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Abstract

In recent years, multi-agent reinforcement learning (MARL) has shown remarkable capabilities in addressing
sequential decision-making problems that involve the strategic interactions of more than one decision-
maker. Motivated by the empirical successes, many research efforts have been devoted to lay the theoretical
foundations of MARL. In this dissertation, we contribute to this line of theoretical research by developing
MARL algorithms with convergence and sample complexity guarantees in nonzero-sum Markov games, a
regime that has been barely touched on in prior research. First, we design sample-efficient MARL algorithms
for learning (coarse) correlated equilibria in general-sum Markov games. Our algorithms integrate variants of
optimistic Q-learning for efficient exploration with uncoupled no-regret learning for policy updates. These
algorithms are decentralized in the sense that each agent makes decisions based on only its local information
with no need of communication or central coordination. We theoretically establish the sample complexity
guarantees for our algorithms, which appear to be the first for decentralized MARL in general-sum Markov
games. Second, we study reinforcement learning (RL) under environmental non-stationarity, a major challenge
faced by MARL agents. When both the reward functions and the state transition distributions may vary over
time, we propose a simple but effective restart-based algorithm particularly tailored to such non-stationary
environments. We analyze the dynamic regret of our algorithm and show that it is near-optimal by establishing
an almost matching information-theoretical lower bound. We demonstrate that our non-stationary RL method
can be readily applied to learning the team-optimal policies in a specific category of cooperative games with
slowly-changing opponents. Third, we propose to use meta-learning to transfer useful information across
multiple MARL tasks so as to learn related tasks collectively and more efficiently. We establish the first line
of theoretical results for meta-learning in a wide range of fundamental MARL settings, including learning
Nash equilibria in two-player zero-sum Markov games and Markov potential games, as well as learning coarse
correlated equilibria in general-sum Markov games. Under natural notions of task similarity, we show that
meta-learning achieves provable sharper convergence to various game-theoretical solution concepts than
learning each task separately. Numerical results are provided to corroborate our theoretical findings. Finally,

we conclude this dissertation and discuss future research directions.
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Chapter 1

Introduction

Reinforcement learning (RL) has achieved tremendous successes in recent years and has led to major
breakthroughs in artificial intelligence [1]-[4]. In RL, a learning agent tries to learn an optimal decision-
making policy by sequentially interacting with an unknown environment and maximizing its cumulative
rewards along the way [5]. Due to its natural and universal formulation, RL draws great interests from
many disciplines where optimal decision-making is concerned, including control theory, management science,
operations research, and multi-agent systems.

One such discipline that is particularly relevant to this dissertation is game theory [6]. Many real-world
sequential decision-making problems involve the strategic interactions of more than one agent in a shared
environment. Game-theoretical thinking naturally arises in resolving such complex systems with multiple self-
interested agents. These multi-agent decision-making problems are usually modeled under the mathematical
framework of stochastic games [7] (also known as Markov games), and oftentimes addressed with multi-agent
reinforcement learning (MARL) [8]. Well-known application scenarios of MARL include playing the game of
Go [2], Poker [3], real-time strategy games [9], autonomous driving [10], and robotics [11].

Despite the encouraging empirical successes, rigorous theoretical understandings of MARL still leave a
lot to be desired, and MARL algorithms with provable convergence and sample complexity guarantees are
relatively lacking. In practice, training MARL algorithms with deep neural-networks as function approximators
is known to be notoriously hard. Deep MARL agents often exhibit oscillating behaviors during training due to
the strong coupling of the agents’ running policies. When the number of agents is large, many MARL methods
may also require a significant number of training samples to thoroughly explore the state-action space. This
is due to the well-known curse of multiagents [12]: The joint action space in a MARL problem in general
amounts to the Cartesian product of all the agents’ individual action spaces, which scales exponentially in the
number of agents. These undesirable aspects of empirical MARL solutions pressingly call for the development
of sample-efficient MARL algorithms with provable convergence guarantees. In the following, we identify
some key limitations in existing theoretical results of MARL research and seek to make improvements along
these directions.

First, prior theoretical efforts in MARL have been primarily focused on simplified game settings with
special reward structures, such as fully competitive or cooperative settings. One prevalent setting is MARL
in two-player zero-sum Markov games [13], [14], where the two agents have exactly opposite objectives. This
is mainly due to the fundamental computational difficulty in more general scenarios, since calculating a

Nash equilibrium (NE) in a generic general-sum game is known to be PPAD-complete [15]. Consequently,



many prior works often fail to justify the empirical successes of MARL to application scenarios beyond these
simplified settings. A broad spectrum of games in the generic form (such as general-sum Markov games) are
still left largely open.

Second, a major challenge faced by MARL is non-stationarity of the environment, yet a rigorous treatment
of RL in non-stationary environments is relatively lacking in earlier works. Specifically, in MARL, the state
transitions and rewards depend on the collective actions of all the agents. As a result, the environment often
looks non-stationary from each agent’s own perspective when the agents learn and update their local policies
simultaneously, because the environment may be altered by the unobserved behavior of the other agents.
Conventional RL results no longer apply to such a non-stationary environment, as these results are mostly
established under the assumption of a stationary Markov decision process (MDP) where the state transition
and reward functions are fixed. To address the challenge of non-stationarity, one needs to specifically design
and analyze RL algorithms suitable for non-stationary environments, and to establish their connections to
the non-stationarity faced by MARL agents.

Third, prior research in MARL focuses on solving an individual task in isolation but often neglects the
potential connections between multiple related tasks. In many practical scenarios of MARL, the environment
is dynamically evolving, and hence a MARL algorithm needs to not only solve a single task alone but instead
to collectively resolve a set of related tasks. By exploiting the knowledge obtained from other tasks, a
sample-efficient MARL algorithm should ideally be able to solve an unseen task using much fewer training
samples than learning from scratch, especially when the tasks share some inherent similarities. Such a
practical consideration poses the important question of designing a MARL method that can exploit the
connections across multiple related tasks and use its prior knowledge to expedite the learning process on a
new task.

Our goal in this dissertation is to develop theoretically well-founded RL algorithms that can address the
aforementioned limitations in existing MARL research. Our results in this regard are summarized in the

following subsections.

1.1 MARL in General-Sum Markov Games

To address the first limitation above, we propose multiple sample-efficient MARL algorithms for general-sum
Markov games with no specialized reward structure assumptions [16], [17]. Given the fundamental difficulty
of calculating a Nash equilibrium (NE), we aim at two weaker solution concepts, namely coarse correlated
equilibrium (CCE) and correlated equilibrium (CE). Both CCE and CE are standard game-theoretical notions
that generalize NE by allowing possible correlations among the agents’ strategies.

To avoid the exponential sample complexity implied by the curse of multiagents, our algorithms are
specifically designed to be decentralized. In our algorithms, each agent makes decisions based on only its
local information. Neither communication nor centralized coordination is required during learning. In fact,
each agent can be completely oblivious to the presence of others. This way, each agent optimizes its policy
in its own action space instead of the Cartesian product action space of all agents. Hence, our algorithms
can readily scale up to a large number of agents, without suffering from the exponential dependence on the
number of agents.

Though seemingly restrictive, we show that decentralized learning dynamics suffice to efficiently find
(coarse) correlated equilibria in general-sum Markov games. Specifically, we propose multiple V-learning-based

algorithms, where each agent independently runs optimistic V-learning (a variant of Q-learning) to efficiently



explore the unknown environment, while using a no-regret learning subroutine for policy updates. In episodic
general-sum Markov games, we show that our algorithms can learn an e-approximate CCE in 5(H 58 Amax/€%)
episodes, and an e-approximate CE in O(H5SA2,, /?) episodes, where S is the number of states, Amax is
the size of the largest individual action space, and H is the length of an episode. Our results appear to be
the first sample complexity guarantees for decentralized MARL in generic general-sum Markov games. In
addition, we extend our results to the full-information feedback setting where each agent can observe the
complete reward vector. By exploiting the “self-play” structure, we develop new algorithms that converge to
CCE or CE in general-sum Markov games at a fast rate of 5(T‘1) within T iterations of policy updates
when the same algorithms are run by all the agents. Numerical simulations are also provided to corroborate

our theoretical findings.

1.2 Non-Stationary RL and Cooperative Markov Games

In view of the second limitation identified above, we present an RL algorithm for non-stationary MDPs,
and demonstrate its connection to an important subclass of MARL problems named cooperative Markov
games. In non-stationary MDPs, both the reward functions and the state transition distributions are allowed
to vary over time, either gradually or abruptly, as long as their cumulative variation magnitude does not
exceed certain budgets. In addition to its close connection to MARL, non-stationary RL is an interesting
topic on its own, as it can also capture time-varying environments in a wide range of intriguing sequential
decision-making problems such as online advertisement auctions [18], [19], dynamic pricing [20], and inventory
control [21], [22].

We propose an RL algorithm named Restarted Q-Learning with Upper Confidence Bounds (RestartQ-
UCB) [23] that is particularly tailored to non-stationary environments. Our algorithm adopts a simple
but effective restarting strategy that resets the memory of the agent according to a predefined schedule.
The restarting strategy ensures that our algorithm only refers to the most up-to-date experience in the
time-varying environment for decision-making. Compared to conventional RL algorithms in stationary MDPs,
RestartQ-UCB also utilizes an extra optimism term (in addition to the standard Hoeffding/Freedman-based
bonus) to encourage additional exploration in the non-stationary environment.

Our analysis shows that RestartQ-UCB outperforms existing non-stationary RL solutions in terms of
dynamic regret, a notion commonly utilized to measure the performance of online learning algorithms in
non-stationary environments. In particular, RestartQ-UCB with Freedman-type bonus terms achieves a
dynamic regret bound of 6(5 3ASATHTS ), where S and A are the numbers of states and actions, respectively,
A > 0 is the total variation magnitude, H is the number of time steps per episode, and T is the total number
of time steps. We further show that our algorithm is nearly optimal by establishing an information-theoretical
lower bound of (S SASATH %T%), which is the first impossibility result that characterizes the fundamental
limits in non-stationary RL. We also illustrate how our non-stationary RL algorithm is connected to the
non-stationarity issue inherent in MARL. Specifically, we show that RestartQ-UCB can be readily applied to

learning the team-optimal policies in cooperative smooth games against a slowly-changing opponent.

1.3 Meta-Learning in Markov Games

In response to the third aforementioned issue, we propose to use meta-learning to learn multiple related

Markov games collectively. Meta-learning [24]-[27] studies the use of data samples from existing tasks to learn



useful representations that enable quick adaptation to new tasks. We focus on the classic model-agnostic
meta-learning (MAML) [28] type of algorithms that aim to learn a good initialization such that running a
few steps of gradient descent from this initialization quickly leads to a desirable policy on any new task. To
study the convergence of MAML, an important prerequisite is to understand how the convergence of MARL
algorithms depends on the quality of policy initialization, but such a result is missing in the literature.

We make an initial attempt toward characterizing some of the central theoretical properties of meta-
learning in a wide range of fundamental MARL settings, and, along the way, we develop multiple MARL
algorithms with initialization-dependent convergence guarantees [29]. First, for learning Nash equilibria (NE)
in two-player zero-sum Markov games, we first propose an optimistic online mirror descent algorithm with a
refined convergence analysis that explicitly characterizes the dependence on policy initialization. Based on
such refined analysis, we show that meta-learning provably achieves faster convergence to NE when learning
a sequence of “similar” zero-sum games collectively, where our similarity metric naturally depends on the
closeness of the games’ NE policies. Second, we consider learning NE in Markov potential games (MPGs),
an important subclass of MARL tasks where the agents are largely cooperative with objectives aligned by
a global potential function. For MPGs, we show that a simple refinement of an existing policy gradient
ascent algorithm suffices to provide initialization-dependent guarantees. We establish sharper convergence
rates of meta-learning when the potential functions of the MPGs have small deviations. In addition, with a
properly chosen policy update rule, we prove non-asymptotic convergence of the exact MAML algorithm
in MPGs, despite the convoluted learning dynamics of multiple loosely-coupled agents. Third, for learning
coarse correlated equilibria in general-sum Markov games, we analogously design an initialization-dependent
MARL algorithm, and then establish the sharper convergence rate of meta-learning under natural similarity
metrics. Finally, we provide numerical results to illustrate the expedited convergence and scalability of our
algorithms. Our work appears to be the first to investigate the theoretical properties of meta-learning in
MARL and provide reliable justifications of its benefits.

1.4 Outline

The rest of this dissertation is organized as follows. In Chapter 2, we present decentralized MARL algorithms
for learning (coarse) correlated equilibria in general-sum Markov games and analyze their sample complexities
or convergence rates. In Chapter 3, we study RL in non-stationary environments and illustrate its connection
to cooperative Markov games. In Chapter 4, we present our meta-learning method that achieves faster
convergence by learning multiple Markov games collectively. Finally, in Chapter 5, we conclude this dissertation

and suggest future research directions.



Chapter 2

Learning (Coarse) Correlated
Equilibria in General-Sum Markov

Games

Multi-agent reinforcement learning (MARL) algorithms often suffer from an exponential sample complexity
dependence on the number of agents, a phenomenon known as the curse of multiagents. In this chapter, we
address this challenge by investigating decentralized sample-efficient MARL algorithms that efficiently learn
equilibria in general-sum Markov games. Given the fundamental difficulty of calculating a Nash equilibrium
(NE), we aim at learning a coarse correlated equilibrium (CCE) or correlated equilibrium (CE), two solution
concepts that generalize NE by allowing possible correlations among the agents’ strategies.

We first propose the V-learning OMD algorithm, where each agent independently runs optimistic V-
learning (a variant of Q-learning) to efficiently explore the unknown environment, while using a stabilized
online mirror descent (OMD) subroutine for policy updates. In episodic general-sum Markov games, we show
that the agents can find an e-approximate CCE in at most 6(H 65 Amax/€?) episodes, where S is the number
of states, Anax is the size of the largest individual action space, and H is the length of an episode. This
appears to be the first sample complexity result for decentralized MARL in generic general-sum Markov
games. Our results rely on a novel investigation of an anytime high-probability regret bound for OMD with a
dynamic learning rate and weighted regret, which would be of independent interest.

One key feature of the V-learning OMD algorithm is that it is decentralized, where each agent can make
decisions based on only its local information. Neither communication nor centralized coordination is required
during learning. In fact, each agent can be completely oblivious to the presence of others. This way, this
algorithm can readily scale up to a large number of agents, without suffering from the exponential dependence
on the number of agents.

We further generalize and improve V-learning OMD in multiple different aspects. First, we propose stage-
based V-learning algorithms that significantly simplify the algorithmic design and analysis of V-learning OMD,
and circumvent a rather complicated no-weighted-regret bandit subroutine. We also show that stage-based
V-learning improves the sample complexity of V-learning OMD for learning (coarse) correlated equilibria
in general-sum Markov games. In particular, stage-based V-learning can learn an e-approximate CCE in
O(HS Apmax/e2) episodes, and an e-approximate CE in O(H5SA2_ /<2) episodes. Second, we extend the



V-learning framework to the full-information feedback setting where each agent can observe the expected
rewards it would have received had it played any candidate action. We develop no-regret learning algorithms
with accompanying value update procedures and establish their fast 6(T’1) convergence to CCE or CE
in full-information general-sum Markov games when the same algorithms are adopted by all the players.

Numerical simulations are provided to corroborate these theoretical findings.

2.1 Introduction

Reinforcement learning (RL) has recently shown the capability to solve many challenging sequential decision-
making problems, ranging from the game of Go [2], Poker [3], and real-time strategy games [9], to autonomous
driving [10], and robotics [11]. Many of the RL applications involve the interaction of multiple agents, which
are modeled systematically within the framework of multi-agent reinforcement learning (MARL). These
success stories have inspired a remarkable line of studies on the theoretical aspects of MARL.

Most of the theoretical efforts in MARL, however, have been devoted to Markov games with special reward
structures, such as fully competitive or cooperative games. One prevalent setting is MARL in two-player
zero-sum Markov games [13], [14], where the two agents have exactly opposite objectives. Such prevalence is
mostly due to the fundamental computational difficulty in more general scenarios: Finding a Nash equilibrium
(NE) is known to be PPAD-complete both for two-player general-sum games [15] and zero-sum games with
more than two players [30]. Given the daunting impossibility results, convergence to NE in generic games
with no special structure seems hopeless in general. As a result, many important problems in the multi-player
general-sum settings, which can model broader and more practical interactive behaviors of decision makers,
have been left relatively open.

In this chapter, we make an initial attempt toward understanding some of the theoretical aspects of MARL
in decentralized general-sum Markov games. Given the inherent challenges for computing Nash equilibria, we
need to target a slightly weaker solution concept than NE. One reasonable alternative is to find a coarse
correlated equilibrium (CCE) [31], [32] of the game. Unlike NE, CCE can always be found in polynomial
time for general-sum games [33], and due to its tractability, calculating CCE has also been commonly used as
an important subroutine toward finding Nash equilibria in two-player zero-sum Markov games [14], [34].

Our interest in CCE is mostly motivated by the following folklore result for learning in normal-form
games: When the agents independently run no-regret learning algorithms in general-sum normal-form
games, their empirical frequency of plays converges to the set of CCE of the game [35], [36]. In no-regret
learning, each agent independently adapts its policy to minimize the cumulative regret based on only its local
information, irrespective of the actions or rewards of the other agents. Well-known examples of no-regret
learning algorithms include multiplicative weights update (MWU) [37] and online gradient descent [38]. Such
a folk result hence suggests that CCE is a natural outcome of the simple and uncoupled learning dynamics of
the agents. A natural question to ask is whether a similar result also holds for Markov games. Specifically,
in this chapter, we ask the following questions: Can we find CCE in general-sum Markov games using
decentralized /uncoupled learning dynamics? If so, can we achieve such a result efficiently, by showing an
explicit sample complexity upper bound?

Before answering these questions, we would like to remark that MARL in general-sum games can be highly
challenging due to the well-known curse of multiagents [12]: The joint action space in a MARL problem is
equal to the Cartesian product of the individual action spaces of all agents, which scales exponentially in

the number of agents. Typical algorithms that easily fail at this challenge are those using centralized /joint



learning [39], [40]. Specifically, centralized learning assumes the existence of a single coordinator who can
access the local information of all the agents, and learns policies jointly for all of them. This centralized
training (though possibly decentralized execution) approach has become a common practice in empirical
MARL [41]-[46]. Centralized learning essentially reduces the multi-agent problem to a single-agent one, but
unfortunately suffers from the exponential dependence as it usually needs to exhaustively search the joint
action space. Such a computation bottleneck can be partially resolved by allowing communications among
the agents and hence distributing the workload to each of them [47]-[49]. However, communication-based
methods instead suffer from the additional communication overheads, which can be unrealistic in some
real-world scenarios where communication may be expensive and/or unreliable, such as in unmanned aerial
vehicle (UAV) field coverage [50].

Given the aforementioned limitations, in this thesis, we are interested in a more practical setting:
decentralized learning'. We focus on solutions where each agent can make decisions based on only its local
information (e.g., local actions and rewards), and need not communicate with its opponents or be coordinated
by any central controller during learning. In fact, in our algorithms, the agents can be completely oblivious to
the presence of other agents. Under such weak assumptions, decentralized algorithms are suitable for many
practical MARL scenarios [59], and do not suffer from the exponential sample & computation complexity.
Such algorithms are naturally model-free, as they do not maintain explicit estimates of the transition functions.
Compared with model-based algorithms, model-free ones typically enjoy higher time- and space-efficiency,
and are more compatible with the modern deep RL architectures [60], [61].

In decentralized learning, since both the reward and the transition are affected by the other agents, the
environment becomes non-stationary from each agent’s own perspective, especially when the agents learn and
update their policies simultaneously. Hence, an agent needs to efficiently explore the unknown environment
while bearing in mind that the information it gathered a while ago might no longer be accurate. This makes
many successful single-agent RL solutions, which assume that the agent is learning in a stationary Markovian
environment, inapplicable. Furthermore, compared with RL in two-player zero-sum games, an additional
challenge in general-sum games is equilibrium selection. In zero-sum games, all NE have the same value [62],
and there is no ambiguity in defining the sub-optimality of a policy. However, in general-sum games, multiple
equilibria can have different values. We hence need to first identify which equilibrium to compare with when
we are trying to measure the performance of a policy.

Contributions. Despite the challenges identified above, we answer both of the aforementioned questions
affirmatively, by presenting an algorithm in which the agents can find a CCE in general-sum Markov games
efficiently through decentralized learning. In the first part of this chapter (Sections 2.4-2.6), we study provably
efficient exploration in decentralized general-sum Markov games. We propose an algorithm named Optimistic
V-learning with Stabilized Online Mirror Descent (V-learning OMD), where V-learning [34] is a simple
variant of Q-learning. In V-learning OMD, each agent independently runs an optimistic V-learning algorithm
to explore the unknown environment, while using an online mirror descent procedure for policy updates.
Following the learning process, the CCE can be extracted by simply letting the agents randomly repeat
their previous strategies using a common random seed. We also show that if all agents in the game run
the V-learning OMD algorithm, they can find an e-approximate coarse correlated equilibrium in at most
5(SAmaXH 6/2) episodes, where S is the number of states, Apax is the size of the largest action space among

the agents, and H is the length of an episode. Our result complements its counterpart in normal-form games

IThis setting has been studied under various names in the literature, including individual learning [51], decentralized
learning [52], agnostic learning [53], [54], and independent learning [40], [55]. It also belongs to a more general category of
teams/games with decentralized information structure [56]—[58].



that uncoupled no-regret learning dynamics lead to CCE. We further show that our sample complexity is
nearly-optimal in that it matches all the parameter dependences in the information-theoretical lower bound,
except the horizon length H. As an important building block of our analysis, we conduct a novel investigation
of a high-probability regret bound for OMD with a dynamic learning rate and weighted regret, which
might be of independent interest. We emphasize that due to the decentralization property, our algorithm
readily generalizes to a large number of agents without suffering from the exponential dependence on the
number of agents. Our work appears to be the first to provide non-asymptotic guarantees for MARL in
generic general-sum Markov games with efficient exploration, with an additional appealing feature of being
decentralized.

Despite being the first decentralized algorithm for learning CCE in general-sum Markov games, an
undesirable aspect of the V-learning OMD algorithm is the need of the complicated no-weighted-regret bandit
analysis. This turns out to be a routine yet painful procedure that many existing V-learning-based methods
[12], [16], [63] need to go through. In the second part of this chapter (Section 2.7), we provide a solution to this
problem and improve the V-learning OMD algorithm in multiple different aspects. Specifically, we propose two
variants of V-learning OMD that use a stage-based V-learning method. We show that stage-based V-learning
helps significantly simplify the algorithmic design and analysis of V-learning OMD, and circumvent the rather
complicated no-weighted-regret bandit subroutine. We also demonstrate that stage-based V-learning can be
combined with any off-the-shelf no(-average)-regret learning algorithm to improve the sample complexity of
V-learning OMD. In particular, stage-based V-learning can learn an e-approximate CCE in O(H®S Apax /%)
episodes, and an e-approximate CE in O(H5SA2__/¢?) episodes.

The 5(1 /2) sample complexities of our V-learning-based algorithms rely on establishing an O(v/T) regret
bound for an adversarial bandit procedure. Such an O(v/T) regret is unimprovable against an adversarial
environment, but it need not be the case for learning equilibria in games because each player in a game is
interacting with other learning players who may not necessarily act adversarially. In the third part of this
chapter (Section 2.8), we exploit this structure and seek to establish faster convergence to CCE/CE in full-
information general-sum Markov games [64]. For CE, we consider the optimistic follow-the-regularizer-leader
(OFTRL) algorithm with a log-barrier regularizer and integrate it with the celebrated external-to-swap-regret
reduction [65] and smooth value updates. For CCE, we consider OFTRL with negative entropy regularization
and combine it with a stage-based value update scheme. We show that our algorithms converge to CCE
or CE in full-information general-sum Markov games at a fast convergence rate of 6(T‘1), matching the
best-known results in normal-form games.

Outline. The rest of the chapter is organized as follows: We start with a literature review in Section 2.2. In
Section 2.3, we introduce the mathematical model of our problem and necessary preliminaries. In Section 2.4,
we present our V-learning OMD algorithm for learning coarse correlated equilibria in general-sum Markov
games. A sample complexity analysis of V-learning OMD is given in Section 2.5. In Section 2.6, we analyze a
specific adversarial multi-armed bandit problem, which plays a central role in our analysis of the V-learning
OMD algorithm. In Section 2.7, we improve the V-learning OMD algorithm by using a stage-based V-learning
method, and analyze its sample complexities for learning CCE and CE. In Section 2.8, we extend our results
to the full-information setting and establish the fast 6(T’1) convergence rates to CCE/CE. For clarity of

presentations, most proofs are deferred to Sections 2.9-2.14. Finally, we conclude this chapter in Section 2.15.



2.2 Related Work

A common mathematical framework of multi-agent RL is stochastic games [7], which are also referred to
as Markov games. Given the PPAD completeness of finding a Nash equilibrium in generic games [15], [30],
convergence to NE has mostly been studied in games with special structures, such as two-player zero-sum
games or cooperative games. Early attempts to learn Nash equilibria in Markov games include [8], [66]-[68],
but they either assume the transition kernel and rewards are known, or only yield asymptotic guarantees. In
particular, [8] has proposed a Q-learning based algorithm named minimax-Q, whose asymptotic convergence
guarantee has later been established in [69].

More recently, various sample efficient methods have been proposed [13], [14], [34], [70]-[73], mostly for
learning in two-player zero-sum Markov games. Most notably, several works have investigated two-player
zero-sum games in a decentralized environment similar to ours: [55] has shown non-asymptotic convergence
guarantees for independent policy gradient methods when the learning rates of the two agents follow a
two-timescale rule. [53] has studied online learning when the actions of the opponents are not observable, and
have achieved the first sub-linear regret 5(K %) in the decentralized setting for K episodes. More recently,
[54] has proposed an Optimistic Gradient Descent Ascent algorithm with a slowly-learning critic, and have
shown a strong finite-time last-iterate convergence result in the decentralized/agnostic environment. Overall,
these works have mainly focused on two-player zero-sum games. These results do not carry over in any way
to general-sum games or MPGs that we consider in this thesis.

MARL has also been studied in teams or cooperative games. Without enforcing a decentralized environment,
[39] has proposed to coordinate the agents by letting them take actions in a lexicographic order. In a similar
setting, [74] has studied optimal adaptive learning that converges to the optimal NE in Markov teams. [75]
has presented an independent learning algorithm that achieves a Pareto optimal NE in common interest
games with limited communication. These methods critically relied on communications among the agents
(beforehand) or observing the teammates’ actions. In contrast, the distributed Q-learning algorithm in
[76] is decentralized and coordination-free, which, however, only works for deterministic tasks, and has no
non-asymptotic guarantees. More recently, [52] has shown that decentralized Q-learning can converge to NE
in weakly acyclic games, which cover Markov teams and potential games as important special cases. Later,
[77] has further improved [52] and achieved convergence to the team-optimal equilibrium.

A few works have considered games beyond the zero-sum or cooperative settings: [67], [66], and [78]
have established convergence guarantees under the assumptions that either a saddle point equilibrium
or a coordination equilibrium exists. [79] has bypassed the computation of NE in general-sum games
by targeting correlated equilibria instead, but no theoretical convergence result has been given. Other
approaches for finding NE in general-sum games include minimizing the Bellman-like residuals learned
from offline/batch data [80], or using a two-timescale algorithm to learn the policy of each player from an
optimization perspective [81]. Nevertheless, none of these works has considered sample-efficient exploration
in a decentralized environment, a more challenging objective that we pursue in this thesis. More recently,
[82] has studied the non-asymptotic properties of learning CCE in general-sum Markov games, but their
sample complexity bound scales exponentially in the number of agents as a consequence of using a centralized
learning approach.

In general-sum normal-form games, a folklore result is that when the agents independently run no-regret
learning algorithms, their empirical frequency of plays converges to the set of coarse correlated equilibria
(CCE) of the game [35]. However, a CCE may suggest that the agents play obviously non-rational strategies.

For example, [83] has constructed an example where a CCE assigns positive probabilities only to strictly
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dominated strategies. On the other hand, given the PPAD completeness of finding a Nash equilibrium,
convergence to NE seems hopeless in general. An impossibility result [84] has shown that uncoupled no-regret
learning does not converge to Nash equilibrium in general, due to the informational constraint that the
adjustment in an agent’s strategy does not depend on the reward functions of the others. Hence, convergence
to Nash equilibria is guaranteed mostly in games with special reward structures, such as two-player zero-sum
games [85] and potential games [86], [87].

For learning in general-sum Markov games, [88] has shown a sample complexity lower bound for NE
that is exponential in the number of agents. Recently, [72] has presented a line of results on learning NE,
CE, or CCE, but their algorithm is model-based, and suffers from such exponential dependence. Since the
publication of the first part of this chapter [16], a few closely related works [12], [63] have also used V-learning
based methods for learning CCE and/or CE, and avoid the exponential dependence. Our methods in the
second part of this chapter significantly simplify the algorithmic design and analysis in these related works, by
introducing a stage-based V-learning update rule that circumvents their rather complicated no-weighted-regret
bandit subroutine.

Another line of research has considered RL in Markov potential games (MPGs) [89]-[91]. [52] has shown
that decentralized Q-learning style algorithms can converge to NE in weakly acyclic games, which cover
MPGs as an important special case. Their decentralized setting is similar to ours in that each agent is
completely oblivious to the presence of the others. Later, such a method has been improved in [77] to achieve
team-optimality. However, both of them require a coordinated exploration phase, and only yield asymptotic
guarantees. Decentralized learning has also been studied in single-stage weakly acyclic games [92] or potential
games [87], [93]. [94] has shown that independent Natural Policy Gradient also converges to NE in MPGs,
though only asymptotic convergence has been established. Finally, MPGs have also been studied in [63], but
their model-based method is not decentralized, and requires the agents to take turns to learn the policies.

Efficient exploration has also been widely studied in the literature of single-agent RL, see, e.g., [60],
[95]-[97]. For the tabular episodic setting, various methods [61], [97], [98] have achieved the sample complexity
of O(H3SA/e?), which matches the information-theoretical lower bound. When reduced to the bandit
case, decentralized MARL is also related to the cooperative multi-armed bandit (MAB) problem [99], [100],
originated from the literature of cognitive radio networks. The difference is that, in cooperative MAB, each
agent is essentially interacting with an individual copy of the bandit, with an extra caution of action collisions;
in the MARL formulation, the reward function is defined on the Cartesian product of the action spaces,
which allows the agents to be coupled in more general forms. [101] has studied cooperative multi-player
multi-armed bandits with information asymmetry. Nevertheless, [101] requires stronger conditions than our

decentralized setting as their algorithm relies on playing a predetermined sequence of actions.

2.3 Preliminaries

An N-player episodic Markov game is defined by a tuple (N, H,S,{ A}, {r:}}¥,, P), where (1) N =
{1,2,..., N} is the set of agents; (2) H € N, is the number of time steps in each episode; (3) S is the finite
state space; (4) A; is the finite action space for agent i € N (5) r; : [H] xS x A — [0,1] is the reward function
for agent i, where A = x_; A; is the joint action (or action profile) space; and (6) P: [H] x S x A — A(S)
is the transition kernel. We remark that both the reward function and the state transition function depend
on the joint actions of all the agents. We assume for simplicity that the reward function is deterministic.

Our results can be easily generalized to stochastic reward functions. Let S = [S|, 4; = |A4;],Vi € N, and
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Amax = max;en A;.

The agents interact in an unknown environment for K episodes, and we let T'= K H be the total number
of time steps. We assume for simplicity that the initial state s; of each episode is fixed. At each time step
h € [H], the agents observe the state s, € S, and take actions ap; € A;,i € N simultaneously. Agent ¢
then receives its private reward rp, ;(sp, an), where ap, = (ap1,...,an,n), and the environment transitions to
the next state spy1 ~ Pr(:|sn,arn). Note that the state transition here is general and not restricted to be
deterministic. This makes learning considerably more challenging, as the agents cannot implicitly coordinate
by enumerating/rehearsing all possible states. We focus on the decentralized setting, where each agent only
observes the states and its own rewards and actions, but not the rewards or actions of the other agents.
In fact, in our algorithms, each agent is completely oblivious of the existence of the others, and does not
communicate with each other. This decentralized information structure requires each agent to learn to make
decisions based on only its local information.

Policy and value function. A (Markov) policy m; : [H] x & — A(A;) for agent i € N is a mapping from
the time index and state space to a distribution over its own action space. We use II; to denote the space of
Markov policies for agent i, and let IT = x| II;. Each agent seeks to find a policy that maximizes its own
cumulative reward. A joint policy (or policy profile) 7 = (71, ..., 7n) induces a probability measure over the
sequence of states and joint actions. For notational convenience, we use the subscript —i to denote the set of
agents excluding agent 4, i.e., N'\{i}. For example, we can rewrite 7 = (m;, 7_;) using this convention. For a
policy profile 7, and for any h € [H], s € S, and a € A, we define the value function and the state-action

value function (or Q-function) for agent 7 as follows:

H
Vini(s) = E,{ Z Th,i(Shrs @nr) | sn = 8}7 (2.1)

h'=h
H
Qh.i(s,a) = Eﬂ[ E rhi(Spyan) | s =s,an = a].
h'=h
For ease of notation, we also write Vh(?’”’i)(s) as V, "' (s), and similarly for ,(f;’”’i)(s, a).

Best response and Nash equilibrium. For agent 4, a policy 7} € II; is a best response to m_; for a given
initial state s1 if V,'; " ~*(s1) = sup,, V{';""*(s1). A policy profile 7 = (m;, m_;) € Il is a Nash equilibrium
(NE) if m; is a best response to m_; for all i € A/. We also have an approximate notion of Nash equilibrium as

follows:

Definition 1. (e-approzimate Nash equilibrium). For any e > 0, a policy profile m = (mw;, n—;) € Il is an

e-approxzimate Nash equilibrium for an initial state sy if Vlﬂgﬁ’l(sl) > sup,, Vlﬂl’ﬂ_’(sl) —¢g, VieN.

Correlated policy. More generally, we define 7 = {m), : Rx (Sx A)""1 xS = A(A)}pe(a) as a (non-Markov)
correlated policy, where for each h € [H], 7, maps from a random variable z € R and a history of length h — 1
to a distribution over the joint action space. We assume that the agents following a correlated policy can
access a common source of randomness (e.g., a common random seed) for the random variable z. We let 7;
and 7_; be the proper marginal policies of © whose outputs are restricted to A(A;) and A(A_;), respectively.
For non-Markov correlated policies, we can still define their value functions at step A = 1 in a sense similar

o (2.1). A best response 7} with respect to the non-Markov policies m_; is a policy (independent of the

randomness of 7_;) that maximizes agent i’s value at step 1, i.e., Vfr:ﬂ’(sl) = sup,, V|;" " (s1). The best

response to the non-Markov policies of the opponents is not necessarily Markov.
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(Coarse) correlated equilibrium. Given the PPAD-hardness of calculating Nash equilibria in general-sum
games [30], we introduce two relaxed solution concepts, namely coarse correlated equilibrium (CCE) and
correlated equilibrium (CE). A CCE states that no agent has the incentive to deviate from a correlated policy
7w by playing a different independent policy.

Definition 2. (Coarse correlated equilibrium). A correlated policy 7 is an e-approzimate coarse correlated
equilibrium for an initial state sy if Vfrz T (s) — foi(sl) <eVieN.

CCE relaxes NE by allowing possible correlations in the policies. For illustrative purposes, let us compare
the definitions of NE and CCE in a simple normal-form game named Hawk-Dove (with no state transitions).
There are two players in this game. The row player has the action space A = {a1, a2}, and the column player’s
action space is B = {b1,ba}. The reward matrix of the Hawk-Dove game is described in Table 2.1. There are
three Nash equilibria in this game: (a1, b2) and (ag,by) are two pure strategy NE, and ((0.5,0.5), (0.5,0.5)) is
a NE in mixed strategies. Table 2.2 gives a CCE distribution of the Hawk-Dove game, which assigns equal
probabilities to three action pairs: (a1, b1), (a1,b2), and (az,b1). We can see that NE defines for each player
an independent probability distribution over a player’s own action space; in contrast, a CCE is a probability
distribution over the joint action space of the players. In this sense, CCE generalizes NE by allowing possible
correlations among the strategies of the agents. In our proposed algorithm, such correlation is implicitly

achieved by letting the players use a common random seed.

Table 2.1: The Hawk-Dove game. Table 2.2: A CCE in the Hawk-Dove game.
bl bg bl b2
ar | 44115 ay | 1/3 1 1/3
as | 5,1 10,0 as | 1/3 | 0

Before introducing the definition of CE, we need to first specify the concept of a strategy modification.

Definition 3. (Strategy modification). For agent i, a strategy modification 1; = {1, ; : h € [H],s € S} is a
set of mappings from agent i’s action space to itself, i.e., \y, ; : A — A;.

Given a strategy modification ;, for any policy 7, step h and state s, if 7 selects the joint action
ap = (an,,--.,an,N), then the modified policy ¢; o 7 will select (an,1, ..., ani-1,% ;(ani), @hiv1,---,anN)-
Let ¥; denote the set of all possible strategy modifications for agent i. A CE is a distribution where no agent
has the incentive to deviate from a correlated policy 7 by using any strategy modification. It is known that
{NE}C{CE}C{CCE} in general-sum games [102].

Definition 4. (Correlated equilibrium). A correlated policy w is an e-approzimate correlated equilibrium for
initial state s1 if

sup ‘G%;Qﬂ(sl) — V(1) e VieN.
w’LG\I}'L

To better illustrate the difference between CCE and CE, it is helpful to consider the equivalent forms of
their definitions in normal-form games. Specifically, in an N-player normal-form game, let A; denote the
action space for agent i and let A = xX; A;. Let u; : A — R denote the utility function for agent i. The

equivalent forms of Definitions 2 and 4 in normal-form games are as follows, respectively:

Definition 5. (Coarse correlated equilibrium, normal-form game). A probability distribution o € A(A) is an
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e-approzimate coarse correlated equilibrium for a mormal-form game if
Eg~o [ui(al,a_;)] — Equo [ui(a)] < e,Vai € Ajyi € N.

Definition 6. (Correlated equilibrium, normal-form game). A probability distribution o' € A(A) is an

e-approzimate correlated equilibrium for a normal-form game if
Eamo [ui(al,a—;) | a;] — Eauor [ui(a) | a;]) < &,Val € Aj,i € N.

Intuitively, in normal-form games, a CE is a probability distribution ¢’ € A(A) such that after a joint
action a = (a;,a_;) is drawn from o', playing a; is a best strategy for agent ¢ conditioned on seeing a;, given
that all the other players will play according to a_;. A CCE o € A(A) is different in the sense that playing
the recommended action a; when a is drawn from o is player i’s best strategy in expectation, before agent ¢
sees a;. CCE is suitable for the scenarios when each agent is committed to following the recommended action
up front and is not able to deviate from the recommended action after seeing it.

For notational convenience, for the first part of this chapter (Sections 2.4-2.6), we illustrate our V-learning
OMD algorithm and its results for the special case of two-player general-sum games, i.e., N = 2. It is
straightforward to extend such results to the general N-player games as we defined above. With two players,
we use 4 and B to denote the action spaces of players 1 and 2, respectively. Let S = |S|, A = |A| and B = |B].
We also rewrite the correlated policies (m1,m2) as (u, ). In the second part of this chapter (Section 2.7), we

will present the results in the generic N-player general-sum games.

2.4 V-Learning OMD

In this section, we introduce our algorithm Optimistic V-learning with Stabilized Online Mirror Descent
(V-learning OMD) for learning coarse correlated equilibria in general-sum Markov games.

V-learning OMD naturally integrates the idea of optimistic V-learning in single-agent RL [60] with
Online Mirror Descent (OMD) [38], [103] in online convex optimization. First, our algorithm uses optimistic
V-learning to efficiently explore the unknown environment, as in single-agent RL. Second, each agent selects
its actions following a no-regret OMD algorithm in order to achieve a CCE. The intuition of using no-regret
learning here is to defend against the unobserved behavior of the opponents, by presuming that the opponents’
behavior will impair the reward sequence arbitrarily. Seemingly conservative, we will show that this suffices to
find the CCE. The use of no-regret learning is also reminiscent of the well-known result in normal-form games
that if all agents run a no-regret learning algorithm, the empirical frequency of their actions converge to a
CCE [36]. These components also make our algorithm decentralized, which can be implemented individually
using only the local rewards received and the local actions executed, without any communication among the
agents.

The algorithm run by agent 1 (with action space .A) is presented in Algorithm 1. The algorithm for agent
2 (or other agents in the setting with more than two agents) is symmetric, by simply replacing the action
space A with the agent’s own action space. We thus omit the index of an agent in the notations for clarity.
We use 6y,(a | sp) to denote the probability of taking action a at state s, and step h, where 6,,(- | s) € A(A).
At each step h of an episode, the agent first takes an action ap, according to a policy 65 (- | sx) for the current
state sp,, and observes the reward 7, and the next state sp41. It also counts the number of times ¢ := Ny (sp)

that state s;, has been visited, and constructs a bonus term ; = ¢4/ @ (c is some absolute constant and
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Algorithm 1: Optimistic V-learning with Stabilized Online Mirror Descent (V-learning OMD)

1 Define: F(0) = 2321(9((1) log(6(a)) — 0(a)) for § € RY, Dp(u,v) = F(u) — F(v) — (u — v, VF(v))
for u,v € Rf.

2 Initialize: V,(s) = Vi,(s) < H —h +1,Np,(s) < 0,0,(a | s) < 1/A,Vh € [H +1],s € S,a € A.

3 for episode k < 1 to K do

4 Receive sq;

5 for step h + 1 to H do

6 Take action ap, ~ 0,(- | sp);

7 Observe reward r;, and next state sp41;

8 Nh(sh)<—Nh(8h)+1,t(—Nh(Sh);

9 Q< %aﬂt —cC HtAbafyt — logtAant — \/ loitA;

10 Vi (sn) <= (1= ae) Vi (1) + a (rn + Vigr (sn1) + Be)s

11 Vi(sp) < min{Vy(sp), H — h+ 1};

12 for action a € A do

13 In(shya) < (H —rp = Vigi(spe1))L{an = a} / (Onla | sn) +7);
14 0’ < argmingea(a) {77t <9,lh(8h, )> + Dr (0,0 | sh))};
15 O (- | sn) < M0 + (1 — A\)1/A, where ), = Zzrerzcs),

Nt 41

¢ is a log factor to be defined later) that is used to upper bound the state value function. The agent then

updates the optimistic state value functions by:
Vi (Sh) — (1 — Ozt) Vi, (Sh) + oy (Th +Vh+1 (Sh+1) + 6t) s (22)

where the learning rate is oy = (H +1)/(H +t). This update rule essentially follows the optimistic Q-learning
algorithm [60] in the single-agent scenario, except that instead of estimating the Q-functions, we maintain
optimistic estimates of the state value functions. This is because the definition of Q(s, a) explicitly depends
on the joint actions of all the agents, which cannot be observed in a decentralized environment. Such an
argument is also consistent with the Optimistic Nash V-learning [34] and the V-OL [53] algorithms for RL in
two-player zero-sum games.

Unlike RL in the single-agent problem where the agent takes an action with the largest optimistic
Q-function, in a multi-agent environment, the agent proceeds more conservatively by running an adversarial
bandit algorithm to account for the unobserved effects of other agents’ policy changes. At each step h € [H]|
and each state s, € S, we use a variant of online mirror descent with bandit feedback to compute a policy
Or(- | sp). OMD is an iterative process that computes the current policy by carrying out a simple gradient
update in the dual space, where the dual space is defined by a mirror map (or a regularizer) F'. In our algorithm,
we use a standard unnormalized negentropy regularizer F'(0) = Zle(ﬁ(a) log(0(a)) —0(a)) for 6 € R4 Given
a mirror map F, the F-induced Bregman divergence is defined as Dp(u,v) = F(u) — F(v) — (u — v, VF(v)) .
Given the (bandit-feedback) loss vector fh(sh, -) at step h and state sp, the OMD update rule is given by
(Line 13 of Algorithm 1):

new . 7 . old
0 (- sn) ¢ arg min, L (0,1n(sn,)) + D@, 0 [ 5a) |

where 1, = 4/log A/(At) is the learning rate. We remark that OMD itself is a well-developed algorithmic

framework with a rich literature. But in our case, to be consistent with the changing learning rate in the
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V-learning part and the high-probability nature of the sample complexity bounds, we additionally require
an OMD algorithm to have (1) a dynamic learning rate and (2) a high probability regret bound, with
respect to (3) a weighted definition of regret. Such a result is absent in the literature, as far as we know.
Interestingly, incorporating OMD with a dynamic learning rate is an active and challenging sub-area per se:
An impossibility result [104] has shown that standard OMD with an 7 \/m learning rate can incur linear
regret when the Bregman divergence is unbounded, which actually covers our choice of Dp. A stabilization
technique [105] was later introduced to resolve this problem, by replacing the policy at each step with a
convex combination of this policy and the initial policy. This stabilization technique is also helpful in our
method (Line 14 in Algorithm 1), although the design of the convex combination is a little more involved,
due to the weighted regret. We provide a more detailed description of the bandit subroutine and an analysis
of our OMD algorithm in Section 2.6.

2.5 Theoretical Analyses

In this section, we present our main results on the sample complexity upper bound of V-learning OMD, and
characterize the fundamental limits of the problem by providing a lower bound.

We first introduce a few notations to facilitate the analysis. For a given step h € [H] of episode k € [K],
we denote by s the state that the agents observe at this step. Let uf : S — A(A) and vff : S — A(B) be
the (interim) strategies at step h of episode k specified by 0 in Algorithm 1 to agents 1 and 2, respectively.
Let af € A and bf € B be the actual actions taken by the two agents. Let V’;(s’g), ViE(sk), and NF(sF),
respectively, be the values of Vi, (sp), Vi (sp), and Np(sp,) in Algorithm 1 calculated by agent 1 at the beginning
of the k-th episode. Symmetrically, define ‘N/hk(sﬁ) to be the value of V,(s;,) calculated by agent 2, which
does not necessarily take the same value as 7: (sﬁ) For notational convenience, we often suppress the
sub/super-scripts (h, k) when there is no possibility of any ambiguity. When the state s} is clear from the

context, we also sometimes abbreviate NJ(s¥) as n¥ or even simply as t. For a fixed state s € S, let t = NF(s),

and suppose that s was visited at episodes k' < k? < --- < k' at the h-th step before the k-th episodes. If we
further define o := H;zl (1—ay) and o} := o H] —it1 (1 —a;), one can show that the update rule in (2.2)

can be equivalently expressed as
t . ) . it )
Vi) =al(H—h+1)+ Y af {rh (.0 bk ) + Vi (sh0) + 51} . (2.3)
i=1

This update rule follows the standard optimistic Q-learning algorithm [60] in single-agent RL, and has also
appeared in RL for two-player zero-sum games [34]. In the following lemma, we recall several properties of o

that are useful in our analysis.
Lemma 1. (Properties for of, Lemma 4.1 in [60]).
1. Zzzlai =1landal =0 fort>1.

2. Zt-:loéiz() and o =1 fort = 0.

<Zzl\[ fforeveryt>1
4. max;ey] ai < % and Zle (a§)2 < % for every t > 1.
5.3 .ot =1+ 2% for everyi > 1.
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Algorithm 2: Construction of (fif, 7F)

1 Require: A common random seed shared by both agents.

2 Input: The strategy trajectories {(uf,vF) hH;Iszl specified by Algorithm 1.

3 for step h' < h to H do

4 Receive sy

5 t < N}]f,(sh/);

6 Sample m from [t] with P(m = i) = o} using the common random seed;

7 Let k& be the index of the episode in which sy was visited for the m-th time during the execution

of Algorithm 1;
8 Execute the strategy pair (uf, (- | sp), v (- | snr));

Based on the strategy trajectories {(uﬁ,y}’f) thf’kzl of the two agents specified by Algorithm 1, we
construct an auxiliary pair of correlated policies (fif,7¥) for each (h, k) € [H] x [K]. The construction of
such correlated policies, largely inspired by the construction of the “certified policies” in [34], is formally
defined in Algorithm 2. Such auxiliary correlated policies will play a significant role throughout our analysis,
and are closely related to the CCE correlated policy that we will construct later. In words, (ﬂZ, ﬂ}’j) proceeds
as follows: It first observes the current state sp, and let t = N ,’f (sp). Then, it randomly samples an episode
index k7 from {k', k2,... k'}, the set of episodes in which the state s, was previously visited during the
execution of the first k episodes of Algorithm 1. Each index k¢ has a probability of o} to be selected. It is
easy to verify that 25:1 ol =1, and, hence, we have specified a well-defined probability distribution over the
episode index set. Finally, (fif, 7}) executes the sampled strategy (u5 (- | sn),v¥(- | s1)) at step h, and then
repeats a similar procedure using (ﬂ’,ﬁrl, D,’fil) at step h + 1, and so on.

From the collection of such auxiliary correlated policies { (i}, 7F )}hH:If w1, We finally construct a correlated
policy (fi,7), which we will show later is a CCE. A detailed description of the construction of (f,7) is
presented in Algorithm 3. By construction, (f, 7) first uniformly samples an index k from [K] using a common
random seed, and then proceeds by following the auxiliary correlated policy (fi¥, 7). One can see that the
notations we have defined are related through the following equation: V{*"(s;) = % Zle Vlﬂlf"ljﬁ (s1). We
also remark that the common random seed used in Algorithms 2 and 3 implicitly plays the role of the “trusted
coordinator” typically used in the language of correlated equilibria.

For notational convenience, we further introduce the operator P,V (s, a,b) = Ey . p, (.|s,a,p)V (8') for any
value function V, and D, x,, Q(5) = E(q p)~(un xv) @S, @, b) for any strategy pair (us,vn,) and any state-
action value function @. With these notations, for any (s,a,b,h) € S x A x B x [H| and for any policy pair
(1, v), the Bellman equations can be rewritten more succinctly as Q1" (s, a,b) = (rn +PrV}}) (s, a,b), and
VI (s) = (D x, @) (). Recalling the definitions of the best responses, we further define Vk*,g%rﬁl (s) =
0,Vk € [K],s € S. Then, we know that for each (k,h,s) € [K] x [H] X S,

t
ok ) ik
Vl:,}jh(s) < II:LE}l:X E azDuthzi (Th + P,V i,hh-:11> (s), (2.4)
=1

—k —
In what follows, we will simply write V,:_’:h as Vk*’;: for notational convenience, because the time step (h, k) is

always clear from the subscripts. We can also define Vkﬂ ;L*(s) analogously.

Remark 1. Our definition of the correlated policy is inspired by the “certified policies” [34] for learning in

two-player zero-sum Markov games, but with additional challenges to address: In the zero-sum setting, the
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Algorithm 3: Construction of the Correlated Policy (i, )

1 Require: A common random seed shared by both agents.

2 Input: The strategy trajectories {(u¥,vF) hH!ikzl specified by Algorithm 1.

3 Uniformly sample k from [K] using the common random seed.

4 for step h < 1 to H do

Receive sp;

t N}’f(sh);

Sample m from [t] with P(m = i) = o} using the common random seed;

Let k£ be the index of the episode in which s was visited for the m-th time during the execution
of Algorithm 1;

9 Execute the strategy pair (uf (- | sn), vE(- | sn));

o N O o

Nash equilibrium value is always unique, and the regret with respect to the equilibrium value can be easily
defined a priori (by means of the “duality gap”). But in general-sum games, the equilibrium value is not
necessarily unique. We hence need to first specify an equilibrium before we are able to define the regret. In our
analysis, the equilibrium value we choose is the one associated with the correlated policy (i, 7). In addition,
we also emphasize that the correlated policy is only used for analytical purposes; the actual strategies adopted

by the agents during the ezecution of Algorithm 1 are still {(uf,vF)}.

We start with an intermediate result, which states that the optimistic V:(s) and ‘7}5 (s) values are indeed
high-probability upper bounds of V,*/(s) and V/;*(s), respectively. The proof is deferred to Section 2.9 for
clarity of presentation. It relies on a delicate investigation of a high-probability regret bound for OMD with a

dynamic learning rate, which we will elaborate on in Section 2.6.

Lemma 2. For any p € (0,1], let « = log(2S max{A, B}T/p). It holds with probability at least 1 — p that
VIZ(S) > Vi (s) and ViE(s) > ViIii(s), for all (s,h,k) € S x [H] x [K].

By construction of the auxiliary correlated policies (jif, 7¥), we know that for any (s, h, k) € S x [H] x [K],

the corresponding value function can be written recursively as follows:
— - t — =
Vi (s) = Z ai]D)u,ii e (rh + th}ﬁf}iﬂ) (s),
i=1

and Vkﬁg 41(8) =0 for any k € [K], s € S, where again notice that we have dropped the dependence on (h, k).
The following result shows that, on average, the agents have no incentive to deviate from the correlated
policies, up to a regret term of the order 6(\/H6SA/K).

Theorem 1. For any p € (0,1], let ¢ = log(2S max{A, B}T/p). With probability at least 1 — p,

=) =
]~

(Vk*,f(ﬁ) - Vk’?i”(sl)) < O(VHSSA/K), and

=
Il
—

= -
M=

(Vk’?’l*(sl) - V,[ff(ﬁ)) < O(VHSSB/K).

>
Il
—

The proof of Theorem 1 can be found in Section 2.9. From the relationship between (fi,7) and (a¥, 7¥),
— —k Sk
and that V/""(s;) = & Zle V""" (s1), we can immediately conclude from Theorem 1 that the correlated

policy (fi, 7) constitutes an approximate CCE.
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Corollary 1. (Sample complezity of V-learning OMD). For any p € (0,1], set + = log(2S max{A, B}T/p),
and let the two agents run Algorithm 1 for K episodes with K = Q(H®Smax{A, B}./e?). Then, with
probability at least 1 — p, the two agents can obtain an e-approrimate coarse correlated equilibrium using a

common random seed.

Finally, to obtain a sample complexity lower bound for the problem, one simple way is to consider a
Markov game instance where either A or B is a singleton, i.e., A =1 or B = 1. In this case, there is no
need to correlate the actions of the agents, and hence a CCE in such a game reduces to a NE. In addition,
learning a NE against an opponent with a fixed policy is equivalent to learning an optimal policy in a fixed
environment. Hence, we have reduced the problem of learning a CEE in a Markov game to a single-agent RL
problem either for agent 2 or for agent 1. Applying the regret lower bound of single-agent RL yields the

following result for RL in Markov games.

Corollary 2. (Corollary of Theorem &5 in [96]). For any algorithm, the sample complexity on achieving an
e-approzimate CCE in two-player general-sum Markov games is at least Q(H3S max{A, B}/e?).

Comparing Corollaries 1 and 2, we see that the sample complexity of Algorithm 1 matches the information-
theoretical lower bound in terms of the dependences on S, A, B and ¢, leaving a gap only in the dependence
of H. Notably, the tight dependence on max{A, B} is a natural benefit from decentralized learning, which

would not have been achieved by centralized approaches.

2.6 Adversarial Bandits with Weighted Regret

In this section, we close the gap in the proof of Lemma 2 by formally presenting a bandit regret bound that
we used in (2.12). Specifically, we consider an adversarial multi-armed bandit problem, and propose an online
mirror descent based algorithm for this problem, which also serves as an important subroutine in Algorithm 1.
Our OMD algorithm achieves an anytime high probability bound with respect to a weighted definition of
regret. Such a result complements the Follow the Regularized Leader based algorithm in [34] and might be of
independent interest.

Specifically, we consider an A-armed bandit problem, i.e., the action space is A = {1,2,..., A}. The arms
are associated with an adversarial sequence of loss vectors (I;)%_;, where I; € [0,1]”. The bandit proceeds
for T rounds. At each round ¢, the player specifies a distribution 6; € A(A) over the actions, and takes an
action a; sampled from this distribution. We consider bandit feedback, where the player only observes the
loss associated with the chosen action l;(a:). The player’s objective is to minimize the weighted regret with

respect to the best fixed policy in hindsight for any time step t € [T:

t t
Reg,(0%) := Y wianp- [li(a;) — i (a) | Fi] = > wi (6: — 0%, 1) ,
=1

i=1

where 0* € A(A) is an arbitrary but fixed policy, 0 < w; < 1 is the weight of the regret for round 4, and F; is
the o-algebra generated by the events up to and including round ¢ — 1. We can check that such a problem
formulation indeed captures the adversarial bandit subroutine with weighted regret used in the analysis of
Lemma 2.

We present our OMD-based algorithm in Algorithm 4. We again use the unnormalized negentropy
regularizer F(0) = ZA (0(a)log(f(a)) — 0(a)) with domain D = dom(F’). Direct calculation shows that the

a=1
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Algorithm 4: Stabilized Online Mirror Descent with Weighted Regret
1 Input: The weight of the regret w; € [0, 1] for each round ¢.

2 Initialize: 6 « 1/4:=(4,...,%).

3 fort <« 1toT do

4 Take action a; ~ 6, and observe loss I;(at);

5 li(a) < Iy(a)1 {a; = a} / (0:(a) + ;) for all a € A, where ~; = 1/ loitA;

6 0441  argmingep {m <0, l}> + Dr(0, Gt)}, where 7y < logtA;
0;,, « argmingea(a) Dr (6, 0;41);
8 01 < Bl + (1 — By)01, where [, «— TEL2t,

Ntwe41’

Bregman divergence with respect to F' is

Dp(u,v) = F(u) — F(v) — (u —v,VF(v Zu ) log(u(a)/v(a)),

which coincides with the Kullback—Leibler divergence when v and v are defined on the simplex.

The structure of Algorithm 4 essentially follows the well-developed OMD framework, but with the following
two critical refinements in order to achieve an anytime high-probability regret bound: First, to establish
high-probability regret guarantees, we use an implicit exploration technique [106], and deliberately maintain

a biased estimate of the true losses as

Ii(a) « Ht(l;)(cfz%l{at =a}.

We can show (in Lemma 7 below) that with an appropriately chosen v; > 0, loss estimates of this form
constitute a lower confidence bound of the true losses, and hence are critical in establishing high-probability
regret guarantees of the bandit problem. Second, to achieve an anytime regret bound, we use a stabilization
technique [105] by replacing the policy at each step with a convex combination of this policy and the initial
policy (Line 8). It has been shown in [104] that standard OMD with an 7; o 1/1/t learning rate can incur
linear regret when the Bregman divergence is unbounded. To resolve this unboundedness, the stabilization
technique mixes a small fraction of 6; into each iterate ;. In this sense, every iterate 6; remains somewhat
close (with respect to the Bregman divergence) to the point ;. Since the distance between 6; and any other
point in A(A) is small (due to our initialization of ;), we know that each iterate 6, is also not too far from
all the other points in A(A). This hence ensures that the Bregman divergences involved with the iterates are
always bounded. In the original stabilization technique [105], a (1 — m+1) fraction of 6, is mixed into each
iterate 6;; while in our algorithm, this fraction is set to 1 — n’“w' because we need to additionally address

Nt Wt
the weighted regret. The following theorem presents the regret guarantee of Algorithm 4.

Theorem 2. For any p € (0,1], let « = log(AT/p). For any t € [T], suppose n; < 27;, 0 < w; < 1,
Bi € (0,1],Vi € [t], and ~; is non-increasing in i. Then, with probability at least 1 — 3p, the weighted regret of
Algorithm 4 is upper bounded by:

3W

Reg, (™) < 2m<ag< w;V Ate

— + = maxwlL—l—
X it
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We can verify that our choices of the parameter values in Algorithm 1 indeed satisfy the requirements
in Theorem 2, that is, n; < 27;, 0 < w; < 1, B; € (0,1],Vi € [t], and ~; is non-increasing in i. Therefore,
the regret bound in Theorem 2 can be applied to the proof of Lemma 2. The only caution is that in this
section we have assumed for simplicity that the loss function is bounded in [0, 1], while the actual losses in
Section 2.5 are bounded in [0, H]|. Hence, multiplying the regret bound in Theorem 2 by a factor of H leads
to the result in (2.12).

A final remark is that Algorithm 4 assumes that the weights of the regret w; for 1 < i <t are given a
priori; but when Algorithm 4 is utilized as a subroutine in Algorithm 1, the weight w; at round 4 actually
corresponds to a!, which cannot be pre-computed when ¢ is not given. To address this subtlety, we specifically
design Algorithm 4 in a way such that the weights w; influence the algorithm only through B; + Z:Efl (Line

8). By the definition of o}, we see that —“— = 'ﬁl = 0‘(27314&)

Wi1
is unknown. In this way, Algorithm 1 has bypassed the subtlety that the weights of the regret should be

can be calculated even when the value of ¢

given beforehand, as required in Algorithm 4.

Proof. (of Theorem 2). The weighted regret Reg,(6*) can be decomposed into three terms:

t

Reg, (6™) Zwl i — 0%, 1;)

t t t

=S wi (6= 07T )+ > i (0 ds — L)+ Y wi (07,0~ 1)
i=1 i=1 i

=1
@ ©
We bound each of the three terms (), ® and ©) in Lemmas 9, 10, and 11 of Section 2.10, respectively. By
setting ny = 1 = loﬁtA, we can verify that the conditions in Lemma 9 and Lemma 11 are satisfied. We

specifically define 1,11 = n; and w41 = w¢. One can verify that these two parameters influence the algorithm
only through S, and the results stated in the lemmas still hold. Plugging back the results and taking a union
bound, it holds with probability at least 1 — 3p:

* wt+1 IOgA A
R 9 - K3 1 /L
) P A L

QLZ’LU + maxwlL/fyt

=1

t
+43 s
i=1

=2 max w;V Ate +

This completes the proof of Theorem 2. O

2.7 Stage-Based V-Learning for General-Sum Markov Games

So far, we have presented V-learning OMD, the first decentralized MARL algorithm for learning CCE in
general-sum Markov games. However, V-learning OMD involves a complicated no-weighted-regret bandit

analysis (Section 2.6), which turns out to be an undesirable routine that appears in the analysis of many
prior V-learning-based methods [12], [16], [63].

20



In this section, we improve V-learning OMD by presenting a stage-based V-learning method. We show
that stage-based V-learning helps significantly simplify the algorithmic design and analysis of V-learning
OMD, and circumvent the rather complicated no-weighted-regret bandit subroutine. We demonstrate that
stage-based V-learning can be combined with any off-the-shelf no-regret learning algorithm to improve the
sample complexity of V-learning OMD. We also show that, when combined with a no-swap-regret learning
algorithm, stage-based V-learning can be used to learn a correlated equilibrium (CE) in general-sum Markov

games, a stronger solution concept than CCE.

Algorithm 5: Stage-Based V-Learning for CCE (agent 4)
1 Initialize: V1, ;(s) < H—h+1,Vii(s) < H—h+1,Ny(s) < 0, Ny (s) < 0,74.4(s) < 0,94.4(s) + 0,
Th(s) < H,ppi(a|s) < 1/A;, and Ly, ;(s,a) + 0, Vh € [H],s € S,a € A;.

2 for episode k < 1 to K do

3 Receive sq;

4 for step h <+ 1 to H do

5 Np(sp) < Nip(sp) + 1,0 := Nh(8h> %Nh(sh)—‘rl;

6 Take action ap ; ~ pn (- | sp), and observe reward 7y, ; and next state sp41;
7 Th,i(Sn) <= Th,i(Sh) + This On,i(Sn) <= Oni(sh) + Vig1,i(She1);

8 i < \/t/ATh(sn),vi  1i/2;

0 Lni(sn; an.i) < Lni(sn, ani) + [H_h+1;z?(’;j;322)li$mWH;
] exp(=niLn,i(sn,a)) .
1o Hhila ] sh) < s i Gy V0 € Ais
11 if Nj,(sp) € L then
12 //Entering a new stage
13 Vii(sn) T'T(Sh) + U'T(Sh) + by, where by, <— 64/ H2A;./7;
14 Vh’z-(sh) — min{ffh’i(sh), H—h+ 1};
15 Ni(sn) <= 0,7h,i(sn) < 0,0n,i(sn) < 0,Th(sn) < [(L4 7 )Th(sn)]:
16 pni(a | sp) < 1/A;, Ly i(sn,a) < 0,Va € Aj;

2.7.1 Learning CCE

The Stage-Based V-Learning for CCE algorithm run by a generic agent i € N is presented in Algorithm 5. The
agent maintains upper confidence bounds on the value functions to actively explore the unknown environment
and uses a stage-based rule to independently update the value estimates.

For each step-state pair (h,s) € [H] x S, we divide the visitations to this pair into multiple stages,
where the lengths of the stages increase exponentially at a rate of (1 + 1/H) [61]. Specifically, we let
e; = H, and e¢;41 = |(1 + 1/H)e;],i > 1 denote the lengths of the stages, and let the partial sums
L= {23:1 ei|7=1,2,3,...} denote the set of ending times of the stages. For each (h, s) pair, we update
our optimistic estimates V', (sy,) of the value function at the end of each stage (i.e., when the total number of
visitations to (s, h) lies in the set £), using samples only from this single stage (Lines 11-16). This way, our
stage-based V-learning ensures that only the most recent O(1/H) fraction of the collected samples are used
to calculate V,(sy), while the first 1 — O(1/H) fraction is forgotten. Such a stage-based update framework
in some sense mimics the celebrated optimistic Q-learning algorithm with a learning rate of a; = g—ﬁ [60],
which also roughly uses the last O(1/H) fraction of samples for value updates. Stage-based value updates also
create a stage-wise stationary environment for the agents, thereby partly alleviating the well-known challenge

of non-stationarity in MARL. As a side remark, stage-based Q-learning has also achieved near-optimal regret
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Algorithm 6: Construction of the Output Policy 7

1 Input: The distribution trajectory specified by Algorithm 5: {uj ;i € N, h € [H], k € [K]};
2 Uniformly sample & from [K];

3 for step h < 1 to H do

Receive sp;

Take joint action ap, ~ ><ZN=1MZ7¢(' | sn);

Uniformly sample j from {1,2,..., NF(sp)};

N o o oa

Set k lvfljj, where lV],fL’j is the index of the episode such that state s; was visited the j-th time
(among the total NF(sy,) times) in the last stage;

bounds in single-agent RL [61].

At each time step h and state sj, agent i selects its action ay; by following a distribution pp, (- | sp),
where iy, (- | sp) is updated using an adversarial bandit subroutine (Lines 9-10). This is consistent with the
recent works under the V-learning framework [12], [16], [63], but with a vital improvement: Existing works
using the celebrated o; = % learning rate for V-learning inevitably entail a no-weighted-regret bandit
problem, because such a time-varying learning rate assigns different weights to each step in the history. A
few methods such as weighted follow-the-regularized-leader [12], [63] and stabilized online mirror descent [16]
have been recently proposed to address such a challenge, by simultaneously dealing with a changing step
size, a weighted regret, and a high-probability guarantee, at the cost of less natural algorithms and more
sophisticated analyses. In contrast, our stage-based V-learning assigns uniform weights to each step in
the previous stage, and hence leads to a standard no(-average)-regret bandit problem. This allows us to
directly plug in any off-the-shelf adversarial bandit algorithm and its analysis to our problem. For example,
Algorithm 5 utilizes a simple Exp3 [107] subroutine for policy updates, and a standard implicit exploration
technique [106] to achieve high-probability guarantees. We provide a more detailed discussion on such an
improvement in Remark 2 of Section 2.11.

Based on the policy trajectories from Algorithm 5, we construct an output policy profile 7 that we will
show is a CCE. For any step h € [H] of an episode k € [K] and any state s € S, we let uj; ;(- | s) € A(A;) be
the distribution prescribed by Algorithm 5 at this step. Let Nf(s) denote the value of Ny, (s) at the beginning
of the k-th episode. Our construction of the output policy is presented in Algorithm 6, which follows the
“certified policies” introduced in [34]. We further let the agents sample the episode indices using a common
source of randomness, and hence the output policy is correlated by nature. Such common randomness is also
termed a correlation device, and is standard in decentralized learning [108]-[110]. In practice, this can be
achieved by letting the agents agree on a common random seed at the very beginning of the game, which only
requires exchanging a single scalar value. Note that the correlation device is never used during the learning
process to coordinate the exploration, but is simply used to synchronize the selection of the policies after
they have been generated. A common random seed is generally considered as a mild assumption and does
not break the decentralized paradigm. It is also worth remarking that our stage-based update rule simplifies
the generating procedure of the output policy: In the original construction of [34], the certified policy plays
a weighted mixture of {,uﬁl( | s) : k € [K]}, while in Algorithm 6, we only need to uniformly sample an
episode index from the previous stage.

The following theorem presents the sample complexity guarantee of Algorithm 5 for learning CCE in
general-sum Markov games. Our sample complexity bound improves over [16] and matches those established

n [12], [63], while significantly simplifying their algorithmic design and analysis. The proof is deferred to
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Algorithm 7: Stage-Based V-Learning for CE (agent %)
1 Initialize: V1, ;(s) < H—h+1,Vii(s) < H—h+1,Ny(s) < 0, Ny (s) < 0,7.4(s) < 0,7.4(s) « 0,
Th(s) < H,pni(a|s) < 1/A;, L; ;(a' | a) < 0, Vh € [H],s € S,a,a" € A,.

2 for episode k < 1 to K do

3 Receive s1;

4 for step h + 1 to H do

5 N},(Sh) (*Nh(sh)+1,’fl:: Nh(Sh) %Nh(sh)+1;

6 Take action ap; ~ pni(- | sn), and observe reward 75, ; and next state spy1;

7 Thi(Sh) <= Thi(Sh) + This Vi (Sh) <= Oni(Sk) + Vas1,i(Sht1);

8 i =\ t/Tu(sn), i < is

9 for action a € A; do

10 for action a’ € A; do B

n Liid | @) = Lj (o' | @) 4 teenlrir Sopeatenssllifan, = a;
Sh / GXP(—ﬂq,Lzlf,;(a/M)) .

12 qh,i(a | a) « Soea, 5oLy (bla)

13 Set pn,i(a | sp) such that ppi(- [ sn) =D ,c aPhila | sn)g)i (- | a);

14 if Ny(sp) € £ then

15 //Entering a new stage

16 Vii(sn) < % + U’T(‘S’) + by, where by, < 11\/H?A?./n;

17 Vii(sn) < min{f/h@(sh), H—h+1};

18 Nh(sh) — 0,7*h’i(sh) — 0717h,i(sh) — O,Th(sh) — L(]. + %)Th(sh)J;

19 philal sp) < 1/A;, LiM(a’ | a) < 0,Ya,a" € Aj;

Section 2.11 for the clarity of presentation.

Theorem 3. (Sample complexity of learning CCE). For any p € (0,1], set ¢ = log(2NSAnaxKH/p), and let
the agents run Algorithm 5 for K episodes with K = O(S AmaxH?1/e?). Then, with probability at least 1 — p,
the output policy ®™ of Algorithm 6 is an e-approximate CCE.

2.7.2 Learning CE

In this subsection, we aim at learning a more strict solution concept named correlated equilibrium. Our
algorithm for learning CE, formally presented in Algorithm 7, also relies on stage-based V-learning, but replaces
the no-regret learning subroutine in Algorithm 5 with a no-swap-regret learning algorithm. Our no-swap-regret
algorithm follows the generic reduction introduced in [65], and converts a follow-the-regularized-leader (FTRL)
algorithm with sublinear external regret to a no-swap-regret algorithm [12]. A detailed description of such a
no-swap-regret FTRL subroutine, as well as its regret analysis, is presented in Section 2.12. Again, due to the
stage-based update rule, we can avoid the additional complication of dealing with a weighted swap regret as
faced by recent works [12], [63]. The construction of the output policy 7 is the same as Algorithm 6 and thus
omitted. The following theorem shows that our sample complexity guarantee for learning CE improves over
[63] and matches the best known result in the literature [12]. The proof of the theorem can also be found in
Section 2.12.

Theorem 4. (Sample complexity of learning CE). For any p € (0,1], set ¢ = 1og(2N S Amax K H/p), and let
the agents run Algorithm 7 for K episodes with K = O(SA2, H®./?). Then, with probability at least 1 — p,

the output policy T is an e-approrimate CE.
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As a final remark, notice that both the V-learning and the no-regret learning components of our algorithms
are decentralized, which can be implemented using only the states observed and the local action and reward
information, without any communication or central coordination among the agents. In addition, the sample
complexity of our algorithms only depend on A,.x instead of Hfil A;. This allows our methods to easily

generalize to a large number of agents.

2.7.3 Simulations

In this section, we demonstrate the empirical performances of our algorithm, and compare their perfor-
mances with various benchmarks. We evaluate Algorithm 5 on two Markov games, namely GoodState and
BoxPushing [111].

The GoodState task is a simple Markov team problem inspired by [77]. It has two states S = {s¢, $1},
where sg is the “good state” and s; is the “bad state”. Each agent has two candidate actions A; = {ag, a1}
and Ag = {bg,b1}. The reward function at each state is presented in Table 2.3. Specifically, at state s1, both
agents get a reward of 0 no matter what actions they select, while at state sg, they will obtain a strictly
positive reward if they either take the joint action (ag,b1) or the one (a1,by). The state transition function is

defined as follows:
Pr(so | so or s1,a9,b1) =1—¢, Pyp(s1 ]| so or s1, not (ag,b1)) =1—¢, Vh € [H],

and all the other transitions happen with probability . Intuitively, no matter which state the agents are
in, they will transition to the good state sy with a high probability 1 — ¢ at the next step as long as they
select the action pair (ag,b;). All the other joint actions will lead to the bad state s; with a high probability
1 — €. The task hence rewards the agents who learn to consistently play the action pair (ag, b1). We run
Algorithm 5 on this example for K = 50000 episodes, each episode containing H = 10 steps. We set the
transition probability € = 0.1. For Algorithm 5, the step size is set to be n; = m, and the implicit

exploration parameter is v; = 1;/2.

50 ‘ bo b1 51 ‘ by by
ap -2 5 agp
ay 2 -2 a1

Table 2.3: Reward tables for GoodState.

The BoxPushing task [111] is a classic DecPOMDP problem with with ~100 states. It has two 2 agents,
where each agent has 4 candidate actions. In the original BoxPushing problem, each agent only has a partial
observation of the state. We make proper modifications to the task so that the agents can fully observe the

state information and fit in our problem formulation. For Algorithm 5 on this task, the step size is set to be
1

= 201/ ATy (sn)

We compare Algorithm 5 with two meaningful benchmarks. The first benchmark is a “Centralized”

, and the implicit exploration parameter is v; = 1;/2.

oracle. This oracle acts as a centralized coordinator that can control the actions of both agents. Such an
oracle essentially converts the multi-agent task into a single-agent RL problem. In our simulations, we
implement “Centralized” by using a Hoeffding-based variant of a state-of-the-art single-agent RL algorithm
UCB-ADVANTAGE [112]. This algorithm has achieved a tight sample complexity bound for single-agent RL

in theory, and has also demonstrated remarkable empirical performances in practice [23]. Such an algorithm
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Figure 2.1: Rewards of Algorithm 5 on the (a) GoodState and (b) BoxPusing tasks. “V-Learning” denotes
the policies at the current iterate ¢ of Algorithms 5. “Centralized” is an oracle that can control the actions of
the agents in a centralized way. In “Independent”, each agent runs a naive single-agent Q-learning algorithm
independently, by taking greedy actions with respect to its local Q-function estimates. All results are averaged
over 20 runs.

could provide a strong performance upper bound in our task. The second benchmark we consider is the
naive “Independent” Q-learning. Specifically, we let each agent run a single-agent Q-learning algorithm
independently, without being aware of the existence of the other agent or the structure of the game. Each
agent maintains an local optimistic Q-function, and takes greedy actions with respect to such optimistic
estimates, without taking into account the other agents’ actions. Since the agents update their policies
simultaneously, the stationarity assumption of the environment in single-agent RL quickly collapses, and the
theoretical guarantees for single-agent Q-learning no longer hold. This is also reminiscent of the “independent
learner” approach proposed in an early work [40] for learning in Markov teams. We believe that such a
benchmark could provide meaningful intuitions about the consequences of not taking care of the multi-agent
structure in decentralized methods. In our simulations, we implement such a benchmark by letting each
agent running a variant of the single-agent UCB-ADVANTAGE [112] algorithm independently.

Figure 2.1 illustrates the performances of our Algorithm 5 and the two benchmark methods in terms of
the collected rewards, where “V-Learning” denotes the policy at the current iterate ¢ of Algorithms 5. Notice
that the actual policy trajectories of the algorithm numerically converge and achieve high rewards. This is
more encouraging than our theoretical guarantees, because for Algorithm 5, our Theorem 3 only holds for a
“certified” output policy but not the last-iterate policy. Further, Algorithm 5 outperforms the “Independent”
learning benchmark on the two tasks. On the other hand, the “Independent” benchmark converges, albeit
faster, to a clearly suboptimal value. This reiterates that the naive idea of independent learning does not
work well for MARL in general, and a careful treatment of the game structure (like our adversarial bandit
subroutine) is necessary. Finally, the implemented algorithm takes much fewer samples to converge than our
theoretical results suggested. This indicates that the theoretical bounds might be overly conservative, and

our algorithm could converge much faster in practice.
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Table 2.4: No-regret learning convergence rates in NFGs and Markov games.

Learning objective Normal-form games Markov games

Nash equilibrium 5(T‘1) [113] o(T-1) [122]

(two-player zero-sum)

Correlated ~ O(T~1/4) [123
orrelate O(T-1) [120] ~( » ) [123]

equilibrium O(T~') (Theorem 5)

Coa%r.se 'correlated ST 1] Q(T:j/‘l) [121]

equilibrium O(T—") (Theorem 6)

2.8 5(T‘1) Convergence in Full-Information Markov Games

So far, we have primarily considered MARL algorithms that run an adversarial bandit procedure at each
state. We have shown that such algorithms achieve an 6(\/T ) regret? with respect to an arbitrary reward
sequence after T iterations, which directly implies an O(1/y/T) convergence rate to a (coarse) correlated
equilibrium. While the O(v/T) regret is unimprovable against an adversarial environment, it need not be the
case for learning equilibria in games because each player in a repeated game is not facing adversarial payoffs,
but instead is interacting with other players who also exhibit certain learning behavior. In this section, we
exploit this structure and seek to establish a faster O(T~1) convergence to CCE/CE in full-information
general-sum Markov games.

Faster convergences than 9] (1/v/T) are indeed shown to be possible for certain scenarios of learning in
games. For learning Nash equilibria (NE) in two-player zero-sum normal-form games (NFGs), the seminal
work [113] developed an algorithm based on the Nesterov’s excessive gap technique and established its
O(T~1) convergence when the algorithm is adopted by both players. Recent works [114]-[120] significantly
strengthened this line of results by devising other no-regret learning dynamics that find different equilibrium
solutions at a faster rate than O(1/+/T). Notably, [115] showed that if all the players in a general-sum NFG
employ an optimistic version of follow-the-regularizer-leader (henceforth OFTRL), the players’ strategies
converge to the set of CCE at a fast rate of O(T~3/%); such a rate was later improved to O(T~1) by [118].
More recently, the O(T~1) rate was established for swap regrets and CE in NFGs [119], [120]. Despite the
encouraging fast convergence results in NFGs, very few results are known for the more challenging regime
of Markov games. The only exceptions include [121] and [122], who established the O(T~!) convergence of
OFTRL (together with smooth value updates) to NE in two-player zero-sum full-information Markov games,
matching the best rates in NFGs. As for general-sum Markov games, the best known results for CCE and
CE are O(T—3/4) [121] and O(T /) [123], respectively, which largely lag behind their O(T—1) counterparts
in NFGs. In fact, establishing 5(T‘1) convergence to CCE or CE in general-sum Markov games has been
raised as an important open question by [122].

In this section, we close this gap by developing no-regret learning algorithms with accompanying value
update procedures and establishing their fast 6(T*1) convergence to CCE or CE in general-sum Markov
games. For CE (Section 2.8.1), we consider the OFTRL algorithm with a log-barrier regularizer, and
integrate it with the celebrated external-to-swap-regret reduction [65] and smooth value updates. Our 5(T‘1)
convergence analysis builds on a Regret bounded by Variation in Utilities (RVU) property [115] for the
weighted swap regret at each state. We make a seemingly trivial observation that swap regrets are always

non-negative and use it to easily bound the second-order path lengths of the learning dynamics. For CCE

2In this section, we use 6() to suppress the poly-logarithmic dependence on T'.
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Algorithm 8: Optimistic follow-the-regularized-leader for correlated equilibria (agent %)
1 Initialize: Q?ml(s,a) — O,W?l’i(s,ai) — 1/A;,Vs € S,h € [H],a;,a; € A;j,a € Aup;

2 for iteration t <~ 1 to T do

3 Policy update:

4 for action a; € A; do

ta; t—1 j i g - —1_t— )
5 Ehz (s,a7) Z_j:l wjﬂ'i@(svai)[ 2,1‘”#—1‘}(5’“;) + wtﬂi,il(s,ai)[Q’iL,ﬁZ,_ﬂ](s,aé),
6 qu’z.”(s, ©) < argmaxgea(a,) ((m, 77622’7(3, O /w) — R(m)) ,Vs € S,h € [H];

7 Find 7}, ; such that 7}, ;(s,-) = 22, ca. (5, aq;)qZ"Zi(s, ), Vs € S,h € [H],a; € Ay;
8 Value update:
for h+ H to 1 do

10 Qzﬂ-(& a) < (1 —ay) ’;;il(s, a) + oy (rhyi + Ph[QZ+1,i7TZ+1]) (s,a),¥s € S,a € Aa;

11 Output policy: & = 7{, where 7} is defined in Algorithm 9.

(Section 2.8.2), we consider standard OFTRL with negative entropy regularization but combine it with a
stage-based value update scheme. We show that this algorithm induces a no-average-regret problem within
each stage, which allows us to apply existing analysis for the individual regret of the players [118]. Table 2.4
compares our results with the best-known convergence rates of no-regret learning in NFGs and Markov games.
We further provide numerical results (Section 2.8.3) to validate the 6(T‘1) convergence behavior of our
algorithms.

Notations. For notational convenience, for any value function V : & — R (as defined in Section 2.3),
we define [P,V](s,a) := Eyp,(|s,a) [V (s')]. For an arbitrary Q-function Qp; : S x Aan — R, we write
[Qn,imh](s) = (Qni(s,-), mn(s,-)) and [Qp imh —i] (s, a;) = (Qni(S, ai, ), Th,—i(s,)) for short.
Full-information feedback. Following [54], [121]-[123], we consider the full-information feedback setting
where each agent can observe the expected rewards it would have received had it played any candidate action.
In our formulation, this can be interpreted as an oracle from which each agent ¢ can query [Qp,i7h, —i](s, a;)

for each candidate action a; € A; at any state s € S.

2.8.1 Convergence to Correlated Equilibria

In this subsection, we present our optimistic follow-the-regularized-leader (OFTRL) algorithm for learning
correlated equilibria in general-sum Markov games and then establish its 5(T‘1) convergence.

Algorithm 8 describes the OFTRL procedure run by agent ¢ € A/. Since the algorithms run by all the

agents are exactly symmetric, in the following, we only illustrate our algorithm using a single agent ¢ as
an example. Algorithm 8 consists of three major components: The policy update step that computes the
strategy for each matrix game, the value update step that updates the (Q-)value functions, and the policy
output step that generates a CE policy.
Policy update. At each fixed (s,h) € S x [H], the agents are essentially faced with a sequence of matrix
games, where the payoff matrix for agent 7 in the ¢-th matrix game is given by the estimated Q-function
Qfm(s, -) at the corresponding iteration ¢. For learning CE in matrix games, a folklore result suggests
that each agent should employ a no-swap-regret learning algorithm. Specifically, suppose that each agent
employs a no-swap-regret algorithm such that the cumulative swap regret up to time 7' € N, is upper
bounded by SwapReg”; then, the empirical distribution of the joint actions played by the players is an
(SwapReg” /T)-approximate CE [35].
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For a fixed matrix game at (s,h) x S x [H], we follow the generic reduction introduced in [65] to obtain
a no-swap-regret learning algorithm .@ya;, from a no-(external-)regret base algorithm 7. Specifically, [65]
maintain a separate no-regret algorithm <7, for each candidate action a € A; of the agent. Zwap computes a
strategy by combining the strategies of the A; base algorithms. At time step t € [T, each base algorithm 47,
outputs a distribution ¢“%(-) € A(A;), where ¢"*(a’) is the probability that it selects a’ € A;. Then, a (row)

stochastic matrix ¢t € R4:x4

i is constructed, where the a-th row of ¢' is equal to the ¢“® vector. yap
obtains the action selection strategy by computing a stationary distribution® 7t € A(A;) of ¢* such that
(¢") Tt = wt. Upon receiving the payoff vector u’ € R4¢ (in the case of Algorithm 8, u = | %Zﬂiﬂ](s, )
for agent ¢) from the environment, ., returns to each 7, base algorithm a 7t(a) fraction of the received
utility, so that o7, is updated with a utility vector of 7t(a)ut € R4i. It is shown that Hswap guarantees
no-swap-regret as long as each base algorithm 7, has sublinear (external) regret in 7.

In Algorithm 8, we use weighted OFTRL as the no-regret base algorithm 7. OFTRL [115] extends the
standard FTRL paradigm by maintaining a prediction sequence m' of the utilities. Given a utility sequence

(u',...,u”), OFTRL computes the strategies by

x' ;= argmax {77<w, m' + § uj> - R(w)}, (2.5)

zeA(A;)

where 1 > 0 is the learning rate, and R is the regularizer. In Algorithm 8, we instantiate (2.5) with
m! = u'~! and the log-barrier regularizer R(x) = —>_, . 4 log([a;]). Such a log-barrier regularizer satisfies
the self-concordant condition in [120], which is used to establish the Regret bounded by Variation in Utilities
(RVU) property [115] of the swap regret. Due to the time-varying learning rates in the value update step (to
be discussed momentarily), we additionally use a weighted variant of OFTRL that considers a weighted sum
over the utility sequence. The choice of the weights {w;} ;e[ will also be defined shortly. Combining the
OFTRL base algorithm, the utility weights and the external-to-swap-regret reduction, we arrive at the policy
update rule as presented in Algorithm 8. With the [65] reduction, we name our no-swap-regret algorithm
BM-OFTRL.

Value update. For any (h, s,a), we update the Q-value estimates at each iteration in a Bellman manner
using a weighted average of previous estimates. We perform incremental updates using the classic step size
ap = (H +1)/(H + t) proposed by [60]. With this step size, the value update rule in Algorithm 8 effectively

becomes:
t

Qfm(s, a) = Zaf (Th,i + Ph[Q?zH,ﬂT{LH]) (s,a),Vs € S,a € A, (2.6)
j=1

where o := o H§/:j+1(1 — ajs) and of := a4. One can verify that Z;Zl ol = 1. Given the time-varying
weights o, to ensure that our policy update step is no-swap-regret in the matrix games defined by the
Q-value estimates, we define the weights of our weighted OFTRL procedure in Algorithm 8 to be w; := ozg /ot
for any fixed t € [T].
Policy output. Our output policy 7 is a state-wise weighted average of the history policies, where the
weights are again related to the step sizes a{ . The construction of 7 is formally defined in Algorithm 9, which
is closely related to the “certified policies” from [34]. Specifically, Algorithm 9 takes the policy trajectory
{m} Ynepm) terr) of Algorithm 8 as input. For each step h € [H], Algorithm 9 randomly samples a joint policy
from the policy trajectory using the sampling probabilities o and let all the agents play this joint policy at

t

31t is known that such a distribution n¢ exists and is computationally efficient.

28



Algorithm 9: Policy 7,

1 Input: Policy trajectory {m} }ne(m ter) of Algorithm 8;
2 for step h' < h to H do

3 Sample 7 € [t] with probability P(r = j) = of;
4 Play policy #7, at step h';

5 Set t + 7.

the given step. The constructed policy 7 is a correlated policy because the agents implicitly use a common
source of randomness to select the same history iteration. We will show that the output policy constitutes an
approximate CE.
Analysis. In the following, we present the analysis of Algorithm 8. We use the following notion of CE-Gap
to measure the distance of a correlated policy to a CE:

CE-Gap(r) := max max (V{fi”(sl) - VlTi(sl)) ;
where recall that ®; is the set of strategy modifications for agent i. The following theorem states that

Algorithm 8 finds an 5(T’1)—appr0ximate CE in T iterations.

Theorem 5. If Algorithm 8 is run on an N-player episodic Markov game for T iterations with a learning

rate n = m, the output policy T satisfies:

2048NH? Afx log T
Z .

CE-Gap(7) <

Theorem 5 improves the existing O(T~/4) rate [123] of no-regret learning to CE in full-information
Markov games. The parameter dependences in Theorem 5 also match the best known rate for normal-form
games [120], except that Theorem 5 introduces an additional O(H %) dependence on the Markov game episode
length. We remark that we make no effort to improve the constant factors in the bounds, which can certainly
be tightened.

The proof structure of Theorem 5 is conceptually similar to those for learning Nash equilibria in two-player
zero-sum Markov games [121], [122] . We first introduce a few notations to facilitate the proof. For any
(s,h) € S x [H], we define the per-state weighted swap regret up to iteration ¢ € [T] in the corresponding

matrix game as
SwapReng(s) = 42 I&@iAV Zai <¢Zz Oﬂ-z,i(sv )= 772,1‘(57 ) i,ﬂix,—i](sv )> )
h,it/ ti=1

SwapReg), := max max SwapReg}, ;(s).
For any (h,t) € [H] x [T], we further define the best response CE value gap as

t piort il
Op += max max max (Vh,i "(s) = Vh,’z(S)) ;

where 7, is defined in Algorithm 9 and we slightly abuse the notation ¢; to denote a strategy modification
that is only effective starting from step h. By the definition of §} and 7, one can easily see that CE-Gap(7) =

CE-Gap(7!) < 6T. To control 67, we first use the following lemma to establish the recursive relationship of
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the best response CE value gaps between two consecutive steps h and h + 1:

Lemma 3. (Recursion of best response CE value gaps) For any fized (h,t) € [H] x [T], we have

t
5 < Z a{é,{ﬂ + SwapReg! . (2.7)

j=1
Therefore, upper bounding CE-Gap(7) breaks down to controlling the per-state weighted swap regrets for
every (s,h) € S x [H]. We can further establish the upper bound of SwapRegZ?i(s) in the next lemma. The
proof of this lemma relies on an RVU bound for the swap regret of BM-OFTRL under time-varying learning

rates in normal-form games.

Lemma 4. (Per-state weighted swap regret bounds) For any t € [T],h € [H|,s € S and i € N, Algorithm 8

ensures that

4A2H logt  32nH3N? : e . 2
SwapReg,,(s) <= 8+ "t —|—877NH2§:E:aiHﬂ'fZ)k(s,-)—ﬂ'i)kl(s,-)Hl. (2.8)
=2 k#i

[f n S W, we further have

4N A2 Hlogt N 32nNH?*(N? + H)
nt 4

t
(0%
204817H Z Z Zt

N
Z SwapRegz’i(s) <

i=1

— Wil (s, )H : (2.9)

We note that there is a discrepancy between (2.7) and (2.9). Specifically, (2.7) requires an upper bound
for the mazimum of the swap regrets over the agents while (2.9) controls the sum of them. This poses some
additional challenges for learning NE (in zero-sum Markov games) or CCE in existing works [121], [122],
because some players may experience negative regret [124] and the sum of regrets in general does not upper
bound the maximum individual regret of the players. For CE, however, we can take advantage of a seemingly
trivial property that the swap regret is always non-negative. This is in sharp contrast to the (external)
regret and one can easily verify this property by letting all the strategy modifications ¢, in SwapRegfm(s)
be identity mappings. In this case, the discrepancy will not impede us, as we can easily upper bound the
maximum (2.7) by the sum (2.9), which already yields an O(¢~1) convergence rate. Our proof of Theorem 5
instead follows a different route that upper bounds the second-order path lengths of the learning dynamics,

which leads to an improved rate in terms of the dependence on V.

2.8.2 Convergence to Coarse Correlated Equilibria

In this subsection, we turn to learning coarse correlated equilibria. We start by introducing our stage-based
OFTRL algorithm followed by presenting its analysis.

Algorithm 10 describes the stage-based OFTRL procedure run by agent ¢ € N for learning CCE. Similar
to Section 2.8.1, Algorithm 10 also consists of three components: policy update, value update, and policy
output. The policy update step is standard OFTRL with a negative entropy regularizer, which is also known
as the optimistic Hedge (see e.g., [117]). Our policy output step, formally described in Algorithm 11, is also
conceptually similar to Algorithm 9 for CE.
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Algorithm 10: Stage-based OFTRL for coarse correlated equilibria (agent 7)
1 Initialize: Q}L’i(s,a) — O,W?l’i(s,ai) — 1/A;,Vs € S,h € [H],a;,a; € A;j,a € Aup;
2 Set stage index 7 < 1, 5% < 1 and L, < H;

3 for iteration t <~ 1 to T do
4 Policy update: For all s € S,h € [H|, and a; € A;,

t—1
Ghi(s.ai) & Y [Qhimh i)(s a0) + [QF iy i) (s, a2);
t=gstart
Thi(8, ) < argmax ((z, 1,0, ;(s,-)/H) — R()) ;
cEA(A;)
5 if t —tstet + 1 > [, then
6 tond st ot 41, Loy < (14 1/H)L, |;
7 Value update: For each h € [H],s € S,a € Aa,i € N:

end
tT

T 1 T //
th(s,a) — - Z (Th,i + Ph[Qh+17i7T;z+1]) (s,a);

T t/=tstart
8 T 7417 (s,a0) <= 1/A;, Vs € S, b€ [H],a; € Aj;
9 Output policy: Sample ¢ ~ Unif([7]). Output 7 := 7} where 7}, is defined in Algorithm 11.

Algorithm 11: Policy 7} for stage-based OFTRL

1 Input: Policy trajectory {7} }ne[m)ter) of Algorithm 10;
2 for step h' < h to H do

3 Uniformly sample j from {tit(igt_l, tit&gt_l +1,... ,tir(’f)_l};

4 Play policy W{L/ for step h';
5 Set t + j.

The value update step here is substantially different from that of Section 2.8.1. Rather than performing
incremental updates as in Algorithm 8, we instead employ stage-based value updates by dividing the total T’
iterations into multiple stages and only updating the value estimates at the end of a stage. We use 7 € N
to index the stages and use L, to denote the length (i.e., number of iterations) of the 7-th stage. We set
the lengths of the stages to grow exponentially at a rate of (14 1/H) so that L, = [(1+1/H)L.|. The
exponential growth ensures that the total T iterations can be covered by a small number of stages, while the
(14 1/H) growth rate guarantees that the value estimation error does not blow up during the H steps of
recursion. Such a mechanism was initially proposed in single-agent RL [61] and has later been advocated for
creating a piece-wise stationary environment in MARL [17]. The benefit of using stage-based value updates
here is that we only need to bound the per-state average regret in the corresponding matrix games (in
contrast to the weighted regret as in Section 2.8.1), which allows us to easily apply existing regret analysis
results for normal-form games.

Analysis. We use the following notion of CCE-Gap to measure the distance of a correlated policy to a CCE:
CCE-Gap(r) := max (vf;’”i(sl) - v;;.(sl)) .
i€ ’ ’
In the following theorem, we show that Algorithm 10 finds an O(T~!)-approximate CCE in T iterations.

Theorem 6. If Algorithm 10 is run on an N -player episodic Markov game for T iterations with a learning
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Table 2.5: Reward matrices for Player 1. Table 2.6: Reward matrices for Player 2.

S0 ‘ bo bl S1 ‘ bo bl S0 ‘ bo bl S1 ‘ bo bl

agp | 0.8 0.2 ag | 1.0 0.2 ap | 0.2 1.0 ag | 0.5 1.0

a; | 0.0 1.0 a; | 0.5 0.8 a; | 0.5 0.0 a; | 1.0 0.2
rate n; = @(m) in each stage T, then the output policy T satisfies:

NH31og Aoy - log® T
CCE—Gap(W):O( 98 Fmax ' 108 )

T

Theorem 6 improves the best-known rate of 6(T‘3/ 1) [121] for OFTRL in general-sum Markov games.
Since CCE reduces to NE in two-player zero-sum games [34], Theorem 6 additionally suggests that a simple
variant of Algorithm 10 leads to an 6(T*1) convergence to NE in two-player zero-sum Markov games, which
can further improve the existing O(H®log Ayax/T) result [122] when logT = O(H?/). Compared to its
counterpart O(N log Apax - log* T/T) in normal-form games [118], Theorem 6 incurs an extra O(logT') factor
due to the stage-based value estimates.

The proof of Theorem 6 starts by showing a recursive relationship of the best response CCE value gaps
between two consecutive steps h and h 4+ 1. As a consequence of stage-based value updates, CCE-gap(7)
breaks down to the sum of the per-state average regret over the stages, which allows us to apply each player’s
individual (average) regret bound in NFGs [118] for each stage. The proof is then completed by upper
bounding the total number of stages. We defer the complete proof of Theorem 6 to Section 2.14 for clarity of

presentation.

2.8.3 Numerical Results

In this subsection, we numerically evaluate Algorithm 8 (denoted by “Smooth OFTRL CE”) and Algorithm 10
(“Stage-based OFTRL CCE”) to validate our O(T~1) theoretical convergence guarantees. Our simulations
additionally consider an OFTRL algorithm with incremental value updates similar to that of Algorithm 8 for
learning CCE (“Smooth OFTRL CCE”). We did not prove the convergence of such an algorithm but would
be interested to see its numerical performance given its intuitive form. Our numerical studies are conducted
on a simple general-sum Markov game with 2 players, 2 states S = {sg,s1} and H = 2 steps per episode.
Each player has 2 candidate actions A = {ag, a1} and B = {bg, b1}, respectively. The reward matrices for
Player 1 and Player 2 at the two states are given in Tables 2.5 and 2.6, respectively. The state transition
function is defined as follows: In both states sg and sp, if the two players take matching actions (namely
(ao, bo) or (aj,b1)), the system stays at the current state with probability 0.8, and transitions to the other
state with probability 0.2. On the other hand, if the two players take opposite actions (namely (ag,b;) or
(a1,bp)), the environment will stay at the current state with probability 0.2, and will transition to the other
state with probability 0.8. We choose a constant learning rate n = 0.2 for all the three algorithms. We
have also experimented with other choices of the transition and reward functions and have observed similar
behavior, as shown in Figures 2.2 and 2.3.

Figure 2.2 illustrates the convergence of the three algorithms to their corresponding equilibrium solutions
as the number of iterations increases. To clearly demonstrate their convergence rates, we further plot the
behavior of CCE/CE-Gap(7) x T" as T increases. We can observe from Figure 2.3 that for all three algorithms,
CCE/CE-Gap(7) x T essentially become a constant for any reasonably large value of 7. This indicates
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that our algorithms indeed converge at a rate of 6(T‘1) numerically. We also observe that OFTRL with
stage-based value updates numerically converges faster than its incrementally-updated counterpart despite

using the same learning rate, which advocates the use of stage-based value updates in Markov games.

2.9 Proofs for Section 2.5

2.9.1 Proof of Lemma 2

Proof. In the following, we provide a proof for the first inequality. The second inequality can be shown using
a similar argument.

Notice that it suffices to show V}¥(s) > Vk*:(s), because V:(s) = min{V}(s), H — h+ 1}, and Vk*hp(s) <
H — h + 1 always holds. Our proof relies on backward induction on h € [H]. First, the claim holds for
h = H + 1 by the definition of V/;, (s). Now, suppose V¥, (s) > Vk*,’,f+1(5) for all s € S. By the definition of
Vk*}’hﬁ (s) and the induction hypothesis,

i=1
¢ i
< HLE:XZ; O[z]D)uth/;fi <rh + thh—&-l) (s). (2.10)
Further, define
—k
R, —maXZozt i Xt ’I‘h—|—]P)th+1 Zat]D) F bt (rn +PrV 1) (s). (2.11)

One may observe that from the perspective of player 1, R; is the weighted sum of the differences between the
actual value that player 1 collected for the first ¢ times that state s is visited, and the value that could have
been achieved using the best fixed policy in hindsight. R; can hence be thought of as the weighted regret of
an adversarial bandit problem, which we formally present and analyze in Section 2.6. Specifically, the loss

function of the bandit problem is defined as

li(a) = EbNV’;:i(s) {H —h+1—ru(s,a,b) — IP’hVZH(s,a, b)} .
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The weight of the regret at round i is w; = of. If we define

¢ ¢
Wy, := arg muinZwi (n, ;) = arg max
h

. L
§ i )
Hh atDMhXVfl <Th + ththl) (),
i=1 i=1

then, R; can be equivalently rewritten as

t
= Y (= ).
i=1

Later in Section 2.6, we will analyze an adversarial bandit problem in exactly the same form. Applying the

regret bound (which is presented in Theorem 2 of Section 2.6) of this bandit problem, we obtain the following
result with probability at least 1 — p/(2SHK)

3H\/
R; SQHaiv At +

2—1
<AH*\/Aujt + 3H\/AL/t H?0/t +\/AH3./t
<10H?\/Au/t,

(2.12)
where in the first step we have used the fact that w; is increasing and max;<; w; = «f, and the second step is
due to Lemma 1.

Finally, let F; be the o- algebra generated by all the random variables before episode k. Then, we can see

that {r(s,a’ 7b’“l) + Vh+1(sh+1)}z 1 is a martingale with respect to {F;}!_;. From the Azuma-Hoeffding
inequality, it holds with probability at least 1 — p/(25SHK) that

t )
i 7
Z atD#ﬁi xvk? <Th + thh-ﬁ-l) (S)
i=1
(2.13)
t .
. i i —k* i
§Zat [rh (s,aIfL Y ) + Vi (sﬁ_‘_l)] + 2V H3/t,
i=1

where ¢ suppresses logarithmic terms. Finally, combining the results in (2.10), (2.11), (2.12), (2.13), and
applying a union bound, we obtain that

*,U i
Vi (8) <max E atID)uth,cl

K (Th + thh+1) ( )
—k
D g g <Th + thh-‘rl) (s) + 10H?\/ Au/t
1

at [rh (s af ,bk ) +Vh+1 (Shﬂﬂ + 10H?\/ A/t + 24/ H31/t

) i —k? i
SO{?H“F Zag |:’I"h (S,(LZ 7bZ ) + Vh+1 (S;Ckkl) +BZ:|
i=1

:th(s)v

Mﬁ

<

K3

HM~
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where the second to last step is by the definition of 8; = ¢

4
%m for some large constant ¢, and Lemma 1. In

the last step we used the formulation of V}¥(s) in (2.3). This completes the proof of the induction step. [J

2.9.2 Proof of Theorem 1

Proof. We provide a proof for the first bound. The second one can be shown using a similar argument. For
analytical purposes, we introduce two new notations V and V that serve as lower confidence bounds of the
value estimates for agent 1. Specifically, for any (s, h, k) € S x [H + 1] x [K], we define V' (s) = V% (s) = 0 if
h = H + 1 or the (h, s) pair has not been visited before episode k, and otherwise define

Vh(s) =Y ap [ (s.af' 0h) + Vi (sh) = 8], and VE(s) = max{}(s), 0}.
i=1
Notice that these two notations are only introduced for ease of analysis, and the agent does not need to
explicitly maintain such values during the learning process. In the following, we show that V5 (s) < Vk’? iV (s), for
all (s,h, k) € S x [H] x [K]. Again, it suffices to show that V¥ (s) < kaf;f(s), because V5 (s) = max{V£(s), 0},
and Vk‘f i (s) > 0 always holds. Our proof relies on backward induction on h € [H]. The claim trivially holds
for h = H + 1. Suppose V§ (s) < Vkﬁil(s) for all s € S. By the definition of V¥ (s),

t

Vh(s) =Y [ra (s o o8) + Vi (sfn) - 81

=1

t
. ki
<L 0By (r+ BV ) 0
i=1

t

<X ol g (et BaVEL) )
=1

=V (s).

where the second step uses the Azuma-Hoeffding inequality and the definition of 3;, and the third step is by
the induction hypothesis. This completes the proof of the induction.

Together with Lemma 2, we know that

and so we only need to find an upper bound for the RHS. Define §F := V: (sF) — V5 (sF). The main idea of
the proof is similar to optimistic Q-learning in the single-agent setting [60]: We seek to upper bound Zszl 5,’f
by the next step Zszl 6% 1, and then obtain a recursive formula.
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By the definitions of V: (sF) and V5 (sF), we know that
—k
0 =V (sh) — Via(sh)

<ayH + Zat {Vh+1 (Sh+1) —Kﬁlﬂ <3i§+1) + 251}

=1

—aVH + Z aiok, | 42 Z ol B

=1

<atH+Za§6h+1 + e/ AHA

i=1
for some constant ¢, and the last step is due to Lemma 1. Summing over k, notice that
K K
0 _ k _
Y oy H =7 Hl{nj =0} <HS,
k=1 k=1

because there are at most SH pairs of (s, h) to be visited. Further,

K ny oo o
Nh

E:E:O‘ k5h+1 <§:5h+1 E &

k=11i=1 k'=1 i=nF'+1

L
k
< (1 + H) ];5h+17

where the first step is by switching the order of summation, and the second uses the fact that Y, af =

1+ % for every ¢ > 1 from Lemma 1. Therefore,

K K K
Z&’ggZaO —i—ZZa k§h+1 —I—ZCHAHZLL/TZ
k=1 k=1 k=1 i=1

K
1 & P
<HS + (1 + H) 321 Opi1+ 321 c\/AH* /n}. (2.14)

Applying this formula recursively for h = H, H — 1,...,1 yields

251 < eSHZJrecZZ\/AH‘lL/nh,

h=1k=1

where we used the fact that (1 + %)% < e. Finally, for any h € [H],

K NE ()
S OJAHAnE =30 N \JAHY/n < O(VHASAKL),
k=1 seS n=1

where the last step holds because Y, g Ni¥(s) = K, and the LHS is maximized when N;X(s) = K/S for all
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s € §. Summarizing the results above leads to the desired bound

f:( ~ Vi (1)) < 25k<0(\/H6SAKL)

k=1 k=1

2.10 Proofs for Section 2.6

In this section, we present some lemmas that were used in the proof of Theorem 2. We first recall the following

two properties of the Bregman divergence that will be useful in our analysis.

Lemma 5. (Pythagorean theorem for Bregman divergence, Lemma 4.1 in [125]). Let X CR™ be a convex
set, y € R, and z = argmin,exy Dp(u,y). Then, for any x € X,

Dp(z,y) — Dp(z,y) > Dp(x, 2).

Lemma 6. (Convezity). Let X CR™ be the (n — 1)-dimensional simplex, and let F be the unnormalized

negentropy regularizer. For any x,y € X, the mapping Dp(z,-) is convex on X.

We start with the following technical result given in [34], which was in turn adapted from Lemma 1 in
[106]. This lemma allows us to construct high probability regret bounds for Algorithm 4, rather than only

regret bounds in expectation.

Lemma 7. (Lemma 18 in [34]) For any sequence of coefficients ¢1,ca,...,¢¢ S.t. ¢; € [0,2%]'4 s F;
-measurable, we have with probability at least 1 — p/AT,

t

E wW; <cl, i — > < max w;t.
1 1<t

i=

Lemma 8. Suppose 3; € (0,1],Vi € [t]. For any fized policy 6 € A(A) and for any time step t € [T], the
weighted regret of Algorithm 4 with respect to 6 can be bounded by:

t ‘ ~
w; (91'—9,[1- SM-F M
> (0 0ok >

=1 Nt+1 i

Proof. Since 0~i+1 = arg mingep {m <0, l;> + Dp(0, 91-)}, the first-order optimality condition implies that
Reordering and using the definition of the Bregman divergence,

(6:-0.5;) — L0~ 0,VF(0:) - VF(0:11))
= L (Dp(0.6) = Dp(0,8:1) + Dr(6s,6121)). (2.15)

i
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By the Pythagorean theorem for Bregman divergence (Lemma 5),

Bi(Dr(0,0i+1) — Dp(0i11,0,41)) + (1 — Bi)Dp(0,61)
>ﬁzDF(97 z+1) (1 - BZ)D(97 91)
>Dp(0,6;1+1),

where the second step is by the convexity of Dp(6,-) (Lemma 6) and the fact that 0;,1 = ;0; ,; + (1 — 3;)01
Rearranging the terms yields

— B
Bi

Dp(0,0:41) > *DF(H Oiv1) —

i Dp(0,01) + Dp(0),1,0:41).

Plugging this into (2.15) and recalling the definition that 8; = 1;4+1/7;, we obtain

w; <9i - 97i1> = ﬂ(D1~“(979z') — Dp(0,0;41) + Dp(0;,0,11))

)

; 1 — B 7] 7]
S%(DF(& 0:) — EDF(G ,0i1) + ﬁﬂ Dp(6,61) — Dp(6;41,0i11) + Drp(6:,0i11))
:wz F(e7 92) — wl+1 F(97 6Z+1) + (wl+1 - ujl) DF (97 91)
7 Mi+1 MNi+1 i
B wiDp(0;,1,0i11) n wiDp(9¢,§i+1)
ua i .

Summing over 4 and telescoping leads to

t

Zwi <91 — 9, ZL>

t t N n
i(Dp(8i,0i11) — Dp (0,1, 0;

wlDF 0,01) +Z (wz+1 B )DF(Q 91)+Zw( F( +1) F(0i41,0i11))

i—1 \Tli+1 i P i

(2

)

_ w1 Dr(0,61) zt: wiDr 9“9%“)
Ne+1 i1

where in the last step we used the fact that D (6], ,, 0;+1) > 0 (by the convexity of F). O
Lemma 9. Ifn; < 2v; and 0 < w; <1 for alli <t, it holds with probability at least 1 — p that
t
N thlogA A 1
Zwl <QZ 0 ,lz> —_— meri- 2m<atxwlL

=1 Mt+1 =1

1=

Proof. Our proof relies on the following regret bound of OMD given in Lemma 8: For any 6 € A(A) and any
te [T,

t t ~
> wi {0:-0,0;) < werrDr(6,61) | 3 wiDp(8:,0i41) (2.16)
] i=1

i

Since §i+1 = argmingep {m <9,[i> +DF(0,0¢)}, the minimum is achieved when ml}- + VF(éH_l) —
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VF(6;) = 0. Direct calculation shows that 0;41(a) = 6;(a) exp(—n;li(a)) for all a € A. Hence,

) A 0:(a) A A
Dp(0;,0;41) = 291'(@) log <§,+ ( ) - Zei(a) + Z 0it+1(a)

1a)

where the last step holds because exp(z) < 1+ x + 22/2 for x < 0. Plugging this back to Equation (2.16), we
have that

t
Zwi<9i_9,[i> M Zmezz Ii( 2

i=1 Nt+1 i—1 a=1
w1 Dp(6,61)
< Dr®.0) niwili(a (2.17)
Nt41 2;
wt—l—lDF 9 91 1
S— swili(a) + = maxw 2.18

werrlogA A 1
<——+ Wi + — maxwit,
Mit1 Zﬂ 2 i<t
where (2.17) holds because I;(a) # 0 only if 1{a; = a} = 1, and hence it follows that ZGA L0i(a)li(a)? =
0i(a:)li(a:)? = 6;(a i)g (a(ji,y li(a;) < li(a;) = Zf L li(a). Step (2.18) is by applying Lemma 7, with ¢;(a) = 7;
for all 1 < a < A. The last step holds because Dp(60,6;) <log A for 1 = 1/A and any 6 € A(A). O

Lemma 10. (Lemma 20 in [34]) With probability at least 1 — p, for any t € [T,

t t
Zwi <0i7li - iz> < AZ%’W +
i=1 i=1
Lemma 11. (Lemma 21 in [34]) With probability at least 1 — p, for any t € [T] and any 0* € A(A), if v; is
non-increasing in i, then

Zwl <9* i — 1, > < maxwlb/’yt

i=1

2.11 Proofs for Section 2.7.1

We first introduce a few notations to facilitate the analysis. For a step h € [H] of an episode k € [K], we denote
by s the state that the agents observe at this time step. For any state s € S, we let ﬂlﬁhi(' | s) € A(A;) be
the distribution prescribed by Algorithm 5 to agent 4 at this step. Notice that such notations are well-defined
for every s € S, even if s might not be the state s¥ that is actually visited at the given step. We further
let i, = {pp (- | s) 1 s € S}, and let aj ; € A; be the actual action taken by agent . For any s € S, let
N[ (s) and Nf(s) denote, respectively, the values of Nj,(s) and Ny, (s) at the beginning of the k-th episode.
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Note that it is proper to use the same notation to denote these values from all the agents’ perspectives,
because the agents maintain the same estimates of these terms as they can be calculated from the common
observations (of the state-visitation). We also use V’Z’i(s) and ViF,(s) to denote the values of V), ;(s) and
Vi, .i(s), respectively, at the beginning of the k-th episode from agent i’s perspective.

Further, for a state sf, let 7% denote the number of times that state s} has been visited (at the h-th
step) in the stage right before the current stage, and let l’;’ j denote the index of the episode that this state
was visited the j-th time among the 7 times. For notational convenience, we use 7 to denote 7f, and [; to
denote Z’h“ ;j» whenever h and k are clear from the context. With the new notations, the update rule in Line 13

of Algorithm 5 can be equivalently expressed as

D
Vii(sn) %Z (rh, sh,ah)—&—VhHZ(siHl)) + bi. (2.19)
j=1

For notational convenience, we introduce the operators P,V (s,a) = Ey . p,(|s,a)V (s') for any value
function V, and Dy, Q(s) = Eq~p, Q(s, a). With these notations, the Bellman equations can be rewritten
more succinctly as Q7 (s,a) = (ra +PaV/" ) (s,a), and V7 (s) = (D, QF) (s) for any (s,a,h) € S x A x [H],
where pp, = 7. In the following proof, we assume without loss of generality that the initial state s; is fixed,
i.e., p is a point mass distribution at s;. Our proof can be easily generalized to the case where the initial
state is drawn from a fixed distribution p € A(S).

In the following, we start with an intermediate result, which justifies our choice of the bonus term.

Lemma 12. With probability at least 1 — 5, it holds for all (i,s,h,k) € N x S x [H] x [K] that

i, 1 T
max — ZD i; (rh,i + thzj+17i) (S) — E Z <7”h,i(3, al}j) + Vil]+17i(8lfi+1)) S 6 HQAiL/ﬁ.

Hh,i N /J‘h1><l‘fh —i .
J=1

Proof. For a fixed (s, h, k) € S x [H] x [K], let F; be the o-algebra generated by all the random variables up to

episode [;. Then, {rh,i(s, a%i) + Vlth i(sifﬂ) -D ;. (rh,i + ]P’thth Z) (s)} is a martingale difference
) s Nh] ) =1

sequence with respect to {F; }?:1. From the Azuma-Hoeffding inequality, it holds with probability at least

1 —p/(ANSHK) that

n

> (rh’z (s ah) + Vh+1 z(sh+1)) < VH%/n.

Jj=1

:<\>—'

1< —i;
7 ZD“Q (rh’i + ]P)thJJrl,i)
j=1
Therefore, we only need to bound

= max — Z D i (Th,z‘ + thij}l,i) Z D (ThJ' + thlthrl,i) (s). (2.20)

Hh,i - Hh, 1><Mh —i

Notice that R} can be considered as the averaged regret of visiting the state s with respect to the optimal
policy in hindsight. Such a regret minimization problem can be handled by an adversarial multi-armed bandit

problem, where the loss function at step j € [12] is defined as

li(a;) =E i, (s) [H —h+1—=rpi(s,a) - thfz+1,i(5aa):| /H.

J
a’*iNH‘h,f'i
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Algorithm 5 applies the Exp3-IX algorithm [106], which ensures that with probability at least 1 — 77z, it
holds for all k € [K] that

gy ————=
Ry <4/ = + ( Ailog A, ) Hlog(2/p).

A union bound over all (i,s,h,k) € N x 8 x [H] x [K] completes the proof. O

Remark 2. We would like to discuss the alternative of using V-learning with the celebrated learning rate
g—ﬁ [60] to update V', instead of employing stage-based updates. This is the case for several recent
works also under the V-learning formulation for MARL [12], [16], [34], [63]. Such a learning rate induces an

update rule as follows:

o =

Vi (sn) < (1= ) Vi (sn) 4+ i (Thy (Sn,an) + Vi1, (sg1) + Be) (2.21)

where t is the number of times that sy has been visited, and B; is some bonus term. In this way, Vh’i(sh) 18
updated every time the state s, is visited. With such a learning rate, the update rule (2.21) of Vi can be

equivalently expressed as

Vii(sn) = o H + Zat [Thz (3 aj, ) + Vh+1 i (Slfi;) + 5]} ,
Jj=1

where k7 is the index of the episode such that s, is visited the j-th time. The weights a{ are given by

t t
Hl—a] and o] = ; H (1—ap),V1<j<t.
j=1 k=j+1

Compared with stage-based updates (2.20), we now need to upper bound a regret term of the following form:

rf}ff(Z at Hh,ixufgii (rh’i + th:ifl,z‘) Z agDuZﬁ bl (Th,i + th:ikl,i) (s).
Notice that the above definition of regret induces a adversarial bandit problem with a time-varying weighted
regret, where the loss at time j is assigned a weight a{. As t varies, the weight a{ assigned to the same step j
also changes over time. These weights also cannot be pre-computed, because it relies on knowing the total
number of times that a certain state sy, is visited during the entire horizon, which is impossible before seeing
the output of the algorithm. To address such an additional challenge, [34] proposed a Follow-the-Regularized-
Leader (FTRL) algorithm that simultaneously achieves with a changing step size, a weighted regret, and a
high-probability guarantee, which inevitably leads to a more delicate analysis. In contrast, we have shown in
(2.20) that our stage-based update rule leads to an adversarial bandit problem with a simple averaged regret. In
our approach, it suffices to plug in any existing adversarial bandit solution with a high-probability regret bound,
such as the Exp3-1X method that we used in Algorithm 5. Therefore, our stage-based update significantly
simplifies both the algorithmic design and the analysis of V-learning in MARL.

Based on the trajectory of the distributions {ufm :1 € N,h € [H]|,k € [K]} specified by Algorithm 5,

we construct a correlated policy 7% for each (h, k) € [H] x [K]. Our construction of the correlated policies,
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Algorithm 12: Construction of the Correlated Policy 7}

1 Input: The distribution trajectory {u} ; : i € N, h € [H], k € [K]} specified by Algorithm 5.

2 Initialize: k' + k.

3 for step h' < h to H do

4 Receive sp/;

5 Take joint action aps ~ vazﬂiﬁ;,i(' | sn);

6 Uniformly sample j from {1,2,... ,N,]f,,(sh/)};

7 Set k'« lvﬂj, where Zﬁ:j is the index of the episode such that state s, was visited the j-th time
(among the total N} (s;/) times) in the last stage;

largely inspired by the “certified policies” [34] for learning in two-player zero-sum games, is formally presented
in Algorithm 12. We further define an output policy 7 that first uniformly samples an index & from [K], and
then proceed with 7F. A more formal description of 7 has been given in Algorithm 6. By construction of the
correlated policies 75, we know that for any (i,s,h, k) € N x S x [H + 1] x [K], the corresponding value

function can be written recursively as follows:
™
410 ZD (B )

_k
and V,:;? (s)=0if h = H + 1 or k is in the first stage of the corresponding (h, s) pair. We also immediately
obtain that

Vi( i 51) =K Z V17Tzl (s1)-

Only for analytical purposes, we introduce two new notations V and V that serve as lower confidence bounds
of the value estimates. Specifically, for any (i, s, h, k) € N' xS x [H + 1] X [K], we define Kﬁz( )= VZ (s)=0
if h=H+1 or k is in the first stage of the (h, s) pair, and

n

1 i i i,
Vi) = =37 (mnasn @) + Vi i(sia) ) = bas and V4 (s) = max {Vf (s),0}
j=1

Notice that these two notations are only introduced for ease of analysis, and the agents need not explicitly

maintain such values during the learning process. Further, recall that Vh’ i, "~'(s) is agent i’s best response

value against its opponents’ pohcy 7rh . Our next lemma shows that V,L ,(s) and Z’ﬁ’i(s) are indeed valid

upper and lower bounds of V}, ; -, (s ) and Vh’i (s), respectively.

Lemma 13. It holds with probability at least 1 — p that for all (i,s,h, k) € N x S x [H] x [K],

—k

Vi i(s) > Vil (s), and V5 ,(s) < VTt (s).

Proof. Consider a fixed (i,s,h, k) € N x S x [H] x [K]. The desired result clearly holds for any state s that
is in its first stage, due to our initialization of V:J(s) and Z’Z’i(s) for this special case. In the following, we
only need to focus on the case where V', ;(s) and Kfm(s) have been updated at least once at the given state
s before the k-th episode.

We first prove the first inequality. It suffices to show that V}fl(s) > V* i, ""*(s) because Vf”(s) =
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min{f/hkl( ),H —h+1}, and Vh i ""'(s) is always less than or equal to H — h + 1. Our proof relies on
induction on k € [K]. First, the claim holds for £ =1 due to the aforementioned logic. For each step h € [H]|
and s € S, we consider the following two cases.

Case 1: Vj, ;(s) has just been updated in (the end of) episode k — 1. In this case,

- 1 N I;
s = L3 (( al) + v,zﬂ,i(sm)) b (2.22)
j=1

_k
By the definition of V}f "r(s), it holds with probability at least 1 — that

P
2NSKH

i
V* R —i < max — Z D i (Th,i + PhV}:_:lh:-l _,> (s)

Kh,i Ph,i Xy
1< i
<max — E D oo\ The PRV ) ()
Bhyi M = HBhiX Py ’

<Viri(s), (2.23)

where the second step is by the induction hypothesis, the third step holds due to Lemma 12, and the last
step is by the definition of b;.

Case 2: V}, ;(s) was not updated in (the end of) episode k — 1. Since we have excluded the case that V, ;
has never been updated, we are guaranteed that there exists an episode 7 such that Vi .i(s) has been updated
in the end of episode j — 1 most recently. In this case, f/hkl( )= thz Ys)=--- = V}fl( ) > V*’-ﬂ”i( ) where
the last step is by the induction hypothesis. Finally, observe that by our definition, the value of Vh’ T (s) is
a constant for all episode indices j that belong to the same stage. Since we know that episode j and episode
k lie in the same stage, we can conclude that V ﬂ;’c “i(s) = V,:’iﬁi“_i(s) < ‘N/hkz(s)

Combining the two cases and applying a union bound over all (i, s,h, k) € N x § x [H] x [K] complete
the proof of the first inequality.

Next, we prove the second inequality in the statement of the lemma. Notice that it suffices to show
L/k (s) <V, h( ) because Kh,z( s) = max{V¥ (8),0}. Our proof again relies on induction on & € [K]. Similar
to the proof of the first inequality, the claim apparently holds for £k = 1, and we consider the following two
cases for each step h € [H] and s € S.

Case 1: The value of Vj, ;(s) has just changed in (the end of) episode k — 1. In this case,

1o i i i
Vi) = =3 (rals.af) + Vil (s41) ) = b (2.24)
j=1
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_k
By the definition of V,: »(s), it holds with probability at least 1 — 55-Z%7 that

¢

" 1 =L
Vii(s) == ZD‘/} (Thﬂ' + thhfﬁ) (s)
h
3 (Th)i + Ph‘fé{+17i) (s)

1 i i i .
Z% (Th,i(s’ a;) + L/h+1,¢(5h+1)) —VH2/n
j
>V i(s), (2.25)

where the second step is by the induction hypothesis, the third step holds due to the Azuma-Hoeffding
inequality, and the last step is by the definition of bj.

Case 2: The value of V}, ;(s) has not changed in (the end of) episode k — 1. Since we have excluded the
case that V,; has never been updated, we are guaranteed that there exists an episode j such that V, ;(s)
has changed in the end of episode j — 1 most recently. In this case, we know that indices j and % belong to
the same stage, and L/Zz(s) = L/Ifb_zl(s) =... = L/f”(s) < V:f(s), where the last step is by the induction
hypothesis. Finally, observe that by our definition, the value of VZ %(s) is a constant for all episode indices j
that belong to the same stage. Since we know that episode j and episode k lie in the same stage, we can
conclude that V™ (s) = V" (s) > V£ (s).

Again, combining the two cases and applying a union bound over all (i,s,h, k) € N x 8 x [H] x [K]
complete the proof. O

The following result shows that the agents have no incentive to deviate from the correlated policy 7, up

to a regret term of the order O(y/H®S Apax /K ).

Theorem 7. For any p € (0,1], let ¢ = 1og(2NSAnax K H/p). Suppose K > Aiaxb, with probability at least

1 — p, it holds that
VT 51) = Vi(s1) < O (VEPS At /K

Proof. We first recall the definitions of several notations and define a few new ones. For a state sfw recall that

7% denotes the number of visits to the state s§ (at the h-th step) in the stage right before the current stage,
and Zﬁ ; denotes the j-th episode among the 7% episodes. Similarly, let n¥ be the total number of episodes
that this state has been visited prior to the current stage, and let ZZJ- denote the index of the episode that
this state was visited the j-th time among the total nﬁ times. For simplicity, we use [; and le to denote l’,j, j
and [} ;, and 7 to denote #2f, whenever h and k are clear from the context.

From Lemma 13, we know that

VT (s1) = Vi(s1) <

==

*,7F 7k
(VM bt () — vy <sl>)

1> 10>

IA
==

(Vhits1) = VEi(s0)

>
Il

1

We hence only need to upper bound + Zszl(V]ii(sl) - K’fﬂ-(sl)). For a fixed agent i € N, we define the
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following notation:
—k
52 = Vh,i( ) th(sh)

The main idea of the subsequent proof is to upper bound Zszl 6,’? by the next step 25:1 6,’§+1, and then

obtain a recursive formula. From the update rule of Vf”(sfl) in (2.19), we know that

n

fk 1
Vhaloh) < T =0 + 13 (rmsConsal) 4 V(o)) + b
j=1

where the I[nf = 0] term counts for the event that the optimistic value function has never been updated for
the given state.
Further recalling the definition of Vh ;(s¥), we have

1 z i i i
8y <I[ny, = O]H % § (Vh+1 i(8h41) = V}f+1,i(5ff+1)> + 205
1 n
<I[n¥ = 0]H + - E 5h+1 + 2b;,, (2.26)

To find an upper bound of Zle 8%, we proceed to upper bound each term on the RHS of (2.26) separately.
First, notice that Eszl I [nﬁ = O} < SH, because each fixed state-step pair (s, h) contributes at most 1 to
Zle I [nf = 0]. Next, we turn to analyze the second term on the RHS of (2.26). Observe that

K V nh
1
Zﬁk 55”#1 3y vk%lzﬂ Ihs =
k=1""h j=1 k=1m=1
—Z(SWZ ZIL [k =m]. (2.27)
h j=1
For a fixed episode m, notice that Z"" [[k =m| < 1, and that Zn“ 1[I¥ . = m] = 1 happens if and only
if sh = s} and (m, h) lies in the previous stage of (k, h) with respect to the state-step pair (s¥,h). Define
k
={k e [K]: Z; 1 [lk = m] = 1}. We then know that all episode indices k € KC,;, belong to the same

stage and hence these episodes have the same value of h’fL That is, there exists an integer N,,, > 0, such that
1 = Ny, Vk € K,,,. Further, since the stages are partitioned in a way such that each stage is at most (1+ )
times longer than the previous stage, we know that [Kp,| < (1+ 7)Np,. Therefore, for every m, it holds that

S| 1
Zn Z]lihj_ S1+4. (2.28)

h j=1

Combining (2.27) and (2.28) leads to the following upper bound of the second term in (2.26):

-k

K o1 2 e 1 &
Z ik Z‘Sh}iﬂl <@+ ﬁ) Zéfﬁr (2.29)
k=1

k=1 j=1
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So far, we have obtained the following upper bound:

Mx

o < SH*+ Zah+1+22m.

b
Il
—

Iterating the above inequality over h = H, H — 1,...,1 leads to

K H K
Z(SfSO(SH?’JrZZ )1, ) (2.30)

k=1 h=1k=1

where we used the fact that (1 + )H <'e. In the following, we analyze the bonus term b K more carefully.
Recall our definitions that e; = H, e;11 = [(1+ %)e;|,i > 1, and b;y = 61/H?A;1/ni. For any h € [H],

K K

D0+ )" b <> (14 =)' 6\ H2 A/ NF
k=

k=1 1

K
1 _1 .
=6/ H2A;L E E (14 =)""e; E I[sf =s,NF(sf) = e;]

s€8 j>1 k=1
=6V H A YN (1 =) s, i ?,
seS j>1

where we define w(s, j) := Zk sk =s ,NF(sk) = e;] for any s € S. If we further let w(s) := 2 s w(s, ),
we can see that ) _gw(s) = K. For each fixed state s, we now seek an upper bound of its corresponding j
value, denoted as J in what follows. Since each stage is (1 + %) times longer than its previous stage, we know
that w(s, j) = ZkK I[sk =8, NF(sk) =¢;] = [(1+ %)e;] for any 1 < j < J. Since ZJ_I w(s,j) = w(s),
we obtain that e; < (1 + )J < 10i w(s) by taking the sum of a geometric sequence. Therefore, by
plugging in w(s,j) = [(1+ ;I)ejj,

m

J
1 1 1
g (1+ E)hflw(s,j)ej 2 <0 e | <0 ( w(s)H) ,

jz1 j=1

where in the second step we again used the formula of the sum of a geometric sequence. Finally, using the

fact that ) _sw(s) = K and applying the Cauchy-Schwartz inequality, we have

Nl

H K
ZZ(H )" =0 \/H4AiLZZ(1+%)h_1w(s,j)e

h

h=1k=1 s€S j>1

<0 (x/SAiKH5L) . (2.31)

<

Summarizing the results above leads to

K
Soat <o (sHP+ VSAKH™Y).
k=1

In the case when K is large enough, such that K > %, the second term becomes dominant, and we obtain
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the desired result: «
* T p 1
VI (1) = Vii(sn) < k}_jléf < 0 (VSAHEK).

This completes the proof of the theorem. O

An immediate corollary is that we obtain an e-approximate CCE when /SAmaxH?t/K < e, which is

Theorem 3 in Section 2.7.

Theorem 3. (Sample complexity of learning CCE). For any p € (0, 1], set ¢ = log(2NSAnax K H/p), and
let the agents run Algorithm 5 for K episodes with K = O(SAnyaxH®:/c?). Then, with probability at least

1 — p, the output policy 7 constitutes an e-approximate coarse correlated equilibrium.

2.12 Proofs for Section 2.7.2

We first present a no-swap-regret learning algorithm for the adversarial bandit problem, which serves as an
important subroutine to achieve correlated equilibria in Markov games. We consider a standard adversarial
bandit problem that lasts for T time steps. The agent has an action space of A = {1,..., A}. At each
time step t € [T], the agent specifies a distribution p; € A(A) over the action space, and takes an action
a; according to p;. The adversary then selects a loss vector I; € [0,1]4, where I;(a) € [0, 1] denotes the loss
of action a at time t. We consider partial information (bandit) feedback, where the agent only receives
the reward associated with the selected action a;. The external regret measures the difference between the

cumulative reward that an algorithm obtains and that of the best fixed action in hindsight. Specifically,

Rexternal (T) = g}gﬁ

(le(ar) — le(a”)) .

T
t=1

t

The swap regret, instead, measures the difference between the cumulative reward of an algorithm and the
cumulative reward that could be achieved by swapping multiple pairs of actions of the algorithm. To be more
specific, we define a strategy modification F': A — A to be a mapping from the action space to itself. For
any action selection distribution p, we let ' o p be the swapped distribution that takes action a € A with

probability ZG,GA’F(G,):G p(a’). The swap regret® is then defined as

T

RSWEP(T) = FI&@SA o (<ptvlt> - <F<>pt7lt>)7

where recall that p; is the distribution that the algorithm specifies at time ¢ for action selection.
We follow the generic reduction introduced in [65], and convert a Follow-the-Regularized-Leader algorithm
with sublinear external regret to a no-swap-regret algorithm [12]. The resulting algorithm is presented as

Algorithm 13. The following lemma shows that Algorithm 13 is indeed a no-swap-regret learning algorithm.

Lemma 14. [12, Theorem 26]. For any T € N and p € (0,1), let « = log(A2/p). With probability at least
1 — 3p, it holds that
Rswap(T) < 10V A%T\.

4This is a modified version of the swap regret used in [65], which is defined as Rswap(T) =
maxp A iy (le(ar) = L(F(ar))).
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Algorithm 13: No-swap-regret learning

1 Initialize: p,(a) < 1/A,Va € A, v < /log A/T, and n < /log A/T.

2 fort+ 1 toT do

3 Take action a; ~ p:(-), and observe loss l;(a);

4 for action a € A do

5 for action a’ € A do

6 li(a" | a) < pe(a)li(ar){a; = a’}/(pe(a’) +7);
/ exp(=n Zle [i(a/\a)) .

7 qt-‘rl(a | a) — ZbgAEXP(*TIZ:"Zl [i(bla)))

8 Set pi11 such that pi1(-) = > caPer1(a)gea (- | a);

It is worth noting that [12] presented a more general analysis with an anytime weighted swap regret
guarantee. Such complication can be avoided in our algorithm, as our stage-based learning approach only
entails a simple averaged swap regret analysis.

The complete Stage-Based V-Learning algorithm for CE is presented in Algorithm 7. In the following
analysis, we follow the same notations as have been used in the CCE analysis. We again start with the

following lemma that justifies our choice of the bonus term.

Lemma 15. With probability at least 1 — 5, it holds for all (i,s,h,k) € N x S x [H] x [K]| that

7

1< i, 1 PR S ———
J}nea‘i( - ;Dw;,iwiﬁ <rh7i + PhVﬁ+17¢) (s) — - Z <7"h7¢(57 a;)+ V,j+17i(sh’+1)> < 114/ H2A%/n.

j=1

Proof. For a fixed (s, h, k) € S x [H] x [K], let F; be the o-algebra generated by all the random variables up to

- - n
. 7 I 5l i =l . . .
episode {;. Then, {rm(s, aﬁj D+ Vi Z4(52’“) -D (rh,i +PrVi, 1) (s)} is a martingale difference
; ; wy, ; -
_ J
sequence with respect to {F; };’:1. From the Azuma-Hoeffding inequality, it holds with probability at least

1— p/(ANSHK) that

n

[j *[j [j -
Z (rh,z‘(svah) + Vh+1,i(3h+1)> <+ H2%/n.

Jj=1

S| =

1 ¢ i
- Z]D) i (Th,i + ]P)hvhj+1,i) (s) —
U

h

Therefore, we only need to bound
Rewp() = max 25D (v 4 BATY LS~ D (st BT
swap () 1= max — Z wi’iwlj Thi +PaVii1, | (s) — 7 Jz::l e Thi + PV ) (s).

Y EV; N " "

Notice that Rgwap(2) can be considered as the swap regret of an adversarial bandit problem at state s, where

the loss function at step j € [f] is defined as

lj(a;) =E i (s) {H —h+1-rni(s,a) - ]P’;lvffﬂ’i(s,a)} /H.

J
A—i™~Hy

Such a problem can be addressed by a no-swap-regret learning algorithm as presented in Algorithm 13.

Applying Lemma 14, we obtain that with probability at least 1 — 557z, it holds for all k£ € [K] that

H2A2
Rawap(1) < 10‘/T1L'
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A union bound over all (i,s,h, k) € N x S x [H| x [K] completes the proof. O

We again define the notations 7Th, T Vh , Vﬁ,i, and Lfﬁl(s) in the same sense as in Section 2.11. The next

lemma shows that Vh’i(s) and Khyi(s) are valid upper and lower bounds.

Lemma 16. It holds with probability at least 1 — p that for all (i,s,h, k) € N x S x [H] x [K],

Vials) = max V27 (s), and V() < VI (9).
Proof. Consider a fixed (4, s,h,k) € N x 8 x [H] X [K]. The desired result clearly holds for any state s that
is in its first stage, due to our initialization of V:ﬂ‘(s) and KZ,@(S) for this special case. In the following, we
only need to focus on the case where V', ;(s) and Kﬁ)i(s) have been updated at least once at the given state
s before the k-th episode.

We start with the first inequality. It suffices to show that Vh’“l(s) > maxy,cw, V,ﬁ};oﬁs (s) because V:)i(s) =
lfnin{f/h]’fi(s)7 H — h+ 1}, and maxy,cw, V}ZZ:;W’E(S) is always less than or equal to H — h + 1. Our proof relies
on induction on k € [K]. First, the claim holds for £ = 1 due to the aforementioned logic. For each step
h € [H] and s € S, we consider the following two cases.

Case 1: f/hl(s) has just been updated in (the end of) episode k — 1. In this case,

:<\>—'

Z (Th i(s ah) + Vh+1 z(sh+1>) + bi- (2.32)
_k
By the definition of maxy,cw, Vhﬂ’:w" (s), it holds with probability at least 1 — 55&5 that

YioRp
max V, : s) < max — D
piel; It (5) T €0 N Z piop,

h

i (Th i+ Pn max V Vi T;’”l) (s)
Phew

1 lj
< max — ;DW i (Th,z' +thh+1,i> (s)
=

P EW; N Ky,
1 Ly ol
<= <7"h7i(s,alh’) + v,;+17i(s;f+1)> + 11/ H2A20/n
j=1
<Vii(s), (2.33)

where the second step is by the induction hypothesis, the third step holds due to Lemma 15, and the last
step is by the definition of b;.

Case 2: Vh,i(s) was not updated in (the end of) episode k — 1. Since we have excluded the case
that Vh’i has never been updated, we are guaranteed that there exists an episode j such that f/hl(s)
has been updated in the end of episode j — 1 most recently. In this case, f/hkz(s) = f/hk:l(s) = ... =
f/,fz(s) > maxy,cw, V,f ;Oﬁi’ (s), where the last step is by the induction hypothesis. Finally, observe that
by our definition, the value of maxy,cw, V::;Oﬁ’{(s) is a constant for all episode indices j that belong to
the same stage. Since we know that episode j and episode k lie in the same stage, we can conclude that
MaXy, cw; V,;%;Oﬁﬁ(s) = maxy,cy, V,ﬁ;oﬂ'(s) < f/ffz(s)

Combining the two cases and applying a union bound over all (i,s,h, k) € N x § x [H] x [K] complete
the proof of the first inequality.
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Next, we prove the second inequality in the statement of the lemma. Notice that it suffices to show
‘[Zz(s) < Vhﬁg (s) because Kﬁl(s) = max{‘[ﬁ)i(s), 0}. Our proof again relies on induction on k € [K]. Similar
to the proof of the first inequality, the claim apparently holds for £ = 1, and we consider the following two
cases for each step h € [H] and s € S.

Case 1: The value of V}, ;(s) has just changed in (the end of) episode k — 1. In this case,

n

1 I I I
ZZZ(S) = 7 Z (Th,i(& a, )+ L/h+1,i(5h+1)) — bi. (2.34)

j=1

_k
By the definition of V}Zr;‘ (s), it holds with probability at least 1 — 5x-dz7 that

7k 1 n ﬁ[j L
Vi) =5 LB, ( + wlﬁi) (5
j=1 "

7j=1
1< g i I v
2% Z (Th,i(& a; )+ Yli—i—l,i(sfz]—&-l)) —VH2/n
J
>V i(s), (2.35)

where the second step is by the induction hypothesis, the third step holds due to the Azuma-Hoeffding
inequality, and the last step is by the definition of bj.

Case 2: The value of V}, ;(s) has not changed in (the end of) episode k — 1. Since we have excluded the
case that V,; has never been updated, we are guaranteed that there exists an episode j such that V, ;(s)
has changed in the end of episode j — 1 most recently. In this case, we know that indices j and %k belong to
the same stage, and L/’fm(s) = L/fl_ll(s) == L/fm(s) < V:i (s), where the last step is by the induction
hypothesis. Finally, observe that by our definition, the value of VZ fb(s) is a constant for all episode indices j
that belong to the same stage. Since we know that episode j and episode k lie in the same stage, we can
conclude that V' (s) = V7 (s) > V5 ,(s).

Again, combining the two cases and applying a union bound over all (i,s,h, k) € N x 8 x [H] x [K]
complete the proof. O

Theorem 8. For any p € (0,1], let t = log(2NSAmax K H/p). Suppose K > AEFL. With probability at least
1- D,
max Vf’bfﬁ(sl) - Vf_fi(sl) <0 (\/H5SAI2HEXL/K) ,

P; €V,

Proof. The proof follows a similar procedure as the proof of Theorem 7. From Lemma 16, we know that

[ OT 7 1 jomh mk
i VYT () = Vi(or) = max 237 (V5 () = W (s0)
g K &
1 & A .
S? Z <d{n€a\i{ Vlw': ﬂ-l (81) - Vl i (51)>
k‘:l k2 T



We hence only need to upper bound + Zszl(Vii(sl) - K]fﬂ-(sl)). For a fixed agent ¢ € N, we define the

following notation:
5 i= Vi a(sh) = V3 (sh).

The main idea of the subsequent proof is to upper bound Zszl (5,”f by the next step Zle 6’g+1, and then

obtain a recursive formula. From the update rule of V:Z(s,";) in (2.19), we know that

—k
Vh,i(slfi) <I[nj = 0]H

:<M—‘

Z (Thz Shva'h) +Vh+1 1(Siz+1)> + ba,

where the I[nf = 0] term counts for the event that the optimistic value function has never been updated for
the given state.

Further recalling the definition of Kﬁl(s’fb), we have
1N (=, 0, Lo
8y <I[nj; = O] H + 5 > (Vh+1,z'(5ff+1) - VhJ+17i(5hJ+1)> + 20,
Jj=1

1 o— .
<I[nf = 0]H + - > 5,;+1 + 2by, (2.36)
j=1

To find an upper bound of Ele (5,’2, we proceed to upper bound each term on the RHS of (2.36) separately.
First, notice that Zﬁil I [n’ﬁ = O} < SH, because each fixed state-step pair (s, h) contributes at most 1 to
Zszl I [nf = 0]. Next, we turn to analyze the second term on the RHS of (2.36). Observe that

K
K Ny np

1 )
Zrﬂszéi&lzz vkthZl th*
k=1 j=1

725,7“2 Z]l If=ml. (2.37)

For a fixed episode m, notice that Z G ]l[lk - =m] <1, and that Znh ]l[lk . =m] =1 happens if and only
if sh = s and (m, h) lies in the previous stage of (k, h) with respect to the state-step pair (s§,h). Define

={ke[K]: 2?21 [lﬁ)j = m] = 1}. We then know that all episode indices k € K,,, belong to the same
stage and hence these episodes have the same value of 72§. That is, there exists an integer N,,, > 0, such that
nh = Ny, Vk € K,,. Further, since the stages are partitioned in a Way such that each stage is at most (1 + )

times longer than the previous stage, we know that |KC,,| < (1 + )N Therefore, for every m, it holds that

Koo 1
;%;1 [If=m] < T4 (2.38)

Combining (2.37) and (2.38) leads to the following upper bound of the second term in (2.36):

-k
K 1 nh 1 K .
Z Wk Z‘Sh}iﬂl <1+ ﬁ) Zéthl' (2.39)
k=1

k=1""h j=1
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So far, we have obtained the following upper bound:

Mx

o < SH*+ Zah+1+22m.

b
Il
—

Iterating the above inequality over h = H, H — 1,...,1 leads to

K H K
Z(sfgo<SH3+ZZ )by, ) (2.40)

k=1 h=1k=1

where we used the fact that (1 + )H <'e. In the following, we analyze the bonus term b K more carefully.
Recall our definitions that e; = H, e;41 = [(1+ %)e;| ,i > 1, and by = 11\/H2A2./n. For any h € [H],

K K
D0+ )" o <> (1 + =) H2 A2/ N

k=1 k=1
LK
=111/ H?A% ZZ 1+ EZH[SZiS, Vi (sy) = ]
seS j>1 k=1
=11/ H2A2) Y (1 + ﬁ>h*1w<s,j)eg
s€S j>1

where we define w(s, j) := Zk sk =s ,NF(sk) = e;] for any s € S. If we further let w(s) := 2 s w(s, ),
we can see that ) _gw(s) = K. For each fixed state s, we now seek an upper bound of its corresponding j
value, denoted as J in what follows. Since each stage is (1 + %) times longer than its previous stage, we know
that w(s, j) = ZkK I[sk =8, NF(sk) =¢;] = [(1+ %)e;] for any 1 < j < J. Since ZJ_I w(s,j) = w(s),
we obtain that e; < (1 + )J < 10i w(s) by taking the sum of a geometric sequence. Therefore, by
plugging in w(s,j) = [(1+ ;I)ejj,

m

J
1 1 1
g (1+ E)hflw(s,j)ej 2 <0 e | <0 ( w(s)H) ,

jz1 j=1

where in the second step we again used the formula of the sum of a geometric sequence. Finally, using the

fact that ) _sw(s) = K and applying the Cauchy-Schwartz inequality, we have

H K
Z Z(l + %)h_lbﬁﬁ =0 ”H4A%2LZZ(1 + %)h’_lw(s,j)e;§

h=1k=1 s€S j>1
<0 (,/SAZZKHf»L) . (2.41)

Summarizing the results above leads to

K
Y at<o (SH3 + MSA%KH%) :

k=1

In the case when K is large enough, such that K > 2 A2 , the second term becomes dominant, and we obtain
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the desired result: P
LOTT 7 1
max VI (51) = V(1) < 2 ;5’1‘“ <0 (\/SAgHSL/K) :

This completes the proof of the theorem. O

An immediate corollary is that we obtain an e-approximate CE when /SA2  H5 /K < e, which is

Theorem 4 in Section 2.7.

Theorem 4. (Sample complexity of learning CE). For any p € (0, 1], set ¢ = log(2NSAnax K H/p), and let
the agents run Algorithm 7 for K episodes with K = O(SA2_ H®./?). Then, with probability at least 1 — p,

max
the output policy 7 constitutes an e-approximate correlated equilibrium.

2.13 Proofs for Section 2.8.1

Lemma 17. (Extension of Theorem 4.3 in [120] to time-varying learning rates) In a no-regret learning
problem as defined in Section 2.8, suppose that BM-OFTRL (2.5) is run with log-barrier reqularization and a

time-varying learning rate ny < m,w € [T). Then, for any T > 2, the swap regret is bounded by

2| A log T d 2 1 =1 2
SwapRe T§7+4 ut —ut! - = |zttt = 2|7
pheg nr ;nt H Hoo 2048 | Al ; m H ||1
Proof sketch. The proof follows a similar procedure as that of Theorem 4.3 in [120], except that we need to
re-derive their Theorems B.1 and 3.1 under a time-varying learning rate. We skip the proof here as such an

extension is straightforward. O

Lemma 3. (Recursion of best response CE value gaps) For any fixed (h,t) € [H] x [T], we have

¢
5 < Z a{(ﬁH_l + SwapReg? .
j=1

Proof. For any fixed i € N and s € S, we know from the definition of 7}, from Algorithm 9 that

k) = X ol (mh (oo | (e i) ] ). .42

Jj=1

For a fixed 7}, we use ¢} to denote the best response strategy modification that maximizes the value function

starting from step h. In this case, we know from the definition of the value function that

t

b —t . . ¢:<>ﬁ.j .
Ve = max  SSad (dhiomd s | (et T ] 60
h,it et

t v v .
. X . —JL ¢;<>—JL —JL .
=max ) o <¢z,i oy i(5:°); Kw PVt + [PVt ] = [thh“;;;]) qu_i] (s, .)>
j=1
g i/ s J ﬁ'{z+1 J : j ¢;°ﬁi+1 ﬁ'{z+1 /
< max ) &y <¢h,i ¢ Wh,i(s, s [(Th,i + [thh-i-l,i])ﬂh,—i} (s, )> + Z oy max (Vh+1,i - Vh+1,i) (s).

- ‘ s'eS
Jj=1 j=1
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Subtracting (2.42) from the above equation leads to:

t y »
th?: Oﬂh( h i Z Isng“‘)s.( ( h¢+1:h+l (5/) - V;—tilz (5/))
+ I};@XZ af (0hsomhils.7) = i(5,0), [(rnsi + [PV j;g])ﬂ,ﬂﬁ] (5)).  (243)
i G2

In the following, we will show that (2.43) is equal to SwapRegj, ;(s). It suffices to show that Qj,.i(s,a) =
(rhi + [Ph‘/;jr_i‘fll])(s, a),Vt € [T],a € Aai. We prove this claim by backward induction over h € [H]. Notice
that the claim trivially holds for h = H as Qi‘ii(s’ a) =rp(s,a),Vt € [T],a € Au. Suppose that the claim
holds for h; then, for step h — 1, we have that

t
Qhrils:0) =Y o (rn-vi + Pucal@ i) (5,0)
j=1

t
=rp—1(s,a)+ Py {Z ol {Lzﬂﬂ (s,a)
j=1
t

=r-1,i(s,@) + Paoa | D of (i + [thhjflz])wi;] (s,a)
j=1

=’I“h_17i(s, CL) + [Ph_lv,i;?] (S, (I),

where the first step is by (2.6), the second step changes the order of summation, the third step uses the induction
hypothesis, and the last step is due to (2.42). This completes the proof of @}, ;(s,a) = (rni+ [Pth:fflz]) (s,a).
Substituting it back to (2.43), we obtain that

t ,
*ort 7 i ProTs 7‘—1
Vhdjéo "(s) = Vi i(s) < Z o max (Vh+1,ih+1 (s') = Vhﬁrlz( )) + SW&PRegh HOR

V¢ “h+1 V¢i°ﬁi+1

Since the above inequality holds for any i € N and s € S, and since V}, [, ;""' (s") < maxy, V, [ 7' (s') at

step h + 1, we can conclude that
t

Z h+1 + SwapRegh,

This completes the proof of the recursive relationship of best response CE value gaps. O

Lemma 4. (Per-state weighted swap regret bounds) For any ¢ € [T],h € [H|,s € S and i € N/, Algorithm 8

ensures that

2

AA?Hlogt = 32nH>N? : :
SwapReg}, ;(s) <— ; o8t 2o . + 8nN H? Z Z o)
K J=2 kEN ki

s ) = w50

t
1 . , 4 ,
[ Jj—1 J . N ]_‘1 '
20481 A; ;at me(s, ) = (s, )Hl.
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Consequently, if n < m, we further have

AN A H logt 32N H?(N? + H)

nt t

1 N t
© 2048nH zz: EZ:

N
Z SwapRegZ,i (s)

i=1

IN

\ K.

et

D>

7

Proof. At each fixed (s,h) € S x [H], the agents essentially face a no-swap-regret learning problem in a
matrix game, where the payoff matrix of agent ¢ is Qfm(s, -) at iteration t. We can apply the weighted swap

regret bound (Lemma 17) of OFTRL under the Blum-Mansour reduction in normal-form games to obtain:

t

SwapRegl (s) = max S ad (¢ 0 (5,) = (5., Q) (s:))
¢>h,,i'Ai%Aij:1

t

=ab max S (60w i(5,) = 7 ils ) w (@ )(s,)) (2.44)

t ¢211A7’*>.A1 =1

2Aa10gt na ; 1 - 2
<= Z tH hihil(s,) — wi QAT s, )|

o0

’ (2.45)

)

1

i—1
204877A ij 1””’” )= T (8,-)‘

where (2.44) is due to the choice of the weights w; = o] /a}. (2.45) uses Lemma 17, by instantiating w/(-) in
j—1

—1

Lemma 17 as w;[Q}, Z7rh _;1(s,+), the prediction m' = w; [Qh ; 7r,;L 1(s,-), and the learning rate n; = n/w;.

To further upper bound the above equation, notice that

Z ﬂat
= Z new;

2

Q. amh (s, ) = wyl @ (s

o0

(194,74, — (@it ) + Q3w )~ @t 4) 6,

o0
o) =)

2

i (2.46)

<2Znatwg (HQ Q)| v

<22natwj ()2 H? JrQZnatijz Hwh i )*7‘(’%7_11(8,)’
j=1

where the second step uses the observation that (a + b)? < 2a? + 2b%, the Holder’s inequality, and the fact
that ||Q ||OO < H. The third step is due to our value update rule in Algorithm 8, which yields
- A :
HQ Q ( ) Hoo = H_aniw’ (5,°) + a5 (Th,i + Ph[QiH,ﬂTiH]) (s, )HOO
S| (PR ) (50|

<a; max{ Q’

SOéjH.
To continue from (2.46), we apply the properties that w; = o /o) and ZJ 1 ol (a))? < Z;Zl(ozj)Q/t <
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(H +2)/t <3H/t (see Lemma 6 in [122] for a proof) to obtain:

t t
. _ 2
(2.46) :QZT]Oztle(aj)zH2 + QZnatleHz Hﬂiu—i(s’ )= ﬂ{h_li(s, )H1
j=1 j=1
6nH?3 i , - 2
< 23 nadut? [ (o) = 7 s
j=1
6nH3 b . . 2
<N DY o Y w0 = i) (2.47)

j=1  KEN ki

In the last step, we used that the total variation between two product distributions is bounded by the sum of

the total variations of each marginal distribution (see e.g. [126]):

9 2
. - , -
_(s,) = l(s, .)H1 :( S m s — 1 (s,an) )
a_;€EA_;

—(Z

H ﬂ27k(3, ag) — H 71'{“_; (s,ax)

;

a_;€A_; ' k#i k#i
2
(X st - e,
ki

2
)

<(N -1) Z Hﬂi,k(&ak) - Wf;;cl(s, ak)’
ki

and the last step is by the Cauchy—Schwarz inequality. Substituting (2.47) back to (2.45) leads to

2420, logt b , - 9
SwapReg) (5) <2 VYol Y el (o)~
! j=1 keEN k#i
2477H3 atl t X - 2
. J R Y A .
t 2048n4; ;“’H Hﬂh,i(& ) = T (s, )Hl
4A2H logt L _ a )
SR AN - DH Y ol 3w als) w0

j=2 keN k#i

32nH?(H + N?) 1~ =
t 20484, > o Hﬁi,i(sa )= T (57')‘
Jj=2

, (2.48)

where the second inequality uses ay = (H + 1)/(H +t) < 2H/t. This step also takes out the term for j = 1
and upper bounds it by

32n(N —1)2H?

Sn(N — D%l 3 ||mh(s.) — (s, ][} < —

KEN ki

using the fact that o} < 1/t (Lemma 6 in [122]). This proves the first claim in the lemma. To further
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establish the second statement, we sum over (2.48) to obtain

N t

AN A%H log t al
Z SwapRegZJ(s) ST + 87( Z Z

i=1 j=2

- . 2

32nNH2(H + N?) !
+ t 204877 Z Z

_ANARHlogt 32N H?(H + N2)

nt t
N t 1 2
2772 J||J Jj—1
+ ;; (877(N — 1) H* — 204817H_AL) a;y Trh,i(87 ) — ﬂ-h,i (87 )Hl
<4NA12Hlogt n 32nNH?*(H + N?)
- nt t
1 ¢ a{ j j—1 2
204y 2= 2 4, |5 )~ Thi (5 ),

where the second step uses the fact that o) ' /al = (j —1)/(H 4+ j — 1) > 1/H, and the last step is due to

s 1
the condition that n S m. O

Theorem 5. If Algorithm 8 is run on an N-player episodic Markov game for T iterations with a learning

rate n = m, the output policy 7 satisfies:

2048NH3 Afax log T

E- ) <
CE-Gap(7) < T

Proof. Using (2.9) from Lemma 4, we upper bound the second-order path lengths by

2

1
N33 [ 0) 0
=1 j=2
ANA2 Hlogt 32pNH2(N2+ H
§8nNH2-2O48nHAmaX< i ogt | 321 E * )),
b

where we used the crucial fact that the swap regret is non-negative. Substituting the above equation back to
(2.8) yields

4A2Hlogt  32nH3N? 26yN2H*A3  logt 2Y9n3N*HS
+ + +
nt ¢ ¢ ¢
§ 2048N H 3 Ad o log t
— t K

SwapRegz,i (s) <

(2.49)

where the second step uses n = 256NH\/7 Since (2.49) holds for any i € A and s € S, we can apply it

back to the recursion of best response CE value gaps from Lemma 3 to obtain

t 5 3
2048NH?= A ax logt
51t't S E : J(sgL_H t :
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Starting from 6%, = 0, we can show via backward induction that for any (h,t) € [H] x [T,

048N Abax(H — h + 1)H 3 logt

5t <
h = t

We conclude the proof of the theorem by referring to the property that CE-Gap(7) < 67 . O

2.14 Proofs for Section 2.8.2

Lemma 18. (Theorem 3.1 from [118]) In a normal-form game with N players and A; actions for player
i € [N], suppose that all the players run OFTRL for T steps with negative entropy regularization and a

learning rate n = G(WM), Then, there exists a constant C > 1 such that the regret of player i satisfies
Reg? < CNlogA; -log*T.

Lemma 19. (Recursion of best response CCE value gaps) For any fized (h,t) € [H] x [T], let T = 7(t) denote
the stage of t. Then, we have

pend
1 T—1
t J T—1
G < 7 § Ch1 T Regy .
T—1 j=tstart
T—1

Proof. For any fixed i € N and s € S, we know from the definition of 7} from Algorithm 11 that

end
[

e = X (maeon] (e ) m ] 6o, (250

T=1 . tart
J=t7Ey

From the definition of the best response value function,

end
tT— 1

7, — 1 < T 1—777—}{+1 —i J
V., TN (s) = max wi(s,), [(Thi + [PV, 7 )m . 5,~>
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Subtracting (2.50) from the above equation leads to:

tend

T7th,— 7 1 — T, - u
e = 1 3 e (R )
j=tstar
5
emax— > (wl(s) =7l (s [+ AV _](5). @25)
s T— .
i j:titirlt

Using a similar inductive argument as in the proof of Lemma 3, we can show that the term in (2.51) is equal
to Reg;,_il(s), which leads to

e . |
Hh s 7t 1 (S AR 7 _
Vh,i " (s) — V}:? (s) < I, § g}gg (Vh+1h,i+1' - Vhﬁlﬁt’) (s") + Reg'};,il(s).
_
j:tj—tirlt

Since the above inequality holds for any i € A and s € S, we can conclude that

£
1 j _
G S Gt Ry
.

;__4start
J=UTEY

This completes the proof of the recursive relationship of best response CCE value gaps. O

Theorem 6. If Algorithm 10 is run on an N-player episodic Markov game for T iterations with a learning

rate 1, = O( in each stage 7, the output policy 7 satisfies:

1
Nlog* L, )

31 .1 5
CCE-Gap(7) = O (N H" 10g Amax - log T).

T

Proof. We introduce a few more notations before presenting the proof. Let 7(¢) denote the index of the stage
that iteration ¢t belongs to. We denote by 7 the total number of stages, i.e., 7 := 7(T'). For any (7, h, s), we

define the per-state (average) regret for player i € N in the 7-th stage of the corresponding matrix game as

end
tr

1 , .
T = m —_— E T D — ) . . T J . .
Reth(S) ' ﬂj(s,)gi(fh) Lq— <7TZ (3, ) Trh’l(s’ )7 [Qh’zﬂ—h’_z](s’ )> ’

s —¢start
J=ts

Reg] := maxmax Reg} .(s
h ieN 568 gh,z( )7

where Q7 ; is player i’s Q-function estimate at stage 7. For any (h,t) € [H] x [T] and for the policy 7l as
defined in Algorithm 11, we define the best response CCE value gap as

Tvﬁ't —i 7t
Cj, = maxmax <Vh,i O VJ?(S)) :
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By the definition of 7 and },, we have

CCE-gap(7) = (VJZL (51) — Vu(sl)>

ax
N
T e y 1

g msma (V70 - 0 ) < 1 Y (2:52)

We use Lemma 19 to establish the following recursive relationship of the best response CCE value gaps

between two consecutive steps h and h + 1:

tend

Tr—

¢t < - > ¢y +Regp (2.53)

start
J=tEy

Hence, upper bounding CCE-gap(7) breaks down to controlling the per-state regret in the corresponding
matrix game for each (7,s,h) € [T] x § x [H]. In our stage-based OFTRL, since the reward matrix @} ; in
each stage is fixed and Reg;’i(s) is the standard (average) regret, we can readily apply the individual regret
bound of each player when running OFTRL in normal-form games [118]. Specifically, Theorem 3.1 from [118]
(restated as Lemma 18) shows that with a learning rate 7, = ©( there exists a constant C' > 1 such

that for any (i,7,s,h) € N x [T] x S x [H],

o)
Nlog* L,/

CNH log A; -log* L,
L, '

Regf (s) < (2.54)
Notice that we multiplied the regret bound by H because [118] assumes the rewards to be from [0, 1] but our
rewards lie in [0, H]|. According to the definition in Algorithm 11, the behavior of the policy 7} is unchanged
for all ¢t within the same stage 7 as it always uniformly samples a time index from the previous stage and plays
the corresponding history policy. Consequently, the value estimation error ¢} does not change within a stage
7(t); that is, ¢} takes the same value for all ¢ € [t5tart, $nd]. We occasionally slightly abuse the notation and
en d
use ¢} to denote the estimation error for a stage 7. This immediately implies that _— Z; potare Ch 1= =( 7 i +1
Substituting (2.54) and the above equation back to the recursion (2.53), we obtam that

CNH log Apax - log4 L,_1

Gh <G+ L,
- Z CNH log Apax - log* T (2.55)

= Ly pryn—1
§3CNH2 logLAmax~log r (2.56)

where the second step is by applying the inequality recursively over h, and the last step holds because our
choice of the stage lengths L,1; = [(1+ 1/H)L,| implies that

B N Y S B IER ]
LT h/+h—1 _L H _L‘r H _L‘r'
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We then substitute (2.56) back to (2.52) and change the counting method to obtain

_ tend
1 v~ v~ 3CNH?2log Apmayx - log* T
T D 7

T
_ 1 .
CCE-gap(7) < T g G < '
t=1 =1 JZtitart
< 3CN7TH?1og Amax - log4 T
< T .

It remains to bound the total number of stages 7. Since the lengths of the stages increase exponentially as
L;y1=[(1+1/H)L,;| and the T stages sum up to T iterations, by taking the sum of a geometric series, it
suffices to find a value of 7 such that (1+1/H)™ > T/H. Using the Taylor series expansion, one can show
that (14 %)H > e — 5%, and hence any 7 > 1fg1(oeg/2T) satisfies the condition. This completes the proof of the
theorem. O

2.15 Concluding Remarks

In this chapter, we have considered decentralized multi-agent reinforcement learning with efficient exploration
in general-sum Markov games. We have proposed the V-learning OMD algorithm that provably finds an
e-approximate coarse correlated equilibrium in at most 6(H 65 A/e?) episodes. As a useful side result, we have
introduced an anytime online mirror descent algorithm with a dynamic learning rate and a high-probability
regret bound.

We have also proposed stage-based V-learning algorithms that simplify the algorithmic design and analysis
of V-learning OMD and achieve sharper sample complexity bounds. We have shown that stage-based
V-learning can learn an e-approximate CCE in O(H®SApay/c2) episodes, and an e-approximate CE in
5(H 5SA2  /e?) episodes. Our algorithms are decentralized and can readily scale up to a large number of
agents without suffering from the exponential dependence. Furthermore, we have extended the V-learning
framework to learning CCE/CE in full-information general-sum Markov games and established near-optimal
6(T‘1) convergence of our methods.

An interesting future direction would be to further tighten the sample complexity upper and lower bounds
established in this chapter. In addition, in this chapter, we have considered the fully observable setup, where
the agents have full access to the state information. This is in contrast to the more general setting with
partially observable information structures [56], [127], [128], such as those modeled by decentralized partially
observable Markov decision processes (DecPOMDPs) [58], [129], [130], where each agent has only a private
partial observation of the state. Learning or even computing a NE in the latter case is much more challenging

and would be an interesting future direction.
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Chapter 3

Non-Stationary RL and Cooperative

Markov Games

Reinforcement learning (RL) studies the problem where an agent maximizes its cumulative reward through
sequential interactions with an initially unknown environment, usually modeled by a Markov Decision Process
(MDP). The classical RL literature typically assumes that the state transition functions and the reward
functions of the MDP are time-invariant. Such a stationary model, however, cannot capture the dynamic
nature of many sequential decision-making problems in practice, especially those scenarios where multiple
agents are involved.

In this chapter, we consider the problem of reinforcement learning in non-stationary MDPs. In our
setting, both the reward functions and the state transition distributions are allowed to vary over time, either
gradually or abruptly, as long as their cumulative variation magnitude does not exceed certain budgets. We
propose an algorithm, named Restarted Q-Learning with Upper Confidence Bounds (RestartQ-UCB), for
this setting, which adopts a simple restarting strategy and an extra optimism term. We theoretically show
that RestartQ-UCB outperforms existing solutions in terms of dynamic regret, a notion commonly utilized
to measure the performance of an online learning algorithm in a non-stationary environment. Specifically,
RestartQ-UCB with Freedman-type bonus terms achieves a dynamic regret bound of 5(5 3ASASHT %),
where S and A are the numbers of states and actions, respectively, A > 0 is the variation budget, H is
the number of time steps per episode, and T is the total number of time steps. We further show that our
algorithm is nearly optimal by establishing an information-theoretical lower bound of Q(S 3A3ASH %T%),
which appears to be the first impossibility result that characterizes the fundamental limits of non-stationary
RL in general.

We further demonstrate the power of our results in the context of multi-agent RL, where non-stationarity
is a key challenge. We show that RestartQ-UCB can be readily applied to learning team-optimal policies in
cooperative smooth games against a slowly-changing opponent. To the best of our knowledge, RestartQ-UCB
is the first model-free algorithm for non-stationary RL. Compared with model-based solutions, our algorithm is
more time- and space-efficient, flexible, and compatible with the model deep RL architectures. We empirically
evaluate RestartQ-UCB on RL tasks with both abrupt and gradual types of non-stationarity. Simulation

results validate the advantages of RestartQ-UCB in terms of cumulative rewards and computational efficiency.
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3.1 Introduction

Reinforcement learning (RL) focuses on the class of problems where an agent maximizes its cumulative
reward through sequential interactions with an initially unknown but fixed environment, usually modeled
by a Markov Decision Process (MDP). In classical RL problems, the state transition functions and the
reward functions are assumed to be time-invariant, i.e., stationary. However, stationary models cannot
capture the time-varying environments in a wide range of sequential decision-making problems, such as
online advertisement auctions [18], [19], dynamic pricing [20], [131], traffic management [132], healthcare
operations [133], multi-agent RL [8], and inventory control [21], [22]. Among the many intriguing applications,
in the following, we specifically elaborate on two research areas, namely multi-agent RL and inventory control,

that can significantly benefit from progresses on non-stationary RL.

e Multi-agent RL: In multi-agent RL, a set of agents either collaborate or compete by taking actions in a
shared environment. This commonly occurs in many operational scenarios when multiple decision-makers
interact with each other, such as ads auctions [134] and dynamic pricing [135]. In such scenarios, each
agent faces a non-stationary environment, especially when the agents learn and update their policies
simultaneously, as the actions of the other agents can alter the environment. We discuss this connection
with more details in Section 3.8 through a concrete example, where we show that our non-stationary RL

solution can be readily applied to a multi-agent RL problem against a slowly-changing opponent.

e Inventory control across related but different products: In conventional inventory control [21],
[136], [137], the retailer typically focuses on managing the stock level of a single product. Nevertheless, the
sequential launch of new related products (e.g., the line of iPhone) provides us with the opportunity to
leverage experience from past products to inform inventory management for future products. In Section 3.9,
we discuss how one can apply our non-stationary RL solutions to guide the inventory management not

only for a single product but also across a sequence of related, but different, products.

Other areas that could benefit from non-stationary RL include sequential transfer in bandit [138] and
RL [139] and multi-task RL [140], which in turn are conceptually related to continual RL [141] and life-long
RL [142]. In the setting of sequential transfer/multi-task RL, the agent encounters a sequence of tasks
over time with different system dynamics, and seeks to bootstrap learning by transferring knowledge from
previously-solved tasks. Typical solutions in this area [139], [140], [143] need to assume that there are finitely
many candidate tasks, and every task should be sufficiently different from the others'. Only under this
assumption can the agent quickly identify the current task it is operating on, by essentially comparing the
system dynamics it observes with the dynamics it has memorized for each candidate task. After identifying
the current task with high confidence, the agent then invokes the policy that it learned through previous
interactions with this specific task. This transfer learning paradigm in turn causes another problem—it “cold
switches” between policies that are most likely very different, which might lead to unstable and inconsistent
behaviors of the agent over time. Fortunately, non-stationary RL can help alleviate both the finite-task
assumption and the cold-switching problem. First, non-stationary RL algorithms do not need the candidate
tasks to be sufficiently different in order to correctly identify each of them, because the algorithm itself can
tolerate some variations in the task environment. There will also be no need to assume the finiteness of the

candidate task set anymore, and the candidate tasks can be drawn from a continuous space. Second, since we

INeedless to say, this assumption itself also to some extent contradicts the primary motivation of transfer learning. After all,
we only want to transfer knowledge among tasks that are essentially similar to each other.
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Table 3.1: Dynamic regret comparisons for RL in non-stationary MDPs. S and A are the numbers of states
and actions, L is the number of abrupt changes, D is the maximum diameter, d is the dimension of the
feature space for linear MDPs, H is the number of steps per episode, and T is the total number of steps. All
upper bounds listed in the table are high-probability results that hold with probability at least 1 — 4 for some
d € (0,1), and O(-) suppresses logarithmic dependence on S, A, T and %. Gray cells denote results from this
thesis.

Setting Algorithm Regret Model- Comment
Free
96 O(S A:LsD T3 X only abrupt changes
y g
O(S3 A3 L35 D3T3 X only abrupt changes
145 O(S3A3L3 D3T3 ly ab hang
" 0 A3 3 requires local variations
iﬁg@d 144 O(S A*A3D T X local
[22] O(S5A2AZD T4) X does not require A
Lower bound Q(S3A3AIDITS)
[146] O(S AzA3H3T3) X also metric spaces
RestartQ-UCB O(S3ASASH T%)
Episodic o , .
Double-Restart Q-UCB | O(SsAsAsHTs+H1T1) v does not require A
Lower bound Q(S3ASASH3TS)
Linear [147] O(ds A3 H3T?) v
MDPs [148] OdiAYHATY) v

are running the same non-stationary RL algorithm for a series of tasks, it improves its policy gradually over
time, instead of cold-switching to a completely independent policy for each task. This could largely help with
the unstable behavior issues.

RL in a non-stationary MDP is highly non-trivial due to the following challenges. First, similar to
stationary RL, the agent faces the exploration vs. exploitation dilemma: it needs to explore the uncertain
environment efficiently while maximizing its rewards along the way. In [96], the authors proposed to leverage
the “optimism in the face of uncertain” principle to guide exploration. Another challenge, which is unique
to non-stationary RL, is the trade-off between remembering and forgetting. On the one hand, since the
underlying MDP varies over time, data samples collected in prior interactions can become obsolete. In fact, it
has been shown that a standard stationary RL algorithm might incur a linear regret if the non-stationarity is
not handled properly [144]. On the other hand, the agent needs to extract a sufficient amount of information
from historical data to inform future decision-making.

To resolve the aforementioned challenges, [144] and [22] have proposed algorithms to guide learning in non-
stationary MDPs. Although both model-based and model-free algorithms have been proposed for stationary
RL, existing solutions for non-stationary RL are often built upon model-based methods. Nevertheless, it has
been observed that model-based solutions often suffer from the following shortcomings:

e Time- and space-inefficiency: Model-based methods are in general more time- and space-consuming,
and are less compatible with the design of modern deep RL architectures [60], [61].

o Inefficient exploration: In [22], [149], an example was given to show that under non-stationarity, the
estimated model can incorrectly indicate that transitioning between states is very unlikely. This suggests
that model-based methods, which try to estimate the latent model, might suffer “The Perils of Drift” [22].
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e Limited applicability: In an important application of nonstationary RL — decentralized multi-agent
RL, the agents cannot observe the actions taken by the other agents. This information structure precludes
model-based methods, as the explicit estimation of the state transition functions is hardly possible without
observing all the agents’ actions.

These observations have thus motivated us to turn our attention to model-free methods, which, instead of
maintaining estimates of the unknown underlying model, directly learn the Q-values.

Main Contributions. In this chapter, we focus on the problem of designing model-free algorithms with

near-optimal performances for non-stationary RL. Our contributions are as follows:

1. We introduce an algorithm named Restarted Q-Learning with Upper Confidence Bounds (RestartQ-UCB),
which is the first model-free algorithm in the general setting of non-stationary RL. Our algorithm adopts
a simple but effective restarting strategy [96], [150] that resets the memory of the agent according to a
calculated schedule. The restarting strategy ensures that our algorithm only refers to the most up-to-date
experience for decision-making. RestartQ-UCB also utilizes an extra optimism term (in addition to the
standard Hoeffding/Freedman-based bonus) for exploration to counteract the non-stationarity of the MDP.
This additional bonus term, depending on the local variation budgets (i.e., the environmental variation in
each restarting interval), guarantees that our optimistic -value is still an upper bound of the optimal
Q*-value even when the environment changes. Our analysis shows that RestartQ-UCB achieves the lowest

dynamic regret bound when compared to existing works in the literature;

2. We present a variant of RestartQ-UCB that does not require knowledge of the local variation budget.
Furthermore, we also show that our algorithm can completely remove the dependence on prior knowledge
of the variation budget, a critical assumption commonly made in the literature [144], [147]. To accomplish
that, we propose a parameter-free algorithm that leverages a “double restart” strategy to adaptively learn
the variation budget [151];

3. We conduct simulations showing that RestartQ-UCB achieves highly competitive cumulative rewards

against a state-of-the-art solution [147], while only taking 0.18% of its computation time;

4. We establish the first lower bounds in non-stationary RL, which suggest that our algorithm is optimal in

all parameter dependences except for an H 3 factor, where H is the episode length;

5. To further showcase the flexibility and potential of non-stationary RL, we illustrate how it can be utilized
to address the non-stationarity issue inherent in multi-agent RL. Specifically, we show that RestartQ-UCB
can be readily applied to a multi-agent RL example against a slowly-changing opponent [152], [153].
The setting we consider is a more practical and general decentralized learning setting, which entails
model-free solutions. We also discuss the application of our non-stationary RL algorithm in inventory
control. Specifically, we demonstrate how to implement our RestartQ-UCB algorithm for the problem of

inventory control across related, but different products with time-varying demands.

Related Works. Dynamic regret of non-stationary RL has been mostly studied using model-based
solutions. [96] considers the setting where the MDP is allowed to change abruptly for L times. A sliding
window approach is proposed in [145] under the same setting. [144] generalizes the previous setting by
allowing the MDP to vary either abruptly or gradually at every step, subject to a total variation budget. [22]
considers the same setting and introduce a Bandit-over-RL technique that adaptively tunes the algorithm
without knowing the variation budget. Directly applying their method to our episodic setting will lead to a
dynamic regret of 6(5 SATATHT %). Although it may be possible to further obtain an improved dependence
on T, this is sub-optimal in terms of S and A. We remark that a recent (but later than ours) version of [22]
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develops a lower bound tailored to the infinite horizon undiscounted non-stationary RL, but it is not directly
applicable to our episodic non-stationary RL setting.

In a setting most similar to ours, [146] investigates non-stationary RL in the episodic setting, and propose
a kernel-based approach when the state-action set forms a metric space. Their results can be reduced
to an 6(SA%A%H %Tg) regret in the tabular case. [154] assumes stationary transitions and adversarial
full-information rewards, and their setting is not directly comparable with ours. Two concurrent works [147]
and [148] consider non-stationary RL in linear MDPs, but their regret bounds, O(S3 A3 Az H3T3) and
6(5 TAIATH %T%) when reduced to the tabular RL setting, respectively, are less competitive than ours.
After an earlier version of this work was made publicly available, [155] has proposed a black-box reduction
procedure that turns an RL algorithm in a (nearly-)stationary environment to a non-stationary RL algorithm.
In the episodic setting, [155] has achieved a strong dynamic regret bound of O(S3 A3 AsH3T3) (with or
without knowledge of the degree of non-stationarity). However, their regret bound has a worse dependence
on H when compared to ours, and it has been pointed out in [155] that such a sub-optimality cannot be
improved upon by using a Freedman-style confidence bound as we do. Their compelling theoretical guarantees
also come at the cost of a rather sophisticated and memory-inefficient algorithmic design, which needs to
maintain many instances of the stationary subroutine, and constantly switch among them. Interested readers
are referred to [156] for a comprehensive survey on RL in non-stationary environments. Table 3.1 compares
our regret bounds with existing results that tackle similar settings as ours. It can be seen that our result is
the first one that achieves the optimal dependence on S and A, and also establishes the tightest dependence
on H/D and T among existing solutions in the literature, without relying on their assumptions.

Another related line of research studies online/adversarial MDPs [157]-[164], but they mostly only allow
variations in reward functions, and use the static regret as a performance metric. In addition, RL with low
switching cost [165] also shares a similar spirit as our restarting strategy since it also periodically forgets
previous experiences. However, such algorithms do not address the non-stationarity of the environment, and
their dynamic regret in terms of the variation budget is unclear.

Non-stationarity has also been considered in bandit problems [166]. Within different non-stationary
multi-armed bandit (MAB) settings, various methods have been proposed, including decaying memory and
sliding windows [167], [168], as well as restart-based strategies [107], [150], [169]. These methods largely
inspired later research on non-stationary RL. A more recent line of work developed methods that do not
require prior knowledge of the variation budget [170], [171] or the number of abrupt changes [172]. Other
related settings considered in the literature include Markovian bandits [173]-[175], non-stationary contextual
bandits [176], [177], linear bandits [178], [179], continuous-armed bandits [180], and learning with seasonal
patterns [181].

Outline. The rest of this chapter is organized as follows: In Sections 3.2, we introduce the mathematical
model of our problem and necessary preliminaries. In Section 3.3, we present our RestartQ-UCB algorithm.
A dynamic regret analysis of RestartQ-UCB is provided in Section 3.4. In Section 3.5, we further propose a
parameter-free algorithm that does not require prior knowledge of the variation budget. In Section 3.6, we
establish information-theoretical lower bounds. Simulation results are presented in Section 3.7. In Sections 3.8
and 3.9, we discuss the applications of our method to two important scenarios: multi-agent RL and inventory
control, respectively. For clarity of presentations, some supplementary material and the proofs of most results

are deferred to Sections 3.10 to 3.15. Finally, we conclude this chapter in Section 3.16.
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3.2 Preliminaries

We consider an episodic RL setting where an agent interacts with a non-stationary MDP for M episodes,
with each episode containing H steps. We use a pair of integers (m, h) as a time index to denote the h-th
step of the m-th episode. The environment can be denoted by a tuple (S, A, H, P,r), where § is the finite set
of states with |S| =59, A is the finite set of actions with |A| = A, H is the number of steps in one episode,
P = {P}"}ime[m),nefm) is the set of transition kernels, and r = {7} };ne[m],ne(m) is the set of mean reward
functions. Specifically, when the agent takes action a}' € A in state s]* € S at the time (m, h), it will receive
a random reward R}*(s})",aj’) € [0,1] with expected value 7}*(s}*, aj"), and the environment transitions to a
next state sj’, | following the distribution P} (- [ 57", aj"). It is worth emphasizing that the transition kernel
and the mean reward function depend both on m and h, and hence the environment is non-stationary over
time. The episode ends when s, is reached. We further denote 7' = M H as the total number of steps.

A deterministic policy 7 : [M] x [H] x § = A is a mapping from the time index and state space to the
action space, and we let 7}"(s) denote the action chosen in state s at time (m,h). Define V"™ : § — R to

be the value function under policy 7 at time (m, h), i.e.,

V" (s):=E

H
Z vy (S (spe)) | sp = s] ,

h'=h

where sprp1 ~ Pl7 (- | spr,ans). Accordingly, the state-action value function Q)" : S x A — R is defined as:

(s, a) =1 (s,a) + E

H
Z iy (S (Spe)) | s = s,ap = a]

h'/=h+1

For simplicity of notation, we let P;"Vy11(s,a) :== Eywpm(.|s.a) [Va+1(s')]. Then, the Bellman equation gives
Vit (s) = Q)" (s, mp(s)) and Q)" (s,a) = (ri* + P*V,1)(s,a), and we also have V' (s) = 0,Vs € S
by definition. Since the state space, the action space, and the length of each episode are all finite, there
always exists an optimal policy 7* that gives the optimal value V""" (s) := V,”" ™ (s) = sup., Vi (s),Vs €
S,m € [M],h € [H]. From the Bellman optimality equation, we have V,""*(s) = max,c4 Q) (s, a), where
W (s a) = (rpt + PV (s, a), and Vi (s) = 0,Vs € S.

Dynamic Regret: The agent aims to maximize the cumulative expected reward over the entire M
episodes, by adopting some policy m. We measure the optimality of the policy 7 in terms of its dynamic regret
[22], [146], which compares the agent’s policy with the optimal policy of each individual episode in hindsight:

M
R(m, M) =Y (V™" (s7) = V™7 (s1))

m=1

where the initial state s7* of each episode is chosen by an oblivious adversary [61]. Dynamic regret is a
stronger measure than the standard (static) regret, which only considers the single policy that is optimal over
all episodes combined.

Variation: We measure the non-stationarity of the MDP in terms of its variation budget in the mean

reward function and transition kernels:

M-1 H M-1 H
Api= 3" Y suplrit(s,a) =i (s,a)l, Ay i= D0 D sup||P(- | s,a) = B | s,a)
m=1 h=1 5¢ m=1 h=1 %%
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Algorithm 14: RestartQ-UCB (Hoeffding/Freedman)

1 for epoch d < 1 to D do

2 Initialize: Vj,(s) < H —h+1,Qn(s,a) < H — h + 1, Ny(s,a) + 0, Ny (s,a) < 0,
(s, a) < 0,9p(s,a) « 0, ji,(s,a) < 0,5,(s,a) < 0, 115 (s, a) < 0,05 (s, a) « 0, V! (s) « H,
for all (s,a,h) € S x A x [HJ;

3 for episode k + (d — 1)K + 1 to min{dK, M} do

4 observe s1;

5 for step h + 1 to H do

6 Take action aj, < arg max, Qn(Sn,a), receive Ry (s, ap), and observe sp11;

7 Th(8hyan) < Tr(sn, an) + Rh(3h7ah)7'&h(5h7 an) < On(sn,an) + Vag1(sny1);

8 /)(5'/1- ”/1) — /V/(H/wa/z) + "?IA ( Sh+1 ) - "3:‘(.‘#1<5‘/171 ) ’

9 G(sn,an) < 7(sn, (1/;)+(\h+|(%h+|>*\/,H(*/,H)) ; ' .

10 /Ild(Sh (ll)) <*/Ild(*h (ll))+‘],+l(5/z+l> 1(*/; ”/1) %Ur(‘l(sh-”h)+(";;>$l(s/i+l>>2:
11 n = Np(sn,an) < Nu(sn,an) + 1,7 := Ny(sn,an) < Np(sn,an) + 1;

12 if Np,(sp,ap) € L then

13 // Reaching the end of the stage

14 bh<—\/Hf2L+\/lL bA<—A(d)+HA,(,‘i);

15 Z),I%Z\/ /+ \/r‘r/u (f/n)? L (H/,+i+l—h“"+1—fﬂ’")+

16 Qn(sn,ap) « mln{ +Z4bp+2ba, - +“ ‘ +" +2b, +4ba, Qh(sh,ah)} (%)
17 V:h(sh) < max, Qh(shv )a

18 Nh(sh,ah) < O,fh(sh, ah) — O,f)h(sh,ah) — 0,[1,],(.8’],. (I,],) +— 0, (3'],(.5’],,(1,],) < ();
19 if > Nin(sp,a) = Ny then // Learn the reference value

20 Y*}j""i(s‘/,) — Vi(sp);

where |||, is the L'-norm. Note that our definition of variation budgets only imposes restrictions on the
summation of non-stationarity across two different episodes and does not put any restriction on the difference
between two consecutive steps in the same episode; that is, P} (- | 5,a) and P} (- | s,a) are allowed to be
arbitrarily different. We further let A = A, + A,, and assume A > 0.

3.3 Algorithm: RestartQ-UCB

We present our algorithm Restarted Q-Learning with Hoeffding/Freedman Upper Confidence Bounds
(RestartQ-UCB Hoeffding/Freedman) in Algorithm 14. For illustrative purposes, we start with a sim-
pler RestartQ-UCB algorithm with Hoeffding-style bonus terms, which only executes the pseudocode colored
in black in Algorithm 14. Further incorporating the gray parts in Algorithm 14 leads to the RestartQ-UCB
algorithm with Freedman-style bonus terms and reference-advantage decomposition [61], which achieves a
sharper dynamic regret bound at the cost of a slightly more involved analysis.

Common to both the Hoeffding and the Freedman bonus terms, RestartQ-UCB breaks the M episodes
into D epochs, with each epoch containing K = (%1 episodes (except for the last epoch which possibly
has less than K episodes). With a large value of D, Algorithm 14 restarts more frequently to adjust to
the potential variations of the environment, at the cost of spending more time searching for new optimal
policies. On the contrary, a small value of D would lead to running stable policies for long periods of time
with less frequent restarts, but the resulting algorithm might not be able to adjust to the environmental

variations rapidly enough. To strike a balance, we set the number of epochs to be D = S 35A"SASH 3Ts
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so as to achieve the optimal dynamic regret bound, and such a choice will be justified later in our analysis.
RestartQ-UCB periodically restarts a Q-learning algorithm with UCB exploration at the beginning of each
epoch, thereby addressing the non-stationarity of the environment. For each d € [D], define Afnd) to be the
local variation budget of the mean reward function within epoch d. By definition, we have 25:1 A <A,.
Define the local variation budget of transitions Al(,d) analogously.

Since our algorithm essentially invokes the same procedure for every epoch, in the following, we focus our
analysis on what happens inside one epoch only (and without loss of generality, we focus on epoch 1, which
contains episodes 1,2,..., K). At the end of our analysis, we will merge the results across all epochs.

For each triple (s,a,h) € S x A x [H]|, we divide the visitations (within epoch 1) to the triple into
multiple stages, where the length of the stages increases exponentially at a rate of (1 4 %) Specifically,
let e; = H, and e;41 = [(1 4 #)e;],i > 1 denote the lengths of the stages. Further, let the partial sums
L:= {Ezzl ei | 7=1,2,3,...} denote the set of the ending times of the stages. We remark that the stages
are defined for each individual triple (s, a, h), and for different triples the starting and ending times of their
stages do not necessarily align in time. Such a definition of stages is mostly motivated by the design of the
learning rate oy = g—ﬁ in [60]. Tt ensures that only the last O(1/H) fraction of samples is given non-negligible
weights when used to estimate the optimistic Qp(s, a) values, while the first 1 — O(1/H) fraction is forgotten
[61]. We set ¢ := log (%), where § is an input parameter that can be set by us.

Recall that the time index (k, h) represents the h-th step of the k-th episode. At each step (k,h), we
take the optimal action with respect to the optimistic Q(s,a) value (Line 6 in Algorithm 14), which is
designed as an optimistic estimate of the optimal QIZ’*(& a) value of the corresponding episode. For each
triple (s, a, h), we update the optimistic Qp(s,a) value at the end of each stage, using samples only from this
latest stage that is about to end (Line 16 in Algorithm 14). The optimism in @ (s, a) comes from two bonus
terms by, /b;, and ba, where by, /b, is a standard Hoeffding/Freedman-based optimism that is commonly used
in upper confidence bounds [60], [61], and ba is the extra optimism that we need to take into account because
of the non-stationarity of the environment. The definition of ba requires knowledge of the local variation
budget in each epoch, which is a rather strong assumption in practice. However, we can further show (later in
Theorems 10 and 11) that if we simply replace Equation () in Algorithm 14 with the following update rule:

Qn(sh,ap) + min {; + % + bn, :*1 + o + By 251,-Qh(5h,ah)} (3.1)

n n

then our algorithm can achieve the same regret without assumptions on the local variation budget.
Compared with the Hoeffding-based algorithm, there are two major improvements in the Freedman-based
one. The first improvement is the replacement of the Hoeffding-based bonus term b with a tighter term bﬁ.
The latter term takes into account the second moment information of the random variables, which allows
sharper tail bounds that rely on second moments to come into use (in our case, the Freedman’s inequality).
The second improvement is a variance reduction technique, or more specifically, the reference-advantage
decomposition as coined in [61]. The intuition is to first learn a reference value function V**f that serves as a
roughly accurate estimate of the optimal value function V* in each epoch. The goal of learning the optimal
value function V* = Vref 4 (V* — Vier) can hence be decomposed into estimating the two terms Vel and
V* — Vier. The reference value V™ is a fixed term, and can be accurately estimated using a large number of
samples (in Algorithm 14, we estimate V**f only when we have Ny = ¢SAHS: samples for a large constant c).

The advantage term V* — V™f can also be estimated more accurately due to the reduced variance.
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3.4 Analysis

In this section, we present our main result—a dynamic regret analysis of the RestartQ-UCB algorithm. Our
first result on RestartQ-UCB with Hoeffding-style bonus terms is summarized in the following theorem.

Complete proofs of its supporting lemmas are given in Section 3.10.

Theorem 9. (Hoeffding) For T = Q(SAAH?), and for any § € (0,1), with probability at least 1 — §, the
dynamic regret of RestartQ-UCB with Hoeffding bonuses is bounded by O(S3 A3 A5 H3T3), where O(-) hides
poly-logarithmic factors of S, A, T and 1/4.

Our proof relies on the following technical lemma, stating that for any triple (s, a, h), the difference of

their optimal @Q-values at two different episodes 1 < k1 < ko < K is bounded by the variation of this epoch.

Lemma 20. For any triple (s,a,h) and any 1 < ky < ko < K, it holds that |Q§1’*(s,a) - fo’*(s,aﬂ <
AW+ HAY.

Let QZ(S, a) denote the value of Qn(s,a) at the beginning of the k-th episode in RestartQ-UCB Hoeffding.
The following lemma states that the optimistic Q-value Qﬁ(s, a) is an upper bound of the optimal @Q-value
be’*(s, a) with high probability. Note that we only need to show that the event holds with probability
1 —poly(S, A, K, H)d, because we can replace § with é/poly(S, A, K, H) in the end to get the desired high
probability bound without affecting the polynomial part of the regret bound.

Lemma 21. (Hoeffding) For § € (0,1), with probability at least 1 — 2K HJ, it holds that Qﬁ’*(s,a) <
Z‘H(s,a) < Q%(s,a),¥(s,a,h, k) € S x Ax [H] x [K].

Building upon Lemmas 20 and 21, a complete proof of Theorem 9 is given in Section 3.11. We remark that
Algorithm 14 relies on the assumption that the local variations ba are known a priori, which is a strong but
commonly made assumption in the literature on non-stationary RL [144], [147]. To the best of our knowledge,
existing restart-based solutions either crucially rely on this local variation assumption [144], or suffer a severe
regret degeneration after removing this assumption [147]. Interestingly, in the following theorem, we show
that this assumption can be safely removed in our approach without affecting the regret bound. The only
modification to the algorithm is to replace the Q-value update rule in Equation (x) of Algorithm 14 with the

new update rule in Equation (3.1).

Theorem 10. (Hoeffding, no local budgets) For T = Q(SAAH?), and for any § € (0,1), with probability at
least 1 — ¢, the dynamic regret of Restart@-UCB with Hoeffding bonuses and no knowledge of local budgets is
bounded by 5(S%A%A%H§T%), where 5() hides poly-logarithmic factors of S, A, T and 1/4.

To understand why this simple modification works, notice that in (x) we add exactly the same value
2ba to the upper confidence bounds of all (s, a) pairs in the same epoch. Subtracting the same value from
all optimistic Q-values simultaneously should not change the choice of actions in future steps. The only
difference is that the new “optimistic” Qﬁ(sh, ap,) values would no longer be strict upper bounds of the optimal
QZ’*(S}L, ap) anymore, but instead “upper bounds” subject to some error term induced by ba. Specifically,
since Qp,(sp, an) is updated using Vj1(Sp41), which, in turn, contains some error in terms of b, the error
will propagate across the steps. By properly tracking such error terms, we can see that there are in total
H — h+1 copies of the 2ba error accumulated from step H back to step h. This leads to the following variant

of Lemma 21 that quantifies the error terms in the new “optimistic” bounds.
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Lemma 22. (Hoeffding, no local budgets) Suppose that we have no prior knowledge of the local variations and
replace the update rule (x) in RestartQ-UCB Hoeffding with Equation (3.1). For § € (0,1), with probability at
least 1-2K H§, it holds that Qz’*(s, a)—2(H—h+1)ba < Q¥ (s,a) < Qf(s,a),¥(s,a, h, k) € Sx Ax[H]x[K].

Remark 3. The easy removal of the local budget assumption is non-trivial in the design of the algorithm,
and to the best of our knowledge is absent in the non-stationary RL literature with restarts. In fact, it has
been shown in a concurrent work [147] that removing this assumption could lead to a much worse regret bound
(cf. Corollary 2 and Corollary 8 therein).

Replacing the Hoeffding-based upper confidence bound with a Freedman-style one will lead to a tighter
regret bound, summarized in Theorem 11 below. To remove the local budget assumption, we also need to
replace the update rule () in Algorithm 14 with Equation (3.1). The proof of the theorem follows a similar
procedure as in the proof of Theorem 10, and is given in Section 3.13. It relies on a reference-advantage

decomposition technique for variance reduction as in [61].

Theorem 11. (Freedman, no local budgets) For T' greater than some polynomial of S, A, A and H, and
for any 6 € (0,1), with probability at least 1 — &, the dynamic regret of Restart@Q-UCB with Freedman
bonuses (Algorithm 1/ including the gray parts) is upper bounded by O(S3 A3 A3 HT3), where O(-) hides
poly-logarithmic factors of S, A, T and 1/4.

Remark 4 (From High Probability Regret Bound to Expected Regret Bound). We note that § is an input
parameter, and our high probability regret bounds can immediately imply expected regret bounds. In all the
above theorems presented in this section, the dynamic regret depends on 1/§ through logarithmic terms. Since
the regret can at most be O(T), by setting § = 1/T, one can retain the same regret bound in an expectation
sense. For instance, in Theorem 11, by setting 6 = 1/T, we have that with probability at least 1 — &, the regret
18 6(S%A%A%HT%), while with probability at most §, the regret is O(T). Hence, the expected regret of the
algorithm is (1 — 6)O(S3 AT AT HT?) + 60(T) = O(S A3 A3 HT'3)

3.5 Unknown Variation Budgets

In Theorem 11, we have removed the assumption on the knowledge of “local” variation budgets Agd) and
Ag,d) for d € [D], but the design of the algorithm still relies on knowledge of the “total” variation budget A.
Specifically, to achieve the dynamic regret bound presented in Theorem 11, we need to set the number of
epochs to D* = § ’%A*%AgT%, which clearly requires to know A in advance. To further overcome such a
limitation, in this section, we propose a parameter-free algorithm that adaptively learns the variation budget
A when it is unknown a priori, while still achieving sublinear dynamic regret in 7.

Our new algorithm, Double-Restart Q-UCB, for the unknown variation budget setting is presented in
Algorithm 15. Inspired by the Bandit-over-Bandit algorithm [22], [171] that adaptively tunes the algorithm
parameters in a linear bandit problem, we also use a multi-armed bandit algorithm as a master procedure to
learn the optimal value D* of D. Given a set J of candidate values for D, the idea of our algorithm is to first
divide the time horizon T' into multiple phases, and then in each phase we experiment with one candidate
value from the set 7. If we choose values from J properly using a bandit algorithm, the cumulative reward
we obtain through this experimentation procedure should be close to the performance of using the best fixed
candidate from J in hindsight. Since the underlying environment need not drift according to any statistical
pattern, we use an adversarial bandit algorithm Exp3.P [107] to defend against the possibly adversarial

changes of the best D value in each phase.
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Algorithm 15: Double-Restart Q-UCB
1 Input: Parameters W, J, a, and v as given in Equation (3.2) and (3.3).

2 Initialize: Weights of the bandit arms s;(j) = exp <a371/ Mﬁ_@) for j=0,1,...,[lnW].

3 for phase i < 1 to [%1 do
s ) e (=) Uy + ¥ =01
po
5 Draw an arm A; from {0,...,J} randomly according to the probabilities p;(0),...,p;(J);

Ay
6 Set the estimated number of epochs D; « {MJ ;

7 Run a new instance of Algorithm 14 (including gray parts) for W episodes with parameter value
Observe the cumulative reward R; from the last W episodes;
9 for arm j+ 0,1,...,J do
10 Ri(j) « Ril{j = A}/ (WHpi(j));
X i (5 2 (R a .
n sl e sen (s (RO st ) )
Phase 1 Phase [M /W]
RestartQ-UCB(D) RestartQ-UCB(Dy,w1)
Epoch 1« Epoch |D“'wW’ Epoch 1 - Epoch W|
L L1 | 4 L
Episode 1 w (IM/W] - 1DW + 1 M

Figure 3.1: Structure of the Double-Restart Q-UCB algorithm.

We sketch the high-level structure of the Double-Restart Q-UCB algorithm in Figure 3.1 to help clarify
any possible confusion regarding our definitions of “phases”, “epochs”, and “episodes”. Concretely, we divide
the overall M episodes into {%] phases, each phase containing W € N, episodes (except that the last phase
could have less than W episodes). At the beginning of each phase i, we start a new instance of Algorithm 14
(including gray parts) with a candidate value of D; € J to be experimented in this phase. Since Algorithm 14

itself is a restart-based process, it further sub-divides the W episodes in phase i into |—D MW—| epochs. To

understand this value, suppose D; is an appropriate value for D, such that dividing the overall horizon into

D; epochs leads to near-optimal dynamic regret. Then, since the overall horizon contains M episodes while

each phase only contains W episodes, we should only divide each phase into {D ];}/VW epochs to reflect the

corresponding consequence of choosing D; as the overall number of epochs. Since we restart Algorithm 14 in
each phase and Algorithm 14 in turn restarts an optimistic Q-learning sub-routine in each epoch, our overall
algorithm exhibits a double-loop restarting behavior, and hence the name Double-Restart Q-UCB.

In the following, we instantiate the choices of the set 7, the phase length W, as well as the parameter

values used in the Exp3.P bandit algorithm. First, we define

TR (N Y e I I |

SAH?>W SAH?W SAH?W SAH?W
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where 7 is the set of candidate values for D and we can see that | 7| = [InW] + 1 = J + 1. Each candidate

value in J is also called an “arm” in the language of bandits, and we use “arm j” to refer to the candidate value

J

{%J for j =0,1,...,J. We initialize the weights of the bandit arms by s1(j) = exp <a371/ U‘jﬁﬂ) for
j=0,1,...,J, where as specified in [107],

3 3(J+1)In(J+1
a =2/l ([M/W](J + 1)/9), and v = min {5, 2\/5( +M)4/DI§/]+ ) } , (3.3)
for some failure probability 6 > 0. At the beginning of each phase i € {1,2,..., [%1 }, we randomly draw an

arm j with probability p;(j) that is calculated from the weights

N 5:(7) Y
P =) e T

Vji=0,1,...,J.

We set our estimated parameter D; to be the value associated with the selected arm j in the set J. We

then run Algorithm 14 for W episodes by setting the number of epochs to be D = D;. To put it in another
way, we execute a new instance of Algorithm 14 for [D MW] epochs, where each epoch contains K; = {DMJ

episodes. We collect the cumulative reward R; from the aforementioned W episodes. The normalized value

R;/(WH) € [0,1] hence corresponds to the reward of playing the selected arm in time step ¢ of the bandit
problem. Finally, we update the weights of the bandit arms based on the observed reward, using the following

update rule specified in the Exp3.P algorithm:

. . v R (j a
sit1(j) < si(j) exp <3(J+1) (Ri(ﬂ) T [M/W1>> ’

where Ri(j) =RI{j = A;}/ (WHp;(j)),¥j=0,1,...,J, and A; denotes the arm selected at phase 1.
The following result states that our Double-Restart Q-UCB algorithm achieves a sublinear dynamic regret

in T, without requiring knowledge of the (total) variation budget A.

Theorem 12. (Freedman, no total budgets) For T greater than some polynomial of S, A, A and H, and for
any § € (0,1), with probability at least 1 — ¢, the dynamic regret of Double-Restart Q-UCB with Freedman
bonuses and no prior knowledge of the total variation budget A is bounded by 6(S%A%A%HT% + H%T%),
where 6() hides poly-logarithmic factors.

The regret bound in Theorem 12 consists of two terms: The first term is the dynamic regret of using
the optimal candidate value DY € J of the number of epochs. This term is in the same order as the
known-variation case (Theorem 11), because we have discretized the candidate value set J at a proper
granularity such that the optimal candidate value DT € 7 approximates the actual optimal value D*. The
second regret term in Theorem 12 is caused by the regret of learning the optimal candidate value inside
J using the Exp3.P algorithm. Due to the additional step of estimating the unknown variation budget,
the overall dynamic regret bound becomes slightly worse in terms of its dependence on T (from 6(T i) in
Theorem 11 to O(T'%)). Such a degradation seems unavoidable under the current framework as it has also

appeared in a similar bandit scenario [178].

Remark 5 (Comparison with [149]). We follow the Bandit-over-RL technique to utilize a separate bandit

algorithm to select the key parameters for our algorithm. But we have to emphasize that the resulting algorithm
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18 simpler and more practical for implementation. This is because our Double-Restart Q-UCB algorithm is
essentially running a stationary Q-UCB algorithm in between restarts. In contrast, the algorithm in [149])
relies on a carefully tuned sliding-window update schedule. More importantly, we point out that such a design
(together with our new analysis) can lead to an improved dynamic regret bound in terms of S and A (even
with the Hoeffding-style bonus terms similar to [149]). This exhibits the advantage of our design compared to

that of [149], which combines restart and sliding-window.

3.6 Lower Bounds

In this section, we provide information-theoretical lower bounds of the dynamic regret to characterize the

fundamental limits of any algorithm in non-stationary RL.

Theorem 13. For any algorithm, there exists an episodic non-stationary MDP such that the dynamic
regret of the algorithm is at least Q(S%A%A%H%T%).

Proof sketch. The proof of our lower bound relies on the construction of a “hard instance” of non-stationary
MDPs. The instance we construct is essentially an MDP with piecewise constant dynamics on each segment of
the horizon, and its dynamics experience an abrupt change at the beginning of each new segment. Specifically,
we divide the horizon T into L segments?, where each segment has Ty := L%J steps and contains My := L%J
episodes. Within each segment, the system dynamics of the MDP do not vary, and we construct the dynamics
for each segment in a way such that the instance is a hard instance of stationary MDPs on its own. The
MDP within each segment is essentially similar to the hard instances constructed in [60], [182]. Between two
consecutive segments, the dynamics of the MDP change abruptly, and we let the dynamics vary in a way
such that no information learned from previous interactions with the MDP can be used in the new segment.
In this sense, the agent needs to learn a new hard MDP in each segment. Finally, optimizing the value of L
and the variation magnitude between consecutive segments (subject to the constraints of the total variation

budget) leads to our lower bound. O

Remark 6. We emphasize that in our construction of the worst-case non-stationary MDP, we only let
the state transition kernel vary over time but keep the reward functions fized. By doing so, we are able to
provide a lower bound of order Q(S%A%A%HgT%). Recall that the upper bound stated in Theorem 11 is
O(S3A3A3HT?3), and hence our upper and lower bounds match in terms of A (= A, + Ay).

Remark 7 (Tightness of Our Results). For our setting, we conjecture that the lower bound can be improved.
Our current construction of the lower bound relies on a chain of H copies of “JAO MDPs” [96]. The
non-stationarity is achieved by changing the transitions abruptly after a fized time period, and such a change
applies simultaneously across all H copies of JAO MDPs. One possible direction is to construct the lower
bound instances such that the state transition kernel is allowed to vary within the same episode, which we
have not taken advantage of. Including this extra ingredient into the construction could potentially lead to a

sharper lower bound, and we leave this as future work.

A useful side result of our proof is the following lower bound for non-stationary RL in the un-discounted
setting, which is the same setting as studied in [145], [144] and [22].

2The definition of segments is irrelevant to, and should not be confused with, the notion of epochs we previously defined.
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Figure 3.2: Cumulative rewards of the four algorithms under (a) abrupt variations, and (b) gradual variations,
respectively, as well as their (c) time usage. Shaded areas denote the standard deviations of rewards. Note
that RestartQ-UCB significantly outperforms Q-Learning UCB and Epsilon-Greedy, and matches LSVI-UCB-
Restart while being much more time-efficient.

Proposition 1. Consider a reinforcement learning problem in un-discounted non-stationary MDPs with
horizon length T, total variation budget A, and maximum MDP diameter D [22]. For any learning algorithm,
there exists a non-stationary MDP such that the dynamic regret of the algorithm is at least Q(S%A%A%D%Tg).

3.7 Simulations

In this section, we empirically evaluate RestartQ-UCB on reinforcement learning tasks with various types of
non-stationarity.

We compare RestartQ-UCB with three baseline algorithms: LSVI-UCB-Restart [147], Q-Learning UCB,
and Epsilon-Greedy [183]. LSVI-UCB-Restart is a state-of-the-art non-stationary RL algorithm that combines
optimistic least-squares value iteration with periodic restarts. It is originally designed for non-stationary
RL in linear MDPs, but in our simulations we reduce it to the tabular case by setting the feature map to
be essentially an identity mapping, i.e., the feature dimension is set to be d = S x A. Q-Learning UCB is
simply our RestartQ-UCB algorithm with no restart. It is a Q-learning based algorithm that uses upper
confidence bounds to guide the exploration. Epsilon-Greedy is also a Q-learning based algorithm with restarts.
Compared with RestartQ-UCB, Epsilon-Greedy does not employ a UCB-based bonus term to explicitly force
exploration. Instead, it takes the greedy action according to the estimated ) function with a high probability
1 — ¢, and explores an action from the action set uniformly at random with probability €.

We evaluate the cumulative rewards of the four algorithms on a variant of a reinforcement learning task
named Bidirectional Diabolical Combination Lock [184], [185]. This task is designed to be particularly difficult
for exploration. At the beginning of each episode, the agent starts at a fixed state. According to its first
action, the agent transitions to one of the two paths, or “combination locks”, each of length H. Each path is
a chain of H states, where the state at the endpoint of each path gives a high reward. At each step on the
path, there is only one “correct” action that leads the agent to the next state on the path, while the other
A — 1 actions lead it to a sinking state that yields a small per-step reward of é ever since. Since we are
considering a non-deterministic MDP, each intended transition “succeeds” with probability 0.98; that is, even
if the agent takes the correct action at a certain step, there is still a 0.02 probability that it will end in the
sinking state. The agent obtains a 0 reward when taking a correct action and gets a ﬁ reward at the step

when it transitions to the sinking state. Finally, the endpoint state of one path gives a reward of 1, while
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the other endpoint only gives a reward of 0.25. As argued in [184], the following properties make this task
especially challenging: First, it has sparse high rewards, and uniform exploration only has a A~ probability
of reaching a high reward endpoint. Second, it has dense low rewards, and a locally optimal policy will lead
to the sinking state quickly. Third, there is no indication which path has the globally optimal reward, and
the agent must remember to still visit the other one. Interested readers can refer to Section 5.1 of [184] for
detailed descriptions of the task.

We introduce two types of non-stationarity to the Bidirectional Diabolical Combination Lock task, namely
abrupt variations and gradual variations. For abrupt variations, we periodically switch the two high-reward
endpoints: One high-reward endpoint gives a reward of 1 at the beginning, and abruptly changes to a reward
of 0.25 after a certain number of episodes, and then switches back to the reward of 1 after the same number
of episodes. The other high-reward endpoint goes the other way around. For gradual changes, we gradually
vary the transition probability at the starting state: At the first episode, one action leads to the first path
with 0.98 probability, and to the second path with 0.02 probability. We linearly decrease its probability of
leading to the first path and increase its probability to the second path. As a result, at the last episode, this
action would lead to the first path with 0.02 probability, and to the second path with 0.98 probability instead.
The same is true for the other actions.

For simplicity, we use Hoeffding-based bonus terms in the simulations for RestartQ-UCB. We set M =
5000, H = 5,5 = 10, and A = 2. For abrupt variations, we switch the two high-reward endpoints after every
1000 episodes. The hyper-parameters for each algorithm are optimized individually. For RestartQ-UCB,
LSVI-UCB-Restart, and Epsilon-Greedy, we restart the algorithms after every 1000 episodes both for abrupt
variations and gradual variations. This is the same frequency as the abrupt variation of the environment
(because the restart frequency is optimized as a hyper-parameter), although it turns out that other restart
frequencies lead to very similar results. For Epsilon-Greedy, we set the exploration probability to be e = 0.05.
All results are averaged over 30 runs on a laptop with an Intel Core 15-9300H CPU and 16 GB memory.

The cumulative rewards of the four algorithms in the abruptly-changing and gradually-changing envi-
ronments are shown in Figures 3.2(a) and 3.2(b), respectively. As we can see, RestartQ-UCB outperforms
Q-Learning UCB and Epsilon-Greedy under both types of environment variations. For the abruptly-changing
environment as an example, RestartQ-UCB achieves 1.36 and 2.52 times of the cumulative rewards of
Q-Learning UCB and Epsilon-Greedy, respectively. This demonstrates the importance of both addressing
the environment variations (using restarts) and actively exploring the environment (using UCB-based bonus
terms) in non-stationary RL. LSVI-UCB-Restart nearly matches the performance of RestartQ-UCB, which
is unsurprising because both of them use the restarting strategy and optimistic exploration. Nevertheless,
LSVI-UCB-Restart requires a higher time and space complexity. It needs to store all the history information
in one epoch and solve a regularized least-squares minimization problem at every time step. This is indeed
evidenced by our simulation results (shown in Figure 3.2(c)) that RestartQ-UCB only takes 0.18% of the
computation time of LSVI-UCB-Restart.

Remark 8. The heavy computation in LSVI-UCB-Restart mostly comes from the usage of a high-dimensional
feature. In our simulations, we followed Example 2.1 in [16]] to convert a linear MDP algorithm to a tabular
one, which results in a feature dimension of d =S x A. This is essentially the most efficient feature encoding
when no special structure is imposed on the tabular MDP. We believe that designing low-dimensional features
for specific MDP instances can possibly reduce the computations for LSVI-UCB-Restart by a large amount,

and is an interesting future direction for learning in linear MDPs per se.
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3.8 Application to Multi-Agent RL

In this section, we discuss an application of our non-stationary RL method to multi-agent RL in episodic

stochastic games [7], which by nature leads to a non-stationary RL problem from each agent’s perspective.

3.8.1 Problem Setup

In general, an N-player episodic stochastic game is defined by a tuple (N, H, S, {AD}N | {rOIN  P) where
(1) N ={1,2,..., N} is the set of agents; (2) H € N is the number of time steps in each episode; (3) S is
the finite state space; (4) A is the finite action space for agent i € \; (5) T,(f) : S x A —[0,1] is the reward
function at step h € [H] for agent i € N, where A = x| A®: and (6) Py : S x A — A(S) is the transition
kernel at step h € [H|, where the next state depends on the current state and the joint actions of all the
agents. The game lasts for M episodes, and we let T = M H be the total number of time steps. At each
time step (m, h), the agents observe the state s} € S, and take actions agf)’m e AW i e N simultaneously.?
We let aj = (agll)’m, cee aELN)’m). Agent i receives a reward with an expected value of 7’,&“(5}?, ay’), and the
environment transitions to the next state sy, ; ~ Pp(:|s}',a}’). For each agent i, a policy is a mapping from
the time index and state space to (possibly a distribution over) the action space. We denote the set of policies
for agent i by 1) = {7 : [M] x [H] x S — A(A®™)}. The set of joint policies are denoted by IT = x N, 1),
Each agent seeks to find a policy that maximizes its own reward.

For notational convenience, and without much loss of conceptual generality, we consider two-player games,
i.e., N = 2. For ease of notations, we consider the problem where we can control the policy of agent 1,
while agent 2 is an opponent that is adapting its own policy in an unknown way. Since the two agents play
symmetric roles in the problem we study (to be specified later), such a notational simplification is also without
loss of generality. Achieving sublinear regret in the face of an arbitrarily changing opponent is known to be
computationally hard [152]. Therefore, existing works [152], [153] often focus on a setting where the opponent
is only “slowly changing” its policy over time. One such example is when the opponent is using a relatively
stable learning algorithm. We also focus on the decentralized setting*, where an agent cannot observe the
actions and rewards of the other agent. This is generally considered to be a more practical multi-agent RL
paradigm, and also more challenging than those that we will compare with in the literature [152], [153].

A joint policy induces a probability measure on the sequence of states and joint actions. For a joint policy
7= (7, 7)) € TI, and for each time step (m, h) € [M] x [H], state s € S, we define the state value function

for agent 1 as follows:

H

> (Sh””f(Ll/)’m (sm) i ™" (Sh')) [on = 81 .

h'=h

VT (s):=E

For a joint policy (71'(1)7 71'(2)), we again evaluate the optimality of agent 1’s policy 7(1) in terms of its dynamic

regret, which compares the agent’s policy with the optimal policy of each individual episode in hindsight:

M
RT((Z) (7_‘_(1), M) = Z (sup Vlmv(ﬂ(1>*77\'(2))(s’in) _ Vvlmy(ﬂ(l);n-(?))(sin)) .

m=1 m(D*

3Note that we use superscripts in parentheses to index the agents, while a superscript with no parenthesis denotes the index
of an episode.

4This setting has been studied under various names in the literature, including individual learning [51], decentralized
learning [52], [186], online agnostic learning [53], and independent learning [55]. It is also related to the broader category of
teams and games with decentralized information structure [56]—[58].
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The initial state of each episode s]* is again chosen by an oblivious adversary.

3.8.2 Regret Against a Slowly-Changing Opponent

We model the slowly-changing behavior of agent 2 by requiring it to have a low switching cost [165], [187].
This is a standard notion in the literature to measure the changing behavior of an RL algorithm. We consider

the following definition of the (local) switching cost from [165].

Definition 7. The switching cost between any pair of policies (m,n') is the number of (h, s) pairs on which 7
and 7' act differently:
Nswiten(T, ') = [{(h, s) € [H] x S : mp(s) # m,(s)}] -

M

J\l) m=1

For a policy trajectory (m!,..., across M episodes, its switching cost is defined as Ngyiteh := Y,

nswitch(ﬂ—m7 ,ﬂ_m-i-l ) .

[165] develops a learning algorithm that achieves a switching cost of O(SAH?31ogT), while [61] improves
the switching cost to O(SAH?log T). For the sake of generality, we characterize the behavior of agent 2 by
assuming that the switching cost of its policy trajectory is upper bounded by O(T*?) for some 0 < 8 < 1.
Clearly, the two state-of-the-art RL algorithms mentioned above satisfy this upper bound. A direct application
of RestartQ-UCB leads to the following result for agent 1:

Theorem 14. Suppose that the switching cost of agent 2 satisfies Nyien = O(T?) for 0 < 8 < 1. Let agent
1 run the RestartQ-UCB (Hoeffding/Freedman) algorithm. For T large enough, the dynamic regret of agent 1
is upper bounded by 6(T%)

3.8.3 Learning Team-Optimality

Theorem 14 can be readily applied to learning team-optimal policies in “smooth games”, which is the setting
considered in [152]. This corresponds to the setting where a team of agents learn to collaborate. Before we

present our results, a few definitions are in order.

Definition 8. A two-player stochastic game is called a stochastic team (or simply a team) if there exists a
reward function rp : S x A — [0,1] such that 7‘}(;) =rp, Vi € {1,2},h € [H].

Definition 9. In a two-player team, a joint policy 7 = (w(l)*,ﬂ@)*) € 11 is called team-optimal if

aD* g (2x M 7 (2)
v 0 s = sup VT ) (s),Ws € S, b e [H],
7 ()
ERCORNE) . .
where Vh( D )(s) = E[Zgzh Th/(sh/,ﬂ'él,) (sn) ,77}(3)(5;1/)) | sp = s] is the value function.

In a stochastic team, the agents share the same objective, and aim to maximize the accumulated reward
for the team. Team optimality is achieved when the joint policy of the agents induces the highest possible
accumulated reward.

Since we cannot control the behavior of agent 2, its behavior might be sub-optimal and drive us away
from team-optimality. To avoid such scenarios, we impose a structural assumption that allows us to quantify
the distance from optimality. In particular, we assume that the team is (A, u)-smooth, following the definition
in [152].
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Definition 10. (Adapted from Definition 1 in [152]) A two-player stochastic team is (A, p)-smooth if there
exists a pair of policies (1M* w(2*) such that for every policy pair (1), 7)) and every h € [H],s € S:

(D (2% 1) 7 (2))

v (s) > V™ (s),

(Dx (2% ),

x(Dx (2 - 2D (2
A OB (5) — - V< )(s).

The (A, p)-smoothness ensures that agent 2’s sub-optimal behavior only has a bounded negative impact on
the joint value. Our definition of smoothness is adapted from [152], where the infinite-horizon average-reward
setting is considered. We adapt it to the finite-horizon case. This notion of smoothness is motivated by the
definition of smooth games in [115], [188], as stated in [152].

Applying our RestartQ-UCB algorithm for agent 1 Would lead to the following theorem, which implies
that the time-average return of the agents converges to a —— factor of the team-optimal value as T' grows.

This is the same factor as has been achieved in [152].

Theorem 15. Let 712 denote the policy of agent 2, and suppose that the switching cost of agent 2 satisfies
Nawiten = O(T?) for 0 < B < 1. Assume that the team problem is (), ju)-smooth. Let agent 1 run the
RestartQ-UCB algorithm, and let #Y) denote its induced policy. For T large enough, the return of the

algorithm is lower bounded by:

M 1) ;@) A M () (2)* ~ B4z
mZ:lVl(” " )(8’1”)21+u mZ:lVl(” s - 0T

Proof. We first show that when the switching cost of agent 2 satisfies Ngwitcn = O(Tﬁ) for 0 < 8 < 1, the
dynamic regret of agent 1 is upper bounded by 5(T %) To see this, notice that from the perspective of
agent 1, the environment is non-stationary due to the fact that agent 2 is changing its policy over time. Since
the switching cost of agent 2 is upper bounded by O(T*), by the definitions of A, and A, in Section 3.2,
we know that the variation of the environment from the perspective of agent 1 is upper bounded by O(T?).
Substituting the value of A with O(T?) in Theorem 10 or Theorem 11 leads to the desired result.

From the (A, 1)-smoothness of the MDP, it follows that

7(Dx 7 (2)x) ) (2 7 (Dx 7 (2))

(s)—p- V" (s) < V! (s),Vs € S,h € [H].

AV
Therefore, it holds that

(1)* (2)*)

NE

(1 (2 /
(A (s7) = (L) - V™7 (1)
m=1
M (D 7 (2) om (7D 2@y,
<> (v ") -V (7))

3
Il

M:

AWr @y A @)
sup V, ) (s) — V) (g ))

1 \m(Dx

3
I

e B+

(w1, M) = O(T"),

where the last step follows from the 5(T¥) dynamic regret bound of agent 1, as we discussed above.

Rearranging the terms leads to the desired result. O
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Remark 9. (Comparison with [152] and [155].) It might first appear to the reader that our regret guarantee is
weaker than the bounds of O(T™{1=72.3}) qnd O(T™{(1=22.9) given in [152] and [153], respectively, where
a can be essentially translated® to 1 — B. However, we would like to emphasize that our setting significantly
generalizes the other two works and is inherently more challenging due to the following facts: First, we are
considering a learning problem where the transition and reward functions are unknown, the other two works
essentially consider planning with a known MDP model. Second, we are using the more challenging dynamic
regret as a measure of optimality, while the other two use the static regret. Third, we study decentralized
learning, where the agents cannot observe the actions and rewards of each other; the algorithms proposed in

the other two works critically rely on the observation of one agent on the other agent’s policies.

Remark 10. (Significance of model-freeness.) Decentralized multi-agent RL is generally only possible with
model-free approaches (see, e.q., [52], [53], [55]); model-based methods proceed by explicitly estimating the
transition and reward functions, which crucially relies on observing the other agents’ actions. This further
demonstrates the flexibility and significance of model-free methods, when one addresses the non-stationarity

issues in multi-agent RL through the lens of non-stationary RL.

3.9 Application to Inventory Control Across Related Products

In this section, we discuss the application of our non-stationary RL algorithm to the problem of inventory
control across related products. Different from conventional inventory control problems (e.g., [136]) that only
consider one product, we investigate the case where a sequence of related products are being sold, and the
products share similar but different demand distributions. This is motivated by the sequential launch of
related products (e.g., the line of iPhone) that allows us to leverage experience from past products to inform
inventory management for future ones. Following [149], [189] (who only consider a single product being sold),

we focus on the setting of zero lead time, fixed cost, and lost sales.

3.9.1 Problem Setup

The inventory control problem has M episodes, representing M different but related products. Each
episode/product lasts for H time steps.® For each time step h € [H] of an episode m € [M], the following

sequence of events happens in order:

1. The seller observes her stock level s;" > 0 for product m at the beginning of time step h, and decides

on the quantity aj’ > 0 to order.

2. If aj* > 0, the order arrives immediately, and the seller’s stock level becomes s}* 4 aj*. The seller pays

a fixed cost f and a ¢ per-unit ordering cost.

3. The random demand X;" is realized. The seller only observes the actual sales quantity, or censored
demand Y, = min{X]", s7* 4+ a}"}. She will not know the actual demand if X}" > s* 4+ a}*. Following
prior works [22], [184] and [189], we assume that the demands X are independent random variables
over m, but they do not necessarily follow identical distributions since we consider different products

across the episodes.

5The other two works model the slowly-changing behavior of agent 2 using the small “policy change magnitude” criterion.
Our setting is in this sense not completely comparable with theirs.
6We assume for simplicity that the life cycle of each product is of the same length.
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4. All unfulfilled demands are permanently lost and incur a per-unit lost sales cost p. Excess inventory

incurs a per-unit holding cost q. The total cost at step h can be expressed as
Cit(sityap) = f -lap' > 0] +c-ai’ +p- [Xi" =i —ai']" +q- [si +ai = X"

5. The inventory carried over to the next step h +1is s}’ ; = [sp* + ap* — X3 *.

Following [149], [189], we assume that the seller has a finite storage capacity S, in the sense that she can
hold at most S — 1 units of inventory at any time. The seller’s objective is to minimize her cumulative cost
Z%:l thl Ci(spr,apr). At the end of each episode, as a product is reaching the end of its life cycle, we
assume for simplicity that the storage is emptied at no cost. Such an inventory control problem can be easily
formulated as an instance of the non-stationary RL model that we defined in Section 3.2. Concretely, we
treat the stock level s} at the beginning of each time step as the state of the environment, and regard the
order quantity a;' as the action at the corresponding time step. Consequently, we define the state space of
the problem as § = {0,1,...,5 — 1}, and the state-dependent action space as A, = {0,1,...,5 — 1 — s}.
One can verify that Algorithm 14 and its analysis easily generalize to state-dependent action spaces.

The reward function of the non-stationary MDP is defined as R} (s}, a}*) = —C}* (s, af’), and we let
i (sptyapt) = B[R (s, af')] be the expected value of the reward. For any s7*,sj", ; € S and aj' € A,, we

define the state transition function as
P (sptq | st ap) =P (spt + ap — min{s}' +aj’, X3} = si'y ) -

Our definitions of the policy 7, the value function V;"", the state-action value function Q;"", as well as the
optimal policy 7* and its corresponding value functions V" , Zl’* directly carry over from Section 3.2 to
this problem instance, and we do not repeat such definitions here for simplicity. The variation budget A
is also defined in the same way as in Section 3.2, which captures the differences in the products’ demand

distributions for this problem. The dynamic regret of the agent’s policy is defined analogously as

R(m, M) = (V™5 (s) = V™ (sT) -

m=1

3.9.2 Implementation of RestartQ-UCB

Notably, one major difference between the inventory control problem we considered in Section 3.9.1 and
our non-stationary MDP formulation in Section 3.2 is that due to demand censoring, the seller cannot
calculate the actual cost C}"*(s)", a}*), and hence the immediate reward R} (s}, a}") is also not observable.
Nevertheless, we will show that one can bypass such an issue by using a pseudo-reward technique, which
was originally introduced for a stationary problem [21]. Specifically, for every time step h € [H]| in episode

m € [M], and for every state s € S and action a € A, we define the pseudo-reward as
RyP*M (s, a) i= Ry (s,a) +p- Xj' = —f -Ma> 0] —c-a—q-[s+a—Y"|" +p- V",

where we recall that the censored demand Y;” = min{X,", s 4+ a} is perfectly observable. Similarly, we can

also define the mean pseudo-reward as
P (s, a) = B[R (s,a)] = B[R (s, a) + p- X' = r}l'(s,0) + p- B[X}].
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Therefore, the mean pseudo-reward can be considered as shifting the mean reward function uniformly by an
amount of p-E[X}"]. Without loss of generality, we normalize the pseudo-reward to the range [0, 1]. We use the
tuple M = {S, A, H, {P]"}ne(m) he(n), {Th" memne(m) } to denote the non-stationary MDP with respect
to the original reward function, and let MPseudo — {S A, H AP} e, helm)s 1 wpeeudo }mE[MLhE[H]}
the one corresponding to the pseudo-reward. We further define 7*P*¢ud° to be the (episode-wise) optimal
policy for MPseudo and let th’*’pseudo and Q;”’*’pseudo, respectively, be the corresponding value function
and state-action value function.

Since only the pseudo-reward is observable, we can only apply our RestartQ-UCB algorithm to MPseudo
rather than M. A natural question, then, is whether we can generalize the performance guarantee from
Mpseude o AL Interestingly, the following result (adapted from [21]) shows that, for any (possibly non-
Markovian) policy 7 induced by Algorithm 14, the dynamic regret on MP*"° and M are equal.

Lemma 23. (Adapted from Lemma 3.1 in [21]). Let F;™ be the set of all historical information collected
up to the beginning of time step h of episode m. Let w be the (possibly non-Markovian) policy induced by
Algorithm 14, such that " (si, Fi*) maps the state and history to a distribution over the action space. Then,

7 incurs the same dynamic regret on M and MPseude;

M M
Z Vlm R gn Vlm,ﬂ' (ST)) _ Z (Vlm,*,pseudo (S;n) _ ‘/1m,7r,pseudo (ST)) )
m=1 m=1

Proof. First, we show that

M M H
Z (Vlm * 81 Vlm,*,pseudo (S'in)) - _ Z Zp . E[X}"Ln] (34)

m=1 m=1h=1

Recall that the pseudo-reward is constructed by uniformly shifting the reward function by an amount of
p-E[X}"]. Since the difference between the reward and the pseudo-reward does not depend on the action

*,pseudo induce

taken, for any realization of the demands { X} }.,,e[n,ne[m), the optimal policies 7% and 7
the same distribution over the action space, which in turn leads to the same distribution over state-action
trajectories. We can hence conclude that (3.4) holds.

Similarly, one can show by induction that for any realization of the demands { X} },ne[n) nejm), Al-

gorithm 14 also induces the same distribution of action sequences on M and MP*ud°  This leads us

t

© M M H
>C (Vs - VT () = = 30 Y p- BN (3.5)
m=1 m=1 h=1

Combining (3.4) and (3.5) yields the desired result. O

Together with Theorem 9, we obtain the following dynamic regret bound for running Algorithm 14 on the

inventory control problem across related products.

Theorem 16. For T = Q(SAAH?), and for any § € (0,1), with probability at least 1 — &, the dynamic regret
of running Algorithm 14 on the inventory control problem formulated in Section 3.9.1 with pseudo-rewards
and Freedman bonuses is bounded by 5(S%A%A%HT%), where 6() hides poly-logarithmic factors of S, A,T
and 1/6.

Remark 11 (Comparison with [22]). Although both our work and [22] consider applications in inventory
control and utilizes techniques from [21], the foci are quite different. In [22], the authors only study single
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product inventory, whereas in contrast, our work studies the setting where there is a sequence of related, but
different products.

Specifically, in [22], variation budget has been defined with respect to demand changes within a single
product selling horizon, and the corresponding regret upper bound scales with this budget, whereas in ours no
constraint has been put to limit the demand changes within a single product’s selling horizon (an episode),
and the variation budget captures the difference across products. This is similar to a meta/transfer learning
setting where the goal is to leverage data obtained from inventory learning for similar products to accelerate
inventory learning for the new product.

Moreover, as discussed in Section 3.1, a direct application of the results in [22] to this setting may lead to

a worse regret upper bound.

Remark 12. Our results can be extended to a multi-product inventory control problem with a warehouse-
capacity constraint, similar to the setting studied in [190]. Specifically, we have an episodic setting with n
products and M episodes, where each episode lasts for H time steps. For each time step h € [H| of an episode
m € [M], a demand is specified for every product i € [n]. In our non-stationary formulation, the demands
need not follow identical distributions over time. An overall warehouse capacity constraint is also imposed on
the total number of products simultaneously in the inventory. At each time step, the seller observes the stock
level and decides on the quantity to order for each product at a certain per-unit ordering cost. Unfulfilled
demands are permanently lost and incur a per-unit lost sales cost. Excess inventory also incurs a per-unit
holding cost. The seller’s objective is to minimize the cumulative cost. Such a multi-product problem can also
be cast as an MDP, where we define the stock levels of all products to be the state of the environment, and
define the joint ordering quantity across all products as the action of each step. We also let the action space
be state-dependent to handle the joint capacity constraint; in particular, an action is considered invalid at a
certain state if the corresponding ordering quantity causes the stock levels to exceed the warehouse capacity.
Applying Algorithm 14 to such a mon-stationary multi-product problem leads to the same dynamic regret
bound as in Theorem 16, though the state space should now be interpreted as the possible combinations of
stock levels across all products that do not exceed the warehouse capacity, which is significantly larger than
the single-product case. The same is true for the action space. A final remark is that the multi-product
formulation above does not consider upgrading [191], the situation where a high-quality product is used to
serve the demand of a lower-quality one that has been sold out. Upgrading adds an additional element of
difficulty to the decision-making process, as the seller now needs to consider the ordering and upgrading

decisions jointly. We leave the treatment of such a more intricate scenario to our future work.

3.10 Proofs of the Technical Lemmas

3.10.1 Proof of Lemma 20

Proof. For each d € [D], define AS‘” to be the local variation of the mean reward function within epoch d. By
definition, we have Z(?zl AD <A, Further, for each d € [D] and h € [H], define A 6 be the variation

r.h
of the mean reward at step h in epoch d, i.e.,

min{dK,M}—1

Af,fl,)l = Z sup {T,T(s, a) — rhmH(S, a)‘ .
m=(d—1)K+1 ¢
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It also holds that ZhH 1 Arlz = AS«d) by definition. Define A](gd) and A(d,)l analogously.

In the following, we will prove a stronger statement: ‘le’*(s a) — kz’ (s, )‘ < Zh, 7(41,)1,+H Z,I;I,:h A;(if)w
which implies the statement of the lemma because Z,Ij, A Aglz, < A(l) and S0 heh Az()lh, < A,(,I) by definition.
Our proof relies on backward induction on h. First, the statement holds for h = H because for any (s,a), by

definition

’E’*(s,a) - Qlﬁf’*(s,a)’ = ‘r]f}(s a) — 2 (s,a ‘ < Z |7“k"’1 —r’f{(s,a)‘
K-1
< Y| si0) = rli(s, )] < AT, (3.6)
k=1

where we have used the triangle inequality. Now suppose the statement holds for A + 1; by the Bellman
optimality equation,

W (s, a) — Q1 (s, a)

=PV (s,0) = PRV (s,0) + 17 (s,0) = rj*(s,)
<PPVELT (s,a) — P’“Qv,i“rl (s,a) + AL) (3.7)
=N PR sV (s) = S PR | s, a) Vi (s) + AL

s’eS s’eS

* * * * 1

=3 (P s, Qi (s mii () = Pe(s' | s, ) QR (s, mp () ) + Al (3:8)

s'eS

where inequality (3.7) holds due to a similar reasoning as in (3.6), and in (3.8) 7%1* and 7*2* denote the

optimal policy in episodes k1 and ko, respectively. Then by our induction hypothesis on i + 1, for any s’ € S,

H
k1, k1, k2, k1, 1
thrl( ' h5r1(3/)) Sthﬂ(S/ 7Th1+1(5/)) + Z h’ +H Z Ap R
h'=h+1 h'=h+1
ka, k2, 1)
<QP(s T () Z AN+ H Z Al (3.9)
=h+1 =h+1

X

where inequality (3.9) is due to the optimality of the policy 7%2* in episode ko over 7¥*. Then,

h(s,a) — Qp*(s,a)
BB 50— P s QA - DAY i S A,

s'eS h'/=h h'=h+1

1
< || Cls,0) = P Cls,o)|| | @bicomizion] +ZA£}L,+H Z Al (3.10)
h/=h+1
<Al (H — h+ZA S+ H Z AL, (3.11)
h'=h h'=h+1

S TR IO

hl_ h/_
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where (3.10) is by Holder’s inequality, and (3.11) is by the definition of A;%,)l and by the definition of optimal Q-
values that Qﬁii(s, a) < H—h,¥(s,a) € Sx A. Repeating a similar process gives us fo’*(s, a) —Qﬁl’*(s, a) <
Zgzh Agl,z, +H Z,Ili/ h Az() Z/ This completes our proof. O

3.10.2 Proof of Lemma 21

Proof. Tt should be clear from the way we update Qy(s,a) that Q¥(s,a) is monotonically decreasing in
k. We now prove QZ’*(S,(I) < Q]ffl(s,a) for all s,a,h,k by induction on k. First, it holds for k = 1 by
our initialization of @ (s,a). For k > 2, now suppose Qfl’*(s, a) < Qiﬂ(& a) < Q{L(s,a) for all s,a, h and
1 < j < k. For a fixed triple (s, a, h), we consider the following two cases.

Case 1: Qp(s,a) is updated in episode k. Then with probability at least 1 — 24,

k1 n(s,a) | On(s,a) oy
s,a) =—= + = + b +2b
b ) =R Ga) T WE(sa) T T
n
rh s,a) Los, I H? L
v ! — —+2b 3.12
E:h h+1)+\/ﬁb+\/;+ A (3.12)
1 i L
=S PRV (s,a) + \ﬁwm (3.13)
=1
T 1o I; * I; L
— o : —+2b 3.14
+n;( 7“h<59‘”>)+\/;+ a (3.14)
ZQ'Z’*(& a) +ba. (3.15)

Iix

Inequahty (3.12) is by the induction hypothesis that Qh+1(sh+1, a) > QhH(shJr17 a),Va € A, and hence

V,fﬂ (Sthl) > V,ﬁﬁ (sﬁlﬂ) Inequality (3.13) follows from the Azuma-Hoeffding inequality. (3.14) uses the Bell-

man optimality equation. Inequality (3.15) is by the Hoeffding’s inequality that + (Z?Zl rﬁl (s,a) — (s, a)) <

f with high probability, and by Lemma 20 that Ql“*(s, a)+ba > QZ’*(S, a). According to the monotonicity

of Q¥ (s,a), we know that Qh (s,a) < Q¥ (s,a) < Q¥(s,a). In fact, we have proved the stronger statement
"l(s,a) > be’*(s, a) 4+ ba that will be useful in Case 2 below.

Case 2: Qp(s,a) is not updated in episode k. Then there are two possibilities:

1. If Qn(s, ) has never been updated from episode 1 to episode k: It is easy to see that QkH(S, a) =
Q¥ (s,a) = :Qh(s,a):H—h—i—leh (s,a) holds.

2. If Qn(s,a) has been updated at least once from episode 1 to episode k: Let j be the index of the latest
episode that Qp(s,a) was updated. Then, from our induction hypothesis and Case 1, we know that
Qj'H(s a) > Qj’*(s a) + ba. Since Qp(s,a) has not been updated from episode j + 1 to episode k,
we know that Q]”l( a) =Qk(s,a) == Q;fl(s,a) > Qfl’*(s,a) +ba > QZ’*(s,a), where the last

inequality holds because of Lemma 20.

A union bound over all time steps completes our proof. O

3.10.3 Proof of Lemma 22

Proof. This proof follows a similar structure as the proof of Lemma 21. It should be clear from the way we

update Qp(s,a) that Q¥ (s,a) is monotonically decreasing in k. We now prove Qﬁ’*(s, a)—2(H —h+1)ba <
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’fLH(s, a) for all s,a, h, k by induction on k. First, it holds for kK = 1 by our initialization of Qp(s,a). For
k > 2, now suppose that Qfl’*(s,a) —2(H —h+1)ba < Qﬁl(s,a) < Q{L(s,a) for all s,a,h and 1 < j < k.
For a fixed triple (s, a,h), we consider the following two cases.

Case 1: Qp(s,a) is updated in episode k. Then, with probability at least 1 — 24,

7jh(57 a) {jh(‘s? CL)
Nj(s,a)  Nf(s,a)

’Fh(&a 1 IRYAL H2 L
> ﬁJJrnZv}fh( 1) = 20 = Mba + o+ [ < (3.16)

Z+1(57a) = + blfl

i=1

ZPZ Vit (s, a) + \/g— 2(H — h)ba (3.17)
Cn(s,0) L s i, L
=0 4 ; ( Lox (s, a) — rl (s,a)) 4/ % = 2(H — )ba (3.18)
>Qp*(s,a) —ba — 2(H — h)ba. (3.19)

Inequality (3.16) is by the induction hypothesis that QhH(shH, a) > Qi{rl (sth17 a) — 2(H — h)ba,Va € A,
and hence Vh+1(sh+1) > V}ffﬁ(shﬂ) 2(H — h)ba. Inequality (3.17) follows from the Azuma-Hoeffding
inequality. (3 18) uses the Bellman optimality equation. Inequality (3.19) is by the Hoeffding’s inequality that

)

+ (ZZ LT (s,a) — (s, a ) < /% with high probability, and by Lemma 20 that Ql“*(s,a) > Q *(s,a)—ba.
According to the monotonicity of Q% (s, a), we know that Qh (s,a) —2(H —h+1)ba < QN (s,a) < Q(s,a).
In fact, we have proved the stronger statement Q)" (s,a) > QIZ’*(s, a) —ba —2(H — h)ba that will be useful
in Case 2 below.

Case 2: Qp(s,a) is not updated in episode k. Then there are two possibilities:
1. If Qn(s, ) has never been updated from episode 1 to episode k: It is easy to see that QkH(s a) =
Qk(s,a)=---=Qh(s,a) = H —h+1> Q" (s,a) — 2(H — h+ 1)ba holds.

2. If Qn(s,a) has been updated at least once from episode 1 to episode k: Let j be the index of the latest
episode that Qp(s,a) was updated. Then, from our induction hypothesis and Case 1, we know that
Qj'H(s a) > Qj’*(s a) —ba —2(H — h)ba. Since Qi (s, a) has not been updated from episode j + 1 to

episode k, we know that Q’H'l( a) = Qk(s,a) = = Qflﬂ(s,a) > Qfl’*(s,a) —ba —2(H — h)ba >
Z*(s, a) — 2(H — h 4+ 1)ba, where the last inequality holds because of Lemma 20.
A union bound over all time steps completes our proof. O

3.10.4 Proof of Proposition 2
In the following, we will bound each term in A’fb 41 separately in a series of lemmas.

Lemma 24. With probability 1, we have that

H K
D> @+ =) H(Bb) +5ba) < O(VSAKHS + KHAW + KH2A).
h=1k=1

Proof. First, by the deﬁn1t1on of ba, it is easy to see that Zh 1 Zk L1+ )= 15bp < Zh 1 Zk 1 (Agl) +
HAZ(,U) < O(KHAT + KHZAZ(D )). Recall our definition that e; = H and e;41 = |[(1+ % )e;|,i > 1. For a
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fixed h € [H], since H? > 1,

al 1 K 1 H?
R h—1 k< R h—1 -
E (1+l) 3bh_§ 1+ —=)"""12 NEGs] k)L

k=1 k=1 Shy Op,
1 -
:12H\ﬂZZ(1+E) Z (s, af) = (s,a), NE(s},a}) = e;]
s,a j>1
1
=12H i)y —
VIS )ty [
s,a j>1

where w(s,a,j) = Zk VL [(sk,af) = (s,a), NJE(sk,af) = ¢;], and w(s,a) = > j>1w(s,a,5). We then
know that ZM w(s,a) = K. For a fixed (s,a), let us now find an upper bound of j, denoted as J.
Since each stage is (1 + 7 ) times longer than the previous stage, we know for 1 < j < J, w(s,a, )
S ok ah) = (5,00 N Gohoah) = o] = [(1+ ey - From 7y wisva.) = wlova), we set e <
(1+4)771 <5 10 w(ls_la) Therefore,

N

Z(l—i—%) “w(s,a,j) \/><O Z\/ej ( w(s,a)H).

jz1 j=1

Finally, by the Cauchy-Schwartz inequality, we have

H K
1
Z 1—|— =130k = O HQ\/ZZ w(s,a,j)/— | < VSAKH5..
h=1k=1 s,a j>1 €
Combining the bounds for b’,j and ba completes the proof. O

Lemma 25. With probability at least 1 — 6, it holds that

H K
SN 1+ =) SOWEH + KHAWY + KH?AW).

h=1k=1

Proof. We have that

11 ¢ k li* ko ok ok
% Z (Ph Sh+1) (Vh+1 - Vh+1) (sh»an)
l17 kv k k,ﬂ'
(P €k ) (Vhﬁ Vit +Vidh — Vh+1) (sh-ar)
. yh-t S Lih-1 ( pk ke,% k) ook k
<O ) oba XS )t (PR ey, ) (Vi - V) (o),

where the last inequality follows from Lemma 20 and the definition of ba. From the proof of Lemma 24, we
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know that the first term can be bounded as

H K

1
Y a+ ﬁ)h—lm <OKHAWM + KH*AD).
h=1k=1

Further, the second term is bounded by the Azuma-Hoeffding inequality as

XH: iu + %)h—l (PF = e, ) (Vi = Viiin) (sh,ab) < OWVKH).

Combining the two terms completes the proof. O
Lemma 26. With probability at least 1 — (K H + 1), it holds that

H K

S 1+ =), SO(WVSAKH3 + KH?AW).

h=1k=1

Proof. We have that

H K 1
S Ly,
h=1 k=1
K 1 1 ) )
_ h—1 1 Liyx k _k
= ;(1 + ﬁ) 5 ; (Ph - sij+1> (Vh+1 - Vh+1) (sp,ar)

K
1 1 i i i
S+ Lyolye <p;; Fa P ey ) (Vi = 1) (shoal)

h=1k=1 i=1
H K 1 1 7 B B 5
SOKHAM) + Y3 1+ )" =) (Pf;‘ - ) (Vi —vid) Gshoad), (3:20)
h=1k=1 i=1 '

where the last step is by the fact that fo+1(‘9§’ ay) > V,f_s_;(sﬁ, af) from Lemma 21, and then by Hélder’s
inequality and the triangle inequality. The following proof is analogous to the proof of Lemma 15 in [61]. For

completeness we reproduce it here. We have

H K 1 1 3
14— h—1 -~ Pli —e (Vl Vl“*) k _k
523w 3 (B ey ) (i~ i) G

h=1 i=1
_HKKl 1h—11h£1[ Pl —e, Vi Vi ko k
_112::11@2::1]2::1( +E) ﬁlﬁ; i = }( h+1>( htl h+1) (51, a1)
H K K
DI NIRRT z =) (B - ey ) (Vie —Vit) (hal). (32)
h=1k=1j=1 e

where (3.21) holds because Zﬁ ,(s¥,aF) = j if and only if j is in the previous stage of k and (s¥,af) = (s?l, a;l).

For simplicity of notations, we define 0} | := (14 )"} Zj ey Znh 1 [ZJ , k:} Then, we further have
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(note that we have swapped the notation of j and k)

H K
320 =323t (Pl —eup, ) (Vo = Vi) (o)
h=1k=1
For (k,h) € [K] x [H], let z§ denote the number of occurrences of the triple (s, a¥,h) in the current

stage. Define also 0F , | := (14 )"~ 1M < 3. Define K := {(k,h) : 0f ., = 0F .}, and K := {(k, h) €
(K] x [H]: 05, # 9h+1}- Then, we have that

H K

- .
(3:21) =3 30k (P — e, ) (Vibin = Vilih) (k)

h=1k=1
H K
k,x
+ ZZ 9h+1 9h+1 (Pi]f - es;jH) (Vifﬂ Vh+1) (SZ7GZ)~
h=1k=1

Since é,’f 41 is independent of sk 11, by the Azuma-Hoeffding inequality, it holds with probability at least 1 —¢
that
H K
N k,x
S8 Gk, (P,’; . esﬁﬂ) (Vh’fH - Vh+1> (sk,ab) < OWKH3). (3.22)
h=1k=1
It is easy to see that if k is in a stage that is before the second last stage of the triple (s¥,a¥, h), then (k, h) € K.

For a triple (s, a, h), define K- (s,a) := {k € [K] : k is in the second last stage of the triple (s, a, h), (s§,ak) =
(s,a)}. We have that

H K
SOk~ O) (Pf —eu ) (Vila = Vi) (s ab)

h=1k=1

=3 Y tlshah) = (5.0)] Ohia — i) (PE ey, ) (Vi - Vi) (s:0)

s,a,h k:(k,h)eK

=Y i) = Ouia(s,0) > (PE—ey ) (Vi - Vi) (s.0), (3.23)

s,a,h ke (s,a)

where for a fixed triple (s, a, h), we have defined 0411 (s, a) := 0}, ,, for any k € K- (s, a). Note that 041 (s, a)
is well-defined, because 07, = 012 |, k1, k2 € Ki- (s, a). Similarly, let 41(s, a) := 0%, | for any k € Ki-(s, a),
and 0p,41(s,a) is also well-defined. By the Azuma-Hoeffding inequality and a union bound, it holds with
probability at least 1 — K HJ that

(3.23) <> 0< H?2 ’/Cﬁ‘(s,a)h)

s,a,h
= Z o < HQN,f{H(s,a)L)
s,a,h
§O(\/SAH3L DN, a)) (3.24)
s,a,h
<0 (\/SAKH?’L) (3.25)

where Nf“(s,a) is defined to be the total number of visitations to the triple (s,a, h) over the entire K
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episodes. (3.24) is by the Cauchy-Schwartz inequality. (3.25) holds because, by the way stages are defined,
for each triple (s, a, h), the length of its last two stages is at most an O(1/H) fraction of the total number of
visitations.

Combining (3.20), (3.22) and (3.25) completes the proof. O

3.11 Proof of Theorem 9

We introduce a few terms to facilitate the analysis. Denote by s’fL and a’fL respectively the state and action
taken at step h of episode k. Let Nf(s,a), ]\vf,ff(s,a), Q% (s,a) and V}*(s) denote, respectively, the values of
Ni(s,a), Ni(s,a),Qn(s,a) and V3 (s) at the beginning of the k-th episode in Algorithm 14. Further, for the
triple (sh, ah, h), let nﬁ be the total number of episodes that this triple has been visited prior to the current
stage, and let lfm denote the index of the episode that this triple was visited the i-th time among the total
n¥ times. Similarly, let 7 denote the number of visits to the triple (s, af, k) in the stage right before the
current stage, and let ka” be the i-th episode among the 7% episodes right before the current stage. For
simplicity, we use [; and I; to denote lfz,i and lvflm and n to denote h’fl, when h and k are clear from the
context. We also use 7 (s, a) and (s, a) to denote the values of 7, (s, aF) and oy, (sk,a¥) when updating
the Qp(sF,al) value in Line 16 of Algorithm 14.

We now proceed to analyze the dynamic regret in one epoch, and at the very end of Section 3.11, we will
see how to combine the dynamic regret over all the epochs to prove Theorem 9. The following analysis will
be conditioned on the successful event of Lemma 21.

The dynamic regret of Algorithm 14 in epoch d = 1 can hence be expressed as

K
R (r, K) = Z (Vlk “( llc) — Vlkﬂf (s]f))
k=1
K
< Z (V,lk (Slf) . Vlk,w (sllc)) . (326)
k=1

From the update rules of the value functions in Algorithm 14, we have

f’h(slfwaz) Uh (Sﬁ’ah)
Nk(sikuaz) Nk(sllfu h)

Vii(sp)<1[nf = 0| H+ +bF +2ba

=1[nf ]H+M Zvl (sho) 40 +2bA.
Nk(sh’ah) h+1 h+1 h

For ease of exposition, we define the following terms:
O = VIE(sh) =V (1), G 1= Vil (sh) = Vi " (s5). (3.27)

We further define fﬁ(sﬁ, aﬁ) = W — rfb(sh, ah) Then by the Hoeffding’s inequality, it holds with high
h
probability that

7“ Siuah ZTh Shva'h \/7—7“;?(51;2’@@
< bF +ba. (3.28)
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By the Bellman equation V""" (sF) = QI (sk, w(sk)) = rF(sk, ak) + Pthk+7T1 (sk,ak), we have

Ch <1["h = O H+ - Z h+1 3h+1) erh +2ba JFTh(S]/ivah) Py Vh+1(5]1§,a;§)

=1
<1[nf =0]H + ~ ZPl Vi (shyal) — PEVET (sk, af) + 30f + 3ba (3.29)
1=1
=1[nk H+ Pl — pE) v PE (Vi —VE*) sk ak) +365 + 3b
h) Vit Shaah h\Vht1 — h+1 Shs Qp h A
@ ®
l - Pk V[,i7* Vkﬂ' k k
+7>LZ w (Vaih — Viia ) (ks an), (3.30)
i=1
®

where (3.29) is by the Azuma-Hoeffding inequality and by (3.28). In the following, we bound each term
in (3.30) separately. First, by Holder’s inequality, we have

D < % zn: AW (H — h) < ba. (3.31)

Let e; denote a standard basis vector of proper dimensions that has a 1 at the j-th entry and Os at the others,
in the form of (0,...,0,1,0,...,0). Recall the definition of §F in (3.27), and we have

1 i . [ I;
@= 7 Z (Pllf - eSi’;l) (foiu Vhﬁ) (sh»af) + Z 5h+1 €h+1 + - Z 5h+1 (3.32)
i=1 '

k
Eh,+1

Finally, recalling the definition of ¢} in (3.27), we have that

li, k,m
@ Z (Vh+§ 5§+1 Vh+1(8ﬁ+1))

1 .
PLS (R ey ) (- i) (b
i=1
Ok i1

1< .

:%Z(V;ﬁh(sz“) Vh+1(5h+1)> + i1 —Ohp1 T D
i=1

<ba + Chpr = Ghgr + D (3.33)

where inequality (3.33) is by Lemma 20. Combining (3.30), (3.31), (3.32), and (3.33) leads to
1 om g,
CF<1[nf =0] H + - D 0 &+ G — OF oy + i+ 3bE + Bba. (3.34)
i=1

To find an upper bound of Z]i(:l C’,j, we proceed to upper bound each term on the RHS of (3.34) separately.
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First, notice that Zszl 1 [nﬁ = 0} < SAH, because each fixed triple (s,a,h) contributes at most 1 to
Zszl 1 [n} = 0]. In the following, we upper bound the second term in (3.34). Notice that

k

K y, - "h K "h
Z:f252h+llzz 5iL+IZ]‘ lh1:]]:26 +1Z Z]]- lhtz . (335)
= v =1 k=1j=1 j=1 i—

For a fixed episode j, notice that Enh ]l[lk = j] <1, and that Znh ]l[lk = j] = 1 happens if and only
if (sh,aﬁ) (sh7 ah) and (j, h) lies in the previous stage of (k, h) with respect to the triple (s¥,af, h). Let

={ke[K]: Z?ﬁl ]l[lk = j] = 1}; then, we know that every element k € K has the same value of 7F, i.e.,
there exists an integer N; > 0, such that nh = N;,Vk € K. Further, by our definition of the stages, we know
that |K| < (1 + $)N;, because the current stage is at most (1 + ) times longer than the previous stage.

Therefore, for every j, we know that

Ko o 1
Zh—Zﬂ lh)i:j]§1+ﬁ. (3.36)
k=1 i=1
Substituting it back into (3.35) leads to
K o s | K
Z hh+ll <1+ E) Z(SZJA' (3.37)
k=1 "h i=1 k=1

Combining (3.34) and (3.37), we now have that

K K K
1
Sk <sAm? + = STk + > (& + Ry Oy + 3bf + 50a)

k=1 k=1 k=1

<SAH? + Z Ry + Z (&F .1 + Bk + 3bf +5ba), (3.38)
k=1

k
Ah+1

where in (3.38) we have used the fact that &f,, < ¢} ,, which in turn is due to the optimality that
Vk F(sF) > Vk " (sy). Notice that we have ¢ on the LHS of (3.38) and ¢}, , on the RHS. By iterating (3.38)
over h=H,H —1,...,1, we conclude that

K H K
d <o <SAH3 +> 3 + 5 yhe= 1Ah+1> . (3.39)

k=1 h=1k=1

We bound Zh 1 Zk (L4 #)" A | in the proposition below. Its proof relies on a series of lemmas in
Section 3.10 that upper bound each term in Ah 41 separately.

Proposition 2. With probability at least 1 — (K H + 2)4, it holds that
H K 1
1+ )"k <O(VSAKHS + KHAWY + KH2AW).
H h+1

h=1k=1

Now we are ready to prove Theorem 9.
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Proof. (of Theorem 9) By (3.26) and (3.39), and by replacing ¢ with KH+2 in Proposition 2, we know that
the dynamic regret in epoch d = 1 can be upper bounded with probability at least 1 — § by:

R (n, K) < O(SAH* +VSAKH + KHAV + KH?AW), (3.40)
and this holds for every epoch d € [D]. Suppose T = Q(SAAH?); summing up the dynamic regret

over all the D epochs gives us an upper bound of O(DvVSAKH® + Zd 1KHA + Z KHzA( )).
Recall the definition that Zd:l AW <A, Zd:l Az(fl) <A, A=A+ A, and that K = @(ﬁ). By
setting D = S™3A"3A3SH3T3, the dynamic regret over the entire T steps is bounded by R(m, M) <
6(S%A%A%H%T%), which completes the proof. O

3.12 Proof Sketch of Theorem 10

Proof sketch. We only outline the difference with respect to the proof of Theorem 9. The reader should
have no difficulty recovering the complete proof by following the same routine as in the proof of Theorem 9.
Specifically, it suffices to investigate the steps that are involved with Lemma 21.

The dynamic regret of the new algorithm in epoch d = 1 can now be expressed as
K K
RD (r Z(Vlk* k Vlim k ) Z( kﬂ( ’f)) + 2K Hba, (3.41)
k=1 k=1

where we applied the results of Lemma 22 instead of Lemma 21. The reader should bear in mind that from

the new update rules of the value functions, we now have

5 (ko kK - (kK
ViE(sE) < 1[nf = 0] H + ]%((SS’%’Z’%)) + ;%(Zs’%z%)) +of, (3.42)
where the RHS no longer has the additional bonus term ba. If we define C’,j, f,lj 41, and gbﬁ 41 in the same way
as before, the reader can easily verify that all the derivations until Equation (3.39) still holds, although the
value of AQH should be re-defined as A;“H_l = fili+1 + ¢ﬁ+1 + 3bF + 3ba due to the new upper bound in (3.42)
that is independent of ba. Proposition 2 also follows analogously, though some additional attention should be
paid to the proof of Lemma 26 where the results of Lemma 21 have been utilized. Finally, we obtain the

dynamic regret upper bound in epoch d =1 as follows:
R (x, K) <O (SAH3 +VSAKH® + KHADY + KHQA;”) + 2K Hba, (3.43)

where the additional term 2K Hba comes from (3.41). From our definition of ba, we can easily see that
2KHbA < O(KHAQ) + KHgAI(})). Therefore, we can conclude that the dynamic regret upper bound in one

epoch remains the same order, which leaves the dynamic regret over the entire horizon also unchanged. [J

3.13 Proof of Theorem 11

Similar to the proofs of Theorems 9 and 10, we start with the dynamic regret in one epoch, and then extend
to all epochs in the end. The proof follows the same routine as in the proofs of Theorems 9 and 10. Given

that a rigorous analysis on the Freedman-based bonus with variance reduction is present in [61], one should
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not find it difficult to extend our Hoeffding-based algorithm to a Freedman-based one. Therefore, rather
than providing a complete proof of Theorem 11, in the following, we sketch the differences and highlight the
additional analysis needed that is not covered by the proof of Theorem 10 and [61].

To facilitate the analysis, first recall a few notations N¥, N, Q¥ (s, a), V[ (s), nk, Uy 57 I i»li and [; that
we have defined in Section 3.11. In addition, when (h, k) is clear from the context, we drop the time indices
and simply use ji, 7, u"°f, 0"f to denote their corresponding values in the computation of the Qh(sﬁ, aﬁ) value
in Line 16 of Algorithm 14.

We start with the following lemma, which is an analogue of Lemma 22 but requires a more careful
treatment of variations accumulated in p**f and ji;,. It states that the optimistic Qfl(s, a) is an “upper bound”
of the optimal be’*(s, a) subject to an error term of the order 2(H — h 4+ 1)ba with high probability.

Lemma 27. (Freedman, no local budgets) For 6 € (0,1), with probability at least 1 — 2K HJ, it holds that
P (s,a) — 4(H — h+ 1)ba < Q¥+ (s,a) < QF(s,a),¥(s,a,h,k) € S x A x [H] x [K].

Proof. Tt should be clear from the way we update Q(s,a) that Q¥ (s,a) is monotonically decreasing in k.
We now prove QZ’*(&a) —4(H — h+1)ba < Q5 (s,a) for all s,a,h, k by induction on k. First, it holds for
k =1 by our initialization of Qp(s,a). For k > 2, now suppose Q%’*(s,a) —4(H —h+1)ba < Q{L(s, a) for all
s,a,h and 1 < j < k. For a fixed triple (s, a,h), we consider the following two cases.

Case 1: Qn(s,a) is updated in episode k. Notice that it suffices to analyze the case where Qx(s,a) is
updated using 927 because the other case of b’fb would be exactly the same as in Lemma 22. With probability
at least 1 — ¢,

~ ref
]Hl(s,a) _ Th(saa) 1Y ( S, ) + /{'h(s a) + 2bk
h NF(s,a)  NE(s,a)  NF(s,a) “h
'Fh(sa a) 1 - ref,l; o 1; ref,l;
=— T ;Z (Vh—i-l 1) — PRV (s 7a))
X1
1 : Vl Vref,[i [1 Plvl V[I Pl Vref[
+ 7 h+1 3h+1 h+1 (5h+1) A\ Vht h+1 (s,a)
=1
X2
1< pretli 1 Pl iy Pl ekl op 344
+ o Vel + 5 hat1 et ) (s,a) +2by,. (3.44)
i=1 i=1

In the following, we will bound each term in (3.44) separately. First, we have that

X3 :% zn: (P};‘ yyretl _ plyjetl ) (s,a) (3.45)
=1
% > (PEvesl — PEVIET) (5,0) (3.46)
+ % i p} Viifll s.a %i ;ffll 5,a) + % i p}l;i V}Efu(s’ a) (3.47)
=1 i=1 =1
2% g V,fﬂ(s a) — 2ba, (3.48)



where (3.45)> —ba and (3 46)> —ba by Holder’s inequality and the definition of ba. In (3.47), we have that

LN PF ffj_fll (s,a) — Zz L, PRV, }fifll (s,a) > 0, because foj_f’lk(s) is non-increasing in k.
Following a similar procedure as in Lemma 10, Lemma 12, and Lemma 13 in [61], we can further bound

Ix1| and |x2| as follows:

ef,  5H 2 2H
paf <2/ B 2V 2T (3.49)

n ni Tn n

v 5H.A 2\[ 2H.
<2 3.50
X2 \/n+?ﬁ+Tn — (3.50)

re ref \ 2 . _

where v = % - (“nf ) and 7 := % — (%)2 These are the steps where Freedman’s inequality [192]

come into use, and we omit these steps since they are essentially the same as the derivations in [61]. We can
see from (3.49), (3.50), and the definition of b that |x1| + |x2| < b}
Substituting the results on x1, x2 and s back to (3.44), it holds that with probability at least 1 — 4§,

Th(s,a
7 (s,a) :% + X1+ X2 + X3 + 2],

n(s,0) 1~ i k
>t = 2; PV (s a) +bf — 2ba (3.51)
mn(se) | 1 ZPZ Vit (s,a) — 4(H — h)ba + b — 2ba (3.52)

n

Tr(s,a) 1 I i, &
= z; (@i (5,0) = 11i(5,0)) + B — A(H — R)bs — 2ba

>= ZQ — A(H — h)ba — 2ba > Q" (s,a) — A(H — h)ba — 3ba, (3.53)

where in (3.51) we used (3.48), (3.49), (3.50), and the definition of b} in Algorithm 14. (3.52) is by the
induction hypothesis that Qh+1(slh+1, a) > Qil:l (3%}1@) — 2(H — h)ba,Ya € A, 1 <[; < k. The second to
last inequality holds due to the Hoeffding’s inequality that % (Zf 1 rﬁl (s,a) — (s, a > \f < b with
high probability. Finally, the last inequality follows from Lemma 20.

According to the monotonicity of Q% (s, a), we can conclude from (3.53) that Q"* (s, a) — 4(H —h+1)ba <

"1(s,a) < QF(s,a). In fact, we have proved the stronger statement Q} (s, a) > Qﬁ’*(s,a) —4(H—-h+

1)ba + ba that will be useful in Case 2 below.

Case 2: (s, a) is not updated in episode k. Then, there are two possibilities:

1. If Qn(s, ) has never been updated from episode 1 to episode k: It is easy to see that Q’H'l(s a) =
QY (s,a) = :Qh(s,a)—H—h—l—leh (s,a) holds.

2. If Qn(s,a) has been updated at least once from episode 1 to episode k: Let j be the index of the latest
episode that Qp(s,a) was updated. Then, from our induction hypothesis and Case 1, we know that
Qj+1(s a) > Qj’*(s a)—4(H —h+1)ba +ba. Since Qi (s, a) has not been updated from episode j+1 to
episode k, we know that QF(s,a) = Q¥(s,a) = --- = Q1 (s,a) > Q)" (s,a) — 4(H — h+1)ba +ba >
be *(s,a) — 4(H — h + 1)ba, where the last inequality holds because of Lemma 20.

A union bound over all time steps completes our proof. O
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Conditional on the successful event of Lemma 27, the dynamic regret of RestartQ-UCB Freedman in

epoch d = 1 can hence be expressed as

- ZK: (vl’“’* (sh) - ) i ( VET (s ’f)) + 4K Hba. (3.54)

k=1 k=1

From the update rules of the value functions in Algorithm 14, we have

k( ok k Fn(shiaf) oy ﬂZ k
Vii(sy) < 1[nj =0]H + S e 2y

[t

n n n

-~ k k n 'I’L

k Th(shv a’h) 1 ref,l; r 1; ref,l; k

:]l[”h = O]H+ ~ +— th+1 (Sh+1 = Z Vh+1 3h+1 Vit (3h+1))+2b
=1 i=1

If we again define ¢ := V¥ (sk) — V7 (sF), we can follow a similar routine as in the proof of Theorem 9

(details can be found in [61]) and obtain
K H K
k<o <SAH3 DD ()" 1Ah+1> ,
k=1 h=1k=1

where A]ﬁ+1 = wﬁﬂ + f’,iﬂ + d),"iﬂ + 4@2 + 4ba with the following definitions:

k
Ny

k L ref,l; ref, K+1 k k
Vpy1 = Z (P Vigr " — Vh+1 ) (8hsap),
ﬁi“
Eoo._ k U I % kE _k
Ehy1 = Z <Ph — e 1) Vil — Vh+1> (Shap),

li, k,m
¢Z+1 = (Ph — Gk 1) (Vh+§ Vh+1) (327(12)-

An upper bound on the first four terms in A¥ 41 is derived in the proof of Lemma 7 in [61] (There is an extra

term of /= L, in our defnition of bh compared to theirs, but it does not affect the leading term in the upper

bound). By further recalling the definition of ba, we can obtain the following lemma.

Lemma 28. (Lemma 7 in [61]) With probability at least (1 — O(H2T*5)), it holds that

H K
SN a+ )k, =0 (\/SAH3KL+\/KH3L10g(KH)+52A%H%K%L+KHA$U+KH2A;1)).
h=1k=1

Combined with (3.54) and the definition of C,’f , we obtain the dynamic regret bound in a single epoch:

RO (r,K) =0 (\/SAHBKL+x/KH3L1og(KH)+52A%H%K%L+KHA9>+KH2A§}> + KHbA) ,vd € [D].

From our definition of ba, we can easily see that K Hba < O(KHAQ) + KHQAS)). Finally, suppose T is
greater than a polynomial of S, A, A and H, vV SAH3K: would be the leading term of the dynamic regret in
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a single epoch. In this case, summing up the dynamic regret over all the D epochs gives us an upper bound of

D D
9] (D\/SAH?’K +Y KHAD +3° KH2A5;0> : (3.55)
d=1 d=1

Recall that 0 A < A, 37 AW < A, A = A, + A, and that K = O(%). By setting
D= S_%A_%A%T%, the dynamic regret over the entire T steps is bounded by

R(r, M) < O (S% %A%HT%) .

This completes the proof of Theorem 11.

3.14 Proof of Theorem 12

First, we define D to be the optimal candidate value in J that leads to the lowest dynamic regret. Recall
that since J is a discretized set and only covers values in the range of HmJ , Lﬁﬂ, it might not
contain the actual optimal value D* = $~3 A=3A3T5 for the number of epochs D. Further, let R;(D) be
the cumulative reward collected in phase i due to choosing the value D for the number of total epochs. Then,

the dynamic regret of Algorithm 15 can be decomposed into two parts:

M
R(m, M) =Y (V™" (s7) = Vy™™ (s7))

[M/W] [M/W] [M/W]

- Zv;”* M= > R(DH|+ | Y R(DYHY- > Ri(Dy)|, (3.56)

i=1 i=1 i=1

where the first term is the dynamic regret of using the optimal candidate value D' of the number of epochs,
and the second term is caused by the regret of learning the optimal candidate value using the Exp3.P
algorithm. Applying the regret bound of the Exp3.P algorithm ([107]), for any choice of DT, the second term
in (3.56) is upper bounded by

[M/W1] [M/W]

Z Ry(D") — Z Ri(D;) < OWH\/TM/WT(J+1)) = O(WHTW) = O(HiT?1), (3.57)

where in the last step we used that W = HT.
From the proof of Theorem 11 (e.g., Equation (3.55) with the fact that K = ©(-4;)), and applying the

Azuma-Hoeffding inequality and a union bound, we can upper bound the first term in (3.56) by

[M/W]

M
> oVmr(s Z R;(D') <O (\/SATDTH2 + THA \/TH) : (3.58)
m=1

To derive a further upper bound of (3.58), we need to distinguish between two cases: Whether D* is covered
in the range of J or not. Since we have assumed that the horizon is sufficiently long, i.e., T" is greater than
some polynomial of S, A, A and H, it holds that D* = S~3 A3 A3T3 < | sz |- Therefore, to determine

whether D* is covered in the range of 7, we only need to compare D* with the lower bound LSA%J in J.
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e If D* is covered in the range of 7, i.e., D* > LSAHQWJ Since J is discretized in a way that two
consecutive values differ from each other by a factor of at most W/, we know that there exists a value
D' € 7, such that D* < Dt < W'/7D*. In this case, we can upper bound the RHS of (3.58) by

<\/SATDTH2 422 THA \/TH) <0 (\/SATWUJD*HQ Tg”) <0 (S%A%A%HT%) ,

where in the last step we used the facts that D* = S35 A~3 A3T'5 and that W/7 = WY/ MmW1 < exp(1).

e If D* is not covered in the range of 7, i.e., D* < LﬁJ Since D* = S5 A"3A3Ts < LﬁJ,
it implies that A < S™1A-'H ~%T%. The optimal candidate value in J would be the smallest one,

and hence DT = LﬁJ In this case, we can upper bound the RHS of (3.58) by

O(\/SATDTH2++\/ ) <\/SATH2L AT2 J+ Tl;m )gé(Hini),
SAH*W | | g

where in the last step we used that A < S~'A-'H-%T% and W = VHT.

Combining the above two cases with (3.56), (3.57), and (3.58), we can conclude that the dynamic regret of
Algorithm 15 is upper bounded by

R(m, M) < 0(5 SASASHTS +H4T%)

This completes the proof of Theorem 12.

3.15 Proof of Theorem 13

The proof of our lower bound relies on the construction of a “hard instance” of non-stationary MDPs. The
instance we construct is essentially a switching-MDP: an MDP with piecewise constant dynamics on each
segment of the horizon, and its dynamics experience an abrupt change at the beginning of each new segment.
More specifically, we divide the horizon T into L segments’, where each segment has Tj := L%J steps and
contains My := L%J episodes, each episode having a length of H. Within each such segment, the system
dynamics of the MDP do not vary, and we construct the dynamics for each segment in a way such that the
instance is a hard instance of stationary MDPs on its own. The MDP within each segment is essentially
similar to the hard instances constructed in stationary RL problems [60], [182]. Between two consecutive
segments, the dynamics of the MDP change abruptly, and we let the dynamics vary in a way such that no
information learned from previous interactions with the MDP can be used in the new segment. In this sense,
the agent needs to learn a new hard stationary MDP in each segment. Finally, optimizing the value of L
and the variation magnitude between consecutive segments (subject to the constraints of the total variation
budget) leads to our lower bound.

We start with a simplified episodic setting where the transition kernels and reward functions are held
constant within each episode, i.e., P* =---=P" = ... P and r* =--- =71’ = ...}, Ym € [M]. This is
a popular but less challenging episodic setting, and its stationary counterpart has been studied in [97]. We

further require that when the environment varies due to the non-stationarity, all steps in one episode should

"The definition of segments is irrelevant to, and should not be confused with, the notion of epochs we previously defined.
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a*.

Figure 3.4: A chain with H copies of JAO MDPs correlated in time. At the end of an episode, the state
should deterministically transition from any state in the last copy to the s, state in the first copy of the
chain, the arrows of which are not shown in the figure. Also, the s, state in the first copy is actually never
reached and is redundant.

vary simultaneously in the same way. This simplified setting is easier to analyze, and its analysis conveniently
leads to a lower bound for the un-discounted setting as a side result along the way. Later we will show
how the analysis can be naturally extended to the more general setting we introduced in Section 3.2, using
techniques that have also been utilized in [60]. For simplicity of notations, we temporarily drop the h indices
and use P™ and r™ to denote the transition kernel and reward function whenever there is no ambiguity.

Consider a two-state MDP as depicted in Figure 3.3. This MDP was initially proposed in [96] as a hard
instance of stationary MDPs, and following [60] we will refer to this construction as the “JAO MDP”. This
MDP has 2 states S = {s, s} and SA actions A = {1,2,...,5A}. The reward does not depend on actions:
state s, always gives reward 1 whatever action is taken, and state s, always gives reward 0. Any action taken
at state s, takes the agent to state s, with probability §, and to state s, with probability 1 — §. At state s,,
for all but a single “good” action a*, the agent is taken to state s, with probability ¢, and for the good action
a*, the agent is taken to state s, with probability d + ¢ for some 0 < € < d. The exact values of § and ¢ will
be chosen later. Note that this is not an MDP with S states and A actions as we desire, but the extension to
an MDP with S states and A actions is routine [96], and is hence omitted here.

To apply the JAO MDP to the simplified episodic setting, we “concatenate” H copies of exactly the same
JAO MDP into a chain as depicted in Figure 3.4, denoting the H steps in an episode. The initial state of
this MDP is the s, state in the first copy of the chain, and after each episode the state is “reset” to the
initial state. In the following, we first show that the constructed MDP is a hard instance of stationary MDPs,
without worrying about the evolution of the system dynamics. The techniques that we will be using are
essentially the same as in the proofs of the lower bound in the multi-armed bandit problem [107] or the

reinforcement learning problem in the un-discounted setting [96].
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The good action a* is chosen uniformly at random from the action space A, and we use E,[-] to denote
the expectation with respect to the random choice of a*. We write E,[-] for the expectation conditioned on
action a being the good action a*. Finally, we use E,pif[-] to denote the expectation when there is no good
action in the MDP, i.e., every action in A takes the agent from state s, to s, with probability . Define the
probability notations P,(+), P, (), and P,p;¢(-) analogously.

Consider running a reinforcement learning algorithm on the constructed MDP for T steps, where
Ty = MyH. It has been shown in [107] and [96] that it is sufficient to consider deterministic policies.
Therefore, we assume that the algorithm maps deterministically from a sequence of observations to an action
a; at time t. Define the random variables N,, N, and N to be the total number of visits to state s, the total
number of visits to s,, and the total number of times that a* is taken at state s., respectively. Let s; denote
the state observed at time ¢, and a; the action taken at time ¢. When there is no chance of ambiguity, we
sometimes also use s} to denote the state at step h of episode m, which should be interpreted as the state s;
observed at time ¢t = (m — 1) x H + h. The notation a}" is used analogously. Since s, is assumed to be the

initial state, we have that

To My H
Eq[N] = Zpa(st =s)= Z ZPa(S? =s)
t=1 m=1h=2
My H
=3 (Palsiy = 50) - Palsi = s | 57y = 50) + Palsjiy = ) - Palsi = 5| iy = 5)
m=1h=2
My

I
M=

(OPa(shy = 5o, a5 # a*) + (0 +€)Pa(shy = so,a;" = a*) + (1 — 0)Pa(s", = 5))
m=1h=2

<OE,[No — N+ (6 4 )Eo[NJ] + (1 — 0)E,[N],

and rearranging the last inequality gives us E4[N)] < Eq[N, — N+ (1 + $)E,[NZ].

For this proof only, define the random variable W (Ty) to be the total reward of the algorithm over the
horizon Ty, and define G(Tp) to be the (static) regret with respect to the optimal policy. Since for any
algorithm, the probability of staying in state s, under P,(-) is no larger than under Pyy;¢(-), it follows that

Ea[W(I5)] < E[N) < Eq[No = N2]+ (1+ 5)Eq[N;]
=E,[No] + gEa [NZ] < Eunie[No] + glEa [N?]
=T — Eunit[ N] + %]Ea [N]. (3.59)

Let 77" denote the first step that the state transits from state s, to s in the m-th episode; then

My H H
Eunit[NV] = D Y Punis (72" = W) Bt [N | 70 = h] = D> (1= 6)" " 6Bnie[ N, | 72" = h]
m=1h=1 m=1h=1
M H
’ H—h H 1 (1-6f
h—1 _
2> > (1-9) 52_2(2_25+25)
m=1h=1 m=1
To My

>0 0 :
=2 2 (3:60)

Since the algorithm is a deterministic mapping from the observation sequence to an action, the random

variable N is also a function of the observations up to time 7. In addition, since the immediate reward only
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depends on the current state, N can further be considered as a function of just the state sequence up to T'.
Therefore, the following lemma from [96], which in turn was adapted from Lemma A.1 in [107], also applies

in our setting.

Lemma 29. (Lemma 13 in [96]) For any finite constant B, let f : {so,s}10+ — [0, B] be any function
defined on the state sequence s € {so,s}1°tL. Then, for any 0 < § < 1 5, any 0 <e <1-—24, and any a € A,

it holds that .
Ea [f(s)] < Eunzf[f( )] + 5 7

Since NZ itself is a function from the state sequence to [0, Tp], we can apply Lemma 29 and arrive at

T
Eo[N*] < Eunit [N] + ?0 : %\/zEunif [VZ]. (3.61)

From (3.60), we have that 23;41 Eunit [N] = To — Eunit [V] < TO + MO . By the Cauchy-Schwarz inequality,

we further have that 25;41 V2E it [N2] < 1/ SA(Ty + 20). Therefore, from (3.61), we obtain

2B ynif [INZ].

MO TO g M()
[NZ] <— —+ — — ATy + —
ZIE +25+2\[65(o+5)
Together with (3.59) and (3.60), it holds that
1 34
<
E*[W(TO)] 7SA ;EG[W(TO)]
TO MO e 1 TQ M() TO g MO
———————-—AT—. .62
+25+5SA< +25+2\/SS(0+5)> (3.62)

3.15.1 The Un-discounted Setting

Let us now momentarily deviate from the episodic setting and consider the un-discounted setting (with

My =1). This is the case of the JAO MDP in Figure 3.3 where there is not reset. We could calculate the

d+e
20+¢

calculate that the diameter of the JAO MDP is D = %. Therefore, the expected (static) regret with respect

to the randomness of a* can be lower bounded by

stationary distribution and find that the optimal average reward for the JAO MDP is

. It is also easy to

0+¢
EL[G(Ty)] = To — E W (T
(GT)] == T — B[ (Ty)]
T D D(Ty+ D ToD
> _ETo _7_€(o+)60\/>\/770+\ﬁ
46 +2¢ 2 25A 2v/SA
By assuming Tp > DSA (which in turn suggests D < SAD) and setting € = ¢ TD for ¢ = 4O,We further

have that
c c c¢D ¢ ¢ |D D
E[GT)]>2-—— - - = -2 V/SAT,D — =
[ 0)]_<6 2SA  2SAT, 2 2 T0> SATy 2
3
> e — \/S =/
= (ZOC 200) = Tg00 V HATOD
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It is easy to verify that our choice of § and e satisfies our assumption that 0 < € < 4. So far, we have
recovered the (static) regret lower bound of Q(v/SATyD) in the un-discounted setting, which was originally
proved in [96].

Based on this result, let us now incorporate the non-stationarity of the MDP and derive a lower bound for
the dynamic regret R(7T). Recall that we are constructing the non-stationary environment as a switching-MDP.
For each segment of length Tj, the environment is held constant, and the regret lower bound for each segment
is Q(v/SATyD). At the beginning of each new segment, we uniformly sample a new action a* at random from
the action space A to be the good action for the new segment. In this case, the learning algorithm cannot
use the information it learned during its previous interactions with the environment, even if it knows the
switching structure of the environment. Therefore, the algorithm needs to learn a new (static) MDP in each
segment, which leads to a dynamic regret lower bound of Q(L/SAT,D) = Q(v/SATLD), where let us recall
that L is the number of segments. Every time the good action a* varies, it will cause a variation of magnitude
2¢ in the transition kernel. The constraint of the overall variation budget requires that 2¢L = %\/Tsoj% L <A
which in turn requires L < 4AST3D3S"35A" 5. Finally, by assigning the largest possible value to L subject
to the variation budget, we obtain a dynamic regret lower bound of 2 (S %A%A%D%T%). This completes
the proof of Proposition 1.

3.15.2 The Episodic Settings

Now let us go back to our simplified episodic setting, as depicted in Figure 3.4. One major difference with the
previous un-discounted setting is that we might not have time to mix between s, and s, in H steps. (Note
that we only need to reach the stationary distribution over the (so,s) pair in each step h, rather than the
stationary distribution over the entire MDP. In fact, the latter case is never possible because the entire MDP
is not aperiodic.) It can be shown that the optimal policy on this MDP has a mixing time of © (%) [60],
and, hence, we can choose § to be slightly larger than @(%) to guarantee sufficient time to mix. All the
analysis up to inequality (3.62) carries over to the episodic setting, and essentially we can set § to be © ()
to get a (static) regret lower bound of Q(y/SATyH) in each segment. Another difference with the previous
setting lies in the usage of the variation budget. Since we require that all the steps in the same episode should
vary simultaneously, it now takes a variation budget of 2¢ H each time we switch to a new action a* at the
beginning of a new segment. Therefore, the overall variation budget now puts a constraint of 2¢ HL < O(A)
on the magnitude of each switch. Again, by choosing e = © (\/%) and optimizing over possible values of

L subject to the budget constraint, we obtain a dynamic regret lower bound of €2 (S%A%A%H%T%) in the
simplified episodic setting.

Finally, we consider the standard episodic setting as introduced in Section 3.2. In this setting, we essentially
will be concatenating H distinct JAO MDPs, each with an independent good action a*, into a chain like
Figure 3.4. The transition kernels in these JAO MDPs are also allowed to vary asynchronously in each step
h, although our construction of the lower bound does not make use of this property. As argued similarly
in [60], the number of observations for each specific JAO MDP is only Ty/H, instead of Ty. Therefore, we
can assign a slightly larger value to € and the learning algorithm would still not be able to identify the good
action given the fewer observations. Setting 6 = © (%) and £ = O (\/%) leads to a (static) regret lower
bound of Q(H+/SATy) in the stationary RL problem. Again, the transition kernels in all the H JAO MDPs
vary simultaneously at the beginning of each new segment. By optimizing L subject to the overall budget
constraint 26 HL < O(A), we obtain a dynamic regret lower bound of 2 (S’éA%A%HgT%) in the episodic
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setting. This completes our proof of Theorem 13.

3.16 Concluding Remarks

In this chapter, we have considered model-free reinforcement learning in non-stationary episodic MDPs. We
have proposed an algorithm named RestartQ-UCB that adopts a simple restarting strategy. RestartQ-UCB
with Freedman-type bonus terms achieves a dynamic regret of 5(5’ SATASH T%)7 which nearly matches
the information-theoretical lower bound Q(S3 A3 A3 H3T3). We have further presented a parameter-free
algorithm named Double-Restart Q-UCB that removes the assumption on knowing the variation budget.
Numerical experiments have validated the advantages of RestartQ-UCB in terms of both cumulative rewards
and computational efficiency. Examples in multi-agent RL and inventory control have been discussed as
applications to illustrate the power of our method. An interesting future direction would be to close the
6(H %) factor gap between the upper and lower bounds that we have established for the non-stationary RL
problem. It would also be interesting to explore if non-stationary RL can be helpful in other multi-agent RL

or inventory control scenarios.
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Chapter 4

Meta-Learning in Markov Games

Multi-agent reinforcement learning (MARL) has primarily focused on solving a single task in isolation, while
in practice the environment is often evolving, leaving many related tasks to be solved. In this chapter, we
investigate the benefits of meta-learning in solving multiple MARL tasks collectively. We establish the first
line of theoretical results for meta-learning in a wide range of fundamental MARL settings, including learning
Nash equilibria in two-player zero-sum Markov games and Markov potential games, as well as learning coarse
correlated equilibria in general-sum Markov games. Under natural notions of task similarity, we show that
meta-learning achieves provable sharper convergence to various game-theoretical solution concepts than
learning each task separately. As an important intermediate step, we develop multiple MARL algorithms
with initialization-dependent convergence guarantees. Such algorithms integrate optimistic policy mirror
descents with stage-based value updates, and their refined convergence guarantees (nearly) recover the best
known results even when a good initialization is unknown. To our best knowledge, such results are also
new and might be of independent interest. We further provide numerical simulations to corroborate our

theoretical findings.

4.1 Introduction

Many real-world sequential decision-making problems involve multiple agents interacting in a shared en-
vironment, a scenario commonly captured by game theory and addressed using multi-agent reinforcement
learning (MARL). Existing research in MARL has primarily focused on solving a single task (i.e., a game)
independently. In practice, however, one often needs to collectively solve a set of similar tasks due to the
dynamically evolving environment. For example, in sponsored search auctions [193], the advertising spaces
and search results are dynamic, and each bidder with an active bid will participate in a sequence of related
auctions. In multi-robot cooperation [194], [195], the learning agents are often first pre-trained in simplified
environments and are then asked to quickly adapt to more complicated ones. In cloud computing [196], [197],
a learning-based autoscaling policy needs to achieve fast model adaptation to deal with varied application
workloads or constantly evolving cloud infrastructures. All of these intriguing applications call for the
development of intelligent multi-agent systems that can continuously build on previous experiences to enhance
the learning of new tasks.

Meta-learning, or learning-to-learn [24]-[27], is a rapidly developing approach that is particularly suitable

for learning in a set of related tasks. In essence, meta-learning studies the use of data from existing tasks
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to learn representations or model parameters that enable quick adaptation to new tasks. By exploiting
the knowledge obtained from prior tasks, the meta-learner can ideally solve an unseen task using much
fewer training samples than learning from scratch, especially when the tasks share some inherent similarities.
Despite many empirical successes [194], [195], [198], the theoretical results of meta-learning in multi-agent
scenarios are still relatively lacking. It remains elusive whether meta-learning can provably expedite the
convergence of MARL, and, if so, what the proper task similarity assumptions to impose are. In fact, it is
even unclear whether a meta-learner converges at all in a highly non-stationary system with loosely-coupled
learning agents and diverse task setups.

In this chapter, we make an initial attempt toward characterizing some of the central theoretical properties
of meta-learning in a wide range of fundamental MARL settings. We focus on the classic model-agnostic
meta-learning (MAML) [28] type of algorithms that aim to learn a good initialization for quick adaptation to
new tasks. To study the convergence rate of MAML, an important prerequisite is to understand how the
convergence of MARL algorithms depends on the quality of policy initialization. However, the convergence
guarantees of most existing MARL algorithms are initialization-independent: They fail to track how the
sub-optimality of the initial policy propagates during the learning process, and only provide pessimistic
guarantees with respect to worst-case initialization. As a crucial intermediate step to meta-MARL, we need
to establish refined initialization-dependent convergence guarantees for MARL. Our main contributions are
thus summarized as follows.

Contributions. 1) For learning Nash equilibria (NE) in two-player zero-sum Markov games, we first
propose an MARL algorithm blessed with a refined convergence analysis that explicitly characterizes the
dependence on policy initialization (Section 4.3.1). Our algorithm runs optimistic online mirror descent for
policy optimization and performs stage-based value function updates. Even when initialized with random
policies, our algorithm still matches the best-known convergence rates in the literature except for an extra
logarithmic term. Our algorithm and analysis appear to be new and might be of independent interest. 2)
Based on such refined analysis, we show that meta-learning provably achieves faster convergence to NE when
learning a sequence of “similar” zero-sum games collectively, where our similarity metric naturally depends
on the closeness of the games’ NE policies (Section 4.3.2). 3) For learning NE in Markov potential games
(MPGs), we show that a simple refinement of an existing algorithm suffices to provide initialization-dependent
guarantees. We establish sharper convergence rates of meta-learning when the MPGs have similar potential
functions (Section 4.4.1). In addition, with a properly chosen policy update rule, we prove the non-asymptotic
convergence of the exact MAML algorithm in MPGs (Section 4.4.2), despite the convoluted learning dynamics
of multiple loosely-coupled agents. 4) For learning coarse correlated equilibria (CCE) in general-sum Markov
games (Section 4.5), we analogously start by designing an initialization-dependent MARL algorithm, and
then establish the sharper convergence rate of meta-learning under natural similarity metrics. 5) We provide
numerical results to corroborate our theoretical findings (Section 4.6).

Related Work. Gradient-based meta-learning is a simple and effective approach that can be easily applied
to any learning problem trained with gradient descent. The seminal MAML method [28] tries to learn a good
model parameter initialization that leads to quick model adaptation. Theoretical properties of MAML have
been investigated in a series of works [199]-[203]. In particular, [200], [203] have established the convergence
of MAML to first-order stationarity for non-convex objectives. [202] has designed an unbiased gradient
estimator for MAML in reinforcement learning tasks. Various first-order approximations [28], [200], [204] of
MAML have been proposed to avoid the heavy computation of the Hessian. Meta-learning has also been

studied in online convex optimization [205]-[208], where regret bounds have been established under different
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metrics of task similarity. Another line of research [209]-[211] views meta-learning through the lens of task
inference, where an RL policy is conditioned on a belief over tasks and perform Bayesian updates through
interactions to adapt to different tasks.

MARL has been widely studied under the formulation of stochastic games (i.e., Markov games) [7]. Due
to the fundamental difficulty of computing NE in generic games [15], most MARL research has focused on
learning NE in games with special structures (such as zero-sum Markov games [13], [14], [34], [54], [55], [70],
[122], [212], [213] and Markov potential games [89], [91], [214]-[218]) or learning weaker solution concepts such
as (coarse) correlated equilibria [16], [17], [72], [123], [219]-[221]. The most relevant works are [121], [122],
which have studied the convergence of optimistic no-regret learning and smooth value updates in MARL
with full-information feedback. For learning NE in MPGs, [91], [214], [215] have studied independent policy
gradient methods and established their sample complexity results. These works have focused on learning
a single game in isolation but have not considered exploiting the connections between multiple games to
expedite the learning process.

Most related to ours, [222] has studied meta-learning in normal-form games. Under different notions
of game similarities, [222] has shown faster convergences of meta-learning in zero-sum, general-sum, and
Stackelberg games. [223] has investigated no-regret learning in time-varying zero-sum normal-form games.
Compared to [222], [223], we consider meta-learning in the more generic and challenging Markov game setup
with state transitions. Other related works include meta-learning for regret minimization in a distribution of
games [224] and meta-safe RL for quick adaptation in constrained Markov decision processes (CMDPs) under
task similarity [225]. Finally, meta-learning has also been empirically applied to many important MARL
scenarios, including multi-intersection traffic signal control [198], multi-agent communication with natural

language [195], and multi-agent collaboration with first-person pixel observations in open-ended tasks [226].

4.2 Preliminaries

Markov game. An N-player episodic Markov game is defined by a tuple G = (N, H, S, {A;}X,, {r:} ¥, P),
where (1) N ={1,2,..., N} is the set of agents; (2) H € N, is the number of time steps in each episode; (3)
S is the finite state space; (4) A; is the finite action space for agent i € N (5) r; : [H] xS x Aan — [0, 1] is the
reward function for agent i, where A, = x¥| A; is the joint action space; and (6) P : [H] x S x A — A(S)
is the transition kernel. The agents interact in an unknown environment for 7" episodes. Without loss of
generality, we make a standard assumption [219], [220] that each episode starts from a fixed initial state s;. Our
results can be easily generalized to the setting where the initial state is sampled from a fixed distribution. At
each time step h € [H], the agents observe the state s;, € S, and take actions a, ; € A;,i € N simultaneously.
Agent i then receives its reward 7, ;(Sn, an), where ap, = (ap,1, ..., an,n), and the environment transitions to
the next state spy1 ~ Pr(|sn,an). Let S =S|, A; = |A;],Vi € N, and Apax = max;en A;.

Policy and Nash equilibrium. A (Markov) policy m; € II; : [H] x S — A(A;) for agent ¢ € A is a mapping
from the time index and state space to a distribution over its own action space. Each agent seeks to find a
policy that maximizes its own cumulative reward. A joint, product policy 7 = (w1, ...,7n) € II induces a
probability measure over the sequence of states and joint actions. We use the subscript —¢ to denote the

set of agents excluding agent i, i.e., N\{i}. We can rewrite m = (m;, m—;) using this convention. For a joint
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policy 7, and for any h € [H], s € S, and a € A,);, we define the value function and Q-function for agent 4 as

H H
Vh”l(s) = Eﬂ-[ Z Th/7i(8h/,ah/)|8h = S], Q}{’i(s,a) = Eﬂ-[ Z rh/7i(sh/,ah/)|sh = s,ap = a].

h'=h h'=h

For agent ¢, a policy 7T;-r is a best response to w_; if Vﬁ’w’i(sl) =sup,, V{;""(s1). A joint (product) policy
7w = (m;,m—;) € U is a Nash equilibrium (NE) if 7; is a best response to m_; for all ¢ € /. Similarly, for any
e > 0, a joint policy m = (m;,m—;) is an e-approximate NE if Vf;’ﬂ”'(sl) > Vfg’hi(sl) —&, VieN.

Correlated policy and coarse correlated equilibrium. We define 7 = {7, : R x (S x A)" "1 x S —
A(A)}hepm) as a (non-Markov) correlated policy, where for each h € [H], m;, maps from a coordination device
z € R and a history of length A — 1 to a distribution over the joint action space. Let m; and 7_; be the
proper marginal distributions of m whose outputs are restricted to A(A;) and A(A_;), respectively. The value
functions for non-Markov correlated policies at step h = 1 are defined in a similar way as for product policies.
Given the PPAD-hardness of calculating NE in general [30], people often study a relaxed solution concept
named coarse correlated equilibrium (CCE), which allows possible correlations in the policies: In particular, for
any € > 0, a correlated policy m = (m;, m—;) is an e-approximate CCE if Vﬁ’ﬂ‘i(sl) > Vﬁ’ﬂ_i(sl) —&,VieN.
Two-player zero-sum Markov game. An important special case of Markov games is (two-player) zero-sum
Markov games, where there are two players (N = 2) with exactly opposite rewards (r; = —rg). In a zero-sum
game, we simply use 7, V', and @ to denote the reward and (Q-)value functions for the max-player, i.e., agent
1. Correspondingly, the min-player has —r, =V, and —@). For notational convenience, we denote the action
space for the max-player (resp. min-player) by A (resp. B), and let A = |A|, B = |B|. We also write their
policies (1, 72) as (u,v) for short. In zero-sum games, it is known that although the NE policy (u*,*) may
not be unique, all the NE have the same values. We use V;* and @7 to denote the NE value function and the
NE Q-function. For any fixed (h,s) € [H] x S and an arbitrary function @ : S x A x B — R, we may consider
Q(s,-,-) as an A x B matrix. Then, for any policy pair (up,vp) at step h € [H], we can write in shorthand:

[t QU] (8) = Earpn (-1s).mn (1) [Q(S, @, b)] = (tin, Qua) (s),
[UZQ] (57 ) = anu;L(-|s)[Q(Sv a, )]7 and [th] (Sa ) = Ebwyh(-|s)[Q(Sv ) b)}

Given the transition function P and an arbitrary function V : § — R, we define
[PuV](s,0,b) :=Egop,(|s,ap) [V (5]
The Bellman equations can hence be rewritten more succinctly as
VI (s) = [un Q1 vn] (s), and Q4" (s,a,b) = ru(s, a,b) + [PV (s,a,b).

Markov potential game. Another important class of games is Markov potential games [89], [215], [227].
MPGs cover Markov teams [76], a fully cooperative setting where all agents share the same rewards. A
Markov game is an MPG if there exists a global potential function ® : IT X § — [0, ®p,ax] that can capture
the variations of the agents’ individual values: Specifically, Vi € A and s € S,

D (my, mi) = P (mp,moi) = Vi3 (s) = Vi (), Vi, m € Ty, my € Ty
Throughout the chapter, we consider the classic full-information feedback setting [36], [54], [85], [115],
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[212], where the players are assumed to have exact information of the consequences of each of their candidate
actions. In the case of zero-sum games, this implies that for any (h, s), the max-player and min-player can
query [Qnvn(s,-) and i) Qr(s, "), respectively. Our meta-learning results can be easily extended to the
stochastic bandit feedback setting using standard techniques, as in [16], [34], [91], [220].
Meta-learning. Let G = {G*} be a set of different Markov games. Each game is defined by G* =
(N, H, S, { AN {rF}N |, PF), where we assume without loss of generality that the games share the same
agent set and state & action spaces, but can have different transition and reward functions. Most of our
results are established in the online learning setting where we encounter a sequence of K games (G, ..., GX)
one by one. To achieve faster convergence, the learning agents should use the knowledge obtained from
previous games to expedite the learning process in future games.

The underlying principle of MAML [28] is to learn a good initialization such that running a few training
steps from this initialization can lead to well-performing model parameters on any new task. An MAML-type
algorithm in the context of RL typically involves two nested stages. The inner stage (or “base algorithm”)

performs T iterations of policy updates to optimize for an individual task G*:
7t ap(nP L GR), Vit € [T). (4.1)

When task G* is completed, the outer stage (or “meta-algorithm”) W learns to form a good initialization

710 for a new task G**! using all the knowledge obtained from all previous tasks:
w0 W({m Y e e G- GY). (4.2)

In this chapter, we seek to properly instantiate both the base algorithm ¢ and the meta-algorithm ¥ for a
variety of MARL problems. We aim to show that a proper design of the meta-learning procedure (1, ¥) can

largely reduce the number of iterations 7' required to find NE or CCE in a new game.

4.3 Meta-Learning for Two-Player Zero-Sum Markov Games

In this section, we study meta-learning for Nash equilibria in zero-sum Markov games, where players are
fully competitive. Since MAML-type algorithms seek to learn a good initialization for quick adaptation, it is
crucial to explicitly characterize how the convergence behavior of an MARL algorithm depends on the initial
policy. To our best knowledge, such results are not directly achievable using existing algorithms. For this
reason, in Section 4.3.1, we start by proposing a new base algorithm (4.1) for zero-sum Markov games that
has a refined initialization-dependent convergence guarantee. Based on that, we present our meta-algorithm

(4.2) in Section 4.3.2 and establish its sharper convergence rates.

4.3.1 Initialization-Dependent Convergence in an Individual Zero-Sum Markov

Game

Algorithm 16 presents our optimistic online mirror descent algorithm with stage-based value updates for
learning NE in a zero-sum Markov game. To establish initialization-dependent convergence, Algorithm 16
performs optimistic online mirror descent (OMD) [114], [115] for policy updates (Lines 5 and 6), in contrast
to the popular optimistic follow the regularized leader (FTRL) method in recent MARL policy optimization

[121], [122]. We choose the negative entropy as our regularizer R, in which case the Bregman divergence
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Dgr(-,-) reduces to the Kullback—Leibler divergence and optimistic OMD becomes an optimistic variant of

the classic multiplicative weights update (MWU) algorithm.

Algorithm 16: Optimistic Online Mirror Descent for Zero-Sum Markov Games
1 Input: Initial policies fi : [T] x [H] x § = A(A) and 7 : [T] x [H] x § = A(B);
2 Set stage index 7 < 1, 5% <+ 1 and L, <+ H;

3 Initialize: uY = 09 « f}, v) =00 « 7}, and Q] + 0,Vh € [H];

a4 for iteration t < 1 to T do

5 Auxiliary policy update: for each step h € [H] and state s € S:

iy, (-|s) = argmaxn (i, [Q7v, (s, -)) — Dr(f " (19));
REA(A)

D4 (+[s) ¢ argmaxn (7, (1) T QF1(5,-)) — Dr(0, 037" (-]s));
veEA(B)

6 Policy update: for each step h € [H] and state s € S:

p (-|s) = argmaxn (u, [Q7v, (s, -)) — Dr(p, i, (-]s));
HEA(A)

vh(|s) < argmaxn (v, (1, 1) T QR](s,)) — Dr(v, 7,(-]5));
veA(B)

7 ift =159+ 1> L. then
s et 1 Ly e (14 1/H)L,
Value update: for each h € [H],s € S,a € A,b € B:

end
tT

S (e o+ Pulh) T QRa (4] ) (s,

T
/ —¢start
t/ =t

| =

PH(s a,b)

~

10 T T+ 1 ul =0k« ag, v =0f <+ v],Yh € [H);
11 Output policy: fis(|s) = 7 SOk (|s) and i, (-|s) = x S vi(-]s),Vs € S, h € [H].

In order to establish convergence to (approximate) NE, we need to show that our optimistic OMD policy
updates achieve “no regret” with respect to the value estimate sequence at each state, i.e., to upper bound
(4.3). If we were to use the celebrated oy = g—_ﬁ
will inevitably need to show a no-weighted-regret guarantee for optimistic OMD, because such a time-varying

learning rate [60] to update the value function estimates, we

learning rate assigns non-uniform weights to each history step. However, incorporating OMD with a dynamic
learning rate is known to be challenging and can easily lead to linear regret [104]. While a stabilization
technique [228] has been introduced to tackle this challenge, we take a different route by resorting to an
alternative value update method, namely stage-based value updates [61]. Specifically, we divide the total
T iterations into multiple stages and only update our value estimates at the end of a stage (Line 9). We
let the lengths of the stages grow exponentially at a rate of (14 1/H) (Line 8) [23], [61]. The exponential
growth ensures that the total T iterations can be covered by a small number of stages, while the (1 + 1/H)
growth rate guarantees that the value estimation error does not blow up during the H steps of recursion
(Lemma 38). Compared with the incremental oy = g—ﬁ update rule that modifies the value estimates at
every step, stage-based updates are more stationary and allow us to assign uniform weights to each history
step. This leads to a simpler no(-average)-regret problem [17] that can be easily addressed by (optimistic)
OMD.
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We introduce a few notations before presenting the convergence analysis of Algorithm 16. Let 7(¢) denote
the index of the stage that iteration ¢ belongs to. We denote by 7 the total number of stages, i.e., 7 := 7(T).

For any (7, h,s) € [T] x [H] x S, define the per-state regrets for the max-player as

tcnd
reg; 4(8) := max < ,Qrv > 4.3
2h,1(s) W 19 AA) L ) g;m Hh Qv ) (5)- (4.3)

The per-state regret regzg(s) for the min-player can be defined symmetrically (see (4.14) in Section 4.8). We
define the maximal regret (over the states and the two players) as reg], := maxses max;=1,2{regj, ;(s)}. An
upper bound for the per-state regrets is provided in Lemma 37 of Section 4.8, which is useful in the analysis
of Algorithm 16. We use the standard notion of

NE-gap(, v) := V" (s1) — V{“T(s1)

to measure the optimality of a policy pair (u,v). The initialization-dependent convergence rate of Algorithm 16

is as follows.

Theorem 17. If Algorithm 16 is run on a two-player zero-sum Markov game for T iterations with a learning
rate n < 1/(8H?), the output policy pair (fi, ) satisfies:
o192 LT . - n .
NE-gap(,7) < — o > 3" max (Dr(upt Cls), (1) + Drlt (1), 7 (15)))
h=171=1

In addition, if the players’ policies are initialized to be uniform policies, i.e., i}, (-|s) = 1/A and 7] (-|s) =
1/B,Vs € S, 7 € [T],h € [H], we further have

768H° log T log(AB)
T

NE-gap(f, 7) < (4.4)

Compared to existing results [121], [122], Theorem 17 directly associates the convergence rate with the
quality of the initial policy (f,7). Even when a good policy initialization is unknown and the algorithm
is initialized with uniformly random policies, our convergence rate in (4.4) still matches the best-known
result in the literature [122] except for an extra factor of O(logT'). When suppressing the logarithmic terms,
Theorem 17 immediately implies that for any € > 0, Algorithm 16 takes no more than T = 5(H 5 /) steps to

learn an e-approximate NE in an individual zero-sum Markov game.

4.3.2 Sharper Convergence with Meta-Learning

Having settled the initialization-dependent convergence in a zero-sum game, we proceed to show how meta-
learning can learn a set of related games collectively and more rapidly. We consider an online setting
with a sequence of K games G = (G,...,GX). For the max-player, let i* and i*, respectively, denote
the initial policy and output policy of Algorithm 16 on game G*. By putting together ,u;’T(~|s) over all
(1,h,s) € [7] x [H] x S, we let p*T : [F] x [H] x S — A(A) denote the best fixed policies in hindsight on G*.
Define 7%, ¥ and v*T analogously for the min-player. Let pu* = & 22{:1 pktand v = & 2521 vF1 be the
empirical averages of the best response policies. To ensure that the knowledge gained from previous games is

useful for learning future tasks, we need to impose some similarity assumptions on the games G. We consider
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the following similarity metric:

>

k=1

ol 1) + KL (l/k’THV*)) .

Intuitively, since {I/k’t}te[T] converges to an equilibrium policy for G¥ when T is large, the best fixed responses
T can be considered as an approximation of the max-player’s NE policy on G*. In this sense, ALy
essentially measures the distances between the NE policies of different games. It considers a set of games G
to be “similar” if their NE policies lie in a close neighborhood of each other. We remark that there might be
multiple NE policies (with the same value) in a zero-sum game, and A, ,, only takes into account the NE
policy pairs that Algorithm 16 actually delivers.

Our meta-learning procedure proceeds as follows: Within each game G¥, we run Algorithm 16 as our base
algorithm (4.1) to find a NE of G*. In a new game G**!, the initial policy of Algorithm 16 is given by the
following meta-updates in the outer loop (4.2), which essentially averages the best response policies of the

previous tasks under a-greedy parameterization:

G —

w\)—‘
w\)—u

k k
Z Jo, and #Ft Z W1, (4.5)

In particular, for any vector x € R?, we define its a-greedy parameterization [x], := (1 — a)x + 91 to be
a weighted average with a uniform vector 1/d € R? of a proper dimension, where o € (0,1/2). Since p*1
denotes a set of vectors, we apply the operator [-], element-wise to each of the vectors. The reason for
using a-greedy is mainly technical: KL (+]|-) is not Lipschitz continuous near the boundary of the probability
simplex, and a-greedy parameterization helps to stay a-distance away from the boundary. We are now ready

to present our sharper convergence rates for meta-learning.

Theorem 18. In a sequence of K two-player zero-sum Markov games, if Algorithm 16 is run for T iterations
as the base algorithm and (4.5) with o = 1/vV K as the meta-updates, we have

K
192H® [ A 10(A+ B)log K  16logTlog(ABK
ZNE gap k 7k) S 9 ( w,v + O( + ) 0g + 6 0g Og( )) ) (46)

K = T KH? VKH? VK
Consequently, for anye >0, T = O( ( 5~ + %\/%HZ)) steps on average suffice to find an e-approximate

Nash equilibrium in each game.

When the number of games K is large, the last two terms on the RHS of (4.6) become negligible. Hence,
compared to the best-known results 5(H 5/T) of learning each game individually, Theorem 18 implies a

significantly sharper convergence rate when the games are similar, i.e., when A, , < KH?.

4.4 Meta-Learning for Markov Potential Games

In this section, we study meta-learning for NE in Markov potential games. We show that a straightforward
refinement to the analysis of an existing algorithm [91] provides initialization-dependent bounds. Building
on it, in Section 4.4.1, we first investigate the sharper convergence of meta-learning in a sequence of similar

MPGs. Further, since there exists an optimization objective universally agreed on by all the players in an
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MPG (i.e., the potential function), we can formulate the meta-learning problem in the same way as MAML
[28]. In Section 4.4.2, by choosing a proper base algorithm, we establish the non-asymptotic convergence of
MAML in the highly non-stationary multi-agent scenario, without even imposing any smoothness assumptions
as in existing works [200], [202], [203].

4.4.1 Sharper Rates in Similar Games

To be consistent with existing results in the literature, in this section, we consider an infinite-horizon
~-discounted reward setting for MPGs [89], [91], [215], [227]. A detailed description of the setup is provided
in Section 4.9 for completeness. Equivalent results for the finite-horizon episodic setting (as we defined in
Section 4.2) can be derived in a straightforward way. We choose an existing state-of-the-art algorithm, namely
independent projected Q-descent [91], as our base algorithm (4.1). Specifically, in an MPG G*, each agent

independently runs policy gradient ascents to update its own policy for T iterations:
k:, . k, —1 — __k,t—1
™ t("s) — PrOJA(Ai) (ﬂ—i ! (‘S) +aQf (s )) ,Vt e [T}v (4.7)

where QT is the “averaged” Q-function formally defined in Section 4.9. Let ®(- ; G*) denote the potential
function of G*. Through a simple refinement of the analysis in [91], we can establish the following initialization-

dependence bound for our base algorithm (4.7).

Proposition 3. (Theorem 1 in [91]) Suppose that all players in a Markov potential game G* run independent
4
projected @Q-descent (4.7) for T iterations with o < ) Then, we have

8RN Amax
T-1
1 K(GF)(®(rkT; G*) — ®(mk0, GF))
= Y NE- k) < ’ ,
T~ gap(m™") < \/ aT(1—~)? ’

where k(G*) is the standard distribution mismatch coefficient for G* formally defined in Section 4.9.

N Amax 54q’max )
2yee?

steps to find an e-approximate NE. To show the effectiveness of meta-learning, we consider the following

Proposition 3 immediately implies that if we learn each MPG individually, it takes T = O(

similarity metric for a sequence of K games, which measures the maximal point-wise deviations of the

potential functions:
K-1

Ag = Z max ((I)(W;Gk) — ®(m; Gk'H)) . (4.8)
k=1

As for the meta-updates, we simply instantiate (4.2) as ﬂf’o — wffl’T

, which lets each agent play the
converged policy in the previous game. The intuition is that after running 7" steps on G*~!, the agents
will converge to an approximate NE policy of G¥~!. Since (4.8) requires the potential functions to be close,
the converged policy 7#~17T should serve as a good starting point to search for NE in G*. We formally
characterize such an intuition in the following theorem, which shows the sharper convergence of meta-learning

in a large set of similar MPGs (i.e., when K is large and Ag is small):

Theorem 19. In a sequence of K Markov potential games, if (4.7) is run for T iteralions as the base
k—1,T NAmaxc* (Prmax+As)

) k,0
algorithm and w," < m; K(1—7)0¢2

as the meta-updates, then, for any e >0, T = O(

) steps on

average suffice to find an e-approximate Nash equilibrium in each game.
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4.4.2 Convergence to MAML Objective

In this subsection, we study meta-learning for MPGs under exactly the same formulation as in the seminal
work of MAML [28]. Let G = {G’} be a set of different MPGs, where the games are now drawn from a
fixed distribution p that we can sample from. We consider parametric policy classes where agent i’s policy is

parameterized by 0; = {0;(a;|s) € R}ses,q,c.4,- We focus on softmax parameterization where

exp(fi(ai]s))
area, exp(0i(ai]s))”

o, (a1|s) = D

Let ¢(- ;G) denote the operator of performing one step of policy gradient update on game G, i.e., ((0;G) :=
0 + aV®(0;G), where o > 0 is the learning rate. The T-step MAML objective [28], [202], [203] can be

formulated as

max Fr(0) := Egp(g) [® (S (C(6:G)) ... ; G)], (4.9)

where 6 = (61,...,0x) € O, and the operator ((- ;G) is applied T times. Intuitively, MAML tries to find a
good parameter initialization from which running T steps of gradient ascents on any new task G leads to
well-performing policy parameters.

Similar to Section 4.2, the MAML procedure consists of two nested stages. For the inner stage (4.1), we
let each agent independently run T steps of policy gradient ascents to update its policy parameter 91@ on each
encountered MPG. It is known (Theorem 5 of [218]) that T' = O(1/£?) steps will find an e-approximate NE
for each individual MPG. For the outer stage (4.2), MAML directly performs gradient ascents with respect

to the meta-objective (4.9). The gradient of Fr can be written in closed-form as

T—-1
VFr(0) = Egp(g) l( II (7 +av?ee®; G))) veO™);G)
t=0

. (4.10)

A detailed discussion of MAML and its instantiation in our problem are provided in Section 4.9. Most
importantly, Section 4.9 shows that both the policy gradient V®(6) and the policy Hessian V2®(f) can be
written in closed-form, which allows us to construct unbiased estimators of (4.10) from samples. Despite the
fact that the learning agents update their policies independently in an intertwined multi-agent system, our
next result shows that the MAML updates converge to a stationary point of the meta-objective (4.9) in a
non-asymptotic manner. A key step of the proof is to prove (rather than assume, as in existing works [200],
[203]) that the meta-objective is Lipschitz smooth in the policy parameter §. The smoothness constant can

also be written in a closed form (Lemma 43).

Theorem 20. Suppose that the agents run independent policy gradient ascents with softmazx parameterization
on each encountered MPG as the inner stage, and perform gradient ascents w.r.t the MAML objective as
the outer stage. For any e > 0, K = (ilff)’gz iterations of MAML updates can find a policy 0* such that
IVEr(0%)|| < e, where Lg is given in Lemma 43 of Section 4.9.

4.5 Meta-Learning for General-Sum Markov Games

In this section, we consider learning coarse correlated equilibria in general-sum Markov games with no
assumption on reward structures. Similar to Section 4.3, we start by developing an initialization-dependent

algorithm, followed by investigating the sharper convergence of meta-learning.
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Algorithm 17: Optimistic Online Mirror Descent for CCE in General-Sum Markov Game
1 Input: Initial policies 7 : [T] x [H] x & — A(Aan);

2 Set stage index 7« 1, 3% <+ 1 and L, <+ H;

3 Initialize: 7 = 7Y « 7}, and Q} « 0,Vh € [H|;

a4 for iteration t < 1 to T do

5 Auxiliary policy update: for each player : € N, step h € [H| and state s € S:

#1,4(1s) = argmaxn (u, [QF i 4] (5,)) = Dl 7521 (1s);
HEA(A;)

6 Policy update: for each player i € N, step h € [H] and state s € S:

iCls) - agmarcy (u, [Q7,im L) (s:7)) = D o)
n

7 if t — ¢t +1 > L, then
8 tond g gstart ot 41, Loy « [(1+1/H)L, |
Value update: for each h € [H],s € S,a € Au,i € N:

end
tT

1 ’
Qi) e X (hi + Pal@isr imhia]) (5, @)

t'= tstzxrt

10 T+ T+ 1w, =7« 75, Vh € [H];
11 Output policy: Sample ¢ ~ Unif([T]). Output 7 := 7! as defined in Algorithm 18.

Our base algorithm for learning CC in a general-sum Markov game is presented in Algorithm 17. Similar
to Algorithm 16 for zero-sum Markov games, Algorithm 17 performs optimistic online mirror descent [114],
[115] for policy updates in order to establish initialization-dependent convergence. Algorithm 17 also utilizes
stage-based value updates to avoid the need for a complicated no-weighted-regret analysis. Different from
Algorithm 16, the output policy T of Algorithm 17 is no longer a state-wise average policy but rather a
correlated policy. The construction of 7, similar to the construction of the “certified policies” in the literature,
is described in Algorithm 18.

We introduce a few more notations to facilitate the analysis. For any correlated policy 7, we use the

notion
CCE-gap(r) := max V7~ (s1) = V7 (s1)
i€ ’ ’

to measure its distance to a CCE. Let 7 denote the total number of stages of Algorithm 17. Similar to
zero-sum games (4.3), for any (7, h, s) € [F] x [H] x S, we define the per-state regret for each player i € N as

tend
s ._ J T
e (s) = | max o §j (it =i QR i) (9)
ol Cls)EA(AY) St

where @, ; is player s Q-function estimate at stage 7. We define the maximal regret (over the states and all
the players) as

T = T .
regj, := max max{reg}, ;(s)}.

aﬂ'h —i

Finally, we define dj, ; := maxses(V,, 'y — Vﬂh)(s), and let 8}, := max;enr 0}, ;. Lemma 46 provides an upper
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Algorithm 18: Construction of 7},

1 Input: Policy trajectory {@} }pe(mter of Algorithm 17;
2 for step h' < h to H do

3 Uniformly sample j from {tb“Wt 1 t:t(‘;gt 1 ,tir(‘? s
4 Execute policy 77, for step h;
5 Set t + j;

bound of the per-state regret, which further leads us to the following initialization-dependent convergence

guarantee of Algorithm 17.
Theorem 21. If Algorithm 17 is run on a general-sum Markov game for T iterations with a learning rate
n > 0, the output policy T satisfies:

CCE-gap(7) < — Y Y max _Dg(m}{(]s), 7 ,(-]s)) + 36N?n* H*.
In addition, if the players’ policies are initialized to be uniform policies 7] ;(-[s) = 1/A;, Vi € N and n is
chosen as n = H2/3T~Y3(N —1)72/3, then we have

12N3 H3 log TlOg Amax
Ta

CCE-gap(7) < (4.11)

Compared to existing results, Theorem 21 directly associates the convergence rate with the quality of the
initial policy 7. With uniform initialization, the convergence rate in (4.11) has a slightly worse dependence
on T than the best known result O(v/NH/4/T3/4) [121]. Such deterioration is due to the potential lack of
a smoothness condition for optimistic OMD that directly connects the stability of policies to the stability of
utility functions (Lemma 47), unlike in optimistic FTRL. Although we believe that our rate in (4.11) can
almost certainly be improved via a refined stability analysis, we leave the tightening of it to our future work,
as it would be a departure from the main focus of this chapter.

Let 7% and 7%, respectively, denote the initial policy and output policy of Algorithm 17 on game G*. For
player ¢ € N/, by putting together W;j(|8) over all (7,h,s), we use 71" : [7] x [H] x S = A(A;) to denote

the best fixed policies in hindsight on G*. We consider a game similarity metric defined as

K N | K
ZZKL (7 T||7) ,Whel"eﬂ';=§2ﬂ'kT

k=11=1 k=1

The following theorem presents the convergence rate of meta-learning, which again is sharper than learning

each game individually when the games are similar, i.e., when A is sufficiently small.

Theorem 22. In a sequence of K general-sum Markov games, if Algorithm 17 is run for T iterations

as the base algorithm and the meta-updates 7F = 5 ZZ, 11[ K, M,,Vi € N are used with o = 1/VK for

(A3/2 A3/2 +H?

5+ —uEs—)) steps on average suffice to find an

policy initializations, then, for any e >0, T = O(

e-approzimate CCE in each game.
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4.6 Simulations

In this section, we present our simulation results. We first evaluate our algorithms on a sequence of handcrafted
two-player zero-sum Markov games (Section 4.6.1) and Markov potential games (Section 4.6.2). Then, in
Section 4.6.3, we further demonstrate the scalability of our methods by considering larger-scale tasks, including

a simplified version of the Poker endgame considered in [222] and a 1D linear-quadratic tracking task [229].

4.6.1 Zero-Sum Markov Games

We first evaluate our meta-learning procedure presented in Section 4.3 on a sequence of K = 10 two-player
zero-sum Markov games. We generate a sequence of K similar games by first specifying a “base game” and
then adding random perturbations to its reward function to get K slightly different games. For our base
game, we consider a simple zero-sum game with two states S = {so, s1}, where each player has two candidate
actions A = {ag, a1} and B = {bg, b1 }, respectively. The reward matrices for the max-player at the two states
are given in Table 4.1. We add independent A(0,0.1) Gaussian perturbation to each entry of the reward
matrix to generate K = 10 slightly different games.

50 ‘ b b 51 ‘ bo b
ap | 0.5 0 ap | 0.5 O
ap | -1 0.5 a; | 0.2 1

Table 4.1: Reward matrices for the max-player in the base game.

To better visualize the similarity level of these games, we plot the NE policies of the two perturbed matrix
games in each of the K = 10 games. In particular, let u* = (ug, p3) € [0,1]% and v* = (v§,v5) € [0,1]?
denote the NE policies of the two players in a certain game. Since p§ + p7 =1 and v§ + vf = 1, it suffices
to simply use the two values pf € [0, 1] and v € [0,1] to characterize the NE policies. Figure 4.1 (c) plots
the relative position of the (uf, vy) pairs of the K x 2 games in the space of [0, 1] x [0, 1] to illustrate their
closeness, where the [0, 1] x [0, 1] space is large enough to cover all possible zero-sum games of the same form.
We note that Figure 4.1 (c) only plots the NE pairs with respect to the perturbed matrix games as defined in
Table 4.1. Due to the existence of the state transitions, the NE policies with respect to the stage Q-functions
can be more diversified. In this sense, we can see that our similarity assumption of the games is not too

stringent, as it allows the games to have relatively diverse NE policies.

2 1.00
‘\\\ ----Individual NE-gap = oo
Q‘l‘ ) —— Meta-learning NE-gap et e 0.751 .-:.. .
o) o1 .
& 2! g £0.501
= 21 > 4 L
// ----Individual value 0.251 e  State 59
04 -~ —— Meta-learning value - State s;
0= : : : : . . . . . 0.00 : : : :
0 250 500 750 1000 0 250 500 750 1000 0.0 0.2 0.4 0.6 0.8 1.0
Iterations Iterations o
(a) Zero-sum game NE-gap (b) Zero-sum game value (¢) NE visualization

Figure 4.1: Average (a) NE-gaps and (b) values of the policies output by individual learning and meta-learning
in zero-sum Markov games. Shaded areas denote the standard deviations. (c¢) visualizes the NE policies of
the K games in the normalized space [0, 1] x [0, 1] to illustrate their closeness.
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The state transition function is defined as follows: In both states sy and sp, if the two players take
matching actions (namely (ag, bg) or (a1,b1)), the system stays at the current state with probability 0.9, and
transitions to the other state with probability 0.1. On the other hand, if the two players take opposite actions
(namely (ag,by) or (a1,bp)), the environment will stay at the current state with probability 0.1, and will
transition to the other state with probability 0.9.

Each of the K games lasts for H = 10 steps, and we run our algorithm for 7" = 1000 iterations on each
game. We use a learning rate of n = 0.02 for Algorithm 16. We evaluate the convergences of the algorithms
in terms of NE-gap(u,v) := V; " (s1) — V{*T(s1), which measures the distances from the output policies to
each agent’s best response policy. Figure 4.1 (a) compares the average NE-gap over the K games between
individual learning and meta-learning. Figure 4.1 (b) further compares the average values achieved by the
two methods. We see that compared to learning each task individually, meta-learning can utilize knowledge
from previous tasks to attain better policy initialization in a new task and converges to an approximate NE

policy (and value) using much fewer iterations.

4.6.2 Markov Potential Games

We now evaluate our meta-learning algorithm from Section 4.4 on a sequence of Markov potential games. We
illustrate our algorithm in cooperative games, an important class of MPGs where the agents share the same
rewards. We again generate a sequence of K similar games by first specifying a base game and then adding
random perturbations to its reward function to get K slightly different games. Our base game has two states
S = {s0, s1}, and each player has two candidate actions A = {ag, a1} and B = {bp, b1}. The shared reward
matrices for both players at the two states are given in Table 4.2. We add independent A (0,0.1) Gaussian

perturbation to each entry of the reward matrix to generate K = 10 slightly different games.

S0 ‘ bo bl S1 ‘ bo bl
ap | 0.1 0.5 ap | 0.8 0.2
ap | 05 1 a; | 0.2 0.8

Table 4.2: Reward matrices for both players in the base game.

The state transition function is defined in the same way as in Section 4.6.1: In both states sg and s1,
if the two players take matching actions (namely (ag,bg) or (a1,b;)), the system stays at the current state
with probability 0.9, and transitions to the other state with probability 0.1. On the other hand, if the two
players take opposite actions (namely (ag, b1) or (a1, bg)), the environment will stay at the current state with
probability 0.1, and will transition to the other state with probability 0.9.

Each of the K games lasts for H = 10 steps, and we run our algorithm for 7" = 1000 iterations on each game.
We use a learning rate of @ = 0.05 for the independent projected Q-descent algorithm (4.7). We evaluate
the convergences of the algorithms in terms of NE-gap(u,v) := 3(V;""(s1) + V{*¥(s1)) — V*"(s1), which
measures the distances from the algorithm’s output policies to each agent’s best response policy. Figure 4.2
(a) compares the average NE-gap over the K games between individual learning and meta-learning. Figure 4.2
(b) further compares the average values achieved by the two methods. Again, we see that meta-learning finds
better policy initialization in a new task and converges to an approximate NE policy (and value) using much

fewer iterations.
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Figure 4.2: Average (a) NE-gaps and (b) values of the policies output by individual learning and meta-learning
in Markov potential games. Shaded areas denote the standard deviations.

4.6.3 Scalability

To demonstrate the scalability of our algorithms, we further provide simulation results on some larger-scale
tasks including a Poker endgame and a 1D linear-quadratic tracking task.

The Poker endgame that we consider here is a simplified version of the one used in [222]. We use a public
River endgame (“Endgame A” of [222]) that was released in the Brains vs Al competition [3]. This task is a
zero-sum game with 2 players and roughly 1.7 million states. We simplify the game setup by restricting to 2
actions (namely calling and folding) for each player. Poker is a partially observable game, but we found that
our algorithm still performs well if each agent simply uses its local observation as the state. We generate a
sequence of K = 10 similar games by adding A/(0,0.5) perturbations to the normalized stack amounts of the
players, which essentially perturbs the reward functions. The convergence of the average NE-gap over the K
games in Figure 4.3(a) shows that our method can handle such a large state space, and our meta-learning

method can converge to an approximate NE policy faster than individual learning.

067 . 1.5 -2
s, "7~ Individual NE-gap ~~-___ - Individual NE-gap /,/
N " —— Meta-learning NE-gap a 1.0 —— Meta-learning NE-gap —41
& Tl [T = ] =l
o 041 S~=lo 50 el = =
= S =Saaay = T > =
M Z0.51 \ —61 _ ~== Individual value
_-==77 —— Meta-learning value
0'24 T T T T T T T T T T T
0 25000 50000 75000 100000 0 2000 4000 0 2000 4000
Iterations Iterations Iterations
(a) Poker endgame NE-gap (b) LQ tracking NE-gap (c) LQ tracking value

Figure 4.3: Average NE-gaps and values of the policies output by individual learning and meta-learning in
the Poker endgame and linear-quadratic tracking task. Shaded areas denote the standard deviations.

In the 1D linear-quadratic tracking problem, each agent tries to track the positions of the other agents and
stay close to them. We adopt the discrete setting as has been utilized in a few recent works [229]-[231], which
is an approximation of the classic continuous linear-quadratic formulations. This task has primarily been
formulated as a mean-field game, but we consider a finite-agent variant of it in our simulations. Specifically,
the task we consider can be modeled as a Markov potential game with 4 players, 625 states, and a joint action
space of size 81. For each agent i, let s;; € S; and a;; € A;, respectively, denote its local state (i.e., position)

and local action at time step ¢, and we write s; = (s¢1,...,5¢4) and a; = (ag1,...,a¢4). Each agent has
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3 candidate actions A; = {—1,0,1} and can stay at 5 different positions & = {—2,—1,0,1,2}. The state
transition of agent 4 is given by s;41,; = S¢,0 + ae i Ay + oee/Ay, where A, is the time duration, and &, is the
i.i.d. noise taking values from {—2,—1,0, 1,2} following a normal distribution. Let p; denote the empirical
mean of all the agents’ positions at time ¢, i.e., s = % Z?Zl st4. The reward function for agent 7 is specified
as r;(s,a) = (—%af,i — (e — 5¢,4)*)A¢. Intuitively, this reward function incentivizes agents to track and stay
close to the population (despite the random drift £;), but discourages agents from taking large-magnitude
actions. We do not consider terminal costs in our simulations. The parameters are set as Ay = 1,0 = 1,
and x = 0.5. We generate a sequence of similar games by adding N(0,0.5) perturbations to the local state
transition drift magnitudes. Figures 4.3(b) and 4.3(c) demonstrate that our meta-learning method achieves

faster NE-gap and value convergences than individual learning in the linear-quadratic tracking task.

4.7 Technical Lemmas

Lemma 30. Let z,y € R? be two probability distributions lying in the d-dimensional simplex for d > 2. For
o €(0,1/2), let [z]o = (1— )z + 21 denote a weighted average between x and a uniform vector 1/d € R? of a
proper dimension. Denote by KL (z||y) the Kullback-Leibler divergence between x andy. If y; > «/d, Vi € [d],
then we have

L (z]ly) < KL (Z|ly) + 4aIn g.

Proof. From the three-points identity of the Bregman divergence (Lemma 3.1 of [232]),
L (zlly) — KL (Z|ly) = KL (z]|Z) + (InZ — Iny,z — &) (4.12)

The first term in (4.12) can be bounded by

L(z||z) = Zml ln sz ln

M&
E
[ | =
Q

E
d i=1

By the Holder’s inequality, the second term in (4.12) is bounded as
(InZ —Iny,z —2) <|Inz —Iny| |z — 2|, - (4.13)

We handle the two terms in (4.13) separately. First,

i 1- % d
<supmax{lnl y}glnmgln,
i€(d] Yi T a/d o

lnx—

|[InZ — Iny|, = sup
Yi

i€[d]

where the second to last step uses the facts that o/d < #; <1 and o/d < y; < 1,Vi € [d]. The last step is
simply due to the fact that d > 1. To bound the second term in (4.13), notice that

le =&, = lle = (1 - @) — a1/d], = alz — 1/d], < 2.

Putting everything together, (4.12) can be bounded by

1
KL (z]|Z) + {(InZ —Iny,z — Z) < In —|—2alIlé < 042—|—0¢—&—2041ng < 4(leng7
11—« « a a
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where the second to last step is derived using the Taylor expansion, and the last step holds due to the
assumptions that o € (0,1/2) and d > 2. This completes the proof of the lemma. O

Lemma 31. (Proposition B.1 of [208]) Let R: © — R be 1-strongly convex with respect to ||-|| and consider

any by,...,0k € ©. Then, when run on the loss sequence ay Dgr(61,),...,axDr(0k,) for any positive scalars
aq,...,ag € Ry, the follow-the-leader (FTL) algorithm obtains regret

K
Oéin

reg < 2CD —
1 Qk 2 ZZ/:ll Q!

)

for C such that ||0|| < C|0|,,V0 € ©, D = maxg gco ||0 — 0’|, the L2 diameter of ©, and Gy, the Lipschitz
constant of Dr(0k, ) over © with respect to ||-||.

Lemma 32. (Lemma 2 of [202]) For any i € {1,...,n}, let f; : R4 — W, be a continuous function
with W; € {R, R4 R4 RIX4Y sych that g(0) = fn(0) ... f1(0) is well-defined. Suppose f; is B;-bounded
and L;-Lipschitz, i.e., || f:(0)|| < Bi and ||fi(0) — fi(0')|| < L; |0 — 0'||,¥0,0" € R? for some non-negative
constants B; and L;. Then, g(8) is Lipschitz with constant Ly = > . (L; [z Bj), i-e., [lg(60) —g(0")]| <
Ly |60 — 0| ,v0,0" € RY.

Lemma 33. (Lemma 3 of [202]) For any i € {1,...,n}, let fi : R* = R™ be a continuously differentiable
function that is By-bounded and Ly-Lipschitz continuous. Let p(-;0) be a distribution on {f;}7—, where the
probability of drawing f; is p(i;6). Suppose there exists a non-negative constant B, such that |[Vglogp(i; 0)| <
By, for any i and 0. Then, the function g(0) = Ep0)[f(i;0)] is Lipschitz continuous with constant By B, +Ly.

Lemma 34. Consider a block diagonal matriz C' that is a square matriz such that the main-diagonal consists
of N block matrices A; € R x4 Ay € RINXAN and all off-diagonal blocks are zero matrices. Then, it
holds that ||CH S maxij<i<nN HAZH

Proof. We prove the lemma via induction on N. For the induction basis N = 2, we need to show

Ay

o || =m0

i

2 2 2 2 2 2 2 2
= [[Avz]]” + [[Agy | < [|AL[" [J]]” + | A2]]” [ly[|” < max{{|Ax[]”, [[A2[]"},

I1C —‘

2

To see this, let z € R% and y € R be such that = ||lz||* + |jy|I* = 1. Then, by the definition of the

matrix norm,

el

where the last step uses the fact that ||z||> 4 ||y|® = 1. This completes the proof of the induction basis
N = 2. Now, suppose that the lemma holds for N = k — 1. We next show that it also holds for

A, 0 ... 0
0 A2 e 0 . . Ok—l 0

N=k Let C=| . . . Note that we can rewrite the matrix as C = e where
0 0 ... A
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A . 0

Cra=1|: -, is a block diagonal matrix consisting of k& — 1 matrices. Invoking the induction

0 ... Apa
hypothesis for N = k — 1, we know that ||Cyx_1| < maxi<;<g—1 ||4il|. Finally, using the induction hypothesis

for N = 2, we conclude that ||C| < max{||Ci-1]l, ||Axl|} < maxi<;<g ||A;|. This completes the induction
proof. O

Lemma 35. Consider a block matriz A(0) with N x N blocks parameterized by 6 € R%:

A11(0) ... Ain(9)
A(0) = : : ;
An1(0) ... Ann(0)
where A; j(0) € R%*4i ¥l < 4,5 < N and d = Zf\il d;. Suppose that the norm of each matriz block is
Lipschitz continuous with respect to 0, i.e., ||A; ;(0) — A; j(0')]] < Li; |0 — 0'||,¥0,0' € R:, 1 <4,5 < N. Let
L =max{L;; :1<4,j <N}. Then, the norm of A(0) is also Lipschitz, i.e.,

|A©) — A@)|| < NL|o - 0']| 0,6’ € R™.

- T
Proof. Let * € R? be a vector such that z = |z z] ... x;} and ||z||* = Zfil |2;]|> = 1, where
x; € R% V1 <i < N. We have )

1 (A15(0) = A15(07)

Pyl
1(A(9) — A@0"))z|® = :
Z L (AN (0) — An j(0')) 5

(A1(0) — Asy @) 2 |

.iz
R

2
P
M=

s
Il
-

<.
Il
—

©
I

<
I
—

1(As5(0) — Ay (0')) 2]

145,5(0) — Ai s (O] [l

™=
M=

<N
1

7

<.
Il
—

where the first inequality follows from the Cauchy-Schwarz inequality, and the last step is due to the definition
of the matrix norm. Applying the Lipschitz continuity of each matrix block || 4; ;(0) — A4; ;(6")|] < L; ; |16 — ¢'||
yields

N N
1(A0) — A@))x]* <N DS A (0) — Ay (0] [l

i=1 j=1

N N
2
SNY S LZ 0 —0] |l
i=1 j=1

<N2L2||6 - 0'|,

where the last step uses the facts that L; ; < L,V1 <4,5 < N and Zjvzl |, H2 = 1. Since the above condition
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holds for any vector « with ||z|| = 1, we know from the definition of the matrix norm that
JA(0) — A@)]| < NL|j0—0'],%6,0' € R4

This concludes the proof for the Lipschitz continuity of A(6). O

4.8 Proofs for Section 4.3

4.8.1 Proof of Theorem 17

We introduce one more notation before presenting the proof. For each iteration ¢t € [T] and step h € [H],

define the Q-function estimation error as

= 1Qr" = Qflloo-

Note that since Algorithm 16 performs stage-based value updates, the value estimation error d; does not
change within a stage 7(t); that is, 6!, takes the same value for all ¢ € [t5*art, tend]. For this reason, we will
sometimes abuse the notation and simply use ¢; to denote the estimation error for a stage 7. In the rest of
this chapter, we will write §; and 6!, interchangeably since one of them will be more convenient than the
other in certain contexts.

Further, recall that for any (7, h, s) € [T] x [H] X S, the per-state regrets for the two players are defined as

tend
reg; 1(s) := max < —u7Qu>
h,l() ”eAA)L ;” wy hy WhVh (s),
tcnd
T 1 j T T j
reg], o(s) = max 7o 3 <yg_yhh( h)T,ufl>(s). (4.14)
v EAMB) HT st

Note that the best response policies i’ T(-|s) and V;;’T(-|S) should be state-dependent, but we will oftentimes
omit the dependence on s for notational convenience. This leads us to the initialization-dependent convergence
rate of Algorithm 16, which we re-state and prove as follows.

Theorem 17. If we run Algorithm 16 on a two-player zero-sum Markov game for T iterations with a

learning rate n < 1/(8H?), the output policy pair (i, 7) satisfies:

3 H 7T
19? > max (DR(uZ’T(-Is),ﬁMIs)) + Dr(vy (s), 17,:(.|s))) .

h=171=1

NE-gap (i1, 7) <

In addition, if we initialize the players’ policies to be uniform policies, i.e., i}, (-|s) = 1/A and 7] (-|s) =
1/B,Vs € S, 7 € [T],h € [H], we further have

768 H" log T log(AB)

NE-gap(j, 7) < T

Proof. The proof of the theorem follows from a series of lemmas, which we state and prove in the next few
subsections. In particular, we first show in Lemma 36 that upper bounding the NE-gap breaks down to

controlling the per-state regrets regj ;(s) + regj, ,(s) and the value estimation errors 67, in a similar fashion
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as in the analysis of [122]. For this purpose, Lemma 37 provides an upper bound on the per-state regrets,
while Lemma 38 and Lemma 39 together bound the value estimation error via a recursive argument. The
rest of the proof follows by putting all the aforementioned results together.

Specifically, for n < 1/(8H?), by plugging in the results of Lemma 37 and Lemma 38 to Lemma 36, we
obtain that

L2
NE-gap(ii, ¥) < ZL max (regf, 1 (s) + regf (s ZZL o
h=171=1 h 17=1
_16H? T o .
<X 30 3w (Palu )+ Dlof 77 C15)
h=171=1

H

].92H ZZ Z max(DR M;/thhT ~;’Llh+h(| ))+D ( T— h+hT?l)}7L—’ h+h(‘8)))

h=17=1h'=h+1

7

192H2 . . - .
TS wma (D ™ R Cs)) + Do 5T ()
h=11=1h'=h

H 7

S max (Dalup 77, (19) + Dr( 77 (15))) | (4.15)

h=171=1

192H3

where the last step is by switching the order of counting. This proves the first claim in the Theorem.

We now proceed to establish the second statement. Recall that we chose the negative entropy as the
regularizer R. In this case, the Bregman divergence Dg(-,-) reduces to the Kullback—Leibler divergence.
Since ,u,TL’T lies in the simplex, when we initialize i} (-|s) = 1/A to be a uniform distribution, we naturally
have Dp(upt, 7 (-|s)) < log A,Vs € S, h € [H]. A similar result holds for D(v;'", 57 (-|s)). We can hence
obtain that

max (Dr(ur ', 5, (1s)) + Dr(vy ', 7 (15))) < log(AB). (4.16)

To prove the statement, it remains to upper bound the total number of stages 7. Recall that we have defined
the lengths of the stages to increase exponentially with L.y; = |(1+ 1/H)L,]. Since the 7 stages sum up
to T iterations in total, by taking the sum of a geometric series, it suffices to find a value of 7 such that
(1+1/H)™ > T/H. Using the Taylor series expansion, one can show that (1 + +)% > e — 5% Hence, it

reduces to finding a minimum 7 such that
e \N/H T
- — > —. 4.1
(e QH) “H (417)

One can easily see that any 7 > lfgl((;g/QT) satisfies the condition. Together with (4.15) and (4.16), we obtain

that

768H° log T
T
This completes the proof of the theorem. O

NE-gap(j, ) < log(AB).

4.8.2 Supporting Lemmas for Section 4.3

Before presenting the supporting lemmas of the section, we remark that we will reload the notations pf,
and v} with some slight abuse of notations. Specifically, when ¢ is the last iteration of a stage, u} can be

used to denote not only the policy at iteration ¢, but also the initial policy of the next stage (see Line 10 of
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Algorithm 16). In the following proofs, it should be clear from the context which specific policy pf, refers to.

A similar rule applies to v}.

Lemma 36. Let (i, ) be the output policies of Algorithm 16. Then,

7

H
NE-gap(ji, 7 <—ZZL max (regh 1 (s) + regf o(s +;ZZL75h
h=171=1

Proof. From Lemma C.1 in [121], we know that

NE_gap(ﬂv 17)
=V (s1) = Vi (s1) + Vi (1) — VT (1)

>

— My, sV

H T
:2Zmax{max T Z [ s Qnvh) — ( ;Lw (QZ)TM@} (S)}

H
<22max{HT13X [<NhthVh> <V}T17 (Q;L)Tﬂh>:| (5)}

h=1 “h’Vh t=1
H 1 T 9 H T
t T(t
<2Zmax{ma§TZ[uh,@h uh) = wh (@) )| <s>}+TZZfsz, (4.18)
h=1 W t=1 h=1t=1

Where the last step is by adding and subtracting the estimated values Q;(t), and invoking the definition that
= HQT(t) Q;|l . To further bound the first term in (4.18), notice that

max{max % Z [ uh,Q Z(t),/}‘;) <1/,TL,( ;(t))mﬂ (S)}

=1
7 tend
1 T
<pdomaxd max S0 [ Qi) - 07 @) )] (9
=1 Ky 5V j:titart
1 T
ST TZ::ILT max (regﬁ71(s) + regﬁ,z(S)) . (4.19)

The first step holds because the LHS uses a fixed pair of best responses (,u;‘L, I/,D for the entire T iterations,
while the RHS uses a separate best response pair (,uh’T, vy ) for each individual stage 7 and then puts them
together. The RHS clearly upper bounds the LHS as the RHS maximizes over each stage separately. The last

step in (4.19) holds due to the definitions of regj ,(s) and regj ,(s) that

end
tT

D D (AR AR ANCANTAILC)

start
Jj=t3

regj, 1(s) 4 regj o(s) = max,

Pn

:-|><

To control the second term in (4.18), we use the fact that with stage-based value updates, the value estimation

error 6/ does not change within a stage. Therefore,

H T tend
%ZZ - TZZ 3 szZZL 5. (4.20)
h=1t=1 h=171=1j = tstart h=11=1
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Finally, substituting (4.19) and (4.20) back to (4.18) completes the proof. O

Lemma 37. For every stage T € N, every step h € [H| and every state s € S, the per-state average regret
1s bounded by:

end

. 1 . MH? - - 2
reh 1 () <o Dl G + T 3 A1) = 1)

j:titm“t
tend
1 i . ) 2
J Jj—1
—8,7LTj_tZW!uh<-|s>—uh aple (421)
’ 9 end
" Lt ey 2R S VNN
regh o(s) <——Dry 7 (1) + 2 Y i 19) =l M 19),
T T j:t:_tm‘t
tend J 9
877L Z ] s)—vi (.\3>H1. (4.22)

tstmt

In particular, for n < 1/(8H?), we further have

regf 1) + e o(s) <~ (Dl i C19) + Dl 7 1s)

end

T 3 . X . .
=3 T (ls) ~ A IR+ I Cls) — T CIR) - a28)

. T
—¢start
Jj=t¥

Proof. We prove the regret bound for the max-player, i.e., reg;’l(s). The bound for the min-player holds
analogously. Notice that the policy update steps in Algorithm 16 are exactly the same as the optimistic
online mirror descent algorithm [114], [115], with the loss vector g* = [Q}v}](s, ) and the recency bias
Mt = [Q;;I/Z (s, -). Since our stage-based value updates assign equal weights to each iteration, we end up
with a classic no-(average-)regret learning problem instead of a no-(weighed-) regret learning problem as in
[121], [122]. This allows us to directly apply the standard optimistic OMD results (e.g., Lemma 1 in [114]
and Proposition 5 in [115]) to obtain

2Send
1 T
vegh (s) = max — Y (upt —ul Qhvd) (5)
I»‘J;;’ EA(A) Hr j=tstart
tcnd
1 4 o N . e 2
<op D mCe) + 75 D @R - @i | (4:24)
T Tj:t‘srtart o0
tend
1 i . . 2
J Jj—1
“ar, 2 el - aple (4.25)

tstart

To further upper bound the term in (4.24), notice that

|[@rvi — @rd ) )| <282 1) - 1 9)]

where we used the Holder’s inequality and the fact that [|QF (s, )|, < H. Substituting the above result back
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to (4.25) yields

tend
1 T, ~T 77 C j j—1 2
regha(s) < - Drlap AECIS) + 7= D0 2B L) w7 L)
T T thitart
1 t(;nd )
J Jj—1
R CAREENIE
j= :tart

This completes the proof of (4.21). The regret bound in (4.22) can be shown via symmetry.
Combining (4.21) and (4.22) leads to

regy, 1(s) +regj o(s)

(Datur s i (1)) + Da(vy ', 77 (41s)))

end

w2 (B o) (A6~ s+ i ls) — 1))

s —¢start
Jj=t

<
“nls

When 7 < 1/(8H?), we further have

reaf, 1 () + regf o(s) <~ (Drlip’, #7(15) + Davy!, 77 (1s) )

end

- 3 . . i j
= T (W) — o AR ) — s ()R

T

nLr

j:tita”’
This completes the proof of the lemma. O

Lemma 38. Withn < 1/(8H?), for any iteration t € [T| and any step h € [H], we have that

H

5 < 12

T max (Dp(ur " g O ) 4 DT O s )
T h =

h' » Y h!
h+1

Proof. In the following, when we consider a fixed iteration ¢ € [T], we drop the notational dependence on ¢
and simply use 7 (instead of 7(t)) to denote the stage that iteration ¢ belongs to. For any h € [H — 1], we can
use Lemma 39 (similar to Lemma C.2 of [121]) to establish the following recursion for the value estimation

€error:

0, < 0451 +regpi, (4.26)

where recall that regj = maxses{regj ,(s),reg] 5(s)}. Using Lemma 37, we can upper bound the individual

regrets regj | (s) and regj ,(s) by

. 1 oo 2nH? j j-1 ?
regh1() <Dl LG + T X0 [ 19 —n )] (4.27)
T T j:tf_ta”
9 end
. 1 rt g 2nH / -1 :
regha(s) < - Dr(7 A0 + =g 2 |luhC 1) = 1) (4.28)
T T j_titart
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where we have dropped the negative terms in (4.21) and (4.22). Following a similar approximate non-negativity

argument as in Lemma 5 of [122] (reproduced in Lemma 40 for our stage-based approach), we obtain that

regf, 1 (s) + regj o(s) > —267.

Together with (4.23) in Lemma 37, we obtain that

end

25 (1)~ IR + i (ls) - i IR

j—¢start
J=t7

5T 1 7 ~1 Tt ~7
<o+ amer (Prls ) + Dre7T 7 ()

Since the above inequality holds for any state s € S, substituting it back to (4.27) and (4.28) yields

3 o7
reg, < mux o (Dl AR C1s) + DaCy T (1) + 3. (429)
We can further substitute the regret bound above back to the recursion 4.26 to get that
T ~T LT ~7 T
< g ma (D )+ Dei T Cs)) + (L o (@30

where we used the fact that the value estimation error 4], does not change within a stage 7 since we perform
stage-based value updates. Using a backward inductive argument (starting from the induction basis that

07 = 0,¥7), the above recursion in (4.30) leads us to the following result:

H h'—h—1
3 1 =R +ht ~r—h'+h Th+hT~hh
5T < 7 (14 = (D ; + , T + D T + )
<3 s (1) e (Dl ) + D )
3 - 1)t B +h,t B +h Wokht pr—h'+h
< - T ~T— 7' ~7'
oo 2 (1) mex (DeGui M ) + Dl (1s))
h/=h+1
H 2H
3 1 TR ht ~r— TR +ht
<ol 2 (1+H> max (Dr(uf, " 7 C|s) + Drlup M T ()s)))
T i
H
12 ; - . —
<% max (D (g, " R C|s)) + DT R s)) ) (4.31)
T h=h+1

where the second step uses our choice of the stage lengths that L,y = |(1+ 1/H)L,], which further implies

that ’
S W=h
LT—h/-'rh e H ’

The last step in (4.31) is due to the fact that (1 +1/H) < e a 2.71828. This completes the proof of the

lemma. O

Lemma 39. (Value estimation error recursion) For any iteration t € [T] and any step h € [H], we have the

following recursion for the value estimation error &}, :

5t < 62& + regh(t) v
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Proof. The proof essentially follows a similar procedure as that of Lemma C.2 in [121]. Let 7 = 7(¢). For any
(h,s,a,b) € [H] xS x A x B, we know from the definition of @} that

*(s,a,b) =rp(s,a,b) + max min Py (), QF. v s,a,b
Qh( s Uy ) h( s Uy ) fins1 EA(A) vni1 €A (B) h [/’[’h-i-lQhJ,-l h-‘rl]( 5 Uy )
1 5
grh(&aﬂb) +maXPh NZ+1QZ+1 T Z V}]H-l (Saau b)
Hht1 LT_ . __gstart
J=t2Y
i) _
Srh(saaab) + max Z Ph [M;+1Q;;+ll/iz+1i| (Saa,b)
pht1€ Ly _q .
j=tstart
i
<ru(s,a,b) + max S (Pl Qi ] (s.a) + Qi — @57 )
#h+1€ LT*I j—¢start
J=

end
[

s _ystart
-]_tr— 1

Vi+1(~|8) € A(B). Using the definitions of reg;ﬁ and

where the second step holds because + 1_1 >

6771, the above inequality further leads to

h+1°
1 5 ) )
QZ(Sv a, b) STh(87 a, b) + 1 E Ph {(,ui+l)—r 2;%”%4'1] (87 a, b) + 5;;% + reg;j&
T— . .
j=tarert

<Qi(s,0,b) +675) + regi
where the last step is due to the value update rule in Algorithm 16. This implies that
Qi(s.a.b) = Qf(s,,b) < &7 +regj
Using a similar argument, we can show a symmetric result for the min-player:
Qr(s.a,b) = Qi (s,,b) < 8] +regf 1y

Combining both directions yields the desired result. O

Lemma 40. (Approzimate non-negativity) For any T € [T] and h € [H|, we have that
regj, 1 (s) + regj (s) > —267.

Proof. This lemma can be considered as a stage-based variant of Lemma 5 in [122]. From the definitions of
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reg], | (s) and reg] ,(s), we have that

reg;—z,l(s) + regﬁ,z(S)

- 3 (o)~ (@) o
t;“d
mlz CRLOMTEE
S ((i" (@R = Qi) = (v (@R~ Q)T <s>]
_mel Z ((mit i) = (vt @) Tih)) ()] — 207, (4.32)

where the second step is by adding and subtracting the same term, and the last step uses the definition that
end . end
o, = Q7 — Qrll.- Since both L% Z;T:t?,}a“ iy, (-|s) and L% Z;* pstart vl (-|s) are valid probability distributions

over the action spaces, the first term in (4.32) is always non-negative:

tend
1 = ;
Tt *
Il DO (AR AR CANCARENIE
h "h j:tita”'
tend tend
1 - ; 1 - ;
_ j _ 2 J
= TﬂTla)fT <Mh th< L. Z Vh)>(5) <Vh a(Qh) ( L. Z Mh>>(3)
MKy sV, j= t:‘_tart j:t:'_tart
tend teud teud tend
G _ (1 ¢ _ G _ . G _
z<<L S o)t S yz)><s><(L > )@ (L % uz)><s>
T j=tstart T j=tstart T j=tstart T j=tstart
=0.
Plugging the above inequality back into (4.32) completes the proof. O

4.8.3 Proof of Theorem 18

Proof. First, recall the definitions of (fi*, %), (@*,7*) and (u*t,v®T). Since we use a negative entropy
regularizer R, the Bregman divergence Dg(-,-) reduces to the Kullback—Leibler divergence. Using these
notations, our convergence results of learning in an individual zero-sum game G* (Theorem 17) can be written

more succinctly as

_ 192H3 - -
NE-gap(zi*, o*) < T (KL (p™1)|*) + KL (V& 1)|5%))
where for ease of notations, we write
H 7T
KL (%) = 375" maxKL (™ (ls)llf (1s))
h=171=1
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Here, ,u’“c "1 (.|s) represents the value of ,u;T(-|s) in game G*. The notation Dg(v*T, 7*) can be decomposed

in a similar manner. By running Algorithm 16 on a sequence of K games, we have that

192H3 &

(KL (51| %) + KL (V51]|7%)) . (4.33)

K
ZNE gap(fi*, 7¥) <
k: k=1

In the following, we will focus on the term for the maximizing player in (4.33). The results for the minimizing
player’s term can be obtained via symmetry.

Recall the notation that [x], = (1 — a)x + §1 for x € R?. By applying this notation entry-wise to each
probability distribution in z®! and invoking Lemma 30, we obtain that

1 & K A
}E KL ("1 a%) § )+4H%alna. (4.34)
k=1 k:

Notice that the conditions of Lemma 30 are satisfied here because we select our initial policies to be

k= ﬁ Z,_:ll [11*"1]., which assigns a probability of at least a1/A to each action. Adding and subtracting

the same term leads to

K K
S KL (1], ) mmZKL o) i S (KL (o) = KL (1)
k=1
< mgnZKL (i all) + SR (4.35)

where the minimum g is taken over all policies of the form of p : [T] x [H] x & — A(A). We now turn to
establish the second step in (4.35), which reduces to bounding the following regret where the loss functions

are given by the Bregman divergences:

K

reg = min » _ (KL ([u*a i) = KL (["Talp))

It is known that the unique minimum of ZZ, 1 KL([p k"T] 1) is attained at + ZZ/=1 [11*" 1] (see Proposition 1
of [233] for a proof of this claim). Therefore, by letting i* = 15 Zk, 1[ K T]a, we are essentially running the
follow-the-leader (FTL) algorithm (separately for each entry (7, h, s) € [T] x [H] x §) on the sequence of losses
defined by Zle KL([1/*1]4]]-). We can then invoke the logarithmic regret guarantee of FTL with respect to
Bregman divergences, which was established in [208] and was reproduced as Lemma 31 in Section 4.7 for
completeness. To show that Lemma 31 is applicable, we remark that the Kullback—Leibler divergence is
not Lipschitz continuous near the boundary of the probability simplex, which breaks condition required by
Lemma 31. However, by restricting to policies of the form [u]o = (1 — a)u + §1, which is at least §-distance
away from the simplex boundary, the Kullback—Leibler divergence is indeed Lipschitz continuous Wlthm this
&-restricted domain. One can show that the Lipschitz constant of each entry of KL([u*T]o]|-) is 24 within
the §-restricted domain. This allows us to apply Lemma 31 to obtain the result in (4.35).

Moving forward from (4.35), we again apply the property that the unique minimum of Zle KL([e*1all)
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is attained at p = & Zszl[,uk’T]a, which leads to

(%

K K
S KL ([ al#) <minS KL (a4 ]0) + SALE RO
k=1

8A1+In K
| B0 E)

=

(1—a) > KL (p"Tu*) + M, (4.36)

(0%
k=1

IN

where the second step uses the definition that pu* = % Zszl pt, and the last step is by the (joint) convexity
of the Kullback-Leibler divergence. Substituting (4.36) to (4.34) yields

K K
1 A(1+an) _ A
il KL (g~ "t il kT 2 T L AHAaln =
K k§:1 ( ||,u K g ||,u Ko +4H7Taln 5

By a similar argument, we can show an analogous result for the minimizing player:

=

K
1 . it 8B(1 + InK) B
?ké_lKL (1/ ||U S kE_ ||V T +4HTO(II'IE

Substituting the above results back into (4.33) and using the definition

Mw

Ay, =

s

(KL (7)) + KL (VT )|1p*)),

el
I

1

we obtain that

K
192H3 10(A+ B)In K AB
E NE-gap(i*, o) < ) (A#,U+M+4KHTQIH2)
k: KT o «

Further using the conditions that o = 1/v/K and 7 < 4H log T (see (4.17) for a proof) yields

K 3 )
ZNE gap(i, ) <1221 (AW L 10(A+ B)log K 16H longog(ABK)>.
T Ak VK VK

k:

This completes the proof of the theorem. O

4.9 Proofs for Section 4.4

4.9.1 Definitions

To be consistent with existing results in the literature, we consider an infinite-horizon ~y-discounted reward
setting for MPGs [89], [91], [215], [227]. An N-player, infinite-horizon, discounted stochastic (or Markov)
game G is defined by a tuple (N, S, {4}, P, {r:i}¥,,7,p), where (1) N' = {1,2,..., N} is the set of
players (or agents); (2) S is the finite state space; (3) A; is the finite action space for agent i € N (4)
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P:S x A— A(S) is the transition kernel, where A = x| A; is the joint action space, and P(-|s,a) € A(S)
denotes the distribution over the next state for a € A; (5) r; : S x A — [—1,1] is the reward function for
agent i; (6) v € [0,1) denotes the discount factor; and (7) p € A(S) is the initial state distribution. Both the
reward function and the state transition function depend on the joint actions of all the agents. We use a; € A;
to denote the individual action of agent i € N. The subscript —i to denotes the set of agents excluding
agent i, i.e., N\ {i}. We can rewrite a = (a;,a—;) using this convention. Let S = |S|, 4; = |A;|,Vi € N, and
Apax = max;en A;.

A (Markov) policy m; : S — A(A;) for agent ¢ € A is a mapping from the state space to a distribution over
the action space. We let agent i’s policy be parameterized by 0; = {0;(a;|s) € R}ses.a,e4,, and denote the
policy by mg, to emphasize such parameterization. Important examples include direct policy parameterization
7o, (ails) = 0:(ai|s) and softmax parameterization 7, (a;|s) = exp(0;(ails))/> e 4, exp(¥i(ai]s)), Vs € S, a; €
A;. Let ©; denote the parameterization-dependent’ space where 6; takes Vahlles from, and let © = Xi\;l@i.
A joint (product) policy g = (g, , ..., Ta, ) induces a probability measure over the sequence of states and
joint actions. When the policy parameterization scheme is fixed, we sometimes denote a policy mg (resp. 7y,)
simply by its parameter 6 (resp. ;). For a joint policy 8 = (61,...,0y), and for any s € S and a € A, we

define the value function and the state-action value function (or Q-function) for agent ¢ as follows:

oo

Vi(6;G) :=Ep {thri(st,at) | ¥ = s}, (4.37)
t=0

Q7"(0;G) :=Epc {Z'ytm(st,at) | s° =s,a" = a].
t=0
For each agent i, by averaging over the other agents’ policies, we define the averaged Q-function Q;*** of a

joint policy 6 = (6;,0_;) for any s € S, a; € A; as:

QU 0:;G) = Y 0-i(asils)Q) ' (0;G).

a_;€EA_;
With a slight abuse of notation, we write V/(0; G) := E,.,[V;*(6; G)] for a state distribution p € A(S). We
sometimes also suppress the notation of G when it is clear from context.

Each agent seeks to find a policy that maximizes its own cumulative reward. The notion of Nash

equilibrium in such an infinite-horizon discounted reward setting is defined as follows.

Definition 11. (Nash Equilibrium). For anye > 0, a joint (product) policy 0* = (0F,0%,) is an e-approximate
(Markov perfect) Nash equilibrium of a game G if

V(02,0 ;:G) > ViE(0:,0%,;;G) —e, Vi € N,0; € O, 5 € S.

In the infinite-horizon setting, a Markov game G is a Markov potential game (MPG) if there exists a
global potential function ® : © x § — R, such that for any state s € S, any ¢ € N, and any 0;,0; € 0,
0_; € ©_;:

,(0;,0-;G) — @,(0},0_3G) = Vi (0,,0_::C) — V(0/,0_;: C). (4.38)

Intuitively, MPGs capture the variations of the agents’ individual values by a single global potential function.

1For example, direct parameterization requires that 0s,a; > 0 and ZaieA,» 0s,a; = 1,Vs € S,a; € A;, while softmax

parameterization allows for ©; = RISHA:L
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MPGs cover Markov teams [76] as a special case, a cooperative setting where all agents share the same reward
function r = r;,Vi € N. We also write ®(0; G) := E,;.,[®s(6; G)| for the initial state distribution p € A(S).
By linearity of expectation, ®(0;,0_;;G) — ®(0.,0_;;G) = V/(0;,0_;;G) — V/(6,,0_;;G). One can easily
show that there exists a constant ®p,,x € [0, 12N7] such that |®(6;G) — ®(¢';G)| < Ppax, V0,60’ € O. Finally,
we define the discounted state visitation distribution of policy 8 on game G as

o0
dﬁ(s;G) =(1—=7)Es~, Z’ytpg,g(st = $|sp).
t=0
Subsequently, the distribution mismatch coefficient of game G is defined as x(G) = supyce |d5(- ;G)/p|l
For a set G of games, we let k = supgcg K(G).

4.9.2 Proof of Theorem 19

Proof. Proposition 3 implies that if the agents run projected Q-descent on the Markov potential game G* for

T iterations, we have

-1 KT (P (9T Gk) — P(Hk-O Gk
max (max VZP(Q/ ekt Gk) Vip(gi_c,t’ek,;f;Gk)> < \/K(G ) ( (9 ,G ) (9 7G )) (4.39)

= ieN \v/€0 a(l —~)?2

From the Cauchy-Schwarz inequality, we have that

B(OFT; Gk) — B(+-0; GF))

o
(s
s

N \

K

1

= >\ J0(08T 6 — (0R0,GH) <
k=1

K-1
< % Z (gk,T;Gk)q)(gk+1,0;(}k+1))>
k=1
K- 1
<\ 7 ( 2P+ <9'€)T;Gk>—@<0k’T;Gk+l>>>

S
Il
-

<4 —
\/K (2<Dmax + A<I>)

where the third inequality uses the outer stage update rule that #¥+1.0 = %7 and the last inequality follows
from the definition of the similarity metric Ag. Plugging the above result into (4.39), we have that

K T-1
1
T DY max (;nx VP (0,051 GR) — v (oF ot G’“))
k=1 t=0
< H(Qq)max + A<I>) < 8H4NAmax(2q)max + A@)
“\ a(l—%)2KT — (1-7)8KT ’
where in the second inequality we set the learning rate as o = %. Therefore, for an average game,
T=0 (NA‘“}?F;SI;’)“G"‘E";A“’)) steps in the inner stage suffice to find an e-approximate Nash equilibrium. [
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4.9.3 Model-Agnostic Meta-Learning in Markov Potential Games

In what follows, we study meta-learning in MPG under the same formulation as MAML [28], [200], [203].
Let G = {G’} be a set of different infinite-horizon discounted reward Markov potential games. The
games are drawn from a fixed distribution p that we can sample from. Each game is defined by a tuple
Gl = (N, S8, {A}N,, P7 {r]}N | ~,p7), where we assume without loss of generality that the games share
the same agent set, state & action spaces and discount factor, but can have different transition and reward
functions and initial state distributions. MAML tries to learn a good initialization from which running one or
a few steps of gradient descents/ascents with respect to a new task lead to well-performing model parameters.
In the case of multi-agent meta-reinforcement learning with one gradient ascent step, the problem can be
formulated as

max Fi(0) := Egepg) [P (0 + aVR(0;G); G)], (4.40)

where av > 0 is the step size of the policy gradient update. Such a formulation can also be extended to multiple
steps of policy gradients. Let {(- ;G) denote the operator of performing one step of policy gradient update
on game G, i.e., ((0;G) := 0+ aVP(0;G). The T-step extension of the objective (4.40) can be written as

max Fr(6) := Egpg) [® (.- (C(6;6)) ... ); G)], (4.41)
where the operator (- ;G) is applied T' times.

Optimizing the multi-step MAML objective typically involves two nested stages: The inner stage (or
base algorithm) runs multiple steps of gradient ascents for each individual task, while the outer stage (or
meta-algorithm) is an iterative process that updates the meta-parameter 6 over different tasks. Specifically,
suppose the outer stage runs for K iterations. Let 6% denote the value of § at the beginning of the k-th
iteration of the outer stage. In each iteration, we sample games from the set G according to the distribution
p. For each individual game G € G encountered during iteration k, the inner stage runs 7" steps of gradient

ascent (or its variants) on it:
05 H(G) + (081(G);G), for 0 <t < T —1, (4.42)

where 0%°(G) = 6%, VG € G. We often suppress the notation of G in 6**(G) when there is no ambiguity.

Finally, the outer stage updates the meta-parameter by
OF — W(9k,G), (4.43)

using a certain update rule U. The meta-parameter §**1 is then used as the initialization #¥+1:0 for iteration
k + 1. For simplicity of presentation, we present our results in the same setting as in [201] where G consists
of a finite set of M games and p is a uniform distribution. Our results can be easily extended to the settings
where there is an infinite number of games and p is a generic probability distribution, as has been done in
existing works [200], [202], [203].

In the following, we develop a meta-learning procedure (¢, ¥) that finds a stationary point of the meta-
objective (4.41) while at the same time converging to an approximate Nash equilibrium for each individual game
encountered, assuming a sufficient number of policy gradient steps are taken in each game. We focus on softmax
parameterization where each agent’s policy is given by g, (a;|s) = exp(@i(ai|s))/za;6Ai exp(6;(a}]s)),Vs €

S,a; € A;. In the inner stage, each agent independently runs gradient ascents with respect to its own value
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functions to update its parameters. Specifically, on each game G € G encountered during the k-th outer

iteration, agent ¢ updates its policy parameter 6; by
0P (G) + 0P (G) + aVy, VP (0"1(G); G),Y0 < t < T — 1. (4.44)

We sometimes omit the dependence of 0? (G) on G when the game is clear from the context. Using (the
multi-agent extension of) the policy gradient theorem [215], [234], the gradient Vg, V/”(0; G) can be calculated

as

ovie;G) 1
8@(@1“8) o 1 -

d(s; G)mo, (ai|s) A3 (6;G), (4.45)

where df(s;G) = (1 = 7)Egn, > 12 7' Poc(s’ = s|so) is the discounted state visitation distribution, and
A7 (0;G) is the averaged advantage function. Unbiased estimators of the policy gradient can be constructed
by using the sampler from [235]. For simplicity, we assume that the exact policy gradients are given. It
follows from the definition of the potential function (4.38) that Vg,V (0; G) = Vg, ®(0; G), which indicates
that independent policy gradient updates with individual value functions (4.44) is equivalent to running
centralized gradient ascents with respect to the potential function (4.42). Hence, the base algorithm for
each individual game can be executed in a decentralized way. Finally, we invoke Theorem 5 of [218] to show
that under mild assumptions, our policy gradient updates with softmax parameterization (4.44) find an
approximate Nash equilibrium of each individual game. Specifically, for any € > 0, if we run the inner stage
for sufficient number of steps T' = O(1/?), our method will find an e-approximate NE for each individual
game.

Our outer stage follows the MAML algorithm by running gradient ascent with respect to the meta-objective
Fr from (4.40). The gradient of Fr can be written as

T-1

VFr(9) = Egpo) [( I (7+av?e(6" (G); G)))V@(G(T)(G) G)

t=0

, (4.46)

where 0(9(G) = 6 and 87TV (G) = ¥(P(G); G). Accordingly, we instantiate the outer stage update (4.43)
as
oEl gk @ > ( H (I+aV20(6"(G);G)) ) V(6“7 (G);G), (4.47)
Geg =0
where 1 > 0 is the learning rate of the outer stage. We assume for simplicity that the exact values of the
policy gradient V® (6% (G);G) and the policy Hessian V2®(0%*(G);G) are given. In practice, one can
construct unbiased estimators of the policy gradient from samples, as the policy gradient and policy Hessian
can be written explicitly in a closed form that is compatible with samplers (Lemma 44). We remark that the
policy Hessian depends on the cross terms of the agents’ policy parameters, which can only be calculated in a
centralized way. Our inner stage, though, can still be executed in a decentralized manner. Our algorithm
hence falls into in the regime of centralized (meta-)training with decentralized (meta-)execution [43], a popular
strategy used for training MARL algorithms.
In order to establish the convergence of (4.47) to the stationary point of the meta-objective (4.40), we

first show the smoothness of the meta-objective through the following sequence of lemmas.

Lemma 41. Under softmax parameterization, for cmy policy parameter 6 € O, any state s € S and any
joint action a € A, we have (i) |Vglogmg(als)| < V2N, and (i) ||V2 10g7r (als)|| < 2. Furthermore, for any
policy parameters 6,6' € ©, we have (iii) | V3 log 7T9(a| ) Vilogmy (als)|| < 12|60 — ¢/
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Lemma 42. Under softmax parameterization, for any Markov potential game G € G, any policy parameters

0,0 € ©, any state s € S and any joint action a € A, the potential function ® satisfies the following

properties:

(i) Bounded policy gradient: |V®(6;G)| < Bg := %;

(i1) Bounded policy Hessian: HV2<I>(9; G)H < Lg:= %;

(iii) Lipschitz policy Hessian: ||V?*®(6;G) — V2®(0';G)|| < Ly |0 — ¢'||, where Ly := ?‘fﬁ[j;i
Lemma 43. (Meta-objective smoothness). Consider running (4.44) with softmazx parameterization and
o= 21(\,1;713; as the inner stage and running (4.47) as the outer stage. Then, the meta-objective (4.41) is

Lg-smooth for Ly = (T BgLy + Lg)2%T.

The smoothness constant Ly has an exponential dependence on the number of inner stage update steps
T, which seems unavoidable even in supervised meta-learning. Based on the smoothness property, we can

show that our method finds a stationary point of the meta-objective (Theorem 20).

4.9.4 Proof of Lemma 41

Proof. For agent i € N/, for any state s € S and action a; € A;, the softmax policy with parameter 6; can be
written as
exp(17,,.6:)

S,a;

Za;E.Ai exp(llaé 91) ’

where 0; € RISII4l and 1, ,, is an |S||.A;|-dimensional one-hot vector that has a 1 at index (s, a;) and Os at
all the other indices. It is known that (see, e.g., [235])

7o, (ails) =

910g o, (i)

Do)~ L= e =al = m (@]s)),

where 1[-] is the indicator function. Hence, we have
IV6, log o, (ails)|| < V2. (4.48)
Since we consider product policies, for any joint action a = (a1, ...,an), we have my(a|s) = [[,Z; o, (as|s).

Therefore, it holds that

N
Vo log m(als)[|* < [[Ve, log ma, (ails)[|* < 2N.
=1

We can hence conclude that ||Vglogmg(als)|| < v2N. This completes the proof of result (i). Next, to show
result (i), we first write the Hessian V3 log 7, (ai|s) as (see, e.g., [202] for a proof)

.
V3, 100, (ils) = ~Eagmoms, () | (Lot = Earmms, (@16 [Lo.az]) (Lo = Emm @ 1s) Loar]) '] -

To find the upper bound and Lipschitz constant of Vgi log 7y, (a;]s), we will rely on two technical lemmas
from [202], reproduced as Lemmas 32 and 33 in Section 4.7. Since ||V, logmg, (a;]s)|| < 2, from Lemma 33,

we know that Eqyr, (a/|s)[Ls,ay] is Lipschitz continuous with constant 2. By the definition of 15 ,,, we

have ‘Eaglwﬂel(agl‘s) [13’(1;/]H < 1. Since for any matrix A, a sub-multiplicative matrix norm |-|| satisfies
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HA||§ < ||A]|; |A|l,, we can conclude that
T
H (]—s,a; - Ea;’w'rr@i (a;’\s)[ls,ag']) (]—s,a; - Ea;’w'rrgi (al|s) [1s,ag’]) H <2 (449)

Further, by Lemma 32, the term in (4.49) is Lipschitz continuous with constant 8. By applying Lemma 33

one more time, we know that
vai log g, (al|s)H <2, and vai log g, (a;|s) — V§, log urY (ai|s)H <1216, — 6} . (4.50)

Since V2 log mg(als) is a block diagonal matrix, we apply the result on the block diagonal matrix norm in
Lemma 34 to show that
HVZ log 7T9(CL|S)|| < max ||V3‘ log g, (al|3)|| <2.
i€ °

This completes the proof of result (ii). To show result (iii), we again apply Lemma 34 to conclude that
V5 log mg(als) — Vi log g (als)|| < max vai log g, (as|s) — V2, logﬂgg(ai\s)H <12)0 -6,
where the last step is by (4.50). This completes the proof of the lemma. O

4.9.5 Proof of Lemma 42

In the following, since there is no possibility of ambiguity, we drop the dependence on G and simply write
V&(0;G) and V/(6;G) as V®(0) and V" (0), respectively.

To establish Lemma 42, we first derive an explicit formula for the policy Hessian V2®(#). Notice that
V2®(f) can be written as a block matrix with N x N blocks:

VI0(0) ... V200
V2e() = : : : (4.51)
V2.0(0) ... V3 ()

where in each block V%j(I)(@) € RMilXI45l we first take the gradient of ® with respect to agent i’s policy

parameters f; and then take the gradient with respect to agent j’s parameters 0;, i.e., V?’j@(e) = agj%g], Vi, j €

N. The following lemma states that each V7 ;®(f) block can be written in an explicit form. This lemma can
be considered as a multi-agent extension of Theorem 3 in [236]. For clarity of presentation, we defer its proof
to Section 4.9.6.

Lemma 44. Each matriz block V3 ;®(6) in the policy Hessian matriz (4.51) takes the form

Vi,0(0) =My (6) + Hy? (0) + HyJ (6) + (H13) T (6).
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The matrices H'? (0), 157 (0), and i (0) can be written as

HI(0) = 72 Z d9 (s,a)Q;"(0)Vo, log7r9(a|s)V;; log my(als),
sGSaE.A
Hy ZZdesa Q7 (0)V3., logma(als),
séSaEA
HiJ(0) = —sz s,a) Vo, logmg(als) Vg Q7 (6),
’YSGSaG.A

where we define df(s, a) := df(s) - mo(als) for db(s) = (1 =) Eon, X e v Po(s’ = s|so).

The next lemma states that each matrix block V?’]@(ﬂ) is Lipschitz continuous with respect to 6. The

proof is deferred to Section 4.9.7.

Lemma 45. Each matriz block V3 ;®(6) in the policy Hessian matriz (4.51) is Lipschitz continuous:

[V3,@(0) = V3,20 < Lij 10 = 0'l| , Vi, j € N,

where the Lipschitz constant satisfies L;; < (516\2;

Equipped with the results from Lemma 44 and Lemma 45, we are now ready to prove Lemma 42.

Proof (of Lemma 42).
Proof of (i): From the definition of the potential function (4.38), we know that Vo, ®(0) = Vg,V (6), and
hence VO (0) = (Vg VL(0),..., Vg,V (0)). For each agent 7, the policy gradient theorem states that

1

Vez‘/zp(a) mESNdQ a;~Tg, [VG 10g7r9 (a1| )Qf’ai (9)] .
Since (4.48) from Lemma 42 suggests that ||V, log s, (a;|s)|| < v/2, we obtain ||V, V/(0)| < (1&)2' Hence,
Vo)) < 225,

Proof of (ii): See Lemma 29 of [218].
Proof of (iii): From the above reasoning, we know that V2®(f) can be written as a block matrix

V20(0) = [vf)jcb(e)]lginglv, and Lemma 45 implies that each such block is Lipschitz continuous

||v12,jq)(9) - VZZJ(I)(H/)H < Lij ||0 - HIH ,Vi,j € N7

with L;; < (516*4; We can then use Lemma 35 to conclude that V2®(#) is also Lipschitz

[V2e(0) - |l < T ||9 0.
This completes the proof of Lemma 42. O

4.9.6 Proof of Lemma 44

Proof. The proof follows steps similar to those used in the proof of Theorem 3 in [236]. We first introduce

a few notations. Let s”! denote the sequence of states (s%,...,s'), and let a*! := (a°,...,a?), where
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at = (al,...,al) is the joint action at time step ¢. Further, let

po(s%%, 0% | p) = Py(s%%,a%[s" ~ p) = p(s H (a”|sT)P(s™t![s7,a")) mo(a'|s"). (4.52)

From the definition in (4.37), we have

Vi

7(0) =Ey Zvns a’) | % ~p ZZZVP@ t % p)ry(st, at).

t=0 t=0 g0:t g0:t
Using the definition of the potential function (4.38), we know that
o0
veiq)(e) — VGLVZP(H) — Z Z Z’Ytpe(SOZt, a0t I p)vei 1ng9(80:1,‘7 a0t | p)ri(st, at)7
t=0 g0:t g0:t
where we used the fact that Vpy = pgV log pg. The second-order partial derivative can hence be written as

o0
= Z Z Z,ytpe(SO:t7 a%t | P)Vziej log po (5%, a%t)r; (st, at)

t=0 q0:t gO:t

®
+ ZZZ'Ytpe(SO:taaO:t ‘ p)Vei 10gpg(80:t7a0:t ‘ p)v;'] logpg(so:t,ao:t | p)Ti(St,at)

t=0 q0:t g0:t

®

From (4.52), we can see that V7, logpe(s”,a%" | p) = S, V5.0, logmo(aT|sT). Hence, the first term in

the above equation can be written as

oo t
O= Z Z Z v'po(s™t,a”" | p) Z V5.0, logma(a” |s7)ri(s", a")

t=0 g0:t g0:t =0

_ZW ZZP@S a” Voe logﬂg |5 Zyt TZZ]}D93 a|s ) ( )

st at

_ZW’ ZZPH s,a” Veo log mg(a™[s")@Q; Q" (©)
S Y Qi 0)7 ozl
sGSaEA

=Hy (0).
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The second term can be written as

oo t
@=> Y>> 4'po(s”",a"|p)Ve, log me(a”|s™)V, log mg(a” |s7)ri(s", a’)
t=0 7=0 q0:t 50:t

T2 — 1

+ Z Z DTSN Ape(s™, % p) Vo, log mo(a™ 5™ )V g log me(a™|s™)ri(s, a’) (4.53)

t=0 179=0 71 =0 ¢0:t g0:t
T1—1
+Z Z SN Ape(s™t, % p) Ve, log me(a™ s )V log ma(a™]s™ )ry(s", a').

t=0 71=0 72=0 ¢0:t g0:t

By switching the order of summations and following a similar procedure as in the derivation of (1), we can
show that the first term on the RHS of (4.53) is equal to H%7(#). The second and third terms on the RHS of
(4.53) can be shown to be 1 (0) and (1) T (6), respectively. We skip the rest of the proof as it follows the

same procedure as in the proof of Theorem 3 in [236]. O

4.9.7 Proof of Lemma 45

Proof. Recall from Lemma 44 that
VZ,0(0) = HP(0) + HyT () + HiZ (0) + (H) T (6).

For any (s,a), we write

R () =Q2*(0)V, log 7r9(a|s)V;; log mg(als),
hy? (8) =Q;*(0) V5.9, log mo(al ),
h3(8) =Vo, log 7o (als) Vg, Q5 (0),

and hence V7 ;®(0) can be rewritten as

Vi) = Z > di(sa) (B (0) + By (0) + hig(0) + (W})T(9))

SGS acA

In the following, we proceed by showing that each of the three terms k%7 (6), 57 (6), and h%J(6) is bounded
and Lipschitz.

(i) Analysis of h%7(6): First, notice that |Q5*(8)| < ﬁ From the Bellman equation Q;“(0) =
ri(s,a) + YEgop(s,a) [V (9)], we have VQ3“(0) = YEg wP(|s,a) [VV# (0)]. The policy gradient theorem
states that

Vo, VE(0) = ﬁESng,aiwei(<|s) [V, log g, (ai|s)Q; " (6)] -

Since (4.48) from Lemma 41 suggests || Vg, logmy, (ai|s)|| < v/2, we obtain ||V, V()| < # Hence,

VR O)] < (1\(7)2, and @Q;“(0) is Lipschitz continuous with constant (1\[7)2 In addition, the proof
of Lemma 41 implies that Vy, logms(a|s) is bounded by v/2 and is 2-Lipschitz continuous. Further using

Lemma 32, we can conclude that

2
-7

2[(2 )
(1—7)?

R (0) — hi? (0| <

n(0)]| <

and ‘ 16— o). (4.54)
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(ii) Analysis of h57(#): From step (i) of the proof, we know that Q%*(6) is bounded by 1= and is (1\[72%2—
Lipschitz continuous. Since 7y is a product policy, for i # j, we simply have Vgiej log g (als ) =0. Fori=j,
we know from (4.50) that ||V, logm(als)|| <2, and ||V, logmg(als) — V3 o logme (als)|| < 1216; — ;.

Therefore, we obtain from Lemma 32 that

8(2—17)

L |R57(8) = n3? ()| < 1—~)?

P57 (6) = 0, if i # j; and | lo—0'], ifi=j.  (4.55)

hy )] <

1—x

(iii) Analysis of k7 (0): In the following, we first establish the Lipschitz continuity of Vo,Q;“(6), which can

be shown in a similar manner as in Lemma A.2 of [237] and is reproduced below for completeness. Let
pQ(SO:t,CLO:t | s,a) — PG(SO:t Ot|3 = s, a® = CL H 779 T+1‘ST+1) ( T+1|ST,CLT).

By the definition of the Q-function (4.37),
0) = Z Z Z VtPO (SO:t, %t | S, a)ri (5t7 at)
t=0 g0:t g0:t
The gradient of Q;“(#) can hence be written as

Vo, Q7 ( 2227 po (s, a” | s,a) Vg, log pa(s”*,a | s,a)ri(s", a")

t=0 q0:t g0:t

[eS) t
- Z Z Z vpe(s%t, a’t | s,a) Z Vo, logmo(a”|sT)ri(s",a’).
=1

t=0 q0:t g0:t

To show the Lipschitz continuity of Q:**(6), we first write
|V0,Q7°(0) = Vo,@Q7° (¢)]

o] t t
Szzzvt@e(so:t’ao:qs’a) ZVGJ' logm(aT\sT) —pg/(80:t7a0:t|s,a) Zvej logmgr(a7|57)|

t=0 q0:t g0:t =1 —

o] t
SZZth |p9($0:t,a0:t\s,a) — Doy (sO:t,aO:t|s,a)| ZV(;J. logmg(a™|s™) (4.56)
t=0 q0:t g0:t —1
00 t
+ Z Z Z’ytpg/ (5%, a%|s, a) Z (Vo, logmg(a”|s™) — Vg, log mg: (a|s7)) H . (4.57)
t=0 q0:t gO:t =1

In the following, we upper bound each of the two terms above separately. To analyze (4.56), we first apply
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the mean-value theorem to the function [[*_, 74(a”|s™) of # and obtain

t t t
[T mo(als") Hm/ a’|s)| = (0= 0)T | 3 Vmgams™) [ waanls)
=1 m=1 T#m,7=1
<|o—e| - Z||v1og7r0 a™|s™) Hﬁe a’|sT)
m=1
t
<VaNt o - ¢/|| - [T mala”ls")
=1

where § = X\ + (1 — \)¢’ for some A € [0,1], the first inequality uses the fact that Vrz(a™[s™) =
m5(a™|s™)V log mz(a™|s™), and the second inequality is due to Lemma 41 (i). Using the above property, we
obtain

|p9(30:t, %3, a) — pyr (SO:t’GO:t|s’a)|

_ H 7T9((1T+1|ST+1)P(ST+1|ST,aT) o H 7T9/(GT+1|ST+1)P(ST+1|ST,aT)

t—1 t
<TI P57, a™) - V2Nt 0 — 0| - ] wpla”ls7)
=0 =1

=p;(s¥*,a%"|s,a) - V2Nt |0 — 0| .

Substituting the above equation back into (4.56) yields

16— ¢

(4.56) Szzzmwtpé(s *a% s, a)

t=0 q0:t gO:t

Zve log mo(a”[s™)

T=1

<N 2VNE A (5™ 0™ s, a) [0 — 0]

t=0 q0:t g0:t

where the second step uses (4.48) from Lemma 41 and the fact that 7y is a product policy.
To upper bound (4.57), we apply Lemma 41 (ii) and obtain

o] t
(457) <D 3 ) Ao (s%F,a%s,0) Y || Ve, log ma(a™|s™) — Vi, log mer (a7 |s7)||

t=0 qg0:t g0:t =1

< i 3> 2ty'pe (5™, a%s,a) 10— 0.

t=0 g0:t g0:t

Substituting the above upper bounds back into (4.56) and (4.57), we have
|V0,Q5°(8) = Vo, Q5 (¢"))]
< ZZ Z7t (2\/ﬁt2p§(so:t, aO:t|S’ a) + 2tp9,(50:t’ aO:t|S’ a)) ||9 o 9/H

t=0 g0:t gO:t
(o]
:Z'yt (2vNE +2t) o - 0|

4\F 4VNy(1+79)

ST 16— &Il
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where the second step holds because Y 0.0 0. pg(s%%, a%"|s,a) = 1. The last step uses the facts that
2t < 2¢/Nt?, and that

- R 1 1L y(1+9)
t 42 t 42 2
; 1*72( ) 1—ny = 1—y (1-7)2
where T is a random variable following a geometric distribution. We have hence derived that Vg, Q;(0) is
Lipschitz continuous with constant 4\/?721;W).

Following the same reasoning as in step (i), we obtain that Vg, logmy(a|s) is bounded by v/2 and is

2-Lipschitz continuous. Similar to step (i), we can also use the Bellman equation and the policy gradient

theorem to show that HV‘;E QIO < 1‘@’32 Again, by applying Lemma 32, we can conclude that

(iv) Putting everything together: Let h(6) := RhY7(0) + hy?(8) + hYJ(6) + (h22)T (). Using the simple
observation that the sum of two Lipschitz continuous functions is also Lipschitz continuous, we obtain from
(4.54), (4.55), and (4.58) that

_ 6vV2N~(1 +7)

13(0) = hy3 (0') 1-9)

i,j 2y

507V N

1RO < , and [[A(6) — h(6")| < ﬁue o'l (4.59)

_ 4
(1—7)?
Recall from Lemma 44 that

Vij 722d95a

sGS acA

By adding and subtracting the same value,
Hv2 () - V2,0 <e’>|\

= 2 3 |t (o) - (5. ()

sGSaGA
ZZ (|a0s,0) = @2 (s )| 11(O) | + @ (5, ) 1(6) — R(®)]])
sESaEA
3ZZ‘d93a ? (s, )’ (50\ﬁ 16-615" 3" ¥ (s,0)
s€ES aceA s€SacA
56\F ,
<l -9l

The third step uses the upper bounds from (4.59). The fourth step can be derived by using the following
result from Equation (A.67) of [237]:

S5 |dhs.0) <sa>\<£uo 0.

sES acA

This completes the proof of the Lipschitz continuity that HV?J@)(G) - V%@(@’)H < Lij|0—¢|,Yi,5 e N
for Lij = 56VN . O

(=)
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4.9.8 Proof of Lemma 43
Proof. Recall from (4.46) that the gradient of the meta-objective can be written as
T—1

VFr(6) = Egunit(g) l( [T (1+av2e@®(©);6)) ) vee™ () G)

t=0

)

where 9 (G) = 0 and 0D (G) = (AP (G); G). Tt suffices to show that for each individual game G € G,

the term
T—1

( I (1 +av?a(6"(G); G)))V@(H(T) (G):G) (4.60)
t=0
is Lipschitz continuous. In the following, we drop the dependence on G and simply write ()(G) and
V(0 (G);G) as ) and VO(01), respectively.
We proceed by finding the upper bound and Lipschitz constant of each individual term in (4.60). First,
from Lemma 42(ii), we know that HI + onQ(P(@(t))H <14 alLg,V0<t<T—1. By using the chain rule, we

also know that "

Vot = [[ (I + av2a(0™)).
=0
Hence, since HI + aqu)(H(t))H <1+ alLqsV0<t<T-—1, we know that 6 is Lipschitz continuous with
constant (1 + aLg)t. Further, combining Lemma 42 (iii) with the fact that the Lipschitz constant of a
composite function is equal to the product of the Lipschitz constants of the base functions, we conclude that
I+aV2®(0M) is Lipschitz (with respect to #) with constant oLz (1+aLg)t. For the case of T > 2, Lemma 32
thus implies that the Z:ol (I+aV2®(0M)) factor from (4.60) is Lipschitz with constant oT Ly (14+aLg)?T 1,
while for T" = 1, the Lipschitz constant is simply aLg.

For the V®(9(™)) factor in (4.60), we know from Lemma 42(i) that it is bounded by Bg. Using
Lemma 42(iii) and the Lipschitzness of a composite function, we also know that V®(6()) is Lg(1 + aLg)T-
Lipschitz continuous. Finally, along with the results that the 3:01 (I +aV2®(0M)) factor is bounded by
(14+aLg)T and Lipschitz with constant oT Ly (1+aLg)?*T 1, we again apply Lemma 32 to obtain that (4.60)
is Lipschitz continuous with constant T Bg Ly (1 + aLg)?’ ' 4+ La(1 + aLg)??. Using the fact that o €
(0,1/Lg], we can conclude that the meta-objective Fr(6) is Lg-smooth with Ly = (T BgLy + Lg)2?T. O

4.9.9 Proof of Theorem 20

Proof. Based on the aforementioned series of lemmas, we are now ready to establish Theorem 20. The proof
follows from standard analysis in non-convex optimization. Since the meta-objective function is L g-smooth

(Lemma 43), the smoothness property implies that
) L
FT(ek—H) > FT(Hk) + VFT(ek)T(ek-‘rl _ ek) B TF ||6.k+1 _ ekH2.
Using the outer stage update rule (4.47) that

0F 1 = ok LV Ep(6%),
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we obtain

I? - Lo

Fr(0") > Fr(60%) +n||VFr(6%) IVEr(0%)])* > Fr(0") + =— ||V Fr(6")])7,

2L F
where the last step uses n = 1/Lp. Summing the above inequality over k and rearranging the terms lead to

K—

=
L

ANLp

[VEr(05)|” < 2Lp Y (Fp(0"F1) — Fr(6%)) = 2Lp(Fr(0¥) — Fr(6°)) < (i

k=0 k=0

)

where the last step holds because |®(6;G) — P(6';G)| < Prax < %,VG,G’ € ©,G € G. Therefore, for

K > (?N,’;‘)Fz, we have

K-
ANL
. k k F 2
V g V < eg“.
OSIIgKn 1 H Fr(07) prt H Fr(07) K(l -v) ~ :
This completes the proof of the theorem. L]

4.10 Proofs for Section 4.5

4.10.1 Proof of Theorem 21

Proof. From the construction of 7 (Algorithm 18) and the definition of CCE-gap, we have
CCE-gap() =max Vi[™ (1) — Viy(s1)

T

1 T7’r” . 7t
<= Vi (s) = VT
ST max max ( i (s) =V (S))

1 T
<= 4.
t=1

=l

Using Lemma 48, the above term can be further bounded by

3 T(t)—h,t ~7(t)—h 2. 2774
< —_ D '3 N-—-1 H
< E E max max r(m, T (ls)) +36( )°n

- iy ZmaxmaxDR (s 7R " (1)) 4+ 36N — 1) 1

eyt ieN seS
Dp(nll N —1)2p2H*
Z;I}}XS R(A7L 74 (18)) + 36(N — 1)2p* HY,

where the last step is simply by changing the counting method. This completes the proof for the first claim
in the Theorem.

We now proceed to establish the second statement, which follows a similar argument as in the proof of
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Theorem 17 for the two-player zero-sum game setting. We repeat the proof below for completeness. Recall
that we chose the negative entropy as the regularizer R. The Bregman divergence Dg(-,-) reduces to the
Kullback-Leibler divergence. Since 77,:1 lies in the simplex, when we initialize 7} ;(-|s) = 1/4; to be a uniform
distribution, we naturally have DR(W,TL”I, 75 i(-]s)) <log A;,Vi € N,s € S, and h € [H].

It remains to upper bound the total number of stages 7. Recall that we have defined the lengths of the
stages to increase exponentially with L,yq = |(1+ 1/H)L;]. Since the 7 stages sum up to T iterations in
total, by taking the sum of a geometric series, it suffices to find a value of 7 such that (1+1/H)” > T/H.

Using the Taylor series expansion, one can show that (1 + ) > e — 5%7. Hence, it reduces to finding a
minimum 7 such that MH T
e T
- — > —. 4.61
(6 QH) ~H (4.61)
One can easily see that any 7 > lfgl(oeg/zT) satisfies the condition. Summarizing the above results, we can
conclude that 12H? log T
CCE-gap(7) < 7T°g 10g Amax + 36(N — 1)22H*.
n
Choosing n = H=2/3T~1/3(N — 1)72/3 yields the second claim in the Theorem. O

4.10.2 Supporting Lemmas for Section 4.5

Lemma 46. For every stage 7 € N, every step h € [H] and every state s € S, the per-state average regret
of player i € N is bounded by:

regj, ;(s) < L (mp 75 .0(15)) + 36(N — 1)* H®. (4.62)

Proof. Notice that the policy update steps in Algorithm 17 are exactly the same as the optimistic online
mirror descent algorithm [114], [115], with the loss vector g* = [Qf ;7] _;](s,-) and the recency bias

= [Q;Zw,t;_lz](s, -). Since our stage-based value updates assign equal weights to each iteration, we end up
with a classic no-(average-)regret learning problem instead of a no-(weighed-)regret learning problem as in
[121], [122]. This allows us to directly apply the standard optimistic OMD results (e.g., Lemma 1 in [114]
and Proposition 5 in [115]) to obtain

tend
|
regh,i( ) = , jnax - <7T;I TrhQOhzﬂ-h 7Z><5)
Ty €A(A) T j=tstart
tend
< 1 De(a"t 77 n T ] T o J=1 ?
S 7 R(Wh,iaﬂh,i(‘|3))+f Z [QFimh, i — Qhimh,—)(s:°)
Ntz o j=tstart o
1 tind
- — ] s)—m M| s H
S j_thJ haC 1) =m )|
tend
(i ARl + 2 32 2B (1) - 1) (4.63)
T
] t§t’1rt

where in the last step we used the Holder’s inequality and the fact that ||Q7 (s,-)||, < H. To further upper
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bound (4.63), we apply Lemma 47 to obtain that for any ¢ € [tstart ¢end],

We remark that the policy stability condition above has a slightly worse dependence on 7 than those of the

2
w19 =i L) <18V - 1), (4.64)

optimistic FTRL algorithms. In particular, Lemma G.4 of [121] has shown a Hw,tl_l( | s) — w;;_lz( | s)Hj <
16(N — 1)?n?H? condition for optimistic FTRL. This is because unlike optimistic FTRL, optimistic OMD
lacks a smoothness condition that directly connects the stability of policies to the stability of utility functions
(e.g., Lemma A.5 of [121]). Plugging (4.64) back into (4.63) leads to the desired result. O

Lemma 47. For a fized 7 and any t € [t3t97 ") i € N, h € [H],s € S, the optimistic online mirror descent
policy updates in Algorithm 17 satisfy:

2
w19 =L 1) <18V - ).

2
wha( | s) =Tt s)H1 < 18nH.

Consequently,

Proof. In this proof, since we focus on a fixed (s,h) — S x [H], we will drop the dependence on (s, h) for
notational convenience. To prove the first claim in the lemma, we first use the triangle inequality to obtain

that

A1
=l —

b -1 t_ At |
i =iy < Mk = A2l + 7 =7+

m ], (4.65)

In the following, we derive an upper bound for the first term on the RHS of the above inequality. The other

two terms on the RHS can be bounded in a similar way.

|, < \/2KL (a}||7)). (4.66)

In the following, it suffices to find an upper bound of KL (#}||7!). Recall that Algorithm 17 updates the

policies as

We know from the Pinsker’s inequality that

t ~
i =77

7wl = argmaxn (u, [QT 7)) — Dr(p, 7).
HEA(A;)

Since we chose the negative entropy as the regularizer R, the policy update rule above is known (see Section

5.4.2 of [238]) to be equivalent to the following multiplicative weights update:

itt(a) exp(n[Q7 75" (a))
> i (a’) exp(n]QF 75 (a))

,VCLG.AZ'.

mt(a) =
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Hence, we have that

4 exp(n[Q75")())
S S ) enlQia (@)

where the inequality uses the facts that Q7 > 0 and [|Q7||; < H. Substituting the above result back to (4.66)
leads to
2KL (! |71) < /20l

t ~t
|7t — #

Similar results also hold for the other two terms on the RHS of (4.65). Therefore, we can conclude that
|7t — 71|, < 3v2nH and
Hﬁf - 7r;-571|ﬁ < 18nH.

This proves the first claim in the lemma. To establish the second claim, we use the following simple fact for

Irts =St < 3 s =
J#i

product distributions:

Applying Jensen’s inequality yields
2

It = E < | ol = | < =) 3 e = < 18V — 1%
J#i J#i

This proves the second claim in the lemma. O
Lemma 48. For any iteration t € [T] and any step h € [H|, we have that
H

5;&1 S maXInaX DR(’]T}:/(ti)_hlJrh_LTy ﬁ;;fti)_h’+h—1(.|s)) + 36(N _ 1)2772H4'
ULT(t) o iEN sES ’ ’

Proof. In the following, when we consider a fixed iteration ¢ € [T], we drop the notational dependence on ¢
and simply use 7 (instead of 7(¢)) to denote the stage that iteration ¢ belongs to. For any h € [H — 1], using
a similar argument as in Lemma 39 for the zero-sum game setting, one can establish the following recursion

for the value estimation error:

tend
1 T—1 )
&SL , > 6y +reg) (4.67)
T j:titfrt

where we recall that reg], := maxses max;en{regj ;(s)}. Using Lemma 46, we can upper bound the regret by

1
reg; < max max DR(W;’;, 77.i(-1s)) + 36(N — 1)*n*H®.

ieN seS nL;
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We substitute the regret bound above back into the recursion 4.67 to get that

nd

Dp(m VT &7 (]s)) + 36(N — 1)*n*H® + Z L (4.68)

start
=72

5t < maxmax
h ieEN s€S NL,_1

Notice that according to the definition in Algorithm 18, the behavior of the policy 7} does not change with ¢
within the same stage 7, as it always uniformly sample a time index from the previous stage and execute the

corresponding history policy. Consequently, the 5% 41 term is also unchanged within a stage. Hence, we have

tend

Z 5h+1 - 5;-1-%

start
t*l

The recursion in (4.68) can hence be rewritten more succinctly as

Dr(my M1 777 C]s)) + 36(N — 1)°n*H® + 67 1.

5t < maxmax
h ieN seS nL,_1

Applying the above inequality recursively over h leads to
H

1 Chhe :
6t <) maxmax ——————Dp(my, TN RN s)) £ 36(N — 1) H(H — b+ 1)
piop (SN s€S NLr—p+h-1 ' ’

H 1 L\ hH
T—h +h=1,f ~r—h'+h—1 2 2774
<h/ h%%cr?eagc L <1+H) Dr(my, ST TR T(C]s)) + 36(N — 1)*n°H

< T D maxmax Di(r WL G W) 4 36(NV — 1)2nPH, (4.69)
T h/: 1 S

where the second step uses our choice of the stage lengths that L, = |(1+ 1/H)L, ], which further implies

that ,
1 1 1 h'—h+1
<= (1+= .
LT—h’+h—1 L, H

The last step in (4.69) is due to the fact that (14 1/H) < e~ 2.71828. O

4.10.3 Proof of Theorem 22

Proof. First, recall the definitions of #*, 7% and =, kot

Since we use a negative entropy regularizer R,
the Bregman divergence Dg(-,-) reduces to the Kullback—Leibler divergence. Using these notations, our
convergence results of learning CCE in an individual game G* (Theorem 21) can be written more succinctly
as

3
CCE-gap(7*) < — KL (7% 1| 7%) + 36 N2> H*.
Ui
where for ease of notations, we write

H 7 N

KL (a1 [7) = 37 303" maxKL (a1 C[s) 7 i (1s))

h=171=11i=1
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Here, 7Th7T T(-|s) represents the value of 7721(|s) in game G*. By running Algorithm 17 on a sequence of K

games, we have that

1| 7F) + 36 N2 H*. (4.70)

HMN

Ve Z CCE-gap(7

Recall the notation that [x]o = (1 — a)x + %1 for x € R%. By applying this notation entry-wise to each

probability distribution in 7%t and invoking Lemma 30, we obtain that

1 & X A
?ZKL (7®1)7%) < — Z #*) +4H7aln ‘;a" (4.71)
k=1 k:

Notice that the Conditions of Lemma 30 are satisfied here because we select our initial policies to be

7k = kl < ’]z, 11[ ]Q,Vz € N, which assigns a probability of at least a1/A; to each action. Adding and

3

subtracting the same term leads to

K K
ZKL (7% 17%) IIHHZKL 1, |I7) +m1nz (KL ([7*]a]|7*) = KL ([7*1]a 7))
k=1 k=1
. . 8 Amax (1 + In K)
< E,t max
< nirinZKL (7 Mallm) + - , (4.72)
k=1
where the minimum 7 is taken over all policies of the form of m = (71, ..., 7y) such that m; : [T]| X [H] xS —

A(A;). We now turn to establish the second step in (4.72), which reduces to bounding the following regret

where the loss functions are given by the Bregman divergences:

K
reg = Inﬂinz (KL (7] ]|7%) — KL ([7*1]4|7)) .
k=1
It is known that the unique minimum of ZZ,:l KL([7*"1]4]|-) is attained at ZZ,:l[wk/’T}a (see Proposition
1 of [233] for a proof of this claim). Therefore, by letting 7% = kl i Z, 11[ k T]a, we are essentially running

the follow the leader (FTL) algorithm (separately for each entry (7, h,s) € [T] x [H] x §) on the sequence
of losses defined by Ei;l KL([7*1]4]|-). We can then invoke the logarithmic regret guarantee of FTL with
respect to Bregman divergences, which was established in [208] and is reproduced as Lemma 31 in Section 4.7
for completeness.

To show that Lemma 31 is applicable, we remark that the Kullback—Leibler divergence is not Lipschitz
continuous near the boundary of the probability simplex, which breaks condition required by Lemma 31.
However, by restricting to policies of the form [m;]o = (1 — a)m; + -1, which is at least f--distance away
from the simplex boundary, the Kullback—Leibler divergence is indeed Lipschitz continuous within this
4 -restricted domain. One can show that the Lipschitz constant of each entry of KL([ Mol is 2Amax
within the ;%—-restricted domain. This allows us to apply Lemma 31 to obtain the result in (4.72).

Moving forward from (4.72), we again apply the property that the unique minimum of Zij/:i KL([wk/’T]a 1)
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is attained at ¢ Zﬁ,zl[wk/’T]a, which leads to

K K
KL ([, 1#) <min S KL (], ) + SAmes(1+ 10/
k=1 k=1 o
K
* 8Amax(1 +11’1K)
=3 KL ([ a[7]a) + .
k=1
K
< (1 - Oé) ZKL (7Tk’Jr||7r*) + 8Amax(]&+ In K)7 (473)
k=1

where the second step uses the definition that 7} = % Zszl Wf ’T, and the last step is by the (joint) convexity
of the Kullback-Leibler divergence. Substituting (4.73) to (4.71) yields

1 XK
k.t
< g_l KL (7

8Amax(1 +In K) + AH7aln Amax
Ko «

7r*) +

| XK
EZKL okt || 7+
k=1

Further substituting the above result back into (4.70) and using the definition

K N
=3 > KL ()

k=11=1

we obtain that

K

Amax ]‘ 1 K — Amax

§ CCE-gap(7 i <A,T 4 ML E) > 4 36N22HY.
« «

k:

Finally, using the conditions that a = 1/vVK, n = K~YSH=2/37=1/3N=2/3 and 7 < 4Hlog T (see (4.61)
for a proof) yields

K 2
1 oo (HN\?® [ Ay 10AmaxInK  52H?I0Tlog(AmaxK)
K kzﬂcCE'gap(” )= < T ) ( I sV K1/3 :

This completes the proof of the theorem. O

4.11 Concluding Remarks

In this chapter, we have introduced meta-learning to solve multiple MARL tasks collectively. Under natural
similarity metrics, we have shown that meta-learning achieves provably sharper convergence for learning
NE in zero-sum and potential games and for learning CCE in general-sum games. Along the way, we have
proposed new MARL algorithms with fine-grained initialization-dependent convergence guarantees. Our work
appears to be the first to investigate the theoretical properties of meta-learning in MARL and provide reliable
justifications for its usage. As for the future work, our convergence rate for learning CCE (Theorem 21) is
slightly less competitive than the best-known results when our policies are initialized conservatively, which
might be improved via a refined policy stability analysis. Other future directions include further generalization
of our results to alternative game similarity metrics and broader types of games (e.g., stochastic Stackelberg

games).

151



Chapter 5

Concluding Remarks

In this dissertation, we have discussed a series of results toward theoretical understandings of multi-agent
reinforcement learning. First, we have presented decentralized MARL algorithms for learning (coarse)
correlated equilibria in general-sum Markov games. We have started by introducing the V-learning OMD
algorithm and established the first line of sample complexity guarantees in this setting. We have strengthened
these results by proposing stage-based V-learning algorithms with simplified analysis and improved sample
complexity bounds. We have then extended the V-learning framework to the full-information setting and
derived their near-optimal convergence rates accordingly. Second, we have proposed a series of restart-based
RL algorithms for learning in non-stationary environments, a common challenge arising in many MARL
scenarios. We have proved near-optimal dynamic regret bounds of our algorithms and illustrated how our
non-stationary RL method can be readily applied to learning the team-optimal policies in cooperative smooth
games. Third, we have studied the use of meta-learning to transfer useful information across multiple Markov
games. We have developed multiple MARL algorithms with initialization-dependent convergence guarantees
as the basis, and derived the faster convergence rates of meta-learning to different equilibria in a sequence
of similar games. Our efforts have mostly been devoted to developing MARL algorithms with convergence
or sample complexity guarantees for the class of nonzero-sum Markov games, where very few results were
previously known.

The research conducted in the dissertation opens up several potential avenues for future research. An
important future direction would be to further tighten the bounds established in this dissertation, including the
sample complexity upper and lower bounds for learning CCE/CE in general-sum Markov games (Chapter 2)
and closing the 6(H %) gap for the dynamic regret bounds in non-stationary RL (Chapter 3). Our initialization-
dependent convergence rate for learning CCE is slightly less competitive than the best-known results when
our policies are initialized conservatively, which might also be improved via a refined policy stability analysis
(Chapter 4). In addition, in this dissertation, we have primarily considered the fully observable MARL setup
where the agents have full access to the state information. This is in contrast to the more general partially
observable Markov games [239] or decentralized partially observable Markov decision processes [58], [129],
where each agent has only a private partial view of the environment state. Learning or even computing a NE
under partial observability is much more challenging and would be an interesting future direction. Finally,
another promising direction is to see how the theoretical results established in this dissertation can be applied
to real-world application scenarios [240], [241]. In our own efforts, we have explored the opportunities of

applying our methodology to the resource management problem in cloud computing [242], [243]. In particular,
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we have investigated the use of the mean-field approximation in MARL to deal with the scalability issues in
multi-tenant serverless computing platforms [244], [245] and applied the idea of meta-learning to address the
heterogeneity of the workloads in resource autoscaling [196], [246]. It would be interesting to identify other
real-world implications of our methods or results, as well.
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