is another curious but noteworthy fact about the lens spaces L(p, p — 1) (where p can

now be odd). We may represent the quaternions over C2 as matrices of the form (: _g )

with z, w € C. The three-sphere 53 is then the group of unit quaternions, that is, those for which
2|2 + |w|? = 1. (This is also the classical group SU(2).) Now y = (5(; epo_l) - (; g)
p

generates a finite subgroup I' C 3. Then the lens space L(p,p — 1), a topological quotient of

the sphere, has an algebraic structure as well; it is the homogeneous space of cosets S*/T.



Chapter 3 Combinatorial aspects of this work
3.1 Symmetric and asymmetric coefficient triangles

In this section we will look into proper monomial maps from B/T' to By where T is a

matrix group generated by v, = (66’ 0) or 72 = (6" 02)
€p 0 ¢
The ~;—basic invariant map is (z,w) 1— (z”,\/ﬁz"lw, (’5)2”’2w2,...,w"). As in the
last chapter, we associate to it the real polynomial

p(z,) ="+ 52+ () kP = (a0

We know that z + y — 1 divides go(z,y) — 1. In fact, we have

gp(z,y) —1

= p-1 =2 4 +1
por— (z+y)  +(=z+y) " +... +

-1
=a:p-l+(p—1):tp_2y+(p9 >zP'3y2+...+yP'1
2
+2.p—2+(‘”_2)1p-3y+ (P;2>zp—4y2+“_+yp—2

+...+z+y+1.

That is, the coefficients of the terms in g,(z, y) came from the ptt row of the the Pascal triangle,
while the coefficients in the quotient are given by all the previous rows. There is nothing at all
deep here; it is of some interest to compare to the case where we use the v9—basic invariant maps.
The first few of these have canonically associated real polynomials
gxz,y) =z +3zy + "
g5(z,y) = 2" + 5z% + 5zy* + 4°
gi(z,y) =z + Ty + 142y + Tz + 47

go(z,y) =z + 9z7y + 27z%y? + 30z + 92yt + ¥
We remind the reader that the coefficients of the above polynomials form the corresponding

rows of the D’Angelo triangle in [D1]. By polynomial long division one obtains the following

quotients:
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,y)—1
93(z,y) =x2+(_y+1)z+(y2+y+1)-

r+y-—1
@3N =1 _ 4y g 1)+ (g 43y + 1)
z+y—1
+(-y* -2 +2y+ e+ (v + P + P+ + 1)
-1
g;(iz) — =20+ (cy+ e’ + (P + 5y + Dot + (- -4t +ay + 1)
+ (30 + 6+ 3y + 1)t + (- -2t -3+ By 2y )2
+(+ e+ ),
Finally,
-1
“’i(i’Z)- =2+ (my+ 127+ (8 + Ty +1)20 + (- - 6y + 6y + 1)
+(y* +5y° + 1897 + 5y + 1)t + (—° — 49! - 1097 + 107 + 4y + 1)2°

+ (y° +3y” + 6y* + 109" + 6% + 3y + 1)
+(—y" -2 -3~ + 4P+ 3%+ 2y + 1)z
+(@P+y7 + P+t P P+ ).
Each of these quotients gives rise to a triangle of coefficients in an obvious manner; we will

call that triangle 7}, Let

g(z,y) -1 _ t . r. s
(x+y_1)_ cfpﬂzy'

define the coefficients of the quotient. That is, we let ¢} , denote the & entry in row s of T;.

We write out these triangles explicitly. Tj is



Ts is

T; is

Tg is
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One now asks the obvious: (i) Does the left-vs.-right symme;l'y (up to sign) persist in subsequent
“finite triangles™? It does. (ii) As with the Pascal and D’Angelo triangles, can the entries in
one row of a given triangle be obtained in a straightforward manner from entries above? This
is almost the case. In fact, both left-right symmetry and almost-recursive (in the sense of

algorithmic computation) entry calculation follow from:

3.1.1 Proposition: Forr # *3L in T, we have the r'& coefficient of row s given by subtracting
the rt coefficient from the r ~ 1% inrow s — 1. Thatis, ¢} , = ct_y ,_y — ¢} ,_;. (We consider
the zeroth and s*® coefficients of row s to be zero.) When s is odd and r = ’—‘5—1- this coefficient is

obtained as above, but we also add to this difference the st entry of row t of D’Angelo’s triangle.

Proof: For given ¢ we show by long division that this holds for the top row of the triangle
T; (that is, the only factor of z'~! in the quotient (g; — 1)/(z + y — 1) is 1.) It is simple to
verify the proposition for the next two rows via long division; in doing so one sees the basic
induction technigue. Ag thic ic the only mathematical result I have to show for the summer of

'89 (when Sarah dropped in, so to speak), I will give the cumbersome details below.

We assume the result holds for the first 2r + 1 rows. To complete the proof we must
show it for the next two rows. To this end, we multiply the factor (z + y — 1) by that part of
the quotient constructed thus far, and in so doing we account for all terms in the dividend
in 28,1 ..., 2", We also obtain in this product z!~2~1(y% + ... +1)(y — 1) where
(¥ +...+1) is the factor of z'~? in the quotient (g; — 1)/(z + y — 1). As none of the
terms in this product appears in g;(z,y) — 1 (unless ¢ = 2r + 1, in which case we are finished),
we must utilize factors in the quotient to remove them all. Thus our factor in z:=27=2 in the
quotient must be ~z!~2"~2(y2 + ..+ 1)(y — 1). The term in y* *! has coefficient of —1; the
one in 3 has coefficient of +1. For 1 < j < 2r the term in y’ has coefficient equal to the
coefficient of the y’z'~2"~! term minus that of the y/~1z!~2~! term (both found in the previous

step). Thus the proposition holds for row 2r + 2.
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The factor —z*~2~2(y% + ... + 1)(y — 1) gives risc to terms
—2" 2T L+ (- + Dy - 1)

in the expanded product. The polynomial g(z,y) — 1 also has a term k;, 412" 22y +! where
k¢e+1 is the r+ 122 entry of row ¢ of D’Angelo’s triangle. (Here we number the entries beginning

at zero.) We therefore have in our quotient the term
=GP+ o+ Dy + Dy = D) + k™).

The terms in y2r+2 and y® have coefficients of +1. For 1 < j < 2r+ 1 and j # r + 1 the
coefficient of the term in y/ is seen to be the difference of the coefficients in y/ and y/~! from
the row computed in the step just above, as required by the proposition. The term in y"*! has
coefficient given by adding k. .41 to this difference, also as prescribed by the proposition.
This shows that the proposition holds for row 2r 4 3 as well. This completes the inductive

proof of the proposition.ll
3.2 A depiction of monomial maps from the 2-ball

Throughout this section, unless otherwise indicated, 2 “map” is assumed to be a proper
monomial map from the two-ball to some other ball in complex Euclidean space. We will give a
precise meaning to the word “depiction”. The word “representation” would probably read better,
but it has been used in a much different context already in this thesis.

As previously described, D’Angelo’s factorization thcorem for proper polynomial maps
between balls that take zero to zero begins by showing that such a map, say of degree m,
can be converted to a homogeneous map between balls, also of degree m, by tensoring on
certain subspaces with the identity map. As these are essentially unique ([D1], {R2]) a linear
operation will convert this to the monomial map{ (a,,ﬁ,a”)za} where o ranges over all
multi-indices of length m. Thus the original map may be obtained from this homogeneous map

by reversing these operations.
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When the domain is B9 and we are working with monomial maps this result can be portrayed
as follows. We begin with row m of the Pascal triangle. A pair of neighboring monomials in
the proper homogeneous map from By t0 Bm+1, say Cqpz%w® and cu—1 4129~ twd+l) (where
a + b = m) are depicted by the elements |c,,,b|2 = () and |c,,_1,b+1|2 = (,5;) in that row
of the triangle. We may untensor to form a new monomial map between balls by replacing
k(2%w® + 22~ lwb+!) with k29~ w® where k < min(cap,ca~1+1)- This is depicted by placing

k? diagonally beneath the binomial coefficient values, as in the picture below.

(3.2.1) - (7) (br-:l)

In summary, this depicts a new map, no longer homogeneous, whose 2%uwb coefficient is

2 _ .. 2 i .
v |cas|” = k2, whose z8~1uwb+! coefficient is y/|cs—1,44+1] — k% and with a new monomial

+ a==1_b 2, sy T3n S e e H 1 1 i i
k22 w”. We depict furiher untensoring in this same manner, always operating on neighboring

k2

Sl ' e emecmman Al amAllAitan 3 i i
pairs of notm-squares of cocfficicnts of cur mencmial map. Qur requirement is that two

“children” diagonally below a coefficient never sum to more than their common parent.

32.2 Example: We can depict the monomial map
(z,w) 1— (23, \/gzw,w:‘),

obtained from a homogeneous map by untensoring, as follows. We start with the third row of

the Pascal triangle,
1 3 3 1
which depicts the degree three homogeneous map
(z,w) 1— (23, V3:z2w, \/§zw2, w3).
We then untensor the two middle terms entirely. This is depicted by the picture

1 3 3 1



32.3 Example: We similarly obtain the map
(z,w) 1= (25, V523w, V5zw?, w5)
from the homogeneous map
(z,w)1— (25, V524w, V102402, V102203, V5zw!, w5)

by untensoring. This is depicted as

324 Example: The map
(z,w) 1— (27, Vizdw, V142 w2, VTzw®, w7)
is obtained from the degree seven homogeneous map via the following depiction:
1 7 21 3 3 a1 7 1
7 14 21 14 7
14 7 7

7
In general, we can depict the D’ Angelo basic proper monomial map from B» /T to By where
I is generated by v = (; ,?2’) with € a primitive (2M — 3)!i root of one. We begin with row

p = 2M — 3 of the Pascal triangle and convert to a new map, as depicted in the picture below.

1 p (;) (’2’) p 1

P (;) - D... ...D

We leave the entries corresponding to the (y—basic invariant) monomials 2P and w? (the 1's at
the two ends of the top row) alone, and remove all else via untensoring from the top row. By this

I mean that we completely untensor all monomials that correspond to the non-end slots in the
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top row of the map depiction written above. (Ignore for the moment the question of whether this
complete removal of all else will work out numerically. It did in the previous three examples.)
Now note that the leftmost value in the newly formed row, p, is in the slot that corresponds to the
~—basic invariant monomial zP~2w. We will leave it alone and proceed to untensor completely
the remaining terms in that row. (Again, assume this can be done.) We obtain a third row in
so doing. Leftmost is the value (§) — p and it is in the slot that corresponds to the y—basic
invariant monomial 2P~%w2. We leave it alone, untensor the rest of the row, and continue this
process....The fact that each of these rows can indeed be completely untensored, upon leaving in
entirety the leftmost element, is not at all trivial. Indeed, one must know D’Angelo’s theorem
that a y—basic invariant proper monomial map from B to some By actually exists. That we
must leave the leftmost entry in each new row in entirety then follows from the fact that no

“descendant” of a y—basic invariant monomial is also y—invariant.

325 Example: The procedure described above gives a technique for generating any map
in D’Angelo’s family of invariant maps. For instance, to find the degree eleven map invariant
e2xi/11

0
triangle and apply the steps as above to obtain the map depiction

under the matrix group generated by v = ( i/l 1) we take row eleven of the Pascal

1 11 55 165 330 462 462 330 165 55 11 1
11 44 121 209 253 209 121 44 11
4 77 132 121 68 33 11
7 58 66 22 11
5 11 11

11

The y—basic invariant proper monomial map from B is thus

(z,w) 1— (zu, v llzgw, \/4427102, 7725w3, \/5523104, Y/ llzws, wu).
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This mode of depicting monomial maps obtained via untensoring from homogeneous mono-
mial maps has several nice applications. One, as just indicated, is a technique of generating

the ( ; g)—basic invariant maps. As another, we outline a second proof of the polynomial

case of theorem 1.2.2.

€p
0

0 < v2(q — 1) < v2(p). Then there is no proper polynomial map from B2/T" to any By.

3.2.5 Theorem: Suppose T is generated by v = ( 3, ) with p and q relatively prime, and
P

First we require

32.7 Lemma: The conditions on p and q imply that if 22w® and 2°**wb~" are T'—invariant

monomials, then r is divisible by 2 (i.e. the invariant monomials are evenly spaced).

Proof: Invariance of these monomials implies thata + gb=spand(a+r)+qg(b—71)=tp

for some integers s,¢. Thus
pila+r)+qo—rj-{a+go=7{1-g)

As p is divisible by a larger power of 2 than ¢ — 1 we see that 2 | r.B

Proof of 3.2.6: Suppose f is such a map. As in 2././ we may form the monomialization of
f. We remove the constant term, if any, and rescale, as in the remarks at the end of section 2.2.
We are left with a proper monomial map from B; to some ball, and it is also ['—invariant since
I’ is a diagonal matrix group. Thus we may assume that f is a proper monomial map, say of
degree m, that takes zero to zero. Hence we may start with the m: row of the Pascal triangle
and depict untensoring of the corresponding homogeneous map, as described above. As f is
I'—invariant, we must completely eliminate any entry in the depiction that does not correspond
to an invariant monomial. (That is, the two “children” of such an entry must sum exactly to that
entry.) Subsequent entries in lower rows that arise must similarly be eliminated if they do not

correspond to invariant monomials, but this fact we do not need; we will show that we cannot
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even eliminate all noninvariant monomial entries from the top row unless we eliminate the entire
row, contradicting our assumption that the degree of f is m.

We suppose, then, that there is a leftmost entry in the top mit row that is not entirely
removed. Say it corresponds to the invariant monomial 2™k As in lemma 3.2.7 above,
we assume the invariant monomials are spaced r apart for some even integer r. We have then
removed exactly ( ’,?_‘11) from the left side of this value, and a < (”',: 1) from the right. We must

then completely remove the next r — 1 entries. We have the (partial) depiction shown below

(2) (e31) ()
(27 o ()-e [Gam) -]

Nowa < ("‘;‘l) implies that (,,7_;) — (4 7-g) + .. —a> (k'::_ll). Thus we remove strictly
more from the left side of the next invariant-monomial slot than if we were entirely removing
the top row, and therefore we must remove strictly less from the right side of this entry. This
is casily seem to be quc at 2!l subsequent entries cormesponding to invariant monomials, by the
even spacing of these entries. It is in fact clear that we are removing more (than if entirely
untensoring the homogeneous map) from every subsequent entry iocated an odd distance from
the k2 entry in the top row, and less from those an even distance away.

To summarize the above discussion, for any positive integer s we see that the “child” of
the m row pair of entries (,,7 ;) and (,75,,) is stricdy greater than (k;’;ll), whereas the
child of the next pair, (,.7,,) and (,,7..,), is stricdy less than (L";zi) If the final entry in
this row is located an even distance from an entry corresponding to an invariant slot, we are
forced to remove strictly more than one in untensoring with its neighbor to the left; this violates
the condition of leaving nonnegative coefficients for our depiction (recall that these coefficients
stand for norm-squares of monomial map coefficients). If it is located an odd distance from an
invariant slot then we are forced to remove strictly less than one from its neighbor to the left and,

since it has no neighbor to the right, we obtain a monomial map that has a nonzero coefficient for
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the monomial corresponding to this entry. But the invariant slots are evenly spaced, hence this

slot does not correspond to an invariant monomial. In either case we obtain a contradiction.ll

3.3 Depicting monomial maps from the 3-ball

We will return to maps from the two-ball presently. First we discuss applications similar to

those of the previous section, applied to maps from the three-ball.

The trinomial coefficients can be constructed as a pyramid, just as the binomial coefficients
are formed in the Pascal triangle. Thus the D’ Angelo factorization theorem for proper polynomial
maps between balls, applied to monomial maps from Bj that are of degree m and take zero to
zero, implies that these can be depicted in 2 manner similar to that for maps from Bs. Specifically,
we now start out with the m2 level of the pyramid of trinomial coefficients; it is a triangle with
m + 1 entries on each side. Orient this triangle of values so that there is a horizontal edge on
the bottom. The topmost entry will correspond to the monomial z7*. From this entry, or any
other not on the bottom row, we may descend either to the left of the right to an adjacent entry.
To obtain the monomial that corresponds to the new position we decrement the exponent of z;
and increment that of z; (respectively z3) when we descend to the left (respectively right). Thas
the entry at the bottom left vertex corresponds to the monomial 23*, while that at the bottom

right is for 23'.

We depict untensoring of a triple of neighboring slots by creating a new triangle of entries,
corresponding to monomials of degree m — 1, at the next level, and proceeding further down.
As with the depictions of maps from the two-ball, our one requirement is that the sum of the
immediate children of a given entry (there will be one, two, or three depending on whether
that slot was on a vertex, interior of an edge, or interior of a triangle) in a given level of the

depiction not sum to more than that parent.
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We will investigate (the existence of) maps invariant under the action of particular matrix
groups. Specifically, let I' be generated by
e7 0 0
y=1|0 e% 0.
0 0 ¢
3.3.1 Example (Chiappari): We construct a proper monomial map from B3/I" to By.
This is also carried out in [C]. We will use the technique above of depicting such maps to
give a different derivation. If such a map were y—basic, we would construct a depiction by
starting with level 7 of the trinomial coefficient pyramid. We would then completely remove
all entries (that is, each would equal the sum of its children) that correspond to non-basis
invariant monomials; these would be at least equal to the sum of their children. Thus we would
have a depiction of a monomial map, and all non-basis invariant monomials would have zero

coefficients. When we attempt t0 construct this depiction we find that (i) we never have any

chioice in so doing if we arc to entirely untensor entries corresponding to noninvariant monomials,

BUREL T X T 1
we will 5o “’quu\'d S not ccmpl-o.lu untancor enma antriee correenondin g to invariant

wwss Lo

non-basis monomials.

On to the construction. We start with level 7 of the pyramid, as below.
1

21 42 21
35 108 105 35
35 140 210 140 35
21 105 210 210 105 21
7 42 105 140 105 42 7

1 7 21 3 35 21 7 1
We depict untensoring by a new level of entries that correspond to monomials of degree 6.

Mentally (so as not to clutter the actual diagrams) we think of each entry in this new lower
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degree level as lying inside that upward pointing triangle of three entries which gives the parents
of the lower degree entry. The slot that corresponds to the monomial z2323, for example, has
three parent slots; they correspond to the monomials 22323, 212323, and z222}. In untensoring
the top level of degree 7 we note that the three vertex entries must be left alone; if partly
untensored they will spawn descendents of the form z;‘ for some k£ < 7 and none of these are
invariant. As we proceed inwards we find that we have no choice of what values to put in level
6; the constraint of completely untensoring every noninvariant monomial of degree 7 forces

every value in the depiction. Specifically, at level 6 we have the triangle of values

7 28 63 56 28 7

Note that although it is not symmetric from left to right, this triangle is preserved under
ratation by 27 /3. Given the relations between pairs of diagonal entries in 4 this is not a surprise.
The invariant monomials of degree 7 are {z], 23, 21, 222323, 212324, z} 2023} . The entries in level

7 that correspond to the last three in this set are all 105. The coefficient of each of these three

monomials in the map under construction is thus seen to be /105 — (28 + 14 + 56) = /7.

We now untensor all noninvariant degree 6 monomials created in the previous step, to form

the level 5 triangle. As before, this necessity forces each value at this level upon us. We obtain
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the triangle

14 21 7

T 28 28 14

(Again note the rotational symmetry.) The invariant monomials of degree 6 are
{2329, 2823, 2123, 232322} . In the triangle depicting the degree 6 monomials, the entries that
correspond to each of the first three of these invariant monomials are all 7. As is seen from
level 5, we do not untensor these monomials at all. Thus the coefficients for each of these

monomials in the map under construction is /7. For the last, we see that it has coefficient

91 — (28 + 28 + 28) = /T as well.

We untensor again to kill off all noninvariant degree 5 monomials, and so form the triangle

at level 4. Again, this forces the values of all entries. We obtain

0

The invariant monomials of degree 5 are {2722, 2322, 2223}. Looking at the entries in level 4
that correspond to the children of these, we find that they are not at all untensored; hence the

coefficient of each of these monomials in the map under construction is /14.
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We untensor noninvariant monomials of degree 4 to obtain the level 3 triangle:
0

The invariant monomials of degree 4 are {z}23,2123,2023}. Checking the entries in levels 4
and 3 of our depiction shows that these monomials each have coefficients of /7. Finally, we
see that we cannot untensor at all in level three. As the single nonzero value therein, 14, is in

the entry corresponding to the invariant monomial z;29z3, that monomial has coefficient v/14.

We are done at last. OQur y—invariant proper monomial map from B3 to Bj7 is

(21,29, 23) 1— (zi’, 2'2’, z;;", \/’72?2323, ﬁzlz%zg, ﬁzfzgz%, \/’72‘;’22, \/’72323, \/'-lezg;',

ﬁzfz%z%, \/ﬁz:fzg, \/1_42:2'2_%, \/1_42:%;:%, \/’72?23, ﬁzlzg, V72923, V1421 2923).
3.3.2 Example: For another application of this technique of depicting maps from the three-

e 0 O
+={0 ¢ 0}
0 G €

In 1.4.10 we proved that there is no proper rational map from B3 to any By invariant under

ball, we let

the action of +. Hence there is no such monomial map taking zero to zero. The combinatorial
interpretation is as follows: we cannot start at any level of the trinomial pyramid and “undo” it
(that is, depict monomial map untensoring, as above) in such a way as to leave zero in all entries
corresponding to non-y—invariant monomials, and nonnegative values in the invariant monomial
slots. That is, we cannot begin with a given level of the pyramid of trinomial coefficients and
form new levels such that the children of any entry corresponding to a noninvariant monomial
sum exactly to that entry, while the children of an entry corresponding to an invariant monomial
sum to no more than that entry, unless we kill off all invariant as well as noninvariant monomial

entries.
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In contrast to the combinatorial proof of theorem 3.2.6, this fact seems to require the results
of chapter one. This is because there is no “even spacing” of invariant monomials in this case,
and hence we have no obvious parity argument. I believe that a direct proof of this perhaps
bizarre and not very useful combinatorial result would be nontrivial. (Possibly a modulo 3

arithmetic approach would work.)

3.4 More monomial maps from the 2-ball

We return to the depiction of maps from B, for a final application. In [D1] it is suggested
that the proper monomial map from B to By that is of maximal degree (for fixed V) is precisely
the one that is invariant under the action of the matrix group generated by v = (8 602), with
€ a primitive (2 — 3)”i root of one. This map is of degree 2N — 3. The first few of these
were suggested at the end of {CS1] to maximize degree.

We do not know the validity of this assertion except when .V < 4. In the case where NV =5
it is known that there are {moduio ific usuai €quivalEice via noim-squarcs of coetiicicnts) cxactly
three inequivalent monomial maps of degree 7. It is believed that there are no monomial maps
of higher degree in this case. One of the degree 7 maps is the one from the D’Angelo family,

(z,w)1— (27, V1w, V14z'w?, VT 20®, w7).
The other two are given below. One can verify by computer that there are more than 100
inequivalent maps and families of inequivalent maps indexed by one or more real parameters,
from By to Bs. Seventeen of these maps/parametrized map families actually go to a proper linear
subspace, that is, map properly to a ball of lower dimension.

3.4.1 Example: We find one of the degree 7 monomial maps from B, to Bs. Our depiction
will begin with row 7 of the Pascal triangle. We leave the ends alone and completely untensor

the rest of the monomials corresponding to entries in that row, as pictured below.
1 7 21 3 35 21 7 1

0 7 14 21 14 7 0
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We now completely untensor the end monomials, and continue to do so as we work toward the
middle (which we will not completely untensor). We obtain

7 14 21 14 7

7 7 7 7
Again we will untensor each end in entirety and work towards the middle, to obtain

T 7 17

7 0 7

We can untensor no more. We have a depiction of the map
(z,w)1— (27, ﬁz3w3, ﬁz3w, ﬁzw3, w7) .

3.4.2 Example: We give the depiction of the third map of degree 7 from B3 to Bs.
1 7 21 35 35 21 7 1

7 22 7
2 2 2 2
7 7
5 ! 3
T 1
2 2
7
2

This depicts the map

(z,w)i— (27, V/2z%w, /122w, \/7/2zw5,w7).

3.4.3 Example: We depict a map from Bj to By that has degree 11 and is inequivalent to
the D’Angelo map. The strategy we employ to find it is the same as that used in 3.4.1; we
leave the ends of row 11 alone, and untensor everything else in that row. In subsequent rows
we untensor the monomials corresponding to each end slot entirely, and work toward the middle

by alternately doing a slot on the left and then one on the right. We find that eventually the
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depiction becomes asymmetric in left vs. right sides. We obtain the following:
1 11 55 165 330 462 462 330 165 355 11 1

11 44 121 209 253 209 121 44 11
11 33 88 121 121 88 33 11
11 22 66 55 66 22 11
11 11 55 0 11 11

11 0 0 0 11
This depicts the map

(z,w) 1> (zu, V112%05 V1129, V11zw®, V5524w, V552w, w“).

It is not clear whether there are other examples of monomial maps with the same degree
as the D’ Angelo family of maps. The technique used to find examples 3.4./ and 3.4.3 seems

to brealt down in higher degrees.
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Chapter 4 Related topics and results
4.1 Introduction

In this chapter we investigate the consequences of relaxing various hypotheses throughout the
preceding chapters. Specifically, we have worked with maps between balls that are (i) proper, (ii)
holomorphic, (iii) smooth to the boundary, and (iv) invariant under the action of unitary matrix
groups that are finite. Simple examples show where the theory changes or breaks down when
hypothesis (i) or (iv) is removed. Hypothesis (ii) is of interest for the additional reason that lens
space homeomorphisms are all linear but not necessarily holomorphic; thus there is a tie-in with
the invariant maps from lens spaces described in chapter one. We devote a separate section to
this hypothesis. Hypothesis (iii) requires nontrivial results and also warrants a separate section.

4.1.1 Proposition: Suppose that T’ is an infinite subgroup of the unitary group U(n). Then
there is no T —invariant proper holomorphic map from B,, to another ball.

Proof: Suppose f is such a map. For some 2 in the domain the set {I'(z)} is irfinite. On
the other hand, the analytic variety W = f~1(z) = {w : f(w) = f(z)} must be compact since
f is assumed to be proper. Hence W, a compact variety in a compiex Euclidean space, must be
a finite set. (This is theorem 14.3.1 of [Ru3].) This contradicts the fact that {'(2)} ¢ W.IR

Another proof, that does not rely on the theory of several complex variables, is the following.
We may assume that T is a closed subgroup, as by continuity f will be ['—invariant (where the
overbar is our notation for closure).

Since we work with a closed group I, that group has some one-parameter subgroup. With

respect to some basis this subgroup is diagonal, and of the form

e 0 . . .0
0
(4.1.2) v=
0 eita,.
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Forsome 0 < r < 1, let W = rB, N {(2,0,...,0) : z € C} and let g be the restriction
of f to W. By I'—invariance of f, g(e®z) = g(z) for all z € W. So g is constant on the
boundary circle W, and hence also on W by the maximum principle. Thus £(0,...,0) = g(0)
lies in the boundary of the target ball, so again by the maximum principle f is a constant map,

and thus not proper.l

In the case of holomorphic maps between balls that are not required to be proper, we obtain
the following simple result.

4.1.3 Proposition: Let T be a finite subgroup of U(n). Then there is a (nonproper)
T'—invariant polynomial map from By to some other ball.

Proof: Let {q1,...,4qs} be a basis for the algebra of I'—invariant polynomials. An important

point is that such a finite basis exists for some s > n. This is shown in {F1]. (This result, and

one of the proofs in the reference cited, is duc to Hilbert.) Each g; is entire and hence bounded

M= max{\l > lai(2)P:z € aB,,}.

j=i

v PR TR TR N
Oon e umi van. Lot

Then ¢(z) = #(q1(2),.-.,4s(2)) is such a map.

We remark that this simpie technique wiil reappear in section 4.3 when we piGve some
powerful embedding theorems via proper maps. Needed are more group-invariant functions on
the ball that augment the components of g, in such a way that the sum of norm squares of all

components goes to one as we go to the boundary sphere. The Lgw construction will provide this.

4.2 Invariant nonholomorphic proper maps between balls

We begin by describing lens space homeomorphisms. This will relate the topic of nonholo-

morphic proper maps between balls in a natural way to the material of chapter one.
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As mentioned earlier, the lens spaces L(p,¢) and L(p, s) are homeomorphic if and only if
g= (:i:s)il modulo p. The actual homeomorphisms are quite simple; indeed, they are R—linear
maps. We treat the four cases separately below.

Case (i): ¢ = s modulo p. Then the lens spaces are in fact the same.

Case (ii): ¢ = —s modulo p. Then our homeomorphism is the conjugation of one coordinate.
That is, we use the map (z,w) 1— (z,W).

Case (iii): ¢ = s~! modulo p. Then the homeomorphism exchanges coordinates: (z,w) 1—
(w, 2).

Case (iv): ¢ = (~s)”! modulo p. Then we use the map (z,w) 1 (%, z).

42.1 Example: Let Ty be generated by v = (56‘ i) The basic monomial map from

By/T’; to Bs is

2231475 \'/622102., 2zw3, w‘) .

Now 3 = —1 modulo 4. Let T'; be generated by (e(; ;) = (604 0«;) Then

€4

(z,w) 1~ (24, 2%, V62252, 2257, 64)

is a nonholomorphic monomial proper map from By/T's to Bs.
When lens spaces are holomorphically equivalent we do not obtain any new information

about existence of proper invariant maps to balls. Specifically, if ¢ = s~ modulo p then the

pair (p, g) satisfies the hypotheses of theorem 1.2.2 if and only if (p, s) does so.

We now give a few examples to highlight some of the differences between nonholomorphic
and holomorphic proper maps between balls. As before, we are primarily interested in those
maps that are invariant under the action of some unitary group. We will see that virtually every

important result established for such holomorphic maps can be violated by nonholomorphic ones.
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First, we can no longer assert that a map that is smooth to the boundary is rational. Also,
if f is a real analytic rational map proper map between balls that takes zero to zero, the degree

of the numerator need not be strictly larger than that of the denominator.

42.2 Example: If f is any proper holomorphic map between balls, then g; = 1+2;|=Il5 and

g2 = 1—4_—%—”-, are nonholomorphic proper maps between the same balls, and have the same unitary
2z

group-invariance properties, as f. Thus, for instance, the map z 1— T3 has denominator of

degree larger than numerator.
Second, we no longer can say that the group must be fixed-point-free, or even finite, in the
case where the map is smooth to the boundary. It need not have full rank on the boundary (see

proof of proposition 4.3./ below). In fact, it can even lower dimension from domain to target.

42.3 Example: f(z) = ||z||* takes B, properly to Bj. This map is invariant under the

action of the entire unitary group U(n).

We have illustrated by way of very simple examples some of the greater diversity exhibited
by nonholomorphic proper polynomial maps between balls. We have also shown how lens space
homeomorphisms can give rise to (nonholomorphic) invariant proper monomial maps between
balls, even in cases when it is known that no smooth holomorphic such maps can exist, as in

the first example. We now give a nonexistence result, similar to theorem /2.2,

4.2.4 Proposition: Suppose f is a possibly nonholomorphic proper monomial map from Bs
to some By and f it is invariant under the action of a unitary group containing v = (66’ 2,)
Then p and q cannot both be even.

Outline of proof: One proves this in a manner similar to the proof of 1.2.2. We form
the real polynomial with positive coefficients p = || f ||2 that is identically 1 on the hyperplane
z +y = 1. We look at the high degree term in p(z,1 — z) = 1 and employ a parity argument

to show that it cannot be zero.l
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4.3 Invariance under finite groups with fixed points

In this section we investigate proper holomorphic maps between balls that are invariant under
the action of arbitrary finite unitary groups. In particular, these groups need not be fixed-point-
free, in which case the following classical result directs us to maps that are not C'!—smooth to
the boundary. (Thus we must remove hypothesis (iii) as given in section 4.1.)

4.3.1 Proposition: Suppose T' C U(n) is a finite unitary group that acts with fixed points.
That is, there is some v € I',v # 1, and some z € C",z # 0 for which «(z) = z. Suppose f is
a proper holomorphic map from By, to some By. Then f is not C'—smooth to the boundary.

Proof: Strong pseudoconvexity of B, and By implies that if f is Cl—smooth to the
boundary then it must have full rank everywhere thereon ([Ru3, 15.3.8] or [CS2, lemma 1]). On
the other hand, if f(+(z)) = f(z), then f is not locally one-to-one on some proper subspace
coniaining the complex line spanncd by z. This is so because 4 by assumption does not fix all
of T®; cail iic subspace it fixcs 5. Then as it acts linearly it will map any noint close to but
not on S to a different point nearby. Hence, as f is not locally one-to-one on S, it faiis to have

full rank there by the rank theorem of multi-variable calculus. As this subspace intersects the
boundary sphere, we have a contradiction to the map f having full rank on the boundary.l
One may now ask whether for an arbitrary finite unitary group I’ C U(n), there is a proper
holomorphic map from B, /T to some By, possibly not Cl—smooth to the boundary. If T
is fixed-point-free, then Forstneric [Fol] showed that such a map must exist. He obtained it
as follows. Take {qj,...,¢s;} to be a basis for the algebra of '—invariant polynomials (it
is finite by the Hilbert result mentioned in the proof of proposition 4.1.3). Then the map
q(z) = (q1(2),...,qs(z)) maps C*/T to a subvariety V = ¢(C") C C*. As T is fixed-point-
free, g is nonsingular away from the origin. Hence the image of the ball, V; = ¢( B,), is strongly
pseudoconvex with nonsingular real analytic boundary in V. That this now implies V; imbeds

into some complex ball is a deep result in [Fo4]. Again we remark that, by theorems in [Fol]
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and in chapter one of this thesis, for most fixed-point-free finite unitary groups such an invariant

map cannot be C*®°—smooth to the boundary.

Another approach to this topic, that works for arbitrary finite unitary groups, is through the
embedding theorems of Lgw. I thank Franc Forstneric for suggesting this line of attack. In the

remainder of this discussion, I is an arbitrary finite unitary group.
The following theorem and its proof are found in [Lg].

4.3.2 Theorem (Low): Suppose QU is a relatively compact strongly pseudoconvex domain in
C*® with C%—smooth boundary. For m sufficiently large (how large depends only on n), suppose
¢ is a positive real valued continuous function on the boundary 9%, and f : QY — C™ is
continuous with ||f(2)|| < #(z) at all points. Then there exists a continuous function on the

closed domain g : © — C™, holomorphic in Q, such that || f(z) + g(z)|| = ¢(z2) for all z € IN.

4.3.3 Proposition: Suppose ) is the ball B,, and f and ¢ are I'—invariant. Then we may

take g to be T ~invariant as well.

We will outline a proof of this proposition later. First we use it to obtain the main result

of this section.

4.3.4 Theorem: Suppose ' C U(n) is a finite unitary group. Then there exists a proper

holomorphic map from B, [T to some By .

Proof: Let {q1,...,q,s} be a basis for the algebra of I'—invariant polynomials. Define the
map g(z) = (q1(z),...,95(2)) and let M = 2max{|[g(z)}|: z € S?"~1}. We now let ¢ = ﬁ‘q"
By construction we have |g| < 1 on B,. We take f(z) = 0 and ¢(z) = {/1 — ||q(z)||2, for
z in the boundary sphere 3B, = S2"~! By 4.3.3 there is a continuous I'—invariant function
g : By ~ C™, holomorphic on the open ball, such that ||g]|> = 1 — ||q||? on the boundary
sphere. We now form the map z 1— (g(z), g(z)). As the component polynomials in g comprise

a basis for the algebra of I'—invariant polynomials, we claim that ¢(z) = g(w) if and only if
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z = y(w) for some vy € T'. (We will prove this in lemma 4.3.9.) Thus this map is an embedding
of B,/T into Byim.B

In light of the preceding results, this theorem is naturally of considerable interest in its own
right. In addition, it allows us to derive examples with unusual properties, as below.

-1 0
0 1

the ['—invariant polynomial algebra is {z2,w}. Let ¢(z,w) = $(2?,w). Then ¢ is I'—invariant

4.3.5 Example: Let T be the reflection 2—group generated by v = ( ) A basis of
and maps B2 to the nonsmooth domain = {((1,C2) G+ |C2|2 < %} By the proof of
4.3.4, there exists an embedding f of §2, a domain with non—C2—smooth boundary, as a closed
complex submanifold of some By. Specifically, there is a ['—invariant function g : B, — C™,
holomorphic on the open ball, such that ||g||2 =1- ||q||2 on the boundary sphere. As g is
invariant, it is a function of the (rescaled) invariant basis polynomials (; = 523 and (2 = 5. The

~ 332 £ 2o slhmes - P T - ~ P
embw&ng of Q2 is then (Ch (g) = ((,u Cb g((n C?.})

4.3.6 Example: Take T and f as in 4.3.5. Then f 1s indeed a I'—invariant proper map irom

By to By and it is continuous on the closed ball. We write
(4.3.7) fz,w) =) ca pz%w?
af

where the coefficients are vectors in C¥. Now we define g : B2 1— I5(C) a monomial map
where for each pair (a, 8) in (4.3.7) our new map g has an entry ||c,,5]{z%w?. This is simply
the monomialization technique in [D1]; it is shown there that such g takes By properly to the
open unit ball {(wl,wg,. ) il lw,-l2 < 1} in [9(C). Since g is ['—invariant (and hence a
function of the basis monomialsj)_wc have rank (g) = 1 < 2 on the hyperplane z = 0 (where g
is locally two-to-one). We thus obtain an example of a smooth proper holomorphic map between
balls that does not have full rank at every point on the boundary, in the case where the range
ball is infinite dimensional.
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Note that as f is not even smooth on Bo, it cannot extend to any neighborhood thereof. Thus
[|IT capz®w?| |2 is divergent outside the closed ball, and hence ||g||* = 2% | lca,ﬁ”2|z°’ ﬂ|2 also
diverges there. Our monomial map ¢ therefore does not converge in :x;y neighborhood of the
boundary sphere. Other examples of monomial maps that converge only on the unit ball may
be found in [CS3]. They are simple to construct.

Outline of proof of proposition 43.3: A proof involves carefully checking the proof of
theorem 4.3.2 given in [Lg] and noting that the construction of g may be averaged over the
group I'. We sketch the details below and in the next section.

Lgw uses a technical lemma that is the workhorse of the proof of theorem 4.32. The
statement alone is a mouthful.

4.3.8 Lemma (Lew): There exist positive constants §,C, D such that if f : S?=1 — C?N s
continuous, ¢ a positive real function on $2~1 with b¢(z) < |if(2)ll < #(z) for some b < 1 and
all z € $2-1, 0 < € < &, € < (1 — b)Y, then there exists an entire function g : C* -C2N
such that for all z € S™-1 we have

(@) IfG)+ 9N < (14 Ce(1 - B)?) 4(z)
(i) 11f(2) + 921 2 (b+ Ded(1 ) 4(=)

1
(i) |lg(2)ll < C(1 - b)* .
To get a group-invariant function ¢ we must add to this lemma: (iv) We can take g to be group-

invariant when f and ¢ are.

In the original statement in [Lg], g can even be made arbitrarily small on any given compact

subset of the ball. We do not need this.

As it is a bit lengthy and computational, we sketch the proof of this lemma in a separate

section.

Finally, Lgw’s proof of 4.3.2 is an iterative construction that uses 4.3.8; it can now be carried

out with this group-invariant version. (A uniform convergence on compact subset argument is
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used to prove that the sum of the iterations is a holomorphic map with the desired properties).
We thus obtain a I'—invariant function g for 4.3.2 and this finishes 4.3.3.0

We now prove a result used in the proof of lemma 4.3.4.

4.3.9 Lemma: SupposeT is a finite unitary group, and {q\, . . . , s} is a basis for the algebra of
T"'—invariant polynomials in C|zy, ..., z;). Let g = (q1,...,qs). Then q is precisely I'—invariant.
That is, q(z) = q(w) if and only if z = ~(w) for some v € T.

Proof: This result is proven by Rudin in [Ru2]. We reproduce his elegant proof below. It is
clear that z = y(w) implies ¢(z) = g(w). We now want to show the converse: that two points
are identified by the invariant basis only when they are the same I'—orbit. Suppose that z is not
in the I'—orbit of w. There is a polynomial g in n variables such that g(z) = 0 but g(y(w)) =1
for all v € T. Now let f = [] go+. By construction f is a I'~invariant polynomial; hence
f = ho g for some polynonﬁ:[;z. Also f(z) = 0 while f(w) = 1. Thus ¢(z) # q(w).B

We make several remarks about the resuits in this section.

(i) We may take m = n + 1 in the resuits of Lgw, under the assumption that our domain
has C*°—smooth boundary, and hence in all the applications of this section. This comes from
refinements on the work in [Lg] due to several authors. A good reference for this is section
4 of the survey article [Fo3].

(ii) These theorems all yield maps that are continuous (though typically no smoother) to the
boundary of the domain. Using techniques presented, for example, in [CS3] and section 4 of
[Fo3], one can obtain maps that are not continuous to the boundary. These techniques raise the
codimension by at least n.

(iii)) When we create a map invariant under the action of a unitary group acting with fixed
points, then on some subspace that map has a derivative that vanishes in directions orthogonal to
that subspace. This persists arbitrarily close to the boundary sphere. This is in marked contrast

to lemma I in [CS2], where it is shown that a proper holomorphic map between balls that is
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C'l—smooth to the boundary has, at any boundary point, directional derivatives of magnitude at

least 1 in all directions orthogonal to the linear subspace containing that boundary point.

(iv) In light of the result of section 4.1, we see that the group averaging technique above
must fail to produce a I'—invariant proper holomorphic map in the case where T is infinite.
We indicate what goes astray. We may assume that we have a closed unitary subgroup, since
otherwise there is no finite Haar measure with which to perform the averaging. Thus we may

assume that I" has a one parameter subgroup with a generator of the form in 4.1.2.

In general, attempting to average any construction over a compact infinite group I' will
involve integrating some function of 4(z) over 4 € I, and this will not yield a holomorphic

function in all variables (zj,...z2,), as seen in the second proof of proposition 4.1.1.

4.4 Proct of the group-averaged Lgw lemma

The proof below is essentially that found in [Lg]. We will follow exactly the notation therein.
We do a slightly more general version, and also average our construction over a group.

We define a metric §(z, w) = U%':ll When z,w € S2*~! we have 1 — Re(z, w) = 6%(z, w).
Thus |exp(1 — (z,w))| = exp(—6%(z,w)) in that case. Also, for z € S?"~1 we define
B(z,r) = {w€ 5% 1. §(z,w) <r}. We will call this the ball of radius r centered at z;
the notation and/or context will make clear that we are using the rescaling rather than the

custornary metric.
Low takes the following covering lemma as known:

4.4.1 Lemma: For any positive integer n there exists a positive integer N(n) such that for any
r > O there are N finite families of balls of radius 3r, F; = {E(Z."J',3T) :1<5< N.-}, so that
the union of balls 5( zi,j, ) of same centers and radius r covers the unit sphere 5"~ while each

family of balls of radius 3r is pairwise disjoint. (That is, §(z.—y,—, 3r)ﬂ.§(z.—'k, 3ry=0forj#k.)
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We note first that N is independent of r (though the z; ;s are not). We also remark that
we can take any « > 1 in place of the factor 3 in this lemma; we then obtain NV as a function
of n and a.

We let k = min {¢(z) : z € S®~1}. Note that k > 0. Next, for N as in lemma 4.3.8, we
let ey, ...eqy denote the standard orthonormal basis on C2¥. For nonzero w € By we let
Tw = {w + n : (w,n) = 0} denote the complex tangent space at w of (the standard metric) ball
through w with center at origin.

We now define N (noncontinuous) vector fields. For w = (wy,...woy) € C?¥ and
1 < i < N, we define the vector nj(w) = Wyeg—1 — Wy—1e2; unless wo;_; = wy; = 0, in
which case we take n;(w) = es—1. These vector fields are orthonormal and for nonzero w we
also have n;(w) L w (our vector field defines directions orthogonal to w = f(z) in which to

“push” our refinement function g).

We start out our construction by taking the case where b > 0. The following lemmas are

straightforward.

N
4.4.2 Lemma: The vector w + 3 Aini(w) lies in Boy when ||A||* < 1 — [|w]|?

=1

44.3 Lemma: There exists some § > O such that, if I C {1,...N} is an index set and
w, w; € Bay (for i € I) satisfy ||w — w;|| < § and ||w]|, ||wil| > b, then there exist orthonormal
vectors n; € T, with ||n; — ni(w;)]] < e

4.4.4 Lemma: We can pick r > 0 to be sufficiently small that, whenever we have §(z1, z2) <

3r, we also have
(1) lé(21) ~ d(22)l] < ek(1 - b)%

(i lf(zl) _ (=)
#(z1)  (22)
For r as found in 444, let Fy,...Fy be the disjoint families of balls of radius 3r

< min (6, k(1 - b)).

from lemma 4.4.I, with center points denoted as in the lemma by z;;. That is, F; =

{ﬁ(z,_,,{ir) :1<5< N.'}.
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N
Now we define g(z) = Y gi(z), where
=1

2., .\ Zi; 217
gi(z) = |F|ZZ[¢ i) = I "’”] exp(-m(1 = (1(2), %) (535))

1=14€l s

(In [Lg] there is no averaging over the group, so the function used there is a bit simpler).
The parameter m is determined below; it will be large. Note that the vector function g; is
nonzero only in the 2i — 1 and 2i slots. It consists of functions which peak at all the z{ ;s and
drop off inside the ball. Also note that our function g is entire, and, as it is constructed to be
group-invariant, it satisfies 4.3.8. (iv).

4.4.5 Lemma: There is a constant C; (independent of €) such that if e is sufficiently small,
and mr? = glsln (9}), then |[gi(2)]] < (1 — b)%qS(z) provided that the orbit I'(z) does not hit
any 3r—ball in F;. This also holds if we sum only over those 3r—balls in F; that do not contain
any points in the orbit. (Note that at most \U'| such balls in F; can hit this orbit).

The proof is a bit subtle. An appropriate reference can be found in [Lg}.

We now let I{(z) = {i:z € B(z,q),3r)} for some (unique) 1 < j(i) < Ni. We let
w = f(z), wi = f(z;j¢)), and let n; be the vector for the pair w, w; given by lemma 4.4.3.

On to the estimates.

f(2) + g(2)}- ‘
2(2) — llwli?]?
fw ILL Y [——————¢( )N” “] exp (~m(1 — {7(2), zi j55)) il

1€l iel{v(z))

Az) - ||w
< llg(2) - Z Z [ML] exp (—m(1 — (7(2), z; j(iy)) Imi(wi) ||

‘761'161(‘7(2))
+ 2N26(l - b)5¢(z)

25 o) — (il (2] 2
FERESDS [“"""J)\, ! ”} exp (~m(1 = (1(2), 2560

‘YET lEl(‘y(z))
+ zN%ea — b)ig(2)

WL S ([ i) ~ ] - 6% - hol]

161' s€l(v(z))




< 2Nie(1-b)14(2)

} }
+ NS S [ eg0) - oil] = [62) = o]
1€Puel(7(z))
+ Ne(1 - b)!q&(z).
To estimate the middle term: we have

ALY T ([ - ] - [0~ ]

W)

v€T iel(1(2))
-1 Hw,“ ] ”w”2 2
= 7 — ¢(Zi. (')) - {1 - ———] ¢(2)I
762;‘:61%%:)) [ ¢2(zt,1 ) ! #%(2)

< Nie(1 - b)ig(2)

vl it 1F [, o]’
+4(2) Z z ¢2(Zi,,‘(i)) $¥(z) -

TGFIGI(‘[(Z))

Exactly as in [Lg], this last term can be shown to be less than /10N ¢(1 - b)%é(z).
We put these inequalities together to conclude that
(4.4.6) If(2) + g(z)]—
1
1 6%(z) - |lw||*]?
T i [ = e R R

Tl yeTiel(v(z)) L
< 12Ne(1 — b)ig(z).
The second bracketed expression in the left hand side of 4.4.6 can be rewritten as
ok
[ $°(2)

exp( m(l - <'Y(Z) 2 ,J(l))) nl]¢(z)

FEMPIPY

‘7€r i€I(y(z))

As the expression now in brackets lies in the unit ball by lemma 4.4.2, we see that we have
satisfied 4.3.8 (i).

Next, f(z) = w, so 4.4.6 immediately yields

§ 2 2
llg(2)lf < 12Ne(1 - b)¢(2) + N [l - QT(uS] $(z)

< 12Ne(1 — bYZg(z) + 2INH(1 = b)2g(2).

65



This proves 4.3.8 (iii).
Inequality 4.4.6 also yields
(4.4.7) £ (z) + g(2)|
f@:ﬂlﬂl_ —m(1— CW)ns
> "w+ z Z exp (—m(1 = (1(2), zi,j0))) )il

1€I‘ i€l (v(2))
— 12N¢(1 - b)? ¢(z).
We now estimate the square of the norm appearing on the right hand side. We use the fact that

w and each of the separate n!s are pairwise orthogonal. This norm square is thus equal to

ol + 55 3 ) Moll o (—omd?(x(2) 21 50)-

7€l iel(+(z))

For each v € T' there exists some i € I((z)) such that §(+(z), z; ji)) < r. The norm square

above thus is at least

2(2) = ({w 2
(448) i+ I o

2 ;
= Jlwl? + ¢_(i)_.ﬂl".|.|_( \
v \C1/
> 626%(z) + NTICT el (1 — 6% ¢%(2).

(—2mr2)

Now use € < (1—b)% and 44.8 in 4.4.7 to obtain
f(z) + g(2)l|

> bo(z) + %N‘le%e%(l — b)¢(z) — 12Ne(1 — b)74(z)
> [b + Ded(1— b)] #(2)
for some appropriate constant D. This proves 4.3.8 (ii).
We still must consider the case where b = 0. It is similar. We replace b with €2 in lemma
4.4.3. Then for [[w]| > 2¢ the proof that g satisfies the properties of lemma 4.3.8 is as above.

For ||w]| < 2€? these properties follow from the estimate

1F(2) + o(2))-
2Z - ||w
b+ 5 Z > [‘“) I "] exp (~m(1 = (7(2), 2 j@))) )i wa)]l|

761‘-61(7(:))
< 2N e¢(z)


file:////w/f

This inequality is itself derived as in the previous case, but bypassing the first inequality that
involved n; where we now have n;(w;).

This finishes our proof of lemma 4.3.8.8
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