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Abstract

Understanding the entanglement structure of holographic states has played a significant role in demystifying

quantum gravity and the emergence of spacetime. The state of the art development in this field makes heavy

use of ideas from quantum information and quantum error correction to explain various features of quantum

gravity including the holographic principle, the quantum extremal surface formula and subregion-subregion

duality. In particular, random tensor networks (RTNs), a toy model for holography which is understood to

model fixed-area states, has been demonstrated to effectively capture the aforementioned traits shared by

holographic theories.

While calculations of the entanglement entropy have led to most of the insight into holography and RTNs,

it is useful to consider other quantum information quantities in order to give a more complete picture of the

emergence of spacetime from entanglement. Among these, the canonical purification, along with its associated

quantum information measure known as the reflected entropy, is of special interest in the pursuit of such

new measures. The reflected entropy is closely related to the quantification of tripartite entanglement of a

quantum state and enjoys a bulk geometric dual in terms of the area of entanglement wedge cross-section.

In this dissertation, we study the entanglement structure of the canonical purification of states built from

holographic RTNs. For simple networks made from a single or a pair of random tensors, we analytically

compute the entanglement spectra of the canonically purified density matrix. We found that the spectra

effectively decomposes into different super-selection sectors, each of which can be given a gravitational

interpretation of semiclassical bulk saddles with different topology. We show that our formalism can be

extended to incorporate the West Coast Model, a toy model for black hole evaporation. We find that the

spectrum exhibits a similar form in terms of the super-selection sectors, but with a wider window of fluctuation

compared to the RTN results.

For RTNs built from arbitrary networks, we prove that the problem of finding the integer Rényi reflected

entropy is equivalent to finding an optimization program known as the minimal triway cut when the system is

far away from phase transitions. Minimal triway cuts can be formulated as integer programs which cannot be

relaxed to find a dual maximal flow description. This sheds light on the gap between the existence of tripartite

entanglement in holographic states and the bipartite entanglement structure motivated by bit-threads. In

particular we show that the Markov gap, defined as the difference between the reflected entropy and the

mutual information, is lower bounded by the integrality gap of the program that computes the triway cut.

We apply this result to prove a conjecture that relates entanglement of purification to minimal entanglement

wedge cross-section on a large class of RTNs.

ii



Acknowledgments

I am deeply indebted to my advisor, Thomas Faulkner, for his guidance, support, patience and collaboration

throughout my graduate study. Tom’s passion and acute sense for physics has deeply inspired me on what a

good theoretical physicist should be like. I will continue to look up to him in the rest of my career.

I would like to thank Robert Leigh for being the chair for my doctoral committee, and for his excellent

courses on holography and QFT. Thanks to Bryan Clark and Jacob Covey for being on my doctoral committee,

and Lance Cooper for his kind encouragement and support.

I would like to extend my gratitude to my current and past collaborators: Chris Akers, Pratik Rath and

Souvik Dutta – without you this work would not have been possible. Thanks to Pratik for being a great

friend and an excellent collaborator from whom I have learnt a great deal of physics. Thanks to Chris for

talking me through the hard times in my graduate study: without your support I might not be able to

continue to walk down the path of becoming a physicist.

I am grateful for the HEPG group of UIUC for providing a vibrant research environment and setting the

stage for stimulating discussions to take place. I would like to thank my colleagues: Fikret Çeyhan, Min Li,
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4.3.2 Rényi entropy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.4 Reflected entanglement spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
4.4.1 Resolvent trick . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
4.4.2 Spectrum and reflected entropy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
4.4.3 Renyi Reflected Entropy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

Chapter 5 Double Random Tensors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
5.1 Summary of results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
5.2 Motivation: canonical purification in gravity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
5.3 Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

5.3.1 Replica trick for the 2TN model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
5.3.2 Resolvent via the Temperley-Lieb algebra . . . . . . . . . . . . . . . . . . . . . . . . . 82

5.4 Reflected entropy in 2TN . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
5.4.1 Finite χ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
5.4.2 Large χ limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

iv



5.4.2.1 Even integer m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
5.4.2.2 Analytic continuation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

5.4.3 Reflected spectrum and the effective description . . . . . . . . . . . . . . . . . . . . . 95
5.4.4 Corrections to the spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

5.4.4.1 Eigenvalue shifts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
5.4.4.2 Fluctuations in each sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

5.4.5 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
5.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

5.5.1 General RTNs and multiboundary wormholes . . . . . . . . . . . . . . . . . . . . . . . 107
5.5.2 Junctions for the cross-section . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
5.5.3 Emergent von Neumann algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

Chapter 6 Generic Tensor Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
6.1 Summary of results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
6.2 Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
6.3 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

6.3.1 Min cuts and Max flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
6.3.2 Permutations, Partitions and Boolean variables . . . . . . . . . . . . . . . . . . . . . . 125

6.4 Proof of the main theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
6.4.1 From permutations to partitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
6.4.2 From partitions to integer program . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134
6.4.3 From integer program to multiway cuts . . . . . . . . . . . . . . . . . . . . . . . . . . 135
6.4.4 Uniqueness theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

6.5 Continuation in m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142
6.6 Hyperbolic RTNs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
6.7 Disscussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

Chapter 7 Holographic Entanglement of Purification in RTNs . . . . . . . . . . . . . . . . . . . . . . . . . 154
7.1 Preliminary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

7.1.1 Entanglement of purification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154
7.1.2 Reflected entropy from modular operator . . . . . . . . . . . . . . . . . . . . . . . . . 155
7.1.3 A lower bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

7.2 Entanglement of purification on RTNs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157
7.2.1 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

7.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

Chapter 8 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

Appendix A Symmetric Group and Set Partitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163
A.1 Cayley distance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163
A.2 Non-crossing permutations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164
A.3 Set partitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167
A.4 Annular non-crossing and topology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

Appendix B Temperley-Lieb Algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172
B.1 Basic definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172
B.2 The standard module . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

Appendix C Supplement to Chapter 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180
C.1 Proof of 1TN phase diagram . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180

C.1.1 Simpler proof at m = 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184
C.2 Reflected resolvent via direct group summation . . . . . . . . . . . . . . . . . . . . . . . . . . 184

C.2.1 Minimal elements in a fixed sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185
C.2.2 Generating functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191
C.2.3 Reflected resolvent . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192

C.3 Full solution to k = 2 SD equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

v



Appendix D Supplement to Chapter 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196
D.1 Multiboundary wormholes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196
D.2 Finite χ corrections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198

D.2.1 Corrections to orthogonality condition . . . . . . . . . . . . . . . . . . . . . . . . . . . 198
D.2.2 Corrections from subleading TL diagrams . . . . . . . . . . . . . . . . . . . . . . . . . 201
D.2.3 Explicit form for k = 0 and k = 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206

D.3 Asymptotic behavior of pk(s) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208
D.4 Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 214

D.4.1 Proof of Proposition 5.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 214
D.4.2 Proof of Proposition 5.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 217
D.4.3 Proof of Proposition 5.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218

Appendix E Supplement to Chapter 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220
E.1 Proof of Lemma 6.18: Structure of optimal ρ, σ . . . . . . . . . . . . . . . . . . . . . . . . . . 220
E.2 Proof of Lemma 6.19: An intersecting cut problem . . . . . . . . . . . . . . . . . . . . . . . . 229
E.3 Proof of Lemma 6.25: Probabilistic convergence for SR . . . . . . . . . . . . . . . . . . . . . . 237
E.4 Proof of Eq. (6.166) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 242

Appendix F Supplement to Chapter 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 245
F.1 Non-maximally entangled RTNs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 245

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 247

vi



Chapter 1

Introduction

The study of quantum entanglement has played a pivotal role in the advancement of our understanding of

nature. Theoretical understanding of entanglement has led us to stimulating discoveries in various fields of

physics. Examples of these discoveries include but are not limited to: The classification of topological phases

[1–3], approximation of ground state wavefunction with tensor networks [4, 5], proof of c- and a-theorems

under renormalization group (RG) flows [6–8], and the proof of averaged null energy conditions (ANEC) and

quantum null energy conditions (QNEC) in QFT [9, 10], etc.

More importantly, time and again, lessons from quantum entanglement and quantum information have

shed light on our everlasting pursuit towards a complete theory of quantum gravity – from the early days

when Bekenstein-Hawking first conceived the formula of black hole entropy [11, 12], all the way to the recent

calculation of the Page curve in an evaporating black hole [13–15], ideas from quantum entanglement have

either directly or indirectly inspired critical breakthroughs in the field of quantum gravity.

Perhaps the most fruitful, yet surprising, connection between quantum entanglement and quantum gravity

lies in what is now known as AdS/CFT correspondence [16, 17]. Also more colloquially known as holography,

it states that a theory of quantum gravity in a hyperbolic anti-de Sitter (AdS) spacetime (commonly referred

to as the bulk) is dual to a conformal field theory (CFT) that lives at the asymptotic boundary (commonly

referred to as the boundary) of the spacetime. Originating from the top-down approach of superstring theory

[18, 19], it is now believed that any consistent theory of quantum gravity must exhibit such a bulk to boundary

duality. This viewpoint is known as the holographic principle [20, 21], which has led to numerous bottom-up

approaches to AdS/CFT [22–25].

In the landmark work of Ryu-Takayanagi [26, 27], it was shown that the entanglement entropy (a measure

of bipartite entanglement) of a region of the boundary CFT is equivalent to the minimal surface area of a

volume homologous to the said boundary region in bulk spacetime, normalized in Plank units. This idea

was soon generalized to include time dependence [28] and quantum corrections [29, 30]. Together, it was

suggested that quantum entanglement is the fundamental property from which the fabric of spacetime we

commonly know of emerges from. Subsequent works have shown that the bulk gravitational dynamics can be

derived from boundary entanglement properties [31, 32].

In particular, the bulk volume enclosed by the minimal surface of Ryu-Takayanagi, called the entanglement

wedge (EW) [33], is itself dual to the related region on the boundary. This property is an illustration

of subregion-subregion duality [34–36], which is the statement that a boundary region contains complete

information about its bulk entanglement wedge. In this regard, the holographic dictionary can itself be

1



viewed as a quantum error-correcting code, whose code subspace is the space where the bulk admits a

semiclassical description, and physical subspace is the space of all possible CFT states. It can be shown that

a Ryu-Takayanagi formula follows directly from the structure of any quantum error-correcting codes [37].

The various traits mentioned above were originally thought to be unique to AdS/CFT. However, it was

soon discovered that there are other physical systems that exhibit strikingly similar phenomena. One class

of such models is known as the holographic tensor networks [38–40]. Tensor networks (TN) are methods

for building up many-body wave functions by contracting a collection of simple tensors [41, 42]. As toy

models for AdS/CFT, they are known for possessing key signatures shared by holographic theories, such

as Ryu-Takayanagi formulae [39, 40], subregion-subregion duality and quantum error-correction [39, 43],

holographic renormalization groups [38, 44], and even non-perturbative gravitational effects [15, 45].

The main advantage of TNs over conventional AdS/CFT models lies in their ability to capture many

desirable features of holography while remaining analytically tractable. In this regard, TN models help bridge

the gap between quantum information theory and the AdS/CFT correspondence by providing a playground

and tool for studying new ideas in quantum gravity. Understanding these systems can teach us valuable

lessons about the fundamentals of the holographic principle. For example, TN models have been used to

support/refute various conjectures that relate boundary entanglement measures to bulk surfaces [46–48].

Thus far, most of the insight into AdS/CFT and TN have come from calculations of entanglement entropy

and related quantities. It is nonetheless useful to consider other quantum information quantities in order to

give a more complete picture of spacetime from entanglement. For example, entanglement entropy based

quantities cannot discriminate between different kinds of multi-partite entanglement [49]. In addition, the

entanglement entropy is generically not well defined in continuum systems without imposing an artificial

cutoff [50, 51]. This divergence issue has been identified as a signature of the underlying operator algebra of

the theory, which is a universal feature across systems with large degrees of freedom [51–55].

In this thesis, we study a particular construction called the canonical purification, along with its associated

quantum information measure known as the reflected entropy [56]. Reflected entropy is a quantity defined on a

bipartite mixed state (or equivalently on a tripartite pure state). As opposed to the entanglement entropy, it is

intrinsically well defined in the ultraviolet, thus circumventing the divergence issue that plagues entanglement

entropy. Information theoretically, the difference of the reflected entropy and mutual information characterizes

a particular type of tri-partite entanglement [57].

Reflected entropy is also of special interest in holographic theories, since it can be given a geometrical

meaning of (twice) the area of the entanglement wedge cross-section (EWCS) [56], the minimal surface that

divides the bulk entanglement wedge into two parts. As such, this relation behaves like a generalization of

Ryu-Takayanagi, which relates a hard-to-compute boundary entanglement quantity to the area of a bulk

surface. This has already given new insights to AdS/CFT, by demonstrating holographic CFT states have

large tri-partite entanglement [58], in contrast to the previous conjecture that their entanglement is mostly

bi-partite [59, 60].

It is known that the entanglement wedge can undergo a discontinuous jump when one smoothly varies the

boundary regions [33]. In such a scenario one also expects the reflected entropy to acquire a jump transition

of order 1/GN . This jump is discontinuous in contrast with that of the “Page curve” of entanglement entropy

in which the transition is continuous [61]. However, we do expect non-perturbative phenomena would arise to

smooth out the sharp discontinuity at the phase transition [15, 62, 63]. This is analogous to the corrections

to the Page curve found in [15, 62, 63].

The aim of this thesis is to provide a systematic examination of the canonical purification and reflected
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entropy in a subclass of TN models called random tensor network (RTN) [40]. Working in RTN allows us

to study the intricate non-perturbative physics of phase transition of reflected entropy analytically in great

detail. At the same time, we aim to test the assumptions that led to the reflected entropy/EWCS duality,

which has been known to be intricate due to a problem in the analytic continuation of Rényi indices [56]. By

studying the entanglement spectrum, we find effective descriptions of the canonical purification as a classical

mixture of TN states, which can be matched directly into sub-leading saddles in gravitational path integrals

in holography.

Quantum informatically, by working in RTN we show that reflected entropy naturally gives rise to a

program that quantifies the amount of tripartite entanglement in holographic states. In particular, we find

that the problem of calculating the reflected entropy in general RTNs can be translated to a problem in

integer linear programming [64]. The solution to this integer program problem has deep implications on

the non-trivial tripartite entanglement in holography. This is in contrast to the bit-thread program [65, 66]

arising from the calculation of entanglement entropy, which suggests that the entanglement of such states

are mostly bipartite [59, 60]. Our results suggests a new way to think about multi-partite entanglement in

AdS/CFT.

1.1 Outline of the thesis

This dissertation is organized as follows:

• Chapter 2 reviews the necessary ingredients in quantum information theory and random tensor networks

in order to set up our calculations in later chapters. After formalizing the basics of holographic

entanglement entropy, we establish the definition of the canonical purification and reflected entropy. We

then review the fundamentals of random tensor networks, focusing on the effective statistical mechanical

model that reproduces a version of Ryu-Takayanagi formula. We conclude this chapter by giving a first

pass on setting up the reflected entropy replica trick on RTNs, the näıve saddle solutions, and their

gravitational interpretations.

• Chapter 3 studies the canonical purification of a single tri-partite random tensor, which we will refer

to as the 1TN model. Holographically, this setup corresponds to a coarse-grained version of three-

boundary wormhole. We start by studying the reflected entropy phase diagram of the 1TN model. In

particular, we show that there is no problem of analytic continuation if one is careful when picking the

dominant saddles. We continue our journey by presenting a computation of the reflected spectrum (the

entanglement spectrum of the canonical purification) by solving a set of matrix recursion relations. We

obtain, analytically, the leading order corrections contributing to the reflected entropy phase transition

and verify our finding with explicit numerics. The spectrum we obtained is not flat, as opposed to the

usual Rényi spectrum for these networks. We propose an effective description for the 1TN models as a

summation over two super-selection sectors with different area operator and discuss the gravitational

interpretation of them. Lastly, we note that the calculation of reflected spectrum can also be computed

directly by summing over a large class of group permutations.

• Chapter 4 switches focus from RTNs and present a parallel analysis of the canonical purification in

the west coast model, a model of black hole evaporation consisting of Jackiw-Titelboim (JT) gravity

coupled to end-of-the-world branes. The west coast model can be thought of as a generalization of

RTN states in a canonical ensemble. By performing the gravitational path integral, we show that the
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reflected spectrum of this model can be extracted analytically by solving a similar matrix recursion

relation as in the 1TN analysis. In short we find a similar story: the spectra consists of a sum over two

super-selection sectors, which can be interpreted as a direct sum of geometries, a connected one and

a disconnected one in a closed universe. We find that area fluctuations that spread out the reflected

entropy phase transition is larger than the corresponding one in 1TN. transition. We compute the

Renyi generalization of the reflected entropy and show that the location of the phase transition varies

as a function of the Renyi parameter.

• Chapter 5 builds upon our 1TN results by studying a pair of tripartite random tensors contracted

by an internal bond, which we will refer to as the 2TN model. This corresponds to a coarse-grained

version of a multi-boundary wormhole with the topology of two pairs of pants sewn together. Motivated

by holography, we restrict our analysis to the limit where the external bond dimensions are much

greater than the internal one. Under this limit, the spectrum of the 2TN model factorizes nicely into

irreducible representations of an algebraic object known as the Temperley-Lieb algebra. The effective

description now consists of an infinite tower of super-selection sectors. These sectors have the nice

interpretation of a series of bulk solution of four-boundary wormholes with an increasing number of

genus. Similar to the case of the 1TN model, we find important non-perturbative effects that contribute

near the entanglement wedge phase transition. We give an expression for the reflected spectrum up to

second order in terms of the internal bond dimension and compare it with numerical results. Finally,

we conjecture that an emergent type-II1 von Neumann algebra will arise on a modular flowed version of

the canonical purification of the 2TN model.

• Chapter 6 examines generic random tensor networks and study the properties of their canonical

purification. In contrast to our previous simple tensor models, it is not possible to perform an exact

analysis on the spectrum of a generic RTN at any given point in the parameter space. However, we will

make progress by limiting our attention to the case where the system is far from the phase transitions.

Using techniques from linear programming theory, we relate the problem of computing integer Rényi

reflected entropies to the problem of finding minimal triway cuts through the network. More precisely,

we prove that the integer Rényi entropy of generic RTN states converges to the one given by the triway

cut in large bond dimensions. Minimal multiway cuts can be formulated as integer programs which

cannot be relaxed to a dual maximal flow problem. This is in contrast to the bit-thread formalism of

entanglement entropy where such duality is present, with the implication that the bulk entanglement

structure is dominantly bipartite (which is now known to be false). We show that the Markov gap

(difference between reflected entropy and mutual information) that measures tripartite entanglement,

is lower bounded by the integrality gap of the integer program that computes the triway cut. We

demonstrate our result on RTN defined on hyperbolic graphs, giving an expression of the reflected

entropy and the effective description in terms of a superposition over different RTNs.

• Chapter 7 uses the results we obtained for generic RTNs to prove a conjecture related to the entanglement

of purification in holographic RTNs. The entanglement of purification has been conjectured to also be

dual to EWCS in holographic theories. However, it is generally intractable to compute the entanglement

of purification due to the required optimization over all possible purifications. We will show that our

result in Chapter 6 allow us to prove this conjecture on a wide class (a codimension-0 subset in the

parameter space) of generic RTNs.

• Chapter 8 wraps up this thesis with some discussions and future outlooks.
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Several long technical reviews, calculations and proofs of this thesis are relegated to the appendices. The

results presented in this dissertation is sourced mostly from the joint research works [48, 67–70] with the

author’s advisor Thomas Faulkner, and collaborators Chris Akers and Pratik Rath.
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Chapter 2

Preliminaries

2.1 Quantum information basics

Let ρ be a density operator on a bipartite quantum system with corresponding Hilbert space H = HA ⊗HB .

We say that ρ is separable if there exists a decomposition of ρAB into a sum of tensor products

ρ =
∑
i

λi ρ
i
A ⊗ ρiB (2.1)

for some ρiA supported on HA and ρjB supported on HB. We say ρ is entangled if it is not separable. We

define the reduced density matrix on system A by tracing out all the degree of freedoms on the complement

system B:

ρA = TrB ρ. (2.2)

The entanglement entropy of subsystem A is defined as the von Neumann entropy of the reduced density

matrix ρA:

S(A)ρ ≡ SvN(ρA) = −TrA ρA ln ρA. (2.3)

We have the bound 0 ≤ Sρ(A) ≤ ln(dimHA) for any finite dimensional quantum system. In the case where

ρ = |Ψ⟩ ⟨Ψ| is a pure state, we have S(A)ρ = S(B)ρ and the entanglement entropy quantifies the amount of

entanglement between subsystems A and B. That is, Sρ(A) = 0 if and only if ρ is separable. ρ is said to be

maximally entangled if its entanglement entropy saturates the upper bound, i.e. S(A)ρ = ln(dimHA).

Operationally, the entanglement entropy quantifies the amount of distillable entanglement : Let’s say Alice

and Bob has n copies of the pure state ρ⊗nAB. Then S(A)ρ = S(B)ρ measures the asymptotic rate where

Alice and Bob can produce Bell pairs using only Local Operations and Classical Communications (LOCC) as

n→ ∞. In other words, it measures the maximum amount of maximally entangled pairs that can be distilled

out of a bipartite pure state.

The mutual information of a bipartite state ρ, denoted by I(A : B), is defined as

I(A : B) = S(A)ρ + S(B)ρ − S(AB)ρ. (2.4)

The mutual information measures the correlation (both quantum and classical) between subsystems A and B

and I(A : B) = 0 implies the state is factorizable, i.e. ρ = ρA ⊗ ρB . In the case where ρ is pure, I(A : B) is
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equal to twice of the entanglement entropy. The mutual information is always semi-positive, I(A : B) ≥ 0.

When translated into the entanglement entropies this means

S(A)ρ + S(B)ρ ≥ S(AB)ρ. (2.5)

This property is known as the subadditivity of the von Neumann entropy.

We will also consider a family of entropies called the Rényi entropies, which are defined in terms of the

moments of the density operator ρ:

Sn(ρ) =
1

1 − n
ln Tr ρn. (2.6)

The canonical definition here requires n to be a integer, but in various places it is useful to consider the

analytical continuation of the Rényi index n into positive real numbers. In particular, the limit n → 1

reproduces the von Neumann entropy

SvN(ρ) = lim
n→1

Sn(ρ) = − lim
n→1

∂

∂n
ln Tr ρn. (2.7)

Other notable cases are S0(ρ) = ln Rank(ρ) and S∞(ρ) = − lnλmax, the largest eigenvalue of ρ. The Rényi

entropies are non-increasing in its indices

Sn(ρ) ≥ Sm(ρ), n ≥ m ≥ 0, (2.8)

which may come handy in proving various bounds in quantum information.

Our main interest of Rényi entropies is that they can be used as a means for calculating the von Neumann

entropy. When the exact form of the density matrix is not known (e.g. as an disordered average) or hard to

write down (e.g. for gravitational path integrals), it is not possible to compute the von Neumann entropy

directly. Even if one does have a density matrix, a direction computation of the logarithm in SvN requires

exact diagonalization for the density matrix, which is in many cases not feasible. Instead, suppose that one

knows the Rényi entropies for all integers. If one can “analytically continue” the Rényi entropies near n = 1,

then Eq. (2.7) gives the value of the von Neumann entropy. This procedure is known as the replica trick [71].

Suppose that we start from a pure state |ψ⟩ on a bipartite system AB and we form the reduced density

matrix ρA = TrB |ψ⟩ ⟨ψ| by tracing out subsystem B. It is useful to introduce the tensor network diagrammatic

notation here: To express the reduced density matrix we use the following diagram

,

(2.9)

where we have expressed the state |ψ⟩ as a triangle and used lines to denote the Hilbert space corresponding

to subsystems AB. An upward open line indicates basis in Hilbert space and downward open line indicates

the dual Hilbert space, although for finite dimensional systems they are isomorphic and we will not care about

the orientation of the diagram in general. A closed line indicates contraction in the Hilbert space along the

common basis. Here we see that the partial trace can be simply expressed as a closed loop (self-contraction)

around system B.
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The trace of the n-th power of the reduced density matrix ρnA can be expressed as, e.g.

,

(2.10)

where we have rearranged the density matrices ρA in a to lay on a circle. It is clear from that the contraction

pattern respects cyclic symmetry τn whose action permutes different copies of density matrix cyclically (which

is realized as a rotational symmetry in Eq. (2.10)). This symmetry is known as the replica symmetry.

In general we can write the moment of ρA as some expectation value of the n-th tensor power of the

original density matrix ρ:

TrA ρ
n
A = Tr(ΣA(σA)ΣB(σB)ρ⊗nAB) = ⟨ψ|⊗n ΣA(σA)ΣB(σB) |ψ⟩⊗n , (2.11)

where ΣA and ΣB acts on the tensor product Hilbert space H⊗n
AB by permuting the bases of different replicas

on subregion A and B respectively. They are known as the twist operators. The action for ΣA and ΣB are

characterized by a group element in the discrete permutation group σA, σB ∈ Sn. In the Rényi entropy case

they can be simply read out from Eq. (2.10) to be

σA = τn, σB = e, (2.12)

where τn = (12 · · ·n) is the maximal cyclic permutation of Sn and e is the identity permutation. Note that

ΣB(e) = 1AB , the identity operator on HAB , so we can omit it in Eq. (2.11) and write the Rényi entropy as

Sn(A) =
1

1 − n
ln ⟨ψ|⊗n ΣA(τn) |ψ⟩⊗n . (2.13)

2.2 Holographic entanglement entropy

We give a brief introduction of AdS/CFT and holographic entanglement in this section. The field of

holographic entanglement has grown tremendously in the recent years, which we will not be able to do it

justice in one single section. For more complete reviews on standard AdS/CFT dictionary we refer the reader

to [72–75]. For reviews on the entanglement and quantum information methods in QFT and holography we

refer the reader to the excellent book of Ragamani-Takayanagi [76], as well as TASI lecture notes [77, 78].

First, we give a lightening introduction to the AdS/CFT correspondence. AdS/CFT is a duality statement

between quantum gravity and strongly coupled field theories. In its most common settings, it posits that

a theory of quantum gravity (formulated in terms of string theory or M-theory) in the background of a

d+ 1-dimensional asymptotic Anti-de Sitter (AdS) space is dual to a conformal field theory (CFT) that lives

on its d-dimensional conformal boundary. More concretely, the AdSd+1 space can be parameterized by the

following metric in the Poincaré patch:

ds2 =
1

z2
(dz2 + ηµνdx

µdxν), µ, ν = 0, . . . , d− 1. (2.14)
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The metric diverges as z → 0. Its conformal boundary can be obtained by a scale transformation x→ x/z

and then sending z → 0:

ds2 = ηµνdx
µdxν , (2.15)

which is the usual metric of Minkowski space in d dimensions. If one approaches the boundary at different

rates z ∼ ϵf(z, xµ), the resulting metric attains a Weyl factor

ds2 = f2(z, xµ)ηµνdx
µdxν , (2.16)

which is conformally equivalent to the previous metric. Thus the field theory living on the boundary must be

invariant under a conformal transformation. Different choices of functions correspond to different symmetry

transformations which must be respected by both sides of theories. In the case of AdSd+1, the full isometry

group is SO(d, 2), which is the same as the group of conformal isometry on d dimensions for d > 2. 1

The duality statement in AdS/CFT is usually phrased in terms of holographic dictionaries. They consist

of a set of relations between semiclassical fields in the bulk gravity theory and operators as well as a rule to

match different computible objects on both sides. The two commonly used holographic dictionaries are the

GPKW dictionary [16, 17], which state the equivalence of partition functions:

Zgrav[ϕ] = ZCFT[ϕ] (2.17)

And the extrapolate dictionary [80], which states the equivalence of correlation functions:

⟨O1(x1) · · ·On(xn)⟩CFT = lim
z→0

z−
∑

i ∆i ⟨O1(x1, z) · · ·On(xn, z)⟩grav , (2.18)

where ∆i is the scaling dimension of the operator Oi.

We now list a few pairs of well-known field theories and their corresponding gravity duals. The superstring

theory is 10-dimensional in nature, hence the topology of the dual gravity theory generally has the topology

of AdSd ×M with M a compactified manifold.

• N = 4 4d super Yang-Mills theory/ IIB superstring theory on AdS5 × S5. This is the first discovered

example of AdS/CFT [18, 19] and one of the best understood one. The field theory side is controlled by

the coupling constant gYM and the number of gauge fields N . In the limit N → ∞ and holding the t’

Hooft coupling λ = g2YMN fixed, the bulk dual is IIB superstring theory on AdS5 × S5. If one further

takes λ→ ∞, the bulk dynamics truncates to type IIB supergravity on the same background.

• 2d CFTs with large central charge c ≫ 1/ classical gravity in AdS3. The details of the gravity side

depends on the particular 2d CFT (which may not have a Einstein-Hilbert dual). However such duality

is generally believed to hold true and is often used as a bottom-up approach. Models with precise

duals do exist. A particular construction is (4, 0)2d Superconformal Field Theory (SCFT) and classical

gravity on AdS3 × S2 ×X4, where X4 can be either K3 or T 4, see e.g. [81].

• Sachdev-Ye-Kiteav (SYK) model / Jackiw-Titelboim (JT) gravity. SYK model is a quantum mechanical

system of N interacting Majorana fermions with random interactions [23, 82, 83]. In the large N limit,

the low energy sector of SYK model has been shown to be closed related to JT gravity, a 2d gravity

1For d = 2 one must raise the bulk isometry group SO(2, 2) as a projective representation of the classical Poisson bracket.
Doing so introduces a central charge to the Lie algebra, which is isomorphic to the Virasoro algebra, the local symmetry group
of 2d CFTs. [79]
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theory with a dilaton. For this reason this particular pair is usually refereed to as a AdS2/CFT1 duality.

It has been used as a toy model to study various properties of holographic black holes [84, 85] and as a

model for discrete bulk spacetime [86].

We will be mostly interested in the case where the CFT is strongly interacting with a large degree of

freedom. It is in this limit that the dual bulk theory is semi-classical, i.e. weak-gravitating with a small

Newton’s constant and a large AdS radius compared to the string scale. This choice suppresses the stringy

effects and allows us to work with classical geometry (plus perturbative corrections) in the bulk, which is

crucial for making a precise proposal of holographic entanglement.

We now review the key developments in holographic entanglement. A central player in this field is

the Ryu-Takayanagi formula [26, 27]. It has far-reaching implications in our modern understanding of the

holographic duality, such as bulk reconstruction, subregion-subregion duality [34–36], and the corresponding

quantum error correction picture [37], all of which we will review shortly below. A version of the RT formula

has recently enabled us, for the first time ever since the black hole information paradox was proposed [87],

formulate a purely semi-classical calculation of the Page curve for unitary black hole evaporation process [13].

The proposal of both holographic dictionaries (Eq. (2.17) and Eq. (2.18)) are concerned with mapping

between the field/operator content of the duality. The RT formula proposes a dictionary of a different kind –

by directly relating a geometrical object in the bulk theory to measures of entanglement on the boundary.

This proposition is remarkable in both directions: First, it is a duality statement directly about the bulk

geometry, which lies at the heart of the classical gravity theory. Second, it gives the entanglement entropy,

a rather abstract information measure on the boundary CFT, a clear geometrical meaning. The original

RT formula states that in a time reflection symmetric solution, the boundary entanglement entropy on a

subregion A is equivalent to the area of a bulk codimension-2 minimal surface γA homologous to A 2:

S(A) = min
γA

Area(γA)

4GN
+O(G0

N ). (2.19)

The minimal surface γA is usually called the RT surface of A. See Fig. (2.1) for an illustration. The fully

covariant generalization was established by Hubeny-Ragamani-Takayanagi (HRT) [28], which replaces the

minimal surface on a time reflection-symmetric Cauchy slice by an extremal surface in the full spacetime.

An equivalent covariant formulation was given later by Wall [35] in terms of a maxmin prescription. A

perturbative quantum correction (the O(G0
N ) term) was found later by Faulkner-Lewkowycz-Maldacena

(FLM) [29].

Some clarification is needed here. Both sides of Eq. (2.19) are divergent in nature: The area of minimal

surface is divergent since the AdS metric is singular at its asymptotic boundary; whereas the entanglement

entropy of a subregion in QFT is inherently divergent due to short range modes [50, 51]. To properly define

Eq. (2.19) we must regularize both theories by imposing a IR cutoff in the bulk and a UV cutoff on the

boundary. This kind of UV-IR correspondence is a common occurrence in holography, which is a manifestation

of holographic renormalization groups [88–91].

As a simple example, let’s take region A to be a single interval of length ℓ on a 2D CFT in Minkowski

space. The entanglement entropy of the vacuum state in 2D CFT is uniquely determined by its central charge

c [92]:

S(A) =
c

3
ln(ℓ/ϵ), (2.20)

2Homologous here means that the boundary of γA the same as A, i.e. ∂γA = A.
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Figure 2.1: A spatial slice of the bulk AdS space with boundary region A and its complement Ā. The figure
shows the entanglement wedge of A (gray), the RT surface γA and the entanglement wedge EW(A).

where ϵ is a short distance cutoff. The holographic counterpart in AdS3 is given by the minimal surface A
with (renormalizaed) boundary length ℓ. The area (which is the same as its geodesic length) of this surface

can be easily obtained from Eq. (2.14). It reads

Area(γA)

4GN
=

1

2GN
sinh−1(ℓ/2δ) =

δ→0

1

2GN
ln(ℓ/δ) (2.21)

where δ is the bulk IR cutoff. We take δ → 0 since the asymptotic boundary of the Poincare patch lies at

z = 0. The holographic dictionary between AdS3/CFT2 states that the bulk Newton’s constant is related to

the boundary central charge by c = 3/2GN . 3 We see that the RT formula holds true under this identification.

A important advancement in holographic entanglement took place when Engelhardt and Wall proposed a

generalization of RT known as the Quantum extremal surface (QES) formula [30]. The QES formula proposes

that, if one takes quantum correction at any given order into account, then the RT formula must be revised

to minimize the generalized entropy Sgen:

S(A) = min
γQ
A

(Sgen(γQA )) ≡ min
γQ
A

(
Area(γQA )

4GN
+ Sbulk(EW(A))

)
(2.22)

where Sbulk(EW(A)) is the bulk entanglement entropy of the entanglement wedge of A, the codimension-1

volume 4 enclosed by γQA and A. The minimization is carried over all possible quantum extremal surfaces

γQA homologous to A. See Fig. (2.1) for an example. The implications of the QES formula is way more

far-reaching a mere quantum correction to the RT proposal: It implies that the area of minimal surface

and bulk entanglement are merely two faces of a single coin and must be treated on equal footing. In

particular, it was recognized that the renormalization procedure needed for the minimal surface area and

the bulk entanglement entropy cancels with each other, which allows one to give a UV-finite formulation of

entanglement entropy in quantum gravity. This idea was recently rigorously formalized in the language of

operator algebra in various semi-classical gravity systems [93–95].

The entanglement wedge (EW) of region A, defined as the region enclosed by the quantum extremal

surface, is of special importance in the program of bulk reconstruction. It was proposed to be the dual bulk

prescription of the reduced boundary density matrix ρA in boundary CFT [34–36]. This implies that all the

information in the entanglement wedge can be reconstructed from the boundary theory given full knowledge

3We have normalized the AdS characteristic length ℓAdS to be 1 here.
4The entanglement wedge also refers to the causal development of the region, which is a bulk codimension-0 object. Since

we are restricting to time-reflection symmetric situations with a preferred choice of Cauchy slice we will be agnostic to the
differences.
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Figure 2.2: A spatial slice of the bulk AdS space with A and B chosen to be two disconnected intervals on the
boundary. The figure depicts the entanglement wedge of AB (gray), the entanglement wedge of C (green),
the RT surface γAB and the entanglement wedge cross-section ΓA:B .

of the reduced density ρA. This property is known as the subregion-subregion duality of holography.

The idea of bulk reconstruction and subregion-subregion duality strongly suggests that the holography map

between the boundary and the bulk should really be thought of as a realization of quantum error-correction

(QEC) codes [24]. The code associated to holography is a special kind of QEC code with the property of

complementary recovery. Consider the boundary region A along with its complement Ā and denote their

corresponding entanglement wedges EW(A) and EW(Ā). The holographic map can be viewed as isometry

V that maps the boundary Hilbert space (the code subspace Hcode) to the semiclassical bulk states (the

physical subspace Hphys). The recovery map inverts the map V by embedding the code subspace back into

the physical subspace, protecting against the error of the action of any operators in its complement, i.e. for

any state |ψ⟩ ∈ Hphys and any Hermitian OA ∈ End(HA), OĀ ∈ End(H̄A) there exists Hermitian operators

OEW ∈ End(HEW(A)), OEW ∈ HEW(Ā) such that they satisfies the complementary recovery condition

V OA |ψ⟩ = OEWV |ψ⟩ , V OĀ |ψ⟩ = OEWV |ψ⟩ . (2.23)

The connection between QEC and the RT formula was first realized by Harlow [37], where he showed that

the complementary recovery condition is equivalent to the existence of an area operator LA and an entropy

formula that mimics RT:

S(ρA) = Tr(ρLA) + S(ρ,EW(A)) (2.24)

In particular, the area operator factorizes in terms of the centralizer of the underlying operator algebra LA =⊕
αAα1EW(A),EW(Ā), which correspond to different superselection sectors 5 that has physical interpretation

of fixed area states [96–98] which possess flat entanglement spectra. We will see that these fixed area states

are precisely the proposed dual of RTNs when we review the basics of RTN later in this chapter.

2.3 Canonical purification and the reflected entropy

In this section we introduce the definition of the canonical purification and reflected entropy. We review

various properties of the reflected entropy, focusing on the holography proposal that related reflected entropy

to entanglement wedge cross-sections (EWCS). We then introduce the Rényi generalization and the replica

trick for the reflected entropy.

5These are also sometimes referred to as α-blocks or α-sectors.

12



Let ρAB be a density matrix on a bipartite quantum system AB with Hilbert space HAB = HA ⊗HB . 6

A purification for ρAB is an extended density operator ρABC on a larger Hilbert space HABC such that

TrC ρABC = ρAB , (2.25)

and that ρABC is a pure state.

Given any ρ there will in general be many different choices of purifications. However there is a standard

choice on the “doubled” Hilbert space: The space of linear maps End(H) acting on H itself forms a Hilbert

space with inner product ⟨X|Y ⟩ = Tr(X†Y ) with the trace taken in the original Hilbert space. In general

End(H) is isomorphic to the tensor product H⊗H∗, where H∗ is the dual Hilbert space of H. For the density

matrix ρAB introduced above, we define the canonical purification for ρAB to be the state

|√ρAB⟩ ∈ End(HA) ⊗ End(HB) = (HA ⊗H∗
A) ⊗ (HB ⊗H∗

B) , (2.26)

In other words, define |√ρAB⟩ by finding the unique positive matrix square root of ρAB , regarding the result

as a state in End(HA ⊗HB). It is normalized since
〈√

ρAB
∣∣√ρAB〉 = tr(ρAB) = 1. To see that it is really a

purification, write ρAB =
∑
i λi |i⟩AB ⟨i|AB in eigenbasis and we can compute

TrA∗B∗ |√ρAB⟩ ⟨
√
ρAB | =

∑
ij

λi TrA∗B∗ |i⟩AB |i′⟩A∗B∗ ⟨j|AB ⟨j′|A∗B∗

=
∑
k′

∑
ij

λi |i⟩AB ⟨j|AB ⟨k′ | i′⟩A∗B∗ ⟨j′ | k′⟩A∗B∗

=
∑
i

λi |i⟩AB ⟨i|AB = ρAB ,

(2.27)

where |i′⟩A∗B∗ is the dual eigenbasis for ρAB .

In the case where ρth =
∑
n e

−βEn |En⟩ ⟨En| is a thermal density matrix, the canonical purification is

known as the thermal field double (TFD) [99]

|√ρth⟩ = |TFD⟩ =
∑
n

e−βEn/2 |En⟩ |E∗
n⟩ , (2.28)

which has been widely adopted in holography to as the boundary dual of two-sided eternal black holes [100].

Therefore, physically one can think of the canonical purification as a generalization of TFD states to arbitrary

density matrices.

The reflected entropy of a bipartite density matrix ρAB , is defined as the entanglement entropy on region

AA∗ (or equivalently BB∗ ) of the canonical purification [56]:

SR(A : B) = S(AA∗)|√ρAB⟩ = Tr(ρAA∗ ln ρAA∗), ρAA∗ = TrBB⋆ |√ρAB⟩ ⟨
√
ρAB | . (2.29)

We have SR(A : B) = 2S(A) if ρAB is pure and SR(A : B) = 0 if ρAB = ρA ⊗ ρB is factorized. In general SR

satisfies the following inequality:

I(A : B) ≤ SR ≤ 2 min(SA, SB). (2.30)

6We will mostly work with factorizable finite dimensional quantum in this thesis, although both canonical purification and
the reflected entropy is well defined in continuum. We will come back to this issue later.
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Figure 2.3: A sketch depicting the argument of the reflected entropy/EWCS duality. The entanglement wedge
of AB (shown in yellow) is glued with its CPT dual, which acts like a mirror reflection of AB into A∗B∗,
along their common RT surface. The end result creates a cylinder-like geometry. With the RT dictionary, the
minimal surface of AA∗ falls into the bulk which is then identified with twice of the EWCS 2ΓA:B .

In particular, the difference between mutual information and the reflected entropy,

MG(A : B) = SR(A : B) − I(A : B) ≥ 0, (2.31)

called the Markov gap [101], is a useful measure of tri-partite entanglement. If ρAB comes from tracing out

a tri-partite pure state |ψ⟩ABC , then MG(A : B) is zero if and only if it can be written as a linear sum of

triangle states [57], whose entanglement profiles are purely bipartite. Note that SR = 0 is only a necessary

condition of the state having only bipartite entanglement. For example the reflected entropy vanishes for

GHZ states.

Holographically, the reflected entropy on the boundary CFT is conjectured to be dual to the twice the

area of the entanglement wedge cross-section (EWCS), normalized in Plank units [56]. EWCS is the minimal

area surface Γ in the bulk geometric that divides the bulk EW into two regions, one containing region A the

other containing B. See Fig. (2.2) for an example. More concretely, split the boundary into three regions

ABC and for a reduced density matrix ρAB on CFT obtained by tracing out the degree freedom on region C

we have

SR(A : B) = 2EW (A : B) ≡ 2 min
Γ

Area(Γ)

4GN
+O(1), (2.32)

where the minimization Γ is taken over all possible cross-sections that splits A : B. When the entanglement

wedge is disconnected, we define the area of EWCS to be zero. Note that we have assumed a classical, time

symmetric bulk solution in above. This proposal of reflected entropy-EWCS has been generalized to include

time-dependent bulk configurations, where one adopts a maxmin recipe [102–104], and quantum corrections,

where there is an additional term similar to that of the generalized entropy [103]. There are also proposal for

generalizations to include multiple (n > 3) regions [105].

Ref. [56] establishes the duality Eq. (2.32) based on a holographic construction of the canonical purification

whose holographic entropy can be related to the EWCS. We quickly sketch their arguments here: As shown

in Fig. (2.3), by subregion-subregion duality, the reduced density matrix ρAB is dual to the EW of AB. The

holographic construction of the canonical purification can be identified with taking the EW and glue it with

its CPT dual along their common minimal surfaces. This construction has the property that these gluing

surfaces acts like a “mirror” that reflects the EW into its CPT dual. Using the RT dictionary, the entropy of

the boundary region AA∗ should be identified with the minimal area surface that is homologous to AA∗,

which can be shown to be equal to twice of the EW cross-section.
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For our purposes, it will be useful to consider a two parameter Rényi generalization of the reflected

entropy, based on the following state:7∣∣∣ψ(m)
〉

= (TrρmAB)−1/2
∣∣∣ρm/2AB

〉
. (2.33)

The Rényi generalization is then given by

S
(m,n)
R (A : B) =

1

1 − n
ln Tr(ρ

(m)
AA⋆)n , ρ

(m)
AA∗ =

1

TrρmAB
TrBB⋆

∣∣∣ρm/2AB

〉〈
ρ
m/2
AB

∣∣∣ , (2.34)

for positive even integer m and positive integer n. We will refer to these as (m,n)-Rényi reflected entropies.

SR(A : B) is given by the analytic continuation of the S
(m,n)
R Rényi indices (m,n) → (1, 1). We will sometimes

consider the effects of analytic continuation m→ 1 only and leave n to be an arbitrary positive integer. We

will refer to denote these quantities as n-Rényi reflected entropies and denote them by S
(1,n)
R , or simply S

(n)
R .

The n-Rényi reflected entropy is monotonically decreasing under partial trace

S
(1,n)
R (A : BC) ≥ S

(1,n)
R (A : B) (2.35)

for all integers n > 1 [56]. However it was shown recently [106] that Eq. (2.35) is violated for n = 1, so that

SR does not satisfy the requirement for a correlation measure. Nonetheless we still expect that Eq. (2.35)

holds true for holographic states up to O(1) corrections, as the EWCS is known to be monotonic under

inclusion [33].

We now describe the replica trick for Rényi reflected entropies. In contrast to the von Neumann case we

now have two Rényi indices which means that we will need to take mn replicas. Suppose that the density

matrix ρAB is obtained by partial tracing out system C for a tri-partite pure state |ψ⟩ABC . Using the same

diagrammatic notation as in Sec. (2.1), we write the (unnormalized) density matrix ρ
(m)
AA∗ as

,

(2.36)

where the top stack of triangles corresponds to |ρm/2AB ⟩ and the bottom stack corresponds to ⟨ρm/2AB |. Note

that there are two open lines for each of A and A∗ since it is a ρ
(m)
AB is a density matrix on HAA∗ . Raising

7Note that |ψ(m)⟩ is no longer a purification of ρAB .
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ρ
(m)
AA∗ to the n-th power and taking the trace we obtain the following diagram (Here m = 8 and n = 3):

(2.37)

We have arranged the diagram such that each circle corresponds to replicas with the same n, and going

clockwise increases the m-replica number and that going to the right circle increases the n-replica number.

The contraction pattern for system A is further conjugated by the n-twist operators (shown as yellow and

blue), and their action permutes the contraction lines cyclically in n.

The twist operators ΣA(gA),ΣB(gB),ΣC(gC) for the Rényi reflected entropies can be read out from

Eq. (2.37). For concreteness we assign the following numbering notation: Denoting a specific replica by (α, β),

where α = 1, · · · ,m and β = 1, · · · , n, we represent the elements in Smn in the following notation:

ℓ[i]m ∈ Smn, ℓ[i]m · (α, β) =

(α, ℓ · β), α = i,

(α, β), α ̸= i,
ℓ ∈ Sn, (2.38)

and similarly:

κ[j]n ∈ Smn, κ[j]n · (α, β) =

(κ · α, β), β = j,

(α, β), β ̸= j,
κ ∈ Sm. (2.39)

The group elements that permute the regions A,B can thus be written as

gB =

n∏
j=1

τ [j]nm , gA = (τ−1
n )[m/2+1]m

 n∏
j=1

τ [j]nm

 τ [1]mn , (2.40)

where τm, τn are the respective full cyclic twist operators on Sm, Sn. If we define

γτ =

m∏
i=m/2+1

τ [i]mn (2.41)

as the group element corresponding to the full n-cyclic permutation in the lower half replicas β > m/2, we

can express gA as a conjugation of gB such that

gA = γτgBγ
−1
τ , (2.42)

where it is useful to note that conjugation relabels the elements while preserving the cycle structure.

Since these definitions are a bit complicated to unpack, we introduce a graphical visualization for elements

in Smn in Fig. (2.4). We represent each column of replicas with the same n index by a circle. The same circle

is then repeated n times to make the full mn copies for g to act on. Each individual replica corresponds to
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Figure 2.4: A graphical representation of gA and gB. We use the same replica ordering as in Eq. (2.37):
The individual circles each represents the m replicas of the original tensor and each of the circles is further
replicated n times. Going clockwise in each circle increases the m replica number and going to the next circle
on the right increases the n replica number. A cycle of the permutation is represented by a closed directed
loop. The element gA can be thought of as cutting open the m-circles of gB from the middle, shifting the
bottom half cyclically in the n direction (as the red arrows) and then gluing them back together.

a dot on the circles – there will be m dots on the circle. The action of g ∈ Smn is represented by drawing

directed closed loops corresponding to the cycle decomposition of g. For each circle we denote the upper half

to be the β = 1, · · · ,m/2 replicas of the column and the lower half to be β = m/2 + 1, · · · ,m. The action of

conjugation by γτ is simply cutting open each circle along its middle line, making a cyclic permutation on

the lower halves, and then gluing back together.

2.4 Random tensor networks

Here we quickly review random tensor networks (RTNs). The entanglement profile of RTNs have been

known to satisfy an generalized area law [107, 108]. In addition, RTNs have been shown to give rise to a

bi-directional quantum error-correcting code and a two-point correlation function that matches expected

holographic behavior [40], which makes them excellent candidates of a model of holographic duality. However

in contrast to generic states obtained from gravitational path integral, RTN states have flat entanglement

spectra. For this reason it was argued that they correspond to a special class of holographic states called the

fixed area states [96–98]. There has been proposals to generalize RTN models to include gauge symmetry

[109] and non-flat spectra [110]. For our purpose we will restrict our attention to the most basic formulation

of RTNs, closely following the treatment in [40].

Consider a weighted graph G = {V,E} with a edge weight function χ : E → R+. For each vertex v ∈ V

we assign a rank-k tensor Tv,µ1µ2···µk
,where the indices µi label the edges ei connecting the vertex v. Thinking

of each connecting edge as a Hilbert space Hi spanned by basis vectors |µi⟩, the tensor Tv defines a state

|Tx⟩ = Tx,µ1µ2···µk
|µ1⟩ |µ2⟩ · · · |µk⟩ (2.43)

on the product Hilbert space of each edge Hv ≡⊗iHi. The dimension of the respective Hilbert space is

identified with the weight χ(ei), called the bond dimension of the edge. In this thesis we will mostly work in

the limit where all the bond dimensions are large, i.e. χ(ei) ≫ 1. The idea is to contract all the adjacent
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(a) (b)

Figure 2.5: (a) We tile the hyperbolic disk isometrically by a graph. Each blue circle represents a random
tensor and the connecting edges indicates contraction of the tensors. This tensor network defines a state on
the Hilbert space spanned by the dangling legs on the boundary. (b) The Ising domain wall that arises in the
calculation of Rényi entropies of region A in the RTN. Minimizing the length of the domain wall gives rise to
an entropy formula that corresponds to the RT formula in AdS/CFT.

vertices among their shared common edges ⊗
{xy}∈E

⟨xy|

(⊗
v∈V

|Tv⟩
)
. (2.44)

Here |xy⟩ = δµiµ′
j
|µi⟩ |µ′

j⟩ is an un-normalized maximally entangled state defined on the doubled Hilbert

space of the edge {x, y} where the i-th index of tensor x is contracted with the j-th index of tensor y. This

defines a c-number for the network once one specifies the collection of tensors Tv associate to the graph G.

To define a tensor network state, we mark special boundary vertices ∂ ⊂ V and we leave the boundary

vertices un-contracted. The resulting network now defines a pure state in the boundary Hilbert space

H∂ =
⊗

v∈∂ Hv associated to the “dangling legs”:

|Ψ⟩ =

 ⊗
{xy}∈E

⟨xy|

 ⊗
v∈V \∂

|Tv⟩

 ∈ H∂ (2.45)

While we can work with a general graph, we will often be interested in models of AdS/CFT, where it is

natural to pick a triangulation of two dimensional hyperbolic space, thought to represent a fixed time slice of

the AdS3 spacetime, see Fig. (2.5) (a). We fix all of the bond dimensions on this network to be the same,

denoted as χ. We pick the boundary vertices of the network to be at a cutoff region near the boundary of

hyperbolic space.

For RTNs, we demand that the state |Tv⟩ is sampled from a uniform random ensemble on the tensor

Hilbert space. This can be achieved by acting with a unitary matrix Uv picked from a Haar-random measure

on some fixed anchor state |0v⟩. Then the average over such a measure can be readily done using Schur’s

Lemma [111]:

(|Vv⟩ ⟨Vv|)⊗n =

∫
[DUv]

(
Uv |0v⟩ ⟨0v|U†

v

)⊗n ∝
∑
gv∈Sn

gv (2.46)
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where gv is a element of the symmetry group Sm whose action is to permute the contraction edges of the

n-replicas. The state |Ψ⟩ is unnormalized. Normalization can be achieved “on average” by dividing by the

average of the norm of |Ψ⟩. At large bond dimension this procedure is sufficient for our purposes.

We now consider a factorization of the boundary Hilbert space as H∂ = HA ⊗ HĀ. The n-th Rényi

entropy of subregion A can be written as the expectation value of a twist operator ΣA which acts on the

tensor product of n copies of HA. The twist operator cyclically permutes the different copies of HA and we

label the operation by τn, the maximal cyclic permutation element in Sn. After averaging and normalizing as

described above one finds at large bond dimensions the moments of the density matrix can be written as 8

Zn(A) ≡ Tr ρnA = ⟨Ψ|⊗n ΣA(τn) |Ψ⟩⊗n =
∑

{gv∈Sn}b.c.

exp

− ∑
e={x,y}∈E

d(gx, gy) lnχ(e)

 , (2.47)

where ΣA(gA) is the twist operator on subregion A. This expression can be viewed as the partition function

for a classical Ising-like model with nearest neighbor interactions where each Ising “spin” takes value in the

symmetry group Sn. The interaction strength is given by the Cayley distance 9

d(g, h) = n− #(gh−1) (2.48)

where #(·) is a function that counts the total number of cycles of a group element, including trivial cycles

that map a given element to itself. Cayley distance is a metric on the symmetric group in the sense that

it measures the abstract distance between two elements g, h ∈ Sn, symmetric, semi-positive and satisfies

triangle inequality, and d(g, h) = 0 iff g = h. Hence the energy function of the Ising model favors group

elements that are “close” to each other in group space. The boundary conditions on the sum {gv ∈ Sn}b.c.
are dictated by the presence of the twist operators, i.e. we impose g = τn on boundary region A ⊂ ∂ and

g = e on Ā = ∂\A. In the case of large bond dimension, the Ising model is in its low temperature limit and

is localized to its ground state. The field configuration in this limit is given by domains of group elements τn

and e, separated by a domain wall as shown in Fig. (2.5) (b). Minimizing the energy of this domain wall

requires it to be a minimal surface, thus reproducing the usual RT formula.

The Rényi entropy for ρA can be written as

Sn(A) =
1

1 − n

(
ln

Tr ρnA
(Tr ρA)n

)
≈ 1

1 − n
ln

Tr ρnA
(Tr ρA)n

=
1

1 − n
ln

Zn

(Z1)n
, (2.49)

where we have replaced the average over the logarithm by the logarithm of the averages of the partition

function. The fluctuations around the average can be shown to be suppressed exponentially in bound

dimension χ at large bond dimensions. More specifically, the normalized variance of the partition function

around its average is given by

(
Zn

(Zn)
− 1

)2

=
Z2
n

(Zn)2
− 1. (2.50)

The squared partition function can be shown to be dual to an Ising model with spin taking values in S2n

using a very similar approach. The boundary condition on this new model is g = τn × τn on A and g = e

8we have ignored the proportionality factor in Eq. (2.46), since it cancels out after we divide by the normalization of density
matrix.

9We summarize various useful results for the symmetric group in Appendix A.
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on Ā. At large bond dimension the value of the partition function is simply the square of the original one,

plus corrections in O(1/χ). It then follows that the variance Eq. (2.50) vanishes as χ→ ∞. Since this result

holds for all integer n > 0 one can prove a similar convergence on the spectrum of the density matrix itself,

i.e. the eigenvalues of the RTN states are narrowly peaked around their average value. These results are

known as measure concentration, which are known to hold for large random matrices; see [112].

Note that the above calculation gives the same results for the Rényi entropies Sn(A) for all n ≥ 0.

The entanglement spectrum for the RTN is therefore flat, which is clearly not true for generic holographic

states. Instead, RTN have been interpreted as models of fixed-area states in such theories [96–98]. Generic

holographic states can be obtained as a superposition of fixed-area states. We will see in the later chapters

that such superpositions naturally arise from the canonical purification without adding this structure in by

hand.

2.5 A first pass

To set up the calculation for reflected entropy, we now consider a RTN defined by graph G and divide the

boundary into three different regions ∂ = A ⊔ B ⊔ C. As a simple example, we take both A and B to be

connected intervals and trace out C to get the reduced density matrix ρAB . We will make use of the reflected

entropy replica trick described in Sec. (2.3). To recapitulate, we want to construct the canonical purified

density matrix

ρAB → |√ρAB⟩ ⟨
√
ρAB | ≡ ρABA∗B∗ , (2.51)

where the A∗ (respectively B∗) is the canonical purified counterpart of the original region. We achieve this

by first computing the (m,n)-Rényi reflected entropies defined in Eq. (2.34). This is possible using a similar

Ising-like model, for integer n ≥ 1 and even integer m ≥ 2. Using the same procedure as in Sec. (2.4),

including an appropriate normalization that works at large bond dimension, we find:

S
(m,n)
R (A : B) ≈ 1

1 − n
ln

(
Zm,n

(Zm,1)n

)
, (2.52)

Zm,n(A,B) = ⟨Ψ|⊗mn ΣA(gA)ΣB(gB) |Ψ⟩⊗mn, (2.53)

Zm,1(A,B) = ⟨Ψ|⊗m ΣAB(τm) |Ψ⟩⊗m. (2.54)

The group actions of twist operators gA and gB is given by Eq. (2.40). The partition functions of the Ising

model Zm,n given by the sum over permutation group elements

Zm,n =
∑

{gv∈Smn}b.c.′

exp

− ∑
e={x,y}∈E

d(gx, gy) lnχ(e)

 . (2.55)

The new boundary condition on the sum, denoted b.c.′, imposes gv = gA for x ∈ A, gv = gB for x ∈ B and

gv = e for x ∈ C.

We now consider two natural saddle points, i.e. domain wall configurations for the Ising problem that arose

in computing the (m,n)-Rényi reflected entropy. These saddles are the tensor network analogs of the saddle

points that were considered in Ref. [56] and used to prove the reflected entropy/EWCS correspondence. These

were also interpreted as arising from the gluing construction of Refs. [113, 114], which has a natural analog
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Figure 2.6: Two naive solutions for the spin Ising model for a RTN defined on a hyperbolic space. The
domain for permutation group elements are indicated using different colors. The blue region indicates gA, the
red gB, and white the identity permutation e. The left configuration is the naive disconnected saddle, and
right configuration is the naive connected saddle.

in the tensor network case [115]. 10 In particular, these saddles are analogs of the Lewkowycz-Maldacena

saddles [116] used to compute Rényi entropies in AdS/CFT.

With the above results at hand, we are now ready to make a first-pass calculation of the reflected entropy

in RTN using the saddle-point approximation. The presentation in this section will be schematic and brief,

merely touching on the issues that arise during the calculation. We return to those issues with more detailed

treatments in Chapter 3 and Chapter 5, where we study the non-trivial corrections around the phase transition,

and in Chapter 6, where we study the properties of saddles in generic RTNs using more advanced methods.

Imposing the boundary elements to be gA on region A and gB on region B and allowing the corresponding

domains to propagate into the bulk, we immediately identify two possible geometrical saddles (see Fig. (2.6)).

The first saddle is characterized by each region bounded by its minimal homology surface (we call this the

naive disconnected saddle). The second saddle features a non-trivial entanglement wedge, with the minimal

wedge cross-section marked as the domain wall for gA ↔ gB (we call this the naive connected saddle). The

tensions of these domain walls are found from the Cayley distances:

d(gA, e) = d(gB , e) = n(m− 1), d(gA, gB) = 2(n− 1) (2.56)

Assuming the naive disconnected saddle dominates and doing a simple analytic continuation to (m,n) → (1, 1)

one finds that the reflected entropy vanishes, while a similar procedure for the naive connected saddles gives a

reflected entropy proportional to the EW cross-section. It is then expected that as we vary the size of regions

A,B, one of the two solutions gains dominance over the other, with a phase transition at some critical size.

Furthermore, one can verify that the transition point occurs right at the point when the RT surface of A ∪B
jumps. Hence the conjecture “SR(A : B) = 2EW (A : B)” seems to be true in RTN.

We do expect that our construction of the two semi-classical saddles works well when the bulk is far

from the transition point, where the sum in the partition function is strongly dominated by a single saddle.

However there are several issues that arise from this proposal:

• This construction fails to correctly account for the n-Rényi reflected entropies at m = 1 even away from

the phase transition. If we treat these saddles seriously for all (m,n) then we find the Rényi entropies

10This was one of several methods suggested for proving the correspondence in Ref. [56]. The other method is studying the
modular flowed correlators, which doesn’t obviously extend to the tensor network case.
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for n > 1 at m = 1 are dominated (have smaller free energy) by the disconnected phase and thus vanish

to leading order in lnχ. Taking the limit n→ 1 after setting m = 1 gives 0 for the reflected entropy

even in the connected phase. In particular this indicates an order of limits issue that was first pointed

out in Ref. [117]. This answer is not obviously inconsistent, however we will argue that it is nevertheless

incorrect.

• While the two bulk solutions are legitimate saddles at integer (m/2, n) and each carries physical

significance, it is not obvious that other semi-classical bulk configurations do not dominate over these.

There is ample reasoning to expect there would be other bulk solutions. First, the order of limits issue

mentioned above suggests that the naive bulk solutions do not have nice analytical properties which

may be resolved by inclusion of new saddles. Second, a similar situation happens for the negativity

computations, where a series of non-trivial “replica symmetry breaking” elements are important in the

semi-classical saddle solutions [118–120]. Indeed, we will show in the later chapters that there is such

an element for reflected entropy as well, although the details differ significantly with negativity.

• At the EW phase transition there is considerable uncertainty with how to proceed. So far the calculations

we discussed were based on some fixed integer replica number n,m > 1. To obtain the reflected entropy

we need to analytically continue n,m→ 1. While the solutions we obtained above work independently,

we need to include both of them to make a phase transition. However simply summing the two saddles

is known to lead to incorrect results [121]. The simplest issue that arises is from the normalization.

Sending n→ 1 we expect:

1 = tr ρAA∗ = tr (trBB∗ |√ρAB⟩ ⟨
√
ρAB |) (2.57)

However since we view the two bulk solutions as independent from one another, each of them contributes

unity to the trace exactly at the phase transition. Adding those up we obtain a paradoxical result

tr ρAA∗ = 2. It is clear that we should somehow treat the two seemingly different saddles as limits of a

more general class of solution.

• Indeed, around the phase transition point we expect there will be other previously sub-leading saddles

that will smooth out the sharp transition. A notable example for such effect is the calculation of

entanglement entropy for two disjoint regions [62, 63] (See also Ref. [15]), where a summation over

a larger class of group elements called the non-crossing permutations is performed. In our case the

problem is harder due to the appearance of the domain wall gA ↔ gB in our bulk solution. However

when we include a summation over a larger set of saddles, we also expect to find a smoothing out of the

reflected entropy phase transition.

The above issues can be classified into two big categories:

1. The uncertainty of the dominant semi-classical saddles away from the phase transition.

2. The uncertainty of the sub-leading corrections at the vicinity of the phase transition.

These two problems are not independent of each other. For example understanding the first can help us

determine what are the important saddles we should include to obtain the corrections in the second.

To answer the first problem, we will prove in the later chapters that there will be a new class of solutions

featuring a new group element X ∈ Smn that can dominate the partition function. Using the notation
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Figure 2.7: A graphical representation of X. It features maximal cyclic permutations in the upper and lower
halves of each circle (separated by blue dashed lines).

Figure 2.8: The bulk solution with the new element X (indicated as the green region). As n→ 1 the region
disappears and we revert back to the naive connected saddle.

introduced in Sec. (2.3), the element X is given by

X =

n∏
j=1

(τUm/2τ
D
m/2)[j]n , τU = (12 · · ·m/2), τD = (m/2 + 1 · · ·m), (2.58)

where τU and τD are maximum cyclic permutations in the “upper” and “lower” m circles. A visualization of

the actions of X is shown in Fig. (2.7). We will see that new element interacts with the existing solutions,

and we will argue that phases involving X are the correct ones for computing the Rényi entropies at m = 1.

Moreover, we prove rigorously in Chapter 6 that these are the only important saddles for RTNs defined on

any graph, as long as one is only concerned with the parametric region away from phase transition. In short,

the elements X “fill in” the spaces between the backreacted EW and the un-backreacted EW. As we continue

n→ 1, the X regions slowly shrinks and give back the minimal cross-section solution, see Fig. (2.8).

The answer to the second problem is much more involved and intricate than the first one. The issues

we list above suggest we need to sum over a larger set of non-trivial bulk saddles. For a generic RTN the

bulk geometry is complicated, and it is not obvious how to construct these solutions a priori. However, we

will show in later chapters that such summation is possible the case of a single tripartite random tensor

(Chapter 3) and a pair of contracted random tensors (Chapter 5), see Fig. (2.9). That is, we are able to

perform an analytic computation of the full entanglement spectrum of the canonical purified density matrix

for these systems. Having the full eigenvalue spectrum is a very powerful result, as it allows us to construct

effective descriptions of the canonical purification. We argue that these effective descriptions correspond to

non-perturbative effects in the bulk as a genus expansion in the gravitational path integral. Although the

answers we obtained for the second problem are limited only to the simplest networks, there is evidence that

23



EW phase transitions in general RTN and holography also follows a similar behavior, and we expect the

lessons we learnt from these models hold generically true in other more complicated scenarios.

Figure 2.9: The simple tensor models for which we were able to extract analytical spectra of their canonical
purifications. The left represents a tripartite single random tensor with bond dimensions χA/B/C , which
we study in detail in Chapter 3. The right represents a pair of random tensors contracted along a common
internal bond χ, which we study in detail in Chapter 5.

Another advantage of working with simple tensors is that we are able to check our analytical answer

directly with numerical simulations. Indeed we find that, in the case of both the 1TN and 2TN model, our

analytical expressions for the reflected spectra match with the numerical results in the relevant large bond

dimension limit, quantifying the corrections that smooth out the sharp jump of the reflected entropy around

the phase transition.
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Chapter 3

Single Random Tensor

In this chapter, we begin to explore the non-perturbative physics that describes the discontinuity of reflected

entropy phase transition using a toy model of a single tripartite random tensor, which we refer to as 1TN.

The 1TN models a three-boundary wormhole with horizon areas fixed to a small window [96–98] and a large

interior. This results in an EW phase transition as we tune the bond dimensions (the horizon areas). We

compute the reflected entropy near such a phase transition, paying special attention to how non-perturbative

effects smooth out the transition. We find a sharp, continuous transition analogous to the Page curve [61],

which reproduces the expected discontinuous transition in the limit that the bond dimension goes to infinity.

The results presented in this chapter is mostly based on Ref. [48].

3.1 Summary of results

We now summarize some of the main points in this chapter:

• We prove some general results for the (m,n)-Rényi reflected entropy for 1TN, including various continuity

arguments as a function of m which establishes independence of m away from the phase transition.

These will serve as checks on our later computations, and help motivate the prescription we use to

analytically continue in (m,n). We then describe the phase diagram of dominant saddle points at

integer m/2, n. See Sec. (3.3) and Sec. (3.4).

• We use a Schwinger-Dyson re-summation method similar to [15, 118] to compute the reflected spectrum

for 1TN. We make an assumption about the class of diagrams that dominates, and prove this to be

correct in various limits. The reflected spectrum thus obtained has two main components: A single

eigenvalue representing the disconnected EW phase, and a broad peak with exp(2 EW(A : B)) eigenvalues

representing the connected EW phase. These two contributions are always present irrespective of the

relevant phase, but their respective weights move around as we tune the bond dimensions in the tensor

network. They make dominant contributions to the reflected entropy in their respective phases. We

show a cartoon of the reflected spectrum for the single tensor model in Fig. (3.1). See Sec. (3.5) and

Sec. (3.6).

• Based on the above we argue that near the phase transition both sets of eigenvalues contribute. In the
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Figure 3.1: The reflected spectrum in the single tensor model has two superselection sectors corresponding to
the disconnected and connected phase respectively.

single tensor, the reflected entropy takes the form:

SR(A : B) = −p0 ln p0 − p1 ln p1 + p1

(
lnχ2

A − χ2
A

2χ2
B

)
+O(χ−2

A,B), (3.1)

where χX ≫ 1 are the bond dimensions for X = A,B,C and the classical probabilities are:

p0 =
χC
χAχB

2F1(1/2,−1/2; 2;
χC
χAχB

)2 , p1 + p0 = 1, (3.2)

At large bond dimensions this reproduces the characteristic jump in the reflected entropy, see Fig. (3.2).

We argue that these results can be understood as arising from an effective description of the entanglement

structure for the canonically purified state as a superposition of tensor networks states. Here, one state

is described by a doubled random tensor network, representing the connected phase, while the other

tensor network is trivially factorized:

(3.3)

The two terms are weighted by the associated probabilities p0 and p1 = 1 − p0. The reduced density

matrices on AA⋆ are approximately orthogonal, so these represent (approximate) superselection sector

with an associated area operator:

LAA⋆ =
⊕
s=0,1

SvN (ζs) (3.4)

where ζ1 ≈ 1AA⋆/χ2
A and ζ0 = |1A/χA⟩ ⟨1A/χA|. We also check the above results against numerics. See

Sec. (3.7) and Sec. (3.9).
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Figure 3.2: “Page curve” of the reflected entropy, for a single tripartite random tensor with bond dimensions
χA, χB , χC . The blue curve corresponds to the infinite bond dimension limit, χ → ∞. The other curves
correspond to large but finite bond dimension, correctly limiting to the blue curve as the bond dimension
increases.

• Our results will resolve the order of limits issue pointed out in Ref. [117]. In particular if one applies the

naive LM-like saddle point analysis in the limit (m,n) → (1, 1) then the “wrong” phase can dominate if

one takes the limit m→ 1 first and then n→ 1, leading to a formula different from Eq. (2.32). This

later formula fails several quantum information bounds, so one can rule out this order of limits on these

grounds. However a better understanding of this issue and justification of the order of limit is desired.

In fact we will show that no such order of limits issue occurs after we give a prescription for continuing

the (m,n)-Rényi reflected entropies from m ≥ 2 to m = 1. We will give evidence for this prescription

based on the single random tensor, and show how it is consistent with a more general set of QI bounds.

Several appendices support our calculations, most notably Appendix C.1 where we give a proof of the

phase diagram for the single network case.

3.2 Setup

Consider a single tripartite random tensor T with bond dimensions χA, χB and χC that prepares a state

|ψ⟩ABC on the Hilbert space HABC . This setup can be thought of as a toy model for the holographic setting

of a multiboundary wormhole with three asymptotic boundaries, where the area of the mouths AA,B,C are

related to the bond dimensions χA,B,C as

logχA,B,C =
AA,B,C

4GN
(3.5)

by the standard relation between the bulk spacetime and the tensor network that discretizes it [40, 122], as

shown in Fig. (3.3). More so, when computing the Rényi entropy, there is an exact correspondence (including

non-perturbative effects) between the single random tensor and the multiboundary wormhole when the
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Figure 3.3: (left) A state on the Hilbert space HABC is prepared by a single tripartite random tensor with
bond dimensions χA, χB and χC . (right) The three-boundary wormhole solution, which is modeled by the
single random tensor when its horizon areas are fixed to a small window. The horizon areas of the wormhole
corresponds to the bond dimensions of the single tensor.

horizon areas are fixed to a parametrically small window [96–98].1

Note that in order for the connection between the single tensor and the three boundary wormhole to be

sharp, we require that the interior region is large enough that there are no other competing entanglement

wedge cross sections except the horizons of A and B since there is no analog of such surfaces in the single

tensor. It seems plausible that this can be arranged for by adding sufficient matter in the interior to support

a long wormhole like in Ref. [123].

This setup is much more tractable than the general tensor network and allows us to understand phase

transitions in the reflected entropy in detail. We will use the resolvent trick described in [15] to compute the

exact entanglement spectrum of ρAA∗ in the limit of large bond dimension. This allows us to compute the

reflected entropy SR(A : B), along with other generalizations such as its Rényi versions, as a function of the

bond dimensions. We will find a phase structure that is consistent with the holographic proposal [56] for the

reflected entropy at least away from phase transitions, and the spectrum will smoothly interpolate between

the different phases.

We summarize now the various parameter ranges we will be interested in, each some limit with

χA, χB , χC ≫ 1. We consider the following fixed parameters as we take χi large:

xA =
lnχA
lnχC

xB =
lnχB
lnχC

(3.6)

with 0 < xA, xB < ∞. The “entanglement wedge” phase transition, corresponding to the Page phase

transition that we are mostly interested in, lives along the line xA+xB = 1. There are other phase boundaries

along xA = 1 + xB and xB = 1 + xA where the derivative of the mutual information jumps. However, the

reflected entropy SR(A : B) does not have interesting behavior here so we are less interested in them.

1Note that by non-perturbative effects we mean effects of O(e−1/GN ) ∼ χk for some k, i.e., power law corrections in the
bond dimension.

28



In terms of these parameters the mutual information approaches

I(A : B)

lnχC
→

0 , xA + xB < 1

xA + xB − 1 , xA + xB > 1 & xA − 1 < xB < xA + 1 ,
(3.7)

in the large bond dimensions limit. Also, as we will demonstrate below, the reflected entropy behaves like

SR(A : B)

lnχC
→

0 , xA + xB < 1

2 min(xA, xB) , xA + xB > 1 & xA − 1 < xB < xA + 1 .
(3.8)

Note the value of the reflected entropy in the connected phase matches the holographic expectation; it is the

entanglement wedge cross-section in this single-tensor model. Our goal will be to compute this rigorously

and to also study SR near the phase boundaries.

Consider now the phase boundary near xA + xB = 1. Set:

q = χAχB/χC , y = lnχA/ lnχB (3.9)

We will explore the parameter range 0 < q < ∞ and 0 < y < ∞ fixed as we send χC → ∞. The mutual

information is well studied in this limit as it can be computed from the entanglement entropies [61]. The

behavior across the phase transition is generally referred to as the Page result/transition.

There is also another limit of interest at the edge of this phase boundary which lives near xB = 0 and

xA = 1 where we fix χB ≫ 1 and send χC → ∞ holding p = χA/χC fixed and χB fixed. This limit is mostly

of interest because the analytic calculation is more tractable.

We start by proving certain results rigorously for the reflected entropy in different regimes of parameter

space in Sec. (3.3). We then compute the phase diagram for the Rényi reflected entropy in the saddle point

approximation in Sec. (3.4). We then analyze the phase transitions in reflected entropy by using the resolvent

trick. Before doing so, in Sec. (3.5) we describe the phase transition in entanglement entropy which reproduces

the Page curve as a warm up problem. This helps us establish the formalism and ingredients required to

describe the reflected entropy phase transition in Sec. (3.6). We discuss the results of this calculation in

Sec. (3.7) and check these against numerics in Sec. (3.9).

3.3 General considerations

Let us start by proving some rigorous results on reflected entropies and the Rényi generalizations in the large

bond dimension limit. These results will help guide our way through the replica treatment of this problem.

The intuition behind the following result is that for a random state, the reduced density matrix ρAB

has an approximately flat spectrum, implying it is approximately proportional to a projector at large bond

dimension. This implies that the states
∣∣∣ρm/2AB

〉
for different m and after normalization, are close in the

Hilbert space norm. This implies a certain continuity in m for the (m,n)-Rényi reflected entropies. While

continuity results for Rényi entropies are weak, the states in question are sufficiently close at large bond

dimension to imply a useful result. We prove the following lemma:

Lemma 3.1. The (m,n)-Rényi reflected entropy for a tripartite random state with χC < χAχB satisfies a
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continuity bound as a function of m for 1 ≤ m ≤ 2 and n > 1:

∣∣∣S(1,n)
R (A : B) − S

(m,n)
R (A : B)

∣∣∣ ≤ 2n

n− 1

(
(m− 1)χC
χAχB

)1/2

min{χ2(n−1)
A , χ

2(n−1)
B } (3.10)

Also the reflected entropy (at n = 1) satisfies:

∣∣∣SR(A : B) − S
(m,1)
R (A : B)

∣∣∣ < 2

(
(m− 1)χC
χAχB

)1/2

min{lnχA, lnχB} + ln 2 (3.11)

Proof. We will also need the continuity bound for reflected entropy [58], which follows from applying the

Fannes-Audenaert inequality [124, 125] to the reflected entropy. In fact we will need a Rényi generalization of

this inequality, which is usually considered to be a weak bound [126]:

∣∣∣Sn(ρ
(1)
AA⋆) − Sn(ρ

(m)
AA⋆)

∣∣∣ ≤ χ
2(n−1)
A

n− 1

(
1 − (1 − T )n − (χ2

A − 1)1−nTn
)

n ≥ 1 (3.12)

≤ nχ
2(n−1)
A

n− 1
T (3.13)

where T is the trace distance:

T = ∥ρ(1)AA⋆ − ρ
(m)
AA⋆∥1 ≤ 2

√
1 − |

〈
ψ(1)

∣∣ψ(m)
〉
|2 = 2

√√√√
1 −

(
Trρ

(1+m)/2
AB

)2
TrρmAB

(3.14)

The later inequality follows from the bound of the trace norm by the fidelity, as well as monotonicity of the

fidelity under tracing from ABA⋆B⋆ to AA⋆. The overlap |
〈
ψ(1)

∣∣ψ(m)
〉
| is the fidelity on ABA⋆B⋆. The last

equality uses the Hilbert-Schmidt norm. We estimate:

T ≤ 2
√

1 − exp
(
−(m− 1)(S(m+1)/2(ρAB) − Sm(ρAB))

)
≤ 2((m− 1))1/2(S(m+1)/2(ρAB) − Sm(ρAB))1/2

≤ 2((m− 1))1/2(lnχC − S2(ρAB))1/2

(3.15)

where we used some elementary bounds and in the last line we used monotonicity of the Rényi entropies as a

function of m: Sm ≥ S2 for m ≤ 2. We also used S(m+1)/2(ρAB) ≤ lnχC which follows from Schmidt rank

and the assumption χC < χAχB . Averaging over the Haar random unitaries we have:

T ≤ 2((m− 1))1/2(lnχC − S2(ρAB))1/2 (3.16)

We now apply the Lubkin result [127], see Ref. [128]:

⟨S2(ρAB)⟩ ≥ lnχC − χC
χAχB

(3.17)

So we have:

(lnχC − S2(ρAB))
1/2 ≤

(
lnχC − S2(ρAB)

)1/2
≤
(

χC
χAχB

)1/2

(3.18)
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by Jensen and concavity of the square root. Putting all these inequalities together we find that:

T ≤ 2((m− 1))1/2
(

χC
χAχB

)1/2

(3.19)

which gives Eq. (3.10) after using the symmetry between A and B. A similar analysis for the n = 1 case using

now the Fannes continuity result and the bound on the Shannon correction term −T lnT − (1−T ) ln(1−T ) ≤
ln 2 gives Eq. (3.11).

While we focused on 1 ≤ m ≤ 2 there is no obstruction to finding similar results for later m > 2, say by

generalizing the Lubkin bound Eq. (3.17) for other integer Rényi entropies. The most efficient way to do this

for general m would involve taking the large bond dimension limit, whereas the result above is for any bond

dimensions. We expect the conclusions are the same for m > 2.

As an application of these results, consider sitting on the (xA, xB) phase diagram above xA + xB ≥ 1

and assume that xA < xB . We see that there is always some window 1 ≤ n ≤ nc where the leading large χ

(m,n)-Rényi entropies are provably independent of m:

|Sn(ρ
(1)
AA⋆) − Sn(ρ

(m)
AA⋆)| ≤ 2n((m− 1))1/2

n− 1
χ
1/2(1−xA−xB)+2xA(n−1)
C (3.20)

which implies that the change in the (m,n)-Rényi reflected entropy as a function of m is non-perturbatively

small for n > 1 and n < nc where nc = 5/4 − (1 − xB)/(4xA) ≥ 1. Additionally at n = 1 the shift as a

function of m can be order 1. Based on explicit calculations we will argue that this is true for all n > 1,

although these results will be less rigorous, relying on certain assumptions about the analytic continuation.

In this way Lemma 3.1 will serve as a check on our method for analytic continuation.

We can make a similar argument for χAχB ≤ χC , but now we expect the reflected density matrix to be

close to a factorized density matrix ρAB ≈ 1A ⊗ 1B/(χAχB). This allows us to make a stronger statement

since the reflected entropy of this density matrix vanishes.

Lemma 3.2. For a tripartite random state with χAχB ≤ χC

S
(m,n)
R (A : B) ≤ 2n

n− 1

(
χAχB
χC

)1/2

min{χ2(n−1)
A , χ

2(n−1)
B } (3.21)

for 1 ≤ m ≤ 2 and n > 1. Similarly for the entropy:

S
(m,1)
R (A : B) ≤ 2

(
χAχB
χC

)1/2

min{lnχA, lnχB} + ln 2 (3.22)

Proof. We use the same proof idea as in Lemma 3.1, except now one of our states in the Fannes-like inequalities

is the reduced state ρ̃AA⋆ associated to the canonical purification for the maximally mixed state ρ̃AB =

1AB/(χAχB). Of course the reflected entropy vanishes for this state, and thus ρ̃AA⋆ is a minimal projection.

Again the trace distance can be estimated in terms of the overlap | ⟨ψ(m)|ρ̃1/2AB⟩ |2 = (Trρ
m/2
AB )2/(χAχBTrρmAB).

For 1 ≤ m ≤ 2 we apply monotonicity Sm/2 ≥ S2 and Sm ≥ S2 and finally we use the Lubkin bound (for the

case χAχB > χC). This gives the stated results.

Note that if we simply set m = 1 we see this constrains the answer that we are interested in. Both the

reflected entropy and the Rényi reflected entropies are provably non-perturbatively small, i.e. power law
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suppressed in χC , for xA + xB < 1 and for n > 1 (using monotonicity with n).

3.4 Phase diagram and Rényi reflected entropies

In order to proceed we will use the replica trick at (m/2, n) integer to evaluate the (m,n)-Rényi reflected

entropy. We will find a phase diagram as a function of the bond dimensions and then give some arguments

for how to analytically continue this phase diagram away from the integers.

The integer moments of the density matrix for the reflected entropy reads (up to the usual small corrections

from the treatment of the normalization):

Tr(ρ
(m)
AA⋆)n =

∑
g∈Smn

exp (− lnχC(xAd(g, gA) + xBd(g, gB) + d(g, e)))(∑
g∈Sm

exp (− lnχC((xA + xB)d(g, τm) + d(g, e)))
)n (3.23)

We now simply find the phase diagram (as a function of the various bond dimensions) at fixed integer (m/2, n).

At each point in the phase diagram some set of g dominates. We will find a picture of the phase diagram

where at each point one of four possible elements dominates: e, gA, gB and a new element we call X.

To set the stage we are interested in minimizing the following free energy:

f(g) = xAd(g, gA) + xBd(g, gB) + d(g, e), g ∈ Smn (3.24)

where we have factored out lnχC . Since f is a linear function of xA and xB , any region of the phase diagram

in the (xA ≥ 0, xB ≥ 0) plane must be convex.2 The Cayley distance, as a metric on Smn, satisfies the triangle

inequality d(g1, g2) + d(g2, g3) ≥ d(g1, g3). It will be useful to introduce the geodesics in the Cayley that pass

between two group elements g1, g2 as the set that saturates this inequality. We denote these elements using:

Γ(g1, g2) = {g ∈ Smn : d(g1, g) + d(g, g2) = d(g1, g2)} (3.25)

See Appendix A for a discussion of elements on this geodesic.

We now determine the two-dimensional phase diagram in terms of (xA, xB). As a first step we proceed as

follows. We solve for the dominating elements at various special points in the phase diagram. Then we fill

in the undetermined regions by the convexity of the phase diagram. As a limiting case, it is easy to show

that the identity element e dominates at xA = xB = 0 and gA(gB) dominates at xA(xB) → ∞. For the other

regions:

• Along the line xA + xB = 1:

f = xA(d(g, gA) + d(g, e)) + (1 − xA)(d(g, gB) + d(g, e))

≥ xAd(gA, e) + (1 − xA)d(gB , e) = n(m− 1)
(3.26)

with saturation achieved for g ∈ Γ(gA, e) ∩ Γ(gB , e).

2See Lemma C.2 in Appendix C.1 for a proof.
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• Along the line xA = xB + 1:

f = xB(d(g, gA) + d(g, gB)) + (d(g, gA) + d(g, e))

≥ xBd(gA, gB) + d(gA, e) = 2(n− 1)xB + n(m− 1)
(3.27)

with saturation for g = gA since this is the single element in Γ(gA, gB) ∩ Γ(gA, e).

• Along the line xB = xA + 1 is the same as above with A↔ B.

After applying convexity to the above results the only region left is for xA+xB > 1 and 1−xB < xA < 1+xB .

This is of course the main region of interest where the entanglement wedge is connected. Because there is

no common geodesic element between all three elements (that is Γ(gA, e) ∩ Γ(gB , e) ∩ Γ(gA, gB) is empty),

there is no simple argument that determines the phase in this region.3 This is the main difference between

our calculation and the negativity computations in [118–120]. Instead we must seek other methods for

determining the phase in this region. Indeed, there exists a proof for this main region, providing a complete

picture of the phase diagram. However, because the proof is relatively involved, we present it in Appendix

C.1 for interested readers. For now we just summarize the results we find:

• There exists a new phase with a non-trivial element, which we denote X, in the triangular region

xA + xB ≥ 1, xA < 1 + xB(1 − 2/n), xB < 1 + xA(1 − 2/n). X is a group element with the special

property that it lies on the joint geodesic Γ(gA, e)∩Γ(gB , e) while being closest to gA or gB whose form

is given in Sec. (2.5) which we replicate here:

X =

n∏
i=1

(τUm/2τ
D
m/2)[j]n (3.28)

where τUm/2 is the cyclic permutation that acts on the upper half of each puddle (that is it cyclically

permutes elements β = 1, · · · ,m/2 within each fixed puddle) and τDm/2 is the full cyclic permutation on

the lower half (cyclically permuting elements β = m/2 + 1, · · · ,m within each fixed puddle). See the

discussion in Sec. (2.3) to unpack this notation.

• The phase of g = gA smoothly extends into the main region and occupies the upper-diagonal wedge

xA > xB , xA > 1 + xB(1 − 2/n). The same is also true for gB, where it occupies the lower-diagonal

wedge. At the boundary where the two phases meet (i.e. xA = xB and xA > n/2) we have a large

degeneracy shared by a complicated set of elements.4

• No other elements are dominant in the space between the co-existence boundaries.

We give an example of the phase diagram in Fig. (3.4).

We now extract the consequences for SR and its Rényi versions. For the disconnected entanglement wedge

with xA + xB < 1, there is only ever one phase for all (n,m) so it is reasonable that this remains the case

upon analytic continuation. Indeed this always gives S
(m,n)
R = 0 upon correctly normalizing the free energy.

This is of course consistent with Lemma 3.2.

3If there was a common geodesic element then this element would sit on all three edges of the region under consideration - so
we could then fill the phase diagram inside the region with this common element using convexity.

4For detailed description of this set please see Appendix C.2.
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Figure 3.4: An example of the phase diagram of the single tripartite tensor. The tip of the X triangle lies at
(n/2, n/2).

From now on we consider only xA + xB > 1. The free energies of the four possible phases, including the

normalization subtraction (which is different to the disconnected phase) are:

F (e)/ lnχC = (xA + xB − 1)(m− 1)n , F (X)/ lnχC = −n+ (xA + xB)n,

F (gA)/ lnχC = 2xB(n− 1) , F (gB)/ lnχC = 2xA(n− 1)
(3.29)

We make some observations. Firstly, at fixed (xA, xB) in certain regions of the phase diagram there is a

new novel behavior where there is a phase transition as a function of n. This indicates that the entanglement

spectrum is not flat for the reflected density matrix, as compared to the usual reduced density matrix of

a random pure state. Secondly, if we do a very naive analytic continuation away from the integers, where

we include all four phases and re-minimize at each (n,m) we arise at some puzzling results. For example at

m = 1 and fixed n > 1 the e phase has minimal free energy and:

S
(1,n)
R

∣∣∣
naive

= 0 , n > 1 (3.30)

Which seems to imply that taking limn→ 1, SR(A : B) = 0 for xA + xB > 1 which cannot be the case. In

particular it violates the mutual information bound SR ≥ I. Previously this was attributed to an order of

limits issue [117] where one must take limm→1 limn→1 to get the right answer - indeed here that resolution

does work. However this result gives a very puzzling set of Rényi entropies, which were naively still consistent.

However we can now observe using Lemma 3.1 that they are in fact not consistent, since for m = 2, we see

that either F (X) = F (e) or F (gA,B) dominates and neither gives the same reflected entropy as the naive

m = 1 phase with g = e given in Eq. (3.30). This is inconsistent with the continuity bounds of Lemma 3.1,

at least in some window of parameters.

Note that one way to understand the origin of this latter issue is as follows. The Cayley distance between

X and e reads

d(X, e) = n(m− 2) (3.31)
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For m < 2 this is negative. The effect of this negative tension is to exchange the two phases e↔ X in the

phase diagram Fig. (3.4). This leads to the dominance of the e phase even deep in the phase diagram where

the entanglement wedge is connected.

The resolution that we land on is to simply discard the F (e) saddle for xA + xB > 1. This is reasonable

since it never appears in the xA + xB > 1 part of the phase diagram for integer (n,m/2). This will now give

a different answer for the Rényi entropies as compared to the naive analysis. We motivate this prescription

as follows. Rather than analytically continue the Rényi entropies we will analytically continue the spectrum

of ρ
(m)
AA⋆ from m > 2 down to m = 1. This has the same effect of discarding the e saddle. In fact the analytic

continuation in m is trivial since there is simply no dependence on m in the free energies of X, gA, gB . This

is now consistent with the bounds we derived in Lemma 3.1. The Rényi entropies read:

S
(m,n)
R = lnχC × min

{
2xB , 2xA,

n

n− 1
(xB + xA − 1)

}
n ≥ 1 (3.32)

and the entanglement spectrum defined via:

Tr(ρ
(m)
AA⋆)n =

∫
dλλnD(λ) (3.33)

is given by:

D(λ) = D1δ(λ− λ1) + δ(λ− λ0) , D1 = min{χ2xA

C , χ2xB

C } (3.34)

where λ0 = χ1−xA−xB

C and λ1 = max{χ−2xA

C , χ−2xB

C , λ0}. 5

This is a crude approximation to the actual spectrum that we will compute in the next section. One

obvious crude feature, for example, is that it has one more than the allowed number of non-zero eigenvalues,

min{χ2
A, χ

2
B}, although this is clearly a small correction in the large χC limit.

We now turn to an examination of the phase transition near xA + xB = 1. This will give some further

evidence for the prescription given above, and will also give a more complete picture of the reflected entropy

and spectrum. It is clear from the above discussion that there are potentially many g elements that we need

to sum up in order to compute the cross-over corrections. While we might attempt to directly sum over

a class of g this approach turns out to be somewhat ad-hoc. The main difficulty is that certain classes of

elements can be more important at different values of n, so the issue of which elements to include is mixed up

with the question of how to analytically continue in n. This is in turn related to the fact that the spectrum

itself does not have a uniform limit as χ → ∞, being made up of distinct contributions. Instead, in the

next few sections, we will develop a diagrammatic approach that attempts to directly extract the spectrum.

Having said this we briefly discuss an explicit sum over elements in Appendix C.2, where we do find consistent

results.

3.5 Schwinger-Dyson for entanglement entropy

In this section we will present a standard diagrammatic technique for computing the entanglement spectrum

of a Haar random pure state on a bipartite Hilbert space AB reduced to A [61]. This is of course the setting

for the Page curve, so these results are very well known. We review it here just to setup notation used in the

5Note that for xA < xB − 1 then n(xB + xA − 1) > 2nxA > 2(n− 1)xA so the last possibility in Eq. (3.32) is never dominant
for n ≥ 1. We interpret this to say that the single eigenvalue λ0 gets absorbed by the large set of D1 eigenvalues at λ1 in this
particular part of the phase diagram. We have written the spectrum in a way that is consistent with this.
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next section for the reflected entanglement spectrum problem.

The approach we present was first proposed by Ref. [129–131]. It was recently applied to find the

entanglement entropy of JT gravity [15] and generic fixed area states [46]. Similar techniques were used to

calculate the negativity [119, 132]. This powerful approach enables us to write down the Schwinger-Dyson

equation for the resolvent of ρAB , which then gives full information about the entanglement spectrum.

A density matrix |ψ⟩ ⟨ψ| is represented as a four-legged tensor

(3.35)

where we use black (green) lines to represent the subspace associated to A (B). We can form the reduced

density matrix by tracing over the B indices

(3.36)

Averaging over random states is accomplished by means of pair contractions between bras and kets. In

Sec. (2.4) we reviewed the fact that an average over (the m-th power of) a Haar random state can be recast

as a summation over permutation group elements g ∈ Sm. In terms of diagrams these permutations become

pairwise contractions between the bras and kets:

(3.37)

A single pair contraction is defined by simply connecting the corresponding legs:

(3.38)

A solid black (green) line represents the Kronecker delta. The purpose of the (χAχB)−1 factor associated

to each contraction is to maintain the correct normalization of the density matrix. The element g ∈ Sm is

recovered by tracing out the contractions from bras to kets. This allows one to recover the Haar averaged

expression Eq. (2.47).

As a simple example, let us compute the second Rényi entropy (purity) of the reduced state using this
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method. Connecting the lower legs appropriately we have

(3.39)

where we have used the fact that a full contraction of black (green) loop gives a factor of χA (χB), the

corresponding Hilbert space dimension.

To get the full eigenvalue distribution of ρA we will make use of the resolvent trick. The resolvent R(λ)

for the density matrix ρA is defined formally as

R(λ) = tr

(
1

λ− ρA

)
(3.40)

from which one can extract the eigenvalue distribution function D(λ) using

D(λ) = − 1

π
lim
ϵ→0

ImR(λ+ iϵ) (3.41)

To evaluate R(λ), we expand the matrix inverse around λ = ∞:

Rij(λ) =
χA
λ
δij +

∞∑
m=1

(ρmA )ij
λm+1

. (3.42)

In terms of diagrams, this is

,

(3.43)

where we have restricted our summation to planar diagrams only, or equivalently, over all the corresponding

non-crossing permutations. The contribution of non-planar diagrams are always suppressed in the limit of

the large bond dimension.

Figure 3.5: (left) An example of the planar diagram in the calculating ρ3, featuring a non-crossing permutation
for the contraction. (right) An example of a non-planar diagram. The contribution is always suppressed by
powers of χ.
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Now denote Fij(λ) to be the connected part of the resolvent, defined by

(3.44)

It allows us to write down a Schwinger-Dyson equation for Rij(λ) and Fij(λ):

(3.45)

which after taking the trace gives rise to the following algebraic equation

trFij(λ) = 1 +

∞∑
m=1

R(λ)m

(χAχB)m
=

1

1 − R(λ)
χAχB

(3.46)

Combining this with Eq. (3.44), and using the fact that both R and F are proportional to the identity matrix

(as implied by contraction rules) we obtain a quadratic equation for R(λ):

λR2(λ)

χAχB
+

(
1

χA
− 1

χB
− λ

)
R(λ) + χA = 0 (3.47)

Solving for R(λ) and picking the square root sign by demanding the correct behavior at λ→ ∞ we find

R(λ) =
χAχB

2λ

(
λ− 1

χA
+

1

χB
−
√

(λ− λ−)(λ− λ+)

)
, λ± =

(
1√
χA

± 1√
χB

)2

(3.48)

and

D(λ) =
χAχB
2πλ

√
(λ− λ−)(λ+ − λ) + δ(λ)(χA − χB)θ(χA − χB). (3.49)

Thus, we have found that the eigenvalue spectrum consists of a large peak within the range [λ−, λ+] and a

number of extra zero eigenvalues when χA > χB . This is the famous Marchenko-Pastur (MP) distribution. It

describes the singular value distribution of a random m× n matrix when both m,n ≫ 1. This result was

first shown by Page [61]. Using the spectrum, the entanglement entropy is given by

S(A) = − tr ρA ln ρA =

log(χA) − χA

2χB
, χA < χB

log(χB) − χB

2χA
, χB < χA.

(3.50)

38



3.6 Schwinger-Dyson for reflected entropy

We now move on to our main problem. We want to find the resolvent for the reduced density matrix ρAA∗

obtained from the Rényi generalization of the canonically purified state |ψ(m)⟩ defined in Eq. (2.33), i.e.,

Rm(λ) =
χ2
A

λ
+

∞∑
n=1

tr(ρ
(m)
AA∗)n

λn+1
(3.51)

where the integer moments of the (normalized) density matrix are given by

tr(ρ
(m)
AA∗)n =

Zn
(Z1)n

, Zn =

∑
g∈Smn

χ
#gg−1

A

A χ
#gg−1

B

B χ
#(g)
C∑

g∈Smn
(χAχBχC)#(g)

(3.52)

We would like to evaluate this sum in the limit where the bond dimensions χA, χB , χC are taken to be large

and the ratio q ≡ χAχB/χC and r ≡ χA/χB are held fixed. We will do so by a diagrammatic technique,

keeping track of the important diagrams. Ultimately we are interested in the analytic continuation m→ 1,

where the normalized factor Z1 = tr(ρmAB) → 1, so it suffices to only consider the numerator partition function

Zn for now. We will later discuss how to restore correct normalizations in our calculation for general m.

Most of the notation in the previous section carries over, except that our state |ψ⟩ is now a three-legged

tensor. See:

(3.53)

Note that the denominator in Zn will be approximated as (χAχBχC)mn from the identity group element,

which dominates for large bond dimensions. We can easily account for this factor in the diagrammatic

expansion by dividing by χAχBχC for each contraction as shown.

We now setup a slightly more general problem. Consider the following 2 × 2 “matrix” of resolvents:6

R(λ) =

∞∑
k=0

λ−1−k/2
(

0 (ρ
m/2
AB )Γ

†

(ρ
m/2
AB )Γ 0

)k
, (3.54)

where ρ → ρΓ is an involution defined to take a linear operator ρ on HAB to a linear operator from

HAA⋆ → HBB⋆ . It is defined by re-arranging the incoming/outgoing legs in the obvious (and canonical/basis

independent) way. In fact it is the same as the correspondence between the Choi state τ of a channel (here,

the would be channel maps B(H⋆
A) to B(HB)) and the linear representation of the channel via a transfer

matrix τΓ. Similarly ρ→ ρΓ
†

spits out an operator from HBB⋆ → HAA⋆ which is also the adjoint operator.

Each insertion of (ρ
m/2
AB )Γ (and (ρ

m/2
AB )Γ

†
) has m/2 replicas of each of the bra and ket of the original random

state |ψ⟩. Note that R(λ) ∈ B(HAA⋆ ⊕HBB⋆). These involuted density operators are related to the canonical

purified density matrix by

(ρ
m/2
AB )Γ

†
(ρ
m/2
AB )Γ = ρ

(m)
AA⋆ , (ρ

m/2
AB )Γ(ρ

m/2
AB )Γ

†
= ρ

(m)
BB⋆ . (3.55)

6All powers of the (involuted) density matrix ρ
(m)
AA∗ , (ρ

m/2
AB )Γ, etc... appearing in the resolvent calculation, unless otherwise

noted, refer to the Haar averaged version ρ
(m)
AB , (ρ

m/2
AB )Γ etc.
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up to an overall normalization factor that we will correct for later. In terms of diagrams, this is (e.g. for

m = 6)

.

(3.56)

In the following calculations we will represent them diagrammatically using a short-hand:

.

(3.57)

From these results we can infer an alternative expression for matrix R(λ):

R(λ) =

∞∑
n=0

λ−1−n
(

(ρ
(m)
AA⋆)n 0

0 (ρ
(m)
BB⋆)n

)
(3.58)

+

∞∑
n=1

λ−1/2−n
(

0 (ρ
(m)
AA⋆)n−1(ρ

m/2
AB )Γ

†

(ρ
(m)
BB⋆)n−1(ρ

m/2
AB )Γ 0

)
, (3.59)

which diagrammatically looks like

. (3.60)

Thus the actual resolvent we are interested in is

R(λ) = TrAA⋆(R11(λ)). (3.61)

Now, as in the calculation of the entanglement entropy, the Haar averaging over the states is done by

summing over all possible pair contractions over bras and kets. We call each pattern of contractions a diagram.

We call a single copy of (ρ
(m/2)
AB )Γ a puddle. Each diagram corresponds to an element in g ∈ Smk/2 where k

is the total number of puddles. A sub-diagram is a subset of puddles and associated contractions that act
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Figure 3.6: Example contractions of the diagram that give rise to the projector or the identity, where it
should be clear that all the possible diagrams are either proportional to identity operator 1AA∗ , 1BB∗ , or one
of the four projectors |ϵA,B⟩ ⟨ϵA,B |.

only inside this subset. We say a diagram is connected if the diagram cannot be split into more than one

sub-diagrams each made up of a contiguous set of puddles. Otherwise the diagram is disconnected.

Consider the connected part of R, which we call F. This corresponds to a sum over a subset of diagrams

which are connected. We have

R(λ) =
1

λ
+

F
λ2

+
F2

λ3
+ . . . =

1

λ− F
(3.62)

Note that F and R are constrained to take the following form: (all possible contractions give rise to this form,

for example see Fig. (3.6))

F(λ) =

(
G11(1AA⋆ − eA) + F11eA F12 |ϵA⟩ ⟨ϵB |

F21 |ϵB⟩ ⟨ϵA| G22(1BB⋆ − eB) + F22eB

)
, (3.63)

where |ϵA⟩ = χ
−1/2
A |1A⟩ is the maximally mixed state on AA∗ (same for |ϵB⟩), eA = |ϵA⟩ ⟨ϵA| and

eB = |ϵB⟩ ⟨ϵB | are normalized minimal projectors and F is a 2 × 2 matrix of scalars (not to be confused with

F). Also 1AA⋆ is the identity acting on HAA⋆ etc. A similar form applies to

R(λ) =

(
S11(1AA⋆ − eA) +R11eA R12 |ϵA⟩ ⟨ϵB |

R21 |ϵB⟩ ⟨ϵA| S22(1BB⋆ − eB) +R22eB

)
. (3.64)

Meanwhile we must have F ⋆12 = F21 and R⋆12 = R21 (for real λ). Then from Eq. (3.62) we obtain:

S11 = (λ−G11)−1 , S22 = (λ−G22)−1 , Rij = (λ− F )−1
ij , (3.65)

and the resolvent of interest is

R(λ) = trR11 = (χ2
A − 1)S11 +R11. (3.66)

We now seek a Schwinger-Dyson equation for F(λ). There will be many different diagrammatic contributions

to F. We can organize them by the number of R insertions: k − 1 for k = 1, 2 . . .. That is F =
∑
k F(k). Note
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that k is also the number of external puddles in each diagram:

(3.67)

where we have used the shorthand conn. to indicate all the connected contractions.

The lowest order contribution (k = 1) for F only features diagrams with a single disconnected puddle:

F(1) = Dm

√
λ

(
0 |ϵA⟩ ⟨ϵB |

|ϵB⟩ ⟨ϵA| 0

)
, (3.68)

where the number Dm is defined as

. (3.69)

At large χ, this sum is dominated by non-crossing permutations and we have Dm ≃ χ
(m+1)/2
C

√
qCm/2(1/q) ∼

O(χ
(m+1/2)
C ). Using Eq. (3.65) we can find the lowest order solution for the matrix R:

Rij =
1

λ−D2
m

(
1 λ−1/2Dm

λ−1/2Dm 1

)
ij

+ . . . (3.70)

This represents the single eigenvalue contribution we had originally around Eq. (3.34) by summing elements.

We will find significant corrections to this pole from the next order.

At the second order (k = 2), we have diagrams that contain exactly one R insertion. Their contributions

split into two parts according to the pattern of contractions between the first and last legs of each puddle.

That is if we follow the contractions in the resulting diagram - following lines above and below puddles - the

pattern of outer contractions tracks where the first and last legs connect to in the rest of the diagram.

For example, let’s take a look at the diagonal component F(2)
11 :

. (3.71)

where the bold blue lines after the second equality represent the pattern/topology of outer contractions. By

using this pattern to follow the green and black curves below the puddle, we can see if the contribution should

be either proportional to the identity and thus contributing to (G11) or a projector, contributing to (F11).
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On the other hand, for the off-diagonal part of F(2), both permutation types only contribute to the projector,

e.g.,

. (3.72)

For both F(2)
11 and F(2)

12 , the first diagram shown above necessarily involve elements h ∈ Sm that are

crossing or higher genus, so these are naturally suppressed by powers of external bond dimensions.

We can compute these diagrams to find F(2) written as:

(χAχB)2G
(2)
11 = λ(S22(χ2

B − 1) +R22)Bm ,

(χAχB)2G
(2)
22 = λ(S11(χ2

A − 1) +R11)Bm ,
(3.73)

(χAχB)2

λ

(
F11 F12

F21 F22

)(2)

=

(
R22 R21

R12 R11

)
Em +

(
S22(χ2

B − 1) 0

0 S11(χ2
A − 1)

)
Bm, (3.74)

where the numbers Bm and Em are defined by the following diagrams

. (3.75)

More explicitly, we have

Bm =
1

(χAχB)2 − 1

−Em +
∑

h∈Sm\Sm/2×Sm/2

χ
#(h)−m
C (χAχB)#(h−1τm)−m+2

 (3.76)

Em =
∑

h∈Sm\Sm/2×Sm/2

χ
#(h)−m
C (χAχB)#(h−1τm/2×τm/2)−m+1, (3.77)

where we have used the identity

, (3.78)

which follows from the fact that crossing permutations are projected out from the LHS.

We now conjecture that the main contribution to the matrix F comes from lowest two orders in k, i.e.
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F ≃ F(1) + F(2), in large bond dimensions. Unfortunately this truncation does not obviously follow from a

genus counting argument. We base our conjecture on four pieces of evidence: First, we explicitly calculated

the contribution from k = 3 and a special class of k = 4 diagrams and found that they only give corrections to

higher orders of χ. Secondly we power counted a particular class of diagrams for general k (which we believe

to be the dominant contributions for k) and find it to be suppressed by powers of χ. Thirdly, although our

diagrammatic approach is not entirely the same as the direct summation of group elements in App. C.2, the

two approaches give results that differ only by sub-leading χ corrections. Finally, we numerically evaluated

the reflected entropy and eigenvalue spectrum for a Haar random state and we indeed find good match to the

analytical results obtain from this truncation. The numerical results will be discussed in Sec. (3.9).

We rescale various quantities to restore the correct normalization from Eq. (3.52)

G→ GZ1 , F → FZ1 , S → S/Z1 , R→ R/Z1 , λ→ λZ1 (3.79)

in which all the above equations take the same form but with B̂m = Bm/Z1, Êm = Em/Z1 and D̂m = Dm/Z
1/2
1

and these hatted quantities are now all O(1) at large χC with q fixed. We have the sum rule:

D̂2
m +

(
1 − 1

(χAχB)2

)
B̂m +

1

(χAχB)2
Êm = 1 (3.80)

We now attempt to solve for the system of matrix equations Eq. (3.65), Eq. (3.73)-Eq. (3.74). We can

completely solve this system if we make one approximation, which we will later check is self-consistent. We

will assume that we can drop the “back-reaction” of R on Eq. (3.73) that determined S11, S22. We have

(χAχB)2(λ− S−1
11 ) = λS22(χ2

B − 1)B̂m , (χAχB)2(λ− S−1
22 ) = λS11(χ2

A − 1)B̂m (3.81)

The solution is

(χ2
A − 1)S11, (χ

2
B − 1)S22 =

χ2
Aχ

2
B

2B̂mλ

(
λ−

√
(λ− λ+)(λ− λ−)

)
± χ2

A − χ2
B

2λ
(3.82)

where

λ± =
B̂m
χ2
Aχ

2
B

(
χ2
A + χ2

B − 2 ± 2
√

(χ2
A − 1)(χ2

B − 1)

)
(3.83)

This is a Marchenko-Pastur distribution with support between λ± ≃ B̂m(χ−1
A ±χ−1

B )2 and min(χ2
A−1, χ2

B−1)

eigenvalues. We can check that our initial assumption for solving S11, S22 is indeed valid since R11 ∼ O(1)

and (χ2
A− 1)S11 ∼ χ2

Bχ
2
A. The validity of this assumption breaks down at λ≫ χ−2

A , χ−2
B , but as we have seen

already, this is well outside the spectral weight of the MP distribution and so does not effect the spectrum

that we find.

The second equation Eq. (3.74) determines correction to the leading order solution of matrix Rij Eq. (3.70)

we obtained earlier. Together with Eq. (3.65) and Eq. (3.68), this yields a quadratic equation of 2×2 matrices.

We can solve this equation completely, although the algebra is a bit more involved and the it only features

corrections of O(χ−2) and higher orders. For this reason we only summarize our findings here:

1. The position of the single pole at λ = D̂2
m is now shifted to

λ = D̂2
m +

(
1

χ2
A

+
1

χ2
B

)
B̂m +O(χ−4) (3.84)
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2. The same pole is now resolved to a small peak of width

δλ ∼
8D̂m

√
Êm

χAχB
+O(χ−4) (3.85)

For the detailed form of R and its derivation please refer to appendix C.3. As a final remark, we stress here

that the various techniques we used here, such as the truncation at k = 2 and various approximations we

made to solve the SD equation, rely on the limit of large bond dimension χA, χB , χC → ∞. However we

do not require all the external bond dimensions to be large for our analysis to work. In fact there are two

interesting parameter ranges to take:

1. χA, χB , χC → ∞ with q = χAχB/χC and r = χA/χB fixed:

This is the main parameter range of our interest in this chapter. The resolvent has two interesting

regimes. For λ ∼ 1/χC we simply find the MP distribution

R(λ) =
(χAχB)2

2B̂mλ

(
λ−

√
(λ− λ+)(λ− λ−)

)
+
χ2
A − χ2

B

2λ
(3.86)

And for λ = D̂m ∼ O(χ0
c) we find a simple pole. This pole is resolved into a mini-peak each with width

δλ ≃ 8D̂m

√
Êmχ

−1
C for finite χC .

2. χA, χC → ∞ with χA/χC and χB fixed:

The main MP distribution becomes narrow, approximating a pole centered at λ± = χ−2
B with weight

χ2
B − 1. The other single pole is located at λ = B̂mχ

−2
B + D̂2

m:

R(λ) =
χ2
B − 1

λ− B̂mχ
−2
B

+
1

λ− B̂mχ
−2
B − D̂2

m

(3.87)

The first, smaller peak, is resolved into a peak with width δλ ≃ 8D̂m

√
Êm(χAχB)−1, and the larger

peak is resolved into an MP distribution of width:

δλ =
1

χA

2B̂m
√
χ2
B − 1

χ2
B

(3.88)

This regime is not relevant to the random tensor model we study in this chapter. However it will

prove to be useful for a 2-site random tensor model that aims to better model the holographic phase

transition, which we will aim to discuss in Chapter 5.

3.7 Spectrum and reflected entropy

We have seen how to use diagrammatic methods to construct the resolvent of the reflected entropy. We

summarize what we have found here:

R(λ) =
(χAχB)2

2λ

(
λ

B̂m
+

(
1

χ2
B

− 1

χ2
A

)
−
√

(λ/B̂m − λ+)(λ/B̂m − λ−)

)
+

1

λ− D̂2
m

(3.89)
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with

λ± =
1

(χAχB)2

(√
χ2
A − 1 ±

√
χ2
B − 1

)2

(3.90)

We have given evidence that this form is asymptotically correct under the limit χC → ∞ with q = χAχB/χC

and r = χA/χB fixed. For higher order corrections to the resolvent refer to the previous section and

Appendix C.3. Under the limit of large bond dimension, the permutation sums B̂m and D̂m are dominated

by non-crossing permutations and can be expressed in terms of q-Catalan numbers7.

D̂2
m ≃ Cm/2(q−1)2

Cm(q−1)
≡ p0, B̂m ≃ Cm(q−1) − Cm/2(q−1)2

Cm(q−1)
≡ p1 (3.91)

We now have the simplified sum rule:

p0 + p1 = 1 (3.92)

We will see that these quantities act like classical probabilities, which control the phase transition between

the connected and disconnected entanglement wedges, with q being the tuning parameter. We have the

following asymptotic expressions:

(p0, p1) ∼

(1 −m2q/4,m2q/4), q ≪ 1

(1/q, 1 − 1/q), q ≫ 1
(3.93)

and around q ∼ 1 the two probabilities are both order 1.

q

p1(q)

p0(q)

Figure 3.7: The plot showing the trend of pi(q). We have taken m = 1 here.

The reflected entropy that follows from this resolvent is given by (assuming χA < χB)

SR = −p0 ln p0 − p1 ln p1 + p1

(
lnχ2

A − χ2
A

2χ2
B

)
+O(χ−2) (3.94)

This is the main result of this section. Note that the entropy has a contribution from the classical Shannon

entropy of a single bit pi plus a term proportional to what seems to be the entropy of a Haar random state

on AA⋆BB⋆ reduced to AA⋆ (the standard Page result). This contribution however is multiplied by p1.

7The q-Catalan numbers generalize the Catalan numbers away from q = 1. They can be written in terms of Hypergeometric
functions. For the complete definition see Appendix A.
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We can better understand the physics by looking at the eigenvalue spectrum:

D(λ) =
(χAχB)2

2πλ

√
(λ+ − λ/p1)(λ/p1 − λ−) + δ(λ)(χ2

A − χ2
B)θ(χ2

A − χ2
B) + δ(λ− p0) (3.95)

D(λ)

λ
p0p1/χ

2
A

χ2
A − 1 eigenvalues

single eigenvalue

Figure 3.8: The spectrum obtained from the resolvent Eq. (3.95). We take χA < χB here so the MP
distribution has no zero eigenvalues.

We see that the spectrum is given by a shifted Marchenko-Pastur distribution with a total of min(χ2
A −

1, χ2
B − 1) eigenvalues, plus a single eigenvalue located at λ = p0 The Rényi entropies can be reconstructed

by the sum of the moments of the two pieces in resolvent

Sn(AA∗) =
1

1 − n
ln
(
pn0 + χ

2(1−n)
A r−2Cn(r2)pn1

)
(3.96)

where r = χ2
A/χ

2
B. Note that the (m,n) dependence has essentially factorized: the only m dependence is

through the probabilities p0(m), p1(m).

The Rényi entropies have three different approximate behaviors based on the relative ratio of the external

bond dimensions. We have:

Sn(AA⋆) ≈


n

1−n ln p0 ≈ 0, χAB ≪ χC

n
1−n ln p0 ≈ n

n−1 ln χAB

χC
, χC ≪ χAB ≪ χCχ

2(n−1)
n

A

≈ 2 lnχB , χAB ≫ χCχ
2(n−1)

n

B

(3.97)

and we have assumed χA ≤ χB and n > 1. These three different behaviors exactly match the three phases

we found in Sec. (3.4), and their transitions match the phase boundary lines in Fig. (3.4). As we take n→ 1

the middle regime vanishes and we get back the single transition in the reflected entropy as expected, as we

move from disconnected to connected entanglement wedges.

3.8 Effective description

Based on the results of the previous subsection, we now give an alternative effective description of the

canonically purified state and its m generalization: |ρm/2AB ⟩ ⟨ρm/2AB |. Consider the following pure state on the

Hilbert space AA⋆BB⋆: a superposition of a factorized state (with probability p0) plus a random maximally
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Figure 3.9: An illustration of Eq. (3.98). We argue that the canonical purification is effectively described by
a sum over tensor network states. The first state comes from the natural doubling procedure outlined in
Ref. [115] for the connected entanglement wedge of the original network in Fig. (3.3) and the second is the
trivial factorized network which is obtained by doubling the trivial/disconnected entanglement wedge of the
original network.

entangled state (with probability p1):

|ψeff⟩ = p
1/2
0 |χ0⟩ + p

1/2
1 |χ1⟩ (3.98)

Here |χ0⟩ = |1A/χA⟩AA⋆ ⊗ |1B/χB⟩BB⋆ is the factorized state and we construct |χ1⟩ using a random tensor

network state as follows. We use a new network geometry that comes from doubling across the connected

entanglement wedge:

|χ1⟩ ∝ ⟨1C |UABCU ′
A⋆B⋆C⋆ |0⟩ABC |0⟩A⋆B⋆C⋆ (3.99)

where |1C⟩ is the (canonical) un-normalized maximally entangled state on the CC⋆ Hilbert space. It is

natural to pick UABC |0⟩ABC to be the same random state that we started with, but we choose U ′
A⋆B⋆C⋆ to

be an independent Haar random unitary. We will comment on this choice further below. See Fig. (3.9) for a

picture of these states.

Note that |χ0⟩ is the canonical purification of a maximally mixed state ρAB = 1AB/(χAχB) - this is the

density matrix ρAB that usually arises from a Haar random state reduced to AB when χC > χAχB. And,

|χ1⟩ is the natural guess for the canonical purification of the original Haar random state reduced to AB when

χC < χAχB: that is, when the entanglement wedge is connected. The doubling procedure is motivated by

the AdS/CFT discussion in [56].

The claim is that |ψeff⟩ has the same entanglement structure as
∣∣∣ρm/2AB

〉
, at large bond dimension and

for all m (note that p0,1 depend on m). In particular we will see that it has the same AA⋆ entanglement

spectrum. Similarly, observe that the two states |χ0,1⟩, when working in their respective phases, give the

same expectation values for operators in AB as the original density matrix ρAB. Thus the entanglement

structure for sub-regions of AB is also maintained, at least away from the phase transition. Since we think of

the entanglement structure as being closely linked to the emergent bulk geometry, we can think of |ψeff⟩ as

capturing the effective geometry of the canonical purification.

Such superpositions Eq. (3.98) over different tensor networks, have been postulated as models of gravita-

tional states in AdS/CFT [37, 96, 97, 133, 134], see also [135]. In particular these states allow for non-trivial

fluctuations in the area of the RT surface, and do not suffer from the issue of a flat entanglement spectrum

that is not expected in typical holographic states. Each wavefunction in the superposition is then thought

of as a fixed area state, where the gravitational state is projected onto approximate eigenstates of the area

operator.
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More specifically, on the physical Hilbert space the reduced density matrices onAA⋆ will have approximately

orthogonal support:

supp((ρ0)AA⋆) ⊥ supp((ρ1)AA⋆) supp((ρ0)BB⋆) ⊥ supp((ρ1)BB⋆) (3.100)

So the resulting states behave like approximate superselection sectors with respect to AA⋆: the phase between

the two components in the wavefunction is unobservable when restricting to AA⋆ or BB⋆. This turns out to

be approximately true for |χ0⟩ , |χ1⟩, in particular because of how we chose U ′
A⋆B⋆C⋆ in Eq. (3.99): we picked

an independent random unitary not equal to (UABC)†. This latter choice might have seemed more natural,

considering the m = 2 case |ρAB⟩ exactly gives such a network, albeit without the disconnected wave-function

|χ0⟩. Note that the choice U ′ = U† leads to correlations between different tensors in the doubled tensor

network. Our claim here is that for the effective state, such correlations have already been taken into account

by |χ0⟩ so we should not double count this effect. This leads us to Eq. (3.99).

Given the discussion above, we can easily compute the entropy S(AA⋆) of |ψeff⟩ and indeed it agrees with

Eq. (3.94). Similarly the Rényi entropies also agree.

Let us push this interpretation a little further, and give an quantum error correction interpretation of

this superposition of tensor networks states, and emergent area operator. For simplicity let us assume the

density operators have exactly orthogonal support. We introduce an area operator that labels the different

superselection sectors. The superselection sectors in this case are described by a single bit s = 0, 1. The area

operator is:

LAA⋆ = ⊕
s=0,1

S(χs) (3.101)

accounting for the entropy of each sector. The two orthogonal subspaces, determined by projections π0, π1,

are defined using the supports:

π0 = supp(ρ0AA⋆) ⊗ supp(ρ0BB⋆) (3.102)

and similarly for π1. Then:

LAA⋆ |χs⟩ = S(χs) |χs⟩ (3.103)

In this case we can define a simple quantum/classical error correcting code, that protects a single classical bit

from quantum errors. Define the code subspace as a single bit and the isometry V = |χ0⟩ ⟨0| + |χ1⟩ ⟨1|. This

code protects from errors on either AA⋆ or BB⋆, which can be confirmed by computing:

V †(1AA⋆ ⊗OBB⋆)V = |0⟩ ⟨0| ⟨χ0| OBB⋆ |χ0⟩ + |1⟩ ⟨1| ⟨χ1| OBB⋆ |χ1⟩ (3.104)

So the error, represented by an arbitrary operator on BB⋆: OBB⋆ , does no damage to the classical information.

This is the Knill-Laflamme condition stated for operator algebra error correction with complementary recovery

and a center, see Refs. [37, 136] (in this case the center is everything in the code.)

We know how to compute the entropy for states on such a code, following [37] we find:

Sψeff
(AA⋆) = −p0 ln p0 − p1 ln p1 + ⟨ψeff | LAA⋆ |ψeff⟩ (3.105)

as expected. Note that, in reality the supports of the reduced density matrices are not exactly orthogonal.

This is because the error correcting code is not exact.
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3.9 Numerical results

Our main result Eq. (3.94) corrects the naive holographic reflected entropy, from a step function to a smooth

transition. In this subsection, we corroborate these corrections, comparing our answer to numerical results,

showing they indeed capture the details of the phase transition. All numerical results are obtained by

generating a random tripartite state of appropriate bond dimension and numerically computing its reflected

entropy.

First, in Fig. (3.10) we plot a histogram of (the logarithm of the) eigenvalues of ρAA⋆ , corroborating

Eq. (3.95) and Fig. (3.8). We choose bond dimensions χ := χA = 23, χB = 25, χC = 11, and 50 trials.

p0p1 /(χ
2-1)

LogEigs[ρAA* ]

Figure 3.10: The blue histogram is a numerical plot of the spectrum of ρAA⋆ for a tripartite tensor. The
orange curve is our analytic prediction for the spectrum Eq. (3.95). Note that the tick values on the x-axis
are not exactly p0 from Eq. (3.2), but instead include a small correction, replacing p0 with its shifted version
Eq. (C.79), differing only at O(log(χ)/χ2). This gives the value in the plot of p0 = 0.226.

In Fig. (3.11), we present two plots of the “Page curve” for reflected entropy. Solid lines are analytic

results Eq. (3.94). Dots are numerical results (only obtained for small bond dimension). All values are

normalized by twice the entanglement entropy of A, the upper bound on SR(A : B). In the top figure, the

blue step function is the large-χ limit, with xA + xB = log(χAχB)/ log(χC) held fixed. The other dimensions

are log5 χA = log5 χB = xA log5 χC = {16, 11, 6, 1}. The numerics agree, with larger deviation at large xA.

This is as expected, because large xA at fixed χA means small χC , and Eq. (3.94) was derived in the large

bond dimension limit. Besides illustrating that Eq. (3.94) agrees with small bond-dimension numerics and

limits to the correct semiclassical answer in the limit χ→ ∞, this plot also illustrates the novel prediction

for SR(A : B) very near the phase transition.

Our results are depicted more precisely in the bottom figure: where we zoom into a narrower range

of xA around the phase transition point. The horizontal blue dashed line depicts the predicted value of

SR(A : B)/2SA in the limit χ→ ∞. To demonstrate agreement with numerics, we have included curves and

numerics corresponding to smaller dimensions, χA = χB = χxA

C = {3, 4, 6, 7}. It is evidence that Eq. (3.94) is

sufficient to capture many of the non-trivial features of the transition.
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Figure 3.11: Plots of the “Page curve” for reflected entropy. Our results capture the phase transition and
agree with numerics. The disagreement in the top figure at small χC is to be expected from Eq. (3.94) not
being valid at small bond dimension. Note that the analytic functions plotted are not exactly Eq. (3.94),
but instead include a small correction, replacing p0 with its shifted version Eq. (C.79), differing only at
O(log(χ)/χ2).

3.10 Discussion

3.10.1 Effective description of canonical purification

Given a state ρAB, we have suggested a recipe for computing the reflected entanglement spectrum in

random tensor networks. First construct the canonical purification |√ρAB⟩AA⋆BB⋆ using a generalized gluing

construction - allowing for a superposition of networks for different possible entanglement wedges. Then

compute the spectrum of the density matrix on AA⋆ using the fact that the individual density matrices on

AA⋆ are approximately orthogonal.
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Let us comment in more detail how this relates to the gravitational gluing construction used in Ref. [56].

There, the canonical purification |√ρAB⟩AA⋆BB⋆ was described as dual to a particular bulk geometry, the

one formed by gluing two copies of the AB entanglement wedge together. If we naively follow this procedure

for a random tensor network we arrive at the following picture. Firstly the entanglement spectrum of ρAB is

flat in this case, so up to normalization we can replace ρ
1/2
AB by ρAB. Then seemingly the gluing procedure

automatically follows, since we know there is an isometry from the bulk legs at the AB RT surface to the

AB boundary legs and ρAB already contains two copies of the tensor network for the bra and the ket [115].

To see how this works, consider again the single tripartite tensor example. The canonical purification

|√ρAB⟩AA⋆BB⋆ following this procedure corresponds to a tensor network with two tensors TABC and T ∗
ABC

contracted along leg C. This however is not exactly the analog of gluing two copies of the entanglement

wedge together. The difference is that these two tensors are now correlated. Normal tensor network analogs

of any given geometry discretize that geometry with a collection of tensors that are all chosen independently

at random. Hence the random tensor network analogous to the glued entanglement wedges from gravity [56]

would have completely uncorrelated tensors in the two copies!

How big is this difference? It is certainly somewhat important: while the network of two uncorrelated

tensors would have a completely flat entanglement spectrum, the canonical purification does not. As computed

in Sec. (3.7), the spectrum of AA⋆ involves two peaks. These two peaks can trade dominance as a function

of Rényi parameter n. For example, when the entanglement wedge is in the connected phase, the single

eigenvalue peak is subdominant, and the spectrum of AA⋆ is approximately that of two uncorrelated tensors–

yet for large enough n, the single eigenvalue peak begins to dominate. This phase transition as a function of

n is completely absent in two uncorrelated tensors. Hence the canonical purification in this tensor network

example is not entirely described by the analog of gluing of two entanglement wedges.

That said, there is a simple fix, an updated effective description of the canonical purification that does

capture this more complicated spectrum. As we described in Sec. 3.7, the spectrum of AA⋆ appears analogous

to that obtained by summing, with appropriate weights, two tensor networks as in Eq. (3.3), one with two

uncorrelated tensors and one with no tensors at all. And note, for the purposes of describing ρAA⋆ , this

effective description is quite consistent with the original, naive gluing of the entanglement wedge, as long as

we are far from any n-dependent phase transition, i.e. as long as one peak dominates and the other is an

exponentially small correction to the state. Therefore this effective description is nice for at least two reasons:

(1) it gives a good description of the reduced density matrix of AA⋆, and (2) it clarifies the sense in which we

should trust the doubled-and-glued description of the canonical purification.

How good is this effective description for more general purposes? Can we use it to compute things

besides the Rényi entropies of AA⋆, such as the spectrum of AB? At least far from phase transitions, this

seems roughly correct: as long as |AB| ≪ |C| or |AB| ≫ |C|. In the former case, ρAB is approximately

maximally mixed, which is indeed the density matrix in the effective description of that regime (AB maximally

entangled with A⋆B⋆). In the latter case, ρAB is approximately maximally mixed on a random dimension

|C| subspace, which is indeed the density matrix of the effective description in that regime (two uncorrelated

tensors contracted across a dimension |C| leg). Hence this effective description seems valuable, capturing the

far-from-transition physics as well as at least some of the physics near transitions.

We note one interesting subtlety: the two networks in the effective description Eq. (3.3) are not generally

orthogonal. So while it is approximately correct for some purposes to view them as defining separate

superselection sectors, their overlap is not always ignorable.

How does this effective description generalize beyond the single tensor example, to hyperbolic networks?
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As we will describe in Chapter 6 (more specifically in Sec. (6.6)), the spectrum of AA⋆ is well-modeled

by as a sum of many tensor networks, each formed by doubling and gluing the tensor network along a

different, possibly kinked candidate entanglement wedge, with all tensors chosen independently at random.

See Eq. (6.182).

What do these lessons say about reflected entropy in a gravitational theory? Because something is clearly

missed in the random tensor network by the naive doubling and gluing of the entanglement wedges, we can

expect that the same is true in gravity. Albeit we still expect the Reflected entropy/EW cross-section duality

to hold, just not away from n = 1.

Likely there is some effective description that improves upon this naive doubling, analogous to the tensor

network case sketched in Eq. (6.182). That said, it’s not entirely clear how to interpret such an effective

description in gravity. For example it is not obvious that the ‘kinked’ geometries in Eq. (6.182) correspond to

any saddles in gravity. We leave a precise investigation of this question to future work.

3.10.2 Non-flat spectrum and building geometry from RTNs

This effective description offers an interesting possibility. Perhaps the canonical purification is a useful tool

for constructing, out of tensor networks, a geometry with gravity-like area fluctuations.

To explain this, let us recall some background. While impressive in many ways, the precise relationship

between random tensor networks and AdS/CFT is not yet fully understood. So far, the best understanding

is that tensor networks resemble so-called fixed-area states, which have approximately flat Rényi spectra just

like random tensor networks [96, 97]. This matching is quite good; both fixed-area states and random tensor

networks have exactly the same non-perturbative corrections to the Rényi entropies [15].

However, it would be nice to have a random tensor network model of something more realistic than

a fixed-area state. Our results suggest an interesting method for obtaining such a model. The procedure

is as follows. First, start with some conventional random tensor network, say |ψ⟩ABC . Second, find the

canonical purification |√ρAB⟩. As we’ve shown, ρAA∗ = trBB∗(|√ρAB⟩ ⟨√ρAB |) has a non-flat spectrum.

That said, this is only a partial success. Not all factors of the canonical purification have a non-flat spectrum.

In particular, ρAB is the same as in the original tensor network. To fix this we can iterate, now finding

the canonical purification of the canonical purification, this time canonically purifying, say, ρAA∗ . Then all

factors have non-flat spectra. If we like, we can continue to iterate, building up increasingly sophisticated

superpositions over tensor networks and associated spectrum. In this way we might even build up complicated

tensor networks describing higher dimensional space times just starting from a single random tensor. This

seems a bit like the Eguchi-Kawai mechanism which grows extra dimensions out of large-N matrices. See for

example Ref. [137].

Having said this, this is not the only method for building up a tensor network with a non-flat spectrum.

Another possibility is to simply add degrees of freedom to each of the legs connecting the tensors, as in [138].

This raises the question, is there any reason one might prefer this iterative canonical purification method for

building a tensor network with a non-trivial entanglement spectrum?

Here’s one possible reason. In conventional random tensor networks, even those with degrees of freedom

on each of the links as in [138], the area operators associated to two crossing cuts commute. That is, if you

consider one cut through the tensor network, and then a second cut that crosses it (but nowhere overlaps it),

the ‘areas’ associated to those cuts can be simultaneously fixed. This cannot happen for overlapping cuts

in AdS/CFT [133]. There, crossing areas do not commute because the area is conjugate to the boost angle

across the surface, and fixing one area makes the geometry of the Cauchy surface highly uncertain. Hence
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simply adding link degrees of freedom does not capture this subtle behavior seen in gravity.

Very speculatively, perhaps this is captured by the iterative canonical purification geometry. If so, this

would be an interesting reason to take these seriously as toy models of holography. We leave such an

investigation to future work.
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Chapter 4

West Coast Model

In this chapter, we investigate the reflected entropy phase transition in the so-called West Coast Model (also

known as the Penington-Shenker-Stanford-Yang (PSSY) model) [15]. The West Coast Model is a toy model

consisting of Jackiw-Teitelboim (JT) gravity coupled to end-of-the-world (ETW) branes that was used to

calculate the Page curve of black hole evaporation from semiclassical gravitational path integral. The model

consists of two parameters: the horizon area SBH and the number of ETW brane flavour indices k. Tuning

these parameters simulates black hole evaporation, and one finds the entanglement entropy of the black hole

radiation R to be

S(R) = min(SBH , log k) (4.1)

away from the Page time.

The west coast model can be thought of as a single random tensor in the canonical ensemble and they

exhibit numerous common features. In particular, spectra of the reduced density matrices can be obtained

using a similar resolvent trick as in the case of 1TN. This allows one to use the formalism we developed in

Chapter 3 with only minor modifications to compute the reflected spectrum of the West Coast model in full

detail. We will find that the reflected spectrum bears striking similarity to that of 1TN, composed from two

super-selection sectors corresponding to a disconnected and connected bulk solution. The main difference is

that there are additional O(1/
√
GN ) corrections resulting from thermal fluctuations in the horizon area near

the phase transition. Such feature is absent in RTNs since they corresponding to fixed area states in which

the horizon area cannot fluctuate.

The results presented in this chapter is based on Ref. [67].

4.1 Summary of results

We consider a natural generalization of the west coast model by splitting the radiation into two subsystems

R = R1∪R2, each entangled to a ETW branes labeled by different sub-flavor indices k1 and k2 with k1k2 = k,

see Fig. (4.1). We analyze the reflected entropy between the radiation subsystems R1 and R2. Simply

applying Eq. (2.32) to the model leads to

SR(R1 : R2) =

0 k < exp(SBH)

2 min(log k1, log k2) k > exp(SBH)
(4.2)
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Figure 4.1: The Lorentzian description of the state we consider in the West Coast Model, a JT gravity black
hole with an ETW brane. The ETW brane carries two sub-flavours, denoted black and green, that are
entangled (dashed, coloured lines) with radiation systems R1 and R2 respectively. The extremal surface is
denoted in purple and the island that dominates after the Page time is coloured gray.

This follows from the two possible saddles obtained upon canonical purification: the disconnected

geometry and the connected geometry depicted in Fig. (4.2). We will compute the reflected entropy

precisely, demonstrating the validity of the holographic formula away from phase transitions. The fact that

the gravitational path integral can be performed exactly allows us to compute the detailed behaviour of

SR(R1 : R2) including corrections to Eq. (2.32) near the phase transition.

We will compute the reflected entropy precisely, demonstrating the validity of the holographic formula

away from phase transitions. The fact that the gravitational path integral can be performed exactly allows us

to compute the detailed behaviour of SR(R1 : R2) including corrections to Eq. (4.2) near the phase transition.

This is the main result of this chapter, summarized by Fig. (4.2).

In fact, we compute the entire reflected entanglement spectrum, which takes a very simple form: it consists

of a mixture of two superselection sectors corresponding to the disconnected and connected geometries shown

in Fig. (4.2). The probabilities pd and pc of the two sectors are computable functions, that vary as we change

k, leading to the phase transition in Eq. (4.2). Moreover, we find corrections to Eq. (4.2) in a window of

∆ log k = O( 1√
GN

) near the phase transition that arise from fluctuations in the horizon area1 (equivalently

thermal fluctuations, in this model). This is analogous to a similar effect found in the entanglement entropy

Page curve [15, 62, 63, 139, 140], and we expect it to be a universal feature of holographic reflected entropy.

We now give an outline of this chapter. In Sec. (4.2), we review the West Coast Model and set up the

stage for our analysis. The proposed holographic answer arises from a leading saddle computation assuming

replica symmetry. This calculation suffers from various issues, which motivates us to analyze the problem in

more detail.

In Sec. (4.3), we review the computation of the entanglement spectrum in the West Coast Model. This

serves as a warm-up for the resolvent trick which is used to obtain the spectrum in Sec. (4.3.1). We then use

the spectrum to compute the Renyi entropies in this model in Sec. (4.3.2). Apart from being of interest on

their own, the results for the Renyi entropies serve as an input for the reflected entropy calculation.

In Sec. (4.4), we analyze the reflected entanglement spectrum in the West Coast Model. We describe the

resolvent trick in Sec. (4.4.1) to obtain a Schwinger-Dyson equation for the reflected entanglement spectrum.

In Sec. (4.4.2), we solve this equation to obtain the spectrum and use it to analyze the reflected entropy. In

Sec. (4.4.3), we go on to analyze a two-parameter Renyi generalization of the reflected entropy, called the

1In JT gravity, this corresponds to the value of the dilaton at the bifurcation surface.
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Figure 4.2: The main result: (a) The reflected entanglement spectrum of ρAA∗ in the canonically purified
state |√ρAB⟩ is a mixture of two superselection sectors: a single pole of weight pd corresponding to the
disconnected purification, and a mound of approximately k21 eigenvalues (assuming k1 < k2) with weight pc
corresponding to a connected purification involving a closed universe with the entanglement wedge cross
section denoted in orange. (b) The probability of the connected purification pc as we vary k across the Page
transition. We show analytic plots for the microcanonical and canonical ensemble. The latter shows a spread
in the phase transition of O(

√
GN ). We also show plots for pc when considering the (m, 1)-Renyi reflected

entropy; these undergo sharp transitions at m-dependent locations in the canonical ensemble.

(m,n)-Renyi reflected entropies.

In Sec. (4.5), we discuss these results and future directions.

4.2 The west coast model

The West Coast Model is a toy model that was used to derive the Page curve of entanglement entropy. We

briefly describe the model here, for more details refer to Ref. [15]. The model consists of JT gravity coupled

to ETW branes. The action is given by

I = IJT + µ

∫
brane

ds (4.3)

IJT = −S0

2π

[
1

2

∫
M

√
gR+

∫
∂M

√
hK

]
−
[

1

2

∫
M

√
gϕ(R+ 2) +

∫
∂M

√
hϕK

]
, (4.4)

where S0 is the extremal entropy and µ is the mass of the brane. We will take both the above parameters to

be large in our analysis. The ETW branes also possess a large number of flavours k, which we artificially

divide into two sub-flavour indices that number k1 and k2 respectively.

We consider a state where the ETW brane is entangled with two radiation bath systems R1 and R2 as

|Ψ⟩ =
1√
k

k1∑
i=1

k2∑
j=1

|i⟩R1
|j⟩R2

|ψij⟩B , (4.5)

where |ψij⟩B is the state of the black hole system B with the ETW brane chosen to be of sub-flavours i and
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j respectively. The state can be prepared using a Euclidean path integral, and the Lorentzian description is

obtained by analytic continuation as shown in Fig. (4.1).

A diagrammatic description of the boundary conditions that compute the overlap between two such states

is

⟨ψi1 j1 |ψi2 j2⟩ = , (4.6)

where the red line represents an asymptotic AdS boundary, whereas the black and green lines correspond to

sub-flavour indices of the ETW brane.2 In this chapter, we will consider two choices of boundary conditions

imposed at the asymptotic boundary: a) microcanonical, where we impose a fixed energy E, and b) canonical,

where we fix the renormalized length β corresponding to the inverse temperature. The computation in

Eq. (4.6) is done by performing the gravitational path integral over geometries consistent with these boundary

conditions, e.g.,

⟨ψi1 j1 |ψi2 j2⟩ = , (4.7)

where the ETW brane has a definite flavour and thus, makes the diagram proportional to δi1,i2δj1,j2 .

We are interested in calculating the reflected entropy SR(R1 : R2). To motivate the proposed holographic

answer, we can first consider preparing the Renyi generalization of the canonically purified state given in

Eq. (2.33). For even integer m, this can be analyzed using the replica trick. Consider the Euclidean path

integral that computes the norm of the state ⟨ψ(m)|ψ(m)⟩ = tr(ρmR1R2
), it is diagramatically represented by

the boundary conditions: (e.g. m = 4)

tr(ρmR1R2
) = . (4.8)

The boundary conditions have a dihedral symmetry composed of Zm rotations and a Z⊭ reflection.

We now consider two natural saddle points that respect this replica symmetry [56], and applying the

saddle point approximation gives us

tr(ρmR1R2
) = max



 , (4.9)

= max
[
kZm1 , k

m−1Zm
]
, (4.10)

where Zp is the p-boundary partition function and the purple dot indicates the location of the extremal

surface. The disconnected saddle dominates before the Page transition, i.e. k ≪ exp(S0), while the connected

saddle dominates after the Page transition. Each of these saddles has a Z⊭ symmetric slice which can be used

to analytically continue the Euclidean saddle to a Lorentzian solution, giving us two candidate geometries

2Note that we have changed the diagrammatic notation from Ref. [15].
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corresponding to |ψ(m)⟩:

|ψ(m)⟩ = or . (4.11)

We refer to these geometries as the disconnected and connected purifications respectively. Here, m is

simply a parameter that fixes the area of the extremal surface and thus, the analytic continuation in m is

straightforward. As m→ 1, these geometries can be interpreted as arising from gluing together two copies of

the entanglement wedge of R1 ∪R2 [113, 114].3

Within the respective phases, we can apply the QES formula once we know the geometry corresponding

to |ψ(m)⟩. For the disconnected saddle, the QES is trivial and thus, the reflected entropy vanishes. On the

other hand, for the connected saddle we have two non-trivial candidate QESs represented by the pink and

orange cuts in Eq. (4.11). This leads to the proposed formula

SR(R1 : R2) =

0 k < exp(SBH)

2 min(log k1, log k2) k > exp(SBH)
(4.12)

While this saddle point approximation is expected to work far away from the Page transition, there are

various issues with this proposal which will require a more detailed analysis that we carry out in Sec. (4.4).

In particular, the saddle point calculation suffers from an order of limits issue when analytically continuing

m,n → 1. Further, Eq. (4.12) has a discontinuous jump at the phase transition which is resolved by non-

perturbative effects. Once these effects are included, we will find significant corrections to this formula near

the phase transition.

4.3 Entanglement spectrum

Before we go to a more careful analysis of the reflected entropy, we first discuss the simpler case of entanglement

entropy. In Sec. (4.3.1), we first review the resolvent trick that was used to compute the entanglement

spectrum in Ref. [15]. This serves as a warm-up for the analogous calculation for the reflected spectrum.

Further, we analyze the Renyi entropies in the West Coast Model in Sec. (4.3.2) which will be useful for our

later calculations.

4.3.1 Resolvent trick

The technique we use here was presented in Ref. [15] (see also [46, 118, 119]). This powerful approach enables

us to write down a Schwinger-Dyson equation for the resolvent of ρR1R2
, which then gives full information

about the entanglement spectrum.

3See also Ref. [141] for a construction of the canonical purification of the black hole system in a model of JT gravity coupled
to matter.
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Consider the resolvent matrix Rij(λ) for the density matrix ρR1R2 defined formally as

Rij(λ) =

(
1

λ− ρR1R2

)
ij

, (4.13)

where the i, j indices run over both R1 and R2 labels and take values from 1 to k = k1k2. We then define the

resolvent as the trace R(λ) = trRij(λ). From the resolvent, we can obtain the density of eigenvalues D(λ)

using

D(λ) = − 1

π
lim
ϵ→0

ImR(λ+ iϵ). (4.14)

To evaluate R(λ), we expand the matrix inverse around λ = ∞ as

R(λ) =
k

λ
+

∞∑
n=1

tr(ρnR1R2
)

λn+1
, (4.15)

sum the series and then analytically continue to λ ∈ [0, 1] on the real axis where D(λ) is non-zero. In terms

of diagrams, this leads to the boundary conditions:

, (4.16)

where uncontracted indices have been used to represent a matrix equation for Rij and each red line carries a

power of 1
kZ1

for normalization. These boundary conditions are then filled in with planar disk geometries

since crossing (higher genus) geometries are suppressed by powers of 1
k (e−S0).

Now denote Fij(λ) to be the connected part of the resolvent, defined by

, (4.17)

where the last term denotes the matrix (λ− F )−1. We can now write down a Schwinger-Dyson equation for

Rij(λ) and Fij(λ):

, (4.18)

where we note that a self consistent solution is to consider every term to be proportional to δij , and thus

Fij(λ) = F (λ)
k δij , where we have defined F (λ) = trFij(λ). After taking the trace of Eq. (4.18), we obtain the
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following algebraic equation

F (λ) =

∞∑
n=1

kZnR(λ)n−1

(kZ1)n
. (4.19)

We could now consider boundary conditions that correspond to either the microcanonical or canonical

ensemble. The microcanonical case is identical to 1TN and is discussed in detail in Chapter 3,4 so our primary

focus here will be on the canonical ensemble. For this case, we can use an integral representation for the

n-boundary partition function Zn given by

Zn =

∫ ∞

0

ds ρ(s)y(s)n, (4.20)

where ρ(s) is the density of states, and y(s) is the Boltzmann weight for the thermal spectrum given by

ρ(s) =
eS0s sinh 2πs

2π2
(4.21)

y(s) = e−
βs2

2 21−2µ|Γ(µ− 1

2
+ is)|2. (4.22)

It is convenient to define the normalized Boltzmann weight w(s) = y(s)
Z1

. Using this representation in

Eq. (4.19), we obtain

F (λ) =

∫ ∞

0

ds
ρ(s)w(s)

k − w(s)R
. (4.23)

Finally, combining this with Eq. (3.44), we obtain an integral equation for R(λ):

λR = k +

∫ ∞

0

ds
ρ(s)w(s)R

k − w(s)R
(4.24)

Solving this equation will give us the entanglement spectrum and corresponding entropies.

Approximate entanglement spectrum

Figure 4.3: (a) The thermal spectrum of the JT black hole. (b) The approximate spectrum of ρR1R2 is
a cutoff thermal spectrum which is obtained by truncating the spectrum to the k largest eigenvalues and
shifting it by λ0 to make it normalized.

4In this model, fixing the energy is the same as fixing the area of the horizon in the semiclassical approximation. Thus, the
calculations can be understood as related to those done in random tensor networks via the connection to fixed-area states [96–98]
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The resolvent equation was solved approximately in Ref. [15] to obtain an approximate entanglement

spectrum. It was shown that the spectrum of ρR1R2 can be well approximated by a cutoff thermal spectrum

(see Fig. (4.3)), i.e.,

D(λ) =

∫ sk

0

ds ρ(s)δ(λ− λ0 − w(s)), (4.25)

where the parameters sk and λ0 can be computed by

k =

∫ sk

0

ds ρ(s) (4.26)

λ0 =
1

k

∫ ∞

sk

ρ(s)w(s). (4.27)

For more details about the calculation, refer to Appendix F of Ref. [15]. Here, we will simply use the result

and discuss the interpretation of this spectrum.

Intuitively, the thermal spectrum of the black hole is divided into two portions - a part that has already

undergone the Page transition, and a part that hasn’t. For states corresponding to sufficiently high energy in

the thermal spectrum, the Page transition has still not occurred since they correspond to larger black holes.

On the other hand, low energy states are past the Page transition and in this part of the wavefunction, the

radiation system contains an island in the black hole interior. Thus, it is natural to expect that details of

the spectrum such as the probability distribution of the horizon area should be observable. This natural

ansatz is in fact a good approximation and leads to a cutoff thermal spectrum where sk roughly corresponds

to the threshold dividing the pre-Page and post-Page parts of the wavefunction. The post-Page portion of

the spectrum is not normalized on its own and thus, λ0 is the additive constant contributed by the pre-Page

spectrum that shifts the spectrum of ρR1R2
to make it appropriately normalized. Further, this ansatz captures

the feature that the rank of ρR1R2
cannot exceed k even far past the Page transition, since the dimension of

the radiation Hilbert space is k.

4.3.2 Rényi entropy

Given this approximate description of the spectrum, we will now analyze the Renyi entropies in this model,

Sm(ρR1R2) = − 1

m− 1
log(tr(ρmR1R2

)) (4.28)

for different values of m. To simplify the analysis, we choose µ≫ 1
β . In this limit, the µ-dependent terms

drop out from w(s). Further, we also work in the semiclassical limit β → 0.5

Using Eq. (4.25), we obtain

tr(ρmR1R2
) =

∫ sk

0

ρ(s)(λ0 + w(s))m. (4.29)

There are a few values of k near the phase transition, equivalently sk ≈ log k−S0

2π , that play an important role

in this calculation. First, the location of the peak of ρ(s)w(s)m is sm = 2π
mβ . Secondly, far from the phase

transition the calculation of Renyi entropies is dominated by either of the two Zm symmetric saddles. The

location at which they exchange dominance is denoted by s
(m)
k . Working in the saddle point approximation,

we obtain the condition
1

km−1
= exp

[
(1 −m)S0 +

2π2

β
(

1

m
−m)

]
, (4.30)

5Note that β should be replaced with βGN to restore explicit dependence on the Newton constant.
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(a) (b)

Figure 4.4: (a) For m > 1, the Renyi entropy (denoted by the green line) has a sharp transition at sk = s
(m)
k

where the two replica symmetric saddle contributions (denoted by blue and red dotted lines) exchange
dominance. Phase transitions in the two terms in Eq. (4.31) happen at sk = s1, sm (depicted with curved,
gray dashed lines) and thus don’t affect the Renyi entropies. (b) For m < 1, the Renyi entropy (denoted by
the green line) has a transition in the range sk ∈ [s1, sm] whereas the two naive replica symmetric saddles

(denoted by blue and red dotted lines) exchange dominance at sk = s
(m)
k . Thus, the phase transition is

over a large window of size O( 1
β ) and the Renyi entropy has O( 1

β ) corrections compared to a naive analytic
continuation of the replica symmetric saddles.

which leads to s
(m)
k ≈ π

β (1 + 1
m ). Lastly, from Eq. (4.27), we see that λ0 has a phase transition at sk = s1.

With these ingredients in hand, we can now analyze Eq. (4.29). An important feature that appears in

this model is that different Renyi entropies have transitions at different values of k. We will analyze them

separately for m > 1, m = 1 and m < 1 since they have qualitatively different behaviour.

m > 1

For m > 1, we have sm < s
(m)
k < s1. This implies that λ0 ≈ 1

k for sk ≈ s
(m)
k . As a simple approximation, we

can compute Eq. (4.29) by

tr(ρmR1R2
) ≈ max

[∫ sk

0

ds ρ(s)λm0 ,

∫ sk

0

ds ρ(s)w(s)m
]
. (4.31)

Since at the level of the saddle point approximation, this comparison is identical to Eq. (4.30), we see that

tr(ρmR1R2
) has a phase transition at sk = s

(m)
k . More so, the second term in Eq. (4.31) is the integral of a

Gaussian with a width σm = 1√
mβ

. Since s
(m)
k − sm ≫ σm, the second term is almost unchanging in this

region. Thus, we see that for m > 1, tr(ρmR1R2
) has a rather sharp phase transition. The Renyi entropy takes

the form

Sm(ρR1R2
) = min

[
log k, S0 +

2π2

β
(1 +

1

m
)

]
, (4.32)

as shown in Fig. (4.4).

m = 1

The case m = 1 corresponds to the entanglement entropy which was analyzed in detail in Ref. [15]. In this

case, sm = s
(m)
k = s1 and thus, there isn’t a sharp transition. Instead, one finds enhanced corrections of

O( 1√
β

) in a window of size ∆ log k = O( 1√
β

) near s = s1. Again, we can use the approximate spectrum in

63



Eq. (4.25) to obtain

S(ρR1R2) ≈ −
∫ sk

0

ρ(s)(λ0 + w(s)) log(λ0 + w(s)). (4.33)

m < 1

For m < 1, we instead have sm > s
(m)
k > s1. Thus, we see that the phase transition in tr(ρmR1R2

) starts

happening at sk = s1 when λ0 starts decaying. This is qualitatively different from the m > 1 case and will

require a more careful analysis.6

In order to compute Eq. (4.29), we can use the following inequality on the integrand:

max[λm0 , w(s)m] ≤ (λ0 + w(s))
m ≤ λm0 + w(s)m, (4.34)

where the lower bound follows from positivity, while the upper bound follows from concavity. Upon performing

the integral for sk = s1 −O( 1
β ), since λ0 ≫ w(s), we obtain

tr(ρmR1R2
) ≈ kλm0 ≈ 1

km−1
, (4.35)

since both the upper and lower bounds take the same value at leading order. In the regime s1 +O( 1
β ) < sk <

sm −O( 1
β ), both the terms are comparable. Thus, we obtain

tr(ρmR1R2
) ≈ # exp

[
2πsk −

mβs2k
2

+ (1 −m)S0 −
2π2m

β

]
, (4.36)

where there is a potential O(1) multiplicative uncertainty. Similarly in the regime sk = sm +O( 1
β ), the w(s)

term dominates over the λ0 term giving us

tr(ρmR1R2
) ≈ exp

[
(1 −m)S0 +

2π2

β

(
1

m
−m

)]
, (4.37)

where we have used the saddle point approximation. Combining these results, we obtain

Sm(ρR1R2) ≈


log k sk < s1

2πsk−
mβs2k

2 +(1−m)S0− 2π2

mβ

1−m s1 < sk < sm

S0 + 2π2

β

(
1 + 1

m

)
sk > sm

, (4.38)

where we have ignored subleading corrections at sk = s1 and sk = sm. The result is sketched in Fig. (4.4),

along with the naive expectation from analytically continuing the results of the Zm symmetric saddles a la

Lewkowycz-Maldacena [116, 142]. We see that there are in fact large O( 1
β ) corrections to the naive holographic

answer for Renyi index m < 1. This is consistent with expectations, hinted at in Ref. [140], based on chaotic

behaviour. As shown, the transition happens over a parametrically large window of ∆ log k ≈ O( 1
β ).

Before moving on, we analyze the problem a little more carefully in a window sk = s1 ±O( 1√
β

) since this

will be relevant for the reflected entropy transition. We can use the inequality in Eq. (4.34) and perform the

integrals, which are simple Gaussian integrals. In fact, we will include one-loop effects to find the answer to

6Similar results have been discussed in Ref. [119]. We are very grateful to Sean Mcbride and Wayne Weng for discussions
related to this topic.
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greater accuracy. Computing the relevant quantities, we obtain

Z1 ≃ eS0+2π2/β√
2πβ3

k ≃ eS0
ske

2πsk

8π3

λ0 ≃
erfc(βsk−2π√

2β
)

2k∫ s1

0

ρ(s)w(s)m ≃ β3m/2−1e4π
2(1−m)/β

(1 −m)(2π)m/2−2
,

(4.39)

where erfc(x) = 2√
π

∫∞
x
e−x

2

dx is the error function. Thus, integrating Eq. (4.34) with the measure ρ(s) and

using Eq. (4.39), we obtain

tr(ρmR1R2
) ≈ kλm0 , (4.40)

where we have used the fact that the integral of ρ(s)w(s)m is suppressed by powers of β in the regime of

interest.

4.4 Reflected entanglement spectrum

We now use a generalization of the resolvent trick in Sec. (4.4.1) to analyze the reflected entanglement spectrum.

Solving the Schwinger-Dyson equation leads us to the spectrum and reflected entropy in Sec. (4.4.2). Finally,

we analyze the (m,n)-Renyi reflected entropies in Sec. (4.4.3).

4.4.1 Resolvent trick

Our goal here is to find the resolvent for the reduced density matrix ρ
(m)
R1R∗

1
obtained from the Renyi

generalization of the canonically purified state |ψ(m)⟩ defined in Eq. (2.33), i.e.,

Rm(λ) =
k21
λ

+

∞∑
n=1

tr(ρ
(m)
R1R∗

1
)n

λn+1
(4.41)

where the integer moments of the (normalized) density matrix can be computed using the replica trick on

mn copies of the system [48, 56].

In order to do so, we first set up a slightly more general problem. 7 Consider the following 2 × 2 “matrix”

of resolvents:

R(λ) =

∞∑
k=0

λ−1−k/2
(

0 (ρ
m/2
R1R2

)Γ
†

(ρ
m/2
R1R2

)Γ 0

)k
, (4.42)

where ρ → ρΓ is an involution defined to take a linear operator ρ on HR1R2 to a linear operator from

HR1R⋆
1
→ HR2R⋆

2
. It is defined by re-arranging the incoming/outgoing legs in the obvious (and canonical/basis

independent) way. Each insertion of (ρ
m/2
R1R2

)Γ (and (ρ
m/2
R1R2

)Γ
†
) has m/2 replicas of each of the bra and ket of

the original state |ψ⟩. These involuted density operators are related to the density matrices in the canonically

purified state by

(ρ
m/2
R1R2

)Γ
†
(ρ
m/2
R1R2

)Γ = ρ
(m)
R1R⋆

1
, (ρ

m/2
R1R2

)Γ(ρ
m/2
R1R2

)Γ
†

= ρ
(m)
R2R⋆

2
. (4.43)

7This problem is analyzed in more detail in Chapter 3, here we attempt to be brief and focus on the main results.
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Figure 4.5: Example geometries that give rise to the projector or the identity. All possible contributions are
either proportional to the identity operator 1R1R∗

1
, 1R2R∗

2
, or one of the four projectors |ϵR1,R2⟩ ⟨ϵR1,R2 |.

Diagramatically this is given by the following boundary conditions

(ρ
m/2
R1R2

)Γ = , (4.44)

where we have chosen m = 6 for example. As before, any calculation using the gravitational path integral in

this model will amount to a sum over geometries of different topology connecting the various asymptotic

boundaries, e.g, in computing Eq. (4.44) we get

(ρ
m/2
R1R2

)Γ =
∑

topologies

. (4.45)

For convenience, we will use a shorthand representation

(4.46)

From these results we can infer an alternative expression for matrix R(λ):

R(λ) =

∞∑
n=0

λ−1−n
(

(ρ
(m)
R1R∗

1
)n 0

0 (ρ
(m)
R2R∗

2
)n

)
+

∞∑
n=1

λ−1/2−n
(

0 ρn−1
R1R⋆

1
(ρ
m/2
R1R2

)Γ
†

ρn−1
R2R⋆

2
(ρ
m/2
R1R2

)Γ 0

)
, (4.47)

which diagrammatically looks like

. (4.48)

The resolvent for system R1 ∪R∗
1 in the state |ρm/2R1 R2

⟩ is given by

R(λ) = TrR1R⋆
1
(R11(λ)) (4.49)

A single copy of (ρ
(m/2)
R1R2

)Γ is referred to as a puddle and given two contiguous sets of puddles, there are
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two classes of diagrams, either disconnected or connected. As before, consider the connected part of R that

we call F. This corresponds to a sum over the sub-diagrams over all connected contractions . We have

R(λ) =
1

λ
+

F
λ2

+
F2

λ3
+ . . . =

1

λ− F
(4.50)

A useful fact is that all diagrams in F and R take the following form: (see Fig. (4.5))

F(λ) =

(
G11(1R1R⋆

1
− eR1) + F11eR1 F12 |ϵR1⟩ ⟨ϵR2 |

F21 |ϵR2⟩ ⟨ϵR1 | G22(1R2R⋆
2
− eR2) + F22eR2

)
, (4.51)

R(λ) =

(
S11(1R1R⋆

1
− eR1

) +R11eR1
R12 |ϵR1

⟩ ⟨ϵR2
|

R21 |ϵR2
⟩ ⟨ϵR1

| S22(1R2R⋆
2
− eR2

) +R22eR2

)
, (4.52)

where |ϵR1⟩ = 1√
k1

|1R1⟩ is the maximally mixed state on R1R
∗
1 (same for |ϵR2⟩), eR1 = |ϵR1⟩ ⟨ϵR1 | and

eR2
= |ϵR2

⟩ ⟨ϵR2
| are normalized minimal projectors and F is a 2 × 2 matrix of scalars (not to be confused

with F).

In order to write down a Schwinger-Dyson equation for F(λ), we can organize the different diagrammatic

contributions to F by the number of R insertions, labelled k − 1, where k is the number of puddles in each

diagram:

(4.53)

where the shorthand conn. indicates connected contractions. In the above figure, the bubbles of λR indicate

insertions of the resolvent matrix given in Eq. (4.51) and the various components of the matrix are represented

by coloured index lines. Thus, combining Eq. (4.53) and Eq. (4.50), we now have self-consistency equations

that we can solve to obtain R and F, order by order in k.

4.4.2 Spectrum and reflected entropy

The solution to the Schwinger-Dyson equation is identical to that obtained in Chapter 3 for a random

tripartite state. Thus, we only discuss the results here. The results follow from a conjecture that the

important contributions to the matrix F come from the lowest two orders in k, i.e. F ≃ F(1) + F(2), in the

limit we are considering. Evidence for this conjecture in the case of the microcanonical ensemble is provided

in Chapter 3, while here we simply apply the same conjecture, now to the case of the canonical ensemble,

and obtain physically sensible results.

Since the solution to the Schwinger-Dyson equation is obtained by considering k = 1 and k = 2, the two
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parameters that determine the spectrum turn out to be given by (e.g. for m = 6)

Dm =

√
λ√

k1k2
=

√
λ√

k1k2

∑
topologies

, (4.54)

Bm =

√
λ√

k1k2
=

√
λ√

k1k2

∑
connected
topologies

, (4.55)

where connected topologies are the ones which have geometries joining at least two asymptotic boundaries

on either side of the vertical dashed line. We define the normalized quantities B̂m = Bm

Z1
and D̂m = Dm√

Z1
.

Further, these quantities are related by a sum rule:

D̂2
m + B̂m = 1 (4.56)

The solution to the resolvent is then given by

R(λ) ≈ (χAχB)2

2B̂mλ

(
λ+ B̂m

(
1

χ2
B

− 1

χ2
A

)
−
√

(λ− λ+)(λ− λ−)

)
+

1

λ− D̂2
m

(4.57)

with

λ± =
B̂m

(k1k2)2

(√
k21 − 1 ±

√
k22 − 1

)2

(4.58)

The spectrum obtained from Eq. (4.57) takes a simple form (see Fig. (4.6)), with two superselection

sectors: a single pole of weight pd = D̂2
m and a mound of eigenvalues with weight pc = B̂m. The mound is a

Marchenko-Pastur (MP) distribution with support between λ± ≃ B̂m(k−1
1 ± k−1

2 )2 and min(k21 − 1, k22 − 1)

eigenvalues. I.e., the spectrum is given by

D(λ) =
(k1k2)2

2πpcλ

√
(λ+ − λ)(λ− λ−) + δ(λ)(k21 − k22)θ(k21 − k22) + δ(λ− pd), (4.59)

where the sum rule then takes the form:

pc + pd = 1, (4.60)

and thus we see that these quantities act like two “classical probabilities”.

Using Eq. (4.54), we obtain

pd =
(tr(ρ

m/2
R1R2

))2

k tr ρmR1R2

(4.61)

pc = 1 − pd. (4.62)

we interpret these superselection sectors as corresponding to the two different geometries shown in Fig. (4.8),
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Figure 4.6: The spectrum obtained from the resolvent Eq. (3.89). We take k1 < k2 here so the MP distribution
has no zero eigenvalues.

Figure 4.7: Plot of pc(q) ≈ SR(R1:R2)
2min(S(R1),S(R2))

for m = 1 as a function of q = βsk
2π , for β = 1, in the canonical

ensemble (blue) and microcanonical ensemble (red). The phase transition in the canonical ensemble is spread
out over a region of size ∆s = O( 1√

β
) due to thermal fluctuations.

a disconnected and connected purification respectively. Thus, the reflected spectrum depends on the Renyi

entropies of ρR1R2
, which we computed in Sec. (4.3.2). For m = 1, the physically most interesting case, we

have from Eq. (4.61) and Eq. (4.40),

pd ≈ kλ0 ≈
∫ ∞

sk

ds ρ(s)w(s), (4.63)

which can be interpreted as the Pre-Page probability as discussed earlier. Consequently, the connected

probability pc is interpreted as the Post-Page probability. We plot this result and compare the phase

transitions in the canonical and microcanonical ensemble in Fig. (4.7). Due to thermal fluctuations, the phase

transition is spread out over a range of parameter space of size ∆s = O( 1√
β

).

The reflected entropy is given by (assuming k1 < k2)

SR(R1 : R2) =

0 k < exp(SBH)

2 log k1 k > exp(SBH).
(4.64)
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(a) (b)

Figure 4.8: (a) The canonical purification in the disconnected phase has radiation systems purifying themselves.
(b) The canonical purification in the connected phase has a state of radiation systems entangled via a closed
universe. The two candidate RT surfaces are denoted orange and pink.

This is the main result of this chapter. The reflected entropy is given by:

SR(R1 : R2) ≈ pc(2 min(S(R1), S(R2))), (4.65)

where we generally have the upper bound SR(R1 : R2) ≤ 2 min(S(R1), S(R2)). Thus, Fig. (4.7) serves as an

approximate plot of SR(R1 : R2) normalized by the upper bound.

4.4.3 Renyi Reflected Entropy

Having discussed the reflected entropy, we now analyze the (m,n)-Renyi reflected entropies. Since the

spectrum is an analytic function of m, the Renyi entropies can be computed by using the sum of the moments

of the two sectors in the spectrum

Sn(R1R
∗
1) =

1

1 − n
ln
(
pnd + k

2(1−n)
1 r−2Cn(r2)pnc

)
(4.66)

where r = k21/k
2
2 and Cn(q) is the q-Catalan number defined by

Cn(q) =

n∑
k=0

qkN(n, k), (4.67)

where N(n, k) is the Narayana number. Notably, the probabilities are the only source of m-dependence. Thus,

we need to analyze the behaviour of pd(m) as we cross the Page transition using the analysis in Sec. (4.3.2).

For m ≥ 2, we obtain

pd ≈


1 sk < s

(m)
k

exp
[
(m−1)S0+(m− 1

m ) 2π2

β

]
km−1 s

(m)
k < sk < s

(m/2)
k

exp
[
S0+

6π2

mβ

]
k s

(m/2)
k < sk.

(4.68)

There are two continuous transitions in pd and hence, also in the (m,n)-Renyi reflected entropy. However,

the second transition is almost invisible since pd is already non-perturbatively small at sk = s
(m/2)
k and the
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Figure 4.9: Analytic plot of pc(m, q) for m = 1.5 (yellow), m = 3 (orange) and m = 100 (green) and numerical
plot for m = 0.7 (thin, brown) as a function of q = βsk

2π for β = 1. The locations at which the (m, 1) Renyi
reflected entropies undergo a transition changes as a function of m for m > 1.

reflected entropy is dominated by the connected entanglement wedge.

For m ∈ (1, 2], the phase transition in pd is largely determined by the phase transition in tr(ρmR1R2
) which

occurs at sk = s
(m)
k < s1. Thus, we obtain

pd ≈


1 sk < s

(m)
k

exp
[
(m−1)S0+(m− 1

m ) 2π2

β

]
km−1 s

(m)
k < sk < s1

O(e−
1
β ) s1 < sk,

(4.69)

where the value in the last line is difficult to compute analytically, although it is non-perturbatively suppressed

and has a negligible effect on the reflected entropy. We plot the behavior for pd(m) for different values of

m > 1 in Fig. (4.9).

Finally, for the case m < 1, there is a multiplicative uncertainty in the calculation of tr(ρmR1R2
) which makes

it difficult to compute pd(q) analytically. We provide a numerical plot instead in Fig. (4.9). Qualitatively, the

transition happens over a large region in parameter space corresponding to sk ∈ [s1, sm].

To summarize, the phase transition in the (m,n)-Renyi reflected entropy comes from a shift in dominance

between the two terms in Eq. (4.66). As n→ 1, the transition is dictated by the phase transition in pd. This

transition is qualitatively different for m > 1 and m < 1. For m > 1, it is a sharp transition at sk = s
(m)
k and

for m < 1, it is spread out over sk ∈ [s1, sm].

4.5 Discussion

In this chapter we have analyzed the canonical purification and reflected entropy in the West Coast Model.

We found that the holographic proposal is satisfied in the expected regimes: the canonical purification is

related to a doubled spacetime, and the reflected entropy is related to the entanglement wedge cross section.

Furthermore, by summing over the contributions from all relevant saddles, we have understood how the

geometric picture evolves as we cross an entanglement phase transition. We now discuss certain interesting
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aspects of our calculation and potential directions for future research.

Relation to Petz map

Consider a code subspace of bulk states encoded in the boundary Hilbert space. The Petz map provides an

explicit realization in this setting of a reconstruction that maps a given bulk operator to a boundary operator

[15, 143, 144]. In the West Coast Model, one can consider bulk operators that live on the ETW brane. Before

the Page transition, they are reconstructable by the black hole B, whereas after the Page transition they

are reconstructable by the radiation system R. More so, in Ref. [15], they computed the probability of the

Petz map acting on the radiation to succeed. It turns out to be given by pc, precisely the probability that

showed up in our calculation of the reflected spectrum (regardless of the choice of how to split R into R1R2).

This is true in both the microcanonical ensemble and the canonical ensemble (see Fig. (4.7) for our pc, which

matches the Petz recovery probability computed in Ref. [15]).

This hints at a connection between the reflected entropy and the Petz map success probability. From one

point of view, this seems completely sensible within the paradigm of entanglement wedge reconstruction. The

reflected entropy SR(R1 : R2) is a sharp diagnostic of whether the entanglement wedge is connected, and

only when it’s connected does the entanglement wedge of R1R2 include the black hole interior. Indeed, the

probability pc is simply the probability of measuring the canonical purification of R1R2 in the connected

phase. It will be interesting to investigate a possible deeper connection between the reflected entropy and

reconstruction maps.

Area fluctuations

Here, we considered a holographic state in which the horizon area for B had area fluctuations. However, in

order to do the calculation, we needed to consider a maximally entangled state between R and the ETW

brane flavours. In the ER=EPR story, this can be interpreted as considering a three boundary wormhole

with area fluctuations for the horizon of B but fixed area boundary conditions for the horizons of R1 and R2

respectively, see Fig. (4.10). It would be interesting in the future to understand how the area fluctuations of

R1 and R2 affect the reflected entropy. Presumably, it will affect the spectrum on R1R
∗
1 by including the

effects of thermal fluctuations into the corresponding superselection sectors. One may attempt to analyze

this using the techniques of the equilibrium approximation [145, 146].

Figure 4.10: The three-boundary wormhole corresponding to our current setup.
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Chapter 5

Double Random Tensors

In this chapter, we carry on with our analysis of reflected entropy in RTNs in the hope of finding other

undiscovered aspects of the replica trick. We focus on an RTN consisting of two random tensors, which we

refer to as 2TN. 2TN can be interpreted as a model for a four-boundary wormhole as depicted in Fig. (5.1),

where the areas of the labelled surfaces are fixed to a narrow window [96–98]. A key ingredient in our

calculation is the use of Temperley-Lieb (TL) algebra and its representation theory. The appearance of the

TL algebra has deep implications on the spectra of the 2TN model, and it hints an possible connection

between our results and an emergent type-II von Neumann algebra.

More generally, we provide heuristic arguments that the calculations in 2TN are also useful for more general

settings, e.g., the familiar setup of two intervals in vacuum AdS. Since the bulk geometry is coarse-grained

down to just two tensors, the model cannot capture any of the local dynamics. However, it does capture

general topological aspects of the gravitational calculation which turn out to be the relevant aspect for the

reflected entropy, including near phase transition effects.

The results presented in this chapter is mostly based Ref. [68] as well as unpublished notes from the

author.

Figure 5.1: (left) The 2TN tensor network considered in this section is built from two random tensors T1 and
T2. The parameters are the boundary bond dimensions χA, χB , χC1 , χC2 and the internal bond dimension χ.
(right) The wormhole solution that is modeled by 2TN. The external bond dimensions corresponds to the
three horizon areas and the internal bond dimension χ corresponds to the cross-section surface γW .
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Figure 5.2: The canonical purification |√ρAB⟩ consists of a superposition of a one parameter family of
geometries labelled by k. They are obtained by gluing together 2k copies of the shaded portion (see Fig. (5.1))
of the connected entanglement wedge of AB in the four boundary wormhole. The k-th geometry has 2k
copies of the entanglement wedge cross section labelled EW .

5.1 Summary of results

In Sec. (5.2), we start by motivating the gravitational construction of novel, higher genus saddles that

contribute to the canonical purification. We consider the gravitational state corresponding to the four

boundary wormhole depicted in Fig. (5.1), prepared using a Euclidean path integral with fixed area boundary

conditions. As discussed in Refs. [15, 46, 62, 63, 96–98], the replica trick for such fixed-area states is simplified

by the fact that one can simply glue together multiple copies of the original bulk geometry without having

to solve for a new backreacted geometry. Thus, we have control over the different saddles contributing to

the canonical purification. By doing a replica trick to construct the state |ρm/2AB ⟩ for even integer m [56], we

find saddles labelled by a topological index k ∈ Z>0. They correspond to geometries with initial data slices

obtained by gluing together 2k copies of the shaded region (see Fig. (5.1)) of the connected entanglement

wedge of AB in the original state. Each such geometry contributes with an amplitude
√
pk computed from

the path integral. The canonically purified state can then be obtained via analytic continuation to m = 1,

and is approximately given by a superposition over such geometries as shown in Fig. (5.2). Thus, we obtain

a family of geometries that contribute to the entanglement wedge gluing procedure dual to the canonical

purification [56, 62, 113, 114]. Finally, computing the reflected entropy, we see that the geometry labelled by

k contributes an amount 2kEW (A:B)
4G weighted by its probability.

Having motivated the existence of these higher genus geometries from the gravitational path integral, we

set up the 2TN problem in Sec. (5.3) to get a better handle on such effects. The replica trick for reflected

entropy, discussed in Sec. (5.3.1), involves computing the so called (m,n)-Rényi reflected entropy [56]. Here n

is the usual Rényi entropy index and m labels the state |ρm/2AB ⟩, a generalization of the canonical purification.

For the reflected entropy, one needs to then analytically continue to m,n→ 1. Analyzing the (m,n) replica

trick for the 2TN problem beyond the saddle point approximation requires a new tool, the Temperley-Lieb

(TL) algebra [147], which we introduce in Sec. (5.3.2). Using the resolvent trick [15, 46, 48, 67, 118–120],

we show that the reflected spectrum can be categorized into different sectors in terms of the irreducible

representations of the TL algebra. These irreps are labeled by an index k which we call “topological” since it

corresponds to the topology of the higher genus saddles in the gravitational path integral.

With the formalism for computing the reflected spectrum set up, we compute and analyze the 2TN

reflected spectrum and entropy using the TL algebra in Sec. (5.4). As a proof of principle, we first solve for the

spectrum at first few even integer values of m in Sec. (5.4.1). In order to then relate to the semiclassical limit

in gravity, we take the limit where χ is large in Sec. (5.4.2). In this limit, we find the leading-χ contribution to

reflected spectrum that can be analytically continued to m = 1. The spectrum exhibits an infinite sequence of

delta function peaks, labelled by the index k ∈ Z≥0. Each peak consists of χ2k eigenvalues, thus contributing
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Figure 5.3: Sketch of spectrum of 1TN vs 2TN. While the 1TN model has two peaks corresponding to the
connected and disconnected phases, the 2TN model has infinitely many peaks corresponding to the novel,
higher-genus saddles discovered in Sec. (5.2).

to the reflected entropy by an amount 2kEW (A : B). This 2TN spectrum has a much richer structure than

the single random tensor analyzed in Chapter 3, see comparison in Fig. (5.3). We analyze the properties

of the 2TN spectrum and its relation to emergent superselection sectors and quantum error correction in

Sec. (5.4.3). Using the reflected spectrum, we find consistency with the holographic proposal, Eq. (2.32),

away from phase transitions where either k = 0 or k = 1 dominates. More so, the new sectors k ≥ 2 become

important near the phase transition and smooth out the discontinuity in the reflected entropy. In Sec. (5.4.4)

we consider the leading corrections to the large χ limit. We find that these corrections shift the locations of

the delta functions and spread them into peaks with finite width containing χ2k eigenvalues. We give an

estimate of the shift and relevant widths. Finally, we demonstrate the consistency of our calculations with

numerical results in Sec. (5.4.5).

With this, we conclude in Sec. (5.5) with a discussion of how the results obtained here generalize to

arbitrary RTNs which model multiboundary wormholes. We provide heuristic arguments that these additional

sectors also contribute to the canonical purification in more general settings such as the two interval example

in vacuum AdS. We also comment on the relation of our results to the emergence of non-trivial von Neumann

algebras in gravitational theories. More specifically we speculate that signatures of a non-trivial von Neumann

algebra, connected to the TL algebra, will emerge from a modular flowed version of reflected entropy.

We provide a short review on Temperley-Lieb algebra in Appendix B. Other supplementary materials of

this chapter are provided in Appendix D: We review multiboundary wormholes in Appendix D.1. Calculations

of the leading corrections to the large χ limit can be found in Appendix D.2. Proofs of various results used in

Sec. (5.4) are available in Appendix D.4.

5.2 Motivation: canonical purification in gravity

Before analyzing the 2TN model in detail, we provide motivation for the anticipated results by constructing

novel gravitational saddles that contribute to the canonical purification. We will discover new features

from the gravitational path integral that will be mirrored by the 2TN model in Sec. (5.4). For simplicity,

our discussion will focus on pure 3D gravity with a negative cosmological constant, where multiboundary

wormholes are well understood [148–150]. In this context, we can make a direct connection between wormholes

and RTNs, closely following and elaborating on the analysis in Ref. [122].

The 2TN model can be directly translated into a four-boundary wormhole with a hyperbolic metric as
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Figure 5.4: A fixed-area Euclidean saddle B (left) computing the norm of the state |ψ⟩ representing a
four boundary wormhole (right). Due to fixed-area boundary conditions at the relevant surfaces γA,B,C,W ,
generically the saddle consists of conical defects at these locations. The Z2 symmetric slice of the saddle is a
Cauchy slice Ξ of the wormhole geometry with shaded regions and extremal surfaces represented on either
side. The surfaces Ξ1 (light and dark green) and Ξ2 (dark blue) are identified as shown, but can be cut open
to use as a building block for the replica trick.

shown in Fig. (5.1). First, it is useful to match the degrees of freedom on either side. The parameters in the

tensor network are the bond dimensions. On the other hand, the moduli of the wormhole can be understood

by a pair-of-pants decomposition of the hyperbolic geometry into two constituent three-boundary wormholes.

For each three-boundary wormhole, the moduli are the three horizon areas. Gluing them together removes

one degree of freedom due to identification and simultaneously introduces additional Dehn twist moduli. In

order to have a reflection symmetric Cauchy slice and be able to apply the RT formula, we can set the twist

to zero [122]. This leaves us with the areas of the labelled extremal surfaces, each corresponding to a bond in

the tensor network. For the calculation of reflected entropy, these are the only surfaces that are relevant.1

Thus, the 2TN model, despite being a rather coarse-grained description of the geometry, is sufficient to model

the four-boundary wormhole accurately.

The construction of these wormhole geometries using a Euclidean path integral is also well understood (see

Ref. [122] and references therein). Namely, given a spatial geometry Ξ, a corresponding Euclidean spacetime

geometry that prepares such initial data is given by

ds2 = l2
(
dt2E + cosh2 tE dΞ2

)
, (5.1)

where l is the AdS scale and tE is the Euclidean time coordinate. However, since we are interested in preparing

holographic states that are modelled by an RTN, it is important to fix the areas of the various surfaces that

correspond to maximally entangled bonds [96–98]. Since these surfaces are all spacelike separated from each

other, the areas can be simultaneously fixed. While the geometry in Eq. (5.1) is a valid Euclidean saddle for

the fixed-area problem, other ways of preparing the same state would generically contain conical defects at

the fixed-area surfaces as shown in Fig. (5.4). Moreover, Einstein’s equations require the conical defects to be

located at extremal surfaces [98], and this is true by construction for the wormhole that we’re interested in.2

1There are other possible cross-sections in the geometry which could be minimal. We discuss these in Appendix D.1 and for
the comparison, one can restrict to a regime of parameters where the surface γW is indeed minimal.

2Note that despite the fact that Eq. (5.1) provides a valid saddle, there is no guarantee that it dominates and in general, it is
not completely well understood which saddles dominate the path integral [151–153]. Our results should be understood to apply
when such a dominant Euclidean saddle can be found.
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Figure 5.5: The computation of ⟨ρm/2AB |ρm/2AB ⟩ = tr(ρmAB) (e.g. m = 8) involves Euclidean saddles constructed
by gluing m copies of the original fixed area saddle in different ways. E.g., a particular saddle Bm,g is in a
one-to-one correspondence to permutation g acting on m elements. Here, we depict one such example. The
Z2 symmetric slice (black dotted) is then a Cauchy slice Σk for Lorentzian evolution and consists of 2k copies
of the entanglement wedge, where k is the number of permutation cycles crossing the horizontal dotted line
on the right (here k = 2).

Once we pick any such Z2 symmetric Euclidean geometry B, we can cut it open to obtain a preparation

of the state |ψ⟩ which has a spatial geometry Ξ. As usual, the norm of |ψ⟩ is computed by B as depicted

in Fig. (5.4). Moreover, the advantage of using fixed-area states is that we can find candidate geometries

for computing tr (ρmAB) by using B as a building block. More specifically, we can cut open B in the region

Ξ1∪Ξ2 such that ∂Ξ1 = γA∪γB ∪γC1
∪γC2

and ∂Ξ2 = A∪B∪γA∪γB . We can then glue together m copies

cyclically in the region Ξ2 as shown in Fig. (5.5). We are then left with picking a way to glue together the

remaining section Ξ1. The different ways of gluing Ξ1 are fixed by an element of the permutation group Sm.

An example of this correspondence is demonstrated in Fig. (5.5).3 The fixed-area boundary condition ensures

that all the contributing geometries solve Einstein’s equations and satisfy the correct boundary conditions.

Any such geometry Bm,g, obtained by gluing in a manner corresponding to a permutation g, contributes

to the computation of tr(ρmAB). It is also easy to check that the Euclidean action agrees with the domain

wall cost in the RTN [96]. Thus, it is clear that there is a direct correspondence between the RTN replica

partition function and the gravitational path integral, which is a fact that has already been exploited in

various calculations [46, 62, 63, 96, 97].

We can now look at Bm,g for even integer m, and interpret it as computing the norm of the state |ρm/2AB ⟩.
3In principle, we have two independent permutations on the two different portions separated by the fixed-area surface γW in

correspondence with the two tensors in the RTN. However, saddles with different permutations are suppressed due to the cost of
having a domain wall at γW .
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It is well-known from the correspondence to the RTN that only the saddles corresponding to non-crossing

permutations are important [15, 46, 62, 63], thus we will neglect all other permutations. Once we do so, it

is useful to classify the non-crossing permutations by the number of cycles crossing the horizontal middle

line, which is representative of the Z2 symmetric Cauchy slice of the geometry.4 For a crossing number k,

it can be checked that the spatial geometry Σk is obtained by gluing together sections of 2k copies of the

original Ξ at the horizons. We illustrate one such example in Fig. (5.5). As described before, these are also

hyperbolic geometries with a different pair-of-pants decomposition and by construction are prepared by a

Euclidean path integral which solves Einstein equations with fixed-area boundary conditions.5 Given the

Cauchy data on Ξ that satisfies the constraint equations, one can then evolve it in Lorentzian time to find

the full spacetime geometry.6

Since the spatial geometries on the Z2 symmetric slice are different for different values of k, the states are

orthogonal in the gravitational path integral approximation. Thus, we can divide the path integral into a

sum over the index k as

Zm =

m/2∑
k=0

Zk,m, (5.2)

and for each value of k, we can write down

Zk,m = ⟨ψk,m|ψk,m⟩. (5.3)

The state |ψk,m⟩ has an associated geometry Σk and can be written as a superposition over different

half-permutations with appropriate weight-factors that contribute to its norm. For example, we have (for

m = 4)

,

(5.4)

where the states written above are not normalized and the overlaps of these states can be computed by

closing up the open ends of the permutation and computing the action of the corresponding Euclidean saddle.

We will later see in Sec. (5.4.2) that the states |ψk,m⟩ are naturally associated with specific states in the

standard module of the Temperley-Lieb algebra that dominate in the large χ limit. Thus, we now have

written the state |ρm/2AB ⟩ in terms of a superposition of geometries with appropriate weights determined by

the path integral.

The spatial geometry Σk consists of 2k copies of the surface γW , which is the entanglement wedge cross

section in the connected phase. Now we can use the fact that the entropy of a superposition of a small

number of fixed-area states behaves approximately linearly as argued in Refs. [46, 62, 135]. Thus, the analog

4The slice is only locally Z2 symmetric, but not globally so in general. The overall Z2 symmetry is restored by the sum over
saddles.

5It is important to note that in general there are also perturbative corrections which have completely neglected in this analysis
since there is no corresponding feature in the RTN. Thus, even at this level the RTN only captures certain topological aspects of
the gravitational path integral, but they are usually the important non-perturbative corrections near phase transitions.

6Depending on how sharply the areas have been fixed, there may or may not exist a smooth spacetime to the future and past
of these fixed-area surfaces (see Ref. [154] for more details).
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of reflected entropy for the state |ρm/2AB ⟩ is computed by averaging over the different sectors, i.e.,

S
(m)
R (A : B) = S(ρAA∗)|ρm/2

AB ⟩

=

m/2∑
k=0

pk(m)(2kEW (A : B)) − pk(m) log pk(m),
(5.5)

where EW (A : B) is used as a shorthand to represent the area of γW , independent of which phase dominates.

The weights pk(m) = ⟨ψk,m|ψk,m⟩ can be thought of as probability weights associated to the geometries Σk.

We postpone the precise formulae for pk(m) to Sec. (5.4.2), but note for now that we will find a function that

is analytic in m. By extending the sum in Eq. (5.5) to all integer k, we can thus analytically continue the

answer away from even integer values of m. Doing so, we obtain an expression for the reflected entropy,

SR(A : B) =

∞∑
k=0

pk(2kEW (A : B)) − pk log pk, (5.6)

where pk ≡ pk(1). Thus, we have found that the canonical purification is given by a superposition of

geometries obtained by gluing together multiple copies of the entanglement wedge of AB as demonstrated in

Fig. (5.2). As we shall see later, the different geometries Σk obtained by this construction can equivalently be

interpreted in terms of new RTNs which are obtained by gluing multiple copies of the network at different

bonds, see Fig. (5.13). Thus, this provides a refined version of the effective description suggested in Sec. (3.8)

for the canonical purification.

5.3 Setup

In this section, we set up the problem of finding the reflected entropy in our model of interest, the 2TN

model. Sec. (5.3.1) describes the replica trick for reflected entropy, discussing the relevant saddle point

configurations. Sec. (5.3.2) then sets up the problem of computing the resolvent for the reflected density

matrix by introducing the Temperley-Lieb algebra.

5.3.1 Replica trick for the 2TN model

To recap, the replica trick for the reflected entropy involves computing the (m,n) Rényi reflected entropy

defined as

S
(m,n)
R (A : B) = Sn(AA∗)|ρm/2

AB ⟩, (5.7)

which is the nth Rényi entropy of subregion AA∗ in a state |ρm/2AB ⟩ that generalizes the canonical purification.7

For integer n and m
2 , Eq. (5.7) can be computed using correlation functions of appropriately defined twist

7Note that we ignored normalization factors in the state for simplicity of notation.
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Figure 5.6: (a): An illustration of the phase diagram in the saddle point limit for 2TN for generic values of
m ≥ 2, n ≥ 1, χ as a function of logχA

logχC
and logχB

logχC
. The dominant elements in each phase are shown in a tuple

as (g1, g2). The green square roughly indicates the region of the phase diagram accessed by the TL limit. (b):
As we take the limit logχ

logχC
→ 0, the yellow and blue domains shrink in the phase diagram.

operators on mn copies of the system, i.e.,

S
(m,n)
R (A : B) =

1

1 − n
log

(
Zm,n

(Zm,1)
n

)
Zm,n = ⟨ψ|⊗mn ΣA(gA)ΣB(gB) |ψ⟩⊗mn

Zm,1 = ⟨ψ|⊗m ΣAB(τm) |ψ⟩⊗m ,

(5.8)

where ΣR(g) implement the permutation g on subregion R.

We now specialize to the 2TN model, which is depicted in Fig. (5.1). It models a four-boundary

wormhole with horizon areas Ai which are related to the external bond dimensions χi = exp[Ai

4G ], where

i ∈ {A,B,C1, C2}. Moreover, the internal bond dimension χ is related to the area AW of the cross section

surface γW in a similar fashion. For convenience, we denote χC1
χC2

= χC , which is related to the total

horizon area for region C.

When min(AA,AB) < AW , the analysis is similar to that done for the single random tensor which was

studied in detail in Chapter 3. Thus, here we will only be interested in the situation where the minimal

entanglement wedge cross section EW (A : B) is indeed given by AW in the connected phase. We will ensure

this to be the case by picking AW to be parametrically smaller than AA/B/C .

For this problem, there are two limits of interest that we can discuss:

• The Temperley-Lieb (TL) limit: qA = χA

χC1
,qB = χB

χC2
, χ held finite while taking all external bond

dimensions χA/B/C1/C2
→ ∞.

• The saddle point limit: logχi

logχC
is held finite while taking all bond dimensions χi → ∞.

While our calculations in this chapter will be in the TL limit, we briefly make a detour to discuss the

phase diagram for the 2TN model in the saddle point limit. The saddle point limit is useful since it can be
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Figure 5.7: A graphical representation of the elements lying on the geodesics Γ(gA, e) and Γ(gB , e). An
element g2 ∈ Γ(gB , e) consists of products of non-crossing permutations acting within each circle; whereas an
element g1 ∈ Γ(gA, e) is similar to g2, but is additionally conjugated by the twist operator γτ .

shown that at every point in phase space, one only needs to optimize over the set {e, gA, gB , X}. We will

prove this statement in Chapter 6.

For simplicity, we consider the phase diagram in the case χC1
= χC2

=
√
χC . Doing so, we obtain the

phase diagram shown in Fig. (5.6a) at generic values of m ≥ 2 and n ≥ 1. The first thing to note is that the

phase diagram is convex as expected from the fact that the contributions of each possible permutation tuple

is linear in logχA/B .

The TL limit approximately arises when we take the limit logχ
logχC

→ 0 and zoom into a small, restricted

region around
(
1
2 ,

1
2

)
. This follows from the fact that the ratios qA and qB are held finite. In the TL limit,

the domains involving the X element shrink and we obtain the simpler phase diagram shown in Fig. (5.6b).

Returning to the calculation in Eq. (5.8) for the 2TN model, we have

Zm,n =
1

(χAχBχC1
χC2

χ)mn

∑
g1,g2∈Smn

χ
#(g1g

−1
A )

A χ
#(g2g

−1
B )

B χ
#(g1)
C1

χ
#(g2)
C2

χ#(g1g
−1
2 ), (5.9)

where #(g) counts the number of cycles in permutation g (including trivial ones) and we have used the

relation d(g, h) = nm − #(gh−1). In the TL limit, the elements g1/2 are then constrained to lie on the

geodesics between gA/B and e, labelled by Γ(gA/B , e), since the contributions of all other elements are

infinitely suppressed. The relevant geodesic condition reads

#(g1g
−1
A ) + #(g1) = n(m+ 1), #(g2g

−1
B ) + #(g2) = n(m+ 1), (5.10)

and the permutation elements that satisfy these conditions can be parameterized as:

g1 = γτ

(
n∏
i=1

hi

)
γ−1
τ , g2 =

n∏
i=1

ki, (5.11)

where hi, ki are permutations that act in a non-crossing fashion on the elements m(i− 1) + 1, · · · ,mi and

trivially on all other elements. γτ can be thought of as a “twist operator” that acts on the lower m/2 elements

in each circle, cyclically permuting them as shown in Fig. (5.7). We refer the reader to Appendix A for more

details on the geodesic elements and non-crossing permutations.
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5.3.2 Resolvent via the Temperley-Lieb algebra

Now, restricting the sum to the permutations on the relevant geodesics, we can write Zmn using the

parametrization of Eq. (5.11) as

Zm,n =

(
χAχB
χmCχ

m

)n ∑
{hi,ki}

q
−∑

i #(hi)
A q

−∑
i #(ki)

B χ#(g1g
−1
2 ). (5.12)

To proceed, we must find a way to express #(g1g
−1
2 ) solely in terms of hi and ki. To attack this problem we

introduce the Temperley-Lieb algebra, denoted by TLm.

The Temperley-Lieb (TL) algebra is an abstract algebra with basis vectors consisting of diagrams of

non-crossing strands between 2m points arranged on two vertical lines as follows:

,

(5.13)

where each point necessarily has a strand emerging from it. This vector space is further endowed with a

bilinear product given by concatenating two diagrams and replacing each closed loop by a power of χ. As an

illustrative example, consider the following:

(5.14)

In our problem, the parameter χ in the algebra is chosen to be the same as the internal bond dimension in

the 2TN model. For the interested reader, we present a short review of the TL algebra in Appendix B.

For our purposes, the important point is that there is a natural one-to-one correspondence between the set

of non-crossing permutations NCm and the elements of TLm as shown pictorially in Fig. (5.8). We denote the

element in TLm corresponding to h ∈ NCm as D(h). There is also a natural trace TrTLm on TLm, defined

diagrammatically for basis elements by closing the strands on opposing ends and assigning the value χ#loops,

e.g.

(5.15)

The trace is then linearly extended to the full algebra.

We now claim that

χ#(g1g
−1
2 ) = TrTLm

[
D(h1)TD(k1)D(h2)TD(k2) · · ·D(hn)TD(kn)

]
, (5.16)

where D(h)T denotes the transpose of D(h), obtained by flipping the diagram across its central axis between

two boundary lines. Instead of providing a formal proof, we demonstrate the above statement via pictures.
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Figure 5.8: A non-crossing permutation is represented in double line notation, where there is an incoming
and outgoing line at each vertex. The mapping from h ∈ NCm to D(h) ∈ TLm can be thought of as slicing
the circle in half and straightening the two boundary arcs into lines while preserving the connections.

For example, for (m,n) = (4, 2), we have

#(g1g
−1
2 ) = #

(
γτh1h2γ

−1
τ k−1

2 k−1
1

)
. (5.17)

Then, as a sample configuration consider:

.

(5.18)

For the above configuration, we have

,

(5.19)

as the reader can easily verify. This generalizes in a straightforward manner to arbitrary (m,n).

Using this result we can then do the sum in Eq. (5.12):

Zm,n =

(
χAχB
χmCχ

m

)n
TrTLm

[( ∑
h∈NCm

D(h)q
−#(h)
A

)( ∑
k∈NCm

D(k)q
−#(k)
B

)]n
, (5.20)
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where we have used the fact that the h sum is invariant under D(h) → D(h)T to drop the transpose.

We will now use Eq. (5.20) to obtain the reflected entanglement spectrum via the resolvent trick [48, 67].

The resolvent for the reflected density matrix ρ
(m)
AA∗ is defined as

Rm(λ) =

∞∑
n=0

Zm,n
λ1+n

(5.21)

where Zm,0 = χ2
A and Zm,1 = TrρmAB (which can also be checked from Eq. (5.20)). Plugging Eq. (5.20) into

Eq. (5.21) we obtain a formal expression for the resolvent:

Rm(λ) = TrTLm

[
λ− χAχB

χmCχ
m

( ∑
h∈NCm

D(h)q
−#(h)
A

)( ∑
k∈NCm

D(k)q
−#(k)
B

)]−1

. (5.22)

Once we evaluate the resolvent, one can extract the eigenvalue spectrum Dm(λ) of ρ
(m)
AA∗ from it using:

Dm(λ) = − 1

π
lim
ϵ→0

ImRm(λ+ iϵ). (5.23)

From the spectrum, one can obtain all the (m,n)-Rényi reflected entropies as well as the reflected entropy

after analytically continuing to m = 1.

Now, in order to evaluate Eq. (5.22) we will pick a representation of TLm. However, an arbitrary

representation will not do the job for us. In particular, we must pick a representation such that the trace

function on this representation correctly reproduces TrTLm
defined above. Such a representation will in

general be decomposed into a direct sum of irreducible representations (irreps). Thus, we expect the reflected

entanglement spectrum to be grouped into different “sectors” labeled by these irreps. This is precisely the

form of spectrum we will find for the 2TN model.

There are many ways of classifying the irreps of the TL algebra. Here, we will make use of the standard

module [155]. It is defined by considering vector spaces with basis vectors called link states, made by cutting

the basis elements of the TLm algebra into half. Cutting a diagram in half will always expose an even number

of “defects” (since m is even in our case), which we label by 2k with 0 ≤ k ≤ m/2. We call such a diagram

with 2k defects a (m, k)-link state and the set of all (m, k)-link states B(m)
k . The vector space spanned by

B(m)
k is denoted by V(m)

k .

There is a natural action of TL diagrams on (m, k)-link states given by concatenating and replacing closed

loops with powers of χ. Such a concatenation may result in a number of disconnected strands that decrease

the number of defects. We will further require that the action maps the link state to zero whenever there are

any disconnected strands after concatenation. For example:

(5.24)
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This action then defines a representation of TLm on V(m)
k , called the standard module. The usefulness of the

standard modules comes from the fact that they classify all the finite dimensional irreducible representations

of TLm.8 We will denote π
(m)
k (t) to be the matrix representation of t ∈ TLm associated with V(m)

k . For more

details on the standard module, we refer the reader to Appendix B.

Our goal is to build a finite dimensional representation

V(m) =
⊕

k=0,1,··· ,m/2
d
(m)
k V(m)

k , (5.25)

where the coefficients d
(m)
k represent the number of times the irrep V(m)

k appears in V(m). These coefficients

are uniquely determined by demanding that the trace of V(m) agree with the trace in the TL algebra TrTLm
.

We will see that d
(m)
k is in fact independent of m and thus, the superscript will be omitted from now on. The

trace on TLm then decomposes into the sum of matrix traces in each submodule, i.e.,

TrTLm(t) =
∑

k=0,1,··· ,m/2
dk tr(π

(m)
k (t)), ∀t ∈ TLm. (5.26)

Finally, in order to compute the resolvent, we are left with computing the matrix

M
(m)
k (q) =

∑
h∈NCm

q−#(h)π
(m)
k (D(h)). (5.27)

for all k. From Eq. (5.22), we see that the spectrum of the product M
(m)
k (qA)M

(m)
k (qB) determines the full

spectrum of the reflected density matrix. In more detail, the resolvent is given by

Rm(λ) =
∑
k,i

dk
λ− χAχB

(χχC)mλM(m)
k ,i

, (5.28)

where λ
M

(m)
k ,i

are the eigenvalues of M
(m)
k (qA)M

(m)
k (qB). Thus, we obtain the spectrum:

D(λ) =
∑
k,i

dk δ

(
λ− χAχB

(χχC)m
λ
M

(m)
k ,i

)
=
∑
k,i

dk δ
(
λ− λ

(m)
k,i

)
, (5.29)

where λ
(m)
k,i ≡ χAχB

(χχC)mλM(m)
k ,i

. The spectrum takes the simple form of a sum over poles where the coefficients

dk determine the degeneracy, while the eigenvalues are given by χAχB/(χχC)m times the eigenvalues of

M
(m)
k (qA)M

(m)
k (qB).

We emphasize that, so far, our result is valid for large χA/B/C ≫ 1 with the ratios qA = χA/χC1
, qB =

χB/χC2
held fixed. The internal bond dimension is kept finite and thus, χA/B/C ≫ χ. To match the

gravitational saddles, we will eventually take the limit χ≫ 1, but the more general result Eq. (5.29) is valid

for all values of χ.

8There are certain values of χ where the standard modules are reducible. However those values are discrete and only exist for
χ < 2, thus, irrelevant for our problem of interest.
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5.4 Reflected entropy in 2TN

Having set up the formalism for computing the reflected spectrum via the TL machinery, we will now compute

and analyze the spectrum in this section. First, we demonstrate the formalism by performing the analysis

at finite χ in Sec. (5.4.1), focusing on m = 2, 4 as illustrative examples. We will then analyze the large χ

limit in Sec. (5.4.2). Working in this limit enables us to obtain the spectrum as an analytic function of m

and thus, continue to m = 1. With the spectrum at hand, we compute the reflected entropy and discuss the

interpretations in terms of superselection sectors in Sec. (5.4.3). We then analyze the leading effect of finite

external bond dimensions in Sec. (5.4.4). We will see that they shift the locations and give rise to a width

for each of the peaks in the spectrum. Finally, we demonstrate consistency of our analysis with numerics in

Sec. (5.4.5).

5.4.1 Finite χ

The recipe outlined in Sec. (5.3.2) allows one to compute the spectrum exactly for arbitrary even integer

m. In this subsection, we will work out the detailed spectrum for m = 2 and m = 4 following this recipe.

The purpose of this analysis is twofold: First, it serves as a proof of principle for analyzing the spectrum of

arbitrary even integer m. Note that in practice, such an analysis is not always feasible since the complexity of

the calculation increases exponentially as m increases. Second, since we pose no restriction on χ here rather

than χA/B/C ≫ χ, we expect our result to hold even when χ is small. This particular small χ regime allows

us to make non-trivial predictions for the Rényi reflected spectrum at even integer m. Such predictions can

be checked numerically up to high accuracy, as opposed to the χ→ ∞ results we will obtain in Sec. (5.4.2)

and Sec. (5.4.3), where our numerics are limited by finite χ effects.

• m = 2

Let us begin with a trivial case. The diagrammatic basis of the TL2 algebra is given by

(5.30)

which we will refer to as D(τ2) and D(e) following the notation of NC2. There are two standard modules

V(2)
0 and V(2)

1 , each being one-dimensional:

,

(5.31)

where we remind the reader that the modules are labelled by half the number of open lines. Using the

diagrammatic action described previously, we compute

π
(2)
0 (D(τ2)) = 1, π

(2)
0 (D(e)) = χ;

π
(2)
1 (D(τ2)) = 1, π

(2)
1 (D(e)) = 0.

(5.32)

To reproduce the TL trace, it is easy to check that we must pick d0 = 1 and d1 = χ2 − 1. Thus, the
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matrices M
(2)
k (q) (which are simply 1-dimensional here) are:

M
(2)
0 (q) = χq−2 + q−1, M

(2)
1 (q) = q−1 (5.33)

Using Eq. (5.29), we find the spectrum to be a sum over two poles, which have degeneracies and

eigenvalues summarized in Table 5.1.

sector eigenvalue λ
(m)
k multiplicity dk

k = 0 (q−1
A + χ−1)(q−1

B + χ−1)/χC 1
k = 1 1/(χ2χC) χ2 − 1

Table 5.1: The list of eigenvalues and their degeneracies for the m = 2 reflected spectrum.

• m = 4

Moving on to a slightly more involved example, consider the TL4 algebra which has 14 basis diagrams:

(5.34)

There are three standard modules now: V(4)
0 , V(4)

1 , V(4)
2 with dimensions 2, 3, 1 respectively:

(5.35)

Note that any two of the (m, k)-link states with same k can be “paired up” to form a unique TL

diagram with 2k crossing connections. In the case at hand the total number of diagrams that can be

formed this way are 22 + 32 + 12 = 14, i.e. such pairings generate the entire set of TL4 basis diagrams.

This pairing up action will be important in our large χ analysis in the next subsection.

Similar to the previous m = 2 calculation, the module is determined by the diagrammatic action of

TL diagrams on link states. The matrix M
(4)
k is then determined by a weighted sum over the module
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representation of these diagrams. Since it is conceptually straightforward, albeit tedious, to carry out

the analysis, we skip the details and present the results. They read:

M
(4)
0 (q) =

(
χ2q−4 + 5χq−3 + 3q−2 χ2q−3 + 3χq−2 + q−1

χ2q−3 + χ(q−4 + 2q−2) + 4q−3 χ2q−2 + χ(q−3 + q−1) + 3q−2

)
(5.36)

M
(4)
1 (q) =

χq
−3 + 2q−2 χq−2 + 2q−3 χq−3 + q−2

χq−2 + q−1 χq−1 + 3q−2 χq−2 + q−1

χq−3 + q−2 χq−2 + 2q−3 χq−3 + 2q−2

 (5.37)

M
(4)
2 (q) = q−2. (5.38)

Reproducing the TL trace requires us to pick d0 = 1, d1 = χ2−1 and d2 = χ4−3χ2 +1. The eigenvalues

and their corresponding degeneracies are given in Table 5.2.

sector eigenvalue λ
(m)
k multiplicity dk

k = 0 ℓ+ 1
k = 0 ℓ− 1
k = 1 (5q−1χ−1 + (2q−2 + 1))2/(χ3

Cχ
2) χ2 − 1

k = 1, 2 1/(q2χ3
Cχ

4) χ4 − χ2 − 1

Table 5.2: The list of eigenvalues and their degeneracies for the m = 4 reflected spectrum. We have set
qA = qB = q to simplify expressions.

Note that two eigenvalues of M
(4)
2 (q) turn out to coincide with the eigenvalue of M

(4)
4 (q). The k = 0

eigenvalues ℓ± is complicated, arising from the eigenvalues of the matrix in Eq. (5.36):

ℓ± =
1

4q6χ3
Cχ

4

(
(q2 + 1)χ2 + (q3 + 6q)χ+ 6q2

±
√

(q2 + 1)2χ4 + (2q5 + 10q3 + 12q)χ3 + (q6 + 20q4 + 44q2)χ2 + (8q5 + 52q3)χ+ 16q4
)2 (5.39)

At large χ, the expressions simplify and we find

ℓ+ ≈ (q2 + 1)2

χ3
Cq

6
, ℓ− ≈ 1

χ3
Cχ

2(q2 + 1)2
. (5.40)

We see that ℓ+ scales as O(χ0), while ℓ− is suppressed by O(χ−2) and comes close to the eigenvalue of

the k = 1 sector. However, since the multiplicity of λ
(4)
1 scales as O(χ2) at large χ, λ− can be ignored

(at leading order in χ) when calculating the entropy. The same can also be said for the sub-leading

eigenvalue of the k = 1 sector (they coincide with that of k = 2). At large χ the k = 2 sector multiplicity

scales as O(χ4) and it dominates over the subleading poles of the k = 1 sector.

We depict the spectra we found for m = 2 and m = 4 in Fig. (5.9). For higher m, similar calculations

can be still be carried out, although the dimension of matrices M
(m)
k (q) will be large and one has to revert

back to numerical methods to find their eigenvalues. However, the lesson we learnt from studying m = 2, 4

modules still holds: In general there will be m/2 sectors, and the leading eigenvalue in each sector behaves as

O(χ−2k) and with multiplicity ∼ χ2k. This hierarchy structure is a general feature for the 2TN spectra and

we will see that it persists through analytical continuation m→ 1.
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Figure 5.9: A sketch of the spectrum we obtained for m = 2 (left) and m = 4 (right). The eigenvalues of
k > 0 sectors are depicted here as having a small width. This is found by including the finite external bond
dimension effects, which we will study in Sec. (5.4.4)

5.4.2 Large χ limit

We have already seen how one can use the standard module of the TL algebra to extract the reflected

spectrum of the 2TN at even integer m for arbitrary values of χ. In this subsection we will study this problem

in the limit χ→ ∞. This limit is physically relevant for comparison with holography since it corresponds to

the G→ 0 limit in gravity. In Sec. (5.4.2.1) we obtain the leading χ behavior of the spectrum in this limit.

Then we will analytically continue the spectrum in m in this limit in Sec. (5.4.2.2). This information will

allow us to work at m = 1 to understand the reflected entropy, which is the main focus of Sec. (5.4.3).

5.4.2.1 Even integer m

We begin with a preliminary statement on the coefficients d
(m)
k introduced previously.

Proposition 5.1. The module multiplicity number d
(m)
k satisfies the following properties:

• d
(m)
k is independent of m.

• As a function of χ, dk is determined by

dk = [2k + 1]q, (5.41)

where the q-number [·]q is defined as

[k]q =
qk − q−k

q − q−1
= qk−1 + qk−3 + · · · + q−(k−3) + q−(k−1). (5.42)

χ and q are related by χ = [2]q = q + q−1.

One can solve for q in terms of χ to obtain

dk =
1

4k

k+1∑
n=1

(
2k + 1

2n− 1

)
χ2(k−n+1)(χ2 − 4)n−1, (5.43)

so that dk is a polynomial in χ. In fact one can show that the coefficients of this polynomial are integers. For
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instance, the first few values of dk are

d0 = 1,

d1 = χ2 − 1,

d2 = χ4 − 3χ2 + 1,

d3 = χ6 − 5χ4 + 6χ2 − 1

(5.44)

Although this result holds for all χ, we will mostly just need the large χ behavior of dk, which is

dk ≈ χ2k +O(χ2k−2) (5.45)

Proving this proposition requires some additional facts about the standard module. For this reason we present

it in Appendix D.4.

Before moving on, let us introduce some useful notation. We define an inner product ⟨·, ·⟩ on V(m)
k as

follows: If x, y are two link states, ⟨x, y⟩ is given by flipping x across the vertical axis, matching to y and

assigning a power of χ for every closed loop. Furthermore, we define ⟨x, y⟩ to be nonzero only if every defect

in x ends up being connected to a defect in y. A few examples should suffice to clarify the definition:

(5.46)

Note that if x, y are two link states in V(m)
k , then

⟨x, y⟩ = δx,yχ
m/2−k +O(χm/2−k−1), (5.47)

where δx,y = 1 if x = y and 0 otherwise. In other words, the set of link states form an approximately

orthogonal basis for V(m)
k in the χ→ ∞ limit. This fact will turn out to be useful later in this section, as

well as in order to get a gravitational interpretation in Sec. (5.2).

We also define a bilinear map | · ·| : V(m)
k × V(m)

k → TLm, by flipping y across the vertical axis and

“pairing up” with x to form a TL diagram. For instance,

.

(5.48)

This map has a nice property that for all x, y, z ∈ V(m)
k we have

|x y| z = ⟨y, z⟩x. (5.49)

The proof of this equality is provided in Appendix B.

Returning to our main problem of finding the leading χ behavior of M
(m)
k , we ask the following question:

For any given link state v ∈ B(m)
k , which set of diagrams acting on v produce the dominant power of χ? It

turns out that, to produce the leading power of χ, the right half of the TL diagram must be exactly the

mirror image of v, since this is the only way to get the maximum number of closed loops. Moreover, since
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each closed loop contributes one power of χ, the overall contribution for such a diagram is O(χm/2−k). This

fact is illustrated in Fig. (5.10).

Figure 5.10: The leading contributions in M
(m)
k come from the TL diagrams whose right half is a mirror

image of the bases in V(m)
k . The contributing power is related to the number of defects by χm/2−k. Here

m = 8 and k = 1.

Using our previous notation, the set of all possibly dominant diagrams for a given vector y ∈ V(m)
k is then

all elements of the form |x y| ∈ TLm where x ∈ V(m)
k . Note that every diagram in TLm will be dominant in

exactly one module V(m)
k . It is easy to write down the sum of such diagrams by making use of the bilinearity

of | · ·|. For example:

∑
t∈TLm

π
(m)
k (t) ≈ π

(m)
k


∣∣∣∣∣∣∣
∑

x∈B(m)
k

x
∑

y∈B(m)
k

y

∣∣∣∣∣∣∣
+O(χm/2−k−1), (5.50)

To actually compute the matrix M
(m)
k (q), we still need to weigh the sum by powers of q−#(h). Given

h ∈ NCm, #(h) can be computed by considering a two-sided concatenation of D(h) with a special link state

that we call e0 ∈ V(m)
0 , given by the relation D(e) = |e0 e0| where e ∈ NCm is the identity permutation.

For example, if h = (1456)(23) ∈ NC6, then we have

(5.51)

This facilitates the definition of the following linear functional fq : V(m)
k → Z[q−1]:

Definition 5.1. If v is a link state in V
(m)
k , the value of fq(v) is given by concatenating the mirrored

reflection of e0 with v and assigning a factor of q−1 for every closed loop. The action of fq on a general vector

in V
(m)
k follows from the linearity of fq.

We illustrate the definition with the following example:

(5.52)

where we emphasize that only closed loops are counted, whereas open strands are ignored. Using the linear

functional fq, we can then write

q−#(h) = q−kfq(x)fq(y) (5.53)
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for all h ∈ NCm with the decomposition D(h) = |x y| and x, y ∈ V
(m)
k . It then follows that

M
(m)
k (q) =

∑
h∈NCm

q−#(h)D(h) ≈ q−k

∣∣∣∣∣∣∣
∑

x∈B(m)
k

fq(x)x
∑

y∈B(m)
k

fq(y)y

∣∣∣∣∣∣∣+O(χm/2−k−1) (5.54)

when considered as a linear operator acting on V(m)
k .

For any v ∈ V
(m)
k we can use Eq. (5.49) to write( ∑

h∈NCm

q
−#(h)
A D(h)

)( ∑
k∈NCm

q
−#(k)
B D(k)

)
v

≈ (qAB)−k
∑

x,y,z,w∈B(m)
k

fqA(x)fqA(y)fqB (z)fqB (w) ⟨y, z⟩ ⟨w, v⟩x,
(5.55)

where we use the shorthand qAB ≡ qAqB = χAχB/χC . It then follows that at large χ, the operator product

M
(m)
k (qA)M

(m)
k (qB) is of rank one with eigenvector

∑
x∈B(m)

k

fqA(x)x and eigenvalue

λ
M

(m)
k

≈ (qAB)−k

 ∑
x,y∈B(m)

k

fqA(x)fqB (y) ⟨x, y⟩


2

≈ (qAB)−kχm−2k

 ∑
x∈B(m)

k

fqA(x)fqB (x)


2

, (5.56)

where we have used Eq. (5.47) to arrive at the second expression. All other eigenvalues in the same sector

are suppressed by O(χ−2) 9.

The sum in Eq. (5.56) is related to the generating function G(q, r, z) of link states. This function can be

computed in various ways. We present a diagrammatic derivation in Appendix D.4 and use the result here

without proof.

Proposition 5.2. The fq-weighted generating function G(q, r, z) for the (m, k)-link states is given by

G(q, r, z) =
1 − zC(q, z)

1 − z(q + r) − zC(q, z)
(5.57)

where C(q, z) = 1
2z (1 − z(q − 1) −

√
(1 + z(q − 1))2 − 4qz) is the generating function of q-Catalan numbers

10. The argument r counts half the number of defects k and the argument z counts half the number of marked

points m/2.

G(q, r, z) has the following series expansion:

G(q, r, z) = 1 + (q + r)z

+
(
(q + q2) + (1 + 2q)r + r2

)
z2

+
(
(q + 3q2 + q3) + (1 + 5q + 3q2)r + (2 + 3q)r2 + r3

)
z3 + · · ·

(5.58)

where the formal expression G(q, r, z) =
∑
µ,k gµ,k(q)zµrk allows us to compute the eigenvalues relevant for

the reflected spectrum.

9Naively just from Eq. (5.56) it seems reasonable to assume that the subleading eigenvalue is suppressed by O(χ−1), rather
than O(χ−2). We will prove that the first order correction to the subleading eigenvalue vanishes in Sec. (5.4.4).

10For more information on C(q, z) please see the proof of Lemma B.1 in Appendix B.
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Corollary 5.3. The matrix M
(m)
k (qA)M

(m)
k (qB) has a single nonzero eigenvalue at χ→ ∞ given by

λ
M

(m)
k

= (qAB)−kχm−2k(gm/2,k(q−1
AB))2 (5.59)

with multiplicity χk.

To conclude, for each even m we identify m/2 eigenvalues given by Eq. (5.59), labeled by k ∈ {0, · · · ,m/2}.

At large χ the multiplicity of these eigenvalues goes as dk ≈ χ2k. All the other peaks found in Sec. (5.4.1)

vanish in the limit.

5.4.2.2 Analytic continuation

Here, we will perform the analytic continuation away from even integer m to obtain the reflected spectrum

at m = 1. This will be accomplished by analytically continuing the generating function coefficient to g1/2,k.

We have seen that for even integer m, only a finite number of eigenvalues are present, i.e., only the sectors

labelled by even integer k ∈ {0, · · · ,m/2}. However when taking the m→ 1 limit, we will see that all integer

values of k contribute to the spectrum, forming an infinite tower of eigenvalues.

We start with Eq. (5.57). In particular, we need an analytic form for the coefficients in the series 11

G(q, r, z) =

∞∑
µ,k=0

gµ,k(q)zµrk (5.60)

The r expansion is easy to perform:

G(q, r, z) =

∞∑
k=0

(1 − zC(q, z))zk

(1 − zq − zC(q, z))k+1
rk =

∞∑
k=0

gk(q, z)rk (5.61)

and thus, we identify

gk(q, z) =
(1 − zC(q, z))zk

(1 − zq − zC(q, z))k+1

= C(q, z)(C(q, z) − 1)kq−k
(5.62)

where we have made use of Eq. (D.113) to arrive at the final expression. We then still need to expand this

in terms of z and get a closed form for the coefficients. We will use a contour integral trick to pick out the

appropriate coefficient, i.e.,

gµ,k =
1

2πi

∮
dz

zµ+1
gk(q, z) =

1

2πi

∮
dz

zµ+1
C(q, z)(C(q, z) − 1)kq−k (5.63)

Where the contour is chosen to enclose a neighborhood of z = 0. The function C(q, z) has a branch cut

running between

z± =
1

(1 ∓√
q)2

, (5.64)

and there are no other poles or branch cuts on the complex plane 12. We can then deform the contour to

11We use the integer variable µ as the z exponent of the generating function G(q, r, z), as opposed to the even integer valued
m. The analytic continuation of m→ 1 is equivalent to continuing µ→ 1/2.

12One must be careful about choosing the square root branch cut in C(q, z). In particular if we want the function to behave
nicely at z → ∞ we have to use C(q, z) = (1− z(q− 1)+ |q− 1|

√
z − z+

√
z − z−)/(2z). This new C(q, z) is equal to the original
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enclose the branch cut running between (z−, z+).

Now we would like to perform the analytic continuation for µ→ 1/2. This introduces an extra branch cut

emanating from z = 0, which does not affect our choice of contour. Since C(q, z) has the property

lim
Im z→0+

Im(C(q, z)) = − lim
Im z→0−

Im(C(q, z)), (5.65)

one can rewrite the integral as twice of the imaginary part of the UHP contour :

g1/2,k(q) =
1

π
Im

∫ z+

z−

dz

z3/2
C(q, z)(C(q, z) − 1)kq−k. (5.66)

For illustration, we evaluate the integral for the first few values of k:

• k = 0

We have

g1/2,0(q) =
1

π
Im

∫ z+

z−

dz

z3/2
C(q, z) (5.67)

This integral results in the analytic continuation of the q-Catalan numbers at µ = 1/2,

g1/2,0(q) = C1/2(q). (5.68)

Cµ(q) is a piecewise function depending on whether q > 1:

Cµ(q) =

q 2F1(1 − µ,−µ; 2; q), q ≤ 1,

qµ 2F1(1 − µ,−µ; 2, q−1), q > 1
, (5.69)

which will be important seeds for expressing the coefficients for all the subsequent k. The eigenvalue in

this sector is

λ0 = qABC1/2(q−1
AB)2 (5.70)

with multiplicity 1.

• k = 1

The k = 1 integral reads

g1/2,1(q) =
1

π
Im

∫ z+

z−

dz

z3/2
q−1(C2(q, z) − C(q, z)) (5.71)

Using Eq. (D.113) it can be shown that C(q, z) satisfies the quadratic equation

C2(q, z) +

(
q − 1 − 1

z

)
C(q, z) +

1

z
= 0, (5.72)

so that one can write the integrand as a linear functional of C(q, z):

g1/2,1(q) =
1

π
Im

∫ z+

z−

dz(q−1z−5/2 − z−3/2)C(q, z)

= q−1C3/2(q) − C1/2(q)

(5.73)

definition in Proposition 5.2 near the z = 0 neighborhood and hence they have the same Taylor expansion.
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The eigenvalue of this sector is given by

λ1 = χ−2(qABC3/2(q−1
AB) − C1/2(q−1

AB))2 (5.74)

with multiplicity χ2.

• k = 2

We can use the same trick to reduce the integrand to be linear in C(q, z):

g1/2,2(q) =
1

π
Im

∫ z+

z−

dz

z3/2
q−2C(q, z)(C(q, z) − 1)2

=
1

π
Im

∫ z+

z−

dz (q−2z−7/2 − z−5/2(2q−1 + q−2) + z3/2)C(q, z)

= q−2C5/2(q) − (2q−1 + q−2)C3/2(q) + C1/2(q)

(5.75)

The eigenvalue of this sector is

λ2 = q−1
ABχ

−4
(
q2ABC5/2(q−1

AB) − (2qAB + q2AB)C3/2(q−1
AB) + C1/2(q−1

AB)
)2

(5.76)

with multiplicity χ4.

Thus, we see a general pattern emerging. The integrand of g1/2,k is a polynomial of Ck(q, z) and we can

always reduce it to some linear functional C(q, z) by repeated uses of Eq. (5.72). The outcome can in turn be

expressed in terms of (half-integer valued) q-Catalan numbers. Therefore, we only need to find out how the

reduction works for general k.

Proposition 5.4. The generating function G(q, r, z) in Proposition 5.2 can be alternatively resummed as

G(q, r, z) =
(r + q)C(q, z) − r/z

r2 + (q + 1 − 1/z)r + q
(5.77)

We present the proof of this statement in Appendix D.4. This result allows us to write down an explicit

form of gk(q, z) as a linear functional of C(q, z):

G(q, r, z) =C(q, z)

[
1 + (q−1z−1 − 1)r +

(
q−2z−2 − (q−2 + 2q−1)z−1 + 1

)
r2

+
(
q−3z−3 − (2q−3 + 3q−2)z−2 + (q−3 + 2q−2 + 3q−1)z−1 − 1

)
r3 + · · ·

]
+ other terms...

(5.78)

The detailed expression of the remaining terms not proportional to C(q, z) is irrelevant for determining

the contour integral. From this expansion, one can read off the coefficients g1/2,k as linear combinations of

q-Catalan numbers easily: A negative power of z−n in the expansion coefficients becomes C1/2+n(q) after

performing the contour integral.

5.4.3 Reflected spectrum and the effective description

In previous subsections, we have seen exact calculations of spectra for even integer m and arbitrary χ, as well

as how the large χ limit allows us to extract analytic behavior of the eigenvalues in individual sectors. With
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Figure 5.11: The plot showing the first few pk’s as a function of qAB . It is clear that at any point in parameter
space, the dominant contribution comes from either p0 (if qAB < 1) or p1 (if qAB > 1).

Figure 5.12: The sketch of the 2TN reflected spectrum at m = 1. It features an infinite tower of eigenvalues
labeled by the sector number k. Note that the eigenvalues of the k > 0 sectors are drawn with a width here.
This effect comes from taking the external bond dimensions χA/B/C large but finite, which we will investigate
in detail in Sec. (5.4.4).

these results in hand, we are finally ready to tackle the problem of analyzing the reflected entropy for the

2TN model.

In the limit χ→ ∞, the leading eigenvalue in each k sector is

λk = χ−2kq1−kAB (g1/2,k(q−1
AB))2 ≡ χ−2kpk (5.79)

with multiplicity dk ≈ χ2k. The numbers pk are independent of χ and satisfy
∑
k pk = 1 from the normalization

condition. We plot the first few pk’s as a function of qAB in Fig. (5.11). The spectrum in this limit is a sum

of the eigenvalue over all k sectors:

D(λ) =

∞∑
k=0

χ2kδ (λ− λk) (5.80)

We present a sketch of the full reflected spectrum in Fig. (5.12).
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Figure 5.13: An illustration of Eq. (5.82). The canonical purification |ρAB⟩ is effectively described by a
superposition of tensor network states. For k = 0 we have the factorized state with zero cross-section. To
form the k > 0 sectors we start from a simple network state made from two copies of the 2TN state. Then for
each k we glue together k such states, resulting in a TN with total cross-sectional area 2k lnχ, as indicated
by the number of bonds cut by blue dashed lines. This figure should be compared to Fig. (5.2), where each
effective TN corresponds to a genus-(2k − 1) bulk solution of the replica boundary problem.

The reflected entropy obtained from this spectrum is given by

SR(qAB) = −
∞∑
k=0

χ2kλk lnλk

= −
∞∑
k=0

pk ln pk +

∞∑
k=0

pk (2k lnχ)

(5.81)

Eq. (5.81) is the main result of this chapter. There are two different contributions to the reflected entropy.

There is a term from the classical Shannon entropy for the probabilities pk, plus an infinite sum over terms

proportional to 2k lnχ, weighted by pk. This should be compared with the result, Eq. (5.6) obtained from

the gravitational path integral in Sec. (5.2). We can now interpret each k sector as a state with a effective

tensor network configuration with different EW cross-sections.

Based on the gravitational calculation (Sec. (5.2)), the results on single random tensor (Chapter 3),

and the analysis on finite external bond dimensions effects (Sec. (5.4.4)), we suggest that the effective TN

states are built as follows: Consider the natural doubling procedure [115] for the canonical purification, by

duplicating the 2TN state and gluing the two copies across the boundary of the bulk extremal surfaces

(C1 and C2 in our case). Call such a state |ψ1⟩. Then, construct a series of wave functions |ψk⟩ by further

replicating |ψ1⟩ k times and gluing across the AA∗BB∗ bonds. By construction |ψk⟩ will have an entropy of

2k lnχ and we have the follow effective description

|√ρAB⟩ =
√
p0 |ψ0⟩ +

∞∑
k=1

√
pk |ψk⟩ , (5.82)

where |ψ0⟩ is a factorized state across AA∗ and BB∗. The states |ψi⟩ are approximately orthogonal at large

χ, i.e. ⟨ψi|ψj⟩ ∼ δij + O(χ−1). Calculating the entropy of Eq. (5.82) gives precisely Eq. (5.81) at χ → ∞.

We give a diagrammatic illustration of Eq. (5.82) in Fig. (5.13).

Eq. (5.82) should be compared to the states prepared by a gravitational path integral in the sense of

Eq. (5.4). There we have a superposition of bulk solutions of EW cross-section 2k lnχ, whose reduced density

matrices ρk,AA∗ have approximately orthogonal support. One should think of the integer index k as capturing

the topology of the effective description. By gluing together k copies of the state |ψ1⟩ we have created a bulk

solution with genus 2k − 1. From the entanglement structure we also identify emergent superselection sectors
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labeled by the topological index k ∈ Z≥0. The area operator is:

LAA∗ =
∑
k

2k lnχΠk, (5.83)

where Πk is the projection operator down to the orthogonal subspace of |ψk⟩. Note that in real scenarios

with finite bond dimensions, the aforementioned superselection sector is only approximate as supports of the

density matrices are not exactly orthogonal.

As discussed in Ref. [37] there is a connection between the area law and quantum error correcting codes.

Taking this seriously here we see that the effective description looks like an emergent error correcting code,

with only a central degree of freedom. Hence it is perhaps better thought of as a classical error correcting

code. Presumably including bulk degrees of freedom in the original network, before canonically purifying,

will give rise to a genuinely quantum version of this code.

Returning to the calculation of the reflected entropy, the phase transition of SR(A : B) is controlled by

the list of classical probabilities pk as a function of qAB . They can be shown to have the following asymptotic

behaviors

(p0, p1, pk>1) ∼


(
q−1
AB , 1 − 5

4
q−1
AB ,

Γ(k − 1/2)2

πΓ(k)2
q1−kAB

)
, qAB ≫ 1,(

1 − 1

4
qAB ,

1

4
qAB ,

Γ(k − 1/2)2

π(2k)2Γ(k)2
qkAB

)
, qAB ≪ 1.

(5.84)

Away from phase transition, i.e., for qAB ≪ 1 (qAB ≫ 1), one can argue that either k = 0 (k = 1) is the

dominant sector. The probabilities pk of higher k sectors are always suppressed by factors of q (q−1), as

shown in Eq. (5.84) and Fig. (5.11). This matches our expectation, as in the limit qAB ≪ 1 the state |ψ0⟩ is

dominant and we have SR(A : B) ∼ O(1); whereas as qAB ≫ 1 the state |ψ1⟩ is dominant and we get the

classical result SR(A : B) = 2 lnχ = 2EW (A : B). Near the vicinity of phase transition, i.e. qAB ≈ 1, all the

k sectors become important in determining the entropy, as one can check numerically that the probabilities

pk for k ≥ 2 are of comparable order of magnitude, although numerically smaller than p0,1.

The (1, n)-Rényi reflected entropies are given by the sum

S
(1,n)
R =

1

1 − n
ln

(∑
k

χ2k(1−n)pnk

)
. (5.85)

In reality, only the first two terms k = 0, 1 can ever dominate the sum as long as n > 1. Therefore we found

that S
(1,n)
R has three different approximate behavior depending on the value of qAB :

S
(1,n)
R ≈


1

1−n ln p0 ≈ 0, qAB ≪ 1,

1
1−n ln p0 ≈ n

n−1 ln qAB , 1 ≪ qAB ≪ χ(2−2/n),

2 lnχ, qAB ≫ χ(2−2/n),

(5.86)

which matches exactly the expected results from the phase diagram in Fig. (5.6) in the parameter regime

where our analysis is valid. As we take n→ 1, the middle regime vanishes and we get back the single sharp

phase transition of reflected entropy.

Interestingly, for n < 1, the k > 2 saddles can dominate. For sufficiently large χ, the term χ2k(1−n) in

Eq. (5.85) becomes increasingly important for larger k. For even integer m, this implies that the highest
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sector, i.e., k = m
2 , dominates. For m away from the even integers, this leads to a runoff to arbitrarily high k

which leads to the entropy being infinite in our approximation. In practice, such calculations would receive

large corrections from the finiteness of the external bond dimensions χA/B/C since there is a constraint on

the rank of the reflected spectrum arising from min(χ2
A, χ

2
B).

5.4.4 Corrections to the spectrum

In this subsection, we study the effect of having finite bond dimensions χ and χA,B,C1,C2
. This is motivated

by comparing to situations such as the four boundary wormholes with large but finite horizon areas and EW

cross-section. Moreover, this allows us to make better comparison with numerics we obtained in Sec. (5.4.5).

Taking the internal/external bond dimensions finite alter the large χ spectrum in independent ways. In

short, the leading effect of finite internal bond dimension χ is to shift the location of the poles in each sector.

In contrast, the leading effect of finite external bond dimension χA,B,C1,C2 is to spread out each pole into

a narrow mound. In the following we will examine how these effects work together to create a consistent

spectrum that matches our numerical data well and deepens our understanding of the effective description of

the 2TN as a sum over superselection sectors. However, the calculation of the finite internal bond dimension

χ corrections is rather technical and involved. For this purpose we present the full analysis in Appendix D.2

for interested readers.

5.4.4.1 Eigenvalue shifts

Here we give a qualitative summary of the effect of finite internal bond dimension χ. We identify two

phenomena as we take χ finite: First, the orthogonality of link state basis v ∈ B(m)
k , i.e. Eq. (5.47), fails.

Second, elements not of the form {|x y|;x, y ∈ B(m)
k } in the sum

∑
π
(m)
k (D(h)) will start to contribute. These

two effects introduce O(χ−1) corrections to the leading eigenvalue in each sector λk. The latter effect also

splits the degenerate zero eigenvalues in each sector. However, such corrections only appear at O(λkχ
−2),

so they do not affect the entropy at leading order. Note that O(λkχ
−2) is also the order of the leading

eigenvalue λk+1 in sector k + 1. This is seen in our numerics from the fact that the number of eigenvalues

in each mound is not exactly dk, but has corrections suppressed by O(χ−2). We will refer to this as sector

mixing, which should be understood as a signature that the wave functions in different superselection sectors

acquire a non-zero overlap when χ is finite. Both effects are seen in our explicit examples of integer m (sector

mixing is only visible in m ≥ 4) in Sec. (5.4.1).

We conclude the brief discussion by giving expressions for the leading order correction to the eigenvalues

λk for k = 0 and k = 1. We chose to do so since the shifts of these two eigenvalues completely characterizes

the leading order correction to the reflected entropy for all qAB. Corrections to other sectors are also

obtainable via analytic continuation of the related generating function, but their contribution to the entropy

is sub-leading. Please refer to Appendix D.2 for a detailed treatment.
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∆λ0 =
q−1
A + q−1

B

χ

[
C1/2(q−1

AB)
(
(1 + q−2

AB)D3/2(q−1
AB) − 2(1 + q−1

AB)D5/2(q−1
AB) +D7/2(q−1

AB)
)

+
(
qABC3/2(q−1

AB) − C1/2(q−1
AB)

)2 ]
, (5.87)

∆λ1 =
q−1
A + q−1

B

χ3

[
3
(
C1/2(q−1

AB) − (2qAB + q2AB)C3/2(q−1
AB) + q2ABC5/2(q−1

AB)
)2

+ (−C1/2(q−1
AB) + qABC3/2(q−1

AB))

×
(
(−(q−1

AB − 1)2D1/2(q−1
AB) + 2q−1

ABD3/2(q−1
AB) + q2ABD5/2(q−1

AB)

− 2(q2AB + qAB)D7/2(q−1
AB) + q2ABD9/2(q−1

AB)
)]
. (5.88)

where the function Dµ(q) is given by

Dµ(q) =

 2F1(1 − µ, 1 − µ; 1; q), q ≤ 1,

qµ−1
2F1(1 − µ, 1 − µ; 1; q−1), q > 1.

(5.89)

5.4.4.2 Fluctuations in each sector

So far, the spectrum we have obtained consists of a bunch of poles, which in turn happened because we were

working in the limit of large external bond dimensions. The leading effect of taking these dimensions finite

will be to spread out each pole into a narrow mound, and the goal in this part will be to find a crude estimate

for the width.

Based on the results obtained in the single random tensor, we conjecture that such spreading effects arise

from including non-trivial permutations that act on the n-cycles. This motivates us to consider summing

over a more general class of elements:

g1 = γp

(
n∏
i=1

hi

)
γ−1
p , g2 = γq

 n∏
j=1

kj

 γ−1
q (5.90)

where as before hi, kj ∈ NCm and additionally we pick p, q ∈ NCn. γp stands for the n-twist operator

associated to p applied to the lower half of the elements. This should be contrasted with Eq. (5.11) where

we restricted to γp = γτ and γq = e. Note that these elements are only schematic since there is a possible

overcounting when hi, kj ∈ NCm/2 × NCm/2, which will be accounted for later.

We remind the reader that in order to calculate the partition function Zmn in Eq. (5.9), we need to

evaluate #(g1g
−1
A ) and #(g1g

−1
B ). These numbers depend on whether hi, kj ∈ NCm/2×NCm/2 (in which case

we call these permutations disconnected) or not (in which case they are called connected). For the connected

sector, we furthermore classify hi and kj based on the number of crossing connections when viewed as an

element of TLm: We say h ∈ NCm,k if D(h) = |x y| for some x, y ∈ B(m)
k .

For now we restrict the sum to the set of hi, kj where all of the permutations are in the same subclass

NCm,k but we allow k to vary. Using the formalism of annular non-crossing permutations (see Appendix A
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for details) we get

#(g1g
−1
A ) =

{ ∑
i #(hiτ

−1
m ),∑

i #(hiτ
−1
m ) − 2(n− #(pτ−1

n )),

hi ∈ NCm,0

hi ∈ NCm,k>0

(5.91)

#(g2g
−1
B ) =

{ ∑
j #(kjτ

−1
m ),∑

j #(kjτ
−1
m ) − 2(n− #(q)),

kj ∈ NCm,0

kj ∈ NCm,k>0

(5.92)

Note that it is possible to give a formula for an arbitrary mixture of two different values of k but those effects

turn out to be subleading in determining the width, so we ignore them for now.

The partition function factorizes into different subclasses based on the number of crossings:

Zmn ≃ Z(0)
mn + Z(1)

mn + Z(2)
mn + · · · (5.93)

where the disconnected sum is

Z(0)
mn =

(
χAχB
χmCχ

m

)n ∑
hi,kj∈NCm,0

q
−∑

i #(hi)
A q

−∑
j #(kj)

B TrTLm
(D(h1)D(k1) · · ·D(hn)D(kn)) (5.94)

The summation over p, q drops out since they all overcount the same set of permutations. Since its form

receives no correction from the new p, q twist operators, we conclude that the single eigenvalue λ0 remains

unchanged in this approximation. We expect that by including the correction from mixed k contributions, λ0

may be shifted by a small amount or spread out to a very narrow peak.

Moving on to the connected sectors, there is no overcounting and we get extra corrections from the cycles

in p and q:

Z(k)
mn =

(
1

χAχBχmCχ
m

)n ∑
p,q∈NCn

χ
2#(pτ−1

n )
A χ

2#(q)
B

∑
hi,kj∈NCm,k

q
−∑

i #(hi)
A q

−∑
j #(kj)

B

×Trpq
−1

TLm
(D(h1)D(k1) · · ·D(hn)D(kn)) , (5.95)

where the trace pattern is determined by the partition pattern in pq−1. For example,

Tr
(12)(3)
TLm

(D(h1)D(k1)D(h2)D(k2)D(h3)D(k3))

= TrTLm(D(h1)D(k1)D(h2)D(k2)) × TrTLm(D(h3)D(k3))
(5.96)

The dominant contribution in Eq. (5.95) comes from p = τn, q = e, which gives the single eigenvalue identified

in Sec. (5.4.1) and Sec. (5.4.2). The summation over p and q introduces nontrivial correlations in Zn, which

we now focus on analyzing.

Denoting pq−1 =
∏
i ci to be the individual cycle decomposition of pq−1, we can write

∑
hi,kj∈NCm,k

q
−∑

i #(hi)
A q

−∑
j #(kj)

B TLpq
−1

TLm
(D(h1)D(k1) · · ·D(hn)D(kn))

=
∏
{ci}

TrTLm

 ∑
h∈NCm,k

q
−#(h)
A D(h)

 ∑
k∈NCm,k

q
−#(k)
A D(k)

|ci|

,

(5.97)

where |ci| is the number of elements in a given cycle. Then, using the fact that the leading order result
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Figure 5.14: Calculating the partition function in the each k sector is equivalent to calculating the partition
function for finding the n-th moment of an effective two-tensor model (up to a normalization factor) with
two external bonds with bond dimensions χ2

A and χ2
B , along with an internal bond with dimension χ2k.

Zn ≈ χ2kλnk in large χ limit for such sector, we have

Z(k)
n ≈

(
λk

χ2
Aχ

2
B

)n ∑
p,q∈NCn

χ
2#(pτ−1

n )
A χ

2#(q)
B χ2k#(pq−1), (5.98)

Interestingly, the partition function Z
(k)
n is identical to the partition function of an equivalent tensor network

(up to an overall normalization), see Fig. (5.14). One should view this effective network as an instantiation of

the effective description of the kth superselection sector, in the sense that our result exposes the effective

internal entanglement structure of a given sector. Note that the while the picture presented here is not the

same as the one proposed in Fig. (5.13), they have the same entanglement spectrum up to leading order in

χkA/B . We conjecture that by including the sum over different k sectors in the full partition function, one can

restore the hidden internal structure of the effective description.

The normalized spectrum of the tensor network shown in Fig. (5.14) is the same as the spectrum of the

product of two rectangular Ginibre matrices, which has been worked out in the large bond dimension limit

[107, 156, 157] using techniques from free probability theory [158]. The resolvent for this network can be

obtained through the following cubic algebraic equation

λW (λ) = (1 +W (λ))(1 + cAW (λ))(1 + cBW (λ)) (5.99)

where cA = χ2k/χ2
A, cB = χ2k/χ2

B and W (λ) is related to the resolvent by λR(λ) = (1 +W (λ)). Working in

the limit cA, cB ≪ 1, we expand Eq. (5.99) to first order in cA/B :

λW (λ) ≈ (1 +W (λ))(1 + (cA + cB)W (λ)), (5.100)

whose solution gives a Marchenko-Pastur distribution [159] with parameter c = cA + cB = χ2k(1/χ2
A + 1/χ2

B).

Putting back the correct normalization factors, we obtain an approximate spectrum for the k-th sector

Dk(λ) =
1

2πλλk(χ−2
A + χ−2

B )

√
(λ− λk−)(λk+ − λ), λk± = λk

(
1 ± χk

√
(χ−2
A + χ−2

B )

)2

(5.101)

i.e. the single eigenvalue λk in each sector spreads out into a narrow peak with width ∼ 4λkχ
k
√

(χ−2
A + χ−2

B ).

Note that the approximation in Eq. (5.100) fails when χk and χA/B are of comparable size. This is the

case in numerics when the number of eigenvalues in a higher k sector approaches the finite rank constraint

min(χ2
A, χ

2
B). In this case one should use the full solution to the cubic equation Eq. (5.99) instead.

Note that it is rather straightforward to adapt our calculation for arbitrary finite χ and finite integer m.

First, one needs to replace the number of eigenvalues in each sector by χ2k → dk in Eq. (5.98) to account for

the finite χ effects. Further, our previous analysis in Sec. (5.4.1) shows that there are subleading eigenvalues

in each sector that are suppressed by O(χ−2) compared to the leading one. Repeating the calculation, we
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find that every eigenvalue in a sector will obtain a width, not just the leading one. Finally, for even integer

m the normalization term (Zm,1)n in Eq. (5.8) can no longer be ignored. Far from the EW phase transition,

Zm,1 is sharply peaked around min(χAχB , χC)m−1 and it merely restores the correct normalization for the

spectrum. However around the transition, Zm,1 has a large variance and it introduces extra fluctuations to

the spectrum by spreading each mound further out in addition to the Zm,n effects computed here. While this

is indeed a concern for our computation, we expect our result in this subsection to hold well when our system

is far from the EW phase transition at qAB ∼ 1.

5.4.5 Numerical results

Throughout this section, we saw that the use of TL algebra is extremely powerful and enables us to extract

various analytical properties for the 2TN reflected spectrum. To recapitulate, working in the limit χA,B,C ≫ χ,

it allows us to obtain χ-exact spectra for even integer m (Sec. (5.4.1)), leading (Sec. (5.4.2)) and sub-leading

(Sec. (5.4.4.1), Appendix D.2) contributions to m → 1 spectra, reflected entropy (Sec. (5.4.3)), as well as

fluctuation effects (Sec. (5.4.4.2)). In this subsection we corroborate these analytical predictions by comparing

to numerical results. All the numerical results presented here are obtained directly from simulating the 2TN

state by contracting two random tensors along the internal bond and calculating its reflected spectrum using

exact diagonalization.

First, in Fig. (5.15) we present the histogram of the reflected spectra for m = 2 and m = 4. The analytic

predictions for the locations of the eigenvalues come from Table 5.1, 5.2, and the spreading within each

sector is given by a modification of Eq. (5.101) to accommodate for finite-χ effects. The bond dimensions

used in these plots are {χA, χB , χC1
, χC2

, χ} = {40, 40, 80, 80, 3}. We remind our reader that the analytic

results presented here are exact for arbitrary χ and when the system is sufficiently far from phase transition.

Fig. (5.15) serves as an exceptional confirmation of our formalism in the regime of small internal bond

dimension χ.

Moving on to the analytic continuation m→ 1 which is relevant to the canonical purification and reflected

entropy, we present a similar histogram of the spectra for m = 1 in Fig. (5.16). The bond dimensions used

here are {χA, χB , χC1
, χC2

, χ} = {16, 16, 40, 40, 4} (top) and {30, 30, 70, 70, 4} (bottom). As opposed to the

case of even integer m, here we only have analytic control of the spectra up to first order corrections in χ.

The leading order analytic results of the eigenvalues are given by Eq. (5.79), and the first order corrections

for λ0 and λ1 are given by Eq. (5.87) and Eq. (5.88). The corrections to higher λk’s are obtained via direct

numerical contour integration to extract the relevant generating function coefficients, i.e. Eq. (D.20) and

Eq. (D.42). The number of sectors that show up in the numerics abides the rank constraint, namely that the

total number of eigenvalues cannot exceed the dimension of the matrix. Therefore, we expect to see higher

k sectors materializing as χAχB increases, which is indeed the case here: As we increase χAχB, we see an

emergent fourth peak in the bottom plot compared to the top plot.

We also plot the transition of classical sector probability pk in Fig. (5.17) as functions of qAB , and likewise

the normalized reflected entropy SR/2EW in Fig. (5.18). The bond dimensions used in these two plots

are {χA, χB , χ} = {25, 25, 5} and we vary χC1 = χC2 to obtain different values of qAB. The colored dots

indicate the numerical results. We present two different analytical predictions here: Solid lines are the ones

that includes first order corrections (Eq. (5.87), Eq. (5.88), etc.), whereas dashed lines are the leading result

(Eq. (5.79) for pk and Eq. (5.81) for SR), which is valid in the limit χ→ ∞. It is evident that the first order

corrections captures the non-trivial effects of small internal bond dimension surprisingly well.
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Figure 5.15: Plots of spectra of the (unnormalized) density matrix ρ
(m)
AB ≡ TrBB∗ |ρm/2AB ⟩ ⟨ρm/2AB | for m = 2

(top) and m = 4 (bottom), with the red lines being the analytic predictions. Note that in the case of m = 4
there is an additional eigenvalue that lies close to the leftmost peak. This is a finite χ effect that is not visible
in our m→ 1 analytics. Nevertheless our results for even integer m are χ-exact which is well confirmed by
these two plots.

5.5 Discussion

In this chapter we have continued the study of canonical purification and reflected entropy for random

tensor networks. The picture developed in Ref. [48] for the tensor network version of the gravitational gluing

construction persists to more complicated tensor networks. In particular we have found a detailed match

between gravitational saddles that contribute to the canonical purification with higher genus equal time
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Figure 5.16: Plots of spectra of the m = 1 reflected density matrix ρ
(1)
AB ≡ TrBB∗ |√ρAB⟩ ⟨√ρAB | for

{χA, χB , χC1
, χC2

, χ} = {16, 16, 40, 40, 4} (top) and {30, 30, 70, 70, 4} (bottom). The analytic predictions are
shown as red lines. The mismatch of the k = 3 peak in the bottom plot is due to the fact that we can only
work numerically in low bond dimension. As we scale up the bond dimensions in numerics, the agreement
becomes better. We expect that it can also be resolved by improving the analytics, including subleading
corrections to the eigenvalues beyond first order.

surfaces and certain saddles in the statistical mechanics model governing random tensor network calculations.

Area fluctuations, probed using reflected entropy, are represented by the different topological sectors.

For the model at hand the topological sectors are governed mathematically by the Temperley-Lieb algebra.

The representation theory of the TL algebra then gives a nice picture of the emergent superselection sectors

that can be vividly seen in the numerics. The higher genus equal time surface arise from cutting open the TL
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Figure 5.17: Plots of the sector probability pk. The analytic result (solid lines) is obtained from the product
of sector multiplicity dk and eigenvalues λk. The dk used here are the exact expressions in Eq. (5.43) and
the λk used here includes the first order shifts. We also incorporated the exact expression of pk at χ→ ∞
(Eq. (5.79)) as dashed lines.
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Numerics
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χ  ∞

Figure 5.18: Plots of the reflected entropy, normalized by twice the EW cross-section 2 lnχ. The analytic
prediction (red) is obtained by summing over the eigenvalues in k = 0, 1, 2 sectors (these are the only available
ones due to the rank constraint), including the first order corrections and the contribution from spreading
(Eq. (5.101)). We have also included the form of SR in the limit χ→ ∞ shown as the orange dashed line for
comparison.
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Figure 5.19: (left): The 4TN network consists of four internal vertices connected by internal bonds χij .
(right): It models a four-boundary wormhole with a handle.

diagrams. The genus, and hence topological index, is determined by the number of strands that are cut.

In the rest of the discussion section we summarize some possible avenues for future work and some

intriguing speculative connections to the theory of emergent non-trivial von Neumann algebras.

5.5.1 General RTNs and multiboundary wormholes

Our analysis in this chapter was focused on the 2TN model, where we performed a concrete calculation using

the TL algebra, and matched the results to those obtained from the gravitational path integral in Sec. (5.2).

There is in fact a more general connection between RTNs and multiboundary wormholes [122]. In this

section, we would like to make some comments on the presence of similar saddles for general multiboundary

wormholes.

Consider an arbitrary RTN built out of constituent random tensors with three legs, an example is

shown in Fig. (5.19). Such an RTN models a multiboundary wormhole where the tensors correspond to

the constituent pair-of-pants decomposition of the spatial geometry. In general, there are multiple ways to

decompose a hyperbolic geometry into pairs-of-pants. However, the RTN has fixed-area surfaces which pick

a preferred pair-of-pants decomposition. The network is then interpreted as a coarse-grained descriptions

of the given geometry. In Ref. [122], it was argued that this model captures the entanglement entropies of

such multiboundary wormholes accurately. Our results here show that the same is true for the canonical

purification and the reflected entropy, thus enlarging the scope of the random state model discussed in

Ref. [122].

Firstly, note that the construction of geometries contributing to the canonical purification of a multi-

boundary wormhole is similar to that discussed in Sec. (5.2). Since all the horizons have fixed areas, the

saddles contributing to the path integral in Fig. (5.5) are identical, except that we now have more ways to

glue together the fixed-area saddles. In terms of the Cauchy surface obtained on the Z2-symmetric slice,

the saddles can be classified by picking a particular choice of entanglement wedge and then gluing together

multiple copies of the respective bulk regions.

In general, the TL algebra techniques can be applied to more general RTNs as well. For example, consider

the 4TN network shown in Fig. (5.19). The computation of the average partition function Zmn in this

network includes a sum over independent permutations gi on each of the tensors. As before, we can take the

limit of external bond dimensions to be large. In addition, if we also take the internal vertical bonds to be

large, it is easy to see that we can then restrict the sum to the non-crossing permutations g1/3 ∈ Γ(gA, e) and

g2/4 ∈ Γ(gB , e) since the other permutations are suppressed. For each internal horizontal bond χij , there is
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a domain wall cost of the form χ
#(gig

−1
j )

ij . As in Eq. (5.16), this can be done by introducing a TL algebra

labelled by the bond dimension. Thus, Zmn is computed by a product of TL traces, one for each horizontal

bond. However, the analysis is complicated by the fact that the traces are coupled to each other. It would be

interesting to analyze this using free probability theory techniques [110, 160] in the future.

5.5.2 Junctions for the cross-section

Our results in this chapter rigorously apply to situations where the entanglement wedge cross section is

spacelike separated from all the external RT surfaces. This guarantees that we can simultaneously fix their

areas and thus, model the holographic state by an RTN. Our TL algebra techniques can then be applied to

such situations. However, we now argue that the TL algebra analysis can be useful for more generic situations

in holography where all the surfaces are not necessarily spacelike separated.

For example, consider a three-boundary wormhole with horizons γi for i = A,B,C, each of the subregions

being one asymptotic boundary. As discussed in Ref. [48], when the minimal entanglement wedge cross

section is given by one of the external horizons, this situation is modelled by a single random tensor with three

boundary legs, one for each subregion. However, in general there is a non-trivial cross section surface γW as

shown in Fig. (5.20), which can be important for the reflected entropy. In fact, we show in Appendix D.1

that this is true for a large region in parameter space.

In such a situation, the TL algebra analysis cannot be applied directly since there is a codimension-3

junction where the surface γW meets γC . One can check that the areas of γC and γW can indeed be

simultaneously fixed. This is manifest from the fact that the area of γW generates a kink transform [161–163],

which preserves the minimal entanglement wedge cross section. Nevertheless, the RTN in fact fixes the areas

of γC1 and γC2 as well, since they correspond to bonds in the network. It can be checked in various models

[164] that these areas do not commute with γW .

Nevertheless, the saddles contributing to the gravitational path integral for tr(ρmAB) discussed in Sec. (5.2)

are valid even if we don’t fix the area of γW . Thus, for the state |ρm/2AB ⟩, we still obtain the same geometries

Σk, labelled by their genus. While, we cannot then use the TL algebra technology to compute the Rényi

reflected entropies, we can gain some mileage from directly assuming that the RT formula can still be applied

to each of these geometries. Since this is a superposition over a small number of geometries (not exponentially

large in the entropy), we can use the expectations from Ref. [135] to argue that the (non-linear) entropy

is given by the expectation value of the minimal area, a linear operator defined on the gravitational phase

space. This expectation is clearly borne out in the situation where we could fix the area of γW as seen from

Eq. (5.5). With this assumption, even in this situation, we expect to have an analog of Eq. (5.5). It would be

interesting to generalize our TL algebra construction to include a non-flat spectrum which allows fluctuations

for γW and make this heuristic argument more rigorous.

With the above heuristic understanding, our 2TN results also apply to a rather generic situation that

arises for subregions in a CFT. In such a situation, the areas of the extremal surfaces or equivalently the

external bond dimensions are IR divergent, whereas the cross section is finite. The external areas can be

regularized by allowing for a small splitting between the regions. Having done so, the density matrix ρAB

can in fact be defined rigorously by the split construction described in Ref. [56]. The regularization removes

subtleties associated with fixing an IR divergent area. With this understanding, the analysis is similar to the

heuristic argument described above for the three-boundary wormhole and thus, our results are rather generic.
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Figure 5.20: A three-boundary wormhole with horizons labeled as γA/B/C and the non-trivial EW cross-section
γW . While one cannot fix the individual area of γW and γC1/C2

simultaneously, the area of γW and the sum
γC = γC1 + γC2 can be fixed simultaneously.

5.5.3 Emergent von Neumann algebras

Temperley-Lieb (TL) algebras play an important role in the study of type-II1 subfactors, initiated by Jones.

A subfactor is a subalgebra B ⊂ A of von Neumann algebras both of which do not have centers. In this case

the TL algebra emerges from a sequence of further subalgebras B ⊂ A ⊂ A1 ⊂ A2 . . . constructed using the

Jones basic construction [165]. Then the TL operators are generated by a sequence of projection operators

that arise from the basic construction. The TLm algebra for even m then appears in the relative commutants

Ai+m ∩A′
i of two of the algebras in this sequence. The algebra generated by all of these relative commutants

would reproduce a type-II1 algebra. We might then speculate that our model gives one more avenue [93, 94,

166] through which non-trivial von Neumann algebras can arise from gravitational like theories.

Comparing to the emergent TL algebras in our tensor network model the relevant inclusion involves

decreasing the number of handles on the fixed time slice. To really see an emergent type-II1 algebra we would

need to move to high topological index. In particular m → ∞ would be interpreted as giving rise to such

a non-trivial von Neumann algebra. Interestingly by continuing m away from an even integer we have a

mechanism by which arbitrarily high topological index can arise, unfortunately however these states become

increasingly suppressed at high k by the sector probabilities. Near the phase transition all sectors are excited,

however to really claim an emergent type-II1 algebra we would need to somehow project to a high k sector so

that pk is peaked around k0 which is then approaching ∞. If we managed this then the leading reflected

entropy ≈ k0 lnχ is diverging with k0, a necessary condition for an emergent type-II1 von Neumann algebra.

Perhaps this can be achieved by perturbing the original density matrix by some χA,B dependent operator

that excites the topological mode k0(χA,B), with k0 → ∞ as we send χA,B → ∞ while holding fixed χ. We

certainly need to send the external bond dimensions to ∞ so that the rank condition does not come into play.

A natural guess for such a perturbation is to apply ρisAB (half sided) modular flow to the original state
∣∣∣ρ1/2AB

〉
.

In fact one can show, using similar techniques to Section 5.4, that under modular flow the probabilities pk

get modified to

pk(s) = q1−kAB g1/2+is,k(q−1
AB)g1/2−is,k(q−1

AB) (5.102)

at leading order in χ. This change of pk(s) is seemingly consistent with the above requirements. We have

confirmed this numerically (see Fig. (5.21)) and analytically using the method of asymptotic analysis (see

Appendix D.3). We would then need to pick s(χA, χB) diverging and one important question is can we

control such a computation while taking s large? This would be an interesting avenue to pursue since it
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Figure 5.21: (Top) Sketch of the (χ-leading) modular flowed sector probability pk as a function of modular
parameter s. One can see the shift of dominance to higher k sectors as s increases. (Bottom) The
numerical result of pk for k = 0, 1, 2, shown as colored dots. The bond dimensions used in the numerics are
{χA, χB , χC1

, χC2
, χ} = {16, 16, 40, 40, 4}. One sees a good match with the analytical prediction at small s.

To match the behavior at larger s one would need to access higher k sectors in the numerics.

would give rise to a computable model of topological gravitational like fluctuations. It is also important to

understand the exact nature of the putative emergent type-II1 von Neumann algebra other than simply via

entropy computations.

There are also some superficial similarities to Ref. [86] that are worth exploring further. Ref. [86] gives a

Hilbert space interpretation of the double scaled SYK model, for which a diagrammatic solution was given

in Ref. [167]. These are the chord diagrams and the Hilbert space description is in terms of cutting open

these chord diagrams, similar to the Temperley-Lieb Hilbert spaces. In this case an emergent type-II1 von

Neumann algebra naturally arises.
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Chapter 6

Generic Tensor Networks

In this chapter we will examine canonical purification in RTNs defined on generic graphs. We will prove that

at large bond dimension, the integer Rényi reflected entropies are determined by minimal triway cuts through

the network when the system is sufficiently far away from phase transitions. Minimal triway cuts can be

formulated as integer programs which cannot be relaxed to find a dual maximal flow/bit-thread description.

We prove that the Markov gap that measures tripartite entanglement is lower bounded by the integrality gap

of the integer program that computes the triway cut. To make connection with AdS/CFT, we apply this to

the hyperbolic tensor networks and provide evidence for the SR = 2 EW conjecture.

The results presented in this chapter are based on Refs. [48, 70].

6.1 Summary of results

In AdS/CFT, the RT formula relates the entanglement entropy of the boundary and areas of minimal surfaces

in the bulk: a measure of bipartite entanglement in pure states. Minimal surfaces can be equivalently

described by bit-threads [65, 66], maximal divergence free locally bounded flows between two boundary

regions. Furthermore, these bit-threads give a vivid picture of bipartite entanglement in the boundary

wavefunction, with a thread corresponding to a distillable EPR pair.

In RTN states, the bit-thread picture can be formulated more directly via the tool of linear programming and

flow networks. For RTNs defined on a graph, the RT prescription can be formulated as an optimization program

minimizing over all cuts that divides the vertices into two disjoint sets each containing the corresponding

sets of boundary vertices whose entanglement entropy we wish to compute. Bit-threads correspond to dual

maximal flows between the two sets of boundary vertices with flow capacities set by the bond dimensions.

This correspondence is a version of the max-flow min-cut theorem that can be proven using strong duality

theorems from the theory of linear/convex programs.

Bit-threads however tend to give a misleading picture of multipartite entanglement. For example, a

bipartite dominance conjecture was formulated for three party holographic states based on the existence

of such bit-thread configurations [59]. However, the conjecture of Ref. [59] contradicts other measures of

tripartite entanglement beyond von Neumann entropies. For example, Ref. [58] argued using the reflected

entropy that holographic states have large amounts of tripartite entanglement and thus, disproved a version

of the bipartite dominance conjecture.

Generally, minimal areas are only a limited probe of the underlying geometry, and one might expect

111



other geometric objects – such as surfaces of various co-dimensions – to play an important role in a putative

correspondence between geometry and quantum information. For example, computational complexity is

believed to be associated to co-dimension 0 or 1 regions in spacetime [168, 169]. There are now also hints

that a class of tripartite entanglement should be associated to spatial co-dimension 2 objects [101]. In this

chapter we find further evidence for the latter by proving a correspondence between reflected entropy and

a minimal triway cut. Triway cuts generalize the bipartite cuts described above, and are likely the closest

graph analog of a co-dimension 2 object that is defined for any graph.1

Triway cuts are integer optimiaztion programs that cannot be dualized to a bit-thread description 2.

Relaxing the integer constraint gives a linear program that underestimates the cut. The ratio between these

values, the output of the integer program over that of the linear program, is generally a difficult quantity to

compute, and is called the integrality gap. In fact, computing the integrality gap is an NP-complete problem

[170].

We now introduce our main results in more detail. Recall that the reflected entropy SR of a state ρAB is

defined as the entropy of AA⋆ in the canonical purification
∣∣ρ1/2AB

〉
∈ HAA⋆BB⋆ . The Renyi generalization of

SR is a simple one parameter family of quantum information measures:

S
(n)
R (A : B) = − 1

n− 1
ln TrρnAA⋆ ρAA⋆ = TrBB⋆

∣∣ρ1/2AB

〉〈
ρ
1/2
AB

∣∣ (6.1)

We will prove:

Theorem 6.1. For integer n > 1, the reflected entropy of a random tensor network state at large bond

dimension, with a unique entanglement wedge for AB : C and a unique triway cut for A : B : C (with tensions

specified below), satisfies:

lim
χ→∞

S
(n)
R (A : B)

lnχ
=

1

n− 1
At(A : B : C) − n

n− 1
A(AB : C), (6.2)

where At(A : B : C) is the area of a multiway cut with tensions t ≡ (tA:B , tB:C , tC:A) = (2(n− 1), n, n) 3 and

A(AB : C) is the area of the minimal cut (with tension 1) for AB : C.

Averaging is taken with respect to the Haar measure over unitary matrices that are applied to vertex

states in the graph. See Definition 6.1 (and also Sec. (2.4)) for the precise construction. The triway cut is

defined in the same way as a cut: we split the vertices into three disjoint subsets containing respectively

boundary vertices A,B,C. The area is then the sum over the edges e which intersect two of the three regions,

weighted by the respective tensions and w(e). See Definition 6.7 and Fig. (6.1).

The Markov gap is defined as [101]:

h(A : B) = SR(A : B) − I(A : B) ≥ 0, (6.3)

where I(A : B) is the mutual information. The Markov gap vanishes iff the three party state has a particular

structure: a classical superposition of states with only bipartite entanglement between the three different

1The cuts themselves are co-dimension 1, however the three cuts meet at some locus that might considered co-dimension 2.
2What we mean here is that the (Lagrange) dual flow programs do not have the same optimal value, i.e. there is a duality

gap. However it is possible to find a “dual” if one considers more exotic optimization problems. See Sec. (6.7) for more discussion
on this topic.

3In this chapter we mostly consider triway cuts defined with this tension. For this reason we will often abbreviate the triway
cuts simply as A(A : B : C) when it is unambiguous.
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A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit>

B
<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

�n
<latexit sha1_base64="rUgqX/2x7VW8rVoH88KvKQmPcxA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4Xslytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A0BljSk=</latexit><latexit sha1_base64="rUgqX/2x7VW8rVoH88KvKQmPcxA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4Xslytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A0BljSk=</latexit><latexit sha1_base64="rUgqX/2x7VW8rVoH88KvKQmPcxA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4Xslytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A0BljSk=</latexit><latexit sha1_base64="rUgqX/2x7VW8rVoH88KvKQmPcxA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4Xslytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A0BljSk=</latexit>

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit>

B
<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit>

B
<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

P
<latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit><latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit><latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit><latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit>

rAB
<latexit sha1_base64="d9BjuT/QR0P7w4gJfVjxlwd2Joc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMcYLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1dD+7qU/75Ypf9edAqyTISQVyNPrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2Yza+dojOnDFCstCtp0Vz9PZFhYcxERK5TYDsyy95M/M/rpja+DjMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVwK8G95eVWj2PowgncArnEMAV1OAOGtAEAo/wDK/w5invxXv3PhatBS+fOYY/8D5/AGo4jwI=</latexit><latexit sha1_base64="d9BjuT/QR0P7w4gJfVjxlwd2Joc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMcYLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1dD+7qU/75Ypf9edAqyTISQVyNPrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2Yza+dojOnDFCstCtp0Vz9PZFhYcxERK5TYDsyy95M/M/rpja+DjMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVwK8G95eVWj2PowgncArnEMAV1OAOGtAEAo/wDK/w5invxXv3PhatBS+fOYY/8D5/AGo4jwI=</latexit><latexit sha1_base64="d9BjuT/QR0P7w4gJfVjxlwd2Joc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMcYLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1dD+7qU/75Ypf9edAqyTISQVyNPrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2Yza+dojOnDFCstCtp0Vz9PZFhYcxERK5TYDsyy95M/M/rpja+DjMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVwK8G95eVWj2PowgncArnEMAV1OAOGtAEAo/wDK/w5invxXv3PhatBS+fOYY/8D5/AGo4jwI=</latexit><latexit sha1_base64="d9BjuT/QR0P7w4gJfVjxlwd2Joc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMcYLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1dD+7qU/75Ypf9edAqyTISQVyNPrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2Yza+dojOnDFCstCtp0Vz9PZFhYcxERK5TYDsyy95M/M/rpja+DjMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVwK8G95eVWj2PowgncArnEMAV1OAOGtAEAo/wDK/w5invxXv3PhatBS+fOYY/8D5/AGo4jwI=</latexit>

rc
AB

<latexit sha1_base64="ck58tD2/K9HEkIff/8NLnJR/avU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeqz14rGC/YA2ls120y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKzucZxwP6IDJULBKFqprXvZdW3ywHqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/N7p2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfR50heaM5RjSyjTwt5K2JBqytBGVLQheIsvL5PmecVzK97dRblay+MowDGcwBl4cAlVuIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz/dn4/X</latexit><latexit sha1_base64="ck58tD2/K9HEkIff/8NLnJR/avU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeqz14rGC/YA2ls120y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKzucZxwP6IDJULBKFqprXvZdW3ywHqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/N7p2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfR50heaM5RjSyjTwt5K2JBqytBGVLQheIsvL5PmecVzK97dRblay+MowDGcwBl4cAlVuIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz/dn4/X</latexit><latexit sha1_base64="ck58tD2/K9HEkIff/8NLnJR/avU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeqz14rGC/YA2ls120y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKzucZxwP6IDJULBKFqprXvZdW3ywHqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/N7p2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfR50heaM5RjSyjTwt5K2JBqytBGVLQheIsvL5PmecVzK97dRblay+MowDGcwBl4cAlVuIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz/dn4/X</latexit><latexit sha1_base64="ck58tD2/K9HEkIff/8NLnJR/avU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeqz14rGC/YA2ls120y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKzucZxwP6IDJULBKFqprXvZdW3ywHqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/N7p2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfR50heaM5RjSyjTwt5K2JBqytBGVLQheIsvL5PmecVzK97dRblay+MowDGcwBl4cAlVuIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz/dn4/X</latexit>

⌫
<latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

AB
<latexit sha1_base64="FIjuPCTahRDy503AU6udmroegFU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOtF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5t6v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqoem7Vu7+s1Op5HEU4gVM4Bw+uoAZ30IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AxwZjRE=</latexit><latexit sha1_base64="FIjuPCTahRDy503AU6udmroegFU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOtF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5t6v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqoem7Vu7+s1Op5HEU4gVM4Bw+uoAZ30IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AxwZjRE=</latexit><latexit sha1_base64="FIjuPCTahRDy503AU6udmroegFU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOtF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5t6v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqoem7Vu7+s1Op5HEU4gVM4Bw+uoAZ30IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AxwZjRE=</latexit><latexit sha1_base64="FIjuPCTahRDy503AU6udmroegFU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOtF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5t6v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqoem7Vu7+s1Op5HEU4gVM4Bw+uoAZ30IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AxwZjRE=</latexit>

. . .
<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

�1
<latexit sha1_base64="gsVKFRkNpAgti/JplxG6Fir6PxU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2g2654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN+9Y+Z</latexit><latexit sha1_base64="gsVKFRkNpAgti/JplxG6Fir6PxU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2g2654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN+9Y+Z</latexit><latexit sha1_base64="gsVKFRkNpAgti/JplxG6Fir6PxU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2g2654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN+9Y+Z</latexit><latexit sha1_base64="gsVKFRkNpAgti/JplxG6Fir6PxU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2g2654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN+9Y+Z</latexit>

�2(n�1)
<latexit sha1_base64="82x7uLnLnSKKQKKXic/xkgGw1iQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJViEerAkRdBj0YMeK9gPaEOYbDft0t1N2N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeWHCqNKu+20V1tY3NreK26Wd3b39sn1w2FZxKjFp4ZjFshuCIowK0tJUM9JNJAEeMtIJxzczv/NIpKKxeNCThPgchoJGFIM2UmCX+7fAOQRZvSrOvbNpYFfcmjuHs0q8nFRQjmZgf/UHMU45ERozUKrnuYn2M5CaYkampX6qSAJ4DEPSM1QAJ8rP5odPnVOjDJwolqaEdubq74kMuFITHppODnqklr2Z+J/XS3V05WdUJKkmAi8WRSlzdOzMUnAGVBKs2cQQwJKaWx08AglYm6xKJgRv+eVV0q7XPLfm3V9UGtd5HEV0jE5QFXnoEjXQHWqiFsIoRc/oFb1ZT9aL9W59LFoLVj5zhP7A+vwBPYKSJg==</latexit><latexit sha1_base64="82x7uLnLnSKKQKKXic/xkgGw1iQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJViEerAkRdBj0YMeK9gPaEOYbDft0t1N2N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeWHCqNKu+20V1tY3NreK26Wd3b39sn1w2FZxKjFp4ZjFshuCIowK0tJUM9JNJAEeMtIJxzczv/NIpKKxeNCThPgchoJGFIM2UmCX+7fAOQRZvSrOvbNpYFfcmjuHs0q8nFRQjmZgf/UHMU45ERozUKrnuYn2M5CaYkampX6qSAJ4DEPSM1QAJ8rP5odPnVOjDJwolqaEdubq74kMuFITHppODnqklr2Z+J/XS3V05WdUJKkmAi8WRSlzdOzMUnAGVBKs2cQQwJKaWx08AglYm6xKJgRv+eVV0q7XPLfm3V9UGtd5HEV0jE5QFXnoEjXQHWqiFsIoRc/oFb1ZT9aL9W59LFoLVj5zhP7A+vwBPYKSJg==</latexit><latexit sha1_base64="82x7uLnLnSKKQKKXic/xkgGw1iQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJViEerAkRdBj0YMeK9gPaEOYbDft0t1N2N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeWHCqNKu+20V1tY3NreK26Wd3b39sn1w2FZxKjFp4ZjFshuCIowK0tJUM9JNJAEeMtIJxzczv/NIpKKxeNCThPgchoJGFIM2UmCX+7fAOQRZvSrOvbNpYFfcmjuHs0q8nFRQjmZgf/UHMU45ERozUKrnuYn2M5CaYkampX6qSAJ4DEPSM1QAJ8rP5odPnVOjDJwolqaEdubq74kMuFITHppODnqklr2Z+J/XS3V05WdUJKkmAi8WRSlzdOzMUnAGVBKs2cQQwJKaWx08AglYm6xKJgRv+eVV0q7XPLfm3V9UGtd5HEV0jE5QFXnoEjXQHWqiFsIoRc/oFb1ZT9aL9W59LFoLVj5zhP7A+vwBPYKSJg==</latexit><latexit sha1_base64="82x7uLnLnSKKQKKXic/xkgGw1iQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJViEerAkRdBj0YMeK9gPaEOYbDft0t1N2N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeWHCqNKu+20V1tY3NreK26Wd3b39sn1w2FZxKjFp4ZjFshuCIowK0tJUM9JNJAEeMtIJxzczv/NIpKKxeNCThPgchoJGFIM2UmCX+7fAOQRZvSrOvbNpYFfcmjuHs0q8nFRQjmZgf/UHMU45ERozUKrnuYn2M5CaYkampX6qSAJ4DEPSM1QAJ8rP5odPnVOjDJwolqaEdubq74kMuFITHppODnqklr2Z+J/XS3V05WdUJKkmAi8WRSlzdOzMUnAGVBKs2cQQwJKaWx08AglYm6xKJgRv+eVV0q7XPLfm3V9UGtd5HEV0jE5QFXnoEjXQHWqiFsIoRc/oFb1ZT9aL9W59LFoLVj5zhP7A+vwBPYKSJg==</latexit>

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit>

B
<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

n
<latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit>

2(n � 1)
<latexit sha1_base64="cIBtLZtt8QsoJWfxVO7walv+rTc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahHiy7RdBj0YvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTLd70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCye3c7zxRpZkUD2YaUz/CI8FCRrCxUrteFRfe+aBccWtuBrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afZtTN0ZpUhCqWyJQzK1N8TKY60nkaB7YywGetlby7+5/USE177KRNxYqggi0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes1za979ZaVxk8dRhBM4hSp4cAUNuIMmtIDAIzzDK7w50nlx3p2PRWvByWeO4Q+czx/oKo4F</latexit><latexit sha1_base64="cIBtLZtt8QsoJWfxVO7walv+rTc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahHiy7RdBj0YvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTLd70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCye3c7zxRpZkUD2YaUz/CI8FCRrCxUrteFRfe+aBccWtuBrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afZtTN0ZpUhCqWyJQzK1N8TKY60nkaB7YywGetlby7+5/USE177KRNxYqggi0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes1za979ZaVxk8dRhBM4hSp4cAUNuIMmtIDAIzzDK7w50nlx3p2PRWvByWeO4Q+czx/oKo4F</latexit><latexit sha1_base64="cIBtLZtt8QsoJWfxVO7walv+rTc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahHiy7RdBj0YvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTLd70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCye3c7zxRpZkUD2YaUz/CI8FCRrCxUrteFRfe+aBccWtuBrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afZtTN0ZpUhCqWyJQzK1N8TKY60nkaB7YywGetlby7+5/USE177KRNxYqggi0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes1za979ZaVxk8dRhBM4hSp4cAUNuIMmtIDAIzzDK7w50nlx3p2PRWvByWeO4Q+czx/oKo4F</latexit><latexit sha1_base64="cIBtLZtt8QsoJWfxVO7walv+rTc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahHiy7RdBj0YvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTLd70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCye3c7zxRpZkUD2YaUz/CI8FCRrCxUrteFRfe+aBccWtuBrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afZtTN0ZpUhCqWyJQzK1N8TKY60nkaB7YywGetlby7+5/USE177KRNxYqggi0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes1za979ZaVxk8dRhBM4hSp4cAUNuIMmtIDAIzzDK7w50nlx3p2PRWvByWeO4Q+czx/oKo4F</latexit>

n
<latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. .
.

<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

� |q � q0|
<latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit>

� k/2
<latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit><latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit><latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit><latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit>

�0
<latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit>

�q
<latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit>

�q0
<latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit>

�k
<latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. .
.

<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

�0
<latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit>

�q
<latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit>

�q0
<latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit>

�k
<latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. .
.

<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>�0
<latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit>

�q
<latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit>

�q0
<latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit>

�k
<latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit>

�k�1
<latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit><latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit><latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit><latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit>

� |q � q0|
<latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit>

� k/2
<latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit><latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit><latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit><latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit>

� (k � 1)/2
<latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit>

� (k � q � 1/2)
<latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="tILDUqqfFNKEqtp5DRgpwox6hno=">AAAB6nicbZBLTwIxFIXv+ERERbduGokJLsAZNro0ceMSE3kkMJJOuQMNnc7QdjRkwv9w40Jj/EHu/DeWx0LBkzT5ck6be3uCRHBtXPfb2djc2t7Zze3l9wsHh0fF40JTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbWd56QqV5LB/MJEE/ogPJQ86osdZjd4BjUh5VxhXvsnbRK5bcqjsXWQdvCSVYqt4rfnX7MUsjlIYJqnXHcxPjZ1QZzgRO891UY0LZiA6wY1HSCLWfzbeeknPr9EkYK3ukIXP394uMRlpPosDejKgZ6tVsZv6XdVITXvsZl0lqULLFoDAVxMRkVgHpc4XMiIkFyhS3uxI2pIoyY4vK2xK81S+vQ7NW9dyqd+9CDk7hDMrgwRXcwB3UoQEMFLzAG7w7z86r87Goa8NZ9nYCf+R8/gC7Ho94</latexit><latexit sha1_base64="tILDUqqfFNKEqtp5DRgpwox6hno=">AAAB6nicbZBLTwIxFIXv+ERERbduGokJLsAZNro0ceMSE3kkMJJOuQMNnc7QdjRkwv9w40Jj/EHu/DeWx0LBkzT5ck6be3uCRHBtXPfb2djc2t7Zze3l9wsHh0fF40JTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbWd56QqV5LB/MJEE/ogPJQ86osdZjd4BjUh5VxhXvsnbRK5bcqjsXWQdvCSVYqt4rfnX7MUsjlIYJqnXHcxPjZ1QZzgRO891UY0LZiA6wY1HSCLWfzbeeknPr9EkYK3ukIXP394uMRlpPosDejKgZ6tVsZv6XdVITXvsZl0lqULLFoDAVxMRkVgHpc4XMiIkFyhS3uxI2pIoyY4vK2xK81S+vQ7NW9dyqd+9CDk7hDMrgwRXcwB3UoQEMFLzAG7w7z86r87Goa8NZ9nYCf+R8/gC7Ho94</latexit><latexit sha1_base64="oLO7LvsajFZJAqYfrtFbOZj1MLU=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHBA7jLRY9ELx4xkUcCK5kdemHC7IOZWQ0h/IcXDxrj1X/x5t84wB4UrKSTSlV3uru8WHClbfvbyqytb2xuZbdzO7t7+wf5w6OGihLJsM4iEcmWRxUKHmJdcy2wFUukgSew6Q1vZn7zEaXiUXivxzG6Ae2H3OeMaiM9dPo4IsVhaVRyLirn3XzBLttzkFXipKQAKWrd/FenF7EkwFAzQZVqO3as3QmVmjOB01wnURhTNqR9bBsa0gCVO5lfPSVnRukRP5KmQk3m6u+JCQ2UGgee6QyoHqhlbyb+57UT7V+5Ex7GicaQLRb5iSA6IrMISI9LZFqMDaFMcnMrYQMqKdMmqJwJwVl+eZU0KmXHLjt3dqF6ncaRhRM4hSI4cAlVuIUa1IGBhGd4hTfryXqx3q2PRWvGSmeO4Q+szx/2opDU</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="tILDUqqfFNKEqtp5DRgpwox6hno=">AAAB6nicbZBLTwIxFIXv+ERERbduGokJLsAZNro0ceMSE3kkMJJOuQMNnc7QdjRkwv9w40Jj/EHu/DeWx0LBkzT5ck6be3uCRHBtXPfb2djc2t7Zze3l9wsHh0fF40JTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbWd56QqV5LB/MJEE/ogPJQ86osdZjd4BjUh5VxhXvsnbRK5bcqjsXWQdvCSVYqt4rfnX7MUsjlIYJqnXHcxPjZ1QZzgRO891UY0LZiA6wY1HSCLWfzbeeknPr9EkYK3ukIXP394uMRlpPosDejKgZ6tVsZv6XdVITXvsZl0lqULLFoDAVxMRkVgHpc4XMiIkFyhS3uxI2pIoyY4vK2xK81S+vQ7NW9dyqd+9CDk7hDMrgwRXcwB3UoQEMFLzAG7w7z86r87Goa8NZ9nYCf+R8/gC7Ho94</latexit><latexit sha1_base64="tILDUqqfFNKEqtp5DRgpwox6hno=">AAAB6nicbZBLTwIxFIXv+ERERbduGokJLsAZNro0ceMSE3kkMJJOuQMNnc7QdjRkwv9w40Jj/EHu/DeWx0LBkzT5ck6be3uCRHBtXPfb2djc2t7Zze3l9wsHh0fF40JTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbWd56QqV5LB/MJEE/ogPJQ86osdZjd4BjUh5VxhXvsnbRK5bcqjsXWQdvCSVYqt4rfnX7MUsjlIYJqnXHcxPjZ1QZzgRO891UY0LZiA6wY1HSCLWfzbeeknPr9EkYK3ukIXP394uMRlpPosDejKgZ6tVsZv6XdVITXvsZl0lqULLFoDAVxMRkVgHpc4XMiIkFyhS3uxI2pIoyY4vK2xK81S+vQ7NW9dyqd+9CDk7hDMrgwRXcwB3UoQEMFLzAG7w7z86r87Goa8NZ9nYCf+R8/gC7Ho94</latexit><latexit sha1_base64="oLO7LvsajFZJAqYfrtFbOZj1MLU=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHBA7jLRY9ELx4xkUcCK5kdemHC7IOZWQ0h/IcXDxrj1X/x5t84wB4UrKSTSlV3uru8WHClbfvbyqytb2xuZbdzO7t7+wf5w6OGihLJsM4iEcmWRxUKHmJdcy2wFUukgSew6Q1vZn7zEaXiUXivxzG6Ae2H3OeMaiM9dPo4IsVhaVRyLirn3XzBLttzkFXipKQAKWrd/FenF7EkwFAzQZVqO3as3QmVmjOB01wnURhTNqR9bBsa0gCVO5lfPSVnRukRP5KmQk3m6u+JCQ2UGgee6QyoHqhlbyb+57UT7V+5Ex7GicaQLRb5iSA6IrMISI9LZFqMDaFMcnMrYQMqKdMmqJwJwVl+eZU0KmXHLjt3dqF6ncaRhRM4hSI4cAlVuIUa1IGBhGd4hTfryXqx3q2PRWvGSmeO4Q+szx/2opDU</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. .
.

<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>�0
<latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit>

�q
<latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit>

�q0
<latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit>

�k
<latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit>

�k�1
<latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit><latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit><latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit><latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit>

� |q � q0|
<latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit>

� (k � 1)/2
<latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit>

� (k � 1)/2
<latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit> � (k � q � 1)

<latexit sha1_base64="ODaaPWFnwCpcSSoznkEC1pmVHUg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQDwm7Iugx6MVjBBMD2SXMTnqTIbOPzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3+YngStv2t1VYW9/Y3Cpul3Z29/YPyodHbRWnkmGLxSKWHZ8qFDzCluZaYCeRSENf4KM/up35j08oFY+jBz1J0AvpIOIBZ1QbyXUHOCbVUW1cc8575Ypdt+cgq8TJSQVyNHvlL7cfszTESDNBleo6dqK9jErNmcBpyU0VJpSN6AC7hkY0ROVl85un5MwofRLE0lSkyVz9PZHRUKlJ6JvOkOqhWvZm4n9eN9XBtZfxKEk1RmyxKEgF0TGZBUD6XCLTYmIIZZKbWwkbUkmZNjGVTAjO8surpH1Rd+y6c39ZadzkcRThBE6hCg5cQQPuoAktYJDAM7zCm5VaL9a79bFoLVj5zDH8gfX5AxPIkGM=</latexit><latexit sha1_base64="ODaaPWFnwCpcSSoznkEC1pmVHUg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQDwm7Iugx6MVjBBMD2SXMTnqTIbOPzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3+YngStv2t1VYW9/Y3Cpul3Z29/YPyodHbRWnkmGLxSKWHZ8qFDzCluZaYCeRSENf4KM/up35j08oFY+jBz1J0AvpIOIBZ1QbyXUHOCbVUW1cc8575Ypdt+cgq8TJSQVyNHvlL7cfszTESDNBleo6dqK9jErNmcBpyU0VJpSN6AC7hkY0ROVl85un5MwofRLE0lSkyVz9PZHRUKlJ6JvOkOqhWvZm4n9eN9XBtZfxKEk1RmyxKEgF0TGZBUD6XCLTYmIIZZKbWwkbUkmZNjGVTAjO8surpH1Rd+y6c39ZadzkcRThBE6hCg5cQQPuoAktYJDAM7zCm5VaL9a79bFoLVj5zDH8gfX5AxPIkGM=</latexit><latexit sha1_base64="ODaaPWFnwCpcSSoznkEC1pmVHUg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQDwm7Iugx6MVjBBMD2SXMTnqTIbOPzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3+YngStv2t1VYW9/Y3Cpul3Z29/YPyodHbRWnkmGLxSKWHZ8qFDzCluZaYCeRSENf4KM/up35j08oFY+jBz1J0AvpIOIBZ1QbyXUHOCbVUW1cc8575Ypdt+cgq8TJSQVyNHvlL7cfszTESDNBleo6dqK9jErNmcBpyU0VJpSN6AC7hkY0ROVl85un5MwofRLE0lSkyVz9PZHRUKlJ6JvOkOqhWvZm4n9eN9XBtZfxKEk1RmyxKEgF0TGZBUD6XCLTYmIIZZKbWwkbUkmZNjGVTAjO8surpH1Rd+y6c39ZadzkcRThBE6hCg5cQQPuoAktYJDAM7zCm5VaL9a79bFoLVj5zDH8gfX5AxPIkGM=</latexit><latexit sha1_base64="ODaaPWFnwCpcSSoznkEC1pmVHUg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQDwm7Iugx6MVjBBMD2SXMTnqTIbOPzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3+YngStv2t1VYW9/Y3Cpul3Z29/YPyodHbRWnkmGLxSKWHZ8qFDzCluZaYCeRSENf4KM/up35j08oFY+jBz1J0AvpIOIBZ1QbyXUHOCbVUW1cc8575Ypdt+cgq8TJSQVyNHvlL7cfszTESDNBleo6dqK9jErNmcBpyU0VJpSN6AC7hkY0ROVl85un5MwofRLE0lSkyVz9PZHRUKlJ6JvOkOqhWvZm4n9eN9XBtZfxKEk1RmyxKEgF0TGZBUD6XCLTYmIIZZKbWwkbUkmZNjGVTAjO8surpH1Rd+y6c39ZadzkcRThBE6hCg5cQQPuoAktYJDAM7zCm5VaL9a79bFoLVj5zDH8gfX5AxPIkGM=</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

B
<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit>

⇢+ � � 2(n � �⇢,0)
<latexit sha1_base64="LhgS7Z1sGwp78jb6vqr2dUTvckI=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoqCUpgi6LblxWsA9oQphMb9uhk0mcmQgl9Bfc+CtuXCji1p07/8bpY6GtBy4czrmXe+8JE86UdpxvK7e0vLK6ll8vbGxube/Yu3sNFaeSQp3GPJatkCjgTEBdM82hlUggUcihGQ6ux37zAaRisbjTwwT8iPQE6zJKtJECu+TJfoxPsKdYLyLY68E9rpTEGfY6wDUJsrF/6oyOA7volJ0J8CJxZ6SIZqgF9pfXiWkagdCUE6XarpNoPyNSM8phVPBSBQmhA9KDtqGCRKD8bPLRCB8ZpYO7sTQlNJ6ovycyEik1jELTGRHdV/PeWPzPa6e6e+lnTCSpBkGni7opxzrG43hwh0mgmg8NIVQycyumfSIJ1SbEggnBnX95kTQqZdcpu7fnxerVLI48OkCHqIRcdIGq6AbVUB1R9Iie0St6s56sF+vd+pi25qzZzD76A+vzB4MMm40=</latexit><latexit sha1_base64="LhgS7Z1sGwp78jb6vqr2dUTvckI=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoqCUpgi6LblxWsA9oQphMb9uhk0mcmQgl9Bfc+CtuXCji1p07/8bpY6GtBy4czrmXe+8JE86UdpxvK7e0vLK6ll8vbGxube/Yu3sNFaeSQp3GPJatkCjgTEBdM82hlUggUcihGQ6ux37zAaRisbjTwwT8iPQE6zJKtJECu+TJfoxPsKdYLyLY68E9rpTEGfY6wDUJsrF/6oyOA7volJ0J8CJxZ6SIZqgF9pfXiWkagdCUE6XarpNoPyNSM8phVPBSBQmhA9KDtqGCRKD8bPLRCB8ZpYO7sTQlNJ6ovycyEik1jELTGRHdV/PeWPzPa6e6e+lnTCSpBkGni7opxzrG43hwh0mgmg8NIVQycyumfSIJ1SbEggnBnX95kTQqZdcpu7fnxerVLI48OkCHqIRcdIGq6AbVUB1R9Iie0St6s56sF+vd+pi25qzZzD76A+vzB4MMm40=</latexit><latexit sha1_base64="LhgS7Z1sGwp78jb6vqr2dUTvckI=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoqCUpgi6LblxWsA9oQphMb9uhk0mcmQgl9Bfc+CtuXCji1p07/8bpY6GtBy4czrmXe+8JE86UdpxvK7e0vLK6ll8vbGxube/Yu3sNFaeSQp3GPJatkCjgTEBdM82hlUggUcihGQ6ux37zAaRisbjTwwT8iPQE6zJKtJECu+TJfoxPsKdYLyLY68E9rpTEGfY6wDUJsrF/6oyOA7volJ0J8CJxZ6SIZqgF9pfXiWkagdCUE6XarpNoPyNSM8phVPBSBQmhA9KDtqGCRKD8bPLRCB8ZpYO7sTQlNJ6ovycyEik1jELTGRHdV/PeWPzPa6e6e+lnTCSpBkGni7opxzrG43hwh0mgmg8NIVQycyumfSIJ1SbEggnBnX95kTQqZdcpu7fnxerVLI48OkCHqIRcdIGq6AbVUB1R9Iie0St6s56sF+vd+pi25qzZzD76A+vzB4MMm40=</latexit><latexit sha1_base64="LhgS7Z1sGwp78jb6vqr2dUTvckI=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoqCUpgi6LblxWsA9oQphMb9uhk0mcmQgl9Bfc+CtuXCji1p07/8bpY6GtBy4czrmXe+8JE86UdpxvK7e0vLK6ll8vbGxube/Yu3sNFaeSQp3GPJatkCjgTEBdM82hlUggUcihGQ6ux37zAaRisbjTwwT8iPQE6zJKtJECu+TJfoxPsKdYLyLY68E9rpTEGfY6wDUJsrF/6oyOA7volJ0J8CJxZ6SIZqgF9pfXiWkagdCUE6XarpNoPyNSM8phVPBSBQmhA9KDtqGCRKD8bPLRCB8ZpYO7sTQlNJ6ovycyEik1jELTGRHdV/PeWPzPa6e6e+lnTCSpBkGni7opxzrG43hwh0mgmg8NIVQycyumfSIJ1SbEggnBnX95kTQqZdcpu7fnxerVLI48OkCHqIRcdIGq6AbVUB1R9Iie0St6s56sF+vd+pi25qzZzD76A+vzB4MMm40=</latexit>

⇢ � n
<latexit sha1_base64="Wc2KLeK9Sf+t7pD5uMWwE+pBjJ8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSEGYnvcmQ2Zl1plcISz7DiwdFvPo13vwbJ8keNLGgoajqprsrTKSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2yCxIoaCBAiW0EwMsDiW0wvHtzG89gbFCqwecJNCL2VCJSHCGTup0zUjT7hAeqeqXK37Vn4OukiAnFZKj3i9/dQeapzEo5JJZ2wn8BHsZMyi4hGmpm1pIGB+zIXQcVSwG28vmJ0/pmVMGNNLGlUI6V39PZCy2dhKHrjNmOLLL3kz8z+ukGF33MqGSFEHxxaIolRQ1nf1PB8IARzlxhHEj3K2Uj5hhHF1KJRdCsPzyKmleVAO/GtxfVmo3eRxFckJOyTkJyBWpkTtSJw3CiSbP5JW8eei9eO/ex6K14OUzx+QPvM8fp/CQ1A==</latexit><latexit sha1_base64="Wc2KLeK9Sf+t7pD5uMWwE+pBjJ8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSEGYnvcmQ2Zl1plcISz7DiwdFvPo13vwbJ8keNLGgoajqprsrTKSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2yCxIoaCBAiW0EwMsDiW0wvHtzG89gbFCqwecJNCL2VCJSHCGTup0zUjT7hAeqeqXK37Vn4OukiAnFZKj3i9/dQeapzEo5JJZ2wn8BHsZMyi4hGmpm1pIGB+zIXQcVSwG28vmJ0/pmVMGNNLGlUI6V39PZCy2dhKHrjNmOLLL3kz8z+ukGF33MqGSFEHxxaIolRQ1nf1PB8IARzlxhHEj3K2Uj5hhHF1KJRdCsPzyKmleVAO/GtxfVmo3eRxFckJOyTkJyBWpkTtSJw3CiSbP5JW8eei9eO/ex6K14OUzx+QPvM8fp/CQ1A==</latexit><latexit sha1_base64="Wc2KLeK9Sf+t7pD5uMWwE+pBjJ8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSEGYnvcmQ2Zl1plcISz7DiwdFvPo13vwbJ8keNLGgoajqprsrTKSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2yCxIoaCBAiW0EwMsDiW0wvHtzG89gbFCqwecJNCL2VCJSHCGTup0zUjT7hAeqeqXK37Vn4OukiAnFZKj3i9/dQeapzEo5JJZ2wn8BHsZMyi4hGmpm1pIGB+zIXQcVSwG28vmJ0/pmVMGNNLGlUI6V39PZCy2dhKHrjNmOLLL3kz8z+ukGF33MqGSFEHxxaIolRQ1nf1PB8IARzlxhHEj3K2Uj5hhHF1KJRdCsPzyKmleVAO/GtxfVmo3eRxFckJOyTkJyBWpkTtSJw3CiSbP5JW8eei9eO/ex6K14OUzx+QPvM8fp/CQ1A==</latexit><latexit sha1_base64="Wc2KLeK9Sf+t7pD5uMWwE+pBjJ8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSEGYnvcmQ2Zl1plcISz7DiwdFvPo13vwbJ8keNLGgoajqprsrTKSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2yCxIoaCBAiW0EwMsDiW0wvHtzG89gbFCqwecJNCL2VCJSHCGTup0zUjT7hAeqeqXK37Vn4OukiAnFZKj3i9/dQeapzEo5JJZ2wn8BHsZMyi4hGmpm1pIGB+zIXQcVSwG28vmJ0/pmVMGNNLGlUI6V39PZCy2dhKHrjNmOLLL3kz8z+ukGF33MqGSFEHxxaIolRQ1nf1PB8IARzlxhHEj3K2Uj5hhHF1KJRdCsPzyKmleVAO/GtxfVmo3eRxFckJOyTkJyBWpkTtSJw3CiSbP5JW8eei9eO/ex6K14OUzx+QPvM8fp/CQ1A==</latexit>

�0
<latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit>

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit>

B
<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

�n
<latexit sha1_base64="rUgqX/2x7VW8rVoH88KvKQmPcxA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4Xslytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A0BljSk=</latexit><latexit sha1_base64="rUgqX/2x7VW8rVoH88KvKQmPcxA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4Xslytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A0BljSk=</latexit><latexit sha1_base64="rUgqX/2x7VW8rVoH88KvKQmPcxA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4Xslytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A0BljSk=</latexit><latexit sha1_base64="rUgqX/2x7VW8rVoH88KvKQmPcxA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4Xslytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A0BljSk=</latexit>

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit>

B
<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit>

B
<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

P
<latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit><latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit><latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit><latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit>

rAB
<latexit sha1_base64="d9BjuT/QR0P7w4gJfVjxlwd2Joc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMcYLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1dD+7qU/75Ypf9edAqyTISQVyNPrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2Yza+dojOnDFCstCtp0Vz9PZFhYcxERK5TYDsyy95M/M/rpja+DjMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVwK8G95eVWj2PowgncArnEMAV1OAOGtAEAo/wDK/w5invxXv3PhatBS+fOYY/8D5/AGo4jwI=</latexit><latexit sha1_base64="d9BjuT/QR0P7w4gJfVjxlwd2Joc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMcYLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1dD+7qU/75Ypf9edAqyTISQVyNPrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2Yza+dojOnDFCstCtp0Vz9PZFhYcxERK5TYDsyy95M/M/rpja+DjMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVwK8G95eVWj2PowgncArnEMAV1OAOGtAEAo/wDK/w5invxXv3PhatBS+fOYY/8D5/AGo4jwI=</latexit><latexit sha1_base64="d9BjuT/QR0P7w4gJfVjxlwd2Joc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMcYLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1dD+7qU/75Ypf9edAqyTISQVyNPrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2Yza+dojOnDFCstCtp0Vz9PZFhYcxERK5TYDsyy95M/M/rpja+DjMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVwK8G95eVWj2PowgncArnEMAV1OAOGtAEAo/wDK/w5invxXv3PhatBS+fOYY/8D5/AGo4jwI=</latexit><latexit sha1_base64="d9BjuT/QR0P7w4gJfVjxlwd2Joc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMcYLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1dD+7qU/75Ypf9edAqyTISQVyNPrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2Yza+dojOnDFCstCtp0Vz9PZFhYcxERK5TYDsyy95M/M/rpja+DjMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVwK8G95eVWj2PowgncArnEMAV1OAOGtAEAo/wDK/w5invxXv3PhatBS+fOYY/8D5/AGo4jwI=</latexit>

rc
AB

<latexit sha1_base64="ck58tD2/K9HEkIff/8NLnJR/avU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeqz14rGC/YA2ls120y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKzucZxwP6IDJULBKFqprXvZdW3ywHqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/N7p2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfR50heaM5RjSyjTwt5K2JBqytBGVLQheIsvL5PmecVzK97dRblay+MowDGcwBl4cAlVuIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz/dn4/X</latexit><latexit sha1_base64="ck58tD2/K9HEkIff/8NLnJR/avU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeqz14rGC/YA2ls120y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKzucZxwP6IDJULBKFqprXvZdW3ywHqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/N7p2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfR50heaM5RjSyjTwt5K2JBqytBGVLQheIsvL5PmecVzK97dRblay+MowDGcwBl4cAlVuIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz/dn4/X</latexit><latexit sha1_base64="ck58tD2/K9HEkIff/8NLnJR/avU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeqz14rGC/YA2ls120y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKzucZxwP6IDJULBKFqprXvZdW3ywHqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/N7p2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfR50heaM5RjSyjTwt5K2JBqytBGVLQheIsvL5PmecVzK97dRblay+MowDGcwBl4cAlVuIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz/dn4/X</latexit><latexit sha1_base64="ck58tD2/K9HEkIff/8NLnJR/avU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeqz14rGC/YA2ls120y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKzucZxwP6IDJULBKFqprXvZdW3ywHqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/N7p2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfR50heaM5RjSyjTwt5K2JBqytBGVLQheIsvL5PmecVzK97dRblay+MowDGcwBl4cAlVuIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz/dn4/X</latexit>

⌫
<latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

AB
<latexit sha1_base64="FIjuPCTahRDy503AU6udmroegFU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOtF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5t6v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqoem7Vu7+s1Op5HEU4gVM4Bw+uoAZ30IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AxwZjRE=</latexit><latexit sha1_base64="FIjuPCTahRDy503AU6udmroegFU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOtF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5t6v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqoem7Vu7+s1Op5HEU4gVM4Bw+uoAZ30IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AxwZjRE=</latexit><latexit sha1_base64="FIjuPCTahRDy503AU6udmroegFU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOtF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5t6v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqoem7Vu7+s1Op5HEU4gVM4Bw+uoAZ30IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AxwZjRE=</latexit><latexit sha1_base64="FIjuPCTahRDy503AU6udmroegFU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOtF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5t6v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqoem7Vu7+s1Op5HEU4gVM4Bw+uoAZ30IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AxwZjRE=</latexit>

. . .
<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

�1
<latexit sha1_base64="gsVKFRkNpAgti/JplxG6Fir6PxU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2g2654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN+9Y+Z</latexit><latexit sha1_base64="gsVKFRkNpAgti/JplxG6Fir6PxU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2g2654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN+9Y+Z</latexit><latexit sha1_base64="gsVKFRkNpAgti/JplxG6Fir6PxU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2g2654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN+9Y+Z</latexit><latexit sha1_base64="gsVKFRkNpAgti/JplxG6Fir6PxU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2g2654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN+9Y+Z</latexit>

�2(n�1)
<latexit sha1_base64="82x7uLnLnSKKQKKXic/xkgGw1iQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJViEerAkRdBj0YMeK9gPaEOYbDft0t1N2N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeWHCqNKu+20V1tY3NreK26Wd3b39sn1w2FZxKjFp4ZjFshuCIowK0tJUM9JNJAEeMtIJxzczv/NIpKKxeNCThPgchoJGFIM2UmCX+7fAOQRZvSrOvbNpYFfcmjuHs0q8nFRQjmZgf/UHMU45ERozUKrnuYn2M5CaYkampX6qSAJ4DEPSM1QAJ8rP5odPnVOjDJwolqaEdubq74kMuFITHppODnqklr2Z+J/XS3V05WdUJKkmAi8WRSlzdOzMUnAGVBKs2cQQwJKaWx08AglYm6xKJgRv+eVV0q7XPLfm3V9UGtd5HEV0jE5QFXnoEjXQHWqiFsIoRc/oFb1ZT9aL9W59LFoLVj5zhP7A+vwBPYKSJg==</latexit><latexit sha1_base64="82x7uLnLnSKKQKKXic/xkgGw1iQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJViEerAkRdBj0YMeK9gPaEOYbDft0t1N2N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeWHCqNKu+20V1tY3NreK26Wd3b39sn1w2FZxKjFp4ZjFshuCIowK0tJUM9JNJAEeMtIJxzczv/NIpKKxeNCThPgchoJGFIM2UmCX+7fAOQRZvSrOvbNpYFfcmjuHs0q8nFRQjmZgf/UHMU45ERozUKrnuYn2M5CaYkampX6qSAJ4DEPSM1QAJ8rP5odPnVOjDJwolqaEdubq74kMuFITHppODnqklr2Z+J/XS3V05WdUJKkmAi8WRSlzdOzMUnAGVBKs2cQQwJKaWx08AglYm6xKJgRv+eVV0q7XPLfm3V9UGtd5HEV0jE5QFXnoEjXQHWqiFsIoRc/oFb1ZT9aL9W59LFoLVj5zhP7A+vwBPYKSJg==</latexit><latexit sha1_base64="82x7uLnLnSKKQKKXic/xkgGw1iQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJViEerAkRdBj0YMeK9gPaEOYbDft0t1N2N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeWHCqNKu+20V1tY3NreK26Wd3b39sn1w2FZxKjFp4ZjFshuCIowK0tJUM9JNJAEeMtIJxzczv/NIpKKxeNCThPgchoJGFIM2UmCX+7fAOQRZvSrOvbNpYFfcmjuHs0q8nFRQjmZgf/UHMU45ERozUKrnuYn2M5CaYkampX6qSAJ4DEPSM1QAJ8rP5odPnVOjDJwolqaEdubq74kMuFITHppODnqklr2Z+J/XS3V05WdUJKkmAi8WRSlzdOzMUnAGVBKs2cQQwJKaWx08AglYm6xKJgRv+eVV0q7XPLfm3V9UGtd5HEV0jE5QFXnoEjXQHWqiFsIoRc/oFb1ZT9aL9W59LFoLVj5zhP7A+vwBPYKSJg==</latexit><latexit sha1_base64="82x7uLnLnSKKQKKXic/xkgGw1iQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJViEerAkRdBj0YMeK9gPaEOYbDft0t1N2N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeWHCqNKu+20V1tY3NreK26Wd3b39sn1w2FZxKjFp4ZjFshuCIowK0tJUM9JNJAEeMtIJxzczv/NIpKKxeNCThPgchoJGFIM2UmCX+7fAOQRZvSrOvbNpYFfcmjuHs0q8nFRQjmZgf/UHMU45ERozUKrnuYn2M5CaYkampX6qSAJ4DEPSM1QAJ8rP5odPnVOjDJwolqaEdubq74kMuFITHppODnqklr2Z+J/XS3V05WdUJKkmAi8WRSlzdOzMUnAGVBKs2cQQwJKaWx08AglYm6xKJgRv+eVV0q7XPLfm3V9UGtd5HEV0jE5QFXnoEjXQHWqiFsIoRc/oFb1ZT9aL9W59LFoLVj5zhP7A+vwBPYKSJg==</latexit>

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit>

B
<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

n
<latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit>

2(n � 1)
<latexit sha1_base64="cIBtLZtt8QsoJWfxVO7walv+rTc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahHiy7RdBj0YvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTLd70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCye3c7zxRpZkUD2YaUz/CI8FCRrCxUrteFRfe+aBccWtuBrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afZtTN0ZpUhCqWyJQzK1N8TKY60nkaB7YywGetlby7+5/USE177KRNxYqggi0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes1za979ZaVxk8dRhBM4hSp4cAUNuIMmtIDAIzzDK7w50nlx3p2PRWvByWeO4Q+czx/oKo4F</latexit><latexit sha1_base64="cIBtLZtt8QsoJWfxVO7walv+rTc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahHiy7RdBj0YvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTLd70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCye3c7zxRpZkUD2YaUz/CI8FCRrCxUrteFRfe+aBccWtuBrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afZtTN0ZpUhCqWyJQzK1N8TKY60nkaB7YywGetlby7+5/USE177KRNxYqggi0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes1za979ZaVxk8dRhBM4hSp4cAUNuIMmtIDAIzzDK7w50nlx3p2PRWvByWeO4Q+czx/oKo4F</latexit><latexit sha1_base64="cIBtLZtt8QsoJWfxVO7walv+rTc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahHiy7RdBj0YvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTLd70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCye3c7zxRpZkUD2YaUz/CI8FCRrCxUrteFRfe+aBccWtuBrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afZtTN0ZpUhCqWyJQzK1N8TKY60nkaB7YywGetlby7+5/USE177KRNxYqggi0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes1za979ZaVxk8dRhBM4hSp4cAUNuIMmtIDAIzzDK7w50nlx3p2PRWvByWeO4Q+czx/oKo4F</latexit><latexit sha1_base64="cIBtLZtt8QsoJWfxVO7walv+rTc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahHiy7RdBj0YvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTLd70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCye3c7zxRpZkUD2YaUz/CI8FCRrCxUrteFRfe+aBccWtuBrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afZtTN0ZpUhCqWyJQzK1N8TKY60nkaB7YywGetlby7+5/USE177KRNxYqggi0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes1za979ZaVxk8dRhBM4hSp4cAUNuIMmtIDAIzzDK7w50nlx3p2PRWvByWeO4Q+czx/oKo4F</latexit>

n
<latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNK PzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNK PzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNK PzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNK PzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. .
.

<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

� |q � q0|
<latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit>

� k/2
<latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit><latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit><latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit><latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit>

�0
<latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit>

�q
<latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit>

�q0
<latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit>

�k
<latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNK PzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNK PzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNK PzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNK PzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. .
.

<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

�0
<latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit>

�q
<latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit>

�q0
<latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit>

�k
<latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. .
.

<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>�0
<latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit>

�q
<latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit>

�q0
<latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit>

�k
<latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit>

�k�1
<latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit><latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit><latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit><latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit>

� |q � q0|
<latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit>

� k/2
<latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit><latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit><latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit><latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit>

� (k � 1)/2
<latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit>

� (k � q � 1/2)
<latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="tILDUqqfFNKEqtp5DRgpwox6hno=">AAAB6nicbZBLTwIxFIXv+ERERbduGokJLsAZNro0ceMSE3kkMJJOuQMNnc7QdjRkwv9w40Jj/EHu/DeWx0LBkzT5ck6be3uCRHBtXPfb2djc2t7Zze3l9wsHh0fF40JTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbWd56QqV5LB/MJEE/ogPJQ86osdZjd4BjUh5VxhXvsnbRK5bcqjsXWQdvCSVYqt4rfnX7MUsjlIYJqnXHcxPjZ1QZzgRO891UY0LZiA6wY1HSCLWfzbeeknPr9EkYK3ukIXP394uMRlpPosDejKgZ6tVsZv6XdVITXvsZl0lqULLFoDAVxMRkVgHpc4XMiIkFyhS3uxI2pIoyY4vK2xK81S+vQ7NW9dyqd+9CDk7hDMrgwRXcwB3UoQEMFLzAG7w7z86r87Goa8NZ9nYCf+R8/gC7Ho94</latexit><latexit sha1_base64="tILDUqqfFNKEqtp5DRgpwox6hno=">AAAB6nicbZBLTwIxFIXv+ERERbduGokJLsAZNro0ceMSE3kkMJJOuQMNnc7QdjRkwv9w40Jj/EHu/DeWx0LBkzT5ck6be3uCRHBtXPfb2djc2t7Zze3l9wsHh0fF40JTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbWd56QqV5LB/MJEE/ogPJQ86osdZjd4BjUh5VxhXvsnbRK5bcqjsXWQdvCSVYqt4rfnX7MUsjlIYJqnXHcxPjZ1QZzgRO891UY0LZiA6wY1HSCLWfzbeeknPr9EkYK3ukIXP394uMRlpPosDejKgZ6tVsZv6XdVITXvsZl0lqULLFoDAVxMRkVgHpc4XMiIkFyhS3uxI2pIoyY4vK2xK81S+vQ7NW9dyqd+9CDk7hDMrgwRXcwB3UoQEMFLzAG7w7z86r87Goa8NZ9nYCf+R8/gC7Ho94</latexit><latexit sha1_base64="oLO7LvsajFZJAqYfrtFbOZj1MLU=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHBA7jLRY9ELx4xkUcCK5kdemHC7IOZWQ0h/IcXDxrj1X/x5t84wB4UrKSTSlV3uru8WHClbfvbyqytb2xuZbdzO7t7+wf5w6OGihLJsM4iEcmWRxUKHmJdcy2wFUukgSew6Q1vZn7zEaXiUXivxzG6Ae2H3OeMaiM9dPo4IsVhaVRyLirn3XzBLttzkFXipKQAKWrd/FenF7EkwFAzQZVqO3as3QmVmjOB01wnURhTNqR9bBsa0gCVO5lfPSVnRukRP5KmQk3m6u+JCQ2UGgee6QyoHqhlbyb+57UT7V+5Ex7GicaQLRb5iSA6IrMISI9LZFqMDaFMcnMrYQMqKdMmqJwJwVl+eZU0KmXHLjt3dqF6ncaRhRM4hSI4cAlVuIUa1IGBhGd4hTfryXqx3q2PRWvGSmeO4Q+szx/2opDU</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="tILDUqqfFNKEqtp5DRgpwox6hno=">AAAB6nicbZBLTwIxFIXv+ERERbduGokJLsAZNro0ceMSE3kkMJJOuQMNnc7QdjRkwv9w40Jj/EHu/DeWx0LBkzT5ck6be3uCRHBtXPfb2djc2t7Zze3l9wsHh0fF40JTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbWd56QqV5LB/MJEE/ogPJQ86osdZjd4BjUh5VxhXvsnbRK5bcqjsXWQdvCSVYqt4rfnX7MUsjlIYJqnXHcxPjZ1QZzgRO891UY0LZiA6wY1HSCLWfzbeeknPr9EkYK3ukIXP394uMRlpPosDejKgZ6tVsZv6XdVITXvsZl0lqULLFoDAVxMRkVgHpc4XMiIkFyhS3uxI2pIoyY4vK2xK81S+vQ7NW9dyqd+9CDk7hDMrgwRXcwB3UoQEMFLzAG7w7z86r87Goa8NZ9nYCf+R8/gC7Ho94</latexit><latexit sha1_base64="tILDUqqfFNKEqtp5DRgpwox6hno=">AAAB6nicbZBLTwIxFIXv+ERERbduGokJLsAZNro0ceMSE3kkMJJOuQMNnc7QdjRkwv9w40Jj/EHu/DeWx0LBkzT5ck6be3uCRHBtXPfb2djc2t7Zze3l9wsHh0fF40JTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbWd56QqV5LB/MJEE/ogPJQ86osdZjd4BjUh5VxhXvsnbRK5bcqjsXWQdvCSVYqt4rfnX7MUsjlIYJqnXHcxPjZ1QZzgRO891UY0LZiA6wY1HSCLWfzbeeknPr9EkYK3ukIXP394uMRlpPosDejKgZ6tVsZv6XdVITXvsZl0lqULLFoDAVxMRkVgHpc4XMiIkFyhS3uxI2pIoyY4vK2xK81S+vQ7NW9dyqd+9CDk7hDMrgwRXcwB3UoQEMFLzAG7w7z86r87Goa8NZ9nYCf+R8/gC7Ho94</latexit><latexit sha1_base64="oLO7LvsajFZJAqYfrtFbOZj1MLU=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHBA7jLRY9ELx4xkUcCK5kdemHC7IOZWQ0h/IcXDxrj1X/x5t84wB4UrKSTSlV3uru8WHClbfvbyqytb2xuZbdzO7t7+wf5w6OGihLJsM4iEcmWRxUKHmJdcy2wFUukgSew6Q1vZn7zEaXiUXivxzG6Ae2H3OeMaiM9dPo4IsVhaVRyLirn3XzBLttzkFXipKQAKWrd/FenF7EkwFAzQZVqO3as3QmVmjOB01wnURhTNqR9bBsa0gCVO5lfPSVnRukRP5KmQk3m6u+JCQ2UGgee6QyoHqhlbyb+57UT7V+5Ex7GicaQLRb5iSA6IrMISI9LZFqMDaFMcnMrYQMqKdMmqJwJwVl+eZU0KmXHLjt3dqF6ncaRhRM4hSI4cAlVuIUa1IGBhGd4hTfryXqx3q2PRWvGSmeO4Q+szx/2opDU</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. .
.

<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>�0
<latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit>

�q
<latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit>

�q0
<latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit>

�k
<latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit>

�k�1
<latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit><latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit><latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit><latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit>

� |q � q0|
<latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit>

� (k � 1)/2
<latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit>

� (k � 1)/2
<latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit> � (k � q � 1)

<latexit sha1_base64="ODaaPWFnwCpcSSoznkEC1pmVHUg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQDwm7Iugx6MVjBBMD2SXMTnqTIbOPzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3+YngStv2t1VYW9/Y3Cpul3Z29/YPyodHbRWnkmGLxSKWHZ8qFDzCluZaYCeRSENf4KM/up35j08oFY+jBz1J0AvpIOIBZ1QbyXUHOCbVUW1cc8575Ypdt+cgq8TJSQVyNHvlL7cfszTESDNBleo6dqK9jErNmcBpyU0VJpSN6AC7hkY0ROVl85un5MwofRLE0lSkyVz9PZHRUKlJ6JvOkOqhWvZm4n9eN9XBtZfxKEk1RmyxKEgF0TGZBUD6XCLTYmIIZZKbWwkbUkmZNjGVTAjO8surpH1Rd+y6c39ZadzkcRThBE6hCg5cQQPuoAktYJDAM7zCm5VaL9a79bFoLVj5zDH8gfX5AxPIkGM=</latexit><latexit sha1_base64="ODaaPWFnwCpcSSoznkEC1pmVHUg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQDwm7Iugx6MVjBBMD2SXMTnqTIbOPzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3+YngStv2t1VYW9/Y3Cpul3Z29/YPyodHbRWnkmGLxSKWHZ8qFDzCluZaYCeRSENf4KM/up35j08oFY+jBz1J0AvpIOIBZ1QbyXUHOCbVUW1cc8575Ypdt+cgq8TJSQVyNHvlL7cfszTESDNBleo6dqK9jErNmcBpyU0VJpSN6AC7hkY0ROVl85un5MwofRLE0lSkyVz9PZHRUKlJ6JvOkOqhWvZm4n9eN9XBtZfxKEk1RmyxKEgF0TGZBUD6XCLTYmIIZZKbWwkbUkmZNjGVTAjO8surpH1Rd+y6c39ZadzkcRThBE6hCg5cQQPuoAktYJDAM7zCm5VaL9a79bFoLVj5zDH8gfX5AxPIkGM=</latexit><latexit sha1_base64="ODaaPWFnwCpcSSoznkEC1pmVHUg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQDwm7Iugx6MVjBBMD2SXMTnqTIbOPzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3+YngStv2t1VYW9/Y3Cpul3Z29/YPyodHbRWnkmGLxSKWHZ8qFDzCluZaYCeRSENf4KM/up35j08oFY+jBz1J0AvpIOIBZ1QbyXUHOCbVUW1cc8575Ypdt+cgq8TJSQVyNHvlL7cfszTESDNBleo6dqK9jErNmcBpyU0VJpSN6AC7hkY0ROVl85un5MwofRLE0lSkyVz9PZHRUKlJ6JvOkOqhWvZm4n9eN9XBtZfxKEk1RmyxKEgF0TGZBUD6XCLTYmIIZZKbWwkbUkmZNjGVTAjO8surpH1Rd+y6c39ZadzkcRThBE6hCg5cQQPuoAktYJDAM7zCm5VaL9a79bFoLVj5zDH8gfX5AxPIkGM=</latexit><latexit sha1_base64="ODaaPWFnwCpcSSoznkEC1pmVHUg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQDwm7Iugx6MVjBBMD2SXMTnqTIbOPzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3+YngStv2t1VYW9/Y3Cpul3Z29/YPyodHbRWnkmGLxSKWHZ8qFDzCluZaYCeRSENf4KM/up35j08oFY+jBz1J0AvpIOIBZ1QbyXUHOCbVUW1cc8575Ypdt+cgq8TJSQVyNHvlL7cfszTESDNBleo6dqK9jErNmcBpyU0VJpSN6AC7hkY0ROVl85un5MwofRLE0lSkyVz9PZHRUKlJ6JvOkOqhWvZm4n9eN9XBtZfxKEk1RmyxKEgF0TGZBUD6XCLTYmIIZZKbWwkbUkmZNjGVTAjO8surpH1Rd+y6c39ZadzkcRThBE6hCg5cQQPuoAktYJDAM7zCm5VaL9a79bFoLVj5zDH8gfX5AxPIkGM=</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

B
<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit>

⇢+ � � 2(n � �⇢,0)
<latexit sha1_base64="LhgS7Z1sGwp78jb6vqr2dUTvckI=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoqCUpgi6LblxWsA9oQphMb9uhk0mcmQgl9Bfc+CtuXCji1p07/8bpY6GtBy4czrmXe+8JE86UdpxvK7e0vLK6ll8vbGxube/Yu3sNFaeSQp3GPJatkCjgTEBdM82hlUggUcihGQ6ux37zAaRisbjTwwT8iPQE6zJKtJECu+TJfoxPsKdYLyLY68E9rpTEGfY6wDUJsrF/6oyOA7volJ0J8CJxZ6SIZqgF9pfXiWkagdCUE6XarpNoPyNSM8phVPBSBQmhA9KDtqGCRKD8bPLRCB8ZpYO7sTQlNJ6ovycyEik1jELTGRHdV/PeWPzPa6e6e+lnTCSpBkGni7opxzrG43hwh0mgmg8NIVQycyumfSIJ1SbEggnBnX95kTQqZdcpu7fnxerVLI48OkCHqIRcdIGq6AbVUB1R9Iie0St6s56sF+vd+pi25qzZzD76A+vzB4MMm40=</latexit><latexit sha1_base64="LhgS7Z1sGwp78jb6vqr2dUTvckI=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoqCUpgi6LblxWsA9oQphMb9uhk0mcmQgl9Bfc+CtuXCji1p07/8bpY6GtBy4czrmXe+8JE86UdpxvK7e0vLK6ll8vbGxube/Yu3sNFaeSQp3GPJatkCjgTEBdM82hlUggUcihGQ6ux37zAaRisbjTwwT8iPQE6zJKtJECu+TJfoxPsKdYLyLY68E9rpTEGfY6wDUJsrF/6oyOA7volJ0J8CJxZ6SIZqgF9pfXiWkagdCUE6XarpNoPyNSM8phVPBSBQmhA9KDtqGCRKD8bPLRCB8ZpYO7sTQlNJ6ovycyEik1jELTGRHdV/PeWPzPa6e6e+lnTCSpBkGni7opxzrG43hwh0mgmg8NIVQycyumfSIJ1SbEggnBnX95kTQqZdcpu7fnxerVLI48OkCHqIRcdIGq6AbVUB1R9Iie0St6s56sF+vd+pi25qzZzD76A+vzB4MMm40=</latexit><latexit sha1_base64="LhgS7Z1sGwp78jb6vqr2dUTvckI=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoqCUpgi6LblxWsA9oQphMb9uhk0mcmQgl9Bfc+CtuXCji1p07/8bpY6GtBy4czrmXe+8JE86UdpxvK7e0vLK6ll8vbGxube/Yu3sNFaeSQp3GPJatkCjgTEBdM82hlUggUcihGQ6ux37zAaRisbjTwwT8iPQE6zJKtJECu+TJfoxPsKdYLyLY68E9rpTEGfY6wDUJsrF/6oyOA7volJ0J8CJxZ6SIZqgF9pfXiWkagdCUE6XarpNoPyNSM8phVPBSBQmhA9KDtqGCRKD8bPLRCB8ZpYO7sTQlNJ6ovycyEik1jELTGRHdV/PeWPzPa6e6e+lnTCSpBkGni7opxzrG43hwh0mgmg8NIVQycyumfSIJ1SbEggnBnX95kTQqZdcpu7fnxerVLI48OkCHqIRcdIGq6AbVUB1R9Iie0St6s56sF+vd+pi25qzZzD76A+vzB4MMm40=</latexit><latexit sha1_base64="LhgS7Z1sGwp78jb6vqr2dUTvckI=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoqCUpgi6LblxWsA9oQphMb9uhk0mcmQgl9Bfc+CtuXCji1p07/8bpY6GtBy4czrmXe+8JE86UdpxvK7e0vLK6ll8vbGxube/Yu3sNFaeSQp3GPJatkCjgTEBdM82hlUggUcihGQ6ux37zAaRisbjTwwT8iPQE6zJKtJECu+TJfoxPsKdYLyLY68E9rpTEGfY6wDUJsrF/6oyOA7volJ0J8CJxZ6SIZqgF9pfXiWkagdCUE6XarpNoPyNSM8phVPBSBQmhA9KDtqGCRKD8bPLRCB8ZpYO7sTQlNJ6ovycyEik1jELTGRHdV/PeWPzPa6e6e+lnTCSpBkGni7opxzrG43hwh0mgmg8NIVQycyumfSIJ1SbEggnBnX95kTQqZdcpu7fnxerVLI48OkCHqIRcdIGq6AbVUB1R9Iie0St6s56sF+vd+pi25qzZzD76A+vzB4MMm40=</latexit>

⇢ � n
<latexit sha1_base64="Wc2KLeK9Sf+t7pD5uMWwE+pBjJ8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSEGYnvcmQ2Zl1plcISz7DiwdFvPo13vwbJ8keNLGgoajqprsrTKSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2yCxIoaCBAiW0EwMsDiW0wvHtzG89gbFCqwecJNCL2VCJSHCGTup0zUjT7hAeqeqXK37Vn4OukiAnFZKj3i9/dQeapzEo5JJZ2wn8BHsZMyi4hGmpm1pIGB+zIXQcVSwG28vmJ0/pmVMGNNLGlUI6V39PZCy2dhKHrjNmOLLL3kz8z+ukGF33MqGSFEHxxaIolRQ1nf1PB8IARzlxhHEj3K2Uj5hhHF1KJRdCsPzyKmleVAO/GtxfVmo3eRxFckJOyTkJyBWpkTtSJw3CiSbP5JW8eei9eO/ex6K14OUzx+QPvM8fp/CQ1A==</latexit><latexit sha1_base64="Wc2KLeK9Sf+t7pD5uMWwE+pBjJ8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSEGYnvcmQ2Zl1plcISz7DiwdFvPo13vwbJ8keNLGgoajqprsrTKSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2yCxIoaCBAiW0EwMsDiW0wvHtzG89gbFCqwecJNCL2VCJSHCGTup0zUjT7hAeqeqXK37Vn4OukiAnFZKj3i9/dQeapzEo5JJZ2wn8BHsZMyi4hGmpm1pIGB+zIXQcVSwG28vmJ0/pmVMGNNLGlUI6V39PZCy2dhKHrjNmOLLL3kz8z+ukGF33MqGSFEHxxaIolRQ1nf1PB8IARzlxhHEj3K2Uj5hhHF1KJRdCsPzyKmleVAO/GtxfVmo3eRxFckJOyTkJyBWpkTtSJw3CiSbP5JW8eei9eO/ex6K14OUzx+QPvM8fp/CQ1A==</latexit><latexit sha1_base64="Wc2KLeK9Sf+t7pD5uMWwE+pBjJ8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSEGYnvcmQ2Zl1plcISz7DiwdFvPo13vwbJ8keNLGgoajqprsrTKSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2yCxIoaCBAiW0EwMsDiW0wvHtzG89gbFCqwecJNCL2VCJSHCGTup0zUjT7hAeqeqXK37Vn4OukiAnFZKj3i9/dQeapzEo5JJZ2wn8BHsZMyi4hGmpm1pIGB+zIXQcVSwG28vmJ0/pmVMGNNLGlUI6V39PZCy2dhKHrjNmOLLL3kz8z+ukGF33MqGSFEHxxaIolRQ1nf1PB8IARzlxhHEj3K2Uj5hhHF1KJRdCsPzyKmleVAO/GtxfVmo3eRxFckJOyTkJyBWpkTtSJw3CiSbP5JW8eei9eO/ex6K14OUzx+QPvM8fp/CQ1A==</latexit><latexit sha1_base64="Wc2KLeK9Sf+t7pD5uMWwE+pBjJ8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSEGYnvcmQ2Zl1plcISz7DiwdFvPo13vwbJ8keNLGgoajqprsrTKSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2yCxIoaCBAiW0EwMsDiW0wvHtzG89gbFCqwecJNCL2VCJSHCGTup0zUjT7hAeqeqXK37Vn4OukiAnFZKj3i9/dQeapzEo5JJZ2wn8BHsZMyi4hGmpm1pIGB+zIXQcVSwG28vmJ0/pmVMGNNLGlUI6V39PZCy2dhKHrjNmOLLL3kz8z+ukGF33MqGSFEHxxaIolRQ1nf1PB8IARzlxhHEj3K2Uj5hhHF1KJRdCsPzyKmleVAO/GtxfVmo3eRxFckJOyTkJyBWpkTtSJw3CiSbP5JW8eei9eO/ex6K14OUzx+QPvM8fp/CQ1A==</latexit>

�0
<latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit>

Figure 6.1: (left): A network with three boundary vertices (open dots) A,B,C, showing the definition of
a triway cut, allowing for different domain wall tensions. This figure is schematic: edges in the graphs are
weighted by some unspecified bond dimensions. (right): To compute the reflected entropy we must subtract
the minimal cut for AB : C which is always contained inside the C domain as shown. We should also divide
the areas by (n− 1).

parties [57]. The Markov gap thus detects a certain class of non-trivial tri-partite entanglement.4

In particular, we have the following lower bound:

Theorem 6.2. Under the uniqueness assumption for n = 2 in Theorem 6.1, the (normalized) Markov gap

(MG) of a random tensor network state at large bond dimension is lower bounded by:

MG ≡ lim
χ→∞

h(A,B)

lnχ
≥ 2As(A : B : C) −A(A : BC) −A(B : AC) −A(C : AB), (6.4)

where As is the standard minimal triway cut with equal tensions s = (1, 1, 1).

Proof. This follows from ∂nS
(n)
R ≤ 0 and Theorem 6.1 applied at n = 2.

We will show that the right hand side of Eq. (6.4) is determined by the integrality gap of the integer

program [172]:

min
ρ

∑
e

ρ(e)w(e)

∀L ∈ PA,B ∪ PA,C ∪ PB,C :
∑
e∈L

ρ(e) ≥ 1,
(6.5)

where ρ(e) ∈ Z≥0 and Px,y refers to all paths through the edges of the network connecting vertices x and y.

The integrality gap IG is the ratio between the two optimal values of the program before and after relaxing

the integer constraint on ρ, a standard concept in the theory of integer programming [64]. The original

program computes A(A : B : C) with equal tensions, while the relaxed program allows the domain walls to

split into pairs and form three minimal cuts with tensions 1/2 (see Fig. (6.2)). The relaxed program is dual

to the multicommodity flow problem [59] on three parties for which efficient algorithms exist. In this sense,

we can interpret the integrality gap as an obstruction to obtaining a bit threads picture. Explicitly our bound

4h vanishes on GHZ states, so it does not detect all kinds of tripartite entanglement [58]. A refined version, based on the
entanglement of purification does better [33, 171]. This is generally harder to compute but the results of this chapter help
compute it for a class of RTN states, as we will show in Chapter 7.
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Figure 6.2: The optimal configuration for the integer program computing the triway cut at n = 2 involves
domain walls (solid red) that indicate the location of ρ(e) = 1. The optimal configuration for the same
program after removing the integer constraint has domain walls (dashed green) with ρ(e) = 1

2 , that relax to
the minimal surfaces in contrast with the triway cut.

relates the two “gaps”:

MG ≥ (IG− 1) × (A(A : BC) + A(B : AC) + A(C : AB)) (6.6)

Roughly speaking IG− 1 ≥ 0 measures how computationally hard the integer program is, and so this gives

an intriguing link between the Markov gap and complexity.5

While an obvious and natural continuation in n away from the integers exists for the triway cut problem,

we have not yet rigorously established that this still computes the n-Renyi reflected entropy. We have no

reason to believe otherwise6, and so it is worth noting that the limit n → 1 reproduces the entanglement

wedge cross-section:

lim
n→1

(
1

n− 1
A(A : B : C) − n

n− 1
A(AB : C)

)
= 2 EW(A : B) (6.7)

The calculation of reflected entropy in holography involves analytically continuing a two-parameter replica

trick computation. It was shown in Ref. [117] that the continuation of the naive saddles proposed in Ref. [56]

suffers from an order of limits issue, an analog of which exists for RTNs as well [48]. By incorporating new

saddles, rigorously performing an analytic continuation in m and proposing an analytic continuation in n via

the triway cut problem, we have resolved this issue in general RTNs. This motivates a similar prescription

with the inclusion of new saddles even in AdS/CFT.

A summary of this chapter is as follows. In Sec. (6.2), we state our main theorems pertaining to the

computation of Renyi reflected entropies for the state |ρm/2AB ⟩ with m ≥ 2 an even integer. In Sec. (6.3) we give

some required background, including results on standard network flows, minimal cuts, and the mathematics

of permutations and set partitions that make appearances in various statistical mechanics models that we

consider. Sec. (6.4) proves that the optimal solution to the reflected entropy statistical mechanics model can

be found in a series of coarser models, finally ending in the multiway cut problem. In Sec. (6.5) we continue

5Note that this is logically different from the computational complexity of the state often discussed in AdS/CFT [168, 169].
6Any lingering doubt might be used to challenge the conclusion [58] that the bipartite dominance conjecture [59] is false.

However, independent of the EW duality, using Eq. (6.6) we have now rigorously proven the bipartite dominance conjecture
false for any random tensor network with IG ̸= 1 for the program Eq. (6.5).
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the m parameter away from even integers to m → 1, where we make contact with the reflected entropy.

In this step we use the method of moments in conjunction with a weak form of measure concentration for

random tensor network states. In Sec. (6.6), we apply our result to hyperbolic graphs and calculate the

reflected entropy therein. In Sec. (6.7), we discuss various aspects of our work such as bit threads, the relation

to entanglement of purification as well as generalization to hypergraphs. Several lengthy proofs are relegated

to Appendix E.

We end this section with a list of common notations used in this chapter:

Table 6.1: Glossary of symbols and notations.

term definition first defined in

G = {E, V } graph Def. 6.1

w(e) weight of an edge e ∈ E after Def. 6.1

EG[V ′] or E[V ′] set of edges that have some vertex in V ′ before Def. 6.2

VG[E′] or V [E′] set of vertices that lie in E′ before Def. 6.2

PA,B set of paths from A to B before Def. 6.2

P̂A,B set of edge-disjoint paths from A to B before Def. 6.2

rA or rA:B cut region containing A or dividing A : B before Eq. (6.30)

µ(r) ⊂ E cut surface of a region r ⊂ V Eq. (6.30)

A(A : B) minimal cut for A and B Def. 6.6

A(A : B : C) minimal triway cut among A, B and C Def. 6.7

1s(x) indicator function of the set s after Eq. (6.40)

SN symmetric group of order N before Eq. (6.13)

PN partitions of a set of order N before Eq. (6.16)

BN set of string of N Boolean algebras before Eq. (6.19)

P (g) coarse graining P : Smn → Pmn before Eq. (6.16)

qg0(p) coarse graining qg0 : Pmn → P#(g0) Eq. (6.57)

qX(p) coarse graining qX : Pmn → P2n Eq. (6.16) and Eq. (6.57)

s(q) coarse graining s : P2n → s(P2n) ≃ B2n before Eq. (6.70)

bk(q) coarse graining bk : P2n → (B2n)k ≃ Z2 before Eq. (6.81)

uk largest partition with a singlet at location k after Eq. (6.19)

#(x) cycle (x ∈ SN ) or block (x ∈ PN ) counting function Eq. (6.13) and Eq. (6.17)

#1(q) number of singlets in q ∈ PN before Eq. (6.70)

a ∧ b meet of a and b beginning of Sec. (6.3.2)

a ∨ b join of a and b beginning of Sec. (6.3.2)

d(g1, g2) (g1, g2 ∈ SN ) Cayley distance in SN Eq. (6.13)

d(q1, q2) (q1, q2 ∈ PN ) distance on semimodular lattice PN Eq. (6.17) and Eq. (6.58)

d1(s1, s2) (si = s(pi) : pi ∈ PN ) singlet distance on PN Eq. (6.70)

d(b1, b2) (b1, b2 ∈ BN ) Hamming distance on BN Eq. (6.20) and Eq. (6.81)

dρ(x, y) (x, y ∈ E) graph distance induced by ρ : E → R Eq. (E.2)
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Throughout this chapter we will define various distance functions on different sets. Most of these distances

will be termed universally by d(·, ·), with an understanding that we use different definitions based on the set

in context, as shown in Table 6.1. For a function ρ(e) on the set of edges ρ : E → R we will sometimes write

ρ(E′) ≡∑e∈E′ ρ(e) for a subset E′ ⊂ E.

Note: So far in this thesis we have been denoting the identity element in the group SN to be e ∈ SN . This

unfortunately clashes with our notation for edges. Hence in this chapter we will use id to denote the identity

element in SN as well as the finest element of set partitions PN . This will hopefully not cause confusion to

our readers.

6.2 Setup

We summarize our key mathematical theorems that lead to our main result, setting up some of our notation

at the same time. Our main results utilize the replica trick used to compute reflected entropy in random

tensor networks (see Sec. 2.3-2.5). For definiteness we reiterate the constructions below:

Definition 6.1 (Random tensor network states). Consider an undirected graph G = (V,E) where edges

correspond to unordered pairs of vertices e = {v1, v2} for e ∈ E and v1,2 ∈ V . We mark special vertices

∂ ⊂ V as boundary vertices and the graph describes a pure state in the Hilbert space:

|ψ⟩ ∈
⊗
v∈∂

Hv, Hv =
⊗

e∈E(v)

H(v)
χ(e), (6.8)

where E(v) := {{x, y} ∈ E : x = v or y = v} are the subset of edges that contain v and χ(e) is the bond

dimension of the edge. For a given vertex v not in the boundary, i.e. v ∈ V \∂, we pick random tensors

T (v) ∈ Hv according to the Haar measure. Then the states in question are defined via:

|ψ⟩ ∝
(

⊗
v∈V \∂

⟨T (v)|
)(

⊗
e∈E

|Ψe⟩
)
, (6.9)

where |Ψe⟩ ∈ H(v1)
χ(e) ⊗H(v2)

χ(e) is a maximally entangled state between the vertex Hilbert spaces of {v1, v2} = e.

For convenience, on the graph we will use the rescaled weighting

w(e) =
lnχ(e)

lnχ
, (6.10)

which we hold fixed as we send χ→ ∞.

We will care about graphs with boundary ∂ = A ⊔B ⊔ C, and we are interested in using the replica trick

to compute the averaged (m,n)-Renyi reflected entropy

S
(m,n)
R (A : B) = − 1

n− 1
ln Tr(ρ

(m)
AA⋆)n , ρ

(m)
AA∗ = TrBB⋆

∣∣∣ρm/2AB

〉〈
ρ
m/2
AB

∣∣∣ , (6.11)

where ρAB = TrC |ψ⟩ ⟨ψ| and where m ∈ 2Z≥1. The n-th moment Tr(ρ
(m)
AA⋆)n contains nm copies of |ψ⟩ ⟨ψ|,

and the overline denotes that we compute the quantity in Eq. (6.11) averaged over the choice of T (v) from the

Haar ensemble. This calculation reduces to a statistical mechanics model with vertex-valued group elements
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g(v) ∈ Smn:

Tr(ρ
(m)
AA⋆)n =

Zm,n
(Zm,1)n

, Zm,n =
∑

{g(v)}
exp

−
∑

e={x,y}∈E
d(g(x), g(y)) lnχ(e)

 , (6.12)

where
∑

{g(v)} denotes a sum over all configurations of g(v). We have denoted by d(g1, g2) the Cayley distance

in Smn:

d(g1, g2) = mn− #(g1g
−1
2 ), (6.13)

where #(·) is the cycle counting function. Note that we do not sum over permutations at boundary vertices;

instead their permutations are fixed by the patterns of contractions that compute the moments in Eq. (6.11).

We fix g(v) = gA for v ∈ A, g(v) = gB for v ∈ B, and g(v) = id for v ∈ C where id is the identity group

element. For detailed for of the permutation elements gA and gB please refer to Sec. (2.3).

A particularly important group element that will arise in the optimal configuration g(v) for Eq. (6.12)

is the element X that has made numerous appearance in Chapter 3. It is uniquely defined as the element

X ∈ Smn with the largest Cayley distance to the identity, d(X, id), that lies on the joint Cayley geodesics

defined by: d(gA, X) + d(X, id) = d(gA, id) and d(gB , X) + d(X, id) = d(gB , id). See Sec. (2.3) and Sec. (2.5)

for details on this element.

Exactly evaluating Eq. (6.12) for general graphs is difficult, but in the large χ limit we can often obtain a

very good approximation by evaluating Eq. (6.12) at a saddle point, i.e., finding the configuration g̃(v) that

maximizes the exponential and dropping all other terms. Namely, we have

Zm,n ≈ exp

−
∑

e={x,y}∈E
d(g̃(x), g̃(y)) lnχ(e)

 , (6.14)

for g̃(v) now the configuration minimizing the “free energy”∑
e={x,y}∈E

d(g̃(x), g̃(y)) lnχ(e) . (6.15)

The saddle point approximation is valid away from phase transitions and thus, in such generic situations, the

problem of computing S
(m,n)
R (A : B) reduces to the problem of finding the optimal configuration g̃(v). It is

this problem that we focus on in this chapter.

In order to find the optimal configuration g(v), with minimal free energy, we will relate this statistical

mechanics model to a sequence of increasingly coarse grained models where we throw out some information

contained in g(v). See Fig. (6.3). As a result the free energy can only decrease (as we prove rigorously), but

then – crucially – we will prove that the minimal free energy in the most coarse-grained model upperbounds the

free energy of the original model! This loop of inequalities allows us to use the tractable, most coarse-grained

model to find the minimal free energy. This approach was inspired by the solution to the single tensor case

studied earlier in Appendix C.1 where a similar sequence of steps was followed. Below we first describe

the various coarse-grained variables, then we define the various stat mech/optimization problems we are

interested in. An important ingredient is the theory of set partitions which form a lattice, in the sense of a

partially ordered set, with binary operations ∨ and ∧. Boolean algebras will also make an appearance. We

review the necessary background material in Sec. (6.3.2).

Given a permutation g ∈ SN we can associate a set partition P (g) ∈ PN by mapping the cycles to subsets
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Figure 6.3: An illustration of the coarse-graining process used to establish our main result. We start from
g ∈ Smn as shown at the top of the figure. For the convention used here to represent g: Each circle represents
the m replica, and each circle is further replicated n times (here m = 4 and n = 3). The actions of g are
represented as directed arrow connecting different replicas. See Sec. (2.3). To pass from Smn to P2n, we
divide the mn elements into 2n blocks, each containing the m/2 elements in the corresponding half circle. We
join two blocks if and only if any element in them can be reached by repeated actions of g. To pass from P2n

to B2n, we simply label each block by a number in {0, 1}. That is, we label a block by 0 if it is not connected
to any other block (such a block is called a singlet), and by 1 if otherwise. The result is a bit string of length
2n.

of ZN , simply forgetting how elements within each cycle are permuted. In our case N = nm. We then

further coarse-grain this set partition further by blocking P (g) into partitions of the 2n blocks in P (X). This

reduction effectively removes dependence on m. More specifically for each g ∈ Smn we associate an element

in P2n via qX(g) : Smn → P2n defined as:

qX(g) ≡ (P (g) ∨ P (X))/ ∼ x ∼ y iff {x, y} ∨ P (X) = P (X), (6.16)

where ∨ is the least upper bound operation on the lattice and the quotient is applied element wise to each

element within the partition. We introduce a distance on set partitions7:

d(q1, q2) = #(q1) + #(q2) − 2#(q1 ∨ q2), (6.17)

where #(·) now counts the number of subsets in the partition. Note that #(g) = #(P (g)). This distance will

replace the Cayley distance function in Eq. (6.12). For the problem in P2n, the boundary elements will be

7See Sec. (6.3.2) for some properties of this metric. See Ref. [173] for some discussions of this metric.
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fixed to partitions: qA = qX(gA) and qB = qX(gB) and qC = id ≡ qX(id). See:

, (6.18)

where we have represented each dot as an element in Z2n, each corresponding to a cycle in the blocking

permutation X, with position arranged in a similar fashion as in Fig. (6.3). We connect two dots by a line if

they belongs to the same subset in the set partition. The partition distances are d(qA, qB) = 2(n− 1) and

d(qA,B , id) = n.

At the next level we introduce Boolean variables b = {bk}2nk=1 ∈ (Z2)⊗2n ≡ B2n that detect the presence

of a singlet in q ∈ P2n (subsets with size 1). Define:

bk(q) = 2 − #(uk ∨ q), (6.19)

where uk for k ∈ {1, 2, . . . 2n}, is the partition with a singlet at k plus a block of size 2n− 1 containing with

the rest of the elements. Thus bk = 0 implies there is a singlet at location k; otherwise bk = 1. The distance

between two Boolean strings b1,2 is:

d(b1, b2) =

2n∑
k=1

|bk1 − bk2 |. (6.20)

In this case the boundary conditions are bAB = 11 . . . 1 and bC = 00 . . . 0.

The set of walks/paths in a graph between v1 and v2 will be denoted Pv1,v2 , and consist of a sequence of

edges L ⊂ E that join at common vertices and start (end) at v1 (v2). The set of edge disjoint paths will be

denoted P̂v1,v2 – these are paths with no repeated edges (vertices may be repeated). The vertices v1 and v2

may be replaced by sets of vertices with paths starting/ending on any vertex in the respective set. For a

graph G = {V,E} and a subset of edges E′ ⊂ E, denote VG[E′] = {v ∈ V : {x, v} ∈ E′ or {v, y} ∈ E′} as

the set of vertices that lie in E′. Similarly EG[V ′] = {{x, y} ∈ E : x ∈ V ′ or y ∈ V ′} are the set of edges that

have some vertex in V ′ ⊂ V . The subscript G in EG[·] and VG[·] shall often be omitted when the referencing

graph is unambiguous. Lastly for a function on edges ρ : E → R we define ρ(E′) =
∑
e∈E′ ρ(e) for a subset

E′ ⊂ E.

Define the various optimization problems based on the refinements g → q → b:

Definition 6.2 (Reflected entropy optimization).

R = min
g
R(g) , R(g) ≡

∑
e={x,y}∈E

w(e)d(g(x), g(y)), (6.21)

where g : V → Smn and such that g(A) = gA , g(B) = gB and g(C) = id.
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Definition 6.3 (Set partition optimization).

Q = min
q
Q(q) , Q(q) =

∑
e={x,y}∈E

w(e)d(q(x), q(y)), (6.22)

where q : V → P2n and such that q(A) = qA and q(B) = qB and q(C) = id.

Definition 6.4 (Boolean optimization).

B = min
b
B(b) (6.23)

B(b) = min
r

∑
e∈E

w(e)r(e) (6.24)

subject to ∀L ∈ PA,B :
∑
e∈L

r(e) ∈ 2(n− δbL,bAB
) + 2Z≥0 (6.25)

and ∀e ∈ E : r(e) ≥
⌈

1

2
d(b(x), b(y))

⌉
, (6.26)

where r : E → Z≥0 and b : V → B2n such that b(A) = b(B) = bAB ≡ 11 . . . 1 and b(C) = 00 . . . 0, where

bL ≡ ∧v∈V [L]b(v) denotes the piecewise and operation on Boolean algebra along the path L 8.

Definition 6.5 (Integer program).

I = min
ρ,σ

∑
e∈E

w(e)(σ(e) + ρ(e)) (6.27)

subject to ∀L ∈ PA,B :
∑
e∈L

(σ(e) + ρ(e)) ∈ 2(n− δρ(L),0) + 2Z≥0 (6.28)

and ∀L ∈ PAB,C :
∑
e∈L

ρ(e) ≥ n, (6.29)

where ρ(L) ≡∑e∈L ρ(e) and ρ, σ : E → Z≥0.

Our main result is to prove that the optimal solution to these programs is given by a particular minimal

and multiway cut program that we now define. A cut (or cut set) r for two vertices (or sets of vertices),

A : B is defined as a subset r ⊂ V such that A ⊂ r and B ⊂ rc.9 A cut surface µ(r) for a given subset r ⊂ V

comprises the subset of edges that lie on the “boundary” of r ↔ rc, in the sense that for all e ∈ µ(r) the pair

{x, y} = e satisfies x ∈ r and y ∈ rc or vice-versa. In other words:

µ(r) = E[r] ∩ E[rc] (6.30)

Definition 6.6 (Minimal cut). The minimal cut for A : B partitions two sets of boundary vertices ∂ = A⊔B
and minimizes:

A(A : B) = min
r

A(r) (6.31)

A(r) =
∑
e∈µ(r)

w(e) ≡ w(µ(r))

over all subsets r ⊂ V , such that the boundary vertices A ⊂ r and B ⊂ rc.
8That is for L = {{v0, v1}, {v1, v2}, · · · , {vi−1, vi}}: bL = b(v1) ∧ b(v2) ∧ · · · ∧ b(vi) and (b1 ∧ b2)k ≡ bk1 ∧ bk2 .
9We will sometimes denote a cut that divide boundary vertices A : B as rA:B , or simply as rA when B = Ac.
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Figure 6.4: The entanglement wedge of C is denoted rC (blue) and the complement is (rC)c (yellow). For
any triway cut configuration (α′, β′, γ′) (demarcated by solid lines), we can construct a better triway cut
(α, β, γ) (separated by dashed lines) such that rC ⊂ γ.

Definition 6.7 (Triway cut). Fix some tensions t = {tA:B , tB:C , tC:A} with tA:B , tB:C , tC:A > 0 and boundary

vertices ∂ = A ⊔B ⊔ C. The triway cut problem minimizes:

At(A : B : C) = min
(α,β,γ)

At(α : β : γ) (6.32)

At(α : β : γ) = tA:B

∑
e∈µ(α:β)

w(e) + tB:C

∑
e∈µ(β:γ)

w(e) + tC:A

∑
e∈µ(γ:α)

w(e)

= tA:B w(µ(α : β)) + tB:C w(µ(β : γ)) + tA:B w(µ(γ : α))

over all subsets (α, β, γ) such that α⊔β⊔γ = V with A ⊂ α,B ⊂ β,C ⊂ γ and where µ(r1 : r2) = E[r1]∩E[r2].

Remark. The triway cut is a special case of a multiway cut and we will often refer to it as such. The equal

tension case is the standard multiway cut problem, which arises here when n = 2 (see e.g. Ref. [170, 172]). In

the context of AdS/CFT, multiway cuts have been studied previously in [174–176].

We note that minimal cuts must always lie inside some optimal multiway cut region:

Lemma 6.3. Given an optimal solution to a minimal cut problem for C : AB, rC ⊂ V then there exists an

optimal solution (α, β, γ) to the triway cut problem for (A,B,C) with tA:C = tB:C and such that rC ⊂ γ.

Proof. Consider any optimal triway cut (α′, β′, γ′). Construct α = α′ ∩ (rC)c, β = β′ ∩ (rC)c and γ = γ′ ∪ rC
(see Fig. (6.4)). We note: ∑

e∈µ(α:β)
w(e) ≤

∑
e∈µ(α′:β′)

w(e) (6.33)

since µ(α : β) ⊇ µ(α′ : β′) by construction and w(e) ≥ 0. Also,∑
e∈µ(α:γ)

w(e) +
∑

e∈µ(β:γ)
w(e) = w(µ(γ))

=w(µ(γ′)) + w(µ(rC)) − w(µ(γ\rcC)) ≤ w(µ(γ′)),

(6.34)

where in the last inequality we used the fact that γ\rcC is a cut for C : AB and that rC is a minimal such cut.

Putting these inequalities together we have:

A(α, β, γ) ≤ A(α′, β′, γ′), (6.35)
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implying equality and that (α, β, γ) is a minimal triway cut satisfying the properties stated in the Lemma.

The main theorem of this chapter establishes:

Theorem 6.4. The minimum of each of the programs defined above are determined by an optimal solution

to the multiway cut problem with t = (tA:B , tB:C , tA:C) = (2(n− 1), n, n):

R−A(AB : C)n(m− 2) = Q = B = I = At(A : B : C). (6.36)

Proof. Consider some minimal cut rC for C : AB. There is an optimal solution to the triway cut problem

with rC ⊂ γ by Lemma 6.3. Set

g(x) =



gA, x ∈ α

gB , x ∈ β

id, x ∈ rC

X, x ∈ γ \ rC

. (6.37)

We then estimate:

R ≤ A(AB : C)d(id, X) + At(A : B : C) (6.38)

by direct computation and since d(X, gA) = d(X, gB) = n and d(gA, gB) = 2(n− 1) give the correct tensions.

After this we prove a chain of inequalities in the other way, R ≥ A(AB : C)d(id, X) +Q (Lemma 6.11

and Lemma 6.12) , and Q ≥ B (Lemma 6.14 and Corollary 6.15), and B ≥ I (Lemma 6.16) and finally

I ≥ At(A : B : C) (Theorem 6.17). Together with Eq. (6.38) this implies equality through the chain.

Theorem 6.4 only asserts that the optimal value of the program R are equivalent to that of the triway cut.

It need not be the same as the one that was constructed above and there may be other degenerate solutions

that achieve the minimum – Indeed one generally expects a huge degeneracy when a phase transition happens.

Such phase transitions in tensor networks are usually signaled by a degenerate minimal surface. The following

theorem states that the optimal solution constructed above is unique when the system is far away from such

transitions.

Theorem 6.5. Let g : V → Smn be an optimal solution to the reflected entropy permutation group optimization

problem R on graph G with a unique solution (α, β, γ) to the triway cut problem for (A,B,C) and a unique

solution rC to the minimal cut problem C : AB. Then g is unique and of the form as given in Eq. (6.37).

We prove this theorem in Sec. (6.4.4) after we establish the necessary Lemmas that lead to Theorem 6.4.

6.3 Preliminaries

6.3.1 Min cuts and Max flows

We discuss a version of max-flow min-cut that is convenient here. Consider the undirected max flow problem

written as a linear program and in terms of edge disjoint paths:

max
c

∑
L∈P̂A,B

c(L) (6.39)

subject to : ∀e ∈ E
∑

P∈P̂A,B

c(L)1L(e) ≤ w(e) (6.40)
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where 1L(e) = 1 if e ∈ L and 0 otherwise. and where c : P̂A,B → R≥0 and we maximize over all such maps.

Any c(L) that satisfies the constraint above is called feasible while any feasible c that achieves the maximum

is called optimal.

Let us derive the dual program. For each constraint we introduce a function ρ : E → R≥0 and minimize

over ρ(e):

= max
c

min
ρ

 ∑
L∈P̂A,B

c(L) +
∑
e∈E

ρ(e)

w(e) −
∑

P∈P̂A,B

c(L)1L(e)

 (6.41)

The minimum is −∞ with ρ → ∞ for some e if c is not feasible. If c is feasible the minimum is ρ(e) = 0.

Thus this gives back the original problem after maximizing over c. We can now exchange the maximum and

the minimum since the function is linear in c at fixed ρ (and hence concave) and linear in ρ at fixed c (and

hence convex), so we can use the von Neumann’s minimax theorem:

= min
ρ

max
c

∑
e∈E

ρ(e)w(e) +
∑
L∈P̂

c(L)(1 −
∑
e∈L

ρ(e))

 (6.42)

Maximizing over c gives +∞ unless
∑
e∈P ρ(e) ≥ 1 in which case we find c(L) = 0. Thus we can restrict to

the set of dual feasible ρ satisfying this later constraint.

In summary the dual program is defined in terms of a map ρ : E → R≥0:

min
ρ

∑
e∈E

ρ(e)w(e) (6.43)

subject to : ∀L ∈ P̂A,B
∑
e∈L

ρ(e) ≥ 1 (6.44)

As we just derived, this problem satisfies strong duality.10 We can also impose the further constraints that

all L ∈ PA,B (not necessarily edge disjoint) also satisfy
∑
e∈L ρ(e) ≥ 1 without changing the minimum, since

it does not change the set of feasible ρ.

It is possible to show that this last problem is a min-cut problem. A proof of this fact can be found

in standard references in linear programming, e.g. Ref. [64]. We will take a slightly different approach

here. We consider the integer version of Eq. (6.44) where we further impose ρ ∈ Z≥0. This does indeed give

the equivalent optimal value as Eq. (6.43), although this is not obvious and there could well have been an

integrality gap. We will now demonstrate it is equivalent to the min-cut problem, or that the integrality gap

vanishes for this problem. To construct the cut we consider an optimal ρ and define:

rA = {x : dρ(x,A) = 0}, (6.45)

where dρ(x, y) is the graph distance induced by ρ(e), which is the minimal distance between x and y as

measured by the edge function ρ(e). See Appendix E.1.

It is clear that

ρ(e) ≥ 1µ(rA)(e) (6.46)

10Strong duality means that the optimal values of the original and dual program are equal.
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by integrality. Then for any other feasible ρ′:∑
e∈E

ρ′(e)w(e) ≥
∑
e∈E

ρ(e)w(e) ≥ w(µ(rA)) (6.47)

Also any path from A to B must pass µ(rA) so that ρ′(e) = 1µ(rA)(e) is feasible and we have the opposite

inequality.

We now give a quick derivation of the RT formula for RTNs. We pick the cut C : AB, although this

discussion is general. We compute the mth Renyi entropy for ρAB at large χ which involves finding the

minimum of the free energy:

min
g

∑
e={x,y}∈E

w(e)d(g(x), g(y)) (6.48)

where g : V → Sm and g(AB) = τm = (12 . . .m) and g(C) = id. Use an optimal solution to the flow problem

c(L), inserting Eq. (6.40) into the objective function of Eq. (6.48):∑
e={x,y}∈E

w(e)d(g(x), g(y)) ≥
∑

L∈P̂AB:C

c(L)
∑

e={x,y}∈L
d(g(x), g(y)) (6.49)

≥ d(τm, id)
∑

L∈P̂AB:C

c(L) (6.50)

= (m− 1)A(AB : C) (6.51)

where in the first inequality we used the feasibility condition, and in the second we used the triangle inequality

for the Cayley metric repeatedly along the path. The opposite inequality follows by considering g(x) = id for

x ∈ rcAB:C and g(x) = τm for x ∈ rAB:C . Thus Renyi entropies are all computed by the same minimal area

cut. This is the well known result that the entanglement spectrum of random tensor networks is flat, and

determined by minimal cuts.

We now give a proof that the integrality gap of Eq. (6.5) is determined by the ratio between A(A : B : C)

and 1
2 (A(AB : C) + A(B : AC) + A(C : AB)). First we show that the value of the following integer program

min
ρ

∑
e∈E

ρ(e)w(e)

subject to : ∀L ∈ PA,B ∪ PA,C ∪ PB,C :
∑
e∈L

ρ(e) ≥ 1
(6.52)

is given by the minimal triway cut. We restrict our discussion here to the case where every connected

component of G is connected to at least one of A, B, or C, since any adding disconnected components to G

does not change the area of an optimal triway cut.

Consider an optimal ρ and define rA = {x ∈ V : dρ(x,A) = 0} and similarly define rB and rC . (rA, rB , rC)

must be disjoint otherwise we violate the path constraint. Furthermore rA ∪ rB ∪ rC = V : If otherwise define

rD ≡ V \rA\rB\rC . rD must be connected to at least one of rA, rB or rC , since otherwise rD will be totally

disconnected from the boundary. Without loss of generality suppose it is rA. We have

ρ(e) ≥
(
1µ(rA:rB) + 1µ(rA:rC) + 1µ(rB :rC) + 1µ(rA:rD) + 1µ(rB :rD) + 1µ(rC :rD)

)
(e)

≥
(
1µ(r′A:rB) + 1µ(r′A:rC) + 1µ(rB :rC)

)
(e) ≡ ρ′(e),

(6.53)
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where the first inequality follows from integrality. In the second line we defined r′A = rA ∪ rD and this

inequality is strict for e ∈ µ(rA : rD). ρ′(e) is clearly feasible since any path from A to B must pass through

µ(r′A : rB) and similarly for B : C and C : A. Since µ(rA : rD) ̸= We have
∑
e ρ(e)w(e) >

∑
e ρ

′(e)w(e),

which is a contradiction since we have assumed ρ to be optimal. Therefore rD = ∅ and r′A = rA. Since ρ is

optimal we must have

min
ρ

∑
e∈E

ρ(e)w(e) =
∑
e∈E

ρ′(e)w(e) = A(rA : rB : rC) ≥ A(A : B : C). (6.54)

On the other hand from any minimal triway cut (α, β, γ) we can construct ρ′′(e) =
(
1µ(α:β) + 1µ(α:γ) + 1µ(β:γ)

)
(e)

which is clearly feasible. Hence A(A : B : C) ≥ ∑
e ρ

′(e)w(e) and the value of program is equivalent to

minimal triway cut.

If one relaxes the integer constraint of ρ, then it allows us to construct a new solution from any optimal ρ:

ρ̃(e) =
1

2

(
1µ(rA:rcA) + 1µ(rB :rcB) + 1µ(rC :rcC)

)
(e) (6.55)

ρ̃(e) violates the integer constraint but is still feasible. Using a similar argument as above one can show that

in this senario we get

min
ρ

∑
e∈E

ρ(e)w(e) =
∑
e∈E

ρ̃(e)w(e) =
1

2
(A(rA : rcA) + A(rB : rcB) + A(rC : rcC))

≥ 1

2
(A(A : BC) + A(B : AC) + A(C : AB)) ,

(6.56)

and the optimal value of the program is given by a sum of minimal cut areas. We have determined the

optimal value of the program Eq. (6.5) before and after the linear relaxation, which agrees with the right

hand side of Eq. (6.4).

6.3.2 Permutations, Partitions and Boolean variables

In Sec. (6.2) we introduced a coarse graining procedure which takes permutations to partitions. We further

coarse grain our partitions by blocking them into partitions of the blocks in P (X). We can apply this

procedure given any fixed permutation g0, instead blocking with P (g0). We discuss this more general

procedure here and prove some important bounds.

The collection of set partitions PN admits a natural lattice structure. There is a partial order within

PN : Given two elements p, q ∈ PN we say p ≥ q if every subset of p can be expressed as the union of some

subsets in q, or in other words, q is a “finer” version of p formed by further dividing blocks in p. The finest

(smallest) element in PN is the identity permutation id ≡ {{1}, . . . , {N}}, and the coarsest (largest) is {ZN}.

The join of p and q, denoted by p ∨ q, is defined to be the least upper bound of p and q, i.e. p ∨ q is the

smallest element x such that x ≥ p and x ≥ q. Conversely, the meet of p and q, denoted by p ∧ q, is defined

to be greatest lower bound of p and q, i.e. p ∧ q is the largest element y such that y ≤ p and y ≤ q. In the

lattice of PN the meet is simply the set of non-empty pairwise intersections of p and q; whereas the join

can be thought of as the partition that arises from the connected orbits generated by p and q. For further

information on the lattice of set partitions we refer the reader to Appendix A.
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Given some element g, g0 ∈ SN we define:

qg0(g) ≡ (P (g) ∨ P (g0))/ ∼ ∈ P#(g0) (6.57)

where / ∼ is the set quotient operation defined element wise on each block in the partition and using the

equivalence x ∼ y if x, y are in the same block of P (g0).

Recall the distance measure on the set of partitions PN :

d(p, p′) ≡ #(p) + #(p′) − 2#(p ∨ p′) (6.58)

We verify some properties.

Lemma 6.6. The distance on set partitions d(p, p′) is a metric: it is positive, symmetric, vanishes iff p = p′

and satisfies the triangle inequality. Additionally:

(a) There is the estimate:

d(p1, p2) ≥ |#(p1) − #(p2)| (6.59)

(b) For all partitions r then:

d(p1, p2) ≥ d(p1 ∨ r, p2 ∨ r) (6.60)

(c) It bounds the Cayley distance by the associated set partitions P (g), or coarse grained versions qg0(g):

#(g) − #(g ∨ g′) ≥ #(qg0(g)) − #(qg0(g) ∨ qg0(g′)) (6.61)

and

d(g, g′) ≥ d(P (g), P (g′)) ≥ d(qg0(g), qg0(g′)) (6.62)

Proof. Firstly the distance is positive since #(p) − #(p ∨ p′) ≥ 0 and similarly for p↔ p′. Equality implies

that #(p′) = #(p) = #(p ∨ p′) which is only possible if p′ ≤ p and also p′ ≥ p which implies equality of the

partitions. We have the triangle inequality:

d(p, p′) + d(p′, p′′) ≥ d(p, p′′) (6.63)

which follows from semimodularity 11:

#(p′) − #(p ∨ p′) − #(p′ ∨ p′′) + #(p ∨ p′′)
≥ #((p′ ∨ p) ∧ (p′ ∨ p′′)) − #(p ∨ p′) − #(p′ ∨ p′′) + #(p ∨ p′′ ∨ p′) ≥ 0

(6.64)

where the first inequality follows simply from p′ ≤ (p′ ∨ p) ∧ (p′ ∨ p′′) and p′ ∨ p′′ ≤ p ∨ p′′ ∨ p′.
(a) Using #(p1 ∨ p2) ≤ #(p1) or #(p1 ∨ p2) ≤ #(p2) we derive d(p1, p2) ≥ |#(p1) − #(p2)|.
(b) For any r ∈ PN :

d(p1, p2) − d(p1 ∨ r, p2 ∨ r)
=#(p1) + #(p2) − #(p1 ∨ r) − #(p2 ∨ r) + 2#(p1 ∨ p2 ∨ r) − 2#(p1 ∨ p2)

≥#(p1) + #(p2) − #((p1 ∨ p2) ∧ (p1 ∨ r)) − #((p1 ∨ p2) ∧ (p2 ∨ r)) ≥ 0

(6.65)

11Semimodularity here means #(p1 ∧ p2) + #(p1 ∨ p2) ≥ #(p1) + #(p2).
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where we used semi-modularity in the first inequality12 and we used pi ≤ (p1 ∨ p2) ∧ (pi ∨ r) in the second

inequality.

(c) In general we start with some g ∈ SN . Then we will remove fine-grained topological information

(roughly speaking we lose information on the genus expansion) by moving to partitions. We can do this using

the general bound:

d(g, g′) = −d(e, g) + d(e, g′) + 2(#(g′) − #(g′ ∨ g)) + 2Gg′(g)

≥ #(g) + #(g′) − 2#(g ∨ g′) = d(P (g), P (g′)) (6.66)

where #(g′ ∨ g) ≡ #(P (g′) ∨ P (g)) is the number of orbits generated by the joint action of g and g′, and

Gg′(g) is the genus of the admissible surface associated for g based over g′. The inequality then follows from

the non-negativity of the genus. See Theorem A.5 of Appendix A.

Consider semimodularity applied to p = P (g) ∨ P (g0) and p′ = P (g) ∨ P (g′) giving:

#(P (g)) + #(p ∨ p′) ≥ #(p ∧ p′) + #(p ∨ p′) ≥ #(p) + #(p′) = #(qg0(g)) + #(g ∨ g′) (6.67)

where the first inequality follows since P (g) ≤ p and P (g) ≤ p′ implying the same of the meet p ∧ p′. Note

that #(p ∨ p′) = #(qg0(g) ∨ qg0(g′)), #(p) = #(qg0(g)) and #(p′) = #(g ∨ g′). Thus we derived the bound:

#(g) − #(g ∨ g′) ≥ #(qg0(g)) − #(qg0(g) ∨ qg0(g′)) (6.68)

which implies:

d(P (g), P (g′)) ≥ d(qg0(g), qg0(g′)) (6.69)

Consider q = qX(g) ∈ P2n for some g ∈ Smn. We can further classify q by the singlets in q. A singlet

is a block of size 1 so there are 2n possible singlets. We define #1(q) as the number of singlets in a given

partition. We define s(q) as the (unique) largest partition with singlets in the same location as the singlets of

q. That is s(q) ≥ q and #(s(q)) = #1(q) + 1 − δ#1(q),2n. Also #1(q) = #1(s(q)).

We define the singlet distance on the set of s as:

d1(s1, s2) = #1(s1) + #1(s2) − 2#1(s1 ∨ s2) ≥ d(s1, s2), (6.70)

where the later inequality is only not saturated if one of s1 or s2 is id (but not both.) We also have

d1(s1, s2) ≤ d(s1, s2) + 1 with equality iff one and only one of s1, s2 is id.

We can bound the difference in q by s:

Lemma 6.7.

d(q1, q2) ≥ ⌈d1(s1, s2)/2⌉ ≥ d1(s1, s2)/2, (6.71)

where si := s(qi).

Proof. If q1 and q2 do not contain any singlet, then s1 = s2 = Z2n and d(s1, s2) = 0 so the estimation is true.

Now let C12 be the common singlets of q1 and q2, C1 be the singlets in q1 that do not overlap with the singlets

12Specifically: −#(p1 ∨ p2)−#(p1 ∨ r) + #(p1 ∨ p2 ∨ r) ≥ −#((p1 ∨ p2) ∧ (p1 ∨ r)) and 1 ↔ 2.
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in q2 and similarly for C2. Note that d(q1, q2) ≥ d(q1 ∨ r, q2 ∨ r) from Eq. (6.60). We take r = s1 ∨ s2. We can

express r as the unique element that is fully connected in K = Z2n\C1\C2\C12 and singlets elsewhere. See:

(6.72)

We can compute

d(q1 ∨ r, q2 ∨ r) = #(q1 ∨ r) + #(q2 ∨ r) − 2#(q1 ∨ q2 ∨ r) (6.73)

= |C1| + |C2| + #(q1 ∨ r)|K∪C2
+ #(q2 ∨ r)|K∪C1

− 2#(q1 ∨ q2 ∨ r)|K∪C1∪C2
,

where we have used #(q)|C to indicate the number of cycles of q when restricted to a subset of elements

C ⊂ Z2n. Note that the common singlets |C12| cancels out in the calculation. To proceed further, we define

C ′
1 ⊂ C1 to be the elements in C1 that are not connected to K via q2 ∨ r and similarly for C ′

2. Then we have

#(q1 ∨ r)|K∪C2 = 1 + #(q1 ∨ r)|C′
2

(6.74)

#(q2 ∨ r)|K∪C1
= 1 + #(q2 ∨ r)|C′

1
(6.75)

#(q1 ∨ q2 ∨ r)|K∪C1∪C2
= 1 + #(q1 ∨ r)|C′

2
+ #(q2 ∨ r)|C′

1
, (6.76)

which readily follows from the structure of qi ∨ r. See:

(6.77)

(In the example given here C ′
1 = ∅) Hence,

d(q1 ∨ r, q2 ∨ r) = |C1| + |C2| − #(q1 ∨ r)|C′
2
− #(q2 ∨ r)|C′

1
. (6.78)

Also note that (q2 ∨ r)|C′
1

has no singlets so that #(q2 ∨ r)|C′
1
≤ ⌊|C ′

1|/2⌋ ≤ ⌊|C1|/2⌋ since this number is

maximized by forming the largest number of doublet blocks or doublet and a single triplet block in C ′
1 (and

similarly for 1 ↔ 2.) This gives the estimate:

d(q1, q2) ≥ ⌈|C1|/2⌉ + ⌈|C2|/2⌉ ≥ ⌈(|C1| + |C2|)/2⌉. (6.79)

Now |C1| + |C2| = d1(s1, s2) (see the proof of the Lemma following immediately after).
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Note that the set of s, s(P2n) ⊂ P2n, forms a lattice (albeit not a sub-lattice of P2n
13), under the new

meet and join defined by s1 ∧B s2 ≡ s1 ∧ s2 and s1 ∨B s2 ≡ s(s1 ∨ s2). Define the units uk ∈ s(P2n) to be

the partition with one singlet at location k. That is, uk = {{k},Z2n\{k}}. It then follows that every element

in s(P2n) (other than Z2n) can be expressed as the meet of a string of uk’s, i.e. s = uk1 ∧ · · · ∧ uki .
The lattice (s(P2n),∨B ,∧B) is isomorphic to Boolean algebra B2n of bit-strings where singlets in s are 0’s,

and non-singlets are 1’s. More specifically, identify s (and thus q) using a binary variable bk for k = 1, . . . 2n.

That is:

bk(q) = #1(s(q) ∨ uk) = #1(q ∨ uk), (6.80)

so that bk(q) = 0 if q has a singlet at the k-th element and bk(q) = 1 otherwise. The bit-string b = {bk}2nk=1

then forms a lattice where ∨ is the pair-wise or operation and ∧ is the pair-wise and operation. Then the

singlet distance on P2n is simply the Hamming distance on bit-strings:

Lemma 6.8.

d(b1, b2) ≡
2n∑
k=1

|bk1 − bk2 | = d1(s1, s2), (6.81)

where bk1,2 = bk(s1,2).

Proof. Consider the k-th element in a partition of Z2n. Then s1 ∨ s2 has a singlet at position k iff s1 and s2

both have a singlet at position k. Let Si be the set of singlets in si, then we have

d1(s1, s2) = #1(s1) + #1(s2) − 2#1(s1 ∨ s2)

= |S1| + |S2| − 2|S1 ∩ S2| = |C1| + |C2|,
(6.82)

where C1 are the elements in S1 that are not contained in S2 and likewise for C2. By definition C1 ∩ C2 = ∅
and

|C1| + |C2| = |C1 ∪ C2| =

2n∑
k=1

|bk1 − bk2 |, (6.83)

since |bk1 − bk2 | = 1 signals k ∈ C1 ∪ C2 and |bk1 − bk2 | = 0 otherwise.

Corollary 6.9.

d(q1, q2) ≥ ⌈d(b1, b2)/2⌉ ≥ d(b1, b2)/2, (6.84)

where bk1,2 = bk(s1,2).

Proof. Substitute Eq. (6.81) into Lemma 6.7.

Remark. d(b1, b2) clearly satisfies all the properties of a metric. We will also sometimes work with ⌈d(b1, b2)/2⌉
which also satisfies the properties of a metric, since ⌈a⌉ + ⌈b⌉ ≥ ⌈a+ b⌉.

We need one final result, which generalizes the triangle inequality and was already proven in Appendix A.4.

Lemma 6.10. Consider two partitions tA, tB ∈ PN and consider the bi-partite graph G formed from #(tA)

black vertices and #(tB) white vertices joined with tA∧ tB = id edges for each block in tA and tB that intersect.

If G is a cycle graph then:

d(tA, q) + d(q, tB) ≥ d(tA, tB) + 2(1 − δ#1(q),0) (6.85)

13Since s(P2n) is not closed under ∨.
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for any q ∈ PN .

Figure 6.5: Two partitions tA, tB ∈ PN with tA ∧ tB = id and the bi-partite graph G constructed from the
subsets (labeled {a, b, . . . , f}) of tA and tB .

Proof. An example graph is shown in Fig. (6.5). Blocks in tA can be found by combining the edges that

intersect a fixed black vertex. From this figure it is clear that tA and tB are made of doublets. Because it has

a single cycle tA and tB fail to be a modular pair14 by 1:

d(tA, id) + d(tB , id) − d(tA, tB) = 2(#(tA ∨ tB) + #(tA ∧ tB) − #(tA) − #(tB)) = 2, (6.86)

since #(tA ∨ tB) = 1. A modular pair (t′A, tB) is associated to a tree graph (c.f. Lemma A.4), and so any

unit uk will break a single edge t′A = tA ∧ uk of the cycle and produce a tree with:

d(t′A, id) + d(tB , id) − d(t′A, tB) = 2(#(t′A ∨ tB) + #(t′A ∧ tB) − #(t′A) − #(tB)) = 0, (6.87)

where we used the fact that t′A ∧ tB = uk ∧ id = id. Thus if q = q ∧ uk then:

d(tA, q) + d(tB , q) = d(t′A, q) + d(tB , q) ≥ d(t′A, tB) = d(t′A, id) + d(tB , id)

= d(tA, id) + d(tB , id) = d(tA, tB) + 2
(6.88)

Since this is true for any uk it is true if #1(q) ̸= 0 as required.

Remark. We will apply this Lemma to tA = qA and tB = qB where these partitions satisfy the required

properties. While the above example only slightly generalizes the case of interest, it points towards the

basic structure that makes our results work. In particular note that #1(id) ̸= 0 and indeed the bound for

q = id, Eq. (6.85), is saturated in this case. So the bounds we derive (here for partitions) are tight, which is

important for the possibility of forming a collapsing chain in Theorem 6.4. It is also important that the pair

(tA, tB) does not form a tree (they are not a modular pair) since otherwise we would not get minimal triway

cuts – we would simply get minimal cuts.

6.4 Proof of the main theorem

In this section we establish our proof for the main results (Theorem 6.4 and Theorem 6.5) of this chapter.

First, in Sec. (6.4.1) we show that the permutation group optimization problem R (Definition 6.2) can be

coarse grained into a set partition optimization problem Q (Definition 6.3). Next, in Sec. (6.4.2) we bound Q

by a mixed Boolean-integer program B (Definition 6.4), and then an integer program I (Definition 6.5). We

these results at hand, we relate the value of I to multiway cuts in Sec. (6.4.3), thus proving the collapsing

14A modular pair saturates the semimodularity condition.
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chain R−A(AB : C) ≥ Q ≥ B ≥ I ≥ A(A : B : C) as required by Theorem 6.4. We prove the uniqueness of

the solution in Sec. (6.4.4). Note that this section only establishes our results on even integer m > 2. We will

deal with the problem of analytically continuing m→ 1 in Sec. (6.5).

6.4.1 From permutations to partitions

We seek:

R = min
g
R(g) , R(g) =

∑
e={x,y}∈E

w(e)d(g(x), g(y)) (6.89)

Consider a minimal cut rAB ⊂ V associated to the division AB : C. Define C ′ = {x ∈ rcAB : {x, y} ∈
µ(rAB)} to be the vertices in rcAB that border rAB. Define a new amputated graph G′ = (V ′, E′) =

(rAB ∪ C ′, EG[rAB]). We can estimate R using a new model, written in terms of the coarse grained qX(g)

with respect to element X, on this new graph:

Lemma 6.11. We have the following estimate:

R(g) ≥ A(AB : C)d(X, id) +Q′(q), (6.90)

where q : V ′ → P2n defined via q(v) ≡ qX(g(v)) and where:

Q′(q) =
∑

e={x,y}∈E′

w(e)d(q(x), q(y)). (6.91)

Remark. Minimizing over g gives R ≥ A(rAB)d(X, id) + Q′ with Q′ ≡ minq Q
′(q), where the boundary

conditions on q for this later model is such that vertices in A(B) have a fixed permutation q = qA(qB) and

the permutations on C ′ are fixed as q = id. To pass from the program Q′ (on the amputated graph G′) to

the program Q (on the original graph G), as required in Definition 6.3 and Theorem 6.4, we simply need to

show that Q′ ≥ Q. This is proven in Lemma 6.12 after the proof of Lemma 6.11.

Proof. Given the minimal cut rAB we can consider an optimal solution to the linear program c(L) in Eq. (6.39)

for edge-disjoint paths:

A(rAB) =
∑

L∈P̂AB,C

c(L), (6.92)

where for all e ∈ E then w(e) ≥∑L c(L)1L(e). Consider a single such path L ∈ PAB,C . Such a path must

pass through the minimal cut µ(rAB) at least one time. Denote the vertex ν to be the first vertex along L

that connects rAB to C ′. That is for the first edge e in L ∩ µ(rAB) we have e = {ν′, ν} where ν′ ∈ C ′. Since

C ′ lies on the minimal cut, this is guaranteed to exist, see Fig. (6.6). We split up L = LAB ⊔ LC into two

connecting paths at the common vertex ν, where LAB ∈ P̂AB,ν and LC ∈ P̂ν,C . We estimate the contribution

of L to be: ∑
e={x,y}∈L

d(g(x), g(y)) =
∑

e={x,y}∈LC

d(g(x), g(y)) +
∑

e={x,y}∈LAB

d(g(x), g(y)) (6.93)

≥ d(g(ν), id) +
∑

e={x,y}∈LAB

d(P (g(x)), P (g(y))) (6.94)

To arrive at Eq. (6.94) we have used Eq. (6.62) for the part of the path that intersects rAB and then repeated
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Figure 6.6: We split up a path L ∈ P̂AB,C at the cut surface µ(rAB), through a vertex ν ∈ rAB that lies
immediately inside rAB .

uses of the (Cayley distance) triangle inequality in the complement.

We can re-arrange the sum:∑
e={x,y}∈LAB

d(P (g(x)), P (g(y))) = #(gA,B) − 2#(gA,B ∨ g(x2)) + #(g(ν)) (6.95)

+

|LAB |∑
α=2

2 (#(g(xα)) − #(g(xα) ∨ g(xα+1))) , (6.96)

where xα is the sequence of vertices that connects the path L. With x1 ∈ AB and x|LAB |+1 = ν. Note that if

there are no edges in LAB then the sum Eq. (6.96) does not contribute. Now use the bound Eq. (6.61) along

with the equality #(gA,B) = #(qX(gA,B)) and #(g ∨ gA,B) = #(qX(g) ∨ qX(gA,B)), we turn all g’s in the

sum of Eq. (6.96) into qX(g)’s plus the remainder #(g(ν)) − #(qX(g(ν))). That is:∑
e={x,y}∈LAB

d(P (g(x)), P (g(y))) ≥ #(g(ν)) − #(q(ν)) +
∑

e={x,y}∈LAB

d(q(x), q(y)) (6.97)

(recall that qX(g(x)) ≡ q(x)). Hence we have the following estimate:∑
e={x,y}∈L

d(g(x), g(y)) ≥ d(id, X) + d(id, q(v)) +
∑

e={x,y}∈LAB

d(q(x), q(y)), (6.98)

where we have used the identity

d(id, g(ν)) + #(g(ν)) − #(q(ν)) = nm− #(q(ν)) = d(id, X) + d(id, q(ν)). (6.99)

Now write:

R(g) =
∑

e={x,y}

(
w(e) −

∑
L

c(L)1L(e)

)
d(g(x), g(y)) +

∑
L

c(L)
∑

e={x,y}∈L
d(g(x), g(y)) (6.100)

≥
∑

e={x,y}⊂rAB

(
w(e) −

∑
L

c(L)1L(e)

)
d(q(x), q(y))

+
∑
L

c(L)

d(id, X) + d(id, q(v)) +
∑

e={x,y}∈LAB

d(q(x), q(y))

 , (6.101)

where we applied Eq. (6.98) to all paths weighted by c(L) in the last term of Eq. (6.100), along with Eq. (6.62)
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in the first term of Eq. (6.100) on the edges that are entirely inside rAB and finally dropping all other edges

in rcAB (note that the bracketed term in the first part of Eq. (6.100) is positive by feasibility of c(L)). Using:∑
L

c(L)d(id, X) = A(AB : C)d(id, X) (6.102)

we arrive at Eq. (6.90).

Remark. We will make use of the saturation conditions for the inequality (6.90) in our proofs for uniqueness

of the solution. It is useful to record them here for reference later. For edges e in rcAB the saturation of

Eq. (6.100) requires:

∑
e={x,y}∈rABc

(
w(e) −

∑
L

c(L)1L(e)

)
d(g(x), g(y)) = 0. (6.103)

We also have, from Eq. (6.94), ∑
e={x,y}∈LC

d(g(x), g(y)) = d(g(v), id), (6.104)

where LC ∈ Pv,C is a subpath of L ∈ PAB,C with c(L) > 0. LC connects a vertex v immediately inside rAB to

C. For the edges e in rAB , saturation of Eq. (6.100) requires
∑
e∈rAB

(w(e) −∑L c(L)1L(e)) d(g(x), g(y)) =∑
e∈rAB

(w(e) −∑L c(L)1L(e)) d(q(x), q(y)). Since d(g(x), g(y)) ≥ d(q(x), q(y)) ≥ 0 by Eq. (6.62), this

condition holds locally, i.e.

d(g(x), g(y)) = d(q(x), q(y)) (6.105)

for all edges e = {x, y} where w(e) −∑L c(L)1L(e) > 0. If the minimal cut rAB is unique then it holds for

all e strictly inside rAB .

Lemma 6.12. Consider the program

Q = min
q
Q(q), (6.106)

on the original graph G, where we minimize over all q : V → P2n with q(A) = qA, q(B) = qB and qC = id.

Then we have

R ≥ A(AB : C)d(X, id) +Q. (6.107)

Proof. Consider the program Q′ = minq Q
′(q), as defined in Lemma 6.11 and Remark that follows immediately

after. Let q′ be an optimal solution to this problem. We construct from q′ a feasible solution q : V → P2n to

the Q problem by

q(v) =

q′(v), v ∈ V ′

id, v ∈ V \V ′
. (6.108)

It is clear that q satisfies all the boundary conditions and Q(q) = Q′(q′), since setting q(v) = id on the new

vertices does not increase the free energy. Minimizing over all q : V → P2n we have Q′ > Q. Then from Remark

that follows immediately after Lemma 6.11 we have R ≥ A(AB : C)d(X, id)+Q′ ≥ A(AB : C)d(X, id)+Q.
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6.4.2 From partitions to integer program

In this section we move from partitions q, to Boolean variables b, to an integer program.

Lemma 6.13. For all paths L ∈ PA,B (not necessarily edge disjoint) we have the estimate:∑
e={x,y}∈L

d(q(x), q(y)) ≥ 2(n− δbL,bAB
) ,

∑
e={x,y}∈L

d(q(x), q(y)) ∈ 2Z, (6.109)

where bAB = 11 · · · 1 ∈ B2n and

bL =
∧

x∈V [L]

b(x), (6.110)

and where b : V → B2n is defined via b(v)k = bk(q(v)).

Proof. If bL = bAB then we must have b(x) = bAB = 11 · · · 1 for the entire path, so that #1(q(x)) = 0 for all

x ∈ L (since singlets are preserved through the meet operation). We use the triangle inequality repeatedly to

show: ∑
e={x,y}∈L

d(q(x), q(y)) ≥ d(qA, qB) = 2(n− 1) (6.111)

Conversely, if bL ̸= bAB then there must be some x ∈ V along the path such that #1(q(x)) ̸= 0. We apply

the triangle inequality about this point:∑
e={x,y}∈L

d(q(x), q(y)) ≥ d(qA, q(x)) + d(q(x), qB) ≥ 2n (6.112)

where we used the improved triangle inequality derived in Lemma 6.10, and which applies when q(x) has a

singlet somewhere.

More generally the deficit in the triangle inequality is always an even integer:

d(q1, q2) + d(q2, q3) − d(q2, q3) = 2(#(q2 ∨ q3) + #(q2) − #(q1 ∨ q2) − #(q2 ∨ q3)) (6.113)

Thus the difference in the left and right hand side of the inequality in Eq. (6.109) must be an even integer.

We have the estimate in terms of an integer program:

Lemma 6.14. Given some fixed b : V → B2n, define the integer program:

B(b) ≡min
r

∑
e∈E

w(e)r(e)

subject to ∀L ∈ PA,B :
∑
e∈L

r(e) = 2(n− δbL,bAB
) + 2Z≥0

and ∀e = {x, y} ∈ E : r(e) ≥
⌈

1

2
d(b(x), b(y))

⌉ (6.114)

where r ∈ Z≥0. Then for any q : V → P2n satisfying the boundary condition q(A) = qA, q(B) = qB and

q(C) = id, we have the bound Q(q) ≥ B(bk(q)).

Proof. We simply consider r(e) = d(q(x), q(y)) for e = {x, y}. We use the bounds in Lemma 6.13 and

Corollary 6.9 to check feasibility for the B(b) problem.
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Corollary 6.15. Consider the program:

B ≡ min
b
B(b), (6.115)

where we now minimize over all b : V → B2n with b(A) = b(B) = bAB = 11 . . . 1 and b(C) = 00 . . . 0. Then

we have Q ≥ B.

Proof. Consider an optimal solution q to program Q. Then from Lemma 6.14 it is clear that B(bk(q)) ≤ Q(q)

is feasible. Minimizing over all b then gives Q ≥ B.

We will now introduce an edge variable ρ(e) =
⌈
1
2d(b(x), b(y))

⌉
for e = {x, y}. We note that we can write:

δbL,bAB
= δρ(L),0, (6.116)

where we recall the shorthand notation ρ(L) ≡∑e∈L ρ(e). Thus we have the new integer program:

Lemma 6.16. For integer n ≥ 2, consider the integer non-linear program:

I = min
ρ,σ

∑
e∈E

w(e)(σ(e) + ρ(e))

subject to ∀L ∈ PA,B :
∑
e∈L

(σ(e) + ρ(e)) ∈ 2(n− δρ(L),0) + 2Z≥0

and ∀L ∈ PAB,C :
∑
e∈L

ρ(e) ≥ n

(6.117)

for ρ, σ ∈ Z≥0. Then minq Q(q) ≥ minbB(b) ≥ I.

Proof. Again we just have to check feasibility with ρ(e) =
⌈
1
2d(b(x), b(y))

⌉
and σ(e) = r(e) − ρ(e) ≥ 0, which

again follows from Lemma 6.13, Lemma 6.7 and Eq. (6.116). We also need repeated use of the triangle

inequality for the metric
⌈
1
2d(b1, b2)

⌉
:

∑
e∈L

ρ(e) ≥
⌈

1

2
d(bAB , bC)

⌉
= n (6.118)

for all L ∈ PAB,C .

Remark. In passing from the Boolean program B to the integer program I, we have split the integer variable

r(e) into two variables ρ(e) and σ(e). In particular, the region associated to ρ = 0 plays a special role in

the program, as the constraint on a path is weaker if it stays entirely within the said region. It turns out

that this region corresponds to the “squeezed entanglement wedge” (backreacted EW accommodating the

non-zero tension tA:B) in the solution to the reflected entropy optimization problem. The σ variable can

be set to be non-zero only inside the ρ = 0 wedge, which sources a total of 2(n− 1) cuts separating A and

B. We will see that these cut surfaces collapse to a single domain wall corresponding to the (squeezed) EW

cross-section for an optimal solution.

6.4.3 From integer program to multiway cuts

The main theorem we would like to prove here is that the program Eq. (6.117) is equivalent to a multiway

cut problem:
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Theorem 6.17. The minimum of the non-linear integer program Eq. (6.117) is achieved by an optimal

solution to the multiway cut problem for A : B : C with tA:B = 2(n− 1) and tA:C = tB:C = n.

We do this in two steps. In the first step we prove the existence of a subgraph G′ = (V ′, E′) with

A,B ⊂ V ′ such that either (i) A and B are disconnected on V ′ and there is an optimal solution to Eq. (6.117)

where ρ(e) = σ(e) = 0 for all e ⊂ V ′ or (ii) A and B are connected and there is in optimal solution (ρ, σ) to

Eq. (6.117) where ρ(e) = 0 and σ can be described as a set of 2(n− 1) cuts separating A,B for all e ⊂ V ′.

These solutions then seed a multiboundary/intersecting cut problem in the remaining graph made from the

remaining edges: Ec = E\E′ and vertices V c ≡ (V \V ′)∪ (AB)′ where (AB)′ = {x ∈ V ′ : x ∈ VG[µ(V ′)]} are

the vertices in G′ that lie on the cut surface µ(V ′). Both cases (i) and (ii) will be treated together, using a

vertex valued variable k(x) instead of an edge variable. In the second step we solve this multiboundary cut

problem.

More explicitly, the first step is the following Lemma:

Figure 6.7: The original graph G is split into two subgraphs G′ and Gc that share common vertices (AB)′

(dashed line). On G′ we define a vertex variable k associated to σ, whose value on (AB)′ seeds an ℓ-intersecting
cut problem on the complementary graph G′ with boundary vertices Γk.

Lemma 6.18. There exists a subgraph G′ = (V ′, E′) of G where A,B ⊂ V ′ such that there is an optimal

solution (ρ, σ) to Eq. (6.117) where:

1. There exists a function k : V ′ → Z≥0 with k(x) ≤ 2(n− 1) such that: for all edges e ∈ E′ we have:

σ(e) = |k(x) − k(y)| , ρ(e) = 0, (6.119)

where k(x) = 0 for x ∈ A and k(x) = 2(n− 1) for x ∈ B.

2. For the remaining edges we consider the ℓ-intersecting cut problem with ℓ = 2(n−1) (defined immediately

below) on the complementary reduced subgraph Gc = (V c, Ec) , with boundary vertices Γk = {x ∈ (AB)′ :

k(x) = k} and C. Where the optimal minimum M of this later problem bounds:

I ≥M + w(µ(V ′)) +
∑

e={x,y}∈E′

w(e)|k(x) − k(y)| (6.120)

See Fig. (6.7) for an exemplary configuration. We prove this in Appendix E.1. Recall the notation, used

in Eq. (6.120), f(E′) =
∑
e∈E′ f(e) for some function f on the edges and some subset E′ ⊂ E.
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Definition 6.8 (ℓ-intersecting cut problem). Given an integer ℓ ≥ 1 and weighted graph G = (V,E) with

ℓ+ 2 sets of boundary vertices {Γk; k = 0 . . . ℓ} and C, define the following k-intersecting cut problem:

M ≡min
ϱ
M(ϱ) M(ϱ) =

∑
e∈E

w(e)ϱ(e)

subject to ∀k, k′ = 0, . . . ℓ ∀L ∈ PΓk,Γk′ : ϱ(L) ∈ |k − k′| + Z≥0

and ∀k = 0, . . . ℓ ∀L ∈ PΓk,C : ϱ(L) ∈ ℓ/2 + Z≥0,

(6.121)

where ϱ(e) ∈ Z≥0/2.

Figure 6.8: The solution to the ℓ-intersecting cut problem as described in Lemma 6.19. The dark green curves
represent the cut surfaces of αk and the dark blue curves represent the cut surfaces of βk.

We solve this problem recursively in Appendix E.2. The result is:

Lemma 6.19. The optimal value of the ℓ-intersecting cut problem is:

M =
1

2

ℓ−1∑
k=0

(w(µ(αk)) + w(µ(βk))) , (6.122)

where αk is a minimal cut for (Γ0 ∪ . . .Γk) : (Γk+1 ∪ . . .Γℓ ∪ C) and βk is a minimal cut for (Γk+1 ∪ . . .Γℓ) :

(Γ0 ∪ . . .Γk ∪ C) and αk ∩ βk = ∅.

See Fig. (6.8) for an example. Given the above two Lemmas we now prove Theorem 6.17.

Proof of Theorem 6.17 and Theorem 6.4. Use the function k(x) in Lemma 6.18 to define bulk regions:

γk = {x ∈ V ′ : k(x) ≤ k} (6.123)

for k = 0, . . . , 2(n− 1) − 1 and such that:

∑
e={x,y}∈E′

w(e)|k(x) − k(y)| =

2(n−1)−1∑
k=0

∑
e∈µG′ (γk)

w(e), (6.124)

where µG(·) denotes the edge cut function on some graph G = {V,E}, that is µG(r) ≡ EG[r] ∩ EG[V \r] for

r ⊂ V .

The region γk contains A and shares vertices with αk constructed from Lemma 6.19 on the subgraph Gc.

Similarly V ′\γk contains B and shares vertices with βk. Thus we can combine them so that Ak ≡ γk ∪ αk
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forms a cut for A : BC on the original graph G and Bk ≡ (V ′\γk) ∪ βk forms a cut for B : AC. These cuts

are non-intersecting but share edges in E′ that are µG(γk). In particular:

µG(Ak) = µG′(γk) ∪ µGc(αk) (6.125)

and similarly for Bk.

We give an explicit proof of Eq. (6.125) for completeness. Recall that (AB)′ = V ′ ∩ V c and E = E′ ⊔Ec.
We note that (AB)′ ∩ αk = (AB)′ ∩ γk by the boundary conditions and this implies that Ak ∩ V ′ = γk and

Ak ∩ V c = αk further implying that EG′ [Ak] = EG′ [γk] since all {x, y} ∈ E′ satisfy {x, y} ⊂ V ′. Similarly

EGc [Ak] = EGc [αk]. Also note that V \Ak = (V ′\γk) ∪ (V c\αk). Putting this together:

µG(Ak) = EG[Ak] ∩ EG[V \Ak]

= (EG′ [Ak] ∩ EG′ [V \Ak]) ∪ (EGc [Ak] ∩ EGc [V \Ak])

= (EG′ [γk] ∩ EG′ [V ′\γk]) ∪ (EGc [αk] ∩ EGc [V ′\αk])

(6.126)

as required. A similar argument applies to µG(Bq).

Thus we can write the estimate from Lemma 6.18 and using Eq. (6.124) as:

I ≥

1

2

2(n−1)−1∑
k=0

w(µG(Ak)) + wG(µ(Bk))

+ w(µG(V ′))

≥ min
k

(
(n− 1) (w(µG(Ak)) + w(µG(Bk))) + w(µG(V ′))

)
.

(6.127)

The right hand side can be written as a sum of two triway cuts, with tensions as given in the statement of

this theorem. That is:

I ≥ min
k

(
(n− 1)

n
A(Ak : Bk : (V \(Ak ∪Bk))) +

1

n
A(γk : (V ′\γk) : (V \V ′))

)
≥ A(A : B : C)

(6.128)

Equality follows from the collapsing chain mentioned in Theorem 6.4 that we have also now established.

The proofs we give for Lemma 6.18 and Lemma 6.19 are quite lengthy, so we present these in Appendix E.1

and Appendix E.2 respectively.

6.4.4 Uniqueness theorem

In this subsection we give a proof for Theorem 6.5, i.e. the solution to the permutation group optimization

problem R (Definition 6.2) is the unique solution given by the triway cut if both the triway cut and the

entanglement wedge of the graph are unique. Though this result may seem trivial, it lays the foundation for

performing the analytic continuation m→ 1, the main result in Sec. (6.5).

We only consider the case where every connected component of the graph G is path connected to at least

one boundary region. The reason is obvious – If such a disconnected region exists then one can always set

the permutations on such region to be any fixed element on Smn and we have a degeneracy of |Smn|. In any

case, such disconnected parts of the graph can be factored out of the computation of reflected entropy. We

can thus deal with these trivially.
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Lemma 6.20. Let g : V → Smn be an optimal solution to the permutation group program R. If the minimal

cut rAB for AB is unique, then g(v) = id for all vertices v ∈ rcAB.

Proof. We know from Theorem 6.4 that R = A(AB : C)d(id, X) +Q′. We also have, from Lemma 6.11 that

R(g) ≥ A(AB : C)d(id, X) +Q′(qX(g)). (6.129)

If g is optimal, this inequality must be saturated since otherwise Q′(qX(g)) has a smaller objective.

Consider an optimal solution c : PAB:C → R≥0 to the dual max-flow problem Eq. (6.39). The saturation

condition of Eq. (6.129) demands that (see the remark before Lemma 6.12)∑
e={x,y}∈LC

d(g(x), g(y)) = d(g(v), id). (6.130)

where LC is the subpath of L ∈ PAB:C such that c(L) > 0 and LC connects C to the vertex v immediately

inside rAB (see Fig. (6.6)). In other words, it states that the elements along the path LC must be on the

group geodesic of id to g(v). Another saturation condition demands that

∑
e={x,y}⊂rcAB

w(e) −
∑

L∈PAB,C

c(L)1L(e)

 d(g(x), g(y)) = 0. (6.131)

where we sum over all the edges outside the entanglement wedge rAB. Since both terms in the sum are

semi-positive, for any e = {x, y} ⊂ rcAB it must be that either

w(e) −
∑

L∈PAB,C

c(L)1L(e) = 0, or d(g(x), g(y)) = 0. (6.132)

Now pick any vertex v ∈ rcAB. We claim that there must exist a path L′ ∈ PC,v such that the

d(g(x), g(y)) = 0 for all adjacent vertices x, y along the path. If this is true, the triangle inequalities along L′

then require d(g(v), id) = 0 and thus g(v) = id. This holds true for any v ∈ rcAB so we are done.

Suppose by contradiction that such a path does not exist. Define the region rC to be the set of vertices

that can be reached by some path with vanishing Cayley distance from C. It is clear that g(x) = id for all

x ∈ rC by a similar argument as above. rC is a cut for C since any vertex in rC is path connected to C.

Consider now the cut surface µ(rC). By definition, for all edges {x, y} ∈ µ(rC) we must have d(g(x), g(y)) > 0,

and thus w(e) −∑L c(L)1L(e) = 0 by Eq. (6.132). We compute∑
e∈µ(rC)

w(e) =
∑

L∈PAB:C

c(L) = A(AB : C), (6.133)

since all paths starting from C to AB must pass through µ(rC). Moreover, any such path with c(L) > 0

can only intersect µ(rC) once, since it cannot re-enter rC once it has left the cut, as this will violate the

geodesic condition Eq. (6.130). Hence µ(rC) is a minimal surface and rC is a minimal cut. It is different

from rcAB since v ∈ rcAB and v /∈ rC . This is a contradiction because we have assumed that the minimal cut

is unique.

Lemma 6.21. Let q : V → P2n be an optimal solution to the set partition optimization problem Q on graph
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G with a unique triway cut. Then for any edge e = {x, y} ∈ E:

d(q(x), q(y)) =
(
2(n− 1)1µ(rA:rB) + n1µ(rB :rC) + n1µ(rA:rC)

)
(e), (6.134)

where (rA, rB , rC) is the optimal triway cut for (A : B : C).

Proof. Since q is optimal we know that the chain in Theorem 6.4 collapses, i.e.

Q(q) = B
(
{bk(q)}, r

)
= I (ρ, σ) , (6.135)

are all optimal, where r(e) = d(q(x), q(y)), ρ(e) = ⌈ 1
2d(b(x), b(y))⌉ and σ(e) = (r − ρ)(e) for e = {x, y} ∈ E.

Since we have r(e) = (ρ + σ)(e) = d(q(x), q(y)), it suffices to prove Eq. (6.134) on ρ + σ for an optimal

solution (ρ, σ) of the integer program I. Now, from Lemma E.3 we know that for any optimal (ρ, σ) one can

always construct a new optimal (ρ′, σ′) with ρ+ σ = ρ′ + σ′ that satisfies the conditions of Lemma 6.18. Now

we write

I(ρ, σ) =
1

2

2(n−1)−1∑
k=0

(w(µ(Ak)) + w(µ(Bk))) + w(µ(V ′)) (6.136)

=

2(n−1)−1∑
k=0

(
n− 1

2n
A(Ak : Bk : (V \Ak\Bk) +

1

2n
A(γk : (V ′\γ) : (V \V ′)

)
(6.137)

= A(A : B : C) ≡ A(rA : rB : rC), (6.138)

where we have used Lemma 6.19 and replaced the bound by equality since (ρ, σ) is optimal. The cut surfaces

Ak, Bk and γk are defined as in the proof of Theorem 6.17. Now since A(A : B : C) is the unique optimal

triway cut, both terms in the sum of Eq. (6.137) must be equal to A(rA : rB : rC) for all k. Hence we have

Ak = γk = rA, Bk = (V ′\γk) = rB , (V \Ak\Bk) = (V \V ′) = rC , (6.139)

which implies that within V ′,

ρ′(e) = 0, σ′(e) = 2(n− 1)1µ(rA:rB)(e) (6.140)

and outside V ′,

(ρ′ + σ′)(e) = 1µ(V ′)(e) + (n− 1)(1µ(αk) + 1µ(βk))(e) = n(1µ(rA:rC) + 1µ(rB :rC))(e), (6.141)

since any other configuration cannot reproduce an optimal value of M . Combining Eq. (6.140) and Eq. (6.141)

together we have proven the Lemma.

Corollary 6.22. Let q : V → P2n be an optimal solution to the set partition optimization problem Q on

graph G with a unique triway cut. Then for any vertex v ∈ V :

q(v) =


qA, v ∈ rA

qB , v ∈ rB

id, v ∈ rC

, (6.142)
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where (rA, rB , rC) is the optimal triway cut for (A : B : C).

Proof. Since (rA, rB , rC) is an optimal triway cut, if v ∈ rA then it is connected to A by some path L in

rA. The reason is as follows: Suppose that there exists a region r ⊂ rA not connected to A. Then r must

be connected to at least one of rB or rC otherwise r will be a totally disconnected region. Without loss of

generality suppose it is B. We can then construct a new triway cut (rA\r, rB ∪ r, rC) whose weight is smaller

than the original. This is a contradiction since we assumed (rA, rB , rC) is optimal.

From Lemma 6.21 we know that
∑

{x,y}∈L d(q(x), q(y)) = 0 along the path L. Then by repeated use of

triangle inequality we can show that d(q(v), qA) = 0 and thus q(v) = qA. Similar arguments also apply to

subregion rB and rC .

We are now ready to complete the proof for our main result of this subsection. To begin with, we restate

Theorem 6.5 in terms of the notations used here:

Theorem 6.23. Let g : V → Smn be an optimal solution to the reflected entropy permutation group

optimization problem R on graph G with a unique triway cut (rA, rB , rC) and a unique entanglement wedge

rAB. Then for any vertex v ∈ V :

g(v) =



gA, v ∈ rA

gB , v ∈ rB

X, v ∈ rAB \ rA \ rB ≡ rX

id, v ∈ rcAB

(6.143)

Proof of Theorem 6.23 and Theorem 6.5. There are four regions that we need to take care of. It is immediate

that the region rcAB follows trivially from Lemma 6.20. For the other regions: Note that since g is optimal for

R, qX(g) must be optimal for Q, therefore qX(g) must coincide with Eq. (6.142). Moreover, the saturation

conditions requires d(g(x), g(y)) = d(P (g(x)), P (g(y))) = d(q(x), q(y)) for all e = {x, y} completely within

rAB (see the remark before Lemma 6.12).

Let’s first consider rA. The must be a path L completely within rA such that d(g(x), g(y)) = d(q(x), q(y)) =

0 along adjacent vertices {x, y} ∈ L (cf. the proof of Corollary 6.22). Applying triangle inequality along the

path we see d(g(v), gA) = 0 which implies g(v) = gA. A similar argument holds for v ∈ rB .

For the remaining region rX , We split the contribution of R(g) as

R(g) =
∑

e∈E,e⊂rAB

w(e)d(g(x), g(y)) +
∑

v∈∂rAB

w(e)d(g(v), id), (6.144)

where ∂rAB ≡ V [µ(rAB)] ∩ rAB are the vertices on the cut surface µ(rAB) and within rAB. We have used

the fact that g(v) = id for v ∈ rcAB . Since qX(g(v)) = id for v ∈ rAB we have #(g ∨X) = #(g), and P (g(v))

lies on the geodesic between set partitions P (X) and P (id) on Pmn:

d(P (X), P (g(v))) + d(P (g(v)), P (id)) = #(X) − 2#(X ∨ g(v)) + #(id) = d(P (X), P (id)) (6.145)

We claim that this geodesic condition naturally extends to Cayley distances on Smn. The reasoning is as

follows: The region rX must be path connected to either A or B, since if it is only connected to C then we

know such region is subset of rcAB and thus must be empty. Now consider a connected component ri of this

region. Without loss of generality we may set g = gi for all v ∈ ri. Consider an edge {x, y} on the common
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cut surface of rA (or rB respectively) and ri such that g(x) = gi and g(y) = gA/B . We know that since g is

optimal and x, y ∈ rAB ,

d(gi, gA/B) = d(P (gi), P (gA/B)) + 2GgA/B
(gi) = d(qX(gi), qA/B), (6.146)

which implies that the genus GgA/B
(gi) = 0. But since P (gA/B) ≥ P (X) we have GgA/B

(gi) ≥ GX(gi)
15 and

thus GX(gi) = 0. Also Ggi(id) = 0 trivially. Thus d(P (gi), P (id)) = d(gi, id) and d(P (gi), P (X)) = d(gi, x)

and we have

R(g) =
∑

e∈E,e⊂rAB

w(e)d(g(x), g(y)) +
∑

v∈µ(rAB)∩rAB

w(e)(d(X, id) − d(X, g(v)))

=
∑

e∈E,e⊂rAB

w(e)d(g(x), g(y)) + A(AB : C)d(X, id) −
∑

v∈∂rAB

w(e)d(X, g(v)).
(6.147)

Now since g is optimal we know R(g) = Q(qX(g)) + A(AB : C)d(X, id). Using d(g(x), g(y)) = d(q(x), q(y))

within rAB we obtain ∑
v∈∂rAB

w(e)d(X, g(v)) = 0 (6.148)

and thus g(v) = X for v ∈ rAB on the cut surface µ(rAB). Since Cayley distance vanishes within rX we must

have g(v) = X within the whole region. This completes our proof.

Remark. In general, when using the permutation optimization to determine the moments of the reflected

density matrix, one must sum over all the configurations that minimizes the free energy functional, i.e.

Eq. (6.12). Physically speaking, what we have proven here is that such minimum is unique as long as one

is sufficiently far away from the phase transitions, which is signalled by a degenerate minimal surface. In

fact, there are two different kinds of phase transitions in play here – one being the entanglement wedge

phase transition, in which the reflected entropy suffers a discontinous jump; and the other being the EW

cross-section phase transition, in which the there are two cross-sectional candidates with the same area. In

the latter case the change of reflected entropy across the transition is still continuous. Our result here only

applies when the system is far away from both kind of transitions.

However, based on various evidences, we conjecture that S
(n)
R still converges as stated in Theorem 6.1 for

the second kind of the transitions. In this case the multiplicity factor is no longer unity but some integer

d
(n)
m > 1. We conjecture that d

(n)
m is independent of m in this scenario. Therefore the techniques we will

be using for analytic continuation still carries over. The multiplicity factor will introduce a ln d(n) ∼ O(χ0)

correction to the entropy, which goes away as one takes χ→ ∞. Our uniqueness assumption on the triway

cut problem would then be unnecessary in Theorem 6.1.

6.5 Continuation in m

To finish the proof of Theorem 6.1, we need to “analytically continue” away from integer m/2. Since the

answer we have for R(g) only depends trivially on m through normalization (it is independent upon correctly

normalizing the reflected density matrix), it seems like this task would be simple. For example one might

expect a simple application of Carlson’s theorem. Unfortunately applying Carlson’s theorem after taking the

15This fact follows from the construction of admissible surfaces: Given an admissible surface of gi based on gA (or gB) one
can “pinch” the cycles of gA (resp. gB) to form cycles of X without destroying any connections. See Appendix A.4 for details.
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limit χ→ ∞ turns out to be rather difficult – a fact that is often not discussed in the AdS/CFT literature.

The basic issue is that one does not know if the natural analytic continuation of Tr(σ
(m)
AA⋆)n in m remains

an analytic function upon taking the limit χ → ∞. Compounding this difficulty is the need to divide the

function one wishes to continue by the expected answer - this division is necessary for convergence, but will

often introduce non-analytic dependence on m. Indeed it is well known that partition functions do not remain

analytic in the thermodynamic limit due to phase transitions and the condensation of zeros. That said, such

phase transitions in m are not present here since the expected answer has a simple analytic dependence on

m. Even so, it is not obvious how to establish pointwise convergence of the sequence as χ→ ∞ and this is

necessary in order to establish analyticity of the limit.

Thus we follow a different approach here - that of the methods of moments. One immediate difficulty is

that the quantity of interest Tr(σ
(m)
AA⋆)n is not obviously a moment for m (it is a moment for n, but here we

are fixing n to be an integer.) However we can write it as a moment for some operator spectral measure:

TrAA⋆(σ
(m)
AA⋆)n =

〈
1⊗nAB

∣∣Σ†
Aϱ

m/2 ⊗ ϱm/2ΣA
∣∣1⊗nAB〉 , (6.149)

where ϱ = ρ⊗nAB and ΣA is the usual n-twist operator. Consider the operator:

O = ϱ⊗ ϱ (6.150)

and the associated spectral measure Eλ from which we define a new measure µΨ(λ) = ⟨Ψ|Eλ |Ψ⟩ with

|Ψ⟩ = ΣA
∣∣1⊗nAB〉. More specifically we can write:

O =
∑
i

λi |vi⟩ ⟨vi| , (6.151)

and the measure for finite χ will have a discrete decomposition:

dµΨ(λ) =
∑
i

| ⟨Ψ| vi⟩ |2δ(λ− λi)dλ (6.152)

We recover the quantity of interest:

TrAA⋆(σ
(m)
AA⋆)n =

∫ ∞

0

dµΨ(λ)λm/2 (6.153)

We have computed the moments for m/2 integer away from the phase transition, schematically:∫ ∞

0

dµΨ(λ)λm/2 −→
χ→∞

χ−2(n−1)A(A:B:C)+n(m−2)A(AB:C) (6.154)

We have not computed the m = 0 moment. This makes the moment problem somewhat more involved since

we have less control over the limit of the measure µΨ near λ = 0. We will need to give an alternative estimate

in this limit. We will show that, schematically:∫ ∞

0

dµΨ(λ)λ1/2F (λχ2nA(AB:C)) ≪
∫ ∞

0

dµΨ(λ)λ1/2 (6.155)

for large χ and for a class of functions, specified in more detail later, which vanishes for F (x) = 0 : x ≥ 1.

This result follows from a weak form of measure concentration for general random tensor networks that works
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as long as the entanglement wedge is appropriately unique:

Definition 6.9 (Unique entanglement wedge). Given a random tensor network with boundary ∂ = AB ⊔ C
then the entanglement wedge rAB is called unique if for any other AB : C cut r ̸= rAB :

A(AB : C) ≤ A(r : rc) − g (6.156)

for some non-zero gap g > 0.

Lemma 6.24 (Weak measure concentration). 1. Consider a density matrix ρ on a finite dimensional

Hilbert space H and supported on πρ with Trπρ ≡ Λ then for a real function f ∈ C∞(R) such that

f(x) = 0 for all x ≥ 0 and such that f ′ is a rapidly decaying Schwartz function f ′ ∈ S(R), then:

|⟨η1| f(ln ρ+ ln Λ) |η2⟩| ≤ ∥F(f ′)∥L1∥ρ− πρ/Λ∥1, (6.157)

with normalized η1,2 ∈ H and where F denotes the Fourier transform.

2. Consider a random tensor network state with boundary ∂ = AB ⊔ C and with a unique entanglement

wedge for AB, then:

∥ρA − πρAB
/χA(AB:C)∥1 = O(χ−g/2) (6.158)

Remark. This might be called weak for two reasons. Firstly we are estimating matrix elements, and weak

continuity of operators pertains to such matrix elements. However since the operators do not live in the same

Hilbert space for different χ it is not exactly clear what you would call weak continuity. Secondly it is a much

weaker bound than the standard measure concentration where the probability of finding a minimum non-zero

eigenvalue away from the peak is exponentially small in χ#. Such measure concentration results were proven

for a single random tensor - multiple random tensors seem much harder to work with, hence we have not

succeeded in deriving the much stronger result. This weaker result is however sufficient for our purposes.

Proof. (2) We start with a computation of the projected trace distance on the subspace πρAB
HAB where

TrπρAB
≤ χA(AB) for any tensor network state. Then from Hölder’s inequality we have:∥∥∥ρAB − πρAB

/χA(AB)
∥∥∥2
1
≤ χA(AB)∥ρAB − πρAB

/χA(AB)∥22 = χA(AB)Tr(ρAB − πρAB
/χA(AB))2

= χA(AB)
(

Trρ2AB − 2/χA(AB) + TrπρAB
/χ2A(AB)

)
≤ χA(AB)Trρ2AB − 1.

(6.159)

Averaging gives the required estimate:

χA(AB)Trρ2AB − 1 = O(χ−g) (6.160)

by explicit computation of the replica statistical mechanics model, and application of the gap condition in

Definition 6.9.

(1) Since ρ will have a minimum non-zero eigenvalue λmin we can cut off fa = f ◦wa where wa ∈ C∞ is a

smooth cutoff function:

wa(x) = w(x/a), (6.161)
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with w(x) = 0 for x < −2 and w(x) = 1 for x > −1 and generally 0 ≤ w ≤ 1 and also w′ ∈ S. Choosing

a > − lnλmin − ln Λ ≥ 0 we can replace f with fa. The result fa is a smooth function of compact support so

this has a Fourier transform. Thus:

fa(ln ρ+ ln Λ) =

∫
dsF(fa)(s)Λisρis (6.162)

If ρ and ρ′ commute then we can simultaneously diagonalize these and

∣∣⟨η1| (ρis − (ρ′)is) |η2⟩
∣∣ =

∣∣∣∣∣∑
i

(exp(−isEi) − exp(−isE′
i)) ⟨η1 |i⟩ ⟨i |η2⟩

∣∣∣∣∣ (6.163)

≤
∑
i

|1 − exp(−is(E′
i − Ei))| ≤ |s|∥ρ− ρ′∥1, (6.164)

where Ei ≡ − lnλi, and the inequality follows from the bound | sin(x)| < |x|. Thus:

|⟨η1| f(ln ρ+ ln Λ) |η2⟩ − ⟨η1| f(ln ρ′ + ln Λ) |η2⟩| ≤ ∥sF(fa)(s)∥L1
∥ρ− ρ′∥1 (6.165)

In Appendix E.4 we prove that we can remove the cutoff function wa:

lim
a→∞

∥sF(fa)(s)∥L1 = ∥F(f ′)(s)∥L1 (6.166)

for functions f and w that were specified in the statement and above. If we set ρ′ = πρ/Λ and use the

properties of the function in the statement we find f(ln ρ′ + ln Λ) = 0 away from the subspace of support of ρ.

To proceed, we define a specific form of convergence in probabilities as follows. We say that:

αχ
Pr→ c (6.167)

if for all ϵ:

lim
χ→∞

Pr(|αχ − c| ≥ ϵ) = 0, (6.168)

where αχ is a sequence of real valued random variables (on different probability spaces equipped with the

Haar measure with dimension determined by χ) and c is simply a constant. We now state our main result of

this section:

Lemma 6.25. For integer n:

S
(n)
R (A : B) − lnχ

(
1

n− 1
At(A : B : C) − n

n− 1
A(AB : C)

)
Pr→ 0 (6.169)

as χ→ ∞.

The proof we give for Lemma 6.25 is rather lengthy and technical so we present it in Appendix E.3. We

now use the above result to prove Theorem 6.1.

Proof of Theorem 6.1. The only thing remaining is to move from convergence in probability to convergence
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in mean after dividing by lnχ. Certainly:

S
(n)
R (A : B)

lnχ
−
(

1

n− 1
At(A : B : C) − n

n− 1
A(AB : C)

)
Pr→ 0 (6.170)

as χ→ ∞, follows from Lemma 6.25. We now show that
S

(n)
R (A:B)

lnχ is a uniformly bounded random variable.

We use monotonicity, established in Ref. [56] for integer n ≥ 2:

S
(n)
R (A : B) = Sn(AA⋆)

ρ
1/2
AB

≤ Sn(AA⋆)
ρ
1/2
ABC

= S
(n)
R (A : BC) = 2Sn(A) (6.171)

Using the Swingle bound gives:

S
(n)
R (A : B)

lnχ
≤ 2A(AB : C) (6.172)

Both of these bounds apply to all instances of the ensemble. Convergence in probability for a bounded

random variable, implies convergence in mean and so we are done.

6.6 Hyperbolic RTNs

So far in this chapter our focus has been on establishing general theorems for reflected entropy on arbitrary

RTNs. In this section we make connection to holography by restricting our focus on RTNs defined on

hyperbolic graphs motivated from AdS/CFT. We will revisit our initial the tensor network calculation for

reflected entropy in Sec. (2.5) and see how the naive saddles gets modified to give a consistent picture. We

focus on a regime away from the phase transition and does not investigate the phase transition itself.

To begin our discussion, recall that in Sec. (2.5) we identified two possible bulk solutions (Fig. (2.6)). We

now understand that such picture is not correct and one must allow the possible appearance of new bulk

regions associated to element X determined by the minimal triway cut. In continuum spaces, the minimal

multiway cut problem naturally translates to the problem of finding a bulk partition whose surface area

is minimized. For the equal tension case (n = 2 in our setup), this problem is a long studied problem in

geometric measure theory with the conjectured solution termed the “double bubble”:

Conjecture 6.26 (Double bubble). The least area connected partition of a manifold M into any number of

regions consists of the union of minimal surfaces whose intersections in M are trivalent and equiangular.

This conjecture has been proven for R3 [177] and the hyperbolic disk H2 [178] and is conjectured to hold

true for all dimensions [179]. The case of weighted area was proven by Ref. [180]. With this in mind, we

categorize different possible phases by the inclusion of an X-region. We consider four such possible saddles.

We do not prove that these are the only saddles possible. However minimal multiway cut problem seems to

We will simply assume this to be the case for now. The resulting physics we get from this assumption passes

many tests, and so we strongly suspect these phases dominate in at least some finite window of parameter

space.

Working with a connected entanglement wedge, with conformal cross ratio x < 1/2, we now show possible

minimal solutions to the hyperbolic network model and list their normalized free energies. More specifically

the (m,n)-Rényi Reflected entropies are lnχ× f for some minimal f . The candidate f ’s arising from the

phases in Fig. (6.9) are:
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(a) phase I

gA gB

(b) phase II

gA gB

X

(c) phase III

gA gB

(d) phase IV

gA gBX

Figure 6.9: Different phases that can dominate in the reflected entropy bulk configuration.

• phase I

fI = 4(n− 1) ln
1 +

√
1 − x√
x

+ 4n(m− 1) (H(p+, p−) − ln 2) , (6.173)

where p± = 1/2
(

1 ± (n−1)
n(m−1)

)
and H(p+, p−) = −p+ ln p+ − p− ln p− is the Shannon entropy.

• phase II

fII = 4(n− 1) ln
1 +

√
1 − x√
x

+ 4n

(
H

(
1 − 1

2n
,

1

2n

)
− ln 2

)
(6.174)

• phase III 16

fIII = 2n(m− 1) ln
1 − x

x
(6.175)

• phase IV

fIV = 2n ln
1 − x

x
(6.176)

Note that x is the conformal cross-ratio for end points of the intervals on the boundary, such that

0 ≤ x ≤ 1 and x→ 0 gives the phase with a connected entanglement wedge. We have assumed that we can

approximate the network geodesics by a continuum geometry where there is a conformal symmetry, this is a

crude approximation that is sufficient for our purposes.

16For x > 1/2 we are always in the disconnected phase corresponding to phase III. The free energy for x > 1/2 differs by an
amount 2n(m− 1) ln((1− x)/x) compared to that shown here, due to the phase transition in the normalization of the reflected
Rényi entropies.
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We now analytically continue in (n,m). Our first approach is naive and will fail for 1 < m < 2. We

simply analytically continuing the expressions in Eq. (6.173-6.176), and then compare all four free energies at

each point in parameter space. For example, we plot the resulting phase diagram in the (m,n) plane for

several different values of x in Figure 6.10. As we can see there is always a transition line at m = 2, and

(a) x = 0.04

I

II

III

(b) x = 0.11

I

II

III

IV

(c) x = 0.33

I

II

III

IV

(d) x = 0.56

III

IV

Figure 6.10: The phase diagrams for the four phases introduced above. The horizontal axis is n and the
vertical is m. Note the flip in the two phases in the last diagram.

above the transition line the phases are independent of m. The reason for this transition is that the tension

of the X ↔ id domain wall d(X, id) = n(m − 2) becomes negative. Indeed this was exactly the same as

with the single tensor case. So rather than follow the above naive approach we apply our prescription from

the single tensor case (which has already passed many checks) and this implies that the phase diagram in

Fig. (6.10) is incorrect for m < 2. Instead we should analytically continue the phase transitions above m ≥ 2

all the way to m = 1, without re-minimizing over the different phases. The resulting phase diagram is then

independent of m for all m ≥ 1.

We now compute the full entanglement spectrum for this model away from the phase transition point.
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Figure 6.11: The bulk setup used to calculate Eq. (6.178). We work within Poincaré hyperbolic coordinate
with moving downward as going deeper into the bulk. The position of various end points are shown in terms
of a and z.

Analytically continuing from m > 2 gives for all m:

SR = − 1

n− 1

0, x > 1/2

min{fII, fIV}, x < 1/2
(6.177)

While the expression in Eq. (6.174) seems rather complicated there is an interesting way to write fII at large

χ:

SR,II = − 1

n− 1
ln
∑
a<z<1

exp

{
− lnχ

(
−4(n− 1) ln z + 4n ln

1

2

(a
z

+
z

a

))}
(6.178)

where a =
√
x/(1 +

√
1 − x) determines the un-pinched EW cross-section: −2 ln a, and −2 ln z is the area of

pinched cross-section, see Fig. (6.11).

We are being schematic about the sum. One is tempted to make this an integral, but recall that the

network in question is really discrete and so there will indeed be a discrete set of cuts for the cross section.

This form agrees with the previous one since we have to evaluate the sum in a saddle point approximation at

large χ. In particular Fig. (6.11) represents how we computed Eq. (6.174) in the first place.

Following the discussion in Sec. (3.8) for the 1TN model and Sec. (5.4.3) for the 2TN model, we now

interpret Eq. (6.177) as arising from an effective description of the canonical purification as a superposition

of wavefunctions. Thes wavefunctions then live in approximate superselection sectors when reduced to AA⋆.

It is clear the different sectors are associated to tensor networks with different/pinched cross-sectional areas.

We think of this pinching as being determined by an area operator that is now allowed to fluctuate. The area

is A(z) ≡ −2 ln z.

Given this discussion we can read off from Eq. (6.177) the probabilities of each sector arising:

P (A) = (cosh((A−A0)/2))
−4 lnχ

0 ≤ A ≤ A0, (6.179)

where A0 = A(a) = −2 ln a, the unpinched cross section. These probabilities are exponentially small except

when A = −2 ln a where the probability goes to 1. In general, there will be some perturbative corrections that

help maintain the normalization condition. Thus we write our effective model for the canonical purification
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state using a new set of doubled and glued random tensor networks labelled by A:

∣∣ρ1/2AB

〉
∼
∑
A

P (A)1/2 |Ψ(A)⟩ , (6.180)

where |Ψ(A)⟩ is defined as a random tensor network state as follows. Consider the pinched entanglement

wedge consisting of the vertices with group elements gA, gB in Fig. (6.11). We construct a new tensor network

by doubling and gluing along the X ↔ gA, gB domain wall. This domain wall is slightly pinched relative to

the original entanglement wedge. As before we can pick the random tensors on the AB entanglement wedge

to match those of the original tensor network, while we pick the tensors on the (AB)⋆ to be independent and

random.

Note that 2A(z) will represent a true minimal cut, homologous to AA⋆, through this new doubled

network. In particular there is an associated AA⋆ entanglement wedge consisting of the region outside of this

minimal cut/cross-section. Since the entanglement wedges for these random tensor networks associated to

the boundary region AA⋆ are very different for different A(z) we expect the density matrices reduced to AA⋆

to be approximately orthogonal. This is also true for BB⋆.

It then follows that TrAA⋆ |Ψ(A)⟩ ⟨Ψ(A′)| ∝ δA,A′ and TrBB⋆ |Ψ(A)⟩ ⟨Ψ(A′)| ∝ δA,A′ up to small non-

perturbative corrections, and our results now parallel the results discussed in Sec. (3.8) and Sec. (5.4.3). In

particular an area operator on the physical Hilbert space emerges, by using the approximately orthogonal

supports of ρAA⋆(A(z)) and ρBB⋆(A(z)). This area operator then determines the Rényi reflected entropy:

e−(n−1)SR,II =
∑
A

P (A)ne−(n−1)A, (6.181)

which agrees with Eq. (6.178). Evaluating the sum in the saddle point leads back to Eq. (6.174). The

dominant area A shifts as a function of n and in particular the n → 1 limit gives back the entanglement

wedge cross section since P (A) → 1 in this limit.

For large enough n the dominant phase actually becomes the disconnected phase IV which is the same n

dependent phase transition that occured for the single random tensor model. The final effective description

of the canonical purification, that capures all these effects, is shown pictorially here:

(6.182)

6.7 Disscussion

In conclusion, we have demonstrated quite rigorously that the (m,n)-Rényi reflected entropies in random

tensor networks are computed by dominant saddles involving triway cuts as shown in Fig. (6.1) for arbitrary

m and integer n. Moreover, there is a natural analytic continuation of the triway cut problem for non-integer

n which leads to the holographic proposal relating to the entanglement wedge cross section. It is then natural

to guess that similar saddles, which are different from the naive saddles written down in Ref. [56], will also
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play an important role in holography resolving the issues with analytic continuation found in Ref. [117]. We

now comment on various aspects of our work.

Bit Threads

As discussed earlier, bit threads provide a vivid picture of the entanglement structure of holographic states.

Based on the structure of bit thread configurations, Ref. [59] conjectured that the three party entanglement

structure of holographic systems is dominated by bipartite entanglement. However, a version of this conjecture

is in conflict with the SR = 2EW proposal [58], for which we have found further evidence. While this is

conclusive, we would nevertheless like to discuss a way to see how one can get as close to bit threads as

possible.

As reviewed in Sec. (6.3.1), the RT formula can be recast as a max flow problem by convex duality.

Moreover, the natural form of the min-cut problem from the RTN perspective is an integer program where

the optimization is over domain walls with integer energy costs, representing the different permutations that

contribute to the free energy minimization problem. For the entanglement entropy, the problem can be

relaxed to a linear program over the real numbers since there isn’t an integrality gap for this problem. Once

relaxed, convex duality naturally leads to a max-flow problem, i.e., bit threads.

In the context of reflected entropy however, we showed that the triway cut problem is equivalent to

an integer program with a non-trivial integrality gap. While the Renyi reflected entropies are computed

by triway cuts, which are related to the entanglement wedge cross section, the non-integer program allows

relaxation to surfaces that are related to the original RT surfaces as shown in Fig. (6.2) (e.g. for n = 2). For

RTNs, this is identical to the mutual information, as found from assuming the mostly bipartite conjecture.

Thus, we can think of the relaxation of the integer program as the “incorrect” step that led to bit threads, as

well as the mostly bipartite conjecture.

It has been conjectured that one can amend the mostly bipartite story from bit threads by considering a

generalized “hyperthread” optimization program [181] (see also [182]). Hyperthreads are threads connecting

between multiple (k ≥ 3) boundary regions and it is conjectured that the optimal value of a k-thread program

may be a measure of k-partite entanglement. In the case of 3-threads, the optimal configuration saturates a

minimal triway cut. In this sense our results serve as a firsthand bridge that connects the 3-thread problem

to a concrete quantum information measure. We think it should be possible to derive the hyperthread

optimization as a dual problem of the various integer programs appearing in this chapter – indeed the triway

cut does not admit a bit thread dual but it may still be able to be “dual” to a more exotic program such as

the hyperthreads. On the other hand, reflected entropy can be naturally generalized to accommodate k-party

systems [105]. It would be interesting to see if the formalism we developed in this chapter extends to such

case and if there is possible connection to the k-thread programs. We leave these investigations to future

works.

More General Tensor Networks

There are various aspects of RTNs that make them good models of holography such as their relation to

fixed-area states [96–98]. However, there are other aspects that are missing such as the lack of mutual

backreaction between domain walls, as well as the commutativity of area operators [133]. Thus, it is interesting

to analyze the extent to which variants of random tensor networks can model holography.

For instance, the RT formula can be reproduced by choosing tensors that are 2-designs where the average
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Figure 6.12: The purification for two intervals in the vacuum state at m = 2 is a BTZ geometry where fixing
the area of the entanglement wedge cross section induces a conical defect (dotted line) at the BTZ horizon.

is the same as the Haar average up to the second moment [40]. Random stabilizer tensor networks are an

example which form at most a projective 3-design [183–186]. However, they satisfy the bipartite dominance

conjecture [60] and thus, do not accurately model the reflected entropy for holographic states. Our results

certainly makes use of larger moments, so the discrepancy is no surprise. In fact our results suggest that

the integrality gap would become visible to a projective 4-design, at least when computing the (2, 2) Renyi

reflected entropy (involving canonical purifications of the density matrix ρ2AB/Trρ2AB). The implications for

the Renyi reflected entropy and the Markov gap are less clear, and we leave it as an important open question

to understand at what level of k-design the Markov gaps becomes large, of order lnχ.

Another possible generalization of the RTN that can be considered is to use non-maximally entangled

edge states [110]. In this case, the calculation for the (m,n)-Renyi reflected entropy is similar except the

energy costs on the domain wall become functions of the entanglement spectrum of the edge states. In this

case, it is harder to prove anything about the analytic continuation, but we expect similar saddles to play an

important role.

Another generalization we can consider is that of hypergraph RTNs. Hypergraphs are a natural gener-

alization of graphs where edges connecting 2 vertices are generalized to hyperedges potentially connecting

more than 2 vertices. States satisfying the RT formula on hypergraphs were discussed in Refs. [187]. Such

states have a natural construction in terms of the RTN where hyperedges are formed by projecting onto

GHZ states coupling multiple vertex tensors [188]. One could then ask what the reflected entropy for such

states is. While we do not have a proof analogous to the one for usual RTNs, assuming that triway cut

like configurations dominate, we can compute the Renyi reflected entropy. The important ingredient is the

generalization of the free energy optimization problem. The free energy cost of an edge in the RTN for vertex

permutations g1 and g2 is weighted by #(g2g
−1
1 ). It is easy to work out the generalization for hyperedges.

For instance, for a 3-edge with vertex permutations g1, g2 and g3, the free energy cost is #(g2g
−1
1 ∨ g3g−1

1 ),

which measures the number of orbits of the relevant elements.

Effective Description

In Sec. (6.6), we discussed an effective description of the canonical purification as a superposition over states

with different values of area for the squeezed cross sections (e.g. Eq. (6.182)). It is natural to expect a

generalization of this result to general RTNs where the squeezed cross sections are solutions to the triway cut

problem at different values of n.

While this effective description was proposed in the context of RTNs, where there is no backreaction

and the superposition is simply over different sets of vertices in the graph, it is natural to ask if it can be
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understood in holographic systems as well. For the special case of two intervals in the vacuum state at m = 2,

it was found in Refs. [189, 190] that the Renyi reflected entropies for arbitrary n can be computed by the torus

partition function. This makes analytic continuation easy, and is related to the fact that for m = 2, there is

no independent X element which we expect should play a role in holography more generally. The calculation

of Renyi reflected entropy can then similarly be decomposed into fixed-area sectors of the entanglement wedge

cross section, which correspond to different horizon areas in the BTZ saddle. It is then easy to see that the

effective description with different squeezed cross sections is represented by these fixed-area states which

induce varying conical defects at the horizon, which translate into the angle subtended at the triway cut at

different values of n (see Fig. (6.12)).

153



Chapter 7

Holographic Entanglement of

Purification in RTNs

In this chapter we apply the results we obtained in Chapter 6 to prove that the entanglement of purification

Ep is equal to EWCS: Ep(A : B) = EW(A : B) in holographic RTNs, a conjecture motivated from AdS/CFT

[33, 171]. More specifically, we will prove a new inequality: EP (A : B) ≥ 1
2S

(2)
R (A : B). Using this, we

compute EP (A : B) for a large class of RTNs at large bond dimension and show that it is equal to the EWCS.

This chapter is organized as follows: In Sec. (7.1) we review the necessary ingredients for proving the

conjecture, including the entanglement of purification and a formulation of reflected entropy using Tomita-

Takesaki theory. Armed with these results, we establish the necessary inequality that leads to the main

theorem. In Sec. (7.2) we combine the results obtained in Sec. (7.1) and Chapter 6 to prove the Ep = EW

conjecture in a wide class of RTNs. We also showcase the validity of our results in terms of the phase diagrams

of the 1TN and 2TN model obtained in Chapter 3 and 5. We summarize our findings and discuss possible

future directions in Sec. (7.3).

The results presented in this chapter are based on Ref. [69].

7.1 Preliminary

7.1.1 Entanglement of purification

Given a bipartite density matrix ρAB , the entanglement of purification EP (A : B) is defined as [191]

EP (A : B) = min
|ψ⟩ABA′B′

S(AA′), (7.1)

where S(R) = −Tr (ρR log ρR) is the entanglement entropy. The minimization runs over all possible

purifications of ρAB , i.e., |ψ⟩ABA′B′ such that trA′B′ (|ψ⟩ ⟨ψ|) = ρAB , and the |ψ⟩ that achieves the minimum

is called the optimal purification. EP (A : B) is a useful measure of correlations in a bipartite mixed state

and is proven to be monotonic under local operations [191]. However, it is generally intractable to compute

because of the optimization over all possible purifications 1.

1Exceptions to this include pure states like Bell pairs and classically correlated states like GHZ states, see Ref. [171] for
details.
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In the context of AdS/CFT 2, it has been conjectured that for A,B subregions of the CFT, there is a

simple geometric, AdS dual to EP (A : B). The entanglement wedge of subregion AB of the CFT is the bulk

region between AB and the minimal surface γAB (also called the Ryu-Takayanagi (RT) surface [26]). This

is, in appropriate settings, the bulk region reconstructable from the corresponding boundary subregion [36].

Based on this, Refs. [33, 171] conjectured that EP (A : B) is given by

EP (A : B) = EW(A : B) (7.2)

We compute EP by using a known upper bound and deriving a new lower bound (Theorem 7.2), which

we are able to argue matches the upper bound in certain RTNs. This argument relies on the results obtained

previously in this thesis for the reflected entropy:

SR(A : B) = 2 EW(A : B), (7.3)

which has been proven rigorously for a large class of RTNs in Chapter 3,5 and 6. Moreover, as argued in [33],

RTNs in general satisfy

EP (A : B) ≤ EW(A : B). (7.4)

This places the upper bound EP ≤ SR/2.

7.1.2 Reflected entropy from modular operator

The lower bound in Theorem 7.2 will require the following lemma that rewrites the Rényi reflected entropy

using the formalism of modular operators appearing in Tomita-Takesaki theory 3. Consider a finite dimensional

system with Hilbert space HAB ⊗HC , where subsystem C is completely general. Given a state |ψ⟩ 4 and

subsystem AB, the modular operator is defined as

∆AB,ψ = ρAB ⊗ ρ−1
C , (7.5)

where the inverse is defined to act only on the non-zero subspace of ρC and ∆AB,ψ is defined to annihilate

the orthogonal subspace.

Lemma 7.1. For integer n ≥ 2,

S
(n)
R (A : B) =

1

1 − n
log ⟨ψ⊗n|ΣA∆

1/2
AB⊗n,ψ⊗nΣ†

A |ψ⊗n⟩ , (7.6)

where ΣA(A∗) are twist operators that cyclically permute the n copies of |√ρAB⟩ on subregion A(A∗), |ψ⟩ is
an arbitrary purification of ρAB, and ∆AB⊗n,ψ⊗n = ∆⊗n

AB,ψ.

Proof. The Rényi reflected entropy can be written as

S
(n)
R (A : B) =

1

1 − n
log Tr(ρnAA∗) (7.7)

Tr(ρnAA∗) = ⟨√ρAB⊗n|ΣAΣA∗ |√ρAB⊗n⟩ . (7.8)

2See Ref. [78] for a review of the quantum information perspective on AdS/CFT.
3See Ref. [51] for a review.
4|ψ⟩ does not need to be cyclic and separating.
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As described in Sec. (2.3), operators act on End(HAB) by left and right actions, i.e.,

OAB |MAB⟩ = |OABMAB⟩ (7.9)

OA∗B∗ |MAB⟩ = |MAB O
†
AB⟩ , (7.10)

and the inner product is defined by

⟨M |N⟩ = Tr(M†N). (7.11)

Using this, one finds that Eq. (7.8) is given by

tr(ρnAA∗) = Tr(AB)⊗n(
√
ρAB

⊗n
ΣA

√
ρAB

⊗n
Σ†
A). (7.12)

To express Eq. (7.12) in terms of modular operators, we consider an arbitrary purification of ρAB denoted

|ψ⟩, giving

Tr(ρnAA∗) = Tr(AB)⊗n(
√
ρAB

⊗n
ΣA

√
ρAB

⊗n
Σ†
A)

= ⟨ψ⊗n|ΣA∆
1/2
AB⊗n,ψ⊗nΣ†

A∆
−1/2
AB⊗n,ψ⊗n |ψ⊗n⟩

= ⟨ψ⊗n|ΣA∆
1/2
AB⊗n,ψ⊗nΣ†

A |ψ⊗n⟩ ,

where we have used the fact that the ρC dependence cancels out in the second line. For the last line, we have

used ∆
−1/2
AB,ψ |ψ⟩ = |ψ⟩ which is easy to see by working in the Schmidt basis.

7.1.3 A lower bound

Theorem 7.2. For integer n ≥ 2,

EP (A : B) ≥ S
(n)
R (A : B)/2. (7.13)

Remark. In Ref. [56], it was proven that for integer n ≥ 2, the Renyi reflected entropy is monotonic under

partial trace, i.e., S
(n)
R (A : BC) ≥ S

(n)
R (A : B). This immediately implies Theorem 7.2 by the following

argument. Let |ψ⟩ABA′B′ be the optimal purification. Then

2S(AA′) ≥ 2Sn(AA′) = S
(n)
R (AA′ : BB′) ≥ S

(n)
R (A : B), (7.14)

where we have used the fact that S
(n)
R (C : D) = 2Sn(C) for a pure state on CD. That said, we choose to

present the proof below because it is self-contained and far simpler than the proof of monotonicity in Ref. [56].

Proof of Theorem 7.2. We first define the Rényi generalization of EP (A : B) as

E
(n)
P (A : B) = min

|ψ⟩ABA′B′
Sn(AA′). (7.15)

Applying the monotonicity of Rényi entropy, i.e., ∂nSn ≤ 0, for n > 1 we have

EP (A : B) ≥ E
(n)
P (A : B). (7.16)

Now consider an arbitrary purification |ψ⟩ABA′B′ . For integer n ≥ 2, the Rényi entropy for subregion
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AA′ can be computed using twist operators in a fashion similar to Eqs. (7.7,7.8), i.e.,

Sn(AA′) =
1

1 − n
log Tr(ρnAA′) (7.17)

tr(ρnAA′) = ⟨ψ⊗n|ΣAΣA′ |ψ⊗n⟩ . (7.18)

Define the operators ΠAB,ψ (ΠA′B′,ψ) to be projectors onto the non-zero subspaces of the reduced density

matrices on AB (A′B′). Then, using ΠAB,ψ |ψ⟩ = ΠA′B′,ψ |ψ⟩ = |ψ⟩, we can insert ΠAB,ψ (ΠA′B′,ψ) from the

right (left) in Eq. (7.18) for each of the n copies of |ψ⟩. Note that ΠABΠA′B′ = ∆
1/4
AB,ψ∆

−1/4
AB,ψ as the inverse

density matrices in the modular operators annihilate the orthogonal subspaces. We can use this fact to insert

a pair of modular operators into Eq. (7.18) to get

tr (ρnAA′) = ⟨ψ⊗n|ΣA(∆
1/4
AB,ψ∆

−1/4
AB,ψ)⊗nΣA′ |ψ⊗n⟩

≤
(
⟨ψ⊗n|ΣA∆

1/2
AB⊗n,ψ⊗nΣ†

A |ψ⊗n⟩ ⟨ψ⊗n|ΣA′∆
−1/2
AB⊗n,ψ⊗nΣ†

A′ |ψ⊗n⟩
) 1

2

,
(7.19)

where we have applied the Cauchy-Schwarz inequality between the modular operators.

Using ∆−1
AB,ψ = ∆A′B′,ψ and Eq. (7.13), the two terms in the last line of Eq. (7.19) can be related to

Renyi reflected entropies on A : B and A′ : B′ respectively. Thus, we have

2
1

1 − n
log tr (ρnAA′) ≥ S

(n)
R (A : B) + S

(n)
R (A′ : B′). (7.20)

Finally using the fact that S
(n)
R (A′ : B′) ≥ 0, applying Eq. (7.20) to the optimal purification arising in the

calculation of E
(n)
P (A : B) and using Eq. (7.16), we have our desired inequality.

We will use the inequality at n = 2 since it is the strongest. It is important to note that this inequality

was derived using twist operators which only exist at integer n. In the context of computing entanglement

entropy, one usually analytically continues the answer obtained at integer n to non-integer values using

Carlson’s theorem. However, it is not necessarily possible to analytically continue an inequality. For example,

the monotonicity of Renyi reflected entropy under partial trace, i.e., S
(n)
R (A : BC) ≥ S

(n)
R (A : B) was proved

to be true at integer n [56], whereas counterexamples were found for non-integer n in Ref. [106].

7.2 Entanglement of purification on RTNs

We can now use these bounds to compute EP in RTN states. We will consider RTNs in the simplifying limit

where all bond dimensions χxy are large such that logχxy ∝ logD and D → ∞ 5.

It was proved in Chapter 6 that the optimal configuration involves four permutation elements {e, gA, gB , X}
and takes the general form shown in Fig. (7.1). In detail, we have

lim
D→∞

S
(n)
R (A : B)

logD
= 2An(A : B : C) − n

n− 1
A(AB : C), (7.21)

where An(A : B : C) is the triway cut with tensions tA:B = 1 and tA:C = tB:C = n
2(n−1) (see Fig. (7.1)).

A(AB : C) is the minimal cut separating AB from C.

5logD ∼ 1
4GN

in AdS/CFT in units where lAdS = 1.
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Figure 7.1: The triway cut (yellow) minimizes the energy cost of the domain walls with tensions tA:B = 1
and tA:C = tB:C = n

2(n−1) . For n > 1, it lies within the entanglement wedge of AB defined by the RT

surface denoted A(AB : C). The optimal configuration corresponds to domains of permutation elements
{e, gA, gB , X} as shown.

While the triway cut problem provides a natural analytic continuation in n and our results in Chapter 3-5

have provided evidence that this in fact is the correct prescription, it is not necessary to assume this for the

purpose of this chapter. For now we note that at n = 2, all the tensions are equal and normalized to 1. On

the other hand, in the limit n→ 1, the RHS of Eq. (7.21) approaches 2EW (A : B).

Now, the key point is that there exist networks where the triway cut configuration is identical for n→ 1

and n = 2. This corresponds to networks where the X region in Fig. (7.1) vanishes at n = 2. We will

demonstrate such examples in Sec. (7.2.1). For now, assuming such a network and using Eq. (7.13), we have

EP (A : B) ≥ 1

2
S
(2)
R (A : B) = EW (A : B). (7.22)

To prove the opposite inequality, we repeat the arguments made in Refs. [33, 171]. There is an approximate

isometry relating the RTN state |ψ⟩ABC to the state |ψ⟩ABC′ defined on the same graph truncated to the

entanglement wedge of AB, with C ′ = γAB. The RT formula can still be applied and optimizing over

the choice of decomposition C = A′ ∪ B′, we have S(AA′) = EW (A : B). Since we have found one such

purification, we have

EP (A : B) ≤ EW (A : B) (7.23)

Note that each of the above inequalities is in the D → ∞ limit. Combining these two inequalities, we have

EP (A : B) = EW (A : B) up to terms vanishing in the D → ∞ limit. It is then also clear that the geometric

purification in Refs. [33, 171] is the optimal purification to leading order in D.

7.2.1 Examples

We now provide simple examples of RTNs to demonstrate regions of parameter space where we have proved

EP (A : B) = EW (A : B). While in the continuum limit one generically expects a non-trivial X region as

shown in Fig. (7.1), for any discrete network we expect a codimension-0 region of parameter space where the

X region vanishes.

• 1TN

The first example we consider is that of a Haar random tripartite state, represented by a graph with a

single vertex and three legs with bond dimensions dA/B/C respectively. In this case, the reflected entropy

was computed in detail in Chapter 3. We present the phase diagram in the left panel of Fig. (7.2). The
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Figure 7.2: The phase diagram of the 1TN model (left) and the 2TN model (right), labeled by the dominant
permutation element in each domain. We have proved EP (A : B) = EW (A : B) everywhere except the region
marked with squares.

phase boundaries at n = 2 are represented as a function of xA = log dA
log dC

and xB = log dB
log dC

. Apart from

the shaded region marking the X domain, we have proved EP (A : B) = EW (A : B) everywhere else. It

is also straightforward to read off the optimal purification since we already argued it is given by the

geometric purification suggested in Ref. [33, 171].

One may consider a simple deformation of the above model, by changing the maximally entangled legs

of the RTN to non-maximally entangled legs. Such states have also been useful to model holographic

states [110]. In fact, the simplest situation where we add non-maximal entanglement to the C leg results

in a state identical to the PSSY model of black hole evaporation [15]. We can thus use the results of

Chapter 4 which computed the reflected entropy in this model. The phase diagram turns out to be

similar to the 1TN phase diagram except the shaded region turns out to be larger. Thus, non-maximal

links do not help in improving the applicability of our result. We provide some more details on this in

Appendix F.1.

• 2TN

The next simplest network to consider is one where we have two vertices connected by an internal bond.

For simplicity, the external C bonds are chosen to have identical bond dimension. In general, we have

the phase diagram shown in the right panel of Fig. (7.2). Again, we see a large codimension-0 region of

parameter space where our proof applies. In fact, motivated by holography, Chapter 5 considered a

limit where xW = log dW
log dC

→ 0. In this limit, the shaded domains containing the element X vanish at

arbitrary n. Thus, our proof always applies in this limit.

7.3 Discussion

In this chapter we have proven EP = EW for a large class of RTNs. Our result relied on the inequality

EP ≥ 1
2S

(2)
R proven as Theorem 7.2. Proving the stronger inequality EP ≥ 1

2SR would prove EP = EW

more generally, but this cannot be achieved with our proof technique. It would be interesting to check this

numerically using the techniques of Ref. [192].
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Figure 7.3: A correlation function computed by the geodesic of length L (solid blue) can be compared to the
mirror correlation functions analogous to Eq. (7.19) computed by mirror geodesics (red and green) meeting
the RT surface (dashed) orthogonally. Each of the mirror geodesics with length L1,2 involves two copies
(dashed and solid). It is then clear that L ≥ L1+L2

2 .

An inequality of the form of Eq. (7.19) can in fact be proved for heavy local operators in AdS/CFT by

using the geodesic approximation and the techniques of computing mirror correlation functions [193] (see

Fig. (7.3)). In AdS3/CFT2, twist operators are local and can be analytically continued to n ≈ 1. Applying

the inequality, we would then find S(AA′) ≥ 1
2SR(A : B) + 1

2SR(A′ : B′) in any geometric purification. It

would be interesting if this argument can be generalized to non-geometric states, so that we can minimize the

LHS and find the strengthened inequality.
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Chapter 8

Outlook

In this dissertation we carried out a thorough study of the entanglement properties of the canonical purification

for random tensor network states. We conclude this dissertation by summarizing some interesting future

research directions.

Analytic continuation of Rényi index n → 1 on generic RTNs

Our main result in Chapter 6 pertains to the integer (m,n)-Rényi reflected entropy. We have performed the

analytic continuation m → 1 rigorously, but not for the n → 1 required for the (von Neumann) reflected

entropy. The main difficulty is that the reflected spectrum is not flat in n inherently, and thus we have less

control over analytic continuation. This is in contrast to the simple tensor models in Chapter 3 and Chapter 5,

where we know all the n-Renyi entropies exactly. One may be able to bound the difference by application

of various bounds of Rényi entropy but so far we have not managed to do it. A successful implementation

of this result would have profound implications on the entanglement structure of holographic RTNs. In

particular it would push our result in Chapter 7 to cover the missing parameter spaces of RTN with large

bond dimensions.

Entanglement measures beyond reflected entropy

As we have shown in this thesis, the study of canonical purification and reflected has led to new and profound

insights in our understanding of the entanglement structure of holographic states and the emergence of

spacetime. A natural question is that what can more general information measures can tell us about quantum

gravity. Indeed the quantification of multipartite entanglement is known to be a very hard problem [49].

However, the methods we developed in this thesis provide a set of new lens which enable one to study these

measures under a new prospective. In particular, our proof of SR = 2 EW conjecture for generic RTNs makes

heavy uses of lattice theory and convex optimization theory. In particular, lattice theory of the symmetry

group provides a natural language for twist operators in calculating different entanglement measures. Such a

approach has already been adopted in Refs. [174, 176] to construct new multi-partite quantum information

measures.

On the other hand, the application of max flow-min cut theorem has led to the bit-thread picture for

entanglement entropy [65, 66]. Naively, it suggests that the bulk entanglement is mostly bipartite [59]. On

the contrary, our results in Chapter 6 shows that tripartite entanglement involves solving a minimal triway
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cut problem, which has no dual flow/bit-thread picture. It has been conjectured that one can amend the

mostly bipartite story from bit-threads by considering a generalized “hyperthread” optimization program

[181] (see also [182]), which involves k-threads connecting between multiple boundary (k ≥ 3) regions. Our

results in this thesis specifically applies to k = 3 hyperthreads. It has been proposed that reflected entropy

can be naturally generalized to accommodate k-party systems [105]. It would be interesting to see if the

formalism we developed extends to such case and if there is possible connection to k-thread programs.

Better tensor network models for AdS/CFT

Another interesting future direction involves improving existing TN models for AdS/CFT. It is long known

that random tensor networks possess flat entanglement spectra, which is not true for generic gravity states

due to area fluctuations [96, 97]. There has been proposals to address this issue by substituting the maximally

entangled state the at each bond dimension of the RTN by non-maximally entangled ones [110, 138]. However

it does not seem to pose a solution to another issue with TN models, namely that the non-commutativity

of minimal surfaces in quantum gravity. In RTN, the area operators obtained from two crossing minimal

surfaces commute. This cannot happen for overlapping cuts in AdS/CFT [133].

Our construction for the canonical purification in RTNs marks a novel way to introduce area fluctuations

via an effective superposition of different networks. In particular our construction seems to be able to naturally

introduce both the fluctuations in the entanglement spectra as well as non-commuting area operators. The

idea is that by repeated application of canonical purification, one should be able to build up increasing

sophisticated networks describing the bulk geometry. For details see the discussion in Sec. (3.10).

Tensor networks and von Neumann algebra

A promising direction worth pursuing along the line is establishing the connection between tensor networks

and operator algebras. In particular, the TL algebra we employed in solving the spectrum of 2TN (Chapter 5)

plays an important role in the study of type-II von Neumann algebras, which has been shown to be the type

of operator algebra in de Sitter space [94], (see also Refs. [93, 194]), double-scaled SYK model and JT gravity

[86, 95]. There seems to be a deep connection between the emergent bulk geometry of TNs and this type-II

subfactor generated by the TL algebra. In addition, the analysis of double-scaled SYK model makes heavy

uses of the so-called “chord diagrams” [85, 86, 167], which bears striking resemblance to the TL diagrams

used in our calculation in Sec. (5.4), suggesting that there may be deeper connections between RTN and

the SYK model. Understanding this connection will give us better intuition about holography and quantum

gravity.
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Appendix A

Symmetric Group and Set Partitions

In this appendix, we will summarize certain aspects of the symmetric group SN , the group of all permutations

on N elements. These are closely related to set partitions PN , the set of all partitions of N elements. We

start with a quick review of some well-known theorems of non-crossing permutations NCN . These theorems

can be given a topological meaning via the relation to set partitions, which allows us to generalize the theory

of non-crossing permutations to multiple disjoint boundaries. They will play an important role in the proof

of the form of the phase diagram for reflected entropy.

A.1 Cayley distance

The Cayley distance d(g, h) is a metric on SN defined by the minimal number of transpositions, i.e., swaps of

two elements, required to go from g to h. Any permutation can be decomposed into disjoint cycles, where a

cycle of n elements is represented by the notation (i1 i2 . . . iN ). We first note that conjugation of an element

g by an element h results in an element hgh−1 with the same structure of cycles as g but with a relabelling

of the entries in each cycle dictated by h as

(i1 i2 . . . in) 7→ (h(i1)h(i2) . . . h(iN )). (A.1)

Using this it is easy to show that the Cayley metric is both left and right invariant, i.e.,

d(g, h) = d(gx, hx) = d(xg, xh). (A.2)

The right invariance follows from the definition, while left invariance uses the fact that conjugation of a

product of transpositions by x is still a product of transpositions.

In particular, this means we can reduce all calculations of distance between two elements to the distance

of an element from the identity element e, i.e.,

d(g, h) = d(e, g−1h) = d(e, hg−1). (A.3)

A special example is a cycle of k elements for which the distance from e is simply k − 1, as can be seen by
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constructing an optimal decomposition

(i1 i2 . . . iN ) = (in i1) . . . (i3 i1)(i2 i1). (A.4)

Using the above fact and the decomposition of an arbitrary permutation g into k disjoint cycles of size nk,

we have

d(e, g) =
∑
k

(nk − 1) = N − #(g), (A.5)

where we use the notation #(g) = k to denote the cycle counting function.1 This makes it manifest that

d(e, g) = d(e, hgh−1), i.e., distance from the identity is invariant under conjugation.

A.2 Non-crossing permutations

The Cayley metric like any other metric satisfies a triangle inequality

d(g, h) + d(h, r) ≥ d(g, r), (A.6)

where equality implies h lies on a geodesic between g and r, and the elements lying on the geodesic are

collectively denoted Γ(g, r). In the case where one of the elements is the identity, the set Γ(g, e) can be easily

classified using the theory of non-crossing permutations as we review below.

Definition A.1 (Non-crossing permutations). Let g ∈ SN . Consider a disk with N cyclically ordered (say

clockwise) marked points on its boundary and connect the points with directed lines according to the cycle

decomposition of g. Then g is non-crossing if and only if every directed cycle are also clockwise oriented and

can be drawn in the interior of the disk without ever crossing each other. The set of non-crossing permutations

is denoted NCN .

Theorem A.1. (Biane [195]) An element g lies on the geodesic between e and maximal cyclic permutation

τ ≡ (12 · · ·N), i.e. , satisfies

d(e, g) + d(g, τ) = N − 1, (A.7)

or equivalently,

#(g) + #(τg−1) = N + 1, (A.8)

if and only if it is a non-crossing permutation.

We need the following lemma.

Lemma A.2. Suppose g is a permutation such that #(g) = k and σ is a transposition. Then #(gσ) = k + 1

if and only if the elements exchanged by σ are in the same cycle of g, else #(gσ) = k − 1.

Proof. Suppose the elements transposed by σ, labelled i1 and i2, are part of the same cycle in g, then gσ

1Note that elements that map to themselves are counted as cycles of size 1.
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Figure A.1: The transposition (i, j) breaks the cyclic permutation τ into two cycles divided across the chord
joining points i and j. In order to satisfy the geodesic condition, all further transpositions should act on
elements within the given cycles. Thus, we end up with a non-crossing permutation.

splits into two cycles of the form

(i1, g(i2), . . . , g−1(i1))(i2, g(i1), . . . , g−1(i2)). (A.9)

On the other hand if i1 and i2 were not part of the same cycle in g, then gσ couples them into a single cycle

of the form

(i1, g(i2), . . . , i2, g(i1), . . . ). (A.10)

Proof. (of Theorem A.1). Consider an element g such that d(g, e) = k or #(g) = N−k. Using Lemma A.2, we

see that τg−1 has at most k+1 cycles and this precisely happens when the transpositions generating g−1 break

the cycles of τ at each step. The action of a transposition (i , j) is to break τ into cycles (1, 2, . . . , i , j+1, . . . , N)

and (i+ 1, . . . , j). This can be represented on a disk as two cycles divided by the chord joining elements i

and j as seen in Fig. (A.1). This process can be repeated k times, while ensuring that transpositions always

act on elements within the same cycle. The figure makes it clear that the element τg−1 obtained this way is

a non-crossing permutation.

To prove the other direction, it is useful to introduce a topological representation as shown in Fig. (A.2),

where the green blocks represent the group action of g while the orange blocks represents the action of τg−1.

Theses blocks can never cross as implied from the non-crossing condition. Now reinterpreting the figure as a

graph we identify 2N vertices, 3N edges and the faces represent a cycle of either g or τg−1. Thus, using the

Euler formula we have

V − E + F = #(g) + #(τg−1) −N = 2 − 2G−B (A.11)

=⇒ #(g) + #(τg−1) = N + 1 − 2G, (A.12)

where G is the genus of the Riemann surface and we have used B = 1 for the number of boundaries. Since the

graph is planar, G = 0, and we find that the geodesic condition is satisfied for non-crossing permutations.
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Figure A.2: The group action of a non-crossing permutation g is represented by its orbits (green) acting on
the elements i ∈ 1, 2, . . . , N , where N = 8. The action of τg−1 is represented by its orbits (orange) acting on
the same elements denoted i′ for clarity.

We note a nice corollary of theorem A.1.

Corollary A.3. Suppose g is a permutation with a decomposition into disjoint cycles B1, B2, . . . , Bk. Then

an element h lies on the geodesic between e and g if and only if ∀j Bj is a union of disjoint cycles of h, and

h restricts to a non-crossing permutation on each Bj . In this case, non-crossing is defined with respect to the

orientation of cycles of g.

Proof. This follows from a simple application of Theorem A.1 for each Bj separately.

Remark. The topological representation (Fig. (A.2)) relates a permutation to a graph defined on 2N vertices.

The converse is also true and there is a bijection between such graphs and permutation elements g ∈ SN .

However the corresponding graph is only planar iff g ∈ NCN . In general one can think of embedding this

graph onto some Riemann surface and make this statement much more refined by relating the genus directly

to the failure to comply the geodesic condition, i.e. For g, h ∈ SN ,

d(e, g) + d(g, h) = d(e, h) + 2(C −B) + 2G (A.13)

where B is the number of boundaries in the graph which is set by #(h) , C is the number of connected

components of the graph and G is the genus of the surface. 2 For example when h = τ , we have B = C = 1

and we recover the geodesic condition Eq. (A.7). This allows us to study the group geodesic in a more general

setting and have a better handle on the resolvent calculation. We will give a proof for this proposition in

appendix A.4.

In the calculation of various entropic quantities we will encounter group summations over non-crossing

permutations, weighted by the individual cycle counts. The outcome of these summations can be expressed

in terms of q-Catalan numbers.

Definition A.2 (q-Catalan numbers). Given any positive integer n ∈ N and q ∈ C, the q-Catalan number

2The meaning of C and G is ambiguous at this point. In particular the genus of the embedding surface is not the same as the
common definition of the genus of the graph itself since our surface has nontrivial boundaries. We will clarify what we mean by
these numbers when we set out to prove this proposition.
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Cn(q) is defined by the following sum

Cn(q) =
∑

g∈NCn

q#(g) =

n∑
k=0

qkN(n, k), (A.14)

where N(n, k) =

(
n

p

)(
n

p− 1

)
are called the Narayama Numbers.

N(n, k) counts the number of distinct non-crossing permutations with exactly k cycles. Thus Cn(q) is

also the generating function for Narayama Numbers. The q-Catalan numbers can be expressed in terms of

the Hypergeometric functions

Cn(q) = q 2F1(1 − n,−n; 2; q) (A.15)

For positive integer n > 0 we have the following relationship:

Cn(1/q) = q−n−1Cn(q) (A.16)

This is not true for non-integer n. Because of the ambiguity in Hypergeometric function due to the branch

cut at q = 1 we give the following analytic continuation in n at fixed q:

Definition A.3 (analytic continuation of q-Catalan numbers). For n > 0 and q > 0,

Cn(q) ≡

q 2F1(1 − n,−n; 2; q), q ≤ 1

qn 2F1(1 − n,−n; 2; 1/q), q > 1
(A.17)

A.3 Set partitions

We now establish the relation between symmetric group SN and set partitions PN . We then show that it is

naturally equipped with a lattice structure which defines a way to compare elements in PN .

A partition p ∈ PN is a disjoint set of subsets, or blocks, whose disjoint union is ZN . Given a g ∈ SN

we can use the cycles to produce a partition P : SN → PN . This map is surjective but not injective. For

example, if g = (132)(45) ∈ S5 then P (g) = {{1, 2, 3}, {4, 5}}. We can similarly define the counting function

#(p) as the number of blocks in the partition. So #(g) = #(P (g)). We denote the finest partition by

e = {{1}, {2}, . . . , {N}} and the coarsest by {ZN}.

There is a natural partial order on such partitions given by a refinement of the partitions or sub-partitions.

That is p1 ≤ p2 if for every block c ∈ p2 there is a subset of blocks in p1 that forms a partition of c. It turns

out PN satisfies nicer properties that makes it a lattice. We review the definition and basic properties of

lattices below.

Definition A.4 (Lattice). A lattice is a partially ordered set L in which each two elements a, b ∈ L always

have a meet and join, where:

Definition A.5 (Meet and Join). Let P be a partially ordered set and a, b ∈ P . The join of a and b, denoted

a ∨ b, is the least upper bound of a and b, i.e. a ∨ b ≤ x for every x that simultaneously satisfies x > a and

x > b. Conversely, the meet of a and b, denoted a ∧ b, is the greatest lower bound of a and b, i.e. a ∧ b ≥ y

for all y such that y < a and y < b.
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The join satisfies certain properties:

a ∨ b = b ∨ a (commutativity) (A.18)

a ∨ (b ∨ c) = (a ∨ b) ∨ c (associativity) (A.19)

a ∨ a = a, (idempotent) (A.20)

and similarly for the meet. If a ≤ b then a ∨ b = b and a ∧ b = a. They commute with the order, e.g.

a ≤ b =⇒ a∨ c ≤ b∨ c. Note however in general they do not satisfy the distributive property that is familiar

from set intersections and unions, i.e. a ∨ (b ∧ c) ̸= (a ∨ b) ∧ (a ∨ c).
We now show that the set partition PN is indeed a lattice by explicitly constructing p1 ∨ p2 and p1 ∧ p2.

The latter p1 ∧ p2 is simply the set of pairwise non-empty intersections taken over all blocks in p1, p2. While

the former can be found recursively via: p1 ∨ p2 = p1 ∨ (d1) ∨ (d2) . . . where p2 = (d1)(d2) . . . is the block

decomposition. Then for a single block: q ∨ (d1) is simply (∪d1∩ci ̸=∅ci)q′ with (∪d1∩ci ̸=∅ci) ≡ the single block

formed by all q’s that intersect d1 and q′ =
∏
d1∩ci=∅(ci) are the remaining blocks that do not.

It turns out this lattice is also graded and (upper) semimodular.

Definition A.6 (Grading of a lattice). A lattice L is graded if there exists a map ρ : L→ N such that for

a, b ∈ L:

• It is compatible with the ordering of the lattice: we have ρ(a) > ρ(b) when a > b.

• It is compatible with the covering condition: ρ(a) = ρ(b) + 1 iff a covers b (denoted a :> b), i.e. a > b

and there is no other c ∈ L such that a > c > b.

The map ρ is called a grading of the lattice L.

For the lattice at hand the grading ρ(q) = N − #(q) satisfies these properties. We can check that ρ is

graded by the fact that when p1 > p2 and there is no other p3 such that p1 > p3 > p2, then p1 must to be

formed from p2 by merging two blocks implying that ρ(p1) = ρ(p2) + 1.

A graded lattice L is semimodular iff the grading ρ satisfies the following property: 3

ρ(a ∨ b) + ρ(a ∧ b) ≤ ρ(a) + ρ(b) ∀a, b ∈ L (A.21)

We give a proof that set partitions satisfy this inequality.

Lemma A.4 (Semimodularity of PN ). For all p1, p2 ∈ PN then:

#(p1 ∨ p2) + #(p1 ∧ p2) ≥ #(p1) + #(p2) (A.22)

with equality iff the graph, formed by #(p1) + #(p2) vertices, and connected via #(p1 ∧ p2) edges in the

natural way, is a disconnected union of tree graphs.

Proof. Without loss of generality we can consider the case where #(p1 ∨ p2) = 1 since the different blocks in

p1 ∨ p2 contribute independently to the inequality. So the general case can be written as a sum over this case.

Consider a bi-partitle graph formed by black vertices for each block in ci1 ∈ p1 and white vertices for each

block in ci2 ∈ p2. Connect the vertices by edges for each non-trivial intersection ci1 ∩ cj2 ≠ ∅. There must be

3For a general lattice L the semimodular condition is that ∀a, b ∈ L, a ∧ b <: a implies b <: a ∨ b. The equivalence of two
definitions can be found on standard textbooks on lattice theory, e.g. Birkoff [196].
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exactly E = #(p1 ∧ p2) edges by definition. The graph must also be connected by p1 ∨ p2 = ZN . A connected

graph has the simple bound:

E ≥ V − 1 (A.23)

which is easy to prove by induction on the number of vertices. But V = #(p1) + #(p2) and we are done.

Saturation of the inequality implies the graph is a tree (with no cycles), and this follows from the induction

proof mentioned above.

A.4 Annular non-crossing and topology

We now make precise the statement in (A.13) and provide a proof for it. In particular we will define what

we mean by the embedding surface and various topological quantities associated to it. The statement of

proposition gives rise to an inequality which is saturated when the genus G = 0. This marks the proposition

as a generalization to the geodesic conditions of non-crossing permutations and we will denote the set of the

elements that saturates the inequality as multi-annular non-crossing permutations. 4

Fix a special element g0 ∈ SN with cycle decomposition g0 =
∏
i c

0
i . From corollary A.3 we know that

geodesics to the identity g ∈ Γ(e, g0) are products of non-crossing permutations of length |c0i | for each cycle.

We will denote these simply as NCg0 ≡ NC|c10|,|c20|.... There is a geometric picture of these elements as curves

living on a disjoint union of #(g0) disconnected discs.

Beyond non-crossing permutations we now discuss multi-annular non-crossing permutations that allow for

connections between the different g0 cycles but continue to have zero genus. We will need a way to describe

how the different cycles in g0 are connected through the action of g.

Definition A.7 (Connectedness). Given two elements g, g0 ∈ SN . We define the connectedness of g over g0,

written as qg0(g), to be the set quotient (P (g) ∨ P (g0))/P (g0), which is itself a partition qg0(g) ∈ P#(g0).

Note that the quotient is well defined since P (g0) ≤ P (g) ∨ P (g0). We will often drop the subscript g0

when it is clear which base permutation we refer to. The connectedness qg0(g) measures how the different

orbits of g0 are joined by actions of g. Besides connectedness there is another quantity we can define that

measures the number of connected components.

Definition A.8. Given g, g0 ∈ SN . We denote #(g ∨ g0) to be the number of orbits of where ZN is split

under the joint action of g and g0. By the “joint action” we mean the action on ZN by the subgroup generated

by ⟨g, g0⟩.

Note that #(g∨g0) = #(P (g)∨P (g0)) = #(qg0(g)). This number equals #(g∨g0) = #(g0) for g ∈ Γ(g0, e).

More generally, we have to discuss the topology of permutation elements.

Definition A.9. Given elements g, g0 ∈ SN we define an admissible surface Σ for g (based over g0) as a

disjoint union of oriented two dimensional Riemann surfaces with a total of #(g0) connected boundaries, and

such that it is possible to decorate this surface as follows:

1. Each connected boundary has |(c0i )| marked points where i = 1, . . . ,#(g0) labels the boundary. Each

point is ordered and marked using an element from the cycle (c0i ). The orientation of the ordering is

fixed by the orientation of the surface.

4This terminology comes from [197] who first studied the case of two boundaries, where the embedding surface of the graph is
annular.
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2. The permutations in g are represented by oriented curves on Σ that pass between two different marked

points on the boundaries according to g. Each marked point has a curve entering and leaving, and we

locally pick these in the same direction as the cycles in c0 (see Figure below.)

3. The curves are all mutually non-crossing.

(c0
i )<latexit sha1_base64="8ttDLAwhB/7SbJwzoq1KES+l4ec=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QxrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSu8r6/NE975crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n83PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiESjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QMrtY7K</latexit><latexit sha1_base64="8ttDLAwhB/7SbJwzoq1KES+l4ec=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QxrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSu8r6/NE975crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n83PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiESjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QMrtY7K</latexit><latexit sha1_base64="8ttDLAwhB/7SbJwzoq1KES+l4ec=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QxrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSu8r6/NE975crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n83PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiESjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QMrtY7K</latexit><latexit sha1_base64="8ttDLAwhB/7SbJwzoq1KES+l4ec=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QxrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSu8r6/NE975crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n83PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiESjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QMrtY7K</latexit>
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<latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit>

2n
<latexit sha1_base64="cyKnoRkOBfnUWMEw1vdUxa+c8Co=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzU1KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtGtVz61691eVxk0eRxHO4BwuwYM6NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEf+jS4=</latexit><latexit sha1_base64="cyKnoRkOBfnUWMEw1vdUxa+c8Co=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzU1KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtGtVz61691eVxk0eRxHO4BwuwYM6NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEf+jS4=</latexit><latexit sha1_base64="cyKnoRkOBfnUWMEw1vdUxa+c8Co=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzU1KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtGtVz61691eVxk0eRxHO4BwuwYM6NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEf+jS4=</latexit><latexit sha1_base64="cyKnoRkOBfnUWMEw1vdUxa+c8Co=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzU1KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtGtVz61691eVxk0eRxHO4BwuwYM6NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEf+jS4=</latexit>

2n
<latexit sha1_base64="cyKnoRkOBfnUWMEw1vdUxa+c8Co=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzU1KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtGtVz61691eVxk0eRxHO4BwuwYM6NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEf+jS4=</latexit><latexit sha1_base64="cyKnoRkOBfnUWMEw1vdUxa+c8Co=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzU1KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtGtVz61691eVxk0eRxHO4BwuwYM6NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEf+jS4=</latexit><latexit sha1_base64="cyKnoRkOBfnUWMEw1vdUxa+c8Co=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzU1KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtGtVz61691eVxk0eRxHO4BwuwYM6NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEf+jS4=</latexit><latexit sha1_base64="cyKnoRkOBfnUWMEw1vdUxa+c8Co=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzU1KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtGtVz61691eVxk0eRxHO4BwuwYM6NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEf+jS4=</latexit>

2nd
<latexit sha1_base64="0aBJjz0cZL734V+qxY1Zm8YD+W0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJu3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBNcG9f9dkobm1vbO+Xdyt7+weFR9fikrdNcMfRZKlLVDalGwSX6hhuB3UwhTUKBnXB8N/c7T6g0T+WjmWQYJHQoecwZNVbyG0QOokG15tbdBcg68QpSgwKtQfWrH6UsT1AaJqjWPc/NTDClynAmcFbp5xozysZ0iD1LJU1QB9PFsTNyYZWIxKmyJQ1ZqL8npjTRepKEtjOhZqRXvbn4n9fLTXwTTLnMcoOSLRfFuSAmJfPPScQVMiMmllCmuL2VsBFVlBmbT8WG4K2+vE7ajbrn1r2Hq1rztoijDGdwDpfgwTU04R5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+APn8wcREY4v</latexit><latexit sha1_base64="0aBJjz0cZL734V+qxY1Zm8YD+W0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJu3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBNcG9f9dkobm1vbO+Xdyt7+weFR9fikrdNcMfRZKlLVDalGwSX6hhuB3UwhTUKBnXB8N/c7T6g0T+WjmWQYJHQoecwZNVbyG0QOokG15tbdBcg68QpSgwKtQfWrH6UsT1AaJqjWPc/NTDClynAmcFbp5xozysZ0iD1LJU1QB9PFsTNyYZWIxKmyJQ1ZqL8npjTRepKEtjOhZqRXvbn4n9fLTXwTTLnMcoOSLRfFuSAmJfPPScQVMiMmllCmuL2VsBFVlBmbT8WG4K2+vE7ajbrn1r2Hq1rztoijDGdwDpfgwTU04R5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+APn8wcREY4v</latexit><latexit sha1_base64="0aBJjz0cZL734V+qxY1Zm8YD+W0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJu3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBNcG9f9dkobm1vbO+Xdyt7+weFR9fikrdNcMfRZKlLVDalGwSX6hhuB3UwhTUKBnXB8N/c7T6g0T+WjmWQYJHQoecwZNVbyG0QOokG15tbdBcg68QpSgwKtQfWrH6UsT1AaJqjWPc/NTDClynAmcFbp5xozysZ0iD1LJU1QB9PFsTNyYZWIxKmyJQ1ZqL8npjTRepKEtjOhZqRXvbn4n9fLTXwTTLnMcoOSLRfFuSAmJfPPScQVMiMmllCmuL2VsBFVlBmbT8WG4K2+vE7ajbrn1r2Hq1rztoijDGdwDpfgwTU04R5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+APn8wcREY4v</latexit><latexit sha1_base64="0aBJjz0cZL734V+qxY1Zm8YD+W0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJu3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBNcG9f9dkobm1vbO+Xdyt7+weFR9fikrdNcMfRZKlLVDalGwSX6hhuB3UwhTUKBnXB8N/c7T6g0T+WjmWQYJHQoecwZNVbyG0QOokG15tbdBcg68QpSgwKtQfWrH6UsT1AaJqjWPc/NTDClynAmcFbp5xozysZ0iD1LJU1QB9PFsTNyYZWIxKmyJQ1ZqL8npjTRepKEtjOhZqRXvbn4n9fLTXwTTLnMcoOSLRfFuSAmJfPPScQVMiMmllCmuL2VsBFVlBmbT8WG4K2+vE7ajbrn1r2Hq1rztoijDGdwDpfgwTU04R5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+APn8wcREY4v</latexit>

g
<latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit>

g
<latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit>

. . .
<latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit><latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit><latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit><latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit>

m/2 + 1
<latexit sha1_base64="7KZAKhjvBTN7rODGvIVL8L7SN2I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEGpSBD0WvXisYNpCG8pmu2mX7m7C7kYoob/BiwdFvPqDvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWys5IvLxoU3qNbcujsHWiVeQWpQoDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPUslFlQH2fzYGTqzyhBFsbIlDZqrvycyLLSeitB2CmzGetnLxf+8XmqimyBjMkkNlWSxKEo5MjHKP0dDpigxfGoJJorZWxEZY4WJsflUbAje8surpN2oe27de7iqNW+LOMpwAqdwDh5cQxPuoQU+EGDwDK/w5kjnxXl3PhatJaeYOYY/cD5/AIqLjdY=</latexit><latexit sha1_base64="7KZAKhjvBTN7rODGvIVL8L7SN2I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEGpSBD0WvXisYNpCG8pmu2mX7m7C7kYoob/BiwdFvPqDvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWys5IvLxoU3qNbcujsHWiVeQWpQoDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPUslFlQH2fzYGTqzyhBFsbIlDZqrvycyLLSeitB2CmzGetnLxf+8XmqimyBjMkkNlWSxKEo5MjHKP0dDpigxfGoJJorZWxEZY4WJsflUbAje8surpN2oe27de7iqNW+LOMpwAqdwDh5cQxPuoQU+EGDwDK/w5kjnxXl3PhatJaeYOYY/cD5/AIqLjdY=</latexit><latexit sha1_base64="7KZAKhjvBTN7rODGvIVL8L7SN2I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEGpSBD0WvXisYNpCG8pmu2mX7m7C7kYoob/BiwdFvPqDvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWys5IvLxoU3qNbcujsHWiVeQWpQoDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPUslFlQH2fzYGTqzyhBFsbIlDZqrvycyLLSeitB2CmzGetnLxf+8XmqimyBjMkkNlWSxKEo5MjHKP0dDpigxfGoJJorZWxEZY4WJsflUbAje8surpN2oe27de7iqNW+LOMpwAqdwDh5cQxPuoQU+EGDwDK/w5kjnxXl3PhatJaeYOYY/cD5/AIqLjdY=</latexit><latexit sha1_base64="7KZAKhjvBTN7rODGvIVL8L7SN2I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEGpSBD0WvXisYNpCG8pmu2mX7m7C7kYoob/BiwdFvPqDvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWys5IvLxoU3qNbcujsHWiVeQWpQoDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPUslFlQH2fzYGTqzyhBFsbIlDZqrvycyLLSeitB2CmzGetnLxf+8XmqimyBjMkkNlWSxKEo5MjHKP0dDpigxfGoJJorZWxEZY4WJsflUbAje8surpN2oe27de7iqNW+LOMpwAqdwDh5cQxPuoQU+EGDwDK/w5kjnxXl3PhatJaeYOYY/cD5/AIqLjdY=</latexit>

m
<latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

m/2
<latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit><latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit><latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit><latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit>

. . .
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Theorem A.5. For all g ∈ SN write:

d(g0, g) + d(g, e) = d(g0, e) + 2(#(g0) − #(g ∨ g0)) + 2Gg0(g) (A.24)

then Gg0(g) ≥ 0. Furthermore there exists an admissiable surface for g that has genus Gg0(g) and #(g ∨ g0)

connected components. This is the minimal possible genus and maximal possible number of connected

components.

Proof. It is clear we can always work with surfaces that have #(g ∨ g0) connected components and this is the

maximal number. Without loss of generality we can now assume that #(g ∨ g0) = #(qg0(g)) = 1, since the

more general case is then just a sum over the partitions in qg0(g).

Firstly there always exists at least one admissible surface (not necessarily with minimal genus) since we

can simply thicken the lines defined by g into tubes and connect these tubes onto #(g0) disks near the marked

points on the boundaries of the disk and according to g. Then each curve segment simply pass through their

respective tubes and do not cross each other.

Consider some admissible surface Σ. Let ci ∈ g be a cycle. The corresponding line segments are Lik where

k = 1, . . . |ci|. Consider a closed curve Ci that hugs tightly to the line segments in this cycle - following the

direction of the cycle and strictly “inside” the boundary anchored curve ∪kLik. Locally “inside” is defined

such that the curve does not intersect the boundary. It also does not intersect any of the g curves by the

non-crossing condition. Perform surgery on this closed curve Ci. That is cut along the curve, and insert two

disks to close up the surface along the cuts. Discard any boundaryless Riemann surface that gets disconnected

under this process - by the non-crossing condition the result is a single surface with the original #(g0)

boundaries. There can only be one boundaryless surface B that is discarded. This produces a new Riemann

surface Σ′ that is also admissible. The genus of this new surface must decrease:

G(Σ′) ≤ G(Σ) (A.25)

This is because the Euler character under connected sum must decrease by an amount corresponding to the

Euler character of a sphere:

χ(Σ) = χ(Σ′ ⊔ B) − 2 (A.26)

170



The Euler character of B is bounded above by 2 and contributes additively:

χ(Σ) = χ(Σ′) + χ(B) − 2 ≤ χ(Σ′) (A.27)

Since the number of simple boundaries in Σ and Σ′ is the same we get Eq. (A.25). On Σ′ the curve Ci is now

contractible.

Continue this process for all cycles in g such that the corresponding curves ∪kLik for all i are contractible.

Similarly by including line segments between adjacent marked points on the boundaries, oriented opposite to

the c′0s, we can cut along closed cycles on the “outside” of the cycles. It is easy to see that these can be

represented by the cycles in (g0)g−1. Applying surgery to all of these cycles gives the final surface that we

call Σ0. We now give a triangulation of the surface Σ0. We have edges corresponding to the curves defined

by g. There are N of these. There are also edges on the boundaries of Σ0 between the marked points. There

are also N of these. So we have E = 2N . The vertices have 4 lines meeting at the boundary for each marked

point on the boundary. There are V = N of these. See for example:

F<latexit sha1_base64="XvgYsk2NHkqUzglyBmFxCmdiqk4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNREI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmnGMyg==</latexit><latexit sha1_base64="XvgYsk2NHkqUzglyBmFxCmdiqk4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNREI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmnGMyg==</latexit><latexit sha1_base64="XvgYsk2NHkqUzglyBmFxCmdiqk4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNREI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmnGMyg==</latexit><latexit sha1_base64="XvgYsk2NHkqUzglyBmFxCmdiqk4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNREI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmnGMyg==</latexit>

E<latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit>

F<latexit sha1_base64="XvgYsk2NHkqUzglyBmFxCmdiqk4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNREI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmnGMyg==</latexit><latexit sha1_base64="XvgYsk2NHkqUzglyBmFxCmdiqk4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNREI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmnGMyg==</latexit><latexit sha1_base64="XvgYsk2NHkqUzglyBmFxCmdiqk4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNREI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmnGMyg==</latexit><latexit sha1_base64="XvgYsk2NHkqUzglyBmFxCmdiqk4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNREI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmnGMyg==</latexit>

E<latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit>

E<latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit>E<latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit>

V
<latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit>

V
<latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit>

F<latexit sha1_base64="XvgYsk2NHkqUzglyBmFxCmdiqk4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNREI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmnGMyg==</latexit><latexit sha1_base64="XvgYsk2NHkqUzglyBmFxCmdiqk4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNREI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmnGMyg==</latexit><latexit sha1_base64="XvgYsk2NHkqUzglyBmFxCmdiqk4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNREI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmnGMyg==</latexit><latexit sha1_base64="XvgYsk2NHkqUzglyBmFxCmdiqk4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNREI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmnGMyg==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

m/2
<latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit><latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit><latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit><latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit>

. . .<latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit><latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit><latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit><latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>m/2
<latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit><latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit><latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit><latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit>

. . .<latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit><latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit><latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit><latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit>

g0|bi
<latexit sha1_base64="iI7wOvxKvLteYPtonkpfjJf1lVM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cK9kPaEDbbTbt0dxN2N0KJ/RVePCji1Z/jzX/jps1BWx8MPN6bYWZemHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+55EqzWJ5byYJ9QUeShYxgo2VHoanT0EWBmwaVGtu3Z0BLROvIDUo0AyqX/1BTFJBpSEca93z3MT4GVaGEU6nlX6qaYLJGA9pz1KJBdV+Njt4ik6sMkBRrGxJg2bq74kMC60nIrSdApuRXvRy8T+vl5roys+YTFJDJZkvilKOTIzy79GAKUoMn1iCiWL2VkRGWGFibEYVG4K3+PIyaZ/XPbfu3V3UGtdFHGU4gmM4Aw8uoQG30IQWEBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AMP8kF8=</latexit><latexit sha1_base64="iI7wOvxKvLteYPtonkpfjJf1lVM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cK9kPaEDbbTbt0dxN2N0KJ/RVePCji1Z/jzX/jps1BWx8MPN6bYWZemHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+55EqzWJ5byYJ9QUeShYxgo2VHoanT0EWBmwaVGtu3Z0BLROvIDUo0AyqX/1BTFJBpSEca93z3MT4GVaGEU6nlX6qaYLJGA9pz1KJBdV+Njt4ik6sMkBRrGxJg2bq74kMC60nIrSdApuRXvRy8T+vl5roys+YTFJDJZkvilKOTIzy79GAKUoMn1iCiWL2VkRGWGFibEYVG4K3+PIyaZ/XPbfu3V3UGtdFHGU4gmM4Aw8uoQG30IQWEBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AMP8kF8=</latexit><latexit sha1_base64="iI7wOvxKvLteYPtonkpfjJf1lVM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cK9kPaEDbbTbt0dxN2N0KJ/RVePCji1Z/jzX/jps1BWx8MPN6bYWZemHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+55EqzWJ5byYJ9QUeShYxgo2VHoanT0EWBmwaVGtu3Z0BLROvIDUo0AyqX/1BTFJBpSEca93z3MT4GVaGEU6nlX6qaYLJGA9pz1KJBdV+Njt4ik6sMkBRrGxJg2bq74kMC60nIrSdApuRXvRy8T+vl5roys+YTFJDJZkvilKOTIzy79GAKUoMn1iCiWL2VkRGWGFibEYVG4K3+PIyaZ/XPbfu3V3UGtdFHGU4gmM4Aw8uoQG30IQWEBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AMP8kF8=</latexit><latexit sha1_base64="iI7wOvxKvLteYPtonkpfjJf1lVM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cK9kPaEDbbTbt0dxN2N0KJ/RVePCji1Z/jzX/jps1BWx8MPN6bYWZemHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+55EqzWJ5byYJ9QUeShYxgo2VHoanT0EWBmwaVGtu3Z0BLROvIDUo0AyqX/1BTFJBpSEca93z3MT4GVaGEU6nlX6qaYLJGA9pz1KJBdV+Njt4ik6sMkBRrGxJg2bq74kMC60nIrSdApuRXvRy8T+vl5roys+YTFJDJZkvilKOTIzy79GAKUoMn1iCiWL2VkRGWGFibEYVG4K3+PIyaZ/XPbfu3V3UGtdFHGU4gmM4Aw8uoQG30IQWEBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AMP8kF8=</latexit>

g0|(bi)c
<latexit sha1_base64="zM6cDf0cUKpyFzOz9jjAOmTJVSA=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWsB/QxrDZbtqlm03c3RRKzO/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/JgzpW372yqsrK6tbxQ3S1vbO7t75f2DlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb90c3Ub4+pVCwS93oSUzfEA8ECRrA2kjs4ffLSqu+xsweSeeWKXbNnQMvEyUkFcjS88levH5EkpEITjpXqOnas3RRLzQinWamXKBpjMsID2jVU4JAqN50dnaETo/RREElTQqOZ+nsixaFSk9A3nSHWQ7XoTcX/vG6igys3ZSJONBVkvihIONIRmiaA+kxSovnEEEwkM7ciMsQSE21yKpkQnMWXl0nrvObYNefuolK/zuMowhEcQxUcuIQ63EIDmkDgEZ7hFd6ssfVivVsf89aClc8cwh9Ynz8FDZGZ</latexit><latexit sha1_base64="zM6cDf0cUKpyFzOz9jjAOmTJVSA=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWsB/QxrDZbtqlm03c3RRKzO/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/JgzpW372yqsrK6tbxQ3S1vbO7t75f2DlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb90c3Ub4+pVCwS93oSUzfEA8ECRrA2kjs4ffLSqu+xsweSeeWKXbNnQMvEyUkFcjS88levH5EkpEITjpXqOnas3RRLzQinWamXKBpjMsID2jVU4JAqN50dnaETo/RREElTQqOZ+nsixaFSk9A3nSHWQ7XoTcX/vG6igys3ZSJONBVkvihIONIRmiaA+kxSovnEEEwkM7ciMsQSE21yKpkQnMWXl0nrvObYNefuolK/zuMowhEcQxUcuIQ63EIDmkDgEZ7hFd6ssfVivVsf89aClc8cwh9Ynz8FDZGZ</latexit><latexit sha1_base64="zM6cDf0cUKpyFzOz9jjAOmTJVSA=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWsB/QxrDZbtqlm03c3RRKzO/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/JgzpW372yqsrK6tbxQ3S1vbO7t75f2DlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb90c3Ub4+pVCwS93oSUzfEA8ECRrA2kjs4ffLSqu+xsweSeeWKXbNnQMvEyUkFcjS88levH5EkpEITjpXqOnas3RRLzQinWamXKBpjMsID2jVU4JAqN50dnaETo/RREElTQqOZ+nsixaFSk9A3nSHWQ7XoTcX/vG6igys3ZSJONBVkvihIONIRmiaA+kxSovnEEEwkM7ciMsQSE21yKpkQnMWXl0nrvObYNefuolK/zuMowhEcQxUcuIQ63EIDmkDgEZ7hFd6ssfVivVsf89aClc8cwh9Ynz8FDZGZ</latexit><latexit sha1_base64="zM6cDf0cUKpyFzOz9jjAOmTJVSA=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWsB/QxrDZbtqlm03c3RRKzO/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/JgzpW372yqsrK6tbxQ3S1vbO7t75f2DlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb90c3Ub4+pVCwS93oSUzfEA8ECRrA2kjs4ffLSqu+xsweSeeWKXbNnQMvEyUkFcjS88levH5EkpEITjpXqOnas3RRLzQinWamXKBpjMsID2jVU4JAqN50dnaETo/RREElTQqOZ+nsixaFSk9A3nSHWQ7XoTcX/vG6igys3ZSJONBVkvihIONIRmiaA+kxSovnEEEwkM7ciMsQSE21yKpkQnMWXl0nrvObYNefuolK/zuMowhEcQxUcuIQ63EIDmkDgEZ7hFd6ssfVivVsf89aClc8cwh9Ynz8FDZGZ</latexit>

The faces are the interiors of the cycles in g and gg−1
0 so F = #(g) + #(g(g0)−1). Thus:

χ = 2 − 2G(Σ0) − #(g0) (A.28)

= V − E + F = −N + #(g) + #(gg−1
0 ) = N − d(g, e) − d(g, g0) (A.29)

Thus:

2G(Σ0) = 2 + d(g, e) + d(g, g0) − d(g0, e) − 2#(g0) (A.30)

Which gives G(Σ) ≥ G(Σ0) = Gg0(g). In particular this implies that Σ0 has the minimal genus, since for any

other valid surface Σ̃ with lower genus G(Σ̃) < Gg0(g) we run the above surgery argument and arrive at a

contradiction: G(Σ̃) ≥ Gg0(g) .

Finally we give a definition of the multi-annular non-crossing permutations.

Definition A.10. A multi-annular non-crossing permutation g for g0 with #(g0) > 1 is a group element

with G(g) = 0 as defined in Eq. (A.24) and such that #(g ∨ g0) = 1 (fully connected). We will denote these

ANCg0 = ANC|c10|,|c20|....
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Appendix B

Temperley-Lieb Algebra

In this appendix, we will summarize basic aspects of the Temperley-Lieb (TL) algebra and its representation

theory. There are many different flavors of classifying the representations of TL algebra, with the two most

prominent approaches being: 1. As a quotient of the Iwahori-Hecke algebra [198, 199], or 2. As a algebraic

module acting on a specific class of “link diagrams”. We will take the second approach here, also known

under the name of standard module [155, 200], or cell modules [201]. The goal of this appendix is to provide a

pedagogical review on various properties of the TL algebra and the standard module used in our computations.

Due to the length constraint we will omit the proof of many important theorems. Interested reader can refer

to [155] for a more complete and rigorous treatment on this subject.

B.1 Basic definitions

First, we define, for any positive integer n, an n-diagram. It is constructed by first drawing two parallel lines,

each with n marked points. Then, the set of 2n points are connected pairwise via n non-crossing strands that

lies entirely within the space between two parallel lines. We also define a pairwise product of two n-diagrams

by concatenating two diagrams side by side and replacing each closed loop by a factor of χ. For example, for

n = 4 we write:

(B.1)

This product is associative by construction. Although the parameter χ is considered to be complex in more

general settings, in what is relevant to this note we will assume χ ∈ R+ and we will often consider the limiting

case where χ≫ 1.

Definition B.1 (Temperley-Lieb algebra). The Temperley-Lieb algebra TLn for a positive integer n, is the

(complex) vector space spanned by n-diagrams. This vector space is equipped with a pairwise product by

taking the diagrammatic product from above and extend it to the whole vector space bilinearly.

Lemma B.1. The dimension of TLn vector space is equal to the n-th Catalan number Cn.

Proof. To find the dimension of TLn, we need to count the total number of distinct n-diagrams for given

n. There is a bijection D(·) between n-diagrams and NCn, the non-crossing permutations on n elements,
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defined as follows. First, one deforms the n-diagram h by rotating the RHS of the diagram by 180 degrees

and append it below the LHS. Having done so one now has a diagram with non-crossing strands connecting

2n marked points arranged on a single line. These diagrams are of one to one correspondence to the double

line notations of non-crossing permutations on n elements. This fact can be made clear by concatenating the

left of the diagram with n “caps” and assigning a number to each cap. After doing so, the diagram factors

into a set of non-crossing closed blocks partitioning the set {1, · · · , n}, which can be further identified to the

cycle decomposition of a non-crossing permutation D(h) ∈ NCn. We give a example of the map D below.

The number of distinct non-crossing permutations on n elements is given by Catalan numbers Cn. The

detailed form of Cn can be worked out using a simple generating function, but for reference here let us

consider a slight generalization by weighing each cycle of D(h) by a power of q. Define

(B.2)

to be the q−weighted generating function for NCn and F (q, z) the generating function for connected diagrams,

i.e.

C(q, z) = 1 + F (q, z) + F (q, z)2 + · · · =
1

1 − F (q, z)
(B.3)

C(q, z) and F (q, z) satisfies the following Schwinger-Dyson equation

(B.4)

or

F (q, z) =
qz

1 − zC(q, z)
(B.5)

which can be solved to give

C(q, z) =
1 − z(q − 1) −

√
(1 + z(q − 1))2 − 4qz

2z
(B.6)
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where we pick the sign of the solution by matching the small z behavior. The expansion coefficients for

C(q, z) are called q-Catalan numbers, which can be extracted using the contour integral trick:

Cn(q) =
1

2πi

∮
dz

zn+1
C(q, z) =

q 2F1(1 − n,−n; 2; q), q ≤ 1,

qn 2F1(1 − n,−n; 2; q−1), q > 1
(B.7)

The ordinary Catalan number Cn is related to Cn(q) by

Cn = Cn(q = 1) =
1

n+ 1

(
2n

n

)
(B.8)

It is easy to check that the diagram

(B.9)

acts as an unit in the algebra. Aside from the unit, every n-diagram can be obtained by multiplying a set of

generators e1, e2, · · · , en−1, where

(B.10)

These generators satisfy the following relations

e2i = , (B.11)

eiei+1ei = , (B.12)

eiej = , (B.13)

and also eiei−1ei = ei, which can be verified through the upside-down mirror of the second identity. This

motivates the another more abstract definition of TL algebra:

Definition B.2 (alternative definition of Temperley-Lieb algebra). The Temperley-Lieb algebra TLn is

the algebra generated by a unit id and a set of n− 1 generators ei with i = 1, · · · , n− 1 which satisfies the

following relations:

e2i = χei, eiei±1ei = ei, eiej = ejei if|i− j| > 1. (B.14)
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The proof that the algebra generated from this definition is isomorphic to the diagrammatic one (Defini-

tion B.1) can be found in standard references of the subject.

We conclude this subsection by introducing a trace function on TLn.

Definition B.3. For a positive integer n, TrTLn : TLn → C is a cyclic linear function on TLn. It is defined

diagrammatically on an n-diagram by closing the strands on opposing marked points on two lines and assign

a power of χ for each closed loop obtained this way. TrTLn is cyclic from definition, and it is extended to the

full algebra using linearity.

For example,

. (B.15)

We also define a normalized version of this trace, denoted by Tr
T̂L

= χ−nTrTLn
1. This normailzed trace is

consistent with respect to all n and satisfies the following properties:

Tr
T̂L

(id) = 1, Tr
T̂L

(h) = χTr
T̂L

(hen−1) (B.16)

where h ∈ TLn−1 ⊂ TLn is an element in the subalgebra of TLn consisting of elements such that the n-th

marked point on both sides of its diagram are connected via a strand. This fact can be illustrated using the

diagrams below.

(B.17)

where we used colored blocks to indicate arbitrary connections in the region. After putting back the

normalization factors one recovers Eq. (B.16). In fact the property Eq. (B.16) completely characterizes Tr
T̂L

,

as shown in the following lemma:

Lemma B.2. Tr
T̂L

is the unique linear function on TLn that is cyclic (Tr(ab) = Tr(ba)) and such that

Eq. (B.16) is true.

Proof. Every element h ∈ TLn can be written as a product of finitely many generators h = ei1 · · · eik where

ik ∈ {1, · · · , n− 1}. The eij ’s in the string can be further made unique by using Eq. (B.14) to permute the

list and eliminate any duplicates. To evaluate Tr
T̂L

(h) = Tr
T̂L

(ei1 · · · eik), we use cyclicity of the trace to

1This trace is usually referred to as the Markov trace in math literature.
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cycle the possible en−1 to the end of the list, and we pick up a factor of χ if there is one. Now since the new

list of generators does not contain en−1, the new element h′ obtained by multiplying the new list of generators

is in the subalgebra TLn−1 ⊂ TLn. Using Eq. (B.16) we see that Tr
T̂L

(h) = χbTr
T̂L

(h′) where b = 0 if there

is no en−1 in the generating string of h and b = −1 if there is one. Now by repeated iteration of this whole

process n − 1 times, one can eliminate all the generators of h and obtain Tr
T̂L

(h) = χ−kTr
T̂L

(id) = χ−k

where k is the length of the generating list h = ei1 · · · eik with non-duplicating generators. Thus the condition

Eq. (B.14) uniquely fixes the action of Tr
T̂L

on every element in TLn.

B.2 The standard module

To define an algebraic module, one must first form the vector space for the algebra to act on. In the standard

module of Temperley-Lieb algebra such vector space is spanned by a collection of diagrams called link states

(or cup diagrams in Westbury [200]).

An n-diagram can be cut in half across the middle line and expose a number of “defects”, each corresponding

to a connection between a point in the left and another point in the right. The number of defects, denoted l,

is always even if n is even and odd if n is odd, which we keep track of using an integer k ∈ Z≥0, by saying

that l = 2k when n is even and l = 2k + 1 when n is odd. We will call a half diagram obtained this way an

(n, k)-link state. 2 A link state will be drawn with the lines on the left and any possible defects facing right,

as shown in Fig. (B.1). We will refer to the set of all (n, k)-link states as B(n)
k .

Figure B.1: All the possible (4, 1)-link states.

Lemma B.3. For integer n and k ≤ ⌊n/2⌋, the number of distinct (n, k)-link states is equal to the number

of standard Young tableaux of shape (⌈n/2⌉ + k, ⌊n/2⌋ − k).

|B(n)
k | = #SYT

(⌈n
2

⌉
+ k,

⌊n
2

⌋
− k
)

(B.18)

Proof. Note that there is a bijection between a link state and a lattice word consisting of left and right

brackets {[, ]} such that every prefix has more opening brackets than closing brackets. For example, [ [ [ ] [ ] ] ] [

is a lattice word but [ ] [ ] ] [ [ ] ] is not since the prefix [ ] [ ] ] has more ]’s than [’s. To put it in another way,

there can never be a closing bracket without a previous matched opening bracket, but a standalone opening

bracket is allowed. To see that this is true, simply assign an opening-closing pair to a closed strand in the

link state and any standalone opening brackets to defects, e.g.

(B.19)

2Note that we label link states by k, (one half of) the number of defects, as opposed to the common practice of labeling by
the number of closed arcs p = ⌊n/2⌋− k. The main advantage for this notation change is to make the various formulae regarding
to different k sector in the main text cleaner.
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where we have color coded the brackets to the matching strands. This correspondence works in either way so

it is really a bijection. Now it is a standard result that the number of lattice words are counted by standard

Young tableaux: Given a standard Young tableau of shape (p, q), construct the following word (s1, · · · , sp+q)
via

si =

 [, if i is in first row,

], if i is in second row.
(B.20)

Then at any given point i there can never be more closing brackets than opening brackets since the tableaux

is standard. The number of total brackets are p+ q whereas the number of standalone opening brackets are

p− q from which one immediately sees that p = ⌈n/2⌉ + k and q = ⌊n/2⌋ − k.

For a n-diagram h ∈ TLn, we define a left action of h on a link state v in a similar fashion by concatenating

h and v from left to right, removing any disconnected open strands and assign a factor of χ for each closed

loop. We illustrate this definition with an example:

(B.21)

This action naturally defines a algebraic module (representation) on the vector space spanned by link states.

We will refer to such module as the link module.

Definition B.4 (link module). For given integer n, the link module, denoted by M(n), is a left TLn-module

on the collective vector space spanned by all link states whose action is given by the diagrammatic action

above and is extended to the whole vector space through linearity.

Note that the number of defects is not necessarily conserved under the action. (Eq. (B.21) is an example

where it decreases by two) However, it can only close defects in pairs, so k is always non-increasing under this

action. Acknowledging this fact, one can identify TLn-submodules M(n)
k ⊆ M(n) spanned by all (n, k′)-link

states with k′ < k. There is a natural chain of submodules

M(n)
0 ⊂ M(n)

1 ⊂ · · · ⊂ M(n)
⌊n/2⌋ = M(n) (B.22)

Consecutive quotients on this chain determines quotient TLn-modules called standard modules:

Definition B.5 (The standard module). For integer n and k < ⌊n/2⌋, the (n, k)-standard module, denoted

by V(n)
k , is the quotient module

V(n)
k =

M(n)
k+1

M(n)
k

. (B.23)

The standard module vector space (which we will also refer to as V(n)
k by an abuse of notation) is the

coset [M(n)
k+1 : M(n)

k ], which is isomorphic to the vector space spanned by (n, k)-link states. In this regard,

we will often talk about the action of (n, k)-standard module on (n, k)-link states directly, forgetting the

fact that it is really the coset that V(n)
k is acting on. Diagrammatically, the action of an n-diagram h on a

(n, k)-link state v is given by the same action as in the link module, but with the further requirement that h

maps v to zero whenever the number of defects k decreases under the action.

There is a natural inner product ⟨·, ·⟩ on the vector space V(n)
k defined as follows:
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Definition B.6. For x, y ∈ B(n)
k , the inner product between x and y, denoted by ⟨x, y⟩, is obtained by first

flipping x around the vertical axis and identifying it with the vertical border of y. Then, define ⟨x, y⟩ by

assigning a factor of χ for every closed loop obtained this way. Furthermore, we require ⟨x, y⟩ to be nonzero

only when every defect of x is connected to a defect of y. This product is extended to the full vector space

V(n)
k by requiring the form being linear in the y and anti-linear in x.

As an example, we have

, (B.24)

Note that the link state basis B(n)
k is not orthogonal under this inner product. However, they are approximate

orthogonal at large χ, with corrections ∼ O(1/χ). This inner product is invariant under the TL action.

Lemma B.4. For all x, y ∈ V(n)
k and h ∈ TLn,

⟨x, Uy⟩ =
〈
U†x, y

〉
, (B.25)

where the “adjoint” U† is obtained by flipping the n-diagrams across horizontally and conjugating the complex

coefficients.

Along with the inner product we define another sesquilinear form | · ·| : V(n)
k × V(n)

k → TLn that takes

two (n, k)-link states and form a n-diagram.

Definition B.7. For x, y ∈ B(n)
k , denote |x y| to be the unique n-diagram formed by flipping y across the

vertical axis and identifying its defects with the defects of x. This form is extended to the full vector space in

the same way as in Definition B.6.

For example,

.

(B.26)

The usefulness of Definition B.7 comes from the following lemma.

Lemma B.5. If x, y, z ∈ V(n)
k , then

|x y| z = ⟨y, z⟩x (B.27)

Proof. Without loss of generality we can consider the case where all of x, y, z are (n, k)-link states. If |x y|
decreases the number of defects in z, then the LHS of Eq. (B.27) vanishes. This is consistent with the RHS as

since there must exist disconnected strands in ⟨y, z⟩ when such a pair of defect is closed, forcing ⟨y, z⟩ = 0. It

remains to check the case where no defects are closed. In this case the LHS of Eq. (B.27) will be proportional

to x. The proportionality factor is given by χ#, where # is the number of closed loops in the concatenation,

which is the same as the number of closed loops in calculating ⟨y, z⟩.

It is sometimes useful to think of |x y| as the outer product of link states xy†, with the adjoint y† ∈ V̄
(n)
k

in the dual module obtained by flipping y around its vertical axis. However such analogy is only true when all
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of x, y, z lie in the same (n, k)-standard module. When it is not the case, say when x, y ∈ V
(n)
k and z ∈ V

(n)
k′ ,

then not only ⟨y, z⟩ is not defined, |x y|z will not be proportional to x. For example,

.

(B.28)

In general, the standard module classify all the finite dimensional irreducible representations of TLn for

almost all values of χ, except for a discrete set of points when χ < 2. The key to proving this proposition

is by studying the degeneracy of the inner product ⟨·, ·⟩ through its Gram matrices G
(n)
k . The idea is very

similar to the process of determining the reducibility of Verma modules of Virasoro algebra in 2d CFT: G
(n)
k

being non-singular implies the irreducibility of V(n)
k . When G

(n)
k is singular (i.e. detG

(n)
k = 0), there will be

additional null states that one needs to discard to obtain a irreducible representation.

To end this short review we quote an important theorem, first due to Jones [165] and studied in more

detail by Westbury [200].

Theorem B.6 (Jones). When χ ≠ 2 cos(mπ/n) for some integer m ≥ 3, the algebra TLn is semisimple and

the standard modules V(n)
k form a complete set of finite dimensional irreducible non-isomorphic representations

of TLn.

Due to the length constraint we will not present a proof for this theorem. Interested reader can refer

to the various literature (e.g. Refs. [155, 200]) on this subject. Throughout this note we always work with

integer χ ≥ 2, and we frequently consider the case χ≫ 1. In this regime the standard modules are always

irreducible.
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Appendix C

Supplement to Chapter 3

C.1 Proof of 1TN phase diagram

In this appendix we give a proof for the single site phase diagram Fig. (3.4) appeared in Sec. (3.4). This

proof draws heavily from the results in Appendix A, in particular the theorem given in Appendix A.4.

To set up the problem, we consider the group SN = Snm and the elements gA and gB with n cycles each

and defined as

gB = (1 . . .m)(m+ 1 . . . 2m) . . . (nm−m+ 1 . . . nm) (C.1)

gA = (m/2 + 1 . . . 3m/2)(3m/2 + 1 . . . 5m/2) . . . (nm−m/2 + 1 . . .m/2) (C.2)

where the cycles contain all element that appear in between the numbers shown and are cyclicly ordered. These

are defined for n ≥ 1 and m/2 ≥ 1 integers. These have the property that Γ(gA, e) ∩ Γ(gB , e) is non-trivial

(contains more than the identity), although the triple intersection Γ(gA, e) ∩ Γ(gB , e) ∩ Γ(gA, gB) = ∅. This is

the main origin of “frustration” in the problem below, and distinguishes the reflected entropy from negativity.

There is a unique element we call X that satisfies the property X ∈ Γ(gA, e) ∩ Γ(gB , e) and it minimizes

d(X, gA,B). It has 2n cycles:

X = (1 . . .m/2)(m/2 + 1 . . .m) . . . (nm−m/2 + 1 . . . nm) (C.3)

Note that P (X) = P (gA) ∧ P (gB). If m = 2 then X = e.

The free energy function we wish to minimize is:

f(g) = xAd(g, gA) + xBd(g, gB) + d(g, e) (C.4)

for xA,B ≥ 0. We wish to prove:

Theorem C.1. For all xA, xB > 0 then the following minimum is achieved on a simple four element subset:

fmin ≡ min
g∈Smn

f(g) = min
g∈{e,X,gA,gB}

f(g) (C.5)

Remark. This theorem only states that the minimum of f(g) can be achieved for g ∈ e,X, gA, gB , but does

not exclude the possibility of other elements also saturating the minimum. In fact there exists other minimal
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elements g ∈ Smn that lives at the phase boundaries of the phase diagram Fig. (3.4), and they are crucial for

smoothing out the phase transition near xA + xB = 1. We will investigate the detailed form of these elements

in Appendix C.2.

Preliminary. We firstly note there are regions in the phase diagram that are easy to deal with:

xA + xB < 1 : f(g) ≥ d(g, e)(1 − xA − xB) + f(e) ≥ f(e) (C.6)

where we have used the triangle inequality: d(gA,B , g)+d(g, e) ≥ d(e, gA,B). So we have equality iff d(g, e) = 0.

For xA + xB = 1 then we have quality for g ∈ Γ(gA, e) ∪ Γ(gB , e). Similarly:

xA > xB + 1 : f(g) ≥ (xA − xB − 1)d(g, gA) + f(gA) ≥ f(gA) (C.7)

where we have used the triangle inequality: d(gA, g) + d(g, gB) ≥ d(gA, gB) and d(gA, g) + d(g, e) ≥ d(e, gA).

Equality is achieved iff g = gA. For xA = xB + 1 we still only have gA as the minimal element since the

intersection Γ(gA, gB) ∪ Γ(gA, e) = {gA}. Similarly for A↔ B. Thus the non-trivial region is xA + xB > 1,

xA < xB + 1 and xB < xA + 1. Indeed the phase diagram is convex:

Lemma C.2. If the minimum for f(g) is achieved for some g⋆ at two locations in the (xA, xB)1,2 phase

diagram then g⋆ is also minimal at:

(xA, xB)λ = λ(xA, xB)1 + (1 − λ)(xA, xB)2 0 ≤ λ ≤ 1 (C.8)

Proof. Note that (in hopefully clear notation) for g ∈ Smn:

fλ(g) = λf1(g) + (1 − λ)f2(g) ≥ λf1(g⋆) + (1 − λ)f2(g⋆) = fλ(g⋆) (C.9)

Thus, for the general Theorem C.1 we can limit ourselves to the line xA = xB > 1/2. Convexity will do

the rest, since all four elements {gA, gB , X, e} are already represented somewhere on the phase diagram away

from the non-trivial region. For m = 2 there is a much simpler proof than the proof discussed below, we

present this in Appendix C.1.1.

Proof. (of Theorem C.1) As discussed above we need only consider xA = xB = x ≥ 1/2. Consider the

topological discussion of Appendix A.4 for g0 = X. We classify all elements in Smn using their connectedness

qX(g) over X. Recall that qX(g) = (P (g) ∨ P (X))/P (X). The quotient is a partition qX(g) ∈ P2n.

Set q = qX(g) and n1 = #1(q), where #1(q) counts the number of length 1 blocks in q. It satisfies

0 ≤ n1 ≤ 2n. Now write:

f(g) = f(e) + (1 − 2x)d(e,X) + n− ⌊n1/2⌋ − 2xδn1,0 (C.10)

+ 2x(GA −GX) + 2x(GB −GX) + 2(GX) (C.11)

+ (2x− 1)
(
d(g,X) − 2n+ #(q)

)
(C.12)

+ 2x
(

#(q) − #(q ∨ tA) − #(q ∨ tB) + δn1,0

)
(C.13)

+
(
n+ ⌊n1/2⌋ − #(q)

)
(C.14)
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where ⌊·⌋ is the floor function, GA,B ≡ GgA,B
(g) and GX ≡ GX(g) were defined in Lemma A.5. And

tA,B = q(gA,B) or more specifically: tB = (12)(34) . . . (2n− 1, 2n) and tA = (23)(34) . . . (2n, 1). To arrive at

the formula above we have used:

#(gA ∨ g) = #(tA ∨ q(g)) , #(gB ∨ g) = #(tB ∨ q(g)) (C.15)

which follows from #(gA ∨ g) = #(P (gA) ∨ P (g)) and since P (gA) ≥ P (X) this implies that P (gA) ∨ P (g) ≥
P (X) and so we can take the set quotient (P (gA)∨P (g))/P (X) = (P (gA)∨(P (g)∨P (X)))/P (X) = tA∨q(g).

And the number of sets is the same under the quotient #(P (gA)∨P (g)) = #(tA∨qg). Similarly for #(gB ∨g).

We aim to show that each bracketed terms in lines (C.11-C.14) are all positive. That is we wish to

establish the estimate:

f(g) ≥ f(e) + (1 − 2x)d(e,X) + (n− ⌊n1/2⌋) − 2xδn1,0 (C.16)

Assuming this is the case then:

min
g∈Smn

f(g) ≥ f(e) + (1 − 2x)d(e,X) + min
0≤n1≤2n

((n− ⌊n1/2⌋) − 2xδn1,0) = min
g∈e,X,gA,gB

f(g) (C.17)

which ,together with:

min
g∈Smn

f(g) ≤ min
g∈e,X,gA,gB

f(g) (C.18)

proves the theorem. The last step in Eq. (C.17) is by direct computation. It also follows since the bounds

(C.11-C.13) that we derive below are all tight for the elements g = X, gA, gB .

We need the bound GA ≥ GX in line Eq. (C.11). This follows from the construction of the genus. We use

the surface Σ0 for g based over gA which has genus GA. We then deform the n boundaries of this surface

into 2n boundaries by pinching - dividing the m marked points into two sets of m/2 marked points on the

new boundary (see figure below). This deformed Σ′
0 is an admissible surface of genus G(Σ0) for g based over

X since we can do this deformation without touching any of the curves. By Theorem A.5 we must have

GA = G(Σ0) = G(Σ′
0) ≥ GX . Similarly GB ≥ GX and GX ≤ 0 always.
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<latexit sha1_base64="cyKnoRkOBfnUWMEw1vdUxa+c8Co=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzU1KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtGtVz61691eVxk0eRxHO4BwuwYM6NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEf+jS4=</latexit><latexit sha1_base64="cyKnoRkOBfnUWMEw1vdUxa+c8Co=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzU1KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtGtVz61691eVxk0eRxHO4BwuwYM6NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEf+jS4=</latexit><latexit sha1_base64="cyKnoRkOBfnUWMEw1vdUxa+c8Co=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzU1KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtGtVz61691eVxk0eRxHO4BwuwYM6NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEf+jS4=</latexit><latexit sha1_base64="cyKnoRkOBfnUWMEw1vdUxa+c8Co=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzU1KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtGtVz61691eVxk0eRxHO4BwuwYM6NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEf+jS4=</latexit>

2nd
<latexit sha1_base64="0aBJjz0cZL734V+qxY1Zm8YD+W0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJu3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBNcG9f9dkobm1vbO+Xdyt7+weFR9fikrdNcMfRZKlLVDalGwSX6hhuB3UwhTUKBnXB8N/c7T6g0T+WjmWQYJHQoecwZNVbyG0QOokG15tbdBcg68QpSgwKtQfWrH6UsT1AaJqjWPc/NTDClynAmcFbp5xozysZ0iD1LJU1QB9PFsTNyYZWIxKmyJQ1ZqL8npjTRepKEtjOhZqRXvbn4n9fLTXwTTLnMcoOSLRfFuSAmJfPPScQVMiMmllCmuL2VsBFVlBmbT8WG4K2+vE7ajbrn1r2Hq1rztoijDGdwDpfgwTU04R5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+APn8wcREY4v</latexit><latexit sha1_base64="0aBJjz0cZL734V+qxY1Zm8YD+W0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJu3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBNcG9f9dkobm1vbO+Xdyt7+weFR9fikrdNcMfRZKlLVDalGwSX6hhuB3UwhTUKBnXB8N/c7T6g0T+WjmWQYJHQoecwZNVbyG0QOokG15tbdBcg68QpSgwKtQfWrH6UsT1AaJqjWPc/NTDClynAmcFbp5xozysZ0iD1LJU1QB9PFsTNyYZWIxKmyJQ1ZqL8npjTRepKEtjOhZqRXvbn4n9fLTXwTTLnMcoOSLRfFuSAmJfPPScQVMiMmllCmuL2VsBFVlBmbT8WG4K2+vE7ajbrn1r2Hq1rztoijDGdwDpfgwTU04R5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+APn8wcREY4v</latexit><latexit sha1_base64="0aBJjz0cZL734V+qxY1Zm8YD+W0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJu3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBNcG9f9dkobm1vbO+Xdyt7+weFR9fikrdNcMfRZKlLVDalGwSX6hhuB3UwhTUKBnXB8N/c7T6g0T+WjmWQYJHQoecwZNVbyG0QOokG15tbdBcg68QpSgwKtQfWrH6UsT1AaJqjWPc/NTDClynAmcFbp5xozysZ0iD1LJU1QB9PFsTNyYZWIxKmyJQ1ZqL8npjTRepKEtjOhZqRXvbn4n9fLTXwTTLnMcoOSLRfFuSAmJfPPScQVMiMmllCmuL2VsBFVlBmbT8WG4K2+vE7ajbrn1r2Hq1rztoijDGdwDpfgwTU04R5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+APn8wcREY4v</latexit><latexit sha1_base64="0aBJjz0cZL734V+qxY1Zm8YD+W0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJu3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBNcG9f9dkobm1vbO+Xdyt7+weFR9fikrdNcMfRZKlLVDalGwSX6hhuB3UwhTUKBnXB8N/c7T6g0T+WjmWQYJHQoecwZNVbyG0QOokG15tbdBcg68QpSgwKtQfWrH6UsT1AaJqjWPc/NTDClynAmcFbp5xozysZ0iD1LJU1QB9PFsTNyYZWIxKmyJQ1ZqL8npjTRepKEtjOhZqRXvbn4n9fLTXwTTLnMcoOSLRfFuSAmJfPPScQVMiMmllCmuL2VsBFVlBmbT8WG4K2+vE7ajbrn1r2Hq1rztoijDGdwDpfgwTU04R5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+APn8wcREY4v</latexit>

g
<latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit>

g
<latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit>

. . .<latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit><latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit><latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit><latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit>

m/2 + 1
<latexit sha1_base64="7KZAKhjvBTN7rODGvIVL8L7SN2I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEGpSBD0WvXisYNpCG8pmu2mX7m7C7kYoob/BiwdFvPqDvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWys5IvLxoU3qNbcujsHWiVeQWpQoDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPUslFlQH2fzYGTqzyhBFsbIlDZqrvycyLLSeitB2CmzGetnLxf+8XmqimyBjMkkNlWSxKEo5MjHKP0dDpigxfGoJJorZWxEZY4WJsflUbAje8surpN2oe27de7iqNW+LOMpwAqdwDh5cQxPuoQU+EGDwDK/w5kjnxXl3PhatJaeYOYY/cD5/AIqLjdY=</latexit><latexit sha1_base64="7KZAKhjvBTN7rODGvIVL8L7SN2I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEGpSBD0WvXisYNpCG8pmu2mX7m7C7kYoob/BiwdFvPqDvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWys5IvLxoU3qNbcujsHWiVeQWpQoDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPUslFlQH2fzYGTqzyhBFsbIlDZqrvycyLLSeitB2CmzGetnLxf+8XmqimyBjMkkNlWSxKEo5MjHKP0dDpigxfGoJJorZWxEZY4WJsflUbAje8surpN2oe27de7iqNW+LOMpwAqdwDh5cQxPuoQU+EGDwDK/w5kjnxXl3PhatJaeYOYY/cD5/AIqLjdY=</latexit><latexit sha1_base64="7KZAKhjvBTN7rODGvIVL8L7SN2I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEGpSBD0WvXisYNpCG8pmu2mX7m7C7kYoob/BiwdFvPqDvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWys5IvLxoU3qNbcujsHWiVeQWpQoDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPUslFlQH2fzYGTqzyhBFsbIlDZqrvycyLLSeitB2CmzGetnLxf+8XmqimyBjMkkNlWSxKEo5MjHKP0dDpigxfGoJJorZWxEZY4WJsflUbAje8surpN2oe27de7iqNW+LOMpwAqdwDh5cQxPuoQU+EGDwDK/w5kjnxXl3PhatJaeYOYY/cD5/AIqLjdY=</latexit><latexit sha1_base64="7KZAKhjvBTN7rODGvIVL8L7SN2I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEGpSBD0WvXisYNpCG8pmu2mX7m7C7kYoob/BiwdFvPqDvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWys5IvLxoU3qNbcujsHWiVeQWpQoDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPUslFlQH2fzYGTqzyhBFsbIlDZqrvycyLLSeitB2CmzGetnLxf+8XmqimyBjMkkNlWSxKEo5MjHKP0dDpigxfGoJJorZWxEZY4WJsflUbAje8surpN2oe27de7iqNW+LOMpwAqdwDh5cQxPuoQU+EGDwDK/w5kjnxXl3PhatJaeYOYY/cD5/AIqLjdY=</latexit>

m
<latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

m/2
<latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit><latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit><latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit><latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit>

. . .<latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit><latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit><latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit><latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit>

Moving to the next line we also need the lower bound Eq. (C.12):

d(g,X) ≥ (2n− #(qX(g))) (C.19)

Note that qX(X−1g) = qX(g) since ⟨X, g⟩ =
〈
X,X−1g

〉
. So we can equivalently prove d(g, e) ≥ (2n −

#(qX(g))) for all g. This follows from Lemma C.3 applied to g0 = X and N = nm.
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We also need to bound Eq. (C.13):

#(q) − #(q ∨ tA) − #(q ∨ tB) + δ#1(q),0 ≥ 0 (C.20)

To do this we use Lemma C.4, which simply follows from the semimodular condition Eq. (A.21). We apply

this Lemma with N = 2n, q = q, s = tB and t = tA, and use the fact that tA ∨ tB = (Z2n) and tA ∧ tB = e,

giving the estimate:

#(q) − #(q ∨ tA) − #(q ∨ tB) + 1 ≥ 0 (C.21)

We can improve this estimate as follows. If there is at least one block in q of length-1 then we remove one of

the double blocks in tB where this length-1 q-block would overlap. That is we split this double block into two

single blocks to give a new t′B < tB . After doing this we still have:

tA ∨ t′B = (Z2n) tA ∧ t′B = e #(q ∨ t′B) = #(q ∨ tB) + 1 (C.22)

such that #(q) − #(q ∨ tA) − #(q ∨ tB) ≥ 0. Together the final estimate is Eq. (C.20).

Finally line Eq. (C.14) is positive since #(q) ≤ n + ⌊#1(q)/2⌋ (the floor) which comes simply from

maximizing #(q) by splitting the remaining non length 1 blocks into pairs if #1 is even, or pairs and a triplet

if #1 is odd.

Above we needed the following results:

Lemma C.3. For all g0, g ∈ SN , then:

d(g, e) ≥ #(g0) − #(g ∨ g0) (C.23)

Proof. Map to the set of partitions PN and consider:

d(g, e) − (#(g0) − #(g ∨ g0)) = N − #(P (g)) − #(P (g0)) + #(P (g) ∨ P (g0)) (C.24)

≥ #(P (g) ∧ P (g0)) − #(P (g)) − #(P (g0)) + #(P (g) ∨ P (g0)) ≥ 0 (C.25)

where the first equality follows since for all partitions #(P ) ≤ N and the second inequality uses the semi-

modularity property of ρ on PN . Saturation requires that P (g) ∧ P (g0) = e and also that for all p ≤ P (g0)

then:

P (g0) ∧ (p ∨ P (g)) = (P (g0) ∧ P (g)) ∨ p = p (C.26)

Lemma C.4. Given three partitions q, t, s ∈ PN then:

#(q ∨ (t ∧ s)) − #(q ∨ t) − #(q ∨ s) + #(q ∧ (t ∨ s) ≥ 0 (C.27)

Proof. Since set partitions form a ρ-graded semimodular lattice with: ρ(q) = N − #(q) we know that the

grading satisfies:

ρ(q1 ∨ q2) + ρ(q1 ∧ q2) ≤ ρ(q1) + ρ(q2) (C.28)
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Set q1 = q ∨ t and q2 = q ∨ s, then q1 ∨ q2 = q ∨ s ∨ t and q1 ∧ q2 ≥ q ∨ (t ∧ s) (since t ≥ t ∧ s implies that

q ∨ t ≥ q ∨ (t ∧ s).) Thus:

ρ(q ∨ s ∨ t) + ρ(q ∨ (t ∧ s)) ≤ ρ(q1 ∨ q2) + ρ(q1 ∧ q2) ≤ ρ(q ∨ t) + ρ(q ∧ s) (C.29)

as required.

C.1.1 Simpler proof at m = 2

There is an independent proof of Theorem C.1 for m = 2, where there is only a three element subset on the

right hand side. A quick sketch:

Proof. (For m = 2.) Set xA = xB = x > 1/2. Write:

fmin = min
g∈S2n

f ′(g) f ′(g) = f(gAg) = x(d(g, g−1
A gB) + d(g, e)) + d(g, g−1

A ) (C.30)

where it is easy to see that g−1
A gB is made of two cycles of length n. We have the more general bound

f ′(g) ≥ x(d(g−1
A gB , e) + 2(#(g−1

A gB) − #(g−1
A gB ∨ g))) + d(g, g−1

A ) (C.31)

where recall 1 ≤ #(g−1
A gB ∨ g) ≤ #(g−1

A gB) = 2 is the number of connected components discussed above. We

minimize over the partition of Smn defined by the integer #(g−1
A gB ∨ g) = 1, 2:

fmin,1 = min
g∈S2n:#(g−1

A gB∨g)=1
f ′(g) ≥ x(d(g−1

A gB , e) + 2) + d(g, g−1
A ) ≥ x2n = f ′(g−1

A ) (C.32)

with equality iff g = g−1
A . And also

fmin,2 = min
g∈S2n:#(g−1

A gB∨g)=2
f ′(g) ≥ xd(g−1

A gB , e) + d(g, g−1
A ) (C.33)

= xd(g−1
A gB , e) + (2n− #(kq)) ≥ f ′(e) (C.34)

where we have used the fact that all elements with #(g−1
A gB ∨ g) = 2 must take the form g = k1q2 where

k, q ∈ Sn and acts on the respective elements in the two cycles of g−1
A gB . The minimal is achieved for fmin,2

iff g ∈ Γ(g−1
A gB , e) and k = q−1. Minimizing over the two different sets gives:

fmin = ming∈e,gA,gBf(g) (C.35)

where the minimum is achieved iff g ∈ {gAk1(k−1)2 : k ∈ Γ(τn, e)} ⊂ Γ(gA, gB) or g = e.

C.2 Reflected resolvent via direct group summation

In this appendix we provide a parallel approach for finding the reflected entropy resolvent Eq. (3.89). We

consider factorization of g ∈ Smn into different q ≡ qX(g) sectors. In each sector we will find conditions that

must be satisfied for g that minimizes the free energy. By restricting the full permutation group to these

special elements we are able to arrive at an expression of the reflected entropy resolvent that matches the

form given in main text.
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C.2.1 Minimal elements in a fixed sector

The problem of finding elements that minimizes the free energy function Eq. (C.4) factorizes into two parts.

Firstly, we seek for minimal elements for a fixed #(q) sector that saturates the two conditions Eq. (C.13) and

Eq. (C.14):

#(q) − #(q ∨ tA) − #(q ∨ tB) + δn1,0 = 0, n+ ⌊n1/2⌋ − #(q) = 0 (C.36)

Secondly, for a fixed q ∈ S2n, it should be possible to find all the minimal g ∈ Smn elements where:

GA = GB = GX = 0 , d(g,X) = 2n− #(q) (C.37)

Note that at x = 1/2 (which is at the vicinity of reflected entropy phase transition at n = 1) we can drop the

latter condition in which case the answer can be written in terms of multi-annular non-crossing elements.

These elements marks the contribution of the new dominant saddles that smooth out the phases transition.

We will return to this problem when we have a better handle on the minimal q elements discussed next.

Let’s begin with the first minimization problem. We will look for minimal elements for fixed ⌈n1/2⌉ =

0, . . . n sector. Note that we have, somewhat arbitrarily chosen to fix the ceiling of n1(q)/2 since this removes

the odd case. 1 That is fix nd = 0, 1 . . . n then look for q’s such that:

#1(q) = 2nd, #(q) = n+ nd, #(q ∨ tA) + #(q ∨ tB) = n+ nd + δnd,0 (C.38)

Theorem C.5. For fixed integer 0 ≤ nd ≤ n all partitions which satisfy Eq. (C.38) take the form q =

P (ĥgB |m=2) where ĥ ∈ S2n and is best described as the following diagram:

(c0
i )

<latexit sha1_base64="8ttDLAwhB/7SbJwzoq1KES+l4ec=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QxrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSu8r6/NE975crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n83PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiESjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QMrtY7K</latexit><latexit sha1_base64="8ttDLAwhB/7SbJwzoq1KES+l4ec=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QxrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSu8r6/NE975crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n83PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiESjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QMrtY7K</latexit><latexit sha1_base64="8ttDLAwhB/7SbJwzoq1KES+l4ec=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QxrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSu8r6/NE975crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n83PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiESjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QMrtY7K</latexit><latexit sha1_base64="8ttDLAwhB/7SbJwzoq1KES+l4ec=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QxrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSu8r6/NE975crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n83PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiESjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QMrtY7K</latexit>

g
<latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit>

2n
<latexit sha1_base64="cyKnoRkOBfnUWMEw1vdUxa+c8Co=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzU1KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtGtVz61691eVxk0eRxHO4BwuwYM6NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEf+jS4=</latexit><latexit sha1_base64="cyKnoRkOBfnUWMEw1vdUxa+c8Co=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzU1KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtGtVz61691eVxk0eRxHO4BwuwYM6NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEf+jS4=</latexit><latexit sha1_base64="cyKnoRkOBfnUWMEw1vdUxa+c8Co=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzU1KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtGtVz61691eVxk0eRxHO4BwuwYM6NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEf+jS4=</latexit><latexit sha1_base64="cyKnoRkOBfnUWMEw1vdUxa+c8Co=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzU1KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtGtVz61691eVxk0eRxHO4BwuwYM6NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEf+jS4=</latexit>

2n
<latexit sha1_base64="cyKnoRkOBfnUWMEw1vdUxa+c8Co=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzU1KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtGtVz61691eVxk0eRxHO4BwuwYM6NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEf+jS4=</latexit><latexit sha1_base64="cyKnoRkOBfnUWMEw1vdUxa+c8Co=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzU1KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtGtVz61691eVxk0eRxHO4BwuwYM6NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEf+jS4=</latexit><latexit sha1_base64="cyKnoRkOBfnUWMEw1vdUxa+c8Co=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzU1KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtGtVz61691eVxk0eRxHO4BwuwYM6NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEf+jS4=</latexit><latexit sha1_base64="cyKnoRkOBfnUWMEw1vdUxa+c8Co=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzU1KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtGtVz61691eVxk0eRxHO4BwuwYM6NOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEf+jS4=</latexit>

2nd
<latexit sha1_base64="0aBJjz0cZL734V+qxY1Zm8YD+W0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJu3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBNcG9f9dkobm1vbO+Xdyt7+weFR9fikrdNcMfRZKlLVDalGwSX6hhuB3UwhTUKBnXB8N/c7T6g0T+WjmWQYJHQoecwZNVbyG0QOokG15tbdBcg68QpSgwKtQfWrH6UsT1AaJqjWPc/NTDClynAmcFbp5xozysZ0iD1LJU1QB9PFsTNyYZWIxKmyJQ1ZqL8npjTRepKEtjOhZqRXvbn4n9fLTXwTTLnMcoOSLRfFuSAmJfPPScQVMiMmllCmuL2VsBFVlBmbT8WG4K2+vE7ajbrn1r2Hq1rztoijDGdwDpfgwTU04R5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+APn8wcREY4v</latexit><latexit sha1_base64="0aBJjz0cZL734V+qxY1Zm8YD+W0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJu3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBNcG9f9dkobm1vbO+Xdyt7+weFR9fikrdNcMfRZKlLVDalGwSX6hhuB3UwhTUKBnXB8N/c7T6g0T+WjmWQYJHQoecwZNVbyG0QOokG15tbdBcg68QpSgwKtQfWrH6UsT1AaJqjWPc/NTDClynAmcFbp5xozysZ0iD1LJU1QB9PFsTNyYZWIxKmyJQ1ZqL8npjTRepKEtjOhZqRXvbn4n9fLTXwTTLnMcoOSLRfFuSAmJfPPScQVMiMmllCmuL2VsBFVlBmbT8WG4K2+vE7ajbrn1r2Hq1rztoijDGdwDpfgwTU04R5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+APn8wcREY4v</latexit><latexit sha1_base64="0aBJjz0cZL734V+qxY1Zm8YD+W0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJu3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBNcG9f9dkobm1vbO+Xdyt7+weFR9fikrdNcMfRZKlLVDalGwSX6hhuB3UwhTUKBnXB8N/c7T6g0T+WjmWQYJHQoecwZNVbyG0QOokG15tbdBcg68QpSgwKtQfWrH6UsT1AaJqjWPc/NTDClynAmcFbp5xozysZ0iD1LJU1QB9PFsTNyYZWIxKmyJQ1ZqL8npjTRepKEtjOhZqRXvbn4n9fLTXwTTLnMcoOSLRfFuSAmJfPPScQVMiMmllCmuL2VsBFVlBmbT8WG4K2+vE7ajbrn1r2Hq1rztoijDGdwDpfgwTU04R5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+APn8wcREY4v</latexit><latexit sha1_base64="0aBJjz0cZL734V+qxY1Zm8YD+W0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJu3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBNcG9f9dkobm1vbO+Xdyt7+weFR9fikrdNcMfRZKlLVDalGwSX6hhuB3UwhTUKBnXB8N/c7T6g0T+WjmWQYJHQoecwZNVbyG0QOokG15tbdBcg68QpSgwKtQfWrH6UsT1AaJqjWPc/NTDClynAmcFbp5xozysZ0iD1LJU1QB9PFsTNyYZWIxKmyJQ1ZqL8npjTRepKEtjOhZqRXvbn4n9fLTXwTTLnMcoOSLRfFuSAmJfPPScQVMiMmllCmuL2VsBFVlBmbT8WG4K2+vE7ajbrn1r2Hq1rztoijDGdwDpfgwTU04R5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+APn8wcREY4v</latexit>

In words, form the diagram by placing 2n points on the top (representing element 135 . . . (2n − 1))

and 2n points on the bottom (representing element 246 . . . (2n)). The left and right ends of the strip are

further identified (so it is really a annulus). ĥ ∈ ANCn,n ⊂ S2n is then drawn by connecting the points

pairwise without crossing as per the permutations in ĥ, where we split each of the 2n elements into two,

each representing the incoming and outgoing lines of ĥ. Pick 2nd vertically aligned defect elements that is

unique up to cyclic translation. ĥ is then constrained to take the form that it directly connects the 2nd pairs

of vertical defects (one-way) and otherwise only connects within the top/bottom half strip as an inverse with

respect to each other.

Proof. Fix gA,B = gA,B |m=2 the m = 2 version of these group elements. That is gB = (12)(34) . . . (2n− 1, 2n)

1Recall that the saturation of #(q) ≤ n+ ⌊n1/2⌋ enforces the non length-1 blocks of q into pairs if n1 is even, or pairs and a
triplet (which we do not have a good handle on) if n1 is odd. If we instead fix the ceiling then one can show that the inequality
will never be saturated when #1(q) is odd. This will likely not change our conclusion of this section and we suspect that the
effect of odd nd sector will only serve as a correction to the resolvent.
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and gA = (23)(34) . . . (2n, 1). The first two conditions Eq. (C.38) require q to be composed of pairs or singlets.

In this case there is a canonical map to a permutation element hq ∈ S2n since the order does not matter for

cycles of length 2 or 1. Given this, we can easily compare #(hqgB) and #(q ∨ tB) since the latter is either

made of “closed even blocks” (a block that does not include any singlets) or “nd blocks” that start and end

on a singlet. The counting is doubled in #(hqgB) for the closed blocks in #(q ∨ tB) (since the block factors

into an even and odd orbits under the action of hqgB) while it is not for the blocks containing singlets. Thus:

#(hqgA) = 2#(q ∨ tA) − nd , #(hqgB) = 2#(q ∨ tB) − nd (C.39)

Substituting these relations into Eq. (C.38) and defining ĥ = hqgB one can show that the conditions Eq. (C.38)

are equivalent to

#(ĥ) + #(ĥgBgA) = 2n+ 2δnd,0 , #(ĥgB) = n+ nd , #1(ĥgB) = 2nd (C.40)

Define τ ≡ gAgB = (135 . . . 2n − 1)(246 . . . 2n)−1 . We will use the notation (k)1(q)2 for k, q ∈ Sn

to mean permuting (1, 3, 5 . . . 2n − 1) according to k and the elements (2, 4, 6 . . . 2n) according to q. So

τ = (τn)1(τ−1
n )2. We then recognize the first condition in Eq. (C.40) as the problem of finding annular

non-crossing permutations: ANCτ = ANCn,n, i.e.

d(ĥ, e) + d(ĥ, τ) = d(τ, e) + 2(#(τ) − #(ĥ ∨ τ)) (C.41)

which implies that the genus Gτ must be zero, see Definition A.10.

For nd = 0 we can only have factorized ĥ = (k)1(k′−1)2 on the two cycles in gAgB where k, k′ ∈ NCn are

non-crossing permutations. Now also #(hq) = #(ĥgB) = #(kk′−1) = 2n implying that k = k′. Thus:

q = P ((k)1(k−1)2gB) (C.42)

For nd ̸= 0 we have annular non-crossing permutations. In particular we can only get one-cycles in ĥgB

iff there are straight crossings between the two sectors. Thus we are looking for a certain class of annular

non-crossings with 2nd straight crossings – where we count either direction of crossings.

Draw ĥ as shown in the diagram in the statement of the theorem. Such a diagram can be intepreted as an

operator acting on the Hilbert space (Hχ ⊗H⋆
χ)⊗n of dimension χ2n. We define this corresponding operator

as D(ĥ): 2

〈
ei1j1 ⊗ ei2j2 . . .⊗ einjn

∣∣∣D(ĥ)
∣∣∣ ej2ni2n ⊗ ej2n−1i2n−1

. . .⊗ ejn+1in+1

〉
≡

2n∏
k=1

〈
ik

∣∣∣ jĥ(k)〉 (C.43)

where eij = |i⟩ ⟨j| for some basis |i⟩ on the Hχ Hilbert space.

Given ĥ ∈ ANCτ or it’s corresponding D(ĥ), we can define s(ĥ) as the number of straight crossings and

t(ĥ) as the total number of crossings. These are both even numbers. We can form ĥ by considering two

non-crossing permutations k1, k2 ∈ NCn+nd
each with t defect elements placed cyclically together and such

that k is constrained to connect all the nd defect elements to and from other non-defect elements. The first

defect is further constrained to connect the non-defect element directly next to it, as shown in Fig. (C.1).

2The relevant non-crossing diagrams can be understood as arising from the affine Temperley-Lieb (TL) algebra on 2n strands,
which in turn has a representation acting on this Hilbert space. Indeed there is a well known correspondence between the annular
non-crossing permutations and the affine TL algebra.
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ĥ ∈ ANCn,n can be constructed by cutting open the connections at the defects of k1 and (k2)−1 and glue the

open connections in order, which we denote by ĥ = k1#tk
−1
2 . We have the obvious bound s(ĥ) ≤ t(ĥ).

Figure C.1: The procedure for constructing k1#tk
−1
2 . The green lines represent the would-be crossings.

Now we seek elements ĥ ∈ ANCτ , with s(ĥ) = 2nd such that

χ#(ĥgA) = TrH⊗2n
χ

D(ĥ) = χn+nd (C.44)

In fact we have the following inequality:

TrH⊗2n
χ

D(ĥ) ≤ χn+s(ĥ)/2 (C.45)

and this is saturated iff ĥ = k#tk
−1 for some k ∈ NC ′

n+t/2 in which case s = t = 2nd. This proves the

theorem (after applying an arbitrary rotation by conjugating by powers of to (τn)1(τn)2.) We prove Eq. (C.45)

and the saturation condition just used in Lemma C.6.

Lemma C.6. For any ĥ ∈ NC2n then we have the estimates:

TrH⊗2n
χ

D(ĥ) ≤ χn+s(ĥ)−t(ĥ)/2 , TrH⊗2n
χ

D(ĥ) ≤ χn+s(ĥ)/2 (C.46)

Furthermore the later inequality is saturated iff ĥ = k#tk
−1 for some k ∈ NC ′

n+t/2 where t = t(ĥ).

Proof. Note that:

TrH⊗2n
χ

D(k#tk
−1) = χn+t/2 (C.47)

by direct computation.

Consider now the first inequality Eq. (C.46). We can remove any straight crossings since they factor out

trivially from both sides of this inequality. So wlog consider only elements with s(ĥ) = 0. We can then write:

TrH⊗2n
χ

D(k1#tk
−1
2 ) = ⟨k′1|Σ |k′2⟩ k′1,2 ∈ NCn−t (C.48)
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defined as follows (see Figure below). Here k′1,2 are constructed from k1 and k2 by removing the defects/crossing

lines and considering the remaining elements as a non-crossing permutation on n− t points. These can then

be interpreted as pure states (non-normalized maximally entangled states) in the Hilbert space of dimension

χ2(n−t). Finally Σ is a unitary permutation on this Hilbert space formed by following crossing lines in

k1#tk
−1
2 around the trace.

Tr
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(where we have included a single straight crossing, that may be removed trivially.)

Then Cauchy-Schwarz gives:

|TrH⊗2n
χ

D(k1#tk
−1
2 )|2 = | ⟨k′1|Σ |k′2⟩ |2 ≤ ⟨k′1|Σ†Σ |k′1⟩ ⟨k′2 |k′2⟩ (C.49)

= ⟨k′1 |k′1⟩ ⟨k′2 |k′2⟩ (C.50)

= χ−2tTrH⊗2n
χ

D(k1#tk
−1
1 )TrH⊗2n

χ
D(k2#tk

−1
2 ) = χ2n−t (C.51)

as required. The second inequality in Eq. (C.46) is trivial now. Saturation of this later inequality requires

t(ĥ) = s(ĥ) and saturation of the Cauchy-Schwarz inequality above (now with no Σ) requires k′1 = k′2 implying

the correct condition.

We now consider the saturation condition for g in Eq. (C.37). To make progress we consider only the

form of q given by Theorem C.5.

Theorem C.7. Fix an nd and a corresponding q satisfying Eq. (C.38). Then there is a unique g ∈ Smn that

satisfies Eq. (C.37). This element is:

g(q) = ι(ĥ)gB (C.52)

where ĥ ∈ S2n is the unique element that satisfies q = P (ĥgB |m=2) and where ι embeds the subgroup S2n into

Smn. The subgroup acts only on elements jm/2 + 1 for j = 0 . . . 2n− 1 fixing all other elements.

If we relax the second condition in Eq. (C.37) then all the dominant elements are those satisfying

g′ : P (g′) ≤ P (g(q)) where g(q) was defined above, and also P (g′) ≰ P (g(q′)) for any q′ < q. There are:

(Cm − C2
m/2)n−nd(C2

m/2)nd (C.53)

of these, where Cm are the Catalan numbers.

Proof. We first consider the case where we ignore second part of Eq. (C.37). Given a connectivity fixed by q

satisfying Eq. (C.38) first consider the blocks of length 1 in ai ∈ q . These contribute to all GX , GA, GB for

a given g′ independently, and so we have zero genus for g′ restricted to these blocks, iff these g′ forms a NC

permutation within the corresponding m/2 block. We call these NC permutation αi ∈ NCm/2. It is not hard

to see that ι(ĥ)gA contains a cycle τm/2 on this same m/2 block. Thus the statements of the theorem are

true for the 2nd unit blocks.
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Now consider a block bi ∈ q of length 2. From the form of q given in Lemma C.5 we can see that such

a block sits either in a closed block of q ∨ tA or a closed block of q ∨ tB (or both). Assume without loss

of generality it is the former. Now recall the “pinching argument” in Theorem C.1. Start with the zero

genus surface ΣA describing g′ with resect to gA. Now pinch to form the surface with respect to X. Since

0 ≤ GX ≤ GA = 0 the pinched surface must also be an admissible surface ΣX for g′ (with respect to X) that

has minimal genus 0. Focus on the curves connecting the two m/2 boundaries on ΣX associated to bi that

describe a disconnected genus 0 surface with two boundaries Σi. These must form an annular non-crossing

permutations in Sm ⊂ ANCm/2,m/2 that we call βi. We now show that these must be a special subset of

annular non-crossing permutations.

We will show that we can add to Σi a curve that starts between the marked points 1 and m/2 on the

first boundary and ends between the marked points 1 and m/2 on the second boundary, and does not cross

any other curves on Σi. We construct this as follows (see Figure below). Since we found ΣX by pinching

ΣA between the marked points 1 and m/2 and m/2 + 1 and m on the boundaries of ΣA, we can add new

non-crossing curves to ΣX that pass between pairs of boundaries described by the blocks in tA that start and

end between the 1 and m/2 marked points on each X boundary. On ΣX shrink all boundaries except for the

two described by bi to arrive at Σi plus some bulk points where the boundaries shrunk, and non-crossing

curves between the bulk points. Since q ∨ tA contains the block bi in a “closed block” we can find a curve on

ΣX that follows alternatively the new curves that we constructed using tA and the curves in g′ not associated

to bi. The result connects, via the bulk points, the two remaining boundaries as required.
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V
<latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit>

V
<latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit>

F<latexit sha1_base64="XvgYsk2NHkqUzglyBmFxCmdiqk4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNREI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmnGMyg==</latexit><latexit sha1_base64="XvgYsk2NHkqUzglyBmFxCmdiqk4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNREI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmnGMyg==</latexit><latexit sha1_base64="XvgYsk2NHkqUzglyBmFxCmdiqk4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNREI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmnGMyg==</latexit><latexit sha1_base64="XvgYsk2NHkqUzglyBmFxCmdiqk4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNREI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmnGMyg==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

m/2
<latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit><latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit><latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit><latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit>

. . .<latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit><latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit><latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit><latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>m/2
<latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit><latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit><latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit><latexit sha1_base64="QKBHPT4pWg0jfwITJCVTg+/Dnx4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe4GQY9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iItav1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG12HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5ZdXSatWDfxqcH9Zqd/kcRThBE7hHAK4gjrcQQOaQGAIz/AKbx73Xrx372PRWvDymWP4A+/zB7NzjWY=</latexit>

. . .<latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit><latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit><latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit><latexit sha1_base64="7Y6aufJfmip3HNYjnflX7ILVbuE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZSTJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUYiAYRSe1ezLWaEm/UvVr/hxklQQFqUKBRr/y1Ys1yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUUTbsN8fu6UnDslJgNtXCkkc/X3RE4TaydJ5DoTiiO77M3E/7xuhoObMBcqzZArtlg0yCRBTWa/k1gYzlBOHKHMCHcrYSNqKEOXUNmFECy/vEpal7XArwUPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7A+/wBFB6PYg==</latexit>

g0|bi
<latexit sha1_base64="iI7wOvxKvLteYPtonkpfjJf1lVM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cK9kPaEDbbTbt0dxN2N0KJ/RVePCji1Z/jzX/jps1BWx8MPN6bYWZemHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+55EqzWJ5byYJ9QUeShYxgo2VHoanT0EWBmwaVGtu3Z0BLROvIDUo0AyqX/1BTFJBpSEca93z3MT4GVaGEU6nlX6qaYLJGA9pz1KJBdV+Njt4ik6sMkBRrGxJg2bq74kMC60nIrSdApuRXvRy8T+vl5roys+YTFJDJZkvilKOTIzy79GAKUoMn1iCiWL2VkRGWGFibEYVG4K3+PIyaZ/XPbfu3V3UGtdFHGU4gmM4Aw8uoQG30IQWEBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AMP8kF8=</latexit><latexit sha1_base64="iI7wOvxKvLteYPtonkpfjJf1lVM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cK9kPaEDbbTbt0dxN2N0KJ/RVePCji1Z/jzX/jps1BWx8MPN6bYWZemHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+55EqzWJ5byYJ9QUeShYxgo2VHoanT0EWBmwaVGtu3Z0BLROvIDUo0AyqX/1BTFJBpSEca93z3MT4GVaGEU6nlX6qaYLJGA9pz1KJBdV+Njt4ik6sMkBRrGxJg2bq74kMC60nIrSdApuRXvRy8T+vl5roys+YTFJDJZkvilKOTIzy79GAKUoMn1iCiWL2VkRGWGFibEYVG4K3+PIyaZ/XPbfu3V3UGtdFHGU4gmM4Aw8uoQG30IQWEBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AMP8kF8=</latexit><latexit sha1_base64="iI7wOvxKvLteYPtonkpfjJf1lVM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cK9kPaEDbbTbt0dxN2N0KJ/RVePCji1Z/jzX/jps1BWx8MPN6bYWZemHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+55EqzWJ5byYJ9QUeShYxgo2VHoanT0EWBmwaVGtu3Z0BLROvIDUo0AyqX/1BTFJBpSEca93z3MT4GVaGEU6nlX6qaYLJGA9pz1KJBdV+Njt4ik6sMkBRrGxJg2bq74kMC60nIrSdApuRXvRy8T+vl5roys+YTFJDJZkvilKOTIzy79GAKUoMn1iCiWL2VkRGWGFibEYVG4K3+PIyaZ/XPbfu3V3UGtdFHGU4gmM4Aw8uoQG30IQWEBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AMP8kF8=</latexit><latexit sha1_base64="iI7wOvxKvLteYPtonkpfjJf1lVM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cK9kPaEDbbTbt0dxN2N0KJ/RVePCji1Z/jzX/jps1BWx8MPN6bYWZemHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+55EqzWJ5byYJ9QUeShYxgo2VHoanT0EWBmwaVGtu3Z0BLROvIDUo0AyqX/1BTFJBpSEca93z3MT4GVaGEU6nlX6qaYLJGA9pz1KJBdV+Njt4ik6sMkBRrGxJg2bq74kMC60nIrSdApuRXvRy8T+vl5roys+YTFJDJZkvilKOTIzy79GAKUoMn1iCiWL2VkRGWGFibEYVG4K3+PIyaZ/XPbfu3V3UGtdFHGU4gmM4Aw8uoQG30IQWEBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AMP8kF8=</latexit>

g0|(bi)c
<latexit sha1_base64="zM6cDf0cUKpyFzOz9jjAOmTJVSA=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWsB/QxrDZbtqlm03c3RRKzO/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/JgzpW372yqsrK6tbxQ3S1vbO7t75f2DlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb90c3Ub4+pVCwS93oSUzfEA8ECRrA2kjs4ffLSqu+xsweSeeWKXbNnQMvEyUkFcjS88levH5EkpEITjpXqOnas3RRLzQinWamXKBpjMsID2jVU4JAqN50dnaETo/RREElTQqOZ+nsixaFSk9A3nSHWQ7XoTcX/vG6igys3ZSJONBVkvihIONIRmiaA+kxSovnEEEwkM7ciMsQSE21yKpkQnMWXl0nrvObYNefuolK/zuMowhEcQxUcuIQ63EIDmkDgEZ7hFd6ssfVivVsf89aClc8cwh9Ynz8FDZGZ</latexit><latexit sha1_base64="zM6cDf0cUKpyFzOz9jjAOmTJVSA=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWsB/QxrDZbtqlm03c3RRKzO/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/JgzpW372yqsrK6tbxQ3S1vbO7t75f2DlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb90c3Ub4+pVCwS93oSUzfEA8ECRrA2kjs4ffLSqu+xsweSeeWKXbNnQMvEyUkFcjS88levH5EkpEITjpXqOnas3RRLzQinWamXKBpjMsID2jVU4JAqN50dnaETo/RREElTQqOZ+nsixaFSk9A3nSHWQ7XoTcX/vG6igys3ZSJONBVkvihIONIRmiaA+kxSovnEEEwkM7ciMsQSE21yKpkQnMWXl0nrvObYNefuolK/zuMowhEcQxUcuIQ63EIDmkDgEZ7hFd6ssfVivVsf89aClc8cwh9Ynz8FDZGZ</latexit><latexit sha1_base64="zM6cDf0cUKpyFzOz9jjAOmTJVSA=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWsB/QxrDZbtqlm03c3RRKzO/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/JgzpW372yqsrK6tbxQ3S1vbO7t75f2DlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb90c3Ub4+pVCwS93oSUzfEA8ECRrA2kjs4ffLSqu+xsweSeeWKXbNnQMvEyUkFcjS88levH5EkpEITjpXqOnas3RRLzQinWamXKBpjMsID2jVU4JAqN50dnaETo/RREElTQqOZ+nsixaFSk9A3nSHWQ7XoTcX/vG6igys3ZSJONBVkvihIONIRmiaA+kxSovnEEEwkM7ciMsQSE21yKpkQnMWXl0nrvObYNefuolK/zuMowhEcQxUcuIQ63EIDmkDgEZ7hFd6ssfVivVsf89aClc8cwh9Ynz8FDZGZ</latexit><latexit sha1_base64="zM6cDf0cUKpyFzOz9jjAOmTJVSA=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWsB/QxrDZbtqlm03c3RRKzO/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/JgzpW372yqsrK6tbxQ3S1vbO7t75f2DlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb90c3Ub4+pVCwS93oSUzfEA8ECRrA2kjs4ffLSqu+xsweSeeWKXbNnQMvEyUkFcjS88levH5EkpEITjpXqOnas3RRLzQinWamXKBpjMsID2jVU4JAqN50dnaETo/RREElTQqOZ+nsixaFSk9A3nSHWQ7XoTcX/vG6igys3ZSJONBVkvihIONIRmiaA+kxSovnEEEwkM7ciMsQSE21yKpkQnMWXl0nrvObYNefuolK/zuMowhEcQxUcuIQ63EIDmkDgEZ7hFd6ssfVivVsf89aClc8cwh9Ynz8FDZGZ</latexit>

Figure C.2: The surface ΣX is constructed from ΣA in such away that we can insert non-crossing curves
on ΣX , shown in pink. These curves pass between the two boundaries associated to the blocks in tA. We
can use these curves and some other non-crossing curves, labelled g′|bci , to pass between the two boundaries
associated to the block bi ∈ q.

An annular non-crossing permutation (ANCm/2,m/2) does not cross a line between the two boundaries iff

it is a non-crossing permutation NCm associated to the joined boundaries, where we join the boundaries

through the non-crossing line. This is a special subset NCm ⊂ ANCm/2,m/2. It is not hard to see that in our

case these are defined as non-crossing permutations with respect to the remaining cycles τm of length m in

g(q) ≡ ι(ĥ))gB . Thus we solve the condition GX = GA = GB = 0 by demanding P (g′) ≤ P (g(q)) (such that

the connectivity of g′ is still described by q which requires that P (g′) ≰ P (g(q′)) for q′ < q.)

For the first statement of the theorem (including the second condition in Eq. (C.37)), we now simply need
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to compute the following for g′ ≤ g(q):

d(X, g′) = mn−
∑
i

#(τm/2(αi)
−1) −

∑
j

#(τm/2 × τm/2(βj)
−1) (C.54)

= mn−
∑

(m/2 + 1 − #(αi)) −
∑

(m− #(βj)) (C.55)

= (n− nd) +
∑

(#(αi) − 1) +
∑

(#(βj) − 1) (C.56)

where n− nd = 2n− #(q). So we get equality for the second part of Eq. (C.37) iff αi and βj have one cycle -

namely they equal τm/2 or τm within their respective blocks. Again it is not hard to check that the unique

element that does the job is g(q).

The surfaces that describe g′ with respect to gB , are disconnected NCm/2 discs and, the k-fold branched

coverings of the disk. We give some pictures to describe the dominant saddles.

m
<latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit>

n
<latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="NtnmDLJ1NgRz18QxoCqIYjLd6rc=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oh5JJ77SxmcyQ3BHK0F/gxoUi/i13/hvTx0JbDwQ+zknIvSfKlLTk+9/e1vbO7t5+6aB8WDk6PqmeVto2zY3AlkhVaroRt6ikxhZJUtjNDPIkUtiJJvfzvPOMxspUP9I0wzDhIy1jKTg5q6kH1Zpf9xdimxCsoAYrNQbVr/4wFXmCmoTi1vYCP6Ow4IakUDgr93OLGRcTPsKeQ80TtGGxGHTGLp0zZHFq3NHEFu7vFwVPrJ0mkbuZcBrb9Wxu/pf1copvw0LqLCfUYvlRnCtGKZtvzYbSoCA1dcCFkW5WJsbccEGum7IrIVhfeRPa1/XArwdNH0pwDhdwBQHcwB08QANaIADhBd7g3XvyXr2PZV1b3qq3M/gj7/MHwtmLnw==</latexit><latexit sha1_base64="NtnmDLJ1NgRz18QxoCqIYjLd6rc=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oh5JJ77SxmcyQ3BHK0F/gxoUi/i13/hvTx0JbDwQ+zknIvSfKlLTk+9/e1vbO7t5+6aB8WDk6PqmeVto2zY3AlkhVaroRt6ikxhZJUtjNDPIkUtiJJvfzvPOMxspUP9I0wzDhIy1jKTg5q6kH1Zpf9xdimxCsoAYrNQbVr/4wFXmCmoTi1vYCP6Ow4IakUDgr93OLGRcTPsKeQ80TtGGxGHTGLp0zZHFq3NHEFu7vFwVPrJ0mkbuZcBrb9Wxu/pf1copvw0LqLCfUYvlRnCtGKZtvzYbSoCA1dcCFkW5WJsbccEGum7IrIVhfeRPa1/XArwdNH0pwDhdwBQHcwB08QANaIADhBd7g3XvyXr2PZV1b3qq3M/gj7/MHwtmLnw==</latexit><latexit sha1_base64="ck1/v/JpOJELH0iIdgPbhaWErXY=">AAAB6HicbVBNT8JAEJ3iF+IX6tHLRmLiibRe9Ej04hESCyTQkO0yhZXtttndmpCGX+DFg8Z49Sd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT5p6yRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zczf3OEyrNE/lgpikGMR1JHnFGjZVaclCtuXV3AbJOvILUoEBzUP3qDxOWxSgNE1TrnuemJsipMpwJnFX6mcaUsgkdYc9SSWPUQb44dEYurDIkUaJsSUMW6u+JnMZaT+PQdsbUjPWqNxf/83qZiW6CnMs0MyjZclGUCWISMv+aDLlCZsTUEsoUt7cSNqaKMmOzqdgQvNWX10n7qu65da/l1hq3RRxlOINzuAQPrqEB99AEHxggPMMrvDmPzovz7nwsW0tOMXMKf+B8/gDV0Yzu</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit>

Figure C.3: A part of g′ corresponding to single block in #(q ∨ tB) and represented as a surface with respect
to gB . The boundary represented by the cycles of gB is shown in blue. The purple line can be thought of as
a “twist operator” which relates the different branches of the block.

Lastly we mention how these elements make their appearances in the phase diagram. The minimal

elements are constituted by g(q) ∈ Smn described in Theorem C.7 but also saturating Eq. (C.11), which in

turn forces either nd = n or nd = 0. They are:

{e}, x < 1/2,

{g : P (g) ≤ P (X)} = Γ(gA, e) ∩ Γ(gB , e), x = 1/2,

{X}, 1/2 < x ≤ n/2,

{k[1]m(k−1)[m/2+1]mgB : k ∈ NCn} ⊂ Γ(gA, gB), x ≥ n/2,

(C.57)

in terms of the notation of Sec. (2.3). We see that the X element comes from nd = n, whereas the x ≥ n/2

elements come from nd = 0. Intuitively one can also regard the elements with 0 < nd < n as smoothly

interpolating between {X} and {k[1]m(k−1)[m/2+1]mgB}. They are essential around the reflected entropy

phase transition x = n/2 = 1/2, where all the four regions in Eq. (C.57) come on top of each other. The fact

that phase transition occurs at x = 1/2 also implies that we drop the second condition of Eq. (C.37), that is

we must sum over all the elements prescribed in theorem C.7.
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C.2.2 Generating functions

Let us compute the generating function for elements that saturate the q conditions in Eq. (C.38). Define:

Z(z, w, p) =

∞∑
n=0

n∑
nd=0

wndzn
∑

q∈P2n:Eq. (C.38)✓

p−#(tA∨q)+#(tB∨q) (C.58)

where we pick the nd = n = 0 term to equal p (which then violates the seeming p → 1/p symmetry.) We

use the result in Lemma C.5. Let us separate out the nd = 0 contribution. For n = nd we simply get the

generating function of the q-Catalan numbers:

Z|nd=0 =

∞∑
n=0

∑
a∈NCn

znp−2#(a)+n+1 ≡ C(z, p) = −
√

(1 − z/z+)(1 − z/z−)

2z
+

1

2z
− 1

2
√
z+z−

(C.59)

where z± = p(1± p)−2 and we pick the cut such that
√
z+z− = p/(1− p2) which is the term that violates the

symmetry p→ 1/p. This function satisfies:

C(z, 1/p) = C(z, p) + (p−1 − p) , zC(z, p)C(z, 1/p) = C(z, p) − p (C.60)

Focus now on the rest. Consider the integer partition n − nd =
∑2nd

k=1 ℓk where 0 ≤ ℓk ≤ n − nd, then

diagram represented in Theorem C.5 is described by 2nd group elements bk ∈ NCℓk and is weighted in the

partition function above by:

wndznp
∑

k(−1)k(2#(bk)−ℓk−3/2) (C.61)

where we pick #(bk) = 0 for ℓk = 0. We also need to account for translations of the diagram up to an amount

of 1 + ℓ1 + ℓ2. By cyclic symmetry we can pick any two ℓ’s and sum (
∑2nd

k=1(1/2 + ℓk))/nd = n/nd. Thus we

need to compute:

Znd ̸=0 =

∞∑
n=1

n∑
nd=1

n

nd

∑
{ℓk=0,...n−nd}k

∑
{bk∈NCℓk

}
δ∑2nd

k=1 ℓk,n−nd
wndznp

∑
k(−1)k(2#(bk)−ℓk) (C.62)

We introduce a contour integral to extract the correct power of y:

δ∑2nd
k=1 ℓk,n−nd

=

∮
C

dy

2πiy
y(nd−n)+

∑
k ℓk (C.63)

where C encircles the origin y = 0. This also allows us to extend the sum
∑2nd

ℓk=0 →∑∞
ℓk=0. Computing this:

Znd ̸=0 =z∂z

∮
C

dy

2πiy

∞∑
n=1

n∑
nd=1

1

nd
wndzny(nd−n) (C(y, p)C(y, 1/p))

nd (C.64)

Shifting the sums to nd = 1, . . .∞ and ñ = n− nd = 0, . . .∞ allows us to do the sums:

Znd ̸=0 =z∂z

∮
C

dy

2πiy

1

(1 − z/y)
ln(1 − wzC(y, p)C(y, 1/p)) (C.65)

converging for small w, z. Then doing the contour integral to pickup the pole at z = y (we can pick the

contour C to be at sufficiently small y to avoid non-analyticities from the C(y, p) terms above, but large
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enough to encircle this pole):

Znd ̸=0 = z
∂

∂z
ln(1 − wzC(z, p)C(z, 1/p)) (C.66)

while this derivation required small z, w we can then analytically continue this answer away from this regime.

Putting it together we find:

Z(z, w, p) = C(z, p) +
z∂zC(z, p)

C(z, p) − p− w−1
(C.67)

Note that the second term has a pole at z = pw
(1+pw)(p+w) with unit residue.

Now consider the problem of the minimal elements for g ∈ Smn in a fixed nd sector, satisfying Eq. (C.37).

Z(z, w, p) =

∞∑
n=0

n∑
nd=0

wndzn
∑

g∈Smn:

{
Eq. (C.37)✓
Eq. (C.38)|q=qg✓

p−
1
2 (#(gg−1

A )−#(gg−1
B )) (C.68)

and this gives the same generating function.

We finally drop the second condition in Eq. (C.37) such that we have a new degree of freedom. Motivating

the more complicated generating function:

Y (z, w, p, r) =

∞∑
n=0

n∑
nd=0

wndzn
∑

g∈Smn:

{
GA=GB=0✓

Eq. (C.38)|q=qg✓

r−#(g)p
1
2 (#(gg−1

A )−#(gg−1
B )) (C.69)

In a fixed q sector we have to sum over all elements g ≤ ι(ĥq)gA which simply gives:

ρ1(r)n−ndρ0(r)nd , ρ1(r) = Cm(r−1) − Cm/2(r−1)2 ρ0(r) = Cm/2(r−1)2 (C.70)

where Cm(r) =
∑
g∈NCm

r#(g), with C1(r) = 1. So that:

Y (z, w, p, r) = Z(ρ1(r)z, ρ0(r)ρ1(r)−1w, p) (C.71)

C.2.3 Reflected resolvent

The resolvent can be expressed using the generating functions we found in previous subsection. We set:

χA = p1/2q1/2χ1/2 χB = p−1/2q1/2χ1/2 χC = χ (C.72)

and take χ large. This zooms into the xA = xB = 1/2 part of the phase diagram.

R(λ) =

∞∑
n=0

λ−n−1 TrσnAA⋆

(TrρmAB)
n ≈ λ−1Ŷ ((λχq(ρ1(q) + ρ0(q)))−1, χq, p, q) (C.73)

= λ−1Ẑ((λχq)−1p1(q), χqp0(q)/p1(q), p) (C.74)
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Where Ŷ (z, w, p, q) = (χq − 1)Y (z, 0, p, q) + Y (z, w, p, q) and similarly for Ẑ. We have defined:

p0,1(q) =
ρ0,1(q)

ρ0(q) + ρ1(q)
(C.75)

At large χ there are multiple scales in the resolvent, which makes it difficult to prove a clean statements on

the large χ answer. We have the main part of the resolvent which describes the MP distribution given by:

R(λ)|λ∼1/χ = λ−1χqC((λχq)−1p1(q), p) (C.76)

= χ2

(
−
√

(λχ− z′/z+)(λχ− z′/z−)

2z′λχ
+

1

2z′
− 1

2λχ
√
z+z−

)
(C.77)

and is found near eigenvalues λ ∼ 1/χ where we have defined z′ = p1(q)/q and z± = z±(p) was defined

previously. Then there is a single pole approximately at zw ≈ 1 (taking w large and zw held fixed.) That is

λ ≈ p0(q). For λ ∼ O(1) we have z small so we can approximate C(z, p) ≈ p+ z + . . .

R(λ)|λ∼1 ≈ 1

λ− p0(q)
(C.78)

In particular the naively leading MP distribution is not relevant because it has zero imaginary part for this

range of λ.

Note the general location of the pole is:

λ = p0

(
p+

p1
p0χq

)(
1

p
+

p1
p0χq

)
= p0

(
1 +

p1
p0χ2

A

)(
1 +

p1
p0χ2

B

)
(C.79)

although there is no reason to expect there are not other 1/χ corrections that possibly even compete with

the corrections implied by the above formula. The more general resolvent that is represented by Eq. (C.69) is

not accessible in this physical quantity since it lies outside of the domain of validity for the approximation

that we are using. This is due to the large w ∼ χ value that we must use in the generating function. In order

to access this we need a way to hold fixed w without changing q or p.

C.3 Full solution to k = 2 SD equation

In section 3.6 we have the following set of matrix equations for the 2 × 2 matrix R which determines the

resolvent at λ ∼ O(χ0
C):

(
R11 R12

R21 R22

)
=

(
λ− F11 −F12

−F21 λ− F22

)−1

(
F11 F12

F21 F22

)
=

√
λ

(
0 D̂m

D̂m 0

)
+

λÊm
(χAχB)2

(
R22 R21

R12 R11

)
+

λB̂m
(χAχB)2

(
S22(χ2

B − 1) 0

0 S11(χ2
A − 1)

)
(C.80)

With S11 and S22 given by

(χ2
A − 1)S11, (χ

2
B − 1)S22 =

χ2
Aχ

2
B

2B̂mλ

(
λ−

√
(λ− λ+)(λ− λ−)

)
± χ2

A − χ2
B

2λ
(C.81)
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We now attempt to find a complete solution for matrix R. Define

M =

(
λ −

√
λD̂m

−
√
λD̂m λ

)
− λB̂m

(χAχB)2

(
S11(χ2

A − 1) 0

0 S22(χ2
B − 1)

)
≡
(
M11 M12

M21 M22

)
(C.82)

Note that M is symmetric, M12 = M21. We can write Eq. (C.80) as

T−1RT =

(
M − λÊm

(χAχB)2
R

)−1

(C.83)

where

T = T−1 =

(
0 1

1 0

)
(C.84)

is the χA ↔ χB basis flip matrix. Multiply both sides by T from the left we obtain

RT =

(
MT − λÊm

(χAχB)2
RT

)−1

(C.85)

What we have shown is that RT and MT are simultaneously diagonalizable. Our strategy is then straightfor-

ward: we simply go to the basis where both matrices are diagonalized. Doing so allows us to solve for the

eigenvalues of RT easily, then we transform back to the familiar basis and undo the effect of T . Start by

diagonalizing MT :

MT =

(
M12 M11

M22 M12

)
= Q

(
d+ 0

0 d−

)
Q−1

=

(√
M11 −√

M11√
M22

√
M22

)(
M12 +

√
M11M22 0

0 M12 −
√
M11M22

)(√
M11 −√

M11√
M22

√
M22

)−1

(C.86)

We find that the eigenvalues of MT are

d± = M12 ±
√
M11M22 (C.87)

so we have

R = Q

(
r+ 0

0 r−

)
Q−1T

=
1

2

√M11

M22
(r+ − r−) r+ + r−

r+ + r−
√

M22

M11
(r+ − r−)

 (C.88)

with r± given by

r± =
(χAχB)2

2λÊm

d± −
√
d2± − 4λÊm

(χAχB)2

 (C.89)
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In calculating the resolvent we only need the R11 component. It is

R11(λ) =

√
M11

M22

(χAχB)2

4λÊm

2
√
M11M22 +

√
(M12 −

√
M11M22)2 − 4λÊm

(χAχB)2
−
√

(M12 +
√
M11M22)2 − 4λÊm

(χAχB)2


(C.90)

The form of R11(λ) seems to predict two “mini-MP” peaks with width ∝
√
Êm/(χAχB), centered at λ⋆

where the condition

M12 = ±
√
M11M22 (C.91)

is satisfied. However since M12 ∝
√
λ, from the branch cut of square root we see that solutions for these two

equations lie immediately above and below real axis, respectively. In fact they represent the same peak, as

we must have R(λ+ iϵ) = −R(λ− iϵ) for any resolvent R(λ). Solving for λ⋆ gives

λ⋆ =
(B̂m(1 − χ−2

A )χ−2
B + D̂2

m)(B̂m(1 − χ−2
B )χ−2

A + D̂2
m)

D̂2
m

= D̂2
m +

(
1

χ2
A

+
1

χ2
B

)
B̂m +O(χ−4)

(C.92)

We can calculate the width of this mini-MP peak via solving the relation

(M12 ±
√
M11M22)2 =

4λÊm
(χAχB)2

(C.93)

We find

δλ =
8D̂m

√
Êm

χAχB

(
1 +

B̂2
m(χ2

A − 1)(χ2
B − 1)

(4Êm − D̂2
mχ

2
Aχ

2
B)2

)

=
8D̂m

√
Êm

χAχB
+O(χ−4)

(C.94)

Note that:

λ⋆ − λ± =

(
D̂2
m ∓ B̂m

(χ2
A − 1)1/2(χ2

B − 1)1/2

(χAχB)2

)2

(C.95)

so the λ⋆ pole never reaches the main MP peak. It rather bounces when

D̂2
m = B̂m

(χ2
A − 1)1/2(χ2

B − 1)1/2

(χAχB)2
(C.96)

which is outside of the validity of our approximations.
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Appendix D

Supplement to Chapter 5

D.1 Multiboundary wormholes

In this appendix, our primary goal is to analyze the extremal surfaces in a multiboundary wormhole. In

particular, we are interested in understanding the competition between different candidates for the minimal

entanglement wedge cross section.

The four boundary wormhole we are interested in can be decomposed into two pair-of-pants geometries

(see Fig. (D.1)). Without loss of generality, consider one of the constituent geometries with extremal surfaces

γi that have area Li for i = A,C1,W , corresponding to each of the asymptotic boundary regions as shown

in Fig. (D.1). In this geometry, there are three potential candidates for the minimal entanglement wedge

cross section for the region AB, i.e., γA and γW , which have obvious analogs in the 2TN model, as well as a

non-trivial surface γ′, whose area L′ is completely fixed in terms of the moduli Li. In order for the tensor

network to faithfully model this wormhole’s minimal cross section, we need to ensure that LW < L′.

To compute L′ as a function of Li, we can use the symmetries of the problem and identities from hyperbolic

geometry (see Ref. [101] and references therein). In particular, an identity satisfied by right-angled pentagons

in hyperbolic space is

sinh(a) sinh(b) = cosh(c), (D.1)

where a and b are the lengths of adjacent sides of the pentagon and c is the unique side not adjacent to either

of them. Note that all lengths are measured in units of the AdS scale l. Suppose γ′ splits γC1
into portions

of length x and LC1 − x, then we have

sinh(x) sinh

(
L′

2

)
= cosh

(
LW
2

)
,

sinh

(
LC1

2
− x

)
sinh

(
L′

2

)
= cosh

(
LA
2

)
.

(D.2)

Moreover, we are interested in a limit where LA, LC1
≫ LW . Solving the above set of equations in this limit,

we obtain

L′ = 2 sinh−1

(√
exp (LA − LC1

) + 2 exp

(
LA − LC1

2

)
cosh

(
LW
2

))
. (D.3)

We can now compare L′ to LW either by plotting the function as in Fig. (D.2), or by comparing them in

196



Figure D.1: A pair of pants decomposition of a four-boundary wormhole. The constituent three-boundary
wormholes have horizons γi with area Li. The surface γW was treated as the minimal entanglement wedge
cross section in our analysis. However, another possible non-trivial entanglement wedge cross section surface
γ′ exists with an area L′ that could be lesser in regions of parameter space.

Figure D.2: A plot of L′/LW as a function of LW for fixed LA and LC1
. The dashed line labels the location

where the shift of minimal cross-section happens.

various limits. When LA > LC1 , we find that L′ ≫ LW which means we can ignore the surface γ′ for the cross

section. On the other hand, for LA < LC1 , we find that L′ ≪ LW and thus, it is very important to consider

γ′. This means that the 2TN approximation fails as we go far into the disconnected phase. However, for

our calculations we were mostly interested in the region near phase transitions. Thus for simplicity, consider

the case LA = LC1 . Then, for small LW , we have L′ = 2 sinh−1(
√

3) ≫ LW . For large LW , we instead have

L′ = LW

2 ≪ LW . As seen from Fig. (D.2), there is a transition at an O(1) value of LW . Identical arguments

can be applied to the other constituent pair-of-pants geometry. Thus, as long as we tune the moduli to such

a regime, we find a wormhole whose minimal entanglement wedge cross section is indeed given by γW and is

modelled well by the 2TN.

On the other hand, it isn’t clear whether such saddles are dominant in the gravitational path integral. An

analysis similar to Ref. [152] would be useful to determine if this is the case. Even if such a saddle is not

dominant, we can consider a few alternate options: matter can be used to source a larger interior region in

which case it is clear that L′ > min(LA, LW ). It may also be possible to simply choose to project on the

relevant saddles [202].
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D.2 Finite χ corrections

In this appendix we will study the effect of finite bond dimension χ. As opposed to the corrections from

finite external bond dimensions χA,B,C , the effect of finite χ acts only on eigenvalues within each k sectors

by shifting them by a small amount. In the following we will give generating functions pertain to these

eigenvalue shifts. Analytically continuing the coefficient of the relevant generating function gives the leading

correction to the reflected spectrum. We give explicit formulae of such analytic continuation for k = 0, 1.

The correction to these two sectors completely characterizes the leading order corrections to the reflected

entropy in the finite χ limit, which matches well with our numerics (Sec. (5.4.5)). While the detailed effect of

sector mixing is interesting on its own in that there seems to be an additional hierarchy structure from our

TL numerics, its effect on the reflected entropy is to the order O(χ−2) which is outside the main interest of

this note.

D.2.1 Corrections to orthogonality condition

We will find the first order χ corrections to Eq. (5.56). Denote the related generating function 1

G(r, z) =
∑

m∈2Z+,k∈Z+

X
(m)
k (qA, qB , χ)zm/2rk, X

(m)
k (qA, qB , χ) =

∑
x,y∈B(m)

k

fqA(x)fqB (y) ⟨x, y⟩ (D.4)

We write the function X
(m)
k as a sum of diagrams:

(D.5)

where we assign each closed red loop a factor of qA, each closed green loop a factor of qB and each closed

black loop a factor of χ. Note that we work in the limit of large χ and qA, qB ∼ O(1). The contraction

pattern of blue strands is determined by the link states x (on top) and y (on bottom) where we exclude

all contractions in which ⟨x, y⟩ = 0. The dominant contribution comes from x = y, reflecting the fact that

the link states form a approximately orthogonal basis for V(m)
k . We now try to determine the first order

correction to this result. Begin by splitting G(r, z) in the following fashion

G(r, z) = G0(r, z) +G1(r, z), (D.6)

where G0(r, z) contains all the leading diagrams (that is with x = y). It is related to the link state generating

function Eq. (5.57) by G0(r, z) = G(qAB , r/χ, zχ). G1(r, z) contains all the next order corrections. Also

denote H(r, z) to be the generating function for 1PI diagrams and split it in a similar fashion

H(r, z) = H0(r, z) +H1(r, z) (D.7)

1We will suppress the qA,B dependence in this section unless necessary to make our notation more clear.
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G(r, z) and H(r, z) are related by

(D.8)

The weights in the sum of G1 counts the number of permutations for the 1PI diagrams. Algebraically,

Eq. (D.8) can be written as

G0(r, z) =

∞∑
n=0

Hn
0 (r, z) =

1

1 −H0(r, z)
,

G1(r, z) = H1(r, z)

∞∑
n=0

(n+ 1)Hn
0 (r, z) = G2

0(r, z)H1(r, z)

(D.9)

An important seed for the generating function G is the special case k = 0, where the link states are non-crossing

partitions x, y ∈ NCm. Schematically the SD equation for H1 and k = 0 is

(D.10)

For the diagrammatic notations used here: dashed circles indicate generating functions such as G(r, z) and

H(r, z); and solid line circles indicate the generating functions for the k = 0 sector, i.e. G(0, z) and H(0, z).

In the last two rows the blue connections feature non-crossing permutations (x, y) of the form (τn, τnσ) or

(τnσ, τn), where σ is a simple transposition (permutation that swaps two elements and keeping all others

invariant). The number of these permutations στn are n(n− 1)/2. We get the following equation

H1(0, z) = qABχ
2z2G1(0, z)

∞∑
n=0

(n+ 1)(χzG0(0, z))n

+ qAB(qA + qB)

∞∑
n=0

n(n− 1)

2
zn(χG0(0, z))n−1

= qAB
χ2z2G1(0, z)

(1 − χzG0(0, z))2
+ qAB(qA + qB)

χz2G0(0, z)

(1 − χzG0(0, z))3

(D.11)

This equation, together with Eq. (D.9) yields a linear equation for G1(0, z) in terms of G0(0, z). We get

G1(0, z) =
qAB(qA + qB)χz2G3

0(0, z)

(χzG0(0, z) − 1) (qABχ2z2G2
0(0, z) − (χzG0(0, z) − 1)2)

(D.12)
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This generating function characterizes the correction to the single pole λ
M

(m)
0

of the k = 0 sector.

For the k > 0 sectors we must include in our sum connections with open strands, but only such that each

open strand on top is connected to an open strand in bottom, as required by the condition ⟨x, y⟩ ≠ 0. To

better organize the SD equation we define an auxiliary matrix F0(z)

(D.13)

F0(z) can be thought of as an stripped down version of H0(z) in the sense of the following equality

(D.14)

Similarly we define the matrix F1(z) that is comprised of the next order diagrams

(D.15)

Note that despite the similarity, F1(z) does not satisfy a simple relation to H1(z) like Eq. (D.14). The SD

equation for the connected generating function H(r, z) can then be formulated using these matrices

(D.16)

As indicated there are three additional diagrams consists of vertical and horizontal reflections of the “zigzag”

diagram. Since each “zigzag” decrease the power of χ by one, diagrams that with more than one “zigzags”

only contribute at higher orders. Algebraically this equation is

H1(r, z) = H1(0, z) + zrF1(z) + 2z2r(qA + qB)F0(z)2G0(z) (D.17)

where the non-bold version of Fi denote the common prefactor of the respective matrix. Together with

Eq. (D.9) this determines the form of G1(r, z) (since both G1(0, z) and G0(r, z) are known):

G1(r, z) = G0(r, z)2
(
G1(0, z)

G0(0, z)2
+

χz2rG1(0, z)

(1 − χzG0(0, z))2
+

(qA + qB)χz3rG0(0, z)2

(1 − χzG0(0, z))3

+
2z2r(qA + qB)G0(0, z)

(1 − χzG0(0, z))2

)
(D.18)
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The k = 0 result Eq. (D.12) is recovered by taking r = 0. Denote formally the series coefficient of G1(r, z) by

G1(r, z) =
∑
µ,k=0

g
(1)
µ,k(qA, qB)zµrk (D.19)

The correction to the matrix eigenvalue λ
M

(m)
k

Eq. (5.56) from orthogonality is then

∆1λM(m)
k

= 2(qAB)−kχm/2−kgm/2,k(q−1
AB)g

(1)
m/2,k(q−1

A , q−1
B ) +O(χm−2k−2) (D.20)

where gm/2,k(q−1
AB) is the series coefficient of the link state generating function Eq. (5.57).

D.2.2 Corrections from subleading TL diagrams

We now write down the corrections from including the subleading TL diagrams in M
(m)
k (q). We begin by

splitting the sum

M
(m)
k (q) =

∑
h∈NCm

q−#(h)π
(m)
k (D(h)) = (M0)

(m)
k (q) + ∆M

(m)
k (q) (D.21)

where (M0)
(m)
k =

∑
h∈NCm,k

q−#(h)π
(m)
k (D(h)) contains diagrams of the form {|x y|;x, y ∈ B(m)

k } 2 and

∆M
(m)
k =

∑
h∈NCm\NCm,k

q−#(h)π
(m)
k (D(h)) contains the rest. Then we have

∆
(
M

(m)
k (qA)M

(m)
k (qB)

)
≈ ∆M

(m)
k (qA)(M0)

(m)
k (qB) + (M0)

(m)
k (qA)∆M

(m)
k (qB) (D.22)

up to first order corrections. Our goal is to apply first order QM perturbation theory on the matrix

∆
(
M

(m)
k (qA)M

(m)
k (qB)

)
. Since M

(m)
k (qA)M

(m)
k (qB) is not Hermitian, we need a slightly modified version of

usual first order perturbation theory.

• correction to leading eigenvalue

Denote v
(m)
k (q) =

∑
x∈B(k)

m
fq(x)x, we have (M0)

(m)
k (q) = q−k |v(m)

k (q)⟩ ⟨v(m)
k (q)| and the right (left)

eigenvector of the unperturbed matrix |v(m)
k (qA)⟩ (⟨v(m)

k (qB)|). 3. The first order correction to the

leading eigenvalue is

∆λ
M

(m)
k

=

〈
v
(m)
k (qB)

∣∣∣∆M (m)
k (qA)(M0)

(m)
k (qB) + (M0)

(m)
k (qA)∆M

(m)
k (qB)

∣∣∣ v(m)
k (qA)

〉
〈
v
(m)
k (qB)

∣∣∣ v(m)
k (qA)

〉
= q−kA

〈
v
(m)
k (qA)

∣∣∣∆M (m)
k (qB)

∣∣∣ v(m)
k (qA)

〉
+ q−kB

〈
v
(m)
k (qB)

∣∣∣∆M (m)
k (qA)

∣∣∣ v(m)
k (qB)

〉 (D.23)

Hence we must evaluate the expectation values of the form〈
v
(m)
k (q)

∣∣∣∆M (m)
k (q′)

∣∣∣ v(m)
k (q)

〉
=

∑
x,y∈B(m)

k

fq(x)fq(y)
∑

h∈NCm\NCm,k

q′−#(h)
〈
x
∣∣∣π(m)

k (D(h))
∣∣∣ y〉

(D.24)

2Certainly there are diagrams in M0 that contribute at O(χ−1) but their effect is to alter the orthogonality condition
Eq. (5.56), which we have already dealt with earlier.

3We will use v and |v⟩ interchangeably as a vector in the module V(m)
k and ⟨v| as the associated vector in the dual module

V⋆(m)
k defined from the inner product ⟨v| ≡ ⟨·, v⟩ to match the notation of QM perturbation theory. We hope the change of

notation is not too confusing for the readers.
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Figure D.3: The leading correction diagrams for ⟨x |D(h) | y⟩ in the k = 0 sector (D(h) shown as dashed lines
in the middle) is constructed by starting with mirroring the x and y link states (shown as solid lines on the
left and right sides). Then an outer strand is cut on both mirrored link states before connecting them to form
D(h). This construction decreases the contribution of such diagram by one order of χ compared to |x y|.

We can think of the sum
∑
h∈NCm\NCm,k

〈
x
∣∣∣π(m)

k (D(h))
∣∣∣ y〉 as flipping the diagram of |x⟩ horizontally

and try to “fill in” the spaces between |x⟩ and |y⟩ by TL diagrams associated with D(h). Every D(h)

contributes to this sum in different powers of χ and for our purpose here it suffices to find the diagrams

that contribute at leading order.

Again an important seed is the k = 0 sector. For k = 0 the leading elements in the sum∑
h∈NCm,k>0

q−#(h)
〈
x
∣∣∣π(m)

k (D(h))
∣∣∣ y〉 are elements such that D(h) = |z w| where z, w ∈ B(m)

2 in

which they can be thought of as the “cut-open” versions of x and y, as shown in Fig. (D.3). For a

link state x ∈ B(m)
k , denote c(x) to be the number of outer strands it possesses, then the number of

diagrams we should include to get the leading behavior of
∑
h ⟨x |D(h) | y⟩ is equal to c(x)c(y). We

have, up to leading order in χ:∑
h∈NCm,k>0

q−#(h)
〈
x
∣∣∣π(m)

k (D(h))
∣∣∣ y〉 ≈ χ2m−1qfq(x)fq(y)c(x)c(y), x, y ∈ B(m)

0 (D.25)

c(x) is also equal to the number of connected components x contains, which can be counted using a

modified generating function. Recall that H(q, r = 0, z) Eq. (D.111) is the 1PI generating function of

k = 0 link states. Instead of G(q, r = 0, z) = 1/(1 −H(q, 0, z)) we can additionally weigh the sum by

the number of 1PI diagrams using

Y (q, z) = H(q, 0, z) + 2H2(q, 0, z) + 3H3(q, 0, z) + · · · =
H(q, 0, z)

(1 −H(q, 0, z))2
(D.26)

Denote formally the expansion coefficient of Y by

Y (q, z) =

∞∑
µ=0

yµ(q)zµ (D.27)

Then one can write
〈
v
(m)
0 (q)

∣∣∣∆M (m)
0 (q′)

∣∣∣ v(m)
0 (q)

〉
(up to leading order) as

〈
v
(m)
0 (q)

∣∣∣∆M (m)
0 (q′)

∣∣∣ v(m)
0 (q)

〉
≈ q′ y2m/2((qq′)−1)χm−1 +O(χm−2) (D.28)

The additional factor of q′ in front comes from the fact that the total number of loops decreases by one

when performing the surgery shown in Fig. (D.3). Finally from Eq. (D.23) we obtain the first order
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Figure D.4: The procedure of constructing leading diagrams for ⟨x |D(h) | y⟩ for the k > 0 sector. Starting
with the diagram |x y|, a similar procedure of cutting and gluing two outer strands are performed. However
different to the k = 0 case, the two outer strands being cut must stay inside the same block. This is
demonstrated using scissors with the same color in the above figure: The surgery on |x y| can be performed
either on the strands with two black scissors (which produces the first diagram on RHS), or strands with two
red scissors (which produces the second diagram on RHS), but performing surgery on a black-red scissor pair
is prohibited.

correction to λ
M

(m)
0

:

∆2λM(m)
0

≃ (qA + qB) y2m/2(q−1
AB)χm−1 +O(χm−2) (D.29)

For the k > 0 sectors one proceeds in a similar fashion but the rule is more complicated. As shown in

Fig. (D.4), connecting the open strands dissects |x y| into different blocks. Due to the non-crossing

nature of the TL diagram, we must only perform the surgery on outer strands within the same block. To

do the required counting here we introduce the two-variable generating functions G(z, w) and J0(r, z, w),

defined as

(D.30)

and

(D.31)

where the variable z counts the number of TL sites on the left and w counts the number of TL sites

on the right. One can think of G(z, w) as a two-point “propagator” with k = 0 and J0(r, z, w) as the

source which increases k by 1. For example, using these elements we can write down the two-variable
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generating function for two-sided diagrams

(D.32)

or in algebraic form

Y0(r, z, w) = G(z, w)
(
1 + G(z, w)J0(r, z, w) + G(z, w)2J0(r, z, w)2 + · · ·

)
=

G(z, w)

1 − G(z, w)J0(r, z, w)

(D.33)

To write down the generating for leading diagrams in ⟨x |D(h) | y⟩, we introduce additional c(·)-weighted

source functions J1(z, w) and J2(r, z, w), defined by

(D.34)

(D.35)

where we weight each diagram by product of the number of outer strands on each sides (marked by red

crosses above). Algebraically these equations read

J1(z, w) =
qz

1 − zC(q, z)

qw

1 − wC(q, w)
= H(q, 0, z)H(q, 0, w) (D.36)

J2(r, z, w) = qr
z2C(q, z)

(1 − zC(q, z))2
w2C(q, w)

(1 − wC(q, w))2
(D.37)
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Finally we can form the generating function for ⟨x |D(h) | y⟩ using

(D.38)

and similarly for J2. Algebraically this equation is

Yi(r, w, z) =
Ji(r, w, z)G(w, z)2

(1 − J0(r, w, z)G(w, z))2
, i = 1, 2 (D.39)

The reason we separate the weighted generating function into Y1 and Y2 is that after the indicated

surgery is performed, the number of loops in diagrams of type J1 decreases by 1 (this is the only case

for k = 0); whereas diagrams of type J2 increases by 1. Denote the triple expansion coefficient of

Yi(r, z, w) by

Yi(q, r, w, z) =

∞∑
µ,ν,k=0

y
(i)
µνk(q)zµwνrk (D.40)

This allows us to write down

q−k
〈
v
(m)
k (q)

∣∣∣∆M (m)
k (q′)

∣∣∣ v(m)
k (q)

〉
≈
(
q′y(1)m/2,m/2,k((qq′)−1 + q′−1y

(2)
m/2,m/2,k((qq′)−1)

)
χm−2k−1 +O(χm−2k−2)

(D.41)

The first order correction to λ
M

(m)
k

from subleading diagrams is thus

∆2λM(m)
k

≈
(

(qA + qB)y
(1)
m/2,m/2,k(q−1

AB) + (q−1
A + q−1

B )y
(2)
m/2,m/2,k(q−1

AB)
)
χm−2k−1 (D.42)

Although it is not immediately apparent, Eq. (D.29) can be recovered by taking k = 0.

• sector mixing

We now give a brief argument that the correction to the degenerate zero eigenvalues in each sector

vanish to the first order. In short, we need to find the first order corrections to the null states of

the product matrix M
(m)
k (qA)M

(m)
k (qB). We need to apply first order degenerate perturbation theory.

Denote

Π
(m)
k = id − |v(m)

k (qA)⟩ ⟨v(m)
k (qB)|〈

v
(m)
k (qA)

∣∣∣ v(m)
k (qB)

〉 (D.43)

to be the projector onto the left and right null spaces. To find the perturbation one needs to diagonalize

the following matrix

Π
(m)
k

(
∆M

(m)
k (qA)(M0)

(m)
k (qB) + (M0)

(m)
k (qA)∆M

(m)
k (qB)

)
Π

(m)
k = 0, (D.44)

since (M0)
(m)
k (q) is annihilated by the projector Π

(m)
k . Therefore the order O(χ−1) corrections to the

zero eigenvalues vanish and the degeneracy is not removed.

The degeneracy is only broken at O(χ−2). At the next order one has the second order contribu-
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tion of ∆M
(m)
k (qA)(M0)

(m)
k (qB) + (M0)

(m)
k (qA)∆M

(m)
k (qB) as well as the first order contribution of

∆M
(m)
k (qA)∆M

(m)
k (qB), and all other contribution is annihilated by the projector. While the detailed

effect of sector mixing is interesting on its own in that there seems to be an additional hierarchy

structure from our TL numerics, its effect on the reflected entropy is to the order O(χ−2) which is

outside our main interest here.

D.2.3 Explicit form for k = 0 and k = 1

Here we will perform explicit analytic continuation m→ 1 to find the leading order corrections to the spectral

eigenvalue λ0 and λ1. Together they determine the leading corrections to the reflected entropy in powers of χ.

• k = 0

The generating function for ∆1λ can be written as

χ

qA + qB
G1(r = 0, z) =

−1 + (1 + qAB)χz

2q2ABχ
2z2

+
1 − 2(1 + qAB)χz + (1 + q2AB)χ2z2

2qABχ2z2
√

(1 + χz(qAB − 1))2 − 4qABχz
(D.45)

As in the case of main text there is a branch cut induced by the square root. To perform the analytic

continuation via contour integral, we chose our contour to wrap around the branch cut. Additional

poles at z = 0 does not contribute to the integral. To set up our notation, define

Dn(q) ≡ − 1

π
Im

∫ z+

z−

dz

zn
√

(1 + z(q − 1))2 − 4qz
(D.46)

=

 2F1(1 − n, 1 − n; 1; q), q ≤ 1,

qn−1
2F1(1 − n, 1 − n; 1; q−1), q > 1

(D.47)

as the analytic continuation for the series coefficients of z/
√

(1 + z(q − 1))2 − 4qz. An contour integral

gives the expression for δg1/2,0:

δg1/2,0(qA, qB) = − 1

π
Im

∫ z+/χ

z−/χ
G1(0, z)z−3/2dz

=
(qA + qB)

2qAB
√
χ

(
(1 + q2AB)D3/2(qAB) − 2(1 + qAB)D5/2(qAB) +D7/2(qAB)

) (D.48)

and

∆1λ0 =
2qAB√
χ
g1/2,0(q−1

AB)g
(1)
1/2,0(q−1

A , q−1
B )

=
(q−1
A + q−1

B )

χ
C1/2(q−1

AB)
(
(1 + q−2

AB)D3/2(q−1
AB) − 2(1 + q−1

AB)D5/2(q−1
AB) +D7/2(q−1

AB)
) (D.49)

The expression for ∆2λ0 is also easy to write down. We work with the single variable generating

function Eq. (D.26) here. Use Eq. (5.72) one arrives at

Y (q, z) =

(
1

z
− q

)
C(q, z) − 1

z
(D.50)
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which gives

∆2λ0 =
qAB(qA + qB)

χ

(
1

π
Im

∫ z+

z−
Y (q−1

AB , z)z
−3/2dz

)2

=
qAB(qA + qB)

χ
(C3/2(q−1

AB) − q−1
ABC1/2(q−1

AB))2

(D.51)

and the first order correction is

∆λ0 = ∆1λ0 + ∆2λ0 (D.52)

• k = 1

Extracting the linear r order coefficient of the generating functions we get

χ2

qA + qB

∂G1(r, z)

∂r

∣∣∣
r=0

=
−1 + (qAB + 1)χz + q2ABz

2 − (q2AB − qAB)2χ3z3

2q2ABχ
3z3

+
1 − 2(qAB + 1)χz + χ2z2 + 2q3ABχ

3z3 − (q2AB − qAB)2χ4z4

2q2ABχ
3z3
√

(1 + χz(qAB − 1))2 − 4qABχz
(D.53)

The first term on RHS is irrelevant for determining the contour integral. We have

g
(1)
1/2,1(qA, qB) = − 1

π
Im

∫ z+/χ

z−/χ
∂rG1(0, z)z−3/2dz

=
qA + qB
2χ3/2

(
−(qAB − 1)2D1/2(qAB) + 2qABD3/2(qAB) + q−2

ABD5/2(qAB)

−2(q−2
AB + q−1

AB)D7/2(qAB) + q−2
ABD9/2(qAB)

)
(D.54)

and

∆1λ1 =
2

χ3/2
g1/2,1(q−1

AB)g
(1)
1/2,1(q−1

A , q−1
B )

=
(q−1
A + q−1

B )

χ3
(−C1/2(q−1

AB) + qABC3/2(q−1
AB))

× ((−(q−1
AB − 1)2D1/2(q−1

AB) + 2q−1
ABD3/2(q−1

AB) + q2ABD5/2(q−1
AB)

− 2(q2AB + qAB)D7/2(q−1
AB) + q2ABD9/2(q−1

AB))

(D.55)

The two variable generating function Yi(q, r, z, w) factorizes when expanded as a series of r. We are

interested in terms linear to r here, which is

∂Y2(q, r, z, w)

∂r

∣∣∣
r=0

=
qz2w2C(q, z)3C(q, w)3

(1 − zC(q, z))2(1 − wC(q, w))2
,

∂Y1(q, r, z, w)

∂r

∣∣∣
r=0

= 2q2
∂Y2(q, r, z, w)

∂r

∣∣∣
r=0

(D.56)

Using Eq. (5.72) we can write the individual factors as

Ŷ (q, z) ≡ z2C(q, z)2

(1 − zC(q, z))2
=

−1 + (1 + q)z

q2z2
+

1 − (2q + 1)z + q2z2

q2z2
C(q, z) (D.57)
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Ŷ (q, z) has the following contour integral

− 1

π
Im

∫ z+

z−

dz

z3/2
Ŷ (q, z) = C1/2(q) − (2q−1 + q−2)C3/2(q) + q−2C5/2(q) (D.58)

which gives the following analytic continuation for the expansion coefficient

y
(2)
1/2,1/2,1(q) = q

(
C1/2(q) − (2q−1 + q−2)C3/2(q) + q−2C5/2(q)

)2
,

y
(1)
1/2,1/2,1(q) = 2q2y

(2)
1/2,1/2,1(q)

(D.59)

and

∆2λ1 =
3(q−1

A + q−1
B )

χ3

(
C1/2(q−1

AB) − (2qAB + q2AB)C3/2(q−1
AB) + q2ABC5/2(q−1

AB)
)2

(D.60)

The first order correction to the leading eigenvalue in k = 2 sector is given by

∆λ1 = ∆1λ1 + ∆2λ1 (D.61)

D.3 Asymptotic behavior of pk(s)

The purpose of this Appendix is to study the asymptotic behavior of the function pk(s), which arises in the

calculation of the modular flowed reflected entropy in the 2TN model as the classical probability associated

to the super-selection sectors. By studying this function in detail, one can prove that the entropy increases

without bound as s→ ∞ and as an evidence that there is an emergent type-II1 von Neumann algebra.

The function of interest can be expressed as a simple contour integral

pk(q, s) = q1−kg1/2+is,k(q−1)g1/2−is,k(q−1), (D.62)

gm,k(q) =
1

2πi

∮
dz

zm+1
C(q, z)(C(q, z) − 1)kq−k (D.63)

where

C(q, z) =
1 − z(q − 1) + |q − 1|√z − z+

√
z − z−

2z
, z± =

1

(1 ∓√
q)2

(D.64)

is the generating function of the q-Catalan numbers. C(q, z) has a branch cut running from (z−, z+) and the

contour of integration is chosen to encircle this branch cut. For a given integer k, one can express pk in terms

of a linear combination over (analytically continued) q-Catalan numbers. For example,

gm,0(q) = Cm(q), gm,1(q) = q−1Cm+1(q) − Cm(q), · · · (D.65)

At large k the expression becomes really complicated and is not useful for determining an asymptotic

expression. Instead I will work with the integral expression Eq. (D.62) directly. We will be using saddle point

approximation and related methods to extract the large s, k behavior of this integral.

To have a better idea of how the function pk for typical k looks like, we include an exemplary plot for

pk(q, s) in Fig. (D.5): We can roughly classify the behavior with respect to s into four different regimes,

which is characterized by a single number s∗ ≡ k|1 − q|/(2√q).
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Figure D.5: A plot of pk(q, s) for k = 5 and q = 10. The four different regimes are also labeled.

(I) s≪ q−1 (if q < 1), or s≪ q (if q > 1):

This is not really the limit we are interested in, since in this regime s ∼ O(k0). Nevertheless one can

directly expand the integrand of Eq. (D.62) in powers of q and show that under this limit

pk(q, s) ≈


Γ(− 1

2 + k − is)Γ(− 1
2 + k + is)

πΓ(k)2
q1−k cosh(πs), q ≫ 1

Γ(− 1
2 + k − is)Γ(− 1

2 + k + is)

4k2πΓ(k)2
qk cosh(πs), q ≪ 1

(D.66)

which is a simple modification of the asymptotics we found in Sec. (5.4.3). This formula actually still

applies in regime II as long as q ≪ s/k or q ≫ s/k.

(II) s≪ s∗ but not of order q(q−1):

pk is growing exponentially in this regime. Using saddle point approximation one can show that

pk(q, s) ≈
s≪s∗


1

2πk
q−2−k(q − 1)3eπs, q > 1

1

2πk3
qk(1 − q)s2eπs, q < 1

(D.67)

(III) s ≃ s∗:

This is the most interesting regime, as pk attains its maximum here. However naive saddle point

approximation breaks down here and using uniform asymptotic expansion one can show that to the

leading order in k and when | log q| ≫ 1,

pk(q, s) ≈
k≫1,s≈s∗


28/3

k2/3
Ai2

(
−24/3

k1/3
( s√

q − k
2 )

)
, q ≫ 1

28/3

k2/3
Ai2

(
−24/3

k1/3
(s
√
q − k

2 )

)
, q ≪ 1

(D.68)

For a more detailed expression which is valid for all q and a first order correction please see the analysis

part. This region is where the prominent contribution of pk comes from (when viewed as a function of

k, fixing s). Using the formula above one can easily argue that this region contributes to ∼ O(1) of the

total probability, and its contribution to the reflected entropy scales as O(s).
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(IV) s ≫ s∗: This is a “ringdown” regime for pk where it starts oscillate and decay. A stationary phase

analysis in this regime shows that the decay rate is ∼ s−3 and the oscillation frequency is 2 log |
√
q−1√
q+1 |,

independent of k.

pk(q, s) ≈
s≫s∗

q−3/2k2

4πs3
∣∣i(−)k(

√
q − 1)3|√q − 1|2is + (

√
q + 1)3|√q + 1|2is

∣∣2 (D.69)

Asymptotic analysis

Our main tool for obtaining the asymptotic behavior for gk (and hence pk) would be saddle point approximation.

We begin by rewriting the integral for gk as

g1/2+is,k(q, s) =
1

2πi

∮
dz
C(q, z)

z3/2
e−kf(q,z), f(q, z) = − log

(
C(q, z) − 1

qziσ

)
(D.70)

where σ ≡ s/k is a O(1) variable. At large k the integral is dominated by the saddle points of f(q, z) in the

complex plane of z. They are given by the expression

ζ± =
(q + 1)σ ±

√
4qσ2 − (q − 1)2

(q − 1)2σ
= ζ∗ ±

√
(σ/σ∗)2 − 1

|q − 1|σ (D.71)

where we define

ζ∗ =
q + 1

(q − 1)2
, σ∗ =

|q − 1|
2
√
q

(D.72)

The behavior of the saddles depends on whether σ is larger or smaller than σ∗. When σ > σ∗, both ζ+ and

ζ− are real and valid saddles for the f(q, z). When σ < σ∗, ζ± becomes complex. Moreover ζ− ceases to be a

saddle and only ζ+ remains on the principal branch. We summarize the movement of ζ± with respect to σ in

Fig. (D.6).

Figure D.6: The location of the saddle points ζ± with respect to the flow parameter σ. The red line indicates
the branch cut of the function f(q, z). (a) when σ < σ∗, there is only one saddle ζ+ with ℑ(ζ+) > 0. (b)
when σ ≈ σ∗ but σ > σ∗, there are two saddles very close to each other. As σ → σ∗, the two saddles coalesce
at ζ∗. (c) when σ ≫ σ∗, the two saddles ζ± approaches two branch points of the square root.

We have to treat these three different scenarios as separate cases. In both cases of (a) and (c) a regular

saddle point analysis will do the job for us. However for case (b) where the two saddles are coalescing, the

naive saddle point approximation fails and we need to resort to the method of uniform asymptotic expansions.

• case (a)

We will assume that σ ≪ σ∗. This choice corresponds to regime II in Fig. (D.5). Under this limit the
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saddle point can be approximated by

ζ+ ≈
σ≪σ∗

i

|q − 1|σ + ζ∗ +O(σ) (D.73)

Saddle point approximation then gives 4

g1/2+is,k(q, s) ≈ C(q, ζ+)

ζ
3/2
+

√
1

2πkf ′′(ζ+)
e−kf(q,ζ+)

≈
σ≪σ∗

(2πk)−1/2(1 − q)3/2(−iσ(1 − q))is, q < 1

iσ(2πk)−1/2(q − 1)1/2q−k(−iσ(q − 1))is, q > 1

(D.74)

Note that as σ → −σ, the function satisfies g1/2+is → ḡ1/2−is. And since pk ∼ g1/2+isg1/2−is, it is

guaranteed to be real and only depends on the modulus of g. After a bit of arithmetic we get

pk(q, s) ≈
k≫1, s≪s∗


1

2πk
q−2−k(q − 1)3eπs, q > 1

1

2πk3
qk(1 − q)s2eπs, q < 1

(D.75)

• case (c)

This case corresponds to regime IV in Fig. (D.5). We have two real saddles here, and in the limit

σ ≫ σ∗ they move close to the two branch points {z+, z−}.

ζ± =
1

(1 ∓√
q)2

∓ 1

4
√
qσ2

+O(σ−3) (D.76)

The saddle point approximation now has two terms

g1/2+is,k(q, s) ≈ C(q, ζ+)

ζ
3/2
+

√
1

2πkf ′′(ζ+)
e−kf(q,ζ+) +

C(q, ζ−)

ζ
3/2
−

√
1

2πkf ′′(ζ−)
e−kf(q,ζ−)

≈
√

1

4πkσ3
q−k/2−1/4

(
(−)k(1 −√

q)3eπi/4|1 −√
q|2is + (1 +

√
q)3e−πi/4|1 +

√
q|2is

)
(D.77)

Hence

pk(q, s) = q1−kg1/2+is,k(q−1, s)g1/2−is,k(q−1, s)

≈
k≫1, s≫s∗

q−3/2k2

4πs3
∣∣i(−)k(

√
q − 1)3|√q − 1|2is + (

√
q + 1)3|√q + 1|2is

∣∣2 (D.78)

Thus we find that at late time pk decays as ∼ s−3. The angular frequency of oscillation can be estimated

to be

ω = 2 log

∣∣∣∣√q − 1
√
q + 1

∣∣∣∣ ≈
 4√

q , q ≫ 1

4
√
q, q ≪ 1

(D.79)

4Up to a factor of −i which we ignore since pk only depends on the modulus of gm,k.
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which is independent of k. We plot the asympotics we found under case (a) and (c) and compare with

the actual function in Fig. (D.7)

5 10 15 20 25 30

0.001

0.010

0.100

1

5 10 15 20 25 30

0.001

0.010

0.100

1

Figure D.7: (left) The asympotics obtained so far (eq. (D.75) and (D.78)) as blue and orange, versus the
actual pk, as green. We pick k = 3 and q = 10 here. (right) More accurate asymptotics are available if we
do not take the limit s≫ s∗ (or s≪ s∗) when formulating the saddle point approximations. This way the
expressions are much more complicated but captures the original function a lot better. However it is clear
that we need a new approximation formula in the crossover region.

• case (b)

This case corresponds to regime III in Fig. (D.5). As σ → σ∗ the second derivative f ′′(ζ) becomes

degenerate and the approximation breaks down, as seen in Fig. (D.7). In general, to deal with these

kind of problems of coalescing saddle points one needs to use the method of uniform asymptotic

approximations. The basic idea here is to find a one-to-one map u(z) near the vicinity of ζ∗ that takes

the function f(z, σ) to a cubic polynomial

f(z, σ) → f(u, σ) =
1

3
u3 −B2(σ)u+ η(σ), (D.80)

which is always possible since the third derivative f ′′′(ζ) is always non-degenerate near σ∗. Having

done so the original expression can then be integrated repeatedly to a series in terms of Airy functions

Ai(z) and Ai′(z):

ekη

2πi

∫
h(z)e−kf(z,σ)dz =

Ai(k2/3B2)

k1/3

( ∞∑
m=0

am
km

)
+

Ai′(k2/3B2)

k2/3

( ∞∑
m=0

bm
km

)
(D.81)

where the lowest order coefficients are

B =

(
3

4
[f(ζ−, σ) − f(ζ+, σ)]

)1/3

, η =
1

2
[f(ζ−, σ) + f(ζ+, σ)],

a0 =
1

2
(ϕ+ + ϕ−), b0 =

1

2B
(ϕ+ − ϕ−), ϕ± = h(z)

√
±2B

f ′′(z)

∣∣∣∣∣
z=ζ±

(D.82)

For more detailed treatment please refer to standard references on this subject, e.g. [203].

For the present case we are mainly interested in the behavior near σ ≃ σ∗, where the saddles has an
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expansion in ∆σ ≡ σ − σ∗ as

ζ± ≃ ζ∗ ± 4q3/4

|q − 1|5/2
√

∆σ ≡ ζ∗ ± ζ0
√

∆σ (D.83)

and we have, up to leading order in ∆σ,

B ≈ i

(
4q3/4

(q + 1)
√
|q − 1|

)1/3 √
∆σ ≡ B0

√
∆σ, e−η ≈ e−f(ζ

∗,σ∗) =
i|q − 1| − 2

√
q

√
q(q + 1)(ζ∗)iσ∗ (D.84)

a0 ≈ h(ζ∗)

√
2B0

ζ0f (3)(ζ∗)
= −24/3

(
i
√
q(q − 1)3 + q|q − 1|3

)
(q + 1)13/6|q − 1|4/3 (D.85)

b0 ≈ 1√
2B0

(
2ζ0h

′(ζ∗)√
ζ0f (3)(ζ∗)

− h(ζ∗)

(ζ0f (3)(ζ∗))3/2

(
(ζ0)2f (4)(ζ∗)

2
+
∂f(z)

∂s

∣∣∣∣
ζ∗

))
(D.86)

= −25/3q(q − 1)3
(
4i
√
q(q − 1)5 + (q − 3)|q − 1|5

)
(q + 1)17/6|q − 1|20/3

We include an example plot for this asymptotic expansion given by these parameters in Fig. (D.8).

Figure D.8: The asymptotic expansion given by the coefficients Eq. (D.84)-(D.86) (blue), plotted against
the actual pk(q, s) (orange). The parameters chosen in this plot are q = 10, k = 10. The blue asymptote is
obtained as an approximate formula near s = s∗, shown as the gray dashed curve. Like in the previous case a
more accurate formula can be obtained if one uses directly the definition (Eq. (D.82)). For k = 10 it almost
directly lies on the orange curve so we did not include it here.

If we only keep the leading k term then one has 5

g1/2+is,k(q, s) ≈
k≫1,s⪆s∗

e−kηa0
Ai(k2/3B2)

k1/3
+O(k−3/2) (D.87)

≈
k≫1,s≈s∗


q−k/2

k1/3
(24/3

√
q)Ai

(
−24/3(s

√
q − k

2 )

k1/3

)
, q ≪ 1

q−k/2

k1/3
(24/3

√
q)Ai

(
−

24/3( s√
q − k

2 )
√
qk1/3

)
, q ≫ 1

(D.88)

5Up to a phase.
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and

pk(q, s) ≈
k≫1,s≈s∗


28/3

k2/3
Ai2

(
−24/3

k1/3
( s√

q − k
2 )

)
, q ≫ 1

28/3

k2/3
Ai2

(
−24/3

k1/3
(s
√
q − k

2 )

)
, q ≪ 1

(D.89)

pk attains its maximum at the first saddle of the Airy function, which occurs at

k2/3B2 ≈ −24/3(s
√
q< − k

2 )

k1/3
= −1.019 . . . , q< = min(q, q−1) (D.90)

or

s ≈ 1√
q<

(
k

2
+ (0.404 . . .)k1/3

)
(D.91)

with a maximum value of

max
s
pk(q, s) ≈ 28/3

k2/3
|Ai(−1.019 . . .)|2 =

1.822 . . .

k2/3
(D.92)

Since s∗ ∼ k/(2
√
q<), this suggests that the maximum occurs at not too far from s∗. The maximum

of the peak scales as k−2/3, and the width of the peak scales as k1/3. When fixing s and viewed as a

function of k, the location, height and width of the peak is roughly (k∗ +O((k∗)1/3), (k∗)−2/3, (k∗)1/3)

respectively, where k∗ ∼ 2s
√
q<.

The total probability under this peak can be estimated by an integral bounded by the first zero of the

Airy function, which can be shown to approach a constant as s→ ∞. On the other hand, the reflected

entropy is given by the approximate integral

SR ≈ logχ2

∫ ∞

0

kpk(q, s)dk (D.93)

which can be easily shown to diverge as O(k∗) ∼ O(s
√
q<) as s→ ∞.

D.4 Proofs

D.4.1 Proof of Proposition 5.1

Proof. For given m we have a series of unknowns d
(m)
k where k = 0, 1, · · · ,m/2. We pick m/2 elements

ti ∈ TLm such that the trace conditions TrTLm
ti =

∑
k d

(m)
k tr(π

(m)
k (ti)) give rise to m/2 linear equations for

which we check that the proposed solutions d
(m)
k = [2k + 1]q satisfy. We pick:

(D.94)

or in terms of generators of TLm:

{ti} = {id, e1, e1e3, e1e3e5, · · · } (D.95)
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The element id maps to the identity matrix in every submodule, so the trace condition for it is simply

m/2∑
k=0

d
(m)
k |V(m)

k | = χm (D.96)

The element e1 annihilates the module V(m)
m/2 since the action of e1 on any link state will always contain

at least 2 closed strands. Next, to calculate tr(π
(m)
k (e1)) we must find all elements vj ∈ V

(m)
k such that

π
(m)
k (e1)vj ∝ vj . Such a link state must have a closed strand connecting first two sites, but can otherwise

have arbitrary connections in the remaining m− 2 sites since e1 act on these sites just as identity. The closed

loop after concatenation contribute a single χ for all π
(m)
k (e2)vj and the trace condition for e2 is thus

m/2−1∑
k=0

d
(m)
k |V(m)

k | = χm−2 (D.97)

For other elements in the list a similar argument also works as one simply consider link states with progressively

more closed strands connecting adjacent pair of sites when constructing the eigenvector of π
(m)
k (ti). The

trace condition for ti is
m/2−i+1∑
k=0

d
(m)
k |V(m)

k | = χm−2i+2 (D.98)

We observe that all the trace conditions have the same form – in fact for any given m only the t1 condition is

new and the remaining m/2 − 1 conditions coincide with the conditions of the m− 1 module. This means a

solution for d
(m)
k automatically solves the equations of d

(m−1)
k . Thus we conclude that d

(m)
k is independent of

m. As a result, we will drop the m superscript in the remainder of this proof.

Let us reorganize the dk equations we obtained. Introducing the variable q which satisfies χ = q + q−1

and rewriting |V(m)
k | using Lemma B.3 we have an infinite set of conditions

m/2∑
k=0

dk #SYT (m/2 + k,m/2 − k) = (q + q−1)m, ∀m ∈ 2Z+ (D.99)

We now claim dk = [2k + 1] = q−2k + q−2k+2 + · · · + q2k solves this equation for every even m. Plug in dk

and match coefficients with the same power of q we find

n∑
k=0

#SYT (m/2 + k,m/2 − k) =
?

(
m

m/2 − n

)
(D.100)

Or equivalently

#SYT (m/2 + n,m/2 − n) =
?

(
m

m/2 − n

)
−
(

m

m/2 − n− 1

)
(D.101)

which one can check by explicit computation

#SYT (m/2 + n,m/2 − n) =

(
m

m/2 − n

)
−
(

m

m/2 − n− 1

)

=
m!(2n+ 1)

(m/2 + n+ 1)!(m/2 − n)!

(D.102)
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To show that the matrix trace tr =
∑
k dktrk on V(m) coincides with TrTLm for all elements in V(m), it

suffices to check that Eq. (B.16) is true. We have tr(π(m)(id)) = χm by construction, and ∀h ∈ TLm−1 ⊂ TLm

we have

tr(π(m)(hem−1)) = tr(π(m)(em−1h)) =
∑
k

dk tr
(
π
(m)
k (em−1h)

)
(D.103)

To evaluate this trace we must find all links states v ∈ B(m)
k such that em−1hv ∝ v. We can classify v’s by

the contraction pattern of the last two sites. We denote v1 to be the set such that the last two sites are

connected through a closed strand and v2 to be the remaining ones. Schematically,

,

(D.104)

where we used colored block to represent arbitrary connections. It is easy to check that

,

(D.105)

and thus hem−1v2 ̸∝ hv2 so they do not contribute to the trace. For v1, note that

.

(D.106)

But this is only possible if in the diagram of h there is a path connecting the (m− 1)-th site on the left to

the (m − 1)-th site on the right, otherwise either the RHS of Eq. (D.106) vanishes or it is not possible to

reproduce the connection pattern of v1. Also,

(D.107)

is only possible for the same subset of h that Eq. (D.106) is true for a similar reason. For such h the

contraction in the RHS of Eq. (D.106) produces an extra factor of χ, but is otherwise identical to Eq. (D.107).

Hence we find that hv = av ↔ em−1hv = χav for some a ∈ C and thus tr(h) = χtr(hem−1). This result

naturally generalizes to all sequential inclusions of algebras in the list TL1 ⊂ · · · ⊂ TLm−1 ⊂ TLm. Using

Lemma B.2 we conclude that the trace function we constructed on V(m) is indeed the same as TrTLm
.
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D.4.2 Proof of Proposition 5.2

Proof. The generating function G(q, r, z) is defined as an infinite sum over diagrams

(D.108)

where the power of z counts (half) the number of elements m/2 and power of r counts (half) the number of

defects k. Each diagram is evaluated in a similar fashion as the definition of linear functional fq in Eq. (5.52)

– for every closed loop in diagram assign a (positive rather than negative) power of q to the result. Also

introduce 1PI generating function H(q, r, z) defined as the sum over all connected diagrams:

(D.109)

The form of H allows us to reorganize it as

(D.110)

or

H(q, r, z) = z(q + r)(1 + zC(q, z) + z2C2(q, z) + · · · )

=
z(q + r)

1 − zC(q, z)

(D.111)
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G and H are related by

G(q, r, z) = 1 +H(q, r, z) +H2(q, r, z) + · · · =
1

1 −H(q, r, z)

=
1 − zC(q, z)

1 − z(q + r) − zC(q, z)

(D.112)

The function C(q, z) is the generating function of link states with no defects:

(D.113)

C(q, z) is also known under the name of the generating function of q-Catalan numbers.

C(q, z) =
1 − z(q − 1) −

√
(1 + z(q − 1))2 − 4qz

2z
(D.114)

For a derivation of C(q, z) please refer to the proof of Lemma B.1.

D.4.3 Proof of Proposition 5.4

Proof. Define C̃(q, z) = C(q, z) − 1. It satisfies a different quadratic equation

C̃(q, z) + (q + 1 − 1

z
)C̃(q, z) + q = 0 (D.115)

Consider the generating function of C̃k(q, z):

X(q, z, t) =

∞∑
k=0

C̃k(q, z)tk

= (
1

z
− q − 1)

∞∑
k=2

C̃k−1tk − q
∞∑
k=2

C̃k−2tk + C̃(q, z)t+ 1

= (
1

z
− q − 1)t(X(q, z, t) − 1) − qt2X(q, z, t) + C̃(q, z)t+ 1

(D.116)

Solving for X gives

X(q, z, t) =
C̃(q, z)t+ (q + 1 − 1

z )t+ 1

qt2 + (q + 1 − 1
z )t+ 1

=
C(q, z)t+ (q − 1

z )t+ 1

qt2 + (q + 1 − 1
z )t+ 1

(D.117)
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Now we can write G(q, r, z) as

G(q, r, z) = C(q, z)X(q, z, r/q)

=
(r + q)C(q, z) − r

z

r2 + (q + 1 − 1
z )r + q

(D.118)

where we have again used Eq. (5.72) to swap out C2(q, z).
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Appendix E

Supplement to Chapter 6

E.1 Proof of Lemma 6.18: Structure of optimal ρ, σ

For quick reference we sketch the integer program, Definition 6.5, we are trying to solve:

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit>

B
<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

�n
<latexit sha1_base64="rUgqX/2x7VW8rVoH88KvKQmPcxA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4Xslytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A0BljSk=</latexit><latexit sha1_base64="rUgqX/2x7VW8rVoH88KvKQmPcxA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4Xslytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A0BljSk=</latexit><latexit sha1_base64="rUgqX/2x7VW8rVoH88KvKQmPcxA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4Xslytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A0BljSk=</latexit><latexit sha1_base64="rUgqX/2x7VW8rVoH88KvKQmPcxA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4Xslytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A0BljSk=</latexit>

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit>

B
<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit>

B
<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

P
<latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit><latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit><latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit><latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit>

rAB
<latexit sha1_base64="d9BjuT/QR0P7w4gJfVjxlwd2Joc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMcYLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1dD+7qU/75Ypf9edAqyTISQVyNPrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2Yza+dojOnDFCstCtp0Vz9PZFhYcxERK5TYDsyy95M/M/rpja+DjMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVwK8G95eVWj2PowgncArnEMAV1OAOGtAEAo/wDK/w5invxXv3PhatBS+fOYY/8D5/AGo4jwI=</latexit><latexit sha1_base64="d9BjuT/QR0P7w4gJfVjxlwd2Joc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMcYLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1dD+7qU/75Ypf9edAqyTISQVyNPrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2Yza+dojOnDFCstCtp0Vz9PZFhYcxERK5TYDsyy95M/M/rpja+DjMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVwK8G95eVWj2PowgncArnEMAV1OAOGtAEAo/wDK/w5invxXv3PhatBS+fOYY/8D5/AGo4jwI=</latexit><latexit sha1_base64="d9BjuT/QR0P7w4gJfVjxlwd2Joc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMcYLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1dD+7qU/75Ypf9edAqyTISQVyNPrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2Yza+dojOnDFCstCtp0Vz9PZFhYcxERK5TYDsyy95M/M/rpja+DjMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVwK8G95eVWj2PowgncArnEMAV1OAOGtAEAo/wDK/w5invxXv3PhatBS+fOYY/8D5/AGo4jwI=</latexit><latexit sha1_base64="d9BjuT/QR0P7w4gJfVjxlwd2Joc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMcYLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1dD+7qU/75Ypf9edAqyTISQVyNPrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2Yza+dojOnDFCstCtp0Vz9PZFhYcxERK5TYDsyy95M/M/rpja+DjMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVwK8G95eVWj2PowgncArnEMAV1OAOGtAEAo/wDK/w5invxXv3PhatBS+fOYY/8D5/AGo4jwI=</latexit>

rc
AB

<latexit sha1_base64="ck58tD2/K9HEkIff/8NLnJR/avU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeqz14rGC/YA2ls120y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKzucZxwP6IDJULBKFqprXvZdW3ywHqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/N7p2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfR50heaM5RjSyjTwt5K2JBqytBGVLQheIsvL5PmecVzK97dRblay+MowDGcwBl4cAlVuIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz/dn4/X</latexit><latexit sha1_base64="ck58tD2/K9HEkIff/8NLnJR/avU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeqz14rGC/YA2ls120y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKzucZxwP6IDJULBKFqprXvZdW3ywHqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/N7p2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfR50heaM5RjSyjTwt5K2JBqytBGVLQheIsvL5PmecVzK97dRblay+MowDGcwBl4cAlVuIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz/dn4/X</latexit><latexit sha1_base64="ck58tD2/K9HEkIff/8NLnJR/avU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeqz14rGC/YA2ls120y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKzucZxwP6IDJULBKFqprXvZdW3ywHqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/N7p2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfR50heaM5RjSyjTwt5K2JBqytBGVLQheIsvL5PmecVzK97dRblay+MowDGcwBl4cAlVuIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz/dn4/X</latexit><latexit sha1_base64="ck58tD2/K9HEkIff/8NLnJR/avU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeqz14rGC/YA2ls120y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKzucZxwP6IDJULBKFqprXvZdW3ywHqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/N7p2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfR50heaM5RjSyjTwt5K2JBqytBGVLQheIsvL5PmecVzK97dRblay+MowDGcwBl4cAlVuIU6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz/dn4/X</latexit>

⌫
<latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

AB
<latexit sha1_base64="FIjuPCTahRDy503AU6udmroegFU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOtF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5t6v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqoem7Vu7+s1Op5HEU4gVM4Bw+uoAZ30IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AxwZjRE=</latexit><latexit sha1_base64="FIjuPCTahRDy503AU6udmroegFU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOtF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5t6v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqoem7Vu7+s1Op5HEU4gVM4Bw+uoAZ30IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AxwZjRE=</latexit><latexit sha1_base64="FIjuPCTahRDy503AU6udmroegFU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOtF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5t6v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqoem7Vu7+s1Op5HEU4gVM4Bw+uoAZ30IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AxwZjRE=</latexit><latexit sha1_base64="FIjuPCTahRDy503AU6udmroegFU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOtF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5t6v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqoem7Vu7+s1Op5HEU4gVM4Bw+uoAZ30IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AxwZjRE=</latexit>

. . .
<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

�1
<latexit sha1_base64="gsVKFRkNpAgti/JplxG6Fir6PxU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2g2654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN+9Y+Z</latexit><latexit sha1_base64="gsVKFRkNpAgti/JplxG6Fir6PxU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2g2654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN+9Y+Z</latexit><latexit sha1_base64="gsVKFRkNpAgti/JplxG6Fir6PxU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2g2654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN+9Y+Z</latexit><latexit sha1_base64="gsVKFRkNpAgti/JplxG6Fir6PxU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2g2654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN+9Y+Z</latexit>

�2(n�1)
<latexit sha1_base64="82x7uLnLnSKKQKKXic/xkgGw1iQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJViEerAkRdBj0YMeK9gPaEOYbDft0t1N2N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeWHCqNKu+20V1tY3NreK26Wd3b39sn1w2FZxKjFp4ZjFshuCIowK0tJUM9JNJAEeMtIJxzczv/NIpKKxeNCThPgchoJGFIM2UmCX+7fAOQRZvSrOvbNpYFfcmjuHs0q8nFRQjmZgf/UHMU45ERozUKrnuYn2M5CaYkampX6qSAJ4DEPSM1QAJ8rP5odPnVOjDJwolqaEdubq74kMuFITHppODnqklr2Z+J/XS3V05WdUJKkmAi8WRSlzdOzMUnAGVBKs2cQQwJKaWx08AglYm6xKJgRv+eVV0q7XPLfm3V9UGtd5HEV0jE5QFXnoEjXQHWqiFsIoRc/oFb1ZT9aL9W59LFoLVj5zhP7A+vwBPYKSJg==</latexit><latexit sha1_base64="82x7uLnLnSKKQKKXic/xkgGw1iQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJViEerAkRdBj0YMeK9gPaEOYbDft0t1N2N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeWHCqNKu+20V1tY3NreK26Wd3b39sn1w2FZxKjFp4ZjFshuCIowK0tJUM9JNJAEeMtIJxzczv/NIpKKxeNCThPgchoJGFIM2UmCX+7fAOQRZvSrOvbNpYFfcmjuHs0q8nFRQjmZgf/UHMU45ERozUKrnuYn2M5CaYkampX6qSAJ4DEPSM1QAJ8rP5odPnVOjDJwolqaEdubq74kMuFITHppODnqklr2Z+J/XS3V05WdUJKkmAi8WRSlzdOzMUnAGVBKs2cQQwJKaWx08AglYm6xKJgRv+eVV0q7XPLfm3V9UGtd5HEV0jE5QFXnoEjXQHWqiFsIoRc/oFb1ZT9aL9W59LFoLVj5zhP7A+vwBPYKSJg==</latexit><latexit sha1_base64="82x7uLnLnSKKQKKXic/xkgGw1iQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJViEerAkRdBj0YMeK9gPaEOYbDft0t1N2N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeWHCqNKu+20V1tY3NreK26Wd3b39sn1w2FZxKjFp4ZjFshuCIowK0tJUM9JNJAEeMtIJxzczv/NIpKKxeNCThPgchoJGFIM2UmCX+7fAOQRZvSrOvbNpYFfcmjuHs0q8nFRQjmZgf/UHMU45ERozUKrnuYn2M5CaYkampX6qSAJ4DEPSM1QAJ8rP5odPnVOjDJwolqaEdubq74kMuFITHppODnqklr2Z+J/XS3V05WdUJKkmAi8WRSlzdOzMUnAGVBKs2cQQwJKaWx08AglYm6xKJgRv+eVV0q7XPLfm3V9UGtd5HEV0jE5QFXnoEjXQHWqiFsIoRc/oFb1ZT9aL9W59LFoLVj5zhP7A+vwBPYKSJg==</latexit><latexit sha1_base64="82x7uLnLnSKKQKKXic/xkgGw1iQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJViEerAkRdBj0YMeK9gPaEOYbDft0t1N2N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeWHCqNKu+20V1tY3NreK26Wd3b39sn1w2FZxKjFp4ZjFshuCIowK0tJUM9JNJAEeMtIJxzczv/NIpKKxeNCThPgchoJGFIM2UmCX+7fAOQRZvSrOvbNpYFfcmjuHs0q8nFRQjmZgf/UHMU45ERozUKrnuYn2M5CaYkampX6qSAJ4DEPSM1QAJ8rP5odPnVOjDJwolqaEdubq74kMuFITHppODnqklr2Z+J/XS3V05WdUJKkmAi8WRSlzdOzMUnAGVBKs2cQQwJKaWx08AglYm6xKJgRv+eVV0q7XPLfm3V9UGtd5HEV0jE5QFXnoEjXQHWqiFsIoRc/oFb1ZT9aL9W59LFoLVj5zhP7A+vwBPYKSJg==</latexit>

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit>

B
<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

n
<latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit>

2(n � 1)
<latexit sha1_base64="cIBtLZtt8QsoJWfxVO7walv+rTc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahHiy7RdBj0YvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTLd70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCye3c7zxRpZkUD2YaUz/CI8FCRrCxUrteFRfe+aBccWtuBrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afZtTN0ZpUhCqWyJQzK1N8TKY60nkaB7YywGetlby7+5/USE177KRNxYqggi0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes1za979ZaVxk8dRhBM4hSp4cAUNuIMmtIDAIzzDK7w50nlx3p2PRWvByWeO4Q+czx/oKo4F</latexit><latexit sha1_base64="cIBtLZtt8QsoJWfxVO7walv+rTc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahHiy7RdBj0YvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTLd70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCye3c7zxRpZkUD2YaUz/CI8FCRrCxUrteFRfe+aBccWtuBrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afZtTN0ZpUhCqWyJQzK1N8TKY60nkaB7YywGetlby7+5/USE177KRNxYqggi0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes1za979ZaVxk8dRhBM4hSp4cAUNuIMmtIDAIzzDK7w50nlx3p2PRWvByWeO4Q+czx/oKo4F</latexit><latexit sha1_base64="cIBtLZtt8QsoJWfxVO7walv+rTc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahHiy7RdBj0YvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTLd70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCye3c7zxRpZkUD2YaUz/CI8FCRrCxUrteFRfe+aBccWtuBrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afZtTN0ZpUhCqWyJQzK1N8TKY60nkaB7YywGetlby7+5/USE177KRNxYqggi0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes1za979ZaVxk8dRhBM4hSp4cAUNuIMmtIDAIzzDK7w50nlx3p2PRWvByWeO4Q+czx/oKo4F</latexit><latexit sha1_base64="cIBtLZtt8QsoJWfxVO7walv+rTc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahHiy7RdBj0YvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTLd70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCye3c7zxRpZkUD2YaUz/CI8FCRrCxUrteFRfe+aBccWtuBrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afZtTN0ZpUhCqWyJQzK1N8TKY60nkaB7YywGetlby7+5/USE177KRNxYqggi0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes1za979ZaVxk8dRhBM4hSp4cAUNuIMmtIDAIzzDK7w50nlx3p2PRWvByWeO4Q+czx/oKo4F</latexit>

n
<latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. .
.

<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

� |q � q0|
<latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit>

� k/2
<latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit><latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit><latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit><latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit>

�0
<latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit>

�q
<latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit>

�q0
<latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit>

�k
<latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. .
.

<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

�0
<latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit>

�q
<latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit>

�q0
<latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit>

�k
<latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. .
.

<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>�0
<latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit>

�q
<latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit>

�q0
<latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit>

�k
<latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit>

�k�1
<latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit><latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit><latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit><latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit>

� |q � q0|
<latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit>

� k/2
<latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit><latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit><latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit><latexit sha1_base64="8tiPOdMnL6rjqyiYL2CR6cqx2p0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqdwc4JqPLaq9UdivuHGSVeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOC12U40JZSM6wI6lkkao/Wx+75ScW6VPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE974GZdJalCyxaIwFcTEZPY86XOFzIiJJZQpbm8lbEgVZcZGVLQheMsvr5JmteK5Fe/hqly7zeMowCmcwQV4cA01uIc6NICBgGd4hTdn7Lw4787HonXNyWdO4A+czx8Oro9P</latexit>

� (k � 1)/2
<latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit>

� (k � q � 1/2)
<latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="tILDUqqfFNKEqtp5DRgpwox6hno=">AAAB6nicbZBLTwIxFIXv+ERERbduGokJLsAZNro0ceMSE3kkMJJOuQMNnc7QdjRkwv9w40Jj/EHu/DeWx0LBkzT5ck6be3uCRHBtXPfb2djc2t7Zze3l9wsHh0fF40JTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbWd56QqV5LB/MJEE/ogPJQ86osdZjd4BjUh5VxhXvsnbRK5bcqjsXWQdvCSVYqt4rfnX7MUsjlIYJqnXHcxPjZ1QZzgRO891UY0LZiA6wY1HSCLWfzbeeknPr9EkYK3ukIXP394uMRlpPosDejKgZ6tVsZv6XdVITXvsZl0lqULLFoDAVxMRkVgHpc4XMiIkFyhS3uxI2pIoyY4vK2xK81S+vQ7NW9dyqd+9CDk7hDMrgwRXcwB3UoQEMFLzAG7w7z86r87Goa8NZ9nYCf+R8/gC7Ho94</latexit><latexit sha1_base64="tILDUqqfFNKEqtp5DRgpwox6hno=">AAAB6nicbZBLTwIxFIXv+ERERbduGokJLsAZNro0ceMSE3kkMJJOuQMNnc7QdjRkwv9w40Jj/EHu/DeWx0LBkzT5ck6be3uCRHBtXPfb2djc2t7Zze3l9wsHh0fF40JTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbWd56QqV5LB/MJEE/ogPJQ86osdZjd4BjUh5VxhXvsnbRK5bcqjsXWQdvCSVYqt4rfnX7MUsjlIYJqnXHcxPjZ1QZzgRO891UY0LZiA6wY1HSCLWfzbeeknPr9EkYK3ukIXP394uMRlpPosDejKgZ6tVsZv6XdVITXvsZl0lqULLFoDAVxMRkVgHpc4XMiIkFyhS3uxI2pIoyY4vK2xK81S+vQ7NW9dyqd+9CDk7hDMrgwRXcwB3UoQEMFLzAG7w7z86r87Goa8NZ9nYCf+R8/gC7Ho94</latexit><latexit sha1_base64="oLO7LvsajFZJAqYfrtFbOZj1MLU=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHBA7jLRY9ELx4xkUcCK5kdemHC7IOZWQ0h/IcXDxrj1X/x5t84wB4UrKSTSlV3uru8WHClbfvbyqytb2xuZbdzO7t7+wf5w6OGihLJsM4iEcmWRxUKHmJdcy2wFUukgSew6Q1vZn7zEaXiUXivxzG6Ae2H3OeMaiM9dPo4IsVhaVRyLirn3XzBLttzkFXipKQAKWrd/FenF7EkwFAzQZVqO3as3QmVmjOB01wnURhTNqR9bBsa0gCVO5lfPSVnRukRP5KmQk3m6u+JCQ2UGgee6QyoHqhlbyb+57UT7V+5Ex7GicaQLRb5iSA6IrMISI9LZFqMDaFMcnMrYQMqKdMmqJwJwVl+eZU0KmXHLjt3dqF6ncaRhRM4hSI4cAlVuIUa1IGBhGd4hTfryXqx3q2PRWvGSmeO4Q+szx/2opDU</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="tILDUqqfFNKEqtp5DRgpwox6hno=">AAAB6nicbZBLTwIxFIXv+ERERbduGokJLsAZNro0ceMSE3kkMJJOuQMNnc7QdjRkwv9w40Jj/EHu/DeWx0LBkzT5ck6be3uCRHBtXPfb2djc2t7Zze3l9wsHh0fF40JTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbWd56QqV5LB/MJEE/ogPJQ86osdZjd4BjUh5VxhXvsnbRK5bcqjsXWQdvCSVYqt4rfnX7MUsjlIYJqnXHcxPjZ1QZzgRO891UY0LZiA6wY1HSCLWfzbeeknPr9EkYK3ukIXP394uMRlpPosDejKgZ6tVsZv6XdVITXvsZl0lqULLFoDAVxMRkVgHpc4XMiIkFyhS3uxI2pIoyY4vK2xK81S+vQ7NW9dyqd+9CDk7hDMrgwRXcwB3UoQEMFLzAG7w7z86r87Goa8NZ9nYCf+R8/gC7Ho94</latexit><latexit sha1_base64="tILDUqqfFNKEqtp5DRgpwox6hno=">AAAB6nicbZBLTwIxFIXv+ERERbduGokJLsAZNro0ceMSE3kkMJJOuQMNnc7QdjRkwv9w40Jj/EHu/DeWx0LBkzT5ck6be3uCRHBtXPfb2djc2t7Zze3l9wsHh0fF40JTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbWd56QqV5LB/MJEE/ogPJQ86osdZjd4BjUh5VxhXvsnbRK5bcqjsXWQdvCSVYqt4rfnX7MUsjlIYJqnXHcxPjZ1QZzgRO891UY0LZiA6wY1HSCLWfzbeeknPr9EkYK3ukIXP394uMRlpPosDejKgZ6tVsZv6XdVITXvsZl0lqULLFoDAVxMRkVgHpc4XMiIkFyhS3uxI2pIoyY4vK2xK81S+vQ7NW9dyqd+9CDk7hDMrgwRXcwB3UoQEMFLzAG7w7z86r87Goa8NZ9nYCf+R8/gC7Ho94</latexit><latexit sha1_base64="oLO7LvsajFZJAqYfrtFbOZj1MLU=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHBA7jLRY9ELx4xkUcCK5kdemHC7IOZWQ0h/IcXDxrj1X/x5t84wB4UrKSTSlV3uru8WHClbfvbyqytb2xuZbdzO7t7+wf5w6OGihLJsM4iEcmWRxUKHmJdcy2wFUukgSew6Q1vZn7zEaXiUXivxzG6Ae2H3OeMaiM9dPo4IsVhaVRyLirn3XzBLttzkFXipKQAKWrd/FenF7EkwFAzQZVqO3as3QmVmjOB01wnURhTNqR9bBsa0gCVO5lfPSVnRukRP5KmQk3m6u+JCQ2UGgee6QyoHqhlbyb+57UT7V+5Ex7GicaQLRb5iSA6IrMISI9LZFqMDaFMcnMrYQMqKdMmqJwJwVl+eZU0KmXHLjt3dqF6ncaRhRM4hSI4cAlVuIUa1IGBhGd4hTfryXqx3q2PRWvGSmeO4Q+szx/2opDU</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit><latexit sha1_base64="95tA/KnYI0LpW9sD1bKJ6JTwl5w=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwAO4SEz0SvXjERB4JrGR26IUJsw9mZjWE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yYsGVtu1va2V1bX1jM7OV3d7Z3dvPHRzWVZRIhjUWiUg2PapQ8BBrmmuBzVgiDTyBDW9wM/UbjygVj8J7PYrRDWgv5D5nVBvpod3DISkMisOic14+6+TydsmegSwTJyV5SFHt5L7a3YglAYaaCapUy7Fj7Y6p1JwJnGTbicKYsgHtYcvQkAao3PHs6gk5NUqX+JE0FWoyU39PjGmg1CjwTGdAdV8telPxP6+VaP/KHfMwTjSGbL7ITwTREZlGQLpcItNiZAhlkptbCetTSZk2QWVNCM7iy8ukXi45dsm5u8hXrtM4MnAMJ1AABy6hArdQhRowkPAMr/BmPVkv1rv1MW9dsdKZI/gD6/MH9+KQ2A==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. .
.

<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>�0
<latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit>

�q
<latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit><latexit sha1_base64="oqbx7H9304wwgXHubvqlvUFmPxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoQY8V7Ae0oUy2m3bp7ibd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3c781hNVmsXy0UwSGggcSBYxgsZK7e4dCoG9ca9c8areHO4q8XNSgRz1Xvmr249JKqg0hKPWHd9LTJChMoxwOi11U00TJCMc0I6lEgXVQTa/d+qeWaXvRrGyJY07V39PZCi0nojQdgo0Q73szcT/vE5qousgYzJJDZVksShKuWtid/a822eKEsMnliBRzN7qkiEqJMZGVLIh+Msvr5LmRdX3qv7DZaV2k8dRhBM4hXPw4QpqcA91aAABDs/wCm/O2Hlx3p2PRWvByWeO4Q+czx/f9Y/Z</latexit>

�q0
<latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit><latexit sha1_base64="ixUx2vB9qFEdyIMiLijEsNYp444=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKoMegBz1GMA9IljA7mU2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk7qdG+xELiXPZ5OeuWKX/VnQMskyEkFctR75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nFUYkFNmM1OnqATp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vgozJpPUUknmi+KUI6vQ9H/UZ5oSy8eOYKKZuxWRIdaYWJdSyYUQLL68TJrn1cCvBvcXldp1HkcRjuAYziCAS6jBHdShAQQUPMMrvHnWe/HevY95a8HLZw7hD7zPHwxOkRY=</latexit>

�k
<latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit><latexit sha1_base64="5Xg0HNcZBnCVISGPQpw7JfpuVz4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEE4PJEeY2m2TJ7t6xuyeEI//CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVonPXZuUErsZqNJt1zxq/4MZJkEOalAjnq3/NXpxTSVTFkq0Jh24Cc2zFBbTgWblDqpYQnSEQ5Y21GFkpkwm108ISdO6ZF+rF0pS2bq74kMpTFjGblOiXZoFr2p+J/XTm3/Msy4SlLLFJ0v6qeC2JhM3yc9rhm1YuwIUs3drYQOUSO1LqSSCyFYfHmZNM+qgV8N7s4rtas8jiIcwTGcQgAXUINbqEMDKCh4hld484z34r17H/PWgpfPHMIfeJ8/n16Q3w==</latexit>

�k�1
<latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit><latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit><latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit><latexit sha1_base64="lqhUuIOuRL80jhhlkRHwUJl5mY8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FD3qsYG2hCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kirIWTUSiOiFqJnjMWoYbwTqpYihDwdrh6Gbqt5+Y0jyJH8w4ZYHEQcwjTtFYyfdvUUrs5aMzb9Kr1ty6OwNZJl5BalCg2at++f2EZpLFhgrUuuu5qQlyVIZTwSYVP9MsRTrCAetaGqNkOshnN0/IiVX6JEqUrdiQmfp7Ikep9ViGtlOiGepFbyr+53UzE10FOY/TzLCYzhdFmSAmIdMASJ8rRo0YW4JUcXsroUNUSI2NqWJD8BZfXiaP53XPrXv3F7XGdRFHGY7gGE7Bg0towB00oQUUUniGV3hzMufFeXc+5q0lp5g5hD9wPn8Af2aRUQ==</latexit>

� |q � q0|
<latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit><latexit sha1_base64="dfMcgkrowTOmScO8V0lfoDbd8Q4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHZF0GPRi8cK9gO2S8mms21oNtkmWaFs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXBwN/WbT6A0k+LRjBIIYtITLGKUGCv57R4M8Xh4MTwbd0plt+LOgJeJl5MyylHrlL7aXUnTGIShnGjte25igowowyiHSbGdakgIHZAe+JYKEoMOstnJE3xqlS6OpLIlDJ6pvycyEms9ikPbGRPT14veVPzP81MT3QQZE0lqQND5oijl2Eg8/R93mQJq+MgSQhWzt2LaJ4pQY1Mq2hC8xZeXSeOy4rkV7+GqXL3N4yigY3SCzpGHrlEV3aMaqiOKJHpGr+jNMc6L8+58zFtXnHzmCP2B8/kDoBaQzw==</latexit>

� (k � 1)/2
<latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit>

� (k � 1)/2
<latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit><latexit sha1_base64="DNxIIDERP7LPAI2FkpxiJ4vIhtQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD8bdIOgx6MVjBPOA7BJmJ73JkNmHM7NCWPIbXjwo4tWf8ebfOEn2oNGChqKqm+4uPxFcadv+sgorq2vrG8XN0tb2zu5eef+greJUMmyxWMSy61OFgkfY0lwL7CYSaegL7Pjjm5nfeUSpeBzd60mCXkiHEQ84o9pIrjvEB1Idnzmn5/V+uWLX7DnIX+LkpAI5mv3ypzuIWRpipJmgSvUcO9FeRqXmTOC05KYKE8rGdIg9QyMaovKy+c1TcmKUAQliaSrSZK7+nMhoqNQk9E1nSPVILXsz8T+vl+rgyst4lKQaI7ZYFKSC6JjMAiADLpFpMTGEMsnNrYSNqKRMm5hKJgRn+eW/pF2vOXbNubuoNK7zOIpwBMdQBQcuoQG30IQWMEjgCV7g1UqtZ+vNel+0Fqx85hB+wfr4BrZ7kCY=</latexit> � (k � q � 1)

<latexit sha1_base64="ODaaPWFnwCpcSSoznkEC1pmVHUg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQDwm7Iugx6MVjBBMD2SXMTnqTIbOPzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3+YngStv2t1VYW9/Y3Cpul3Z29/YPyodHbRWnkmGLxSKWHZ8qFDzCluZaYCeRSENf4KM/up35j08oFY+jBz1J0AvpIOIBZ1QbyXUHOCbVUW1cc8575Ypdt+cgq8TJSQVyNHvlL7cfszTESDNBleo6dqK9jErNmcBpyU0VJpSN6AC7hkY0ROVl85un5MwofRLE0lSkyVz9PZHRUKlJ6JvOkOqhWvZm4n9eN9XBtZfxKEk1RmyxKEgF0TGZBUD6XCLTYmIIZZKbWwkbUkmZNjGVTAjO8surpH1Rd+y6c39ZadzkcRThBE6hCg5cQQPuoAktYJDAM7zCm5VaL9a79bFoLVj5zDH8gfX5AxPIkGM=</latexit><latexit sha1_base64="ODaaPWFnwCpcSSoznkEC1pmVHUg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQDwm7Iugx6MVjBBMD2SXMTnqTIbOPzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3+YngStv2t1VYW9/Y3Cpul3Z29/YPyodHbRWnkmGLxSKWHZ8qFDzCluZaYCeRSENf4KM/up35j08oFY+jBz1J0AvpIOIBZ1QbyXUHOCbVUW1cc8575Ypdt+cgq8TJSQVyNHvlL7cfszTESDNBleo6dqK9jErNmcBpyU0VJpSN6AC7hkY0ROVl85un5MwofRLE0lSkyVz9PZHRUKlJ6JvOkOqhWvZm4n9eN9XBtZfxKEk1RmyxKEgF0TGZBUD6XCLTYmIIZZKbWwkbUkmZNjGVTAjO8surpH1Rd+y6c39ZadzkcRThBE6hCg5cQQPuoAktYJDAM7zCm5VaL9a79bFoLVj5zDH8gfX5AxPIkGM=</latexit><latexit sha1_base64="ODaaPWFnwCpcSSoznkEC1pmVHUg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQDwm7Iugx6MVjBBMD2SXMTnqTIbOPzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3+YngStv2t1VYW9/Y3Cpul3Z29/YPyodHbRWnkmGLxSKWHZ8qFDzCluZaYCeRSENf4KM/up35j08oFY+jBz1J0AvpIOIBZ1QbyXUHOCbVUW1cc8575Ypdt+cgq8TJSQVyNHvlL7cfszTESDNBleo6dqK9jErNmcBpyU0VJpSN6AC7hkY0ROVl85un5MwofRLE0lSkyVz9PZHRUKlJ6JvOkOqhWvZm4n9eN9XBtZfxKEk1RmyxKEgF0TGZBUD6XCLTYmIIZZKbWwkbUkmZNjGVTAjO8surpH1Rd+y6c39ZadzkcRThBE6hCg5cQQPuoAktYJDAM7zCm5VaL9a79bFoLVj5zDH8gfX5AxPIkGM=</latexit><latexit sha1_base64="ODaaPWFnwCpcSSoznkEC1pmVHUg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQDwm7Iugx6MVjBBMD2SXMTnqTIbOPzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3+YngStv2t1VYW9/Y3Cpul3Z29/YPyodHbRWnkmGLxSKWHZ8qFDzCluZaYCeRSENf4KM/up35j08oFY+jBz1J0AvpIOIBZ1QbyXUHOCbVUW1cc8575Ypdt+cgq8TJSQVyNHvlL7cfszTESDNBleo6dqK9jErNmcBpyU0VJpSN6AC7hkY0ROVl85un5MwofRLE0lSkyVz9PZHRUKlJ6JvOkOqhWvZm4n9eN9XBtZfxKEk1RmyxKEgF0TGZBUD6XCLTYmIIZZKbWwkbUkmZNjGVTAjO8surpH1Rd+y6c39ZadzkcRThBE6hCg5cQQPuoAktYJDAM7zCm5VaL9a79bFoLVj5zDH8gfX5AxPIkGM=</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

B
<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit>

⇢+ � � 2(n � �⇢,0)
<latexit sha1_base64="LhgS7Z1sGwp78jb6vqr2dUTvckI=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoqCUpgi6LblxWsA9oQphMb9uhk0mcmQgl9Bfc+CtuXCji1p07/8bpY6GtBy4czrmXe+8JE86UdpxvK7e0vLK6ll8vbGxube/Yu3sNFaeSQp3GPJatkCjgTEBdM82hlUggUcihGQ6ux37zAaRisbjTwwT8iPQE6zJKtJECu+TJfoxPsKdYLyLY68E9rpTEGfY6wDUJsrF/6oyOA7volJ0J8CJxZ6SIZqgF9pfXiWkagdCUE6XarpNoPyNSM8phVPBSBQmhA9KDtqGCRKD8bPLRCB8ZpYO7sTQlNJ6ovycyEik1jELTGRHdV/PeWPzPa6e6e+lnTCSpBkGni7opxzrG43hwh0mgmg8NIVQycyumfSIJ1SbEggnBnX95kTQqZdcpu7fnxerVLI48OkCHqIRcdIGq6AbVUB1R9Iie0St6s56sF+vd+pi25qzZzD76A+vzB4MMm40=</latexit><latexit sha1_base64="LhgS7Z1sGwp78jb6vqr2dUTvckI=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoqCUpgi6LblxWsA9oQphMb9uhk0mcmQgl9Bfc+CtuXCji1p07/8bpY6GtBy4czrmXe+8JE86UdpxvK7e0vLK6ll8vbGxube/Yu3sNFaeSQp3GPJatkCjgTEBdM82hlUggUcihGQ6ux37zAaRisbjTwwT8iPQE6zJKtJECu+TJfoxPsKdYLyLY68E9rpTEGfY6wDUJsrF/6oyOA7volJ0J8CJxZ6SIZqgF9pfXiWkagdCUE6XarpNoPyNSM8phVPBSBQmhA9KDtqGCRKD8bPLRCB8ZpYO7sTQlNJ6ovycyEik1jELTGRHdV/PeWPzPa6e6e+lnTCSpBkGni7opxzrG43hwh0mgmg8NIVQycyumfSIJ1SbEggnBnX95kTQqZdcpu7fnxerVLI48OkCHqIRcdIGq6AbVUB1R9Iie0St6s56sF+vd+pi25qzZzD76A+vzB4MMm40=</latexit><latexit sha1_base64="LhgS7Z1sGwp78jb6vqr2dUTvckI=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoqCUpgi6LblxWsA9oQphMb9uhk0mcmQgl9Bfc+CtuXCji1p07/8bpY6GtBy4czrmXe+8JE86UdpxvK7e0vLK6ll8vbGxube/Yu3sNFaeSQp3GPJatkCjgTEBdM82hlUggUcihGQ6ux37zAaRisbjTwwT8iPQE6zJKtJECu+TJfoxPsKdYLyLY68E9rpTEGfY6wDUJsrF/6oyOA7volJ0J8CJxZ6SIZqgF9pfXiWkagdCUE6XarpNoPyNSM8phVPBSBQmhA9KDtqGCRKD8bPLRCB8ZpYO7sTQlNJ6ovycyEik1jELTGRHdV/PeWPzPa6e6e+lnTCSpBkGni7opxzrG43hwh0mgmg8NIVQycyumfSIJ1SbEggnBnX95kTQqZdcpu7fnxerVLI48OkCHqIRcdIGq6AbVUB1R9Iie0St6s56sF+vd+pi25qzZzD76A+vzB4MMm40=</latexit><latexit sha1_base64="LhgS7Z1sGwp78jb6vqr2dUTvckI=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoqCUpgi6LblxWsA9oQphMb9uhk0mcmQgl9Bfc+CtuXCji1p07/8bpY6GtBy4czrmXe+8JE86UdpxvK7e0vLK6ll8vbGxube/Yu3sNFaeSQp3GPJatkCjgTEBdM82hlUggUcihGQ6ux37zAaRisbjTwwT8iPQE6zJKtJECu+TJfoxPsKdYLyLY68E9rpTEGfY6wDUJsrF/6oyOA7volJ0J8CJxZ6SIZqgF9pfXiWkagdCUE6XarpNoPyNSM8phVPBSBQmhA9KDtqGCRKD8bPLRCB8ZpYO7sTQlNJ6ovycyEik1jELTGRHdV/PeWPzPa6e6e+lnTCSpBkGni7opxzrG43hwh0mgmg8NIVQycyumfSIJ1SbEggnBnX95kTQqZdcpu7fnxerVLI48OkCHqIRcdIGq6AbVUB1R9Iie0St6s56sF+vd+pi25qzZzD76A+vzB4MMm40=</latexit>

⇢ � n
<latexit sha1_base64="Wc2KLeK9Sf+t7pD5uMWwE+pBjJ8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSEGYnvcmQ2Zl1plcISz7DiwdFvPo13vwbJ8keNLGgoajqprsrTKSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2yCxIoaCBAiW0EwMsDiW0wvHtzG89gbFCqwecJNCL2VCJSHCGTup0zUjT7hAeqeqXK37Vn4OukiAnFZKj3i9/dQeapzEo5JJZ2wn8BHsZMyi4hGmpm1pIGB+zIXQcVSwG28vmJ0/pmVMGNNLGlUI6V39PZCy2dhKHrjNmOLLL3kz8z+ukGF33MqGSFEHxxaIolRQ1nf1PB8IARzlxhHEj3K2Uj5hhHF1KJRdCsPzyKmleVAO/GtxfVmo3eRxFckJOyTkJyBWpkTtSJw3CiSbP5JW8eei9eO/ex6K14OUzx+QPvM8fp/CQ1A==</latexit><latexit sha1_base64="Wc2KLeK9Sf+t7pD5uMWwE+pBjJ8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSEGYnvcmQ2Zl1plcISz7DiwdFvPo13vwbJ8keNLGgoajqprsrTKSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2yCxIoaCBAiW0EwMsDiW0wvHtzG89gbFCqwecJNCL2VCJSHCGTup0zUjT7hAeqeqXK37Vn4OukiAnFZKj3i9/dQeapzEo5JJZ2wn8BHsZMyi4hGmpm1pIGB+zIXQcVSwG28vmJ0/pmVMGNNLGlUI6V39PZCy2dhKHrjNmOLLL3kz8z+ukGF33MqGSFEHxxaIolRQ1nf1PB8IARzlxhHEj3K2Uj5hhHF1KJRdCsPzyKmleVAO/GtxfVmo3eRxFckJOyTkJyBWpkTtSJw3CiSbP5JW8eei9eO/ex6K14OUzx+QPvM8fp/CQ1A==</latexit><latexit sha1_base64="Wc2KLeK9Sf+t7pD5uMWwE+pBjJ8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSEGYnvcmQ2Zl1plcISz7DiwdFvPo13vwbJ8keNLGgoajqprsrTKSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2yCxIoaCBAiW0EwMsDiW0wvHtzG89gbFCqwecJNCL2VCJSHCGTup0zUjT7hAeqeqXK37Vn4OukiAnFZKj3i9/dQeapzEo5JJZ2wn8BHsZMyi4hGmpm1pIGB+zIXQcVSwG28vmJ0/pmVMGNNLGlUI6V39PZCy2dhKHrjNmOLLL3kz8z+ukGF33MqGSFEHxxaIolRQ1nf1PB8IARzlxhHEj3K2Uj5hhHF1KJRdCsPzyKmleVAO/GtxfVmo3eRxFckJOyTkJyBWpkTtSJw3CiSbP5JW8eei9eO/ex6K14OUzx+QPvM8fp/CQ1A==</latexit><latexit sha1_base64="Wc2KLeK9Sf+t7pD5uMWwE+pBjJ8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSEGYnvcmQ2Zl1plcISz7DiwdFvPo13vwbJ8keNLGgoajqprsrTKSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2yCxIoaCBAiW0EwMsDiW0wvHtzG89gbFCqwecJNCL2VCJSHCGTup0zUjT7hAeqeqXK37Vn4OukiAnFZKj3i9/dQeapzEo5JJZ2wn8BHsZMyi4hGmpm1pIGB+zIXQcVSwG28vmJ0/pmVMGNNLGlUI6V39PZCy2dhKHrjNmOLLL3kz8z+ukGF33MqGSFEHxxaIolRQ1nf1PB8IARzlxhHEj3K2Uj5hhHF1KJRdCsPzyKmleVAO/GtxfVmo3eRxFckJOyTkJyBWpkTtSJw3CiSbP5JW8eei9eO/ex6K14OUzx+QPvM8fp/CQ1A==</latexit>

�0
<latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit><latexit sha1_base64="RyfZwF3fonm6vMt88kZVyHt2Yog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJooWUEEwPJEeY2m2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1K0LDBFesYbkVrJVohjIS7CEaXU/9hyemDY/VvR0nLJQ4ULzPKVontTo3KCV2/W654lf9GcgyCXJSgRz1bvmr04tpKpmyVKAx7cBPbJihtpwKNil1UsMSpCMcsLajCiUzYTa7d0JOnNIj/Vi7UpbM1N8TGUpjxjJynRLt0Cx6U/E/r53a/mWYcZWklik6X9RPBbExmT5PelwzasXYEaSau1sJHaJGal1EJRdCsPjyMmmeVQO/GtydV2pXeRxFOIJjOIUALqAGt1CHBlAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QN9cY+Y</latexit>

plus the additional even condition on paths A→ B (see the original definition.)

Let us introduce some notation. For a path L, not necessarily edge disjoint, define:

f(L) =
∑
e∈L

f(e) (E.1)

for some function of the edges f : E → R. This is slightly different (but consistent with) the notation

introduced previously, because of the possibility that paths L intersect an edge more than once. We sum

each edge in the sequence defining L, which then includes such multiplicities.

Definition E.1. We say e is ρ-binding if either ρ(e) = 0 or, when ρ(e) > 0, there exists a path L ∈ PAB,C
with e ∈ L such that ρ(L) = n.

For the constraint involving the σ variable Eq. (6.28) we need a refined notion:

Definition E.2. An edge e is called σ-binding within E′ for some E′ ⊂ E if either σ(e) = 0 or, when σ(e) > 0,

then there exists a path L ∈ PA,B with e ∈ L and L ⊂ E′ for which σ(L) + ρ(L) = 2(n− δρ(L),0). We say

that e is simply σ-binding for the case E′ = E.
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Given some function ρ on the edges E, we define the graph distance induced by ρ as:

dρ(x, y) = min
L∈Px,y

ρ(L) (E.2)

and similarly for the distances between subsets of V . We define the distance to be ∞ should there be no such

path L in the minimization. Given some ρ, define the region:

(AB)0 = {x ∈ V : dρ(x,AB) = 0} (E.3)

and similarly define

E0 = {{x, y} ∈ E : x ∈ (AB)0 and y ∈ (AB)0} (E.4)

to be the edges that lie entirely within (AB)0
1.

We will construct an optimal pair (ρ, σ) with some nice properties and such that V ′ = (AB)0 will be our

choice for V ′ in Lemma 6.18. We note however, at this point there is no obvious reason for ρ(e) = 0 for all

edges within (AB)0.

Lemma E.1. Given some feasible (ρ, σ), consider an edge e ∈ E0, then we have the estimate:

∀L ∈ PAB,C : e ∈ L =⇒ ρ(L) − ρ(e) ≥ n (E.5)

Proof. For all paths L ∈ PAB,C passing through e = {x, y} in the order AB → x → y → C we we note

that ρ(L) ≥ ρ(Ly,C) + ρ(e) where Ly,C ∈ Py,C , after dropping the AB → x portion of the path. But since

y ∈ (AB)0 there is some path L⋆AB,y from AB to y with with ρ(L⋆AB,y) = 0. We can combine the two paths,

denoted as L⋆AB,y ∪ Ly,C ∈ PAB,C , and use this to estimate:

ρ(L) ≥ ρ(Ly,C) + ρ(e) = ρ(L⋆AB,y ∪ Ly,C) + ρ(e) ≥ n+ ρ(e) (E.6)

by feasibility of ρ.

Corollary E.2. For a feasible (ρ, σ) an edge e ∈ E0 is ρ-binding iff ρ(e) = 0.

Proof. The if statement is obvious from the definition of ρ-binding.

Now for the only if statement: Assume the edge e is ρ-binding. Then either ρ(e) = 0 or ∃L ∈ PAB,C
containing e such that ρ(L) = n. If ρ(e) = 0 then we are done. Assuming that it is the other case, we use

Eq. (E.5) to obtain

n− ρ(e) ≥ n =⇒ ρ(e) = 0 (E.7)

which is a contradiction. So we must have ρ(e) = 0.

This motivates introducing:

Ê0 = {e ∈ E0 : ρ(e) = 0} (E.8)

as the ρ-binding edges in E0. Note that Ê0 ⊂ E0.

Remark. One might have expected that for an optimal solution there are simply no edges that are not

ρ-binding, otherwise one could get a smaller free energy by making ρ smaller. One cannot directly do this

because one has to consider the other constraint for paths PA,B that also involves ρ. We will eventually show

1Note that E0 is not the same as E[(AB)0], which is the set of edges that have some vertex in (AB)0.
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this is possible. That is we will prove that E0 = Ê0, but we cannot do this before we prove some results on

the behavior of σ, our next goal.

Define the two σ distance measures for paths within (AB)0:

d0σ(x, y) = min
L∈Px,y :L⊂E0

σ(L), d̂0σ(x, y) = min
L∈Px,y :L⊂Ê0

σ(L) (E.9)

which can be thought of a distance measures on truncated graphs. We continue to define the distance to be

∞ should the set of such paths above be empty.

The next lemma pertains to the region (AB)0 and edges E0 and Ê0:

Lemma E.3. Given any optimal solution (ρ′, σ′), there exists an optimal solution (ρ, σ) such that ρ+σ = ρ′+σ′

and it satisfies the following properties that we prove sequentially:

(a) For all e ∈ Ê0 then e is σ-binding within Ê0.

(b) There exists a function k : (AB)0 → Z with 0 ≤ k(x) ≤ 2(n− 1) such that σ(e) = |k(x) − k(y)| for all

e = {x, y} ∈ E0 and where:

k(x) =

d̂0σ(x,A) , d̂0σ(x,A) <∞
2(n− 1) , d̂0σ(x,A) = ∞

(E.10)

and

k(x) =

2(n− 1) − d̂0σ(x,B) , d̂0σ(x,B) <∞
0 , d̂0σ(x,B) = ∞

(E.11)

If L ∈ PA,B is non-empty, then for all e ∈ E0\Ê0 we have ρ(e) ∈ 2 + 2Z≥0.

(c) All edges e ∈ E0 are ρ-binding. In other words E0 = Ê0. This implies that d̂0σ can be replaced by d0σ in

Eq. (E.10) and Eq. (E.11).

Proof. (a) Consider some optimal (ρ′, σ′). We use the notation (AB)′0 and E′
0 for the region as in Eq. (E.3),

defined with respect to dρ′ , and Ê′
0 ⊂ E′

0 as the set of edges inside (AB)′0 with ρ′(e) = 0. Define Efail as the

edges e ∈ Ê′
0 which are not σ′-binding within Ê′

0. Then set

(ρ(e), σ(e)) =


(
ρ′(e) + σ′(e), 0

)
, e ∈ Efail

(ρ′(e), σ′(e)) , otherwise
(E.12)

Note that (AB)0 ⊂ (AB)′0 since ρ(e) ≥ ρ′(e). Also E0 ⊂ E′
0 and Ê0 ⊂ Ê′

0 for the same reason. And

Ê0 ∩ Efail = ∅ since ρ(e) = (ρ′ + σ′)(e) > 0 ∀e ∈ Efail.

We aim to show that (ρ, σ) is (i) feasible, (ii) optimal and (iii) satisfies the statement under investigation

in (a). We start with (iii): Consider any edge e ∈ Ê0 with σ(e) ̸= 0. Note that σ(e) = σ′(e) since only edges

in Efail are changed. Since this edge is σ′-binding within Ê′
0, there is a path L ∈ PA,B intersecting e such

that L ⊂ Ê′
0 and σ′(L) = 2(n− 1). We just need to show that L ⊂ Ê0 so that e is σ-binding inside Ê0. Note

that L ∩ Efail = ∅ since this would otherwise contradict the definition of Efail (L being a saturating path).

Thus ρ(L) = ρ′(L) since these edges are not changed, and ρ′(L) = 0 since L ⊂ Ê′
0. This implies that ρ(e) = 0

for all e ∈ L implying that L ⊂ Ê0, and we are done. For later use, we note that we just proved:

∀L ∈ PA,B : L ⊂ Ê′
0 then L ∩ Efail = ∅ =⇒ ρ(L) = 0 (E.13)
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(i) Since ρ ≥ ρ′ any L ∈ PAB,C is clearly still feasible for ρ. Also since (σ′ + ρ′)(e) = (σ + ρ)(e) for all

edges, we need only check paths L ∈ PA,B such that δρ′(L),0 = 1 and δρ(L),0 = 0. The condition ρ′(L) = 0

implies that L ⊂ Ê′
0, but then the converse of Eq. (E.13) implies that ρ(L) ̸= 0 =⇒ L ∩ Efail ̸= ∅ and thus

σ′(L) > 2(n− 1) by the failure of binding. Recall that the failure of saturating for the PA,B paths costs +2 in

the definition of the integer program, so actually σ′(L) ≥ 2n. Thus (σ + ρ)(L) = σ′(L) ≥ 2n = 2(n− δρ(L),0)

as required. (ii) Optimality is obvious since (ρ+ σ)(e) = (ρ′ + σ′)(e).

(b) We start with an optimal (ρ′, σ′) satisfying (a). Note that any point x ∈ (AB)′0 has at least one path

to either A or B contained in Ê′
0 by the definition of these regions. Assume that that d̂0σ′(x,A) <∞, or in

other words, assume there is some path from x to A inside Ê′
0, and define:

k(x) = d̂0σ′(x,A) (E.14)

where we recall the definition of this hatted distances uses paths inside Ê′
0. We now aim to find a consistent

set of equations Eq. (E.10) and Eq. (E.11) (with σ replaced by σ′ for now).

We note that if d̂0σ′(x,B) = ∞ then we must have k(x) = 0 or otherwise we will violate (a) with some non

σ′-binding edge along the path from x to A. Furthermore if d̂0σ′(x,B) < ∞ then consider the edge e with

σ′(e) ̸= 0 along the piecewise minimal path L : A→ x→ B that is closest to x (either towards A or towards

B)

2(n− 1) ≤ σ′(L) = d̂0σ′(A, x) + d̂0σ′(x,B) ≤ σ′(L′) = 2(n− 1) (E.15)

where L′ is a saturating path for e that exists by (a). The first inequality is feasibility and the second comes

from deforming the minimal paths in the distance functions to the path L′ (see Fig. (E.1)). Thus:

Figure E.1: We deform a piecewise minimal path L (solid line) containing the edge e with σ′(e) ̸= 0 and the
vertex x to a saturating path L′ (dashed line) containing e, which is guaranteed to exist by the conditions in
(a).

k(x) = 2(n− 1) − d̂0σ′(x,B) (E.16)

The only case we have not covered for Eq. (E.10) and Eq. (E.11) is when d̂0σ′(x,A) = ∞. In this case we set

k(x) = 2(n− 1) and this is consistent with Eq. (E.16) since d̂0σ′(x,B) = 0 is again necessary in order to not

violate (a).

For edges e = {x, y} ∈ Ê′
0 we now aim to compute:

|k(x) − k(y)| (E.17)

There are three cases. Either (i) both {x, y} have infinite distance to B, or (ii) both {x, y} have infinite
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distance to A or (iii) all distances are finite. In the first two cases we have k(x) = k(y). We also have

σ′(e) = 0 for these cases due to (a).

In the last case we can estimate using the triangle inequality:

|k(x) − k(y)| ≤ σ′(e) (E.18)

If σ′(e) = 0 then k(x) = k(y), however if σ′(e) > 0, then (a) implies the existence of a saturating path L such

that:

2(n− 1) = σ′(L) ≥ d̂0σ′(A, x) + σ′(e) + d̂0σ′(y,B) (E.19)

where e = {x, y} and the saturating path behaves as L : A→ x→ y → B. Thus:

σ′(e) ≤ k(y) − k(x) ≤ |k(y) − k(x)| (E.20)

which combining with Eq. (E.18) proves equality. We have now established equality σ′(e) = |k(x) − k(y)| for

all three cases above (i-iii).

We now consider edges e = {x, y} ∈ E′
0 that are not in Ê′

0. We construct a new (ρ, σ) that differs from

the original ones on these edges:

(ρ(e), σ(e)) =


(
ρ′(e) + σ′(e) − |k(x) − k(y)|, |k(x) − k(y)|

)
, e ∈ E′

0\Ê′
0

(ρ′(e), σ′(e)), otherwise
(E.21)

We need to show that (ρ, σ) is (i) feasible (ii) optimal and (iii) satisfies the requirements in both (a) and (b).

For (i) we first establish that ρ(e) > 0 for edges e = {x, y} ∈ E′
0\Ê′

0. There are several cases to deal with

depending on whether the d̂σ′ distances are finite or not. See Fig. (E.2).

Figure E.2: We construct a path from A→ B containing e = {x, y} using minimal paths within Ê′
0 and use

it to prove ρ(e) ∈ 2 + 2Z≥>0. There are three different cases depending on whether the d̂σ′ distances of x, y
to the boundary vertices A,B are finite or not. The three cases are treated differently as shown here.

1. If x, y have infinite d̂0σ′-distance both to A or both to B then |k(x) − k(y)| = 0 and ρ(e) > 0 since

ρ′(e) > 0 on such an edge. We will need to improve this bound for later use when establishing the

statement in (b): Suppose that the d̂0σ′ distances to B is infinite. If there is any path L ∈ PA,B then we

can combine the minimal paths LA,x ⊂ Ê′
0 and Ly,A ⊂ Ê′

0, that are used to compute the respective

distances d̂σ′(A, x) = d̂σ′(A, y) = 0, to form a path LA,x ∪ e ∪ Ly,A ∪ L ∈ PA,B giving the estimate:

(ρ′ + σ′)(LA,x ∪ e ∪ Ly,B ∪ L) = ρ′(e) + σ′(e) + (ρ′ + σ′)(L) ∈ 2Z≥0 (E.22)
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since ρ′ and σ′ vanish on these minimal paths. Feasibility gives the even condition. But (ρ′ + σ′)(L) ∈
2Z≥0 also by feasibility, thus ρ(e) ∈ 2 + 2Z≥0. The other case where d̂0σ′(x,A) = d̂0σ′(y,A) = ∞ follows

in a similar way.

2. If x has infinite d̂0σ′-distance to A and y has infinite d̂0σ′-distance to B then we can construct a new

path L : A → y → x → B using the minimal paths from A → y and the minimal path from x → B

both contained in Ê′
0. Since these two minimal d̂0σ′ -distances vanishes for this new path we must have:

2n+ 2Z≥0 ∋ σ′(L) + ρ′(L) = σ′(e) + ρ′(e) (E.23)

where we used feasibility of (ρ′, σ′) with the fact that ρ′(e) > 0. In this case we have |k(x) − k(y)| =

2(n− 1), implying that ρ(e) ∈ 2 + 2Z≥0.

3. If both x, y have finite d̂0σ′-distances to A and B then, picking k(y) ≤ k(x), we can construct a path

L : A→ y → x→ B, as above, and feasibility now implies that:

2n+ 2Z≥0 ≤ σ′(L) + ρ′(L) = σ′(e) + ρ′(e) + k(y) + 2(n− 1) − k(x) (E.24)

= σ′(e) + ρ′(e) + 2(n− 1) − |k(x) − k(y)| (E.25)

or ρ(e) ∈ 2 + 2Z≥0.

We have covered all possibilities and established that ρ(e) > 0 for such edges, and furthermore we have

established the final condition in (b). A corollary is that (AB)0 = (AB)′0 (since this only depends on the

pattern of zeros in ρ(e)) and thus E0 = E′
0 and Ê0 = Ê′

0.

We now prove the rest of feasibility (i). Assume by contradiction that there is a path L ∈ PAB,C such

that ρ(L) < n, then this path must pass through at least one edge e with e ∈ E′
0\Ê′

0 because ρ′ was feasible

so L must go through one of the edges where ρ is changed. Consider the first such edge e on the journey

from C → AB. It is possible to use this path to construct a new path L′ that uses L from C → e and then

follows e→ AB through Ê0 = Ê′
0 (since both vertices in e are in (AB)′0 this is always possible). Thus this

path new path L′ only intersects one edge with e ∈ E′
0\Ê′

0. Then:

ρ(L′) ≤ ρ(L) < n (E.26)

is still not-feasible for ρ. We use Lemma E.1 which states that for such an edge e and feasible ρ′:

ρ(L′) > ρ′(L′) − ρ′(e) ≥ n (E.27)

which is a contradiction. The first inequality in Eq. (E.27) follows from ρ(e) > 0, and the fact that this is the

only edge that is changed relative to ρ′ along the path. For paths L ∈ PA,B all paths that pass through a

deformed edge we maintain δρ(L),0 = δρ′(L),0 = 0 and σ + ρ = σ′ + ρ′ so feasibility for these paths is clear.

Optimality (ii) is also clear.

Now we show (iii) that the new (ρ, σ) satisfies conditions (a) and (b) of the Lemma. (a) is clear since

Ê0 = Ê′
0 and we have not changed any σ(e) inside Ê0. For (b) we firstly note that σ(e) = |k(x) − k(y)| for

all e = {x, y} ∈ E0 by construction. Also d̂0σ(x, y) = d̂0σ′(x, y) since Ê′
0 = Ê0 and σ′ = σ on these edges. We

are done with (b).

(c) We consider an optimal (ρ, σ) satisfying the properties in (a) and (b). We work by contradiction. That
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is we assume there is at least one edge e ∈ E′
0\Ê′

0 and prove a contradiction. Consider any one of these edges

and call it e⋆. Construct a new solution:

(ρ′(e), σ′(e)) =


(
0, σ(e)

)
, e = e⋆

(ρ(e), σ(e)) , otherwise
(E.28)

This clearly has a smaller objective, so if we can show that (ρ′, σ′) is feasible we prove a contradiction since

(ρ, σ) is optimal. For paths L ∈ PAB,C that intersect e⋆ – without loss of generality we may consider paths

that intersect e⋆ only once. We then use Lemma E.1 which becomes ρ′(L) ≥ n as required.

Now consider paths L ∈ PA,B with e⋆ ∈ L. If there are no such paths, then there is nothing more to prove.

If there is at least one such path we know from (b) that ρ(e⋆) ∈ 2Z+ and this implies that the even condition

in Eq. (6.28) is preserved for (ρ′, σ′). Thus we now consider only the inequality implied in Eq. (6.28). We set

e⋆ = {x, y} and pick these vertices so that L : A → x → y → B. Define the subpaths as LA,x and Ly,B so

that L = LA,x ∪ e⋆ ∪ Ly,B . We must consider four cases depending on whether the distances d̂0σ(x,B) or

d̂0σ(y,A) are finite:

Figure E.3: Starting from the path L = LA,x ∪ e⋆ ∪ Ly,B ∈ PA,B (black solid) we construct two new paths in

PA,B (red and blue solid) using minimal paths (green dashed) that are contained entirely in Ê0.

1. If d̂0σ(x,B) <∞ and d̂0σ(y,A) <∞ then construct two new paths that by-pass e⋆ as follows. Consider

the minimal paths for these finite distances: from A→ y and x→ B. Join these, respectively, to Ly,B

and LA,x (see Fig. (E.3)). These minimal paths are contained in Ê0 (so ρ vanishes on them). We apply

feasibility for (ρ, σ) to these two new paths:

d̂0σ(A, y) + (ρ+ σ)(Ly,B) ≥ 2(n− δρ(Ly,B),0) (E.29)

(ρ+ σ)(LA,x) + d̂0σ(x,B) ≥ 2(n− δρ(LA,x),0) (E.30)

adding these two bounds together and using the distance function k(x) we have:

(ρ′ + σ)(L) − σ(e⋆) + k(y) − k(x) ≥ 2(n+ 1 − δρ(Ly,B),0 − δρ(LA,x),0) (E.31)

then σ(e⋆) = |k(y) − k(x)| ≥ k(y) − k(x) (by condition (b)) and:

1 − δρ(Ly,B),0 − δρ(LA,x),0 ≥ −δρ(Ly,B),0δρ(LA,x),0 = −δρ′(L),0 (E.32)

combines to give:

(ρ′ + σ)(L) ≥ 2(n− δρ′(L),0) (E.33)

the required feasibility statement.

2. If d̂0σ(x,B) = ∞ and d̂0σ(y,A) = ∞ then the form of the function k(x) from (b) requires that k(x) = 0
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and k(y) = 2(n− 1). This implies σ(e⋆) = 2(n− 1). Then we note the bound:

(ρ+ σ)(L) ≥ (ρ+ σ)(e⋆) + 2(1 − δρ(Ly,B),0δρ(LA,x),0) (E.34)

= ρ(e⋆) + 2(n− δρ′(L),0) (E.35)

which follows by dropping all contributions from the path Ly,B and LA,x except for a crude estimate

counting a minimal contribution if either ρ(Ly,B) or ρ(LA,x) is non-zero. The bound that we get from

this minimal contribution must be even, since (ρ+ σ)(e⋆) is even, and (ρ+ σ)(L) is even by feasibility.

So any gap between them must be even. So again we get Eq. (E.33).

3. If d̂0σ(x,B) < ∞ and d̂0σ(y,A) = ∞ (the reverse case follows a similar argument) then we must

have k(y) = 2(n − 1). We also must have d̂0σ(x,A) = ∞ since otherwise we could construct a path

A→ x→ B → y inside Ê0 and this would violate the condition d̂0σ(y,A) = ∞. So k(x) = 2(n− 1) and

hence d̂0σ(x,B) = 0 and σ(e⋆) = 0. We estimate:

(ρ+ σ)(L) ≥ (ρ+ σ)(LA,x) + ρ(e⋆) + 2(1 − δρ(Ly,B),0) (E.36)

where we again crudely dropped all contributions from Ly,B except if ρ(Ly,B) is non-zero. Evenness

also demands the gap in the bound is 2. We also consider a combined path that bypasses e⋆ using LA,x

and the minimal d̂0σ-distance path from y to B inside E0 and apply feasibility:

(ρ+ σ)(LA,x) + d̂0σ(x,B) ≥ 2(n− δρ(LA,x),0) (E.37)

Combinding Eq. (E.36) and Eq. (E.37) gives:

(ρ′ + σ)(L) ≥ 2(n+ 1 − δρ(Ly,B),0 − δρ(LA,x),0) ≥ 2(n− δρ′(L),0) (E.38)

as required.

We have now established feasibility for all possible cases and so we find the desired contradiction. We conclude

that there are no such edges and E0 = Ê0.

We now move on to prove Lemma 6.18. We use the optimal (ρ, σ) constructed in Lemma E.3. We set

V ′ = (AB)0 and E′ = E0. The above result establishes that ρ vanishes on E′ where only σ is non-zero. We

now use this as an input to the following half integer program that lives on the complementary reduced graph

defined as:

Gc = (V c, Ec) V c = (V \V ′) ∪ (AB)′ Ec = E\E′ (E.39)

with (AB)′ = V ∩ µG(V ′).

Lemma E.4. Given an optimal (ρ, σ) satisfying the properties in Lemma E.3, then

ϱ(e) = (ρ(e) + σ(e))|Ec − 1µ(V ′)(e) (E.40)
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is feasible for the following half integer program on the graph Gc = (V c, Ec):

M ≡min
ϱ

∑
e∈Ec

w(e)ϱ(e) (E.41)

subject to ∀L ∈ PΓk,Γk′ : ϱ(L) ∈ |k − k′| + Z≥0 (E.42)

and ∀L ∈ PΓk,C : ϱ(L) ∈ (n− 1) + Z≥0 (E.43)

for all k, k′ = 0, . . . , 2(n− 1) (E.44)

where ϱ(e) ∈ Z≥0/2 and Γk = {x ∈ (AB)′ : k(x) = k} and C, are boundary vertices on the reduced graph.

Thus:

I ≥M + w(µ(V ′)) +
∑

e={x,y}∈E′

w(e)|k(x) − k(y)| (E.45)

Proof. We firstly check feasibility for paths PΓk,Γk′ . We start by picking a subset of such paths (possibly

empty) P̃Γk,Γk′ for all k, k′, with the extra condition that the path only intersects the boundary edges µ(V ′)

twice (this need not always be the case for all paths, even ones that are edge disjoint).

Let k′ < k (the case k′ = k is trivial) and consider L̃ ∈ P̃Γk,Γk′ . We can construct a path in PA,B by

attaching minimal curves for the distance d0σ through E′. We consider such curves from A→ Γk′ and Γk → B.

We apply feasability to the combination:

(σ + ρ)(L̃) + (k′ − k) + 2(n− 1) ≥ 2n (E.46)

Using 1µ(V ′)(L̃) = 2 for such curves gives

ϱ(L̃) ≥ |k − k′| (E.47)

Now any curve L ∈ PΓk,Γk′ can be constructed as a sequence of these restricted L̃ curves from Γk → Γk1 →
. . .ΓkN → Γk′ for arbitrary ki : i = 1 . . . N . Thus:

ϱ(L) ≥ |k − k1| + |k1 − k2| + . . . |kN − k′| ≥ |k − k′| (E.48)

by the triangle inequality and Eq. (E.47). That concludes feasability for PΓk,Γk′ .

For a paths PΓk,C we again have to deal with possible multiple intersections with µ(V ′). We again restrict

to P̃Γk,C such that these paths intersect µ(V ′) only once. Consider L̃ ∈ P̃Γk,C and attach a minimal curve to

AB in the E′ graph. Then:

ϱ(L̃) = ρ(L̃) + σ(L̃) − 1 ≥ ρ(L̃) − 1 ≥ n− 1 (E.49)

where in the first inequality we simply dropped the σ contribution and in the second we used feasibility for

the combined curve ∈ PAB,C (the minimal curve part sits in the region with ρ = 0.) Again any curve in the

more general set L ∈ PΓk,C can always be written as a combination of curves Γk → Γk1 → . . .ΓkN → C.

Thus we have:

ϱ(L) ≥ |k − k1| + . . .+ |kN−1 − kN | + n− 1 ≥ n− 1 (E.50)

as required. We conclude that ϱ is feasible for this intersecting cut problem. The estimate Eq. (E.45) now

follows by plugging in Eq. (E.40) to Eq. (E.41) and finally using the form of σ implied by Lemma E.3 on the

rest of the edges E′.

Remark. The half integer relaxation for this program is convenient in the next section. The above feasible ϱ
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is integer valued, but the optimal solution might be half integral. However this does not bother us, since at

this stage we only strive for an inequality. Also once the chain of Theorem 6.4 collapses the optimal solution

will be integral.

We have now proven Lemma 6.18, as can be seen by picking and choosing results from Lemma E.3 and

Lemma E.4.

E.2 Proof of Lemma 6.19: An intersecting cut problem

We now study the ℓ-intersecting cut problem defined in Definition 6.8. We will solve this problem by a

Figure E.4: (left) A sketch of a ℓ-intersection problem defined in Definition 6.8. (right) The reduction of the
ℓ-intersection cut problem to the ℓ− 1-intersection cut problem.

recursive reduction of the ℓ-intersection cut problem to the ℓ− 1-intersection cut problem, as described below

in Lemma E.5. We will use a feasible solution to the ℓ-intersection cut problem to construct a feasible solution

to the ℓ− 1-intersection cut problem. See Fig. (E.4).

Lemma E.5. Given an feasible ϱ for the ℓ-intersecting cut problem with {Γ0,Γ1, . . . ,Γℓ} then there exists a

cut, α, for (Γ0 ∪ Γ1 ∪ . . .Γℓ−1) : (Γℓ ∪C) and a cut, β, for Γℓ : (Γ0 ∪ Γ1 ∪ . . .Γℓ−1 ∪C) where β is disjoint to

α such that:

• for ℓ > 1 there is a feasible ϱ′ for the ℓ− 1-intersecting cut problem for {Γ0,Γ1, . . . ,Γℓ−1 ∪ Γℓ} with:

M(ϱ) = M(ϱ′) +
1

2
(w(µ(α)) + w(µ(β))) (E.51)

• for ℓ = 1 we simply have the bound:

M(ϱ) ≥ 1

2
(w(µ(α)) + w(µ(β))) (E.52)

Before we present a proof, we use the above result to prove Lemma 6.19.

Proof of Lemma 6.19. Starting from an optimal solution ϱ for the ℓ-intersecting cut problem M(ϱ), we apply

Lemma E.5 repeatedly to arrive at

M(ϱ) ≥ 1

2

ℓ−1∑
k=0

(w(µ(αk)) + w(µ(βk))) (E.53)
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where αk is a cut for (Γ0 ∪ . . .Γk) : (Γk+1 ∪ . . .Γℓ ∪ C) and βk is a cut for (Γk+1 ∩ . . .Γℓ) : (Γ0 ∪ . . .Γk ∪ C).

Minimizing over the all such cuts αk and βk then gives

M(ϱ) ≥ 1

2

ℓ−1∑
k=0

(w(µ(α′
k)) + w(µ(β′

k))) (E.54)

where α′
k and β′

k are the minimal cuts. We now use them to construct a new ρ′, defined by

ϱ′(e) =
1

2

ℓ−1∑
k=0

(1µ(α′
k)

+ 1µ(β′
k)

)(e) (E.55)

It is clear that ϱ′ is feasible from the topology of the cuts (see Fig. (E.5)) so M(ϱ) ≥M(ϱ′). Also,

Figure E.5: An example configuration to the solution of M(ϱ′). The green solid lines represent minimal cuts
αk and βk. Consider a path in L ∈ PΓk,C (depicted as red line). It is clear that it must cross at least ℓ
minimal surfaces in order to reach C so w(L) ≥ ℓ/2. Similarly, for a path in L′ ∈ PΓk,Γk′ it must cross at
least 2|k − k′| minimal surfaces so w(L′) ≥ |k − k′|.

M(ϱ′) =
1

2

∑
e∈E

w(e)

ℓ−1∑
k=0

(1µ(α′
k)

+ 1µ(β′
k)

)(e) =
1

2

ℓ−1∑
k=0

(w(µ(α′
k)) + w(µ(β′

k))) (E.56)

so M(ϱ′) ≥M(ϱ) since α′
k and β′

k are minimal cuts. Thus we have inequalities in both ways and it must be

that

M = M(ϱ) = M(ϱ′) =
1

2

ℓ−1∑
k=0

(w(µ(α′
k)) + w(µ(β′

k))) (E.57)

Proof. We first consider the region β. Define this as:

β = {x ∈ V : dϱ(x,Γℓ) = 0} (E.58)

It is clear that this satisfies the cut properties stated in the Lemma. It is also clear that ϱ̃(e) := ϱ(e) −
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(1/2)1µ(β)(e) ≥ 0. We show that ϱ̃ is feasible for the following 1/2 integer program:

M̃ ≡ min
ϱ̃
M̃(ϱ̃), M̃(ϱ̃) =

∑
e∈E

w(e)ϱ̃(e) (E.59)

subject to ∀L ∈ PΓk,Γk′ :ϱ̃(L) ∈ |k − k′| + Z≥0 (E.60)

and ∀L ∈ PΓk,C : ϱ̃(L) ∈ ℓ/2 + Z≥0 (E.61)

subject to ∀L ∈ PΓk,Γℓ
: ϱ̃(L) ∈ (ℓ− k − 1/2) + Z≥0 (E.62)

and ∀L ∈ PΓℓ,C : ϱ̃(L) ∈ (ℓ− 1)/2 + Z≥0 (E.63)

for all k, k′ = 0, · · · , ℓ− 1.

This program is defined for ℓ ≥ 1. The last constraint is trivial if ℓ = 1. We sketch this program in Fig. (E.6).

Figure E.6: The intermediate half integer program described in Eq. (E.59).

Feasability is clear for paths that intersect µ(β) the minimal number of times, that is the subset of paths

defined below:

(I) P̃Γk,Γk′ = {L ∈ PΓk,Γk′ : 1µ(β)(L) = 0} ≥ |k − k′| (E.64)

(II) P̃C,Γk
= {L ∈ PC,Γk

: 1µ(β)(L) = 0} ≥ ℓ/2 (E.65)

(III) P̃Γk,Γℓ
= {L ∈ PΓk,Γℓ

: 1µ(β)(L) = 1} ≥ (ℓ− k − 1/2) (E.66)

(IV) P̃C,Γℓ
= {L ∈ PC,Γℓ

: 1µ(β)(L) = 1} ≥ (ℓ− 1)/2, (E.67)

for all k, k′ = 0, · · · , ℓ− 1. We have listed the constraints for the ϱ′ problem on the right and on the left we

have given labels to the various cases of paths. It is also clear we maintain the integer condition for ϱ̃ in

Eq. (E.59) due to the topology of the paths, so we need only consider the inequalities below. Any other

path not in this class can be decomposed using these paths. There are four different cases to consider (see

Fig. (E.7)):

(I) If L ∈ PΓk,Γk′ with 0 ≤ k < k′ ≤ ℓ− 1 we can bound these paths via:

ϱ̃(L) + ϱ̃(Lx,Γℓ
) + ϱ̃(Lx′,Γℓ

) ≥ ϱ̃(L̃Γℓ,Γk
) + ϱ̃(L̃Γℓ,Γk′ ) (E.68)

≥ (ℓ− k − 1/2) + (ℓ− k′ − 1/2) ≥ (k′ − k) + 1
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Figure E.7: We perform surgery on a path L (black solid) at point x and x′ using minimal paths (red solid)
and reduce L to the union of paths (blue solid) and use it to bound ϱ̃(L). The procedure prescribed for
type-I and type-III paths are depicted here. The procedure for type-II and type-IV paths are similar.

where x and x′ are the first and last points inside β where the path L enters and leaves. We have sewn

on paths Lx,Γℓ
and Lx′,Γℓ

to these points, where we can pick these paths as the ones minimizing the

distance dϱ(x,Γℓ) = 0 and dϱ(x
′,Γℓ) = 0. In particular for these paths ϱ̃(Px,Γℓ

) = ϱ(Px,Γℓ
) = 0 and

similarly for x′. The first inequality in Eq. (E.68) drops the mid portion of the curve and applies the

bound Eq. (E.66) for a curve that intersects µ(β) once, that is L̃Γℓ,Γk
and L̃Γℓ,Γk′ .

(II) If L ∈ PC,Γk
for 0 ≤ k ≤ ℓ− 1 we can, in a similar manner as above, split this into two and show:

ϱ̃(L) ≥ (ℓ− k − 1/2) + (ℓ− 1)/2 ≥ ℓ/2 (E.69)

where we applied Eq. (E.66) and Eq. (E.67).

(III) If L ∈ PΓk,Γℓ
for 0 ≤ k ≤ ℓ− 1, then we simply drop the portion of the path after the first intersection

with x ∈ β along the path Γk → x→ Γℓ. Adding the curve ϱ̃(Lx,Γℓ
) = 0 gives the estimate:

ϱ̃(L) ≥ (ℓ− k − 1/2) (E.70)

where we applied Eq. (E.66).

(IV) If L ∈ P̃C,Γℓ
we do the same and drop the portion of the path after the first intersection to give:

ϱ̃(L) ≥ (ℓ− 1)/2 (E.71)

where we again applied Eq. (E.67).

This completes the proof that ϱ̃ is feasible for Eq. (E.59).

We now introduce the region:

αc = {x : dϱ̃(x,Γℓ) + dϱ̃(x,C) = (ℓ− 1)/2} ∪ {x : dϱ̃(x,Γℓ) = 0} ∪ {x : dϱ̃(x,C) = 0} (E.72)

We check that it satisfies the cut properties. It is clear that C ∪ Γℓ ⊂ αc by definition. Assume that Γk ∈ αc

for some 0 ≤ k ≤ ℓ− 1. Thus either:

(ℓ− 1)/2 = dϱ̃(Γk,Γℓ) + dϱ̃(Γk, C) ≥ (ℓ− k − 1/2) + ℓ/2 ≥ (ℓ+ 1)/2 (E.73)
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which is not possible. Or dϱ̃(Γk,Γℓ) ≥ (ℓ− k − 1/2) which is not possible or dϱ̃(Γk, C) ≥ ℓ/2 which is also

not possible. Thus we have a contradiction and Γk ∈ α. This establishes the cut properties stated.

We now define:

ϱ′(e) = ϱ̃(e) − 1

2
1µ(α)(e) (E.74)

We aim to show that ϱ′(e) ≥ 0. Consider an edge e = {x, y} ∈ µ(α) with x ∈ αc and y ∈ α. The triangle

inequality to C states that:

ϱ̃(e) = dϱ̃(x, y) ≥ (dϱ̃(y, C) − dϱ̃(x,C)) (E.75)

So if dϱ̃(x,C) = 0 then ϱ̃(e) ≥ dϱ̃(y, C) > 0 since y ∈ α and so must have this strictly greater than 0. Similarly

for Γℓ:

ϱ̃(e) ≥ dϱ̃(x, y) = (dϱ̃(y,Γℓ) − dϱ̃(x,Γℓ)) (E.76)

So dϱ̃(x,Γℓ) = 0 then ϱ̃(e) > 0. Finally if dϱ̃(x,Γℓ) + dϱ̃(x,C) = (ℓ− 1)/2 we add the two inequality above to

show that:

2ϱ̃(e) ≥ dϱ̃(y, C) + dϱ̃(y,Γℓ) > 0 (E.77)

Thus in all case we have ϱ̃(e) ≥ 1/2, by the integrality gap. Indeed ϱ′(e) ≥ 0.

We thus have:

M(ϱ) = M(ϱ′) +
1

2
(w(µ(α)) + w(µ(β))) (E.78)

as required. For ℓ = 1 we simply bound M(ϱ′) ≥ 0 and we are done. For ℓ > 1 we need to check feasibility

of ϱ′ for the ℓ− 1-intersecting cut program. Paths that cross µ(α) a minimal number of times are clearly

feasible:

(I) P̃C,Γℓ
= {L ∈ PC,Γℓ

: 1µ(α)(L) = 0} ≥ (ℓ− 1)/2 (E.79)

(II) P̃C,Γk
= {L ∈ PC,Γk

: 1µ(α)(L) = 1} ≥ (ℓ− 1)/2 (E.80)

(III) P̃Γk,Γℓ
= {L ∈ PΓk,Γℓ

: 1µ(α)(L) = 1} ≥ (ℓ− k − 1) (E.81)

(IV) P̃Γk,Γk′ = {L ∈ PΓk,Γk′ : 1µ(α)(L) = 0} ≥ |k − k′| (E.82)

for all k, k′ = 0, · · · , ℓ− 1, where we have listed the constraints for the ϱ′ problem on the right and on the

left we have given labels to the various cases of paths.

We now prove a basic result that will seed the rest of our discussion. We consider a path L ∈ PC,Γℓ
but

now with 1µ(α)(L) ≥ 2, see Fig. (E.8). Consider the first edge e in µ(α) the path crosses (starting at C.) Let

Figure E.8: We consider a path from C to Γℓ that intersect the cut surface µ(α) at least twice and we denote
e = {x, y} to be the first edge in the path that crosses µ(α) (shown as the green solid line).
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e = {x, y} with x ∈ αc and y ∈ α. We know that:

dϱ̃(y, C) + dϱ̃(y,Γℓ) > (ℓ− 1)/2 (E.83)

Using the minimality of these paths and comparing these to the two segments of L split at y we find:

ϱ̃(L) > (ℓ− 1)/2 =⇒ ϱ̃(L) ≥ (ℓ− 1)/2 + 1 (E.84)

where we used the fact that the gap for such paths is 1 (see Eq. (E.63).) If this curve had only two intersections

with α (1µ(α)(L) = 2) we would be done since then we have shown that ϱ′(L) ≥ (ℓ− 1)/2.

Another obvious bound applies to any path L:

ϱ̃(L) ≥ 1

2
1µ(α)(L) (E.85)

since we know ϱ̃ on these edges. This bound is too crude to be used on its own, but we will still make use of

it below when we start performing surgery on the paths and we find paths that start and end on the same

boundary region. In this later case the bound we just derived can be tight.

We now address the four types of paths:

(I) Consider a path L ∈ PC,Γℓ
intersecting N times with µ(α), where N ≥ 2 is even. We aim to show that

ϱ̃(L) ≥ (ℓ− 1)/2 +N/2. We do this by induction. We have proved the case N = 2 in Eq. (E.84). We

assume it is true for N − 2 and prove if for N . Consider the second edge e = {x, y} that intersects

µ(α) along the path C → y → x → Γℓ, where x ∈ αc. There are now three cases (a,b,c) to consider

depending on which set x belongs to in Eq. (E.72).

(a) If dϱ̃(x,C) + dϱ̃(x,Γℓ) = (ℓ− 1)/2 then consider the minimal paths Lx,C , Lx,Γℓ
defining these two

distances. We show that both of these curves Lx,C , Lx,Γℓ
lie entirely inside αc. If not there would be

some y ∈ α (the first vertex where either Lx,C , Lx,Γℓ
leaves αc) with dϱ̃(y, C) + dϱ̃(y,Γℓ) = (ℓ− 1)/2

and this is a contradiction. We use Lx,C , Lx,Γℓ
to perform surgery on L as in the first figure shown in

Fig. (E.9). That is we start with L and Lx,C ∪ Lx,Γℓ
and end up with two paths in PC,Γℓ

. These later

Figure E.9: We perform surgeries on the N -intersecting path L ∈ PC,Γℓ
(black solid lines) at the point x

using various minimal paths (red solid lines) and reduce L to two paths – the blue solid lines, which intersect
µ(α) two times, and red dashed lines, which intersect µ(α) N − 2 times.
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curves intersect µ(α) two times and N − 2 times respectively. Thus:

ϱ̃(L) + (ℓ− 1)/2 = ϱ̃(L) + ϱ̃(Lx,C ∪ Lx,Γℓ
) (E.86)

≥
(
(ℓ− 1)/2 + 1

)
+
(
(ℓ− 1)/2 + (N − 2)/2

)
(E.87)

Thus ϱ̃(P ) ≥ (ℓ− 1)/2 +N/2 as required.

(b) If dϱ̃(x,C) = 0, we instead perform surgery with two copies of this minimal path. It is clear this path

remains inside αc. These paths do not cost anything. See the second figure in Fig. (E.9) for the pattern.

In particular we find, after surgery, a curve that starts ands in C and that intersects µ(α) twice, and a

curve in PC,Γℓ
intersecting N − 2 times. For the former curve we use the estimate Eq. (E.85) and find:

ϱ̃(P ) ≥
(
1
)

+
(
(ℓ− 1)/2 + (N − 2)/2

)
= (ℓ− 1)/2 +N/2 (E.88)

as required.

(c) If dϱ̃(x,Γℓ) = 0 then we again use two copies of this minimal path to perform surgery: see the third

figure in Fig. (E.9) for the pattern.

The right hand side is now a path PC,Γℓ
with two intersections and a path from PΓℓ,Γℓ

with N − 2

intersections. Thus:

ϱ̃(L) ≥
(
(ℓ− 1)/2 + 1

)
+
(
(N − 2)/2

)
= (ℓ− 1)/2 +N/2 (E.89)

where we used Eq. (E.84) and Eq. (E.85). We have completed the induction step.

(II) Consider a path L ∈ PC,Γk
for some 0 ≤ k ≤ ℓ− 1 and intersecting N times with µ(α), where N ≥ 3 is

odd. We aim to show that ϱ̃(L) ≥ (ℓ− 1)/2 +N/2. Consider the last edge e = {x, y} that intersects

µ(α) along the path C → y → x→ Γk, where x ∈ αc. There are again three cases (a,b,c) to consider:

Figure E.10: We perform a surgery that turns a path L ∈ PC,Γk
of type-II (a) (black solid curve) to a type-I

path in PC,Γℓ
(blue solid) and a path in P̃C,Γk

(red dashed) that only intersects µ(α) one time.

(a) If dϱ̃(x,C) + dϱ̃(x,Γℓ) = (ℓ− 1)/2, we again perform surgery as shown in Fig. (E.10). from which

we arrive at a path in PC,Γℓ
intersecting N − 1 times and a path in PC,Γk

with one intersection. We

dealt with the later path at the start and the former we have already bounded in (I) above. Thus:

ϱ̃(L) + (ℓ− 1)/2 ≥
(
(ℓ− 1)/2 + (N − 1)/2

)
+
(
ℓ/2
)

(E.90)

implying ϱ̃(L) ≥ (ℓ− 1)/2 +N/2.
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(b) If dϱ̃(x,C) = 0, we take these minimal paths and join in the obvious way to find a path in PC,C
with N − 1 intersections and one in PC,Γk

with one intersection. Thus:

ϱ̃(L) ≥
(
(N − 1)/2

)
+
(
ℓ/2
)

= (ℓ− 1)/2 +N/2 (E.91)

(c) If dϱ̃(x,Γℓ) = 0 we use these minimal paths to construct a path in PΓk,Γℓ
with one intersection and

one in PC,Γℓ
with N − 1 intersections. Hence:

ϱ̃(L) ≥
(
ℓ− k − 1/2

)
+
(
(ℓ− 1)/2 + (N − 1)/2

)
≥ (ℓ− 1)/2 +N/2 (E.92)

where we used ℓ− k − 1 ≥ 0. And we claim victory for these paths.

(III) Consider a path L ∈ PΓk,Γℓ
for some 0 ≤ k ≤ ℓ− 1 and intersecting N times with µ(α), where N ≥ 3

is odd. We consider now the second edge e = {x, y} along the path from L : Γk → x→ y → Γℓ with

x ∈ αc. As usual there are three cases:

Figure E.11: We perform a surgery that turns a path L ∈ Pk,Γℓ
of type-III (a) (black solid curve) to a type-II

path in PC,Γℓ
(blue solid) and a path in P̃Γk,Γℓ

(red dashed) that only intersects µ(α) one time.

(a) If dϱ̃(x,C) + dϱ̃(x,Γℓ) = (ℓ− 1)/2, we again perform surgery as shown in Fig. (E.11). The resulting

paths are in PΓk,Γℓ
with one intersections and and in PC,Γℓ

with (N − 1) intersections. Thus:

ϱ̃(L) + (ℓ− 1)/2 ≥
(
ℓ− k − 1/2

)
+
(
(ℓ− 1)/2 + (N − 1)/2

)
(E.93)

Or ϱ̃(L) ≥ (ℓ− k − 1) +N/2 as required.

(b) Now if dϱ̃(x,C) = 0, our surgery results in a path in PC,Γk
with one intersection and a path in

PC,Γℓ
with N − 1 intersections. Hence:

ϱ̃(L) ≥
(
ℓ/2
)

+
(
(ℓ− 1)/2 + (N − 1)/2

)
= ℓ− 1 +N/2 ≥ (ℓ− k − 1) +N/2 (E.94)

(c) Now if dϱ̃(x,Γℓ) = 0, our surgery results in a path in PΓk,Γℓ
with one intersection and a path in

PΓℓ,Γℓ
with N − 1 intersections. Hence:

ϱ̃(L) ≥
(
ℓ− k − 1/2

)
+
(
(N − 1)/2

)
= (ℓ− k − 1) +N/2 (E.95)

(IV) Consider a path L ∈ PΓk,Γk′ for some 0 ≤ k < k′ ≤ ℓ− 1 and intersecting N times with µ(α), where

N ≥ 2 is even. We consider now the second edge e = {x, y} along the path from L : Γk → x→ y → Γk′

with x ∈ αc. As usual there are three cases:
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Figure E.12: We perform a surgery that turns a path L ∈ Pk,Γ′
k

of type-IV (a) (black solid curve) to a type-II

path in PC,Γ′
k

(blue solid) and a path in P̃Γk,Γ′
k

(red dashed) that only intersects µ(α) one time.

(a) If dϱ̃(x,C) + dϱ̃(x,Γℓ) = (ℓ − 1)/2, surgery results in a path in PΓk,Γℓ
with one intersection and

another path in PC,Γk′ with N − 1 intersections, see Fig. (E.12). Thus, using (II) we have:

ϱ̃(L) + (ℓ− 1)/2 ≥
(
ℓ− k − 1/2

)
+
(
(ℓ− 1)/2 + (N − 1)/2

)
(E.96)

implying ϱ̃(L) ≥ (ℓ− k − 1) +N/2 ≥ (k′ − k) +N/2 where we used ℓ− 1 ≥ k′. This is the required

bound.

(b) Now if dϱ̃(x,C) = 0, our surgery results in a path in PΓk,C with one intersection and a path in

PΓk′ ,C with (N − 1) intersections. Thus:

ϱ̃(L) ≥
(
ℓ/2
)

+
(
(ℓ− 1)/2 + (N − 1)/2

)
= ℓ− 1 +N/2 ≥ (k′ − k) +N/2 (E.97)

where we again used (II).

(c) Now if dϱ̃(x,Γℓ) = 0, our surgery results in a path in PΓk,Γℓ
with one intersection and a path in

PΓℓ,Γk′ with N − 1 intersections. Hence:

ϱ̃(L) ≥
(
ℓ− k − 1/2

)
+
(
ℓ− k′ − 1 + (N − 1)/2

)
≥ (k′ − k) +N/2 (E.98)

where we used (III) and ℓ− k′ − 1 ≥ −(ℓ− k′ − 1). And we are done.

The above bound establish feasibility of ϱ′ for the ℓ − 1 intersecting cut problem. (The integer gap

conditions are again all automatic because the even/oddness of the number of intersections is fixed by the

topology of the path.)

E.3 Proof of Lemma 6.25: Probabilistic convergence for SR

Consider the renormalized operator:

Ô = (ϱ⊗ ϱ)χ2nA(AB:C) (E.99)

and define the renormalized measure:

dµ̂Ψ(λ̂) = χ2(n−1)A(A:B:C)−2nA(AB:C)
∑
i

| ⟨Ψ| vi⟩ |2δ(λ̂− λ̂i)dλ̂ (E.100)
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where λ̂ = λχ2nA(AB:C). We know that new measure satisfies

lim
χ→∞

∫ ∞

0

dµ̂Ψ(λ̂)λ̂m/2 = 1 (E.101)

for m/2 ∈ Z≥1. Note that we do not know the zeorth moment of λ̂.

Pick some cut-off Λ > 1 and define

∆m/2 =

∫
dµ̂Ψ(λ̂)λ̂m/2θ(λ̂− Λ) ≤ Λ−m/2

∫
dµ̂Ψ(λ̂)λ̂mθ(λ̂− Λ) ≤ Λ−m/2

∫
dµ̂Ψ(λ̂)λ̂m (E.102)

From now on we will set Λ = 2. Then we have:

lim
χ→∞

∆m/2 ≤ lim
χ→∞

∆m′/2 ≤ 2−m
′/2 (E.103)

for all m′ ∈ Z and m′ ≥ m ≥ 1. Taking m′ → ∞ proves that that limχ→∞ ∆m/2 = 0 for m ∈ Z≥1. In

particular, for any polynomial function f(λ̂) we have that∫ ∞

2

dµ̂Ψ(λ̂)f(λ̂) =
∑
k∈N

f (k)(0)

k!
∆k →

χ→∞
0 (E.104)

In other words, the measure µ̂Ψ(λ̂) is highly concentrated in the interval [0, 2] and it suffices to only consider

test functions with compact support on the interval.

Let us approximate the square root function on [0, 2] as:

pM (x) ≡
M∑
µ=1

√
2µ

M
bµ,M (x/2) (E.105)

where bµ,M (x) are the Bernstein polynomials of degree M . Since only b0,M (x) has the constant monomial in

it, we only need the higher moments. For all δ > 0 there exists some integer M such that

∥√x− pM (x)∥L∞[0,2] < δ (E.106)

Now we write ∣∣∣∣(∫ ∞

0

dµ̂Ψ(λ̂)λ̂1/2
)
− 1

∣∣∣∣ ≤ ∫ ∞

2

dµ̂Ψ(λ̂)λ̂1/2︸ ︷︷ ︸
C1

+

∣∣∣∣(∫ 2

0

dµ̂Ψ(λ̂)pM (λ̂)

)
− 1

∣∣∣∣︸ ︷︷ ︸
C2

+

∣∣∣∣∫ 2

0

dµ̂Ψ(λ̂)
(
λ̂1/2 − pM (λ̂)

)∣∣∣∣︸ ︷︷ ︸
C3

(E.107)

Using Markov inequality along with Eq. (E.103) we can show that for any integer m,

Pr (C1 ≥ ϵ) ≤ ∆m

ϵ
→

χ→∞
0 (E.108)
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For C2 we consider:

C2 ≤
∣∣∣∣∣
(∫ 2

0

dµ̂Ψ(λ̂)pM (λ̂)

)
−
(∫ 2

0

dµ̂Ψ(λ̂)pM (λ̂)

)∣∣∣∣∣+

∣∣∣∣∣
(∫ 2

0

dµ̂Ψ(λ̂)pM (λ̂)

)
− 1

∣∣∣∣∣ (E.109)

We can bound the first term using Chebyshev’s inequality:

Pr
(
Cfirst

2 ≥ ϵ
)
≤ σ2

ϵ2
(E.110)

where

σ2 = Var(Cfirst
2 ) ≊ Var

(∫ ∞

0

dµ̂Ψ(λ̂)pM (λ̂)

)
=

M∑
m=1

pmVar

(∫ ∞

0

dµ̂Ψ(λ̂)λ̂m
)

(E.111)

where pm are Taylor coefficients of pM (λ). Note that we have extended the integration limit in Eq. (E.111).

The error from doing so can be shown to vanish in the limit χ → ∞ by application of Eq. (E.104). The

expectation values of the double moments are related to

(∫ ∞

0

dµ̂Ψ(λ̂)λ̂m
)2

= χ(4n−1)A(A:B:C)−4nA(AB:C)⟨Ψ|⊗2
Ôm ⊗ Ôm |Ψ⟩⊗2

(E.112)

which can be computed by a different symmetry group optimization problem defined on G. We now minimize

over g ∈ S2mn in this graph such that the boundary conditions are g̃A ≡ g
(1)
A g

(2)
A , g̃B ≡ g

(1)
B g

(2)
B and g̃C = id,

where g
(1)
A,B permutes the first mn replicas and leaving the second mn copies invariant; whereas g

(2)
A,B permutes

the second mn replicas and leaving the first invariant. Our analysis in Sec. (6.4) largely carries over. The

main difference is that we must now coarse-grain using the new element X̃ ≡ g̃A ∧ g̃B = X(1)X(2) with X(i)

defined similarly as above. We need the following generalization of Lemma 6.10:

Lemma E.6. For any q ∈ P4n we have

d(q̃A, q) + d(q̃B , q) ≥ d(q̃A, q̃B) + 2(1 − δ
#

(1)
1 (q),0

) + 2(1 − δ
#

(2)
1 (q),0

) + 2δq∨τ,Z4n
(E.113)

where q̃A,B = qX̃(g̃A,B), #
(1,2)
1 (·) counts the number of singlets in the first (second) sets of 2n elements, and

τ = {Z2n,Z2n} is the maximal element in P4n that is disconnected between the two sets of 2n elements.

Proof. If q ∈ P2n × P2n then δq∨τ,Z4n
= 0 and we can simply break down the problem into two smaller

problems on disconnected copies of 2n elements. Applying Lemma 6.10 on each copy proves the result.

Now suppose that q ∈ P4n\P2n × P2n. Then there must exists some uij ∈ P4n\P2n × P2n such that

p ∨ uij = p, where uij is the unique partition with a doublet connecting element i from the first copy to

element j in the second copy and singlets at every other position. We write

d(q̃A, p) = d(q̃A, p ∨ uij) = #(q̃A) + #(p ∨ uij) − 2#(q̃A ∨ p ∨ uij)
= 1 + #(q̃A ∨ uij) + #(p ∨ uij) − 2#(q̃A ∨ p ∨ uij)
= d(q̃A ∨ uij , p) + 1

(E.114)
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and similarly for d(q̃B , p). Thus

d(q̃A, p) + d(p, q̃B) = d(q̃A ∨ uij , p) + d(p, q̃B ∨ uij) + 2

≥ d(q̃A ∨ uij , q̃B ∨ uij) + 2
(E.115)

by triangle inequality. This bound can be strengthen in a similar fashion as the proof in Lemma 6.10. The

biparpite graph of q̃A ∨uij and q̃B ∨uij is now connected with two cycles, each corresponding to a 2n-element

copy. A singlet in the first copy will break the first cycle and leads to a enhancement of the bound by 2, and

likewise for a singlet in the second copy. Since d(q̃A ∨ uij , q̃B ∨ uij) = d(q̃A, q̃B) we obtain

d(q̃A, p) + d(p, q̃B) ≥ d(q̃A, q̃B) + 2(1 − δ
#

(1)
1 (q),0

) + 2(1 − δ
#

(2)
1 (q),0

) + 2 (E.116)

And this completes the proof.

Using Lemma E.6 we see that we may restrict to the disconnected elements q ∈ P2n × P2n (and hence

g ∈ Smn × Smn as the coarse-graining retains this information) in the optimization problems, since for any

path L ∈ PA:B and vertex v in the path, any q(v) ∈ P4n\P2n×P2n will lead to a stricter bound in the integer

program. Thus we find that the optimal value of our problem is simply twice of that in the original problem:

(∫
dµΨ(λ)λm/2

)2

= χ−4(n−1)A(A:B:C)+2n(m−2)A(AB:C)(1 +O(1/χ)) (E.117)

And we have that σ2 = O(1/χ) and Cfirst
2

Pr→ 0 as χ→ ∞. For the second term we have

Csecond
2 ≤

∣∣∣∣∣
(∫ ∞

0

dµ̂Ψ(λ̂)pM (λ̂)

)
− 1

∣∣∣∣∣+

∣∣∣∣∣
(∫ ∞

2

dµ̂Ψ(λ̂)pM (λ̂)

)∣∣∣∣∣
−→
χ→∞

|pM (1) − 1| ≤ δ

(E.118)

where we have used Eq. (E.101) to rewrite the moment integrals in the first line, and the bound |pM (1)− 1| ≤
∥pM (x) −√

x∥L∞[0,2] = δ. The second term in the first line vanishes by Eq. (E.104) in the χ→ ∞ limit.

For C3 we write

C3 ≤
∫ 2

0

dµ̂Ψ(λ̂)
∣∣∣λ̂1/2 − pM (λ̂)

∣∣∣
≤
∫ 2

0

dµ̂Ψ(λ̂)λ̂1/2f(ln λ̂) +

∫ 2

0

dµ̂Ψ(λ̂)(1 − f(ln λ̂))
∣∣∣λ̂1/2 − pM (λ̂)

∣∣∣
≤
∫ 2

0

dµ̂Ψ(λ̂)λ̂1/2f(ln λ̂) + δ

∫ 2

0

dµ̂Ψ(λ̂)(1 − f(ln λ̂))

(E.119)

where passing from the first line to second we used the fact that pM (x) approaches
√
x from below, which

follows from the positivity of pM (x). We have also introduced a function f with f(x) = 0 for x ≥ 0 and

whose other properties we will enumerate below. For the second term, we suppose that:

∥(1 − f(x))e−xθ(ln 2 − x)∥L∞ ≡ f1 <∞ (E.120)
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For the first term we write this out:

Cfirst
3 χ−2(n−1)A(A:B:C)+nA(AB:C)

=
〈
1⊗nAB

∣∣Σ†
A(ϱ1/2 ⊗ 1)f(ln(ϱ⊗ ϱ) + 2nA(AB : C) lnχ)(1 ⊗ ϱ1/2)ΣA

∣∣1⊗nAB〉
≤ ∥f̃ ′∥L1∥ϱ⊗ ϱ− π/χ2nA(AB:C)∥1∥(1 ⊗ ϱ1/2)ΣA

∣∣1⊗nAB〉 ∥∥(ϱ1/2 ⊗ 1)ΣA
∣∣1⊗nAB〉 ∥

where we have applied Eq. (6.157) in the second line. Or, setting f2 ≡ ∥f̃ ′∥L1 :

C3 ≤ f1δ + f2∥ϱ⊗ ϱ− π/χ2nA(AB:C)∥1 ×
∫ ∞

0

dµ̂Ψ(λ̂)λ̂1/2

≤ f1δ + f2∥ϱ⊗ ϱ− π/χ2nA(AB:C)∥1
(

1 +

∣∣∣∣(∫ ∞

0

dµ̂Ψ(λ̂)λ̂1/2
)
− 1

∣∣∣∣) (E.121)

Since the same quantity appears on the left hand side of Eq. (E.107) we should subtract and write:∣∣∣∣(∫ ∞

0

dµ̂Ψ(λ̂)λ̂1/2
)
− 1

∣∣∣∣ (1 − f2∥ϱ⊗ ϱ− π/χ2nA(AB:C)∥1
)
≤ C1 + C2 + C ′

3 (E.122)

with

C ′
3 ≤ f1δ + f2∥ϱ⊗ ϱ− π/χ2nA(AB:C)∥1 →

χ→∞
f1δ (E.123)

where we have used Eq. (6.158) in the limit. Now suppose that 0 < f2 < 1/2 then using the fact that the

trace distance is bounded by 2: ∣∣∣∣(∫ ∞

0

dµ̂Ψ(λ̂)λ̂1/2
)
− 1

∣∣∣∣ ≤ C1 + C2 + C ′
3

1 − 2f2
(E.124)

Since δ can be made arbitrarily small, we have C1
Pr→ 0 by Eq. (E.108), C2

Pr→ 0 by Chebyshev’s inequality

and the vanishing of the variance of moments and Eq. (E.118), and C ′
3
Pr→ 0 by Eq. (E.123). The rest of the

proof is fairly standard and we find:

χ2(n−1)A(A:B:C)−nA(AB:C)Tr(ρ
(1/2)
AA⋆ )n =

(∫ ∞

0

dµ̂Ψ(λ̂)λ̂1/2
)
Pr→ 1 (E.125)

The map x→ − 1
n−1 lnx is continuous for x > 0, which is where the random variable is defined so, so by the

continuous mapping theorem we prove Eq. (6.169).

We have imposed various properties on f in the above proof. To finish we must show there exists a

function with these properties. We desire:

1. f is real with f ∈ C∞(R) with f(x) = 0 for x ≥ 0. Also f ′ ∈ S(R).

2. f1 <∞ where:

f1 = sup
x≤0

|(1 − f(x))e−x| (E.126)

3. f2 < 1/2 where:

f2 = ∥F(f ′)∥L1 (E.127)

There is an easy way to achieve this. We need smooth function σ ≥ 0 compactly supported between
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−L < x < 0. Then set:

f(x) =

∫ 0

x

dxσ(x) (E.128)

The requirements become: 1. is satisfied. 2 requires:∫ 0

−L
dxσ(x) = 1 =⇒ ∥σ∥L1 = 1 (E.129)

which implies that:

f1 = sup
−L≤x≤0

∣∣∣∣∫ x

−L
dxσ(x) exp(−x)

∣∣∣∣ <∞ (E.130)

We need:

f2 = ∥F(σ)∥L1 < 1/2 (E.131)

Or, ignoring the normalization, we seek a bump function, where:

∥F(σ)∥L1

∥σ∥L1

<
1

2
(E.132)

Consider a bump function b(x) defined inside −1 ≤ x ≤ 0, and independent of L, then set:

σ(x) = b(x/L) (E.133)

Then:
∥F(σ)∥L1

∥σ∥L1

=

∫
ds
∣∣∫ dxeixsb(x/L)

∣∣∫
dx|b(x/L)| = L−1 ∥F(b)∥L1

∥b∥L1

(E.134)

So we need to choose:

L >
2∥F(b)∥L1

∥b∥L1

(E.135)

In summary our function that does the job is:

f(x) =
1

L∥b∥L1

∫ 0

x

dxb(x/L) (E.136)

Double checking:

∥F(f ′)∥L1 =
1

L∥b∥L1

∫
ds

∣∣∣∣∫ dxeixsb(x/L)

∣∣∣∣ =
∥F(b)∥L1

L∥b∥L1

< 1/2 (E.137)

as required. Notice also that:

f(x) = 1 x < −L (E.138)

which is required for f1 to be finite. Thus completing the proof.

E.4 Proof of Eq. (6.166)

Proof of Eq. (6.166):

isF(fa)(s) = F(f ′a)(s) = F(f ′wa)(s) + F(fw′
a)(s) (E.139)
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We have two remainder terms to analyze:

|∥sF(fa)(s)∥L1
− ∥F(f ′)∥L1

| ≤ ∥F(f ′wa)∥L1
+ ∥F(f ′(1 − wa))∥L1

(E.140)

For the second term:

∥F(f ′(1 − wa))∥L1 ≤ ∥(1 + s2)−1∥L1∥(1 + s2)F(f ′(1 − wa))(s)∥L∞

≤ π(∥f ′(1 − wa)∥L1
+ ∥(f ′(1 − wa))′′∥L1

)

≤ π( sup
x≤−a

|(1 + x2)f ′(x)| + sup
x≤−a

|(1 + x2)f ′′′(x)|)

+ 2π∥f ′′∥L1∥w′
a∥L∞ + π∥f ′∥L1∥w′′

a∥L∞

(E.141)

where in the first line we use the Hausdorff-Young inequality. But ∥w′
a∥L∞ = (1/a)∥w′∥L∞ → 0 and similarly

∥w′′
a∥L∞ = (1/a2)∥w′′∥L∞ → 0 as a→ ∞ and also:

sup
x≤−a

|(1 + x2)f ′(x)| < a−2 sup
x≤−a

|x2(1 + x2)f ′(x)| < a−2∥x2(1 + x2)f ′(x)∥L∞ → 0 (E.142)

For the first term use:

F(fw′
a)(s) = F((f − fa)w′

a)(s) + fa

∫ ∞

−∞
dxeixsw′

a(x)

= F((f − fa)w′
a)(s) + fa

∫ ∞

−∞
dxeixsaw′(x)

= F((f − fa)w′
a)(s) + faF(w′)(sa)

(E.143)

where for some constant fa. We pick fa = infx<−a f(x) then:

∥F((f − fa)w′
a)∥L1

≤ ∥(f − fa)w′
a∥L1

+ ∥((f − fa)w′
a)′′∥L1

≤ ( sup
x<−a

|f(x) − fa|)∥w′
a∥L1 + ∥(f − fa)∥L∞∥w′′′

a ∥L1

+ ∥f ′′∥L1
∥w′

a∥L∞ + 2∥f ′∥L1
∥w′′

a∥L∞

(E.144)

the last two terms are dealt with as above. Note that:

∥f − C∥L∞ ≤ ∥f∥L∞ + C = C + sup
x

|f(b) +

∫ x

b

dyf ′(y)|

≤ C + |f(b)| + sup
x

∫ x

b

dy|f ′(y)| ≤ C + |f(b)| + ∥f ′∥L1

(E.145)

which is clearly finite. This analysis implies that fa is finite and ∥f − fa∥L∞ is finite. Thus we need to

compute:

∥w′
a∥L1

= ∥w′∥L1
∥w′′′

a ∥L1
=

1

a2
∥w′′′∥L1

(E.146)
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the later of which vanishes. Since the first term does not vanish we instead note that:

sup
x<−a

|f(x) − fa| = sup
x<−a

f(x) − inf
x<−a

f(x) ≈ f(xs) − f(xi)

=

∫ xi

xs

dxf ′(x) ≤
∫ xi

xs

dx|f ′(x)| ≤
∫ a

−∞
dx|f ′(x)|

≤ a−2

∫ a

−∞
dxx2|f ′(x)| ≤ a−2∥x2f ′(x)∥L1

→ 0

(E.147)

where xi and xs approximate the location of the inf and sup respectively. This approximation is what we

mean by ≈ and this can be removed after taking limits.

All that is left to do is to compute:

∥F(w′)(a·)∥L1
=

∫ ∞

−∞
ds|F(w′)(as)| = a−1∥F(w′)∥L1

→ 0 (E.148)

Thus establishing the limit Eq. (6.166).
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Appendix F

Supplement to Chapter 7

F.1 Non-maximally entangled RTNs

In a standard RTN, the edges are projected onto maximally entangled states. These RTN states can be

deformed to nearby states by simply changing the entanglement spectrum on the edges. One may then

ask whether we can prove EP = EW for a larger class of states by considering such a deformation, and

attempting to enlarge the parameter space where the inequality in Theorem 7.2 is saturated. It turns out the

answer is no, and we give an example in this section to highlight the basic issue.

Consider the 1TN model of Sec. (7.2.1) with a non-maximally entangled leg for subregion C. This state,

for a specific choice of spectrum, is identical to that of the PSSY model, an evaporating black hole in JT

gravity coupled to end-of-the-world branes with flavour indices entangled with a radiation system [15]. Here,

we will not restrict to the PSSY spectrum, and find more generally how this deformation affects the phase

diagram of reflected entropy.

For generality, consider the state |ρm/2AB ⟩, a one parameter generalization of the canonical purification. We

have computed the entanglement spectrum of ρAA∗ for this state in Chapter 4. It consists of two features: a

single pole of weight pd(m) and a mound of min(d2A − 1, d2B − 1) eigenvalues with weight pc(m). The weights

are given by

pd(m) =
tr(ρ

m/2
AB )2

dAdB tr(ρmAB)
(F.1)

pc(m) = 1 − pd(m). (F.2)

Now, we would like to compare the phase diagram of this model with the standard 1TN with maximally

entangled legs. First note that the transition between e and X in the 1TN phase diagram in Fig. (7.2) is

dictated by the location of the entanglement wedge phase transition, which we hold fixed to compare the two

models. Then the remaining question is where the transition from X to gA/gB happens.

Consider the region of the phase diagram where dA > dB . The transition happens in the connected sector.

Thus, we have pc(m) ≈ 1 and the spectrum of ρAB is well approximated by the spectrum on the C leg. Using

this, we find that the location of the transition for S
(2)
R is given by

pd(m) =
1

dB
. (F.3)
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Using Eq. (F.1), we then have

(2 −m)Sm/2 − (1 −m)Sm = log dA, (F.4)

where Sn is the nth Renyi entropy of the non-maximal spectrum on the C leg.

Then it is clear that at m = 1, the location of the phase transition is xA =
S1/2

S1
≥ 1. The standard 1TN

has a flat spectrum, i.e, Sn = S1 and the transition is at xA = 1. Thus, the shaded region where we cannot

prove EP = EW is larger after deforming the RTN to add non-maximally entangled legs.

As a side note, we would like to mention what happens for m ≥ 2 where one can use the usual RTN

calculation of domain walls with tensions modified by the entanglement spectrum, thus introducing an m

dependence [47, 110]. For m ≥ 2, we have xA =
Sm/2

S1
− (m− 1)

Sm/2−Sm

S1
≤ 1 since Sm ≤ Sm/2 ≤ S1. Thus,

the X region shrinks for m ≥ 2 after deforming the spectrum on the legs. However, as demonstrated above

for m = 1, the naive analytic continuation of the result at m ≥ 2 fails.
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