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ABSTRACT

The objectives of this dissertation are to develop computational techniques for i) tracking
solutions to multi-segment, delay-coupled boundary-value problems, with particular emphasis
on periodic orbits and quasiperiodic invariant tori for delay differential equations (DDEs),
ii) solving single-objective optimal design problems along families of such solutions using
a technique of successive continuation, and iii) characterizing the effects of noise on the
asymptotic dynamics in the vicinity of transversally stable periodic and quasiperiodic solutions
in deterministic limits of stochastic differential equations (SDEs). Considerable attention is
placed on an algorithmic formalism and problem discretization that supports straightforward
implementation in the Matlab-based software package COCO.

In the case of delay-coupled boundary-value problems, the analysis in this dissertation
demonstrates how a Lagrangian formulation for constrained design optimization may be
used to derive the necessary optimality conditions in terms of additional delay-coupled
adjoint boundary-value problems that are linear in corresponding sets of Lagrange multipliers.
Importantly, these adjoint boundary-value problems are shown to decompose into contri-
butions associated with individual differential or algebraic constraints. As a consequence,
their construction is found to conform with the staged construction paradigm of COCO, and
complex problems may be constructed by gluing together instances of simpler problems. In
particular, this dissertation shows how a boundary-value problem for design optimization
along families of quasiperiodic invariant tori may be constructed by gluing together multiple

instances of single-segment trajectory problems using all-to-all boundary conditions. Several
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candidate implementations of this paradigm in a set of COCO-compatible toolbox constructors
are used to demonstrate such optimization according to a previously developed sequential
methodology for finding stationary points of an objective function along implicitly defined
manifolds. By their generality, these constructors are also shown to be compatible with
problems from optimal control, phase response analysis, and continuation of homo- and
heteroclinic trajectories.

For transversally stable periodic orbits (limit cycles) and quasiperiodic invariant tori in
the deterministic limit of SDEs, this dissertation proposes a novel covariance boundary-value
problem to quantify the asymptotic dynamics near these objects in the presence of small
amounts of Brownian noise. Here, the adjoint boundary-value problems associated with phase-
response analysis are used to construct a continuous family of projections onto transversal
hyperplanes that are invariant under the linearized flow near the limit cycle or quasiperiodic
invariant torus. The asymptotic dynamics in the presence of noise are shown to be represented
by a stationary distribution whose restriction to individual hyperplanes is Gaussian with a
covariance given by the solution to the corresponding covariance boundary-value problem.
In the case of limit cycles, the analysis improves upon results in the literature through the
explicit use of transversal projections and modifications that ensure uniqueness of the solution
despite the lack of hyperbolicity along the limit cycle. These same innovations are then
generalized to the case of a two-dimensional quasiperiodic invariant torus, as a model of the
formalism required for a torus of arbitrary dimension. As in the case of DDEs, using a COCO
implementation of suitable toolbox constructors, the covariance analysis of a quasiperiodic
invariant torus is shown to parallel the decomposition into multiple instances of single-segment

trajectory problems using all-to-all boundary conditions derived for design optimization.
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CHAPTER 1

INTRODUCTION

This chapter! gives an overview of the research documented in this dissertation, reviews
the necessary literature, and enumerates the specific objectives addressed during the study.
Broadly speaking, this dissertation has a twofold objective: first, development of formulations
that use adjoint variables for optimal design of dynamical systems with time-delay and
uncertainty analysis of noise contaminated systems, and second, the implementation of the
proposed methodologies in algorithms compatible with the software package COCO.

In the context of constrained design optimization, the dissertation first generalizes an
already existing continuation-based methodology for optimization of scalar objective functions
on constraint manifolds to the case of periodic and quasiperiodic orbits of time-delay systems.
The methodology relies on the construction of a suitable Lagrangian in terms of auxiliary
adjoint variables (Lagrange multipliers) and the subsequent derivation of a set of adjoint
conditions that may be further constrained to obtain the necessary conditions for stationary
points on the constraint manifold. It is demonstrated through several examples that these
conditions can be solved by performing a sequence of successive continuation runs, starting
with a trivial solution and ending at the sought stationary point.

Inspired by the successful application of the continuation paradigm to time-delay problems,

the dissertation proposes a general algorithmic formulation that supports the analysis of

!The content of this chapter is reproduced from Ahsan, Dankowicz and Sieber, "Optimization along
families of periodic and quasiperiodic orbits in dynamical systems with delay," Nonlinear Dynamics, 99(1),
837-854, 2020 [1], and included here with permission from the publisher. The chapter also contains material
reproduced from Ahsan, Dankowicz, Li and Sieber, "Methods of Continuation and their Implementation
in the COCO Software Platform with Application to Delay Differential Equations," Nonlinear Dynamics,
107(4), 3181-3243, 2022 [2], and included here with permission from the publisher.



arbitrary delay-coupled multi-segment boundary-value problems with a single constant delay
per segment. The formulation is designed to support a staged construction paradigm,
consistent with the philosophy of the coco package. Through several examples, it is
demonstrated that the formulation and its realization in a COCO toolbox template allows
for continuation of solutions to boundary-value problems corresponding to periodic orbits,
quasiperiodic orbits, initial-value problems, connecting orbits, and optimal control problems,
including those of problems without delay.

In the next part of the dissertation, a novel boundary-value problem is proposed for
capturing the effects of noise on the local behavior near limit cycles and transversally stable
quasiperiodic invariant tori of dynamical systems without time delay. Here, adjoint variables
are used to construct a foliation of hyperplanes, transversal to the limit cycle or invariant
torus, respectively, in which the effects of noise may be uniquely analyzed. The theory
assumes that there exists a stationary probability density in state space that captures the
local dynamics that i) result from the competition between the stabilizing influence of the
local deterministic vector field and the destabilizing effects of Brownian process noise and ii)
is locally Gaussian in each hyperplane. Solutions to the proposed boundary-value problem
include the covariance matrix of each such Gaussian distribution and can be continued
under parameter variations for purposes of design. The text shows how the formulation may
be integrated with appropriate COCO toolboxes and validates the predicted results using

numerical integration of several toy problems.

1.1 Design optimization in problems with delay

The optimization of time-delay systems has been the subject of intensive research for many
years. Such systems arise naturally in control applications where unmodeled actuator dy-
namics results in delays between input signals and actuator responses [3], car following

models that account for driver reaction times [4], and machine tool dynamics due to the



regenerative effect [5]. The wide range of applications has motivated the development of novel
techniques for their optimization. For example, Géllmann et al. [6] used a formulation based
on the Pontryagin minimum principle to derive necessary optimality conditions for optimal
control problems with delays in state and control variables. The obtained equations were
discretized and transformed into a large-scale nonlinear programming model, which was then
solved using off-the-shelf solvers. In another investigation, Yusoff and Sims [7] combined the
semi-discretization method 8| for time-periodic delay equations with differential evolution
to optimize a variable helix/pitch tool geometry for regenerative chatter mitigation. Their
results were also validated experimentally, confirming the predicted significant improvements
in chatter stability. This problem of optimal selection of parameters for subtractive manu-
facturing was also reported in [9]-[11]. Liao et al. [12| developed an optimization technique
for periodic solutions of delay differential equations using the harmonic balance method
and continuation techniques. They posed an amplitude optimization problem subject to
the algebraic constraints obtained by substitution of a truncated Fourier representation in
the governing equation along with the stability conditions. The sensitivity expressions were
analytically derived, and the optimization problem was then solved for the unknown Fourier
coefficients and the unknown parameters. The delayed Duffing oscillator was used to validate
the methodology.

The calculus of variations serves as a useful tool for constrained optimization problems.
Here, a Lagrangian functional is constructed by combining the objective function with
the imposed constraints using Lagrange multipliers (adjoint variables) as coefficients. The
vanishing of the variations of the Lagrangian with respect to the design variables and the
Lagrange multipliers then yields the necessary optimality conditions for a stationary point. In
general, these equations cannot be solved directly. Instead, nonlinear solvers may be applied
to various finite-dimensional discretizations. A major challenge with this approach is the
selection of a good initial guess which converges to the desired solution. A resolution built

on principles of parameter continuation was originally proposed in the work of Kernévez



and Doedel [13]. There, a sequence of properly initialized stages of continuation along one-
dimensional manifolds of solutions to a subset of the necessary optimality conditions was used
to connect the local extremum to an initial solution guess with vanishing Lagrange multipliers.
This methodology was recently revisited by Li and Dankowicz [14] and there cast in terms of
partial Lagrangians relevant to the general context of constrained optimization of integro-
differential boundary-value problems without delay. Importantly, this work showed how the
Lagrangian structure was consistent with a staged construction paradigm implemented in
the software package COCO.

In this work, we generalize the successive continuation approach of Kernévez and Doedel
to optimization along families of periodic and quasiperiodic orbits in dynamical systems with
delay. We derive the necessary optimality conditions from a suitably constructed Lagrangian
without first discretizing the governing equations and unknowns. This approach is in contrast
to other studies [15], in which the discretization of the governing equations is first carried out
and then the Lagrangian is constructed based on the discretized equations. In our formulation,
the Lagrange multipliers satisfy coupled, piecewise-defined, boundary-value problems with
both delayed and advanced arguments. Depending on the imposed constraints, the Lagrange
multipliers may be discontinuous or nonsmooth at the interval boundary points, naturally

resulting in a multi-segment problem [16].

1.2 A toolbox for delay-coupled boundary-value problems

There exist several software packages for continuation and bifurcation analysis of dynamical
systems. These include AUTO [17] and the wrapper XPPAUT [18|, a popular choice for
continuation-based analysis of ordinary differential equations (ODEs), MATCONT [19] for
ODEs/maps, DDE-BIFTOOL [20], [21] and KNUT [22] for delay differential equations (DDEs),
PDE2PATH [23], [24] for partial differential equations (PDEs), and HOMPACK [25] for globally-

convergent homotopy analysis of arbitrary nonlinear equations.



With an emphasis on utility, these packages were designed to address specific problem
classes/types, while leaving open the possibility of additional creative uses (e.g., the de-
velopment of special purpose wrappers for AUTO, including MANBVP [26] for computing
invariant manifolds, SLIDECONT [27] for bifurcation analysis of Filippov systems, TC [28] for
bifurcation analysis of periodic orbits in hybrid dynamical systems, and the computation of
global isochrons in [29]). In contrast, an emphasis on universality was the guiding principle
behind the creation of the COCO software package. Instead of building solutions, build a
tool that others could use to build solutions. Define the platform, the language of discourse,
and the paradigm of problem construction and analysis. Reward a tight coupling between
rigorous mathematics and computational encoding.

The staged construction paradigm in COCO leveraged an object-oriented perspective,
conceiving of a system of equations as decomposed into multiple object instances, describing
subsets of equations and unknowns with inherent meaning, coupled together through appro-
priate gluing conditions (cf. the terminology used in multibody systems [30], [31]). With
the recognition of common examples of mathematical objects (e.g., equilibria, trajectory
segments, and periodic orbits) as constituting abstract classes of equations and unknowns,
there resulted a hierarchy of problem construction whereby new abstract classes could be
constructed from the composition of existing ones, and different versions of existing abstract
classes could be substituted at will. As an example, problems involving the simultaneous
analysis of an equilibrium (E), a periodic orbit (P), and an E-to-P connecting orbit were
constructed with ease by leveraging existing abstract classes for each of these objects, glued
together with a sparse set of boundary conditions [32]—[34].

Another unique feature of COCO is the support of the parallel staged construction of (a
critical subset of) the adjoint necessary conditions for extrema along constraint manifolds [14],
[35]. This expansion reflects the decomposition of a problem Lagrangian into a sum of
individual constraints linearly paired with corresponding adjoint variables (also called dual

variables or Lagrange multipliers) that measure the sensitivities of an objective function to



constraint violations at stationary points of the Lagrangian. Since the Lagrangian is linear
in the adjoint variables, the contributions to the adjoint conditions from each term of the
Lagrangian are also linear in the adjoint variables [1]. The complete set of adjoint conditions
may therefore again be built in stages in a one-to-one mapping to the stages used to construct
the full set of constraints.

In this work, we propose a COCO compatible toolbox template that can handle a broad
class of multi-segment delay-coupled boundary-value problems. The template is based on
the introduction of additional variables to simplify construction. Specifically we make use of
additional variables to replace the original DDE with a set of ODEs coupled to each other
through algebraic state variables and coupling conditions. Such a framework representation
then allows one to consider initial-value problems, connecting orbits, periodic orbit problems,
and multi-segment boundary-value problems describing approximations of quasiperiodic
invariant tori. Furthermore, the representation also allows for the automatic construction
of the adjoint contributions. We discuss the complete discretization of the framework

representation and perform an implementation of the discretized equations in COCO.

1.3 Noise induced perturbations in systems without delay

Noise is intrinsic to the dynamics of systems. If not properly addressed, it can destabilize
the system dynamics [36], induce chaotic behavior [37], or result in stochastic jumps [38]
between equilibrium states of an underlying deterministic system. On the other hand, noise
is sometimes intentionally introduced in a system to stabilize the original unstable system
dynamics [39]. Also, noise may be used to enhance the energy harvesting potential of micro-
and nanoelectromechanical devices [40]-[42].

When noise is introduced to the dynamics near an attractor of an underlying deterministic
system, there is a competition between the stabilizing effects of the local drift and the

destabilizing effects of noise. For small noise intensities, the stochastic trajectories are



expected to stay close to the underlying attractor over long time scales. Different approaches
have been used to characterize the effects of noise on the local dynamics. A direct approach
is to solve a Fokker-Planck PDE [43] for a corresponding probability density function. As an
alternative, direct numerical integration of solution trajectories may be used to estimate such
a density [44].

Of greater relevance to the work described in this dissertation, a number of authors have
studied linear boundary-value problems that characterize the covariance matrix of a local
Gaussian distribution of intersections of sample trajectories with hyperplanes orthogonal to
limit cycles [45]-[47] or quasiperiodic invariant tori [48] in steady state. Using projections
onto such hyperplanes, the cumulative effects of noise along a limit cycle or quasiperiodic
invariant torus (corresponding to the neutral directions of the vector field), which result in
unbounded growth of variance, may be ignored. An example of the use of such a formulation
in the case of quasiperiodic oscillations is found in [49], which concerned the effects of noise
in a map-based neuron model with Canard-type dynamics. In another investigation [50],
similar techniques were used to analyze the effects of noise on a biochemical model.

In this work, we propose an alternative covariance boundary-value problem formulation
to capture the effects of noise near limit cycles or transversally stable quasiperiodic invariant
tori of autonomous dynamical systems. Rather than relying on hyperplanes perpendicular
to the local tangent direction or tangent hyperplane (as in the literature cited above), the
formulation uses adjoints to project the dynamics onto hyperplanes transversal (but not
perpendicular) to the limit cycle or torus. This construction is particularly amenable to

implementation in COCO due to its support for constructing adjoint equations.

1.4 Contributions of the dissertation

This dissertation broadly deals with the generalization and development of techniques using

adjoints for the analysis of time-delay and stochastic systems. Focus has also been on the



implementation aspects of the formulation in the context of the continuation package cOCO.
The contributions of this dissertation may be described as follows.

Chapter 2, which contains material reproduced from [2], reviews the staged construction
paradigm for extended continuation problems implemented in COCO and generalizes this to a
class of augmented continuation problems that include the Karush—Kuhn—Tucker conditions
of constrained optimization with inequality constraints. The generality offered by the staged
style of construction is illustrated through examples of a data assimilation problem and
a phase response formulation for periodic orbits. Material from [2] is reproduced in this
and other chapters with permission from the publisher and the co-authors, who contributed
equally to its conception and writing.

The content of Chapter 3 is reproduced from [1], and is included here with permission from
the publisher and the co-authors, who contributed equally to its conception and writing. This
chapter describes an original derivation of first-order necessary optimality conditions using the
calculus of variations for the optimization of scalar objective functionals subjected to periodic
or quasiperiodic boundary-value problems with single discrete delays. The formulation is
purposely chosen to support a method of solution that relies on a paradigm of successive
continuation and is shown to be compatible with the implementation of the augmented
continuation problem in the software package COCO.

The content of Chapter 4 is also reproduced from [2]. Motivated by the staged construction
paradigm of COCO, described in Chapter 2, and the applicability of the successive continuation
paradigm for delay problems, shown in Chapter 3, this chapter proposes an original, systematic
framework for analyzing a large class of delay-coupled multi-segment boundary-value problems,
including the automated staged construction of the corresponding adjoint contributions.
A coco-compatible toolbox implementation is discussed in detail, with emphasis on problem
discretization.

Chapter 5 contains material reproduced from [51], included here with permission from

the publisher and the co-authors, who contributed equally to its conception and writing. It



proposes a novel boundary-value problem formulation for capturing the effects of noise near
limit cycles. The methodology uses adjoints to construct a projection matrix which projects
the dynamics onto hyperplanes transversal, but not in general perpendicular, to the orbit, as
has been done in previous literature. A rigorous derivation shows the existence of a unique
solution of this boundary-value problem corresponding to a family of covariance matrices
that describe the steady-state distribution of intersections with such hyperplanes along the
orbit. The text shows how this may again be implemented in COCO by relying on the staged
construction paradigm and existing functionality for computing adjoints.

Chapter 6 generalizes the boundary-value problem formulation from Chapter 5 to stochas-
tic trajectories near transversally stable quasiperiodic invariant two-tori. Here, a partial
differential equation boundary-value problem is derived that includes the boundary-value
problem describing the deterministic torus, two sets of boundary-value problems describ-
ing suitably constructed adjoints, and one boundary-value problem for a torus family of
covariance matrices. As in Chapter 5, the adjoint variables are used to project the dynamics
onto hyperplanes transversal, but not perpendicular, to the torus. A detailed discussion
demonstrates how the problem may be discretized in terms of a Fourier series and collocation

discretization along characteristics, as is then implemented in COCO.



CHAPTER 2

METHODS OF CONTINUATION

In this chapter!, we discuss comprehensively the construction of problems from nonlinear
dynamics and constrained optimization amenable to parameter continuation techniques. The
discussion is grounded in the context of the COCO software package and its explicit support
for community-driven development. The chapter formalizes the COCO construction paradigm
for augmented continuation problems compatible with simultaneous analysis of implicitly
defined manifolds of solutions to nonlinear equations and the corresponding adjoint variables
associated with optimization of scalar objective functions along such manifolds. Using a data
assimilation problem for finite time histories and a phase response analysis of periodic orbits,
a universal paradigm of construction is identified that permits abstraction and generalization.
Along with a systematic discussion of problem construction, the chapter includes an original
derivation using Lagrangian sensitivity analysis of phase-response functionals for periodic-orbit

problems in abstract Banach spaces.

2.1 Introduction

While the possibility of closed-form analysis is fortuitous and perhaps career-changing,
computation is the bread and butter of applied research in nonlinear dynamics. Computational

techniques derive their power from rigorous mathematical analysis, but extend far beyond the

!The content of this chapter is reproduced from Ahsan, Dankowicz, Li and Sieber, "Methods of Continuation
and their Implementation in the COCO Software Platform with Application to Delay Differential Equations,"
Nonlinear Dynamics, 107(4), 3181-3243, 2022 [2], and included here with permission from the publisher.
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reach of theoretical tools (see, e.g., the analysis of global bifurcations of the Lorenz manifold
in [52], [53]). With their aid, systematic exploration becomes possible, e.g., of the dependence
of system responses on model parameters [54], the sensitivity of these responses to parameter
uncertainty [55], and the determination of optimal selections of parameter values [56], [57].
Such exploration inspires further theoretical advances, including of methods for projecting
the dynamics of large-scale systems onto reduced-order models [58]-[61], amenable to efficient
computation and powerful visualization.

Continuation methods are a class of deterministic computational techniques for exploring
smooth manifolds of solutions to nonlinear equations [32], [62]. By now classical algorithms
convert common questions of interest to applied dynamicists into such nonlinear equations,
enabling their analysis using continuation. Prominent among such uses are bifurcation
analyses of equilibria [63|, periodic orbits [64], connecting orbits [65], quasiperiodic invariant
tori [66], and stable and unstable manifolds [67] for smooth and piecewise-smooth vector
fields, including in problems with delay [68]-[71]. By their versatility, continuation methods
are an invaluable tool in the researcher’s arsenal.

In this chapter, we purposely avoid stepping over well-trodden ground dealing with the
specific algorithms used to cover solution manifolds or with examples of bifurcation analysis,
as these topics have been discussed in great detail in a number of key sources [72], [73].
Instead, completely new content develops a formalism for problem construction, inspired by
functionality available in the COCO software platform [74] illustrates its use on problems from

data assimilation and phase response analysis.

2.2  Problem formulation

It is customary in treatments of continuation methods (e.g., [75]) to begin with a discussion
of the implicit function theorem, as the theoretical foundation for analyzing solutions of

abstract nonlinear problems. Such a discussion naturally concerns itself with a decomposition
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of the unknowns into independent and dependent variables, and establishes conditions under
which such a decomposition makes (local) sense. These conditions are then leveraged to give
meaning to the notion of continuation: the local and continuous expansion of the known
universe of solutions along implicitly defined manifolds.

Here, we largely depart from such a focus on solutions and their geometry by instead
emphasizing the process of problem construction. Our concern is not principally with the
techniques used to perform continuation, but with a systematic approach to formulating
problems amenable to continuation, without imposing any preferred decompositions among
the problem unknowns. As we show in this section, such a problem-oriented focus may
yield benefits also to the process of continuation, as different formulations are more or less
well-conditioned. Nevertheless, our primary aim is to identify patterns and structure in
the way common problems arise in the study of dynamical systems, and to build useful
abstractions around such patterns.

It is instructive to begin this journey into methods of continuation and their implemen-
tations in software within the realm of problems amenable to closed-form analysis. Such
analysis removes consideration of various numerical approximations, inevitable in a computa-
tional implementation, and offers an opportunity for code verification. For the particular
examples considered in this section, it points to generalizations to nonlinear problems without
closed-form solutions. More importantly, it illustrates principles of intuitive and flexible
problem construction, partially agnostic to the final objectives of the analysis. We argue
that such flexibility should take precedence in the engineering of general-purpose software for

continuation problems.

2.2.1 Looking for inflection points

Many problems of interest in the analysis and control of nonlinear dynamical systems may be
formulated as problems of constrained design optimization (see, e.g., the study of periodically

forced bioreactors in |76] or bubble motion driven by acoustic forcing in [77], [78]). In this
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section, we consider the search for optimal points along manifolds of solutions to algebraic
and /or differential constraints in terms of objective functions characterizing the local manifold
geometry (for an applied context, see [79] for a recent study of non-monotonic dependence of
the response dynamics of premixed flames on forcing amplitude).

Specifically, along the family of steady-state periodic responses of a harmonically-excited,
linear oscillator parameterized by the excitation frequency w, at most two values of w
correspond to local extrema in the rate of change of the response amplitude with respect
to w, as shown in the left panel of Fig. 2.1. To locate these values, we write the governing

equation in the normalized form
¥+ 2(x+x = coswt, (,w >0, (2.1)

make the ansatz x(t) = C cos(wt — 6) for C' > 0, and obtain

1
¢= V(1 —w?)2 + 4202 (22)

Differentiation twice with respect to w then yields inflection points at the roots of the
polynomial

3w8 +5(2¢% — Dw* + (16¢* — 16¢* + Dw? +1 — 2¢2 (2.3)

or, equivalently, at points (¢, w) with

1
g:E\/1+8w2—5w4i\/1+38w4—23w8 (2.4)

as illustrated in the bottom panel of Fig. 2.1. It follows that only one such root exists for
¢>1/ V2, whereas two roots bracket the global maximum of the response amplitude at

w=/1—2¢2 for ( < 1/v/2. At these points, the response amplitude is given by

2
V5 — wt 4 /T + 38wF — 2308

(2.5)
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and 1/4/1 — w?, respectively, as shown in Fig. 2.2.
In lieu of the analysis afforded by the explicit expression (2.2) for the response amplitude,

consider the equations

(1—w)A+2wB—-1=0, (1 -w?)B—2(wA=0 (2.6)

obtained by substitution of the ansatz A coswt + Bsinwt in (2.1). To locate inflection points
in the response amplitude C' = /A2 + B2, we may directly constrain a finite-difference

approximation of its second derivative per the collection of polynomial constraints

C? — A2 - B?=0,07 - A} -B}=0,C3 - A7 - B} =0, (2.7)
(1—w)A; +2¢wi B —1=0, (1 —w])B; — 2w A; = 0, (2.8)
(1 —w3)Ay + 2CwyBy — 1 =10, (1 — w3) By — 2(wa Ay = 0, (2.9)
(1- W%)A:% +2CwsBs —1 =0, (1 - w%)B:; — 2wz Az = 0, (2.10)

wi—wy—€e=0,wy—w3—€=0,C; =20, +C5=0 (2.11)

in the limit as ¢ — 0. As an alternative, consider instead the constrained optimization of the
objective function Cy — Cy with respect to w; in the limit as € — 0, given the polynomial

constraints

C? —A?—-B}=0,C5 - A3 -B2=0,w; —wy —e=0, (2.12)
(1 —wHA +2¢wiB; —1=0, (1 —w?)B; — 2w A; =0, (2.13)
(1 —w3)As +2¢wyBy — 1 =0, (1 — w3)By — 2(wa Ay = 0. (2.14)

By the calculus of variations [80], [81], we obtain necessary conditions for such loci of optimality

by considering vanishing variations of a suitably constructed constraint Lagrangian. Here,
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Figure 2.1: (top) Contour plot of the inverse tangent (arctan) of the partial derivative of the
response amplitude C' in (2.2) with respect to w. (The inverse tangent operator is used to
handle the singularity of the partial derivative when ({,w) — (0,1).) (bottom) The zero level
sets of the polynomial in (2.3) (red lines) coincide with the zero contour of the second order
partial derivative of the response amplitude C' with respect to w (bounding the dark green
region). The filled circles (magenta) are singular points when the curve is parameterized by
((w), and the filled box (light green) is a singular point if the curve is parameterized by w(().
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Figure 2.2: Frequency response surface of the harmonically forced linear oscillator. Here, the
surface plot is based on the explicit expression for C' in (2.2), the solid (red) lines are the
sought extrema in the rate of change of the response amplitude C' with respect to w based
on (2.3) and (2.4), and the dashed line (black) locates the global maximum of the response
amplitude for ¢ <1/ V2.
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such an analysis results in the constraints (2.12)-(2.14) coupled with the adjoint conditions

142010 = —1 + 205, = 0, (2.15)

2410 4+ (1 — w?) Ay — 2Cwids = 0, =245 + (1 — w2)Ag — 2Cwa A7 = 0, (2.16)
—2B1 A + 2CwiAg + (1 — wiAs = 0, —2ByAg + 2Cwadg + (1 — w2) Ay = 0, (2.17)
A3+ 2(CBy — wi A\ — 2(CAL 4+ wi By)Xs =0, (2.18)

—X3 4+ 2(CBy — waAg)Ag — 2(CAy + waBo)Ay = 0 (2.19)

in terms of the Lagrange multipliers A\; through A7 that describe the sensitivity of the objective
function at stationary points to violations of each of the constraints (2.12)-(2.14). Solutions

are obtained only for w; and ws = w; — € that satisfy the equation

wi(1—2¢% —w?) wo(l—2¢% —w3)
(= TP+ IR (= B + AR (220

or, equivalently,

3w +5(2¢% — Dw! + (16¢* — 16¢2 + 1)wi + 1 — 2526

' (1 =) + AR

+O(e), (2.21)

again yielding the condition (2.3) on w; from the previous paragraph. In this case, C1,Cy > 0

imply that

V(1 —w})? +4%w? V(1 —wd)? + 4¢%w3

)\1 - — 2 5 )\2 = 2 5 (222)
2w (1 —2¢% — w?) 1
Ao — — A= — : 2.23
N (FE ER T M g e T 229
1
As =0, \g = A7 = 0. (2.24)

V= W)+ 4¢3

In contrast to the discussion that led directly to (2.3) in the first part of this section, we do not

presuppose an explicit expression for the response amplitude, one that can be differentiated
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arbitrarily with respect to w. Instead, we use a finite-difference approximation in terms of a
fixed change € in the independent variable and show that the predicted extremum converges
to the desired solution when € — 0.

We may take a further step back from an explicit analysis by considering the constrained
optimization with respect to w; of the objective function x1(0) — z2(0) for x1(0), 22(0) > 0,

given the differential constraints

Zi‘l + 2C£L'1 +x = COS(wlt - 91), Zi'g + 2{1’2 + 19 = COS(LL}Qt - 02), (225)

the boundary conditions

ZEl(O) = $1(T1), 231(0) = [L’l(Tl) = O, 272(0) = LEQ(TQ), [EQ(O) = ZEQ(TQ) =0 (226)

with 77 = 27/w; and Ty = 27 /w9, and the algebraic constraint w; — wy = € in the limit as
e — 0. The boundary conditions ensure that solutions are periodic with local extrema at
t = 0. In this case, the necessary conditions for optimality append to these constraints the

adjoint conditions

A —20A + A =0, Ay —2Chs + Xy = 0, (2.27)

1 —2CA1(0) + Ar(0) + A3 = 0, —1 — 2¢A2(0) + A (0) + Ag = 0, (2.28)
2M(T1) — M(T) — As = 0, 200a(Th) — Aa(Th) — X6 = 0, (2.29)

“A1(0) + Ay = 0, A(Ty) + A5 = 0, =X2(0) + Ar = 0, Ao(T1) + As = 0, (2.30)
— /OTl Arsin(wit —6,)dt =0, — /0T2 Ao sin(wot — 05) dt = 0, (2.31)

/OT1 Mitsin(wit — 0y) dt + 2a s, (1)) Jw? — 2aX581 (1)) /w? + Ao = 0, (2.32)

T
/ )\Qt Sin(u)gt — 92) dt + 27T/\6j)2(T2)/UJ% - 27T)\8i‘2(T2)/w5 — )\9 =0 (233)
0

in terms of the Lagrange multipliers A\; through g that describe the sensitivity of the objective
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function at stationary points to violations of the differential constraints (2.25), boundary
conditions (2.26), or algebraic constraint w; — wy — € = 0, respectively. We again find that

solutions exist only for w; and ws = w; — € that satisfy (2.20), in which case, for example,

1 HE—/C-1) HEH/3T)

1) = NG (ezw(c\/@_l)/wl 1 e/ e _ 1) ’ (2.34)
1 oHCH/2-1) HE—/C-1)

Ao(t) = NS (e%mﬂz—_ww T e 1) , (2.35)

and
2w (1 — 2% — W?)

S (T e ey (230

In contrast to the previous two approaches, we neither presuppose an explicit expression for
the response amplitude nor for the form of the periodic response. Instead, the corresponding
adjoint conditions (2.27)—(2.33) are here derived directly from the governing differential
constraints and boundary conditions in a step that immediately generalizes to nonlinear
problems for which closed-form solutions would not be available. As before, the finite-
difference approximation in terms of a fixed change ¢ in the independent variable again
approximates the loci of the inflection points to lowest order in e.

The same discussion applies to the simpler search for a local extremum in the response
amplitude under variations in w, known to exist at w = \/1—72C2 for ¢ <1/ V2. In this case,

we might consider optimization of C' with respect to w given the polynomial constraints

C?*—A>-B*>=0,1-A—-2Bw+ Aw* =0, B — 2A(w — Bw? =0, (2.37)

or optimization of x(0) > 0 with respect to w given the boundary-value problem

T+ 2¢% 4+ x = cos(wt — 0), (0) = z(27/w), (0) = &(27/w) = 0. (2.38)

Alternatively, we could consider imposition of the additional constraint C; = C5 to the
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polynomial constraints (2.12)-(2.14) in the limit as € — 0, or imposition of the additional
constraint z1(0) = z2(0) to the differential constraints (2.25), boundary conditions (2.26),
and algebraic constraint w; — wo = € in the limit as € — 0. In doing so, one should reasonably
ask which of these approaches generalize to nonlinear boundary-value problems and to other

objective functions.

2.2.2 Lessons and inspirations

The examples in the previous section are notably concerned not with a singular excitation
response in isolation, but with a property of such a response in relation to nearby responses
along a continuous (and locally differentiable) family of responses. Although we held ¢ fixed in
our analysis, the implicit relationship in (2.3) further defines continuous families of inflection
points and corresponding values of (. We are inevitably drawn to a methodology for charting
such continuous families and for monitoring the values of one or several objective functions
along such families.

As we approach this task, a count of degrees of freedom proves useful. We generically
reduce the number of degrees of freedom by one for every algebraic constraint imposed on
an a priori unknown algebraic variable. Similarly, for every a priori unknown solution to
a differential constraint, we generically append as many degrees of freedom as the number
of required initial conditions. As an example, Eq. (2.3) imposes one algebraic constraint
on two a priori unknown algebraic variables, yielding a problem with (generically) a single
degree of freedom. Similarly, the seven constraints (2.12)-(2.14) constrain the ten a priori
unknown algebraic variables A, By, C1, wi, As, By, Cs, ws, ¢, and € to yield a problem with
(generically) three degrees of freedom. The eight adjoint conditions (2.15)-(2.19) add seven
more a priori unknown algebraic variables for a net of (generically) two degrees of freedom.
Generically, the differential constraints (2.25), boundary conditions (2.26), and algebraic
constraint w; — we = € on the a priori unknown variables z1(-), wy, 61, z2(+), wa, 02, , and €

result in a problem with three degrees of freedom. The adjoint conditions (2.27)-(2.33) add
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nine more a priori unknown variables for a net of (generically) two degrees of freedom.

The number of degrees of freedom of a differentiable continuation problem characterizes
the dimension of a local manifold of solutions through any regular (in the sense of the implicit-
function theorem [82]) solution point. This dimension represents a deficit of constraints
relative to the number of a priori unknown variables, and so we often speak of the dimensional
deficit of a continuation problem. For all the continuation problems of interest here, the
dimensional deficit is a finite number, even as the problem domain may be infinite dimensional.

Problems with zero dimensional deficit generically have at most isolated solutions [75|. For
example, by inspection of the partial derivative with respect to ¢ and w, respectively, the roots
of the multivariable polynomial in (2.3) are found to be locally unique with respect to ¢ for
all positive ¢ # 1/v/2 (cf. the green square at the bottom panel of Fig. 2.1) and locally unique
with respect to w for all positive w # 1 or ((19 + 8v/6)/23)/* (cf. the two magenta circles at
the bottom panel of Fig. 2.1). By inspection of the Jacobian with respect to Ay, By, C4, wy,
Ay, By, Cs, wsy, and A; through A7, solutions of the polynomial constraints (2.12)-(2.14) and
the corresponding adjoint conditions (2.15)-(2.19) are locally unique with respect to ¢ and e
for all positive ¢ # 1/4/2 and sufficiently small e. Similarly, by inspection of the Jacobian
with respect to Ay, By, C1, Ay, Bs, (5, wy, ¢, and A; through A7, solutions are found to be
locally unique with respect to w; and e for all positive w; # 1 or ((19 + 8v/6)/23)/ and
sufficiently small e. For solutions to the differential constraints (2.25), boundary conditions
(2.26), algebraic constraint w; —wq = € and the corresponding adjoint conditions (2.27)-(2.33),
the same conclusions would be theoretically available by showing the invertibility of the
linearization with respect to z1(-), wy, 01, z2(+), wa, B2, A1(+), A2(+), and A3 through Ag or
x1(+), b1, 22(+), wa, O, ¢, M(+), A2(+), and A3 through Ag, respectively.

Local uniqueness affords us confidence that an approximate algorithm to locate a solution
to a problem with zero dimensional deficit will not be distracted by other nearby solutions.
Provided that we initialize a search with an initial solution guess in the vicinity of the

sought solution, we trust that a well-designed solver, e.g., based on Newton’s or Broyden’s
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methods [83], will rapidly converge to this solution. For the first two formulations of the
inflection point problem in Section 2.2.1, we apply such a solver directly to the system of
nonlinear equations. For the formulation in terms of differential boundary-value problems,
some form of discretization must first be employed.

Inspired by these observations, a general continuation methodology for a problem P with

nonzero dimensional deficit may be obtained by iteratively

e constructing auxiliary constraints [32], [84], [85] that when appended to P result in a

problem P with zero dimensional deficit;

e constructing an initial solution guess for Py using a previously found solution to P [32],

[63], [86]; and
e solving P using an iterative algorithm based at the initial solution guess.

By definition, a solution to Pg also solves P. The success of such a methodology thus depends
on its ability to ensure that solutions to P are locally unique; that the iterative solver is able
to converge to such a solution; and that the succession of such solutions suitably captures
the geometry of the manifold of solutions to P [32], [87].

Consider, for example, the problem obtained by replacing (2.15) in the necessary conditions

for an extremum of C; — Cy under the polynomial constraints (2.12)-(2.14) with

For fixed ¢ and ¢, we obtain a problem P with nominal dimensional deficit equal to one,
generically resulting in the existence of a unique one-dimensional solution curve through
any regular solution point. In fact, by linearity and homogeneity of the adjoint conditions
(2.15)-(2.19) with respect to n and the Lagrange multipliers, one such curve is obtained from
solutions (Aj, By, C, w1, A, By, Ca,ws) to (2.12)-(2.14) together with n =X, =--- = A7 = 0.

For the same reason, all solutions with nonzero 7 lie on a straight line with w; and wy = wy —€
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that satisfy (2.20) and Lagrange multipliers given by the right-hand sides of (2.22)-(2.24)
multiplied by 7. Curiously, but not accidentally [13], [35], the two curves intersect precisely
at a local extremum of C; — (5 along the first curve, at a singular point of P, as illustrated
in the top panel of Fig. 2.3.

For this problem, at each iterate of the continuation methodology we construct Py by
appending a single auxiliary constraint to P. It comes as no surprise that trouble brews on
a vicinity of the singular point as local uniqueness fails there for the sought solution to Pj.
With some luck, we may be able to step past the singularity along one of the curves, detect
such a crossing, and then switch to the other curve. Such a branch-switching strategy [73],
[86] may allow us to locate the sought inflection points starting from an arbitrary solution to
(2.12)-(2.14) together with n =X\ =--- = X\; =0.

As an alternative, we seek to construct an augmented continuation problem P* by
introducing one additional a prior: unknown, say y, such that the two solution curves to P
satisfy P* for xy = 0. With a bit of care, all solutions of P* near the singular point of P are
regular points of P*. Here, we simply subtract ey from the left-hand side of (2.19) such that

solutions to P* are obtained only for wy, wo = w; — €, 1, and y that satisfy the equation

0— (X _ 2773w? +5(2¢% — Dwt 4 (16¢* = 16¢> + Dwf +1 — 2

(1 — w?)2 4 4¢2w?2)5/2 ) e+ O(é%). (2.40)

For sufficiently small €, it follows that the dimensional deficit of P* (two) equals the dimension
of the solution manifold and all solutions near (and including) the singular point of P are
regular points of P*, as demonstrated in the bottom panel of Fig. 2.3. In this case, at each
iterate of the continuation methodology we construct a problem P with zero dimensional
deficit by appending two auxiliary scalar constraints to P*.

It it straightforward to verify that an equivalent set of observations follows from

23



w1 1.5 -0.1 n

Figure 2.3: (top) Projections of solution branches with vanishing (solid blue) and non-
vanishing (solid red) Lagrange multipliers for the problem P for locating extrema of C; — Cy
with fixed (e, ¢) = (0.001,0.3). The intersections (filled circles) correspond to local extrema
of '} — Cy and are singular points of P. The green squares represent solutions with n = 1.
(bottom) Projection of the two-dimensional solution manifold of the problem P* with fixed
(e,¢) = (0.001,0.3). The blue and red straight lines correspond to the identically-colored
curves in the left panel and lie in the zero level set of x on the solution manifold. The

intersections (black filled circles) are regular points of P*.
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e the substitution of

n— A3 + 200 (0) — A1 (0) = 0, = — A6 + 2CA2(0) — \2(0) =0 (2.41)

in lieu of (2.28) to generate a problem P with nominal dimensional deficit equal to one,

but with a singular point at the intersection of two one-dimensional curves of solutions

(5U1(‘)7 wr, 01, xZ(')a wa, 02,1, )\1(')’ >‘2(')7 A3y )\9); followed by

e subtraction of ex from the left-hand side of (2.33) to obtain a problem P* with
dimensional deficit equal to two and with all regular points on the corresponding

solution manifold near (and including) the singular point of P (obtained when y = 0).

2.2.3 The cOCO formalism

The discussion in the previous section highlights the merits of considering problem construction
separately from problem analysis. First decide what you want to do. Then figure out how to
do it. The description of the COCO construction framework in this section continues in this
spirit.

In the general case, we consider continuation problems P of the form

®(u) =0 (2.42)

for some Frechét differentiable operator ® : Us — Re with Banach space domain Ug
and range Rg. At this level of abstraction, there are no distinguishing features of either
domain or range. We do not unnecessarily presuppose a dimensional deficit nor assume a
particular decomposition of Up. Instead, we design a general continuation methodology that
is accommodating of different dimensional deficits and independent of any substructure of
Usp.

A specialized form of the continuation problem P in (2.42) that self-referentially contains
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the form in (2.42) is given by the extended continuation problem E [32], [88] of the form

=0 (2.43)

in terms of the zero functions ®, continuation variables u € Ugp, monitor functions ¥ : Up —
R™ and continuation parameters p € R™". In the special case that ¥ projects onto a finite
subspace of Uy, the corresponding p amount only to a labeling of these components. More
generally, p tracks a finite number of solution metrics and, when fixed, restricts attention to
a subset of solutions to the zero problem ®(u) = 0. The restriction E‘H obtained by fixing a
subset I of continuation parameters is equivalent to a reduced continuation problem R in
terms of the continuation variables and the remaining continuation parameters. Assuming a
dimensional deficit of the zero problem equal to d, the number of possible reduced continuation
problems equals 2™n(dnw)

The examples in Section 2.2.1 illustrate these principles. Each fits the form of (2.42)
given some association of unknowns with a space Us and constraints with ®. Of course,
every such choice, for example those differing by whether ( is fixed or free to vary, requires
a distinct formulation. In contrast, (2.43) is designed to support every possible choice by
including among the monitor functions projections onto all variables that may or may not be
designated as fixed during continuation. The decision to hold ( fixed may thus be deferred to
the moment of analysis, rather than imposed at the time of construction.

The constrained optimization examples in Section 2.2.1 actually point to a further
extension to (2.43) that recognizes the linearity and homogeneity of the modified adjoint
conditions in the various Lagrange multipliers, n, and y. Additional study also of constrained

optimization problems with inequality constraints [35| inspires the definition of an augmented
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continuation problem A of the form

A*(u)A =0 (2.44)

O(u, \,v) — v

in terms of the zero functions ®, monitor functions V, adjoint functions N*, complementary
zero functions =, and complementary monitor functions O, as well as collections of contin-
uation variables u, continuation parameters p, continuation multipliers X, complementary
continuation variables v, and complementary continuation parameters v. The form (2.44)
again self-referentially contains both (2.42) and (2.43) with x and v designated as variables
that may be fixed or allowed to vary at the moment of analysis.

The augmented continuation problem in (2.44) is a generalization of Eq. (30) in [35]
for locating solutions to constrained optimization problems with equality and inequality

constraints using continuation techniques:

®(u)
U(u) — p
(D2 (w)" A+ (D¥(u)) n+ (DG(u) o | =0, (2.45)
n—v
K(o,—G(u)) — k

where a finite subset of elements of U evaluate to the inequality function G. Here, the
complementarity conditions of Karush-Kuhn-Tucker theory [89] are expressed in terms of
complementarity functions K that must vanish at extrema. We obtain (2.45) as a special
case of (2.44) by defining A* in terms of the collection of adjoint operators (D®(u))",

(D¥(u))", and (DG(u))", and by designating the collection of Lagrange multipliers (), 7, o)
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as the corresponding vector of continuation multipliers. Linearity follows from the additive
decomposition of the constraint Lagrangian into terms coupling individual constraints with
the corresponding adjoint variables. In this notation, (v, k) are complementary continuation
parameters and the last two rows of (2.45) define the corresponding complementary monitor
functions ©. In practice, we often substitute relaxed complementarity functions that are
smooth everywhere (the complementarity functions used in [35] are nonsmooth at the origin).
Such relaxed functions are then parameterized by additional complementary continuation
variables that, in turn, may be associated with complementary continuation parameters
in order to consider variations that stiffen the constraint. We do not consider inequality
constraints in this study, but will have use for both = and © in later sections.

Suitably discretized, the augmented continuation problem A in (2.44) is the most general
type of continuation problem supported by the most recent release of the cOCo platform [74].
Here, u € R™ A € R™ v € R™, u € R" and v € R", while & : R — R"* ¥ : R"™ —
R™ A R™ — R™X™ = R™ x R™ x R™ — R", and © : R™ x R™ x R™ — R"®,
and A* = AT. We obtain a restricted continuation problem A|HM,HV by designating subsets
{1, i € 1,} and {v;, i € [} as fixed. The resulting restricted continuation problem then has
nominal dimensional deficit equal to n, +ny +n, —ne —ny —nz — |L,| — |L|.

While there may be some merit in the level of abstraction of the augmented continuation
problem purely from an organizational viewpoint, it truly comes into its own when coupled
with a systematic paradigm of problem construction. This is one of the features of the coco
software platform, as described in the context of the extended continuation problem (2.43) in
Chapter 3 of [32].

It is a truism that a given (finite-dimensional) augmented continuation problem A may

be interpreted as the largest element of a chain

D=AgEA E - EAy=A (2.46)
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of augmented continuation problems A;, where AcAif

Tou/\Jv/B)T/AJZ/O < Thu/)/v/®/T/N/Z/O5 (2.47)
D150y (1) = @ (uqrinn) » Uity () = ¥ (ugiay)) | (2.48)
Ay iy (@) = A (i) s Ay ins1onn (@) =0 (2.49)
Bz (1, A, 0) = Z (U, Awin) Vi) (2.50)
O1:7i0) (1t A, 1) = O (U(t:s)s Atisin)s V(1)) » (2.51)
and
firig) = s Piz) = 7, (2.52)

and where () denotes an empty continuation problem with n, = ny = n, = ne = ny = ny =
ns = ne = 0. The chain in (2.46) represents a sequential embedding of partial realizations
of A into successively larger problems with additional unknowns and additional constraints.
Since ) @ A for any A, we obtain a nontrivial decomposition of A in the form of (2.46)
when at least one of the partial realizations is nonempty and distinct from A. Given an
augmented continuation problem A with ne +ny +na +n= +ne > 1, it is always possible to
find a nontrivial decomposition (2.46) for some equivalent augmented continuation problem
obtained by reordering the elements of ®, U, A, = O, u, A\, v, 4, and v.

Given a chain decomposition (2.46), there exists, for each i, four ordered index sets

{nuici+ 1,0 ny} CTKy CH{LL .00 ny,b, (2.53)
{nxic1+1,...,n0 CKy; CH{LL L0 ng), (2.54)
{naic1+1,...ona CKay C{LL .0 nay b, (2.55)
{npic1+1,...,np,} CKyy CH{L,.. n0i}s (2.56)
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such that

q)(nm,lﬂ:n@,i)(u) = phit” (UKM) ; (2.57)
Wiy () = 081 (g, ) (2.58)
(mnir +1mn ) (0) = lamboa'” (ug, ), (2.59)
e, (0 A 0) =0 (ux, Mgy v, ) (2.60)
(novi1+1mo.) (u, A, v) = theta (ug, ,, My, U, ) 5 (2.61)

and

-0 (2.62)

A(n)\,i—l+15n>\,i7{17"~7nA,i}\KA,i) <u>

for some functions phi® : REuwil — Rrei—nei1 psil® . RIKwil 5 Rewi—mwio1 [qmboa
RlEwl — ROi=m-)x il 1i@  RIKwal 5 R x REwil — Rrzi-nzi-tand theta®
RKuwil 5 RIEx il 5 RIKvil 5 Rroi—me.i-1 We refer to these functions as representations of
the corresponding left-hand sides and to K, ;, Ky;, Ka;, and K,; as the corresponding
dependency index sets.

We now arrive at a paradigm of decomposition of an augmented continuation problem
A through a sequence of partial realizations A; constructed sequentially in terms of the
representations pbi(i), psi(i), lambda”, 11, and theta™ and the dependency index sets Ky
Ky, Ka, and K, ;. Since we must associate an initial solution guess (ug, Ao, o) to A, we

may construct the dependency index sets K, ;, K, ;, and K, ; in terms of the index sets

Ko =Ky \ {nui1+ 1, nui1 + (R — Nuio1) ), (2.63)
=K\ i+ 1o+ (g — o) (2.64)
Ky = Koi \ {noi1 +1,. .m0+ (Mo — Nuio1) ) (2.65)

and the cardinalities |ugn, , ;+1:mn, . = ny; — N1, and

)

- nu,i - nu,i—l; |A0,TL)\72',1+127L)\‘1'
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|U01nv,i—1+1:nv,i| = Ny — M,i—1, respectively. Similarly, we obtain the index set K, ; from the
index set

(/)\,i = KAJ‘ \ {nM_l +1,... s A Li—1 + (nA,i — nA,i_l)} (266)

and the difference between the number of columns of lambda () and K3 ;, since this must
equal ny; —np -1

Rather than considering the decomposition of an existing augmented continuation problem,
we may consider its staged construction through the successive application of a sequence of
operators on the space of augmented continuation problems. Given an augmented continuation
problem A with initial solution guess (ug, Ag, vg) we construct an augmented continuation

problem A with initial solution guess (U, ;\0, 09) by the application of the operator
Ti= [phi, psi, lambda, ri, theta, KV, K, KY, K7, ug, Ap, véﬂ (2.67)

in terms of the index sets Ko K, K3, KS, vectors ul € RFe A2 € R™ and v) € RF,
functions phi : RIKulTke — RFe psi . REUHE 5 REv  [qmbda : REUHE 5 REAX(KR k)
pi - RIKul k5 RIESIHEA S RIESHRe  RF= and theta : RIKUHRe  RIEIHFx 5 RIKSHR 5 RFe guch
that ﬁo = (Uo,ug), )\() = ()\0, )\8), and ’lA)() = (Uo,vél), Ku = Kg U {Tlu + 1, e, Ny k’u}, K)\ =

KSU{na+1,...,na+ka}, Ky = KQU{na+1, ..., na+ka}, and K, = KOU{n,+1, ..., n,+ky},

) O (G,

boans |2 Ean) , (2.68)
phi (i, )

B | ¥ E0n) , (2.69)
psi (U, )

31



(11>

( “ A> = <a(117’lu)7 A(1571/\)7 @(15"%))
. — A
Pl <aKua )\K)J @]Kv>

S) (71(1;%), 5\(1:m), @(1;%))
ﬂ) eta (ﬁKM S\KA; @]&})

@
/
>

ps
>
N———

and

A(l:n)\,l:n,\) cu— A (ﬁ(lznu)) ’

A(l:nk,nA-‘rl:nA-‘,—k,\) U 07

~

Any+1mathr Ky) U — lamboa (U, ),

~

A(nx+1!nx+km{1 ----- na+ka\Ky) - U 0.

(2.70)

(2.71)

(2.72)
(2.73)
(2.74)

(2.75)

In coco, an operator of the form (2.67) is called a constructor. Its core constructors

correspond to the special operators

[pf)la ®7 (Z)a (Du ®7 K?p @? (Da (Z)a uga (Z)a @} )
[(Z)v p5i7 (Z)a ®7 (Z)v K?p ®7 (Z)a (2)7 U’87 (2)7 (Z)} )
|:®7 (Z)a Q)v xla Q)v K27 K?\a (2)7 K27 (2)7 (2)7 U{rjl] )

[Q)a @7 ®7 ®7 tbetau KZJ K())m ®7 Kga Q)J Q)v UE)I} )

and

[07 (Z)a [umbba, (Z)a (Da K27 Q)a K?Xa ®7 07 )\1017 (Z)] )

(2.76)
(2.77)
(2.78)

(2.79)

(2.80)

where, in the last case, K¢ equals K, for a previous call to one of the first two core constructors.

A bipartite graph illustration of these core constructors and their variable dependence is

presented in Fig. 2.4. Each call to a core constructor is associated with a unique function
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wdentifier allowing subsequent stages of construction, for example, to reference its index sets.
Each definition of a (complementary) monitor function is also associated with unique labels
for the corresponding (complementary) continuation parameters, allowing each to be fixed or
free to vary during the subsequent continuation analysis. Composition of calls to these core

constructors defines the space of operators of the form (2.67) that may be realized in cocCo.

. psi

. lamboa

Figure 2.4: A directed bipartite graph illustration of the core constructors in (2.76)-(2.80).
Here U = {u, A\, v} is a set of variables and F = {phi, psi, lambda, i, theta} is a set of functions.
A directed edge from node A in U to node B in F indicates that a variable of type A is
an argument of a function of type B. A directed edge from node C in F to node D in U
indicates that a new variables of type D can be introduced with the construction of a function
of type C.

In the special case that K2 = K = K{ = K¢ = (), the augmented continuation problem
A obtained by application of the operator in (2.67) can be defined as the canonical sum of
two uncoupled augmented continuation problems A and A, such that @ A(A)=Aa A=A,
An arbitrary augmented continuation problem A may be constructed as the canonical sum
of a sequence of uncoupled augmented continuation problems {A;}Y,, glued together by the

application of an operator C:

A=Co@a, 0 0Pa,, (2.81)
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and represented graphically in the left panel of Fig. 2.5. Such a formulation is especially
convenient in problems where the individual operators @4, may be sampled from a smaller
set of operators, for example when modeling multi-segment boundary-value problems, where
the @a, represent contributions associated with individual segments and C imposes the
corresponding boundary conditions, as well as gluing conditions on the problem parameters.
This paradigm of construction is naturally nested and recursive, as suggested in the right

panel of Fig. 2.5.

A:CO@ANO"'O®A1

C @Alle C2 T @AN,NN
AN VA W
Da;, ©Da, e Day DA, DA, - Dagy,

Figure 2.5: (left) A simple tree representation of the construction of the augmented continu-
ation problem A in terms of a canonical sum of uncoupled problems coupled through the
imposition of gluing conditions. (right) A recursive generalization.

The particular choice of core constructors in COCO is not accidental and obviously
reflects the unique position of the continuation multipliers A and complementary continuation

variables v in the problem hierarchy. This is best appreciated through examples.

2.3  Data Assimilation

We consider in this section an augmented continuation problem obtained naturally from
the optimization of an objective functional in the presence of delay differential constraints
adapted from [90]. In contrast to this reference, we emphasize below the form of the resultant

necessary conditions and describe a solution strategy similar to that presented in Section 2.2.2.
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2.3.1 Problem formulation

From [90] we obtain the data assimilation problem of finding initial values «(0), p(0) for two

functions w, p : [0,7] — R™ that minimize the cost functional (cf. Fig. 2.6)

M+1

k=1

in terms of the given sequence of observations p; € R", non-negative weight vector w € RM+!,

and time sequence 0 =ty < --- < t)y11 = T under the differential constraints
’CLj = —jﬂ'pj, pj = —ijj ‘f‘j?TUj + q; (283)
for t € (0,a) U (r, T'), continuity conditions

lim w(t) = lim u(t), tligl,pﬁ) = lim p(¢), (2.84)

t—a— t—a+ t—a+

and coupling constraints

0, t e (0,q),

{ (2.85)
ZBF(WTu(t — a)), te(a,T)

q(t) =
for 8,7 € R" and a continuously differentiable function F': R — R. We treat this problem
using standard techniques from the calculus of variations.

We anticipate discontinuities in the derivative of p at ¢ = o and in the Lagrange multipliers
associated with the differential constraints at ¢t = t; for « = 2,..., M. For simplicity, assume

that a = t; for some 2 < I < M. For notational convenience, let T}, := t;,; — t; and

tig = (ti —tr +tr1)/Th (2.86)
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tr ta 0 gy e tm ot t

Figure 2.6: Illustration of data assimilation problem in Section 2.3 seeking the optimal
selection of u(0) and p(0) to minimize a weighted quadratic sum in the deviations p(tx) — pg.

for k > I. We then replace (2.83)-(2.85) with a sequential multi-point boundary-value

problem for the functions u®), p*) : [0,1] — R" for k = 1,..., M given by
u§-k) _ T (_jﬁp§k)> ’ pgk) _T (_ ij;k) 4 Mgk) n q(k))
for t € (0,1) and
u®(0) = u*7(1), pM(0) = p*V(1)

for k > 1, with
®) (4) — T, 0 ( Lk g
g (t) =28F (v u T (t —tis)
I
for k > 1,
lel, = {1 <1 < M} [O, 1] N (fi,k7£i+1,k) 7& @}
and t € [max (0, fl,k) , min (1, fl+1,k)}, and ¢*)(t) = 0 otherwise. In this notation,

M+1

J =w; |p(1)(0) - ]31‘2 + Z Wy, ‘p(kfl)(l) — Dk ’
k=2
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We seek an optimal choice for u™"(0) and p™(0) that corresponds to an extremum of .J along

the corresponding constraint manifold.

2.3.2  Adjoint conditions

To locate such an extremum, consider the Lagrangian (which differs from [90] in the purposeful

introduction of the auxiliary variable p)
M+77<J_ M) +Lde +Lic +ch7 (292)

where

22/ O (i 4 Tjmpl)) a

k:ljl

+ Z Z / A(k Yo TG — Tgmal® — quﬁ.’“)> dt (2.93)

k=1 j5=1

in terms of the Lagrange multiplier functions ®, A\*) : [0, 1]~ R™,

T (pO0) — po) + 3 w®T (p®(0) - pt(1)) (2.94)

in terms of the Lagrange multipliers v*) w®) € R™, and

Ly [

k<I

mln 1 tl+1 k T ~
n Z / 0T (q<k> _98F (7Tu(l) (Tk (t— tl,k))» dt  (2.95)
max O tl k !

k>1 lely

in terms of the Lagrange multiplier function ) : [0, 1] — R™. Here, the Lagrange multiplier 7

imposes the relationship between J and the auxiliary variable p, while the auxiliary variables
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uo and pg are introduced to track u™(0) and p™(0). We assume below that x*) and A*) are
continuous and piecewise differentiable, and that p(®) is continuous.

For further notational convenience, let
L = {1 <i<M|[0,1)N (b, Ersr) # 0} (2.96)

Independent variations of the constraint Lagrangian with respect to the components of u(*(-),
p™ (), ¢® (), ug, po, and u then yields the adjoint necessary conditions for an extremum

given by

J

Ti
— & = Tjrl? — 290" <Tkt + tkvl) BF (v'u®) =0 (2.97)
l

fort € (max (0, —fk,lTl/Tk) , min (1, (1-— ka)Tl/Tk)) for some [ € I,
— & — Tl = 0 (2.98)

for ¢ ¢ [max (0, —{4,7y/T%) ,min (1, (1 — ,)T;/T})] for any [ € L,

— )\gk) + TijAgk) + Tkjmg-k) =0, (2.99)

for t € (0,1),
p® — T A® =0 (2.100)

for t € [0, 1],
() = v = 0, MEV() — w® - 29w, (p0 (1) = 1) =0, (2.101)
—k®(0) + ™ =0, =A®(0) + w® =0 (2.102)
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fork=2,...,M,

(1) = 0, A\M(1) + 2nwprsr (PPP(1) = parsr) =0, (2.103)

—kD(0) + D = 0, =2D(0) + w® + 2wy (pV(0) — p1) =0, (2.104)

v =wM =0, and 1 —n = 0. As was the case in a previous section, these conditions are

linear in the Lagrange multipliers and, apart from the final condition on 7, homogeneous.

2.3.3 Problem construction

We obtain an augmented continuation problem A of the form in (2.44) by associating

e & with the multi-point boundary-value problem in (2.87)-(2.89) in terms of the contin-

uation variables u(*),

p®) and ¢®;

e VU with the vector (J’ u(l)(())’p(l)(())> and corresponding continuation parameters u,

ug, and pg; and

e A* with the linear operator in (2.97)-(2.104) acting on the continuation multipliers x*),

AB 0 0 0 and p.

This problem has dimensional deficit 2n + 1 which reduces to 0 once a solution is found with
v =M =0andn=1.

After suitable discretization, we may construct A according to the following algorithm:

Step 1: As k increments from 1 to M, repeatedly invoke the core constructor (2.76) with phi
encoding the differential constraints (2.87), K2 = (), and uf} given by an initial solution

guess for the continuation variables u®, p*) and ¢®.

Step 2: As k increments from 2 to M, repeatedly invoke the core constructor (2.76) with phi
encoding the boundary conditions (2.88), K¢ indexing the corresponding continuation

variables from Step 1, and uf = ().
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Step 3: As k increments from 1 to M, repeatedly invoke the core constructor (2.76) with
phi encoding the coupling (2.89) for & > I and the condition ¢ (t) = 0 for k < I, K°

indexing the corresponding continuation variables from Step 1, and uf = ().

Step 4: Invoke the core constructor (2.77) with psi encoding the evaluation of .J, u()(0),
and p™(0), K indexing the corresponding continuation variables from Step 1, and

uy = 0.

Step 5: As k increments from 1 to M, repeatedly invoke the core constructor (2.80) with
lambda encoding the linear operators acting on £* and A*) in the adjoint conditions
(2.97)-(2.104), K¢ indexing the continuation variables introduced in the corresponding
call in Step 1, K = 0, and A} given by an initial solution guess for the continuation

variables k®) and A%,

Step 6: As k increments from 2 to M, repeatedly invoke the core constructor (2.80) with
[ambda encoding the linear operators acting on v*) and w™® in the adjoint conditions
(2.97)-(2.104), K° indexing the continuation variables associated with the corresponding
call in Step 2, K¢ # 0, and A} given by an initial solution guess for the continuation

variables v®) and w®).

Step 7: As k increments from 1 to M, repeatedly invoke the core constructor (2.80) with
[ambda encoding the linear operators acting on u(*) in the adjoint conditions (2.97)-
(2.104), K? indexing the continuation variables associated with the corresponding call in
Step 3, K # 0, and A} given by an initial solution guess for the continuation variables

10,

Step 8: Invoke the core constructor (2.80) with lambda encoding the linear operators acting
on v w and 7 in the adjoint conditions (2.97)-(2.104), K indexing the continuation
variables associated with the corresponding call in Step 4, K3 # 0, and A\] given by an

initial solution guess for the continuation variables v, w®  and .
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One advantage of this algorithm is that steps 5 through 8 can be implemented automatically [1],
[14], [35] from information provided in steps 1 through 4, rather than simply using the core
constructor (2.76) to implement a general continuation problem P. A flowchart representation
of this algorithm is presented in Fig. 2.7. This figure also shows a resequenced algorithm
for constructing the augmented continuation problem that interlaces construction of adjoint
contributions immediately following the construction of the corresponding zero and monitor

functions.

2.3.4 Problem analysis

Using a method of successive continuation (originally described in [13] with further devel-
opments in [1], [14], [35]), we may reach the desired local extremum through a sequence
of intermediate points at the intersection of the solution manifolds to different restricted
continuation problem. To this end, invoke the core constructor (2.79) to append comple-
mentary monitor functions evaluating to n, ", and w™® with corresponding complementary
continuation parameters g,, ¢,, and ¢,. Here, KO = K9 = vj = () and K indexes the
corresponding continuation multipliers. We construct the desired sequence of restricted
continuation problems by fixing fewer than 2n + 1 (complementary) continuation parameters.

For example, we obtain an augmented continuation problem with dimensional deficit
equal to 1 by fixing pg, all but the first component of wug, and the first component of ¢,. A
local extremum in p along a family of solutions to this problem with all vanishing Lagrange
multipliers (such a family exists by homogeneity) then coincides with an intersection with a
secondary family of solutions along which only the Lagrange multipliers vary. One point along
this secondary family has 7 = 1. The continuation problem obtained next by fixing ¢, at 1
and allowing, say, the second component of uy to vary is satisfied along a tertiary manifold
through this point. If we locate a point on this manifold where the second component of ¢,
equals 0, we may use this point to switch to a different restricted continuation problem with

the first three components of ug allowed to vary and the first two components of ¢, fixed.
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Along the corresponding solution manifold we look for a point where the third component of

v, equals 0, and continue in the same fashion until a local extremum is reached.
Alternatively, once the initial point with n = 1 is reached, denote the corresponding value

of vV by v(V*. We may now invoke the core constructor (2.78) to append complementary

zero functions that evaluate to all but the first component of the combination

s (1 = ) (2.105)

in terms of the complementary continuation variable y € R. Here, K¢ = K9 = (), KY indexes
the continuation multipliers #(*), and vj contains an initial solution guess for x. By again
fixing ¢, at 1 and allowing all remaining components of uy to vary, we obtain a continuation
problem with dimensional deficit equal to 1 and may search along its solution manifold for a

point with v = 0. We drive w™® to 0 following similar principles.
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FOR k=1 to M FOR k=1 to M
phi=DE (2.87), | __.-----"""" lamboa = LO on (kA" in (2.97)-(2.104),
KS = 0, —> K =0, K} =0,
ug = {u®,p®, ¢®}. A = {&®, A"} = {0,0}.
ENDFOR ENDFOR
FOR k=2 to M -7 FOR k=2 to M
phi = BC (2.88), fambda = LO on (v, w®) in (2.97)-(2.104),
., - - - - - - - - - - - - > K = CCV BC, K3 #40,
up = 0. A = {v®,w®} = {0,0}.
ENDFOR ENDFOR
FOR k=1 to M
IFk>1 -
phi = CP (2.89), FOR k=1 to M
ELSE lambda = LO on u™ in (2.97)-(2.104),
 EEEEEEEEEE ----> KU =0, KR #0,
END A5 =pu®) =o0.
KS = CCV CP, ENDFOR
up = 0. -
ENDFOR 1.--"
.
psi = {7, uD(0), p D (O], lamboa = LOOOIl{V(l),w(I),n}Oin (2.97)-(2.104),
K = CCV M wWw=0 F----- Ku = CCV M> KA # @7
- L 0T T ’ A = {v, W} =0
1
¢
Stop

Figure 2.7: A flowchart depicting the construction of the augmented continuation problem
A associated with the data assimilation problem in Section 2.3. Here rectangles filled with
blue, green and orange colors represent core constructors associated with functions of the
type pbi, psi and lambda, respectively. The workflow with black solid arrows illustrates the
algorithm detailed in Section 2.3.3. In this workflow, adjoint contributions are constructed
after the construction of all zero and monitor functions. In contrast, in the alternate
workflow represented by red dashed arrows, one constructs the adjoint contributions after the
introduction of each of the corresponding zero or monitor functions. Here, the abbreviations
DE, BC, CP, CCV, M, and LO represent differential equations, boundary conditions, coupling
conditions, corresponding continuation variables, monitor functions, and linear operators,
respectively. In particular, K¢ = CCV BC/CP/M denote indexing the corresponding
continuation variables for boundary conditions/coupling conditions/monitor functions from
the ones defined when constructing the differential constraints.
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2.4 Phase response curves of periodic orbits

2.4.1 Linear response theory for closed regular problems

Instead of optimization, as in Section 2.3, we consider in this section the simpler case where
the zero problem ®(u) =0 for ® : Up — Ro has dimensional deficit equal to 0 and is regular
at some solution @ (i.e., such that the Frechét derivative D®(u) is regular). We choose the
case of a scalar-valued monitor function ¥ : g — R such that the continuation parameter
w given by W(u) — p = 0 is also scalar (¥(u) is called the observable). Let R} denote the
(dual) space of linear functionals on Re. At extremal points (i, fi, A, 7) € Up x R x RE x R

of the Lagrangian
L(u, p, Aym) = p+n(¥(u) — p) + A0(u) (2.106)

the Lagrange multiplier A\ measures the linear sensitivity of ¥ to changes in ®. Indeed, by

considering vanishing variations of L, it follows that (@, fi, A, 7j) must satisfy
O(a) =0, U(@) — fi = 0, nDU (@) + AD®(it) = 0 (2.107)

and 1 —n = 0, from which we obtain A = —DW(@) (D®(@))~". For all small perturbations
d® € R the perturbed zero problem ®(u) = §® has a locally unique solution u = @ + du,
where §® = D®(a)du + O(||oul[?). It follows that

00 = U(u) — (@) = DY(a)du + O(||6ul|?) = —X6® + O(||6®||?) (2.108)

In this section, we to apply this general observation to the derivation of phase response

curves associated with limit cycles in ordinary and delay differential equations.
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2.4.2 Phase response curves as linear response

The construction in Section 2.4.1 can be applied to abstract autonomous periodic boundary-
value problems and the observable T' (the unknown period) to obtain so-called phase response
curves [91]-]94].

In the notation of this section, let Uy = C1([0,1];U) x R be the space of continuation

variables, where U is some Banach space, and let the zero problem take the form
®(u) = (P, Pse, Pes)((2(-), 1)) = (&(-) = T'f(x(-)), 2(0) — z(1), h(x(0)))  (2.109)

corresponding to a periodic orbit R 3 ¢ — z(¢/T) € U of period T of an autonomous
vector field f and phase determined by the Poincaré condition h(x(0)) = 0. We define the
monitor function ¥ as the projection onto the scalar component T of (z(-),T) € Up such

that W(x(-),T) = T. The Lagrangian for the linear response of T', given in (2.106), is then

L(x(-), T, pt; A\pe(+), Asc, Aps, 1) = p+n(T — p)

+ /0 Apge(T) (2(7) = T'f(z(7)) dT + Apc (2(0) — 2(1)) + Apsh(z(0)) (2.110)

defined on Up x R x (C°([0,1];U))" x U* x R x R. In this case, vanishing variations of
L with respect to the Lagrange multipliers A\pg(-), Apc, Aps, and 7 at an extremal point

(), T, i, Ape(+), S\BC7 ;\Ps,ﬁ) imply that

Z(1) = Tf(&(r)) =0 for 7 € (0,1), £(0) — (1) = 0, h(&(0)) = 0, (2.111)
and T — i =0, i.e., that t — f(t/f) is a periodic solution with period ji = T of a dynamical
system with autonomous vector field f and with initial condition on the zero-level surface of

the function h.

Vanishing variations of L with respect to z(:), T, and p yield the necessary adjoint
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conditions

Ape(7) = Aos(P)TDF(E(r)) = 0 for 7 € (0,1), (2.112)
Asc — Ape(0) + Aps Dh(2(0)) = 0, (2.113)
—Xpc + Ape(1) =0, (2.114)

n— /01 Ape(7) f(E(T)) dr = 0, (2.115)

and 1 —n = 0. From (2.111) and (2.112), it follows that Apg(7)f(Z(7)) is constant, i.e., that
5\DE(T)f(i(T)) =1 for all 7 € [0,1], (2.116)

where we used (2.115) and the fact that n = 1. Moreover, from (2.113) and (2.114), we see
that Agc = Apg(1) and ApsDh(%(0)) = Apg(0) — Ape(1). By the periodicity of Z, it follows
that

Aps DR(2(0))T f(2(0)) = Apr(0)Tf(2(0)) — Aor(L)Tf(#(1)) = 0, (2.117)

i.e., that Apg = 0 provided that the periodic trajectory Z(-) intersects h = 0 transversally at
#(0). In this case, t — Apg(t/T) is also periodic with period 7.

The invertibility of the linearization of (2.111) is equivalent to a simple Floquet multiplier
at 1 for the corresponding periodic orbit. This invertibility implies the existence of a unique

pair (z(-),T) € U near (Z(-), T) for each pair of small perturbations (dg¢, dps) such that
(1) =T f(x(r)) =0 for 7 € [0,1], 2(0) — (1) = dpc, h(x(0)) = dps. (2.118)
The linear response formula (2.108) from Section 2.4.1 then implies

T —T = —Xpp(0)dsc + O (||(65c, dps)|?) , (2.119)
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where we have used the fact that Agc = S\DE(l) = S\DE(O) and A\ps = 0. In particular, since

Spe = 2(0) — #(0) + #(1) — x(1), (2.120)

it follows that to first order in ||z(0) — #(0)| and |T — T7,

Ape(0)0sc =T —T. (2.121)

h = dps

Figure 2.8: The periodic orbit R 3 t — #(t/T) € U satisfies the Poincaré condition
h(z(0)) = 0 and periodicity condition x(0) — z(1) = 0. A violation by dpg of the Poincaré
condition and by dpc of the periodicity condition, as shown in the figure, results in a change
in the duration T relative to the period T of the periodic orbit by —S\DE (0)dopc to first order
in ||0sc|| and ||dpg||. For a stable limit cycle, Apg(0) equals the Fréchet derivative Dy of the
asymptotic phase evaluated at z(0).

Consider the special case that the periodic function Z(t/ T) describes a linearly asymptoti-
cally stable limit cycle of the vector field f(z). Then, there exists a unique map ¢, called
the asymptotic phase |95], defined on the basin of attraction B of the limit cycle, such that
¢ :B—1[0,T), ¢(i(0)) = 0, and

lim 2(t/T) — 7 ((go(:c(O)) + t)/T) —0 (2.122)

for every solution z(t) to & = T f(x) with x(0) in B. The substitution ¢ — s + ¢ into this
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limit identity shows that ¢ satisfies the

o(z(s/T)) = p(2(0)) + s modulo T (2.123)

for all s, which can also be used as a defining equation for ¢. In particular, for s =T, we
obtain

o(z(1)) — p(x(0)) = T modulo T (2.124)
For x(0) ~ #(0) and T ~ T it follows that to first order in ||z(0) — Z(0)|| and |T — T,

Dp(#(0))ogc =T — T, (2.125)

i.e., that the Frechét derivative D (#(0)) = Apg(0). By considering an arbitrary t € [0, T), we

obtain the phase response functional Dp(Z(t/T)) = Apg(t/T) for the period-T" orbit Z(t/T)
of the vector field f(x).

This phase response functional (or vector in the case of finite-dimensional i) is reduced

to the periodic phase response curve PRC(7) on [0, 1] for a particular perturbation dgc € U

by applying the functional to the perturbation at every time 7:

PRCj,.. : [0,1] 3 7 — Apg(7)dsc € R. (2.126)

This measures the first-order shift in the asymptotic phase due to a perturbation of the state

z(7) at time 7 by dpc (ignoring terms of order ||(dpc, dps)]|?)-

2.4.3 Delay differential equations

The results in the previous section apply also to periodic orbits in delay differential equations

(DDEs), including the special case of a single discrete delay «a, given by

(t) = f2(t), 2(t — a)). (2.127)



The defining conditions for A pe(+), A BC, and A ps may be obtained from the general conditions

(2.112)—(2.115) by writing the delay differential equation in the form

() = f(2(t), (= 1)), Cals,t) = Cls, 1), €(0,8) = =(2) (2.128)

in which the delayed term is obtained from the solution of an advective boundary-value
problem [96]. Suitable choices of the Banach space U and of the action of the Lagrange
multiplier Apg yields the corresponding adjoint boundary-value problem after solving the
advective problem and its adjoint along characteristics. In this section, we take a different
route. We apply the linear response approximation (2.108) from Section 2.4.2 directly to the
following form of (2.127):

(1) =T f(x(r),y(r)), t € (0,1), (2.129)
s r(t+1—0a/T), 7€l0,a/T], (2130)
x(r —a/T), T € ()T, 1].

where z(7) = z(T'7) and y(7) = 2(T'T — «). For this coupled system, we consider vanishing

variations of the Lagrangian

L(l‘(), y(')’ T, p, )‘DE(')v )‘CP(')a ABC;, Aps, 77) =p+ U(T - N)
1 a/T
i / AT () (6(6) — T (e(t), y(8))) dt + / N (8) (y(t) — 2t + 1 — o/T)) dt

+ //T Aép(t) (y(t) = a(t — a/T)) dt + Agc (2(0) — 2(1)) + Apsh(z(0)) (2.131)

with respect to its arguments at an extremal point. We assume that z, \pg € C'([0, 1]; R"),

while y, \cp € C°([0,1];R™). As in the previous section, variations with respect to the
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Lagrange multipliers Apg(-), Acp(*), ABc, Aps, and 7 yield the boundary-value problem
Z(t) — Tf(&(t),5(t) =0 for t € (0,1), £(0) — #(1) = 0, h(&(0)) = 0, (2.132)

and T — ji = 0, where

Gt) —i(t+1—a/T)=0fort e (0,0)T), (2.133)

§(t) — &t —a)T) =0 for t € (a/T,1). (2.134)

It follows that #(t/T) is a periodic solution with period ji = T of the delay differential
equation (2.127) and with initial condition on the zero-level surface of the function h.
Vanishing variations of L with respect to x(-), y(-), T, and p, yields the necessary adjoint

differential equations
() — A D, £ (5(8), 5()) — Mplt + a/T) = 0, (2.135)
for t € (0,1 — «/T) and
— MBe(t) = ABe(OT Do f(#(1), () — Ap(t + /T — 1) = 0, (2.136)
for t € (1 — /T, 1), boundary conditions
— Ae(0) + A + ApsDh(2(0)) = 0, Abp(1) — Aje = 0, (2.137)
coupling conditions

— Abp()T Dy f(&(t), §(¢) + A&p(t) = 0, € (0,1) (2.138)
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integral condition

1 o o/T ) ~
0- [ M@ -5 [7 o1 -/
-4 /a Men((—a/T)at =0, (2.139)

and 1 —n=0.
As in the previous section, we show by differentiation and use of (2.132)-(2.134), (2.135)-

(2.136), and (2.138) that the function

By 1 [tre/T . 5
Ape(t).f(E(1), §(t)) + 7 /t Acp(s)%(s —a/T) ds (2.140)
for t € [0,1 — a/T) and
- 1o : . t=1+a/T _ : .
Se01G0.50) + 7 [ M) —a/Das+ 2 [ ()it —a/T)as
(2.141)
for t € [1 — a/T',1] is continuous and constant, such that
Abe(1)f(#(1),5(1)) = Apg(0) f(2(0), §(0)). (2.142)

From (2.137) it then follows that Apg = 0 provided that the periodic trajectory Z(t) intersects
h = 0 transversally at z(0), since in this case Dh(x(0))f(z(0),y(0)) # 0. In this case,
Apg(t/T) is also periodic with period 7. By (2.138) this also holds for the function Acp(t/T).
It follows that the constant function in (2.140) and (2.141) may be written in the form (2.140)

for all ¢. Integration of this function over ¢ € [0, 1] and changing the order of integration then
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yields

I 1 ptta/T ) _
| 3ewsG.ma = [ St —a/T)dsar

:/0 XEE(t)f(gz(t),g(t))dH%/o AL (s)i(s — a/T)ds = 1, (2.143)

where we used (2.139), periodicity, and the fact that n = 1. After substitution for # and of

the integration variable, we obtain the normalization condition [96]

X (0) £ (#(0),5(0)) + / Aep(s+a/T)f(E(s), 5(s)) ds = 1. (2.144)

As in the previous section, the regularity of the periodic orbit implies the existence of a

unique triplet (z(-),y(-), T) near (Z(-),(t), T) for each pair of small dg¢ and dpg, such that

(t) — Tf(x(t),y(t)) =0 for t € [0,1],2(0) — z(1) = dpc, h(x(0)) = Jps, (2.145)
where

y(t) —z(t+1—a/T)=0fort € (0,a/T), (2.146)

y(t) —z(t —a/T) =0 for t € (a/T,1). (2.147)

From the analysis in Section 2.4.1, we conclude that
T —T=-Mg(0)dpc + O ([|0sc?) - (2.148)

where we have used the fact that A\gc = S\DE(l) = S\DE(O) and Aps = 0. For an asymptotically
stable limit cycle, we may again associate A5 (0) with the Frechét derivative Dy((0)) of

the corresponding asymptotic phase [95].
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2.4.4 Problem construction and analysis

As in the previous section on optimization, we obtain an augmented continuation problem
A of the form in (2.44) corresponding to the analysis of a periodic orbit with &/ = R" by

associating

e & with the boundary-value problem in (2.111) in terms of the continuation variables x

and T
e U with the scalar T" and corresponding continuation parameter p; and

e A* with the linear operator in (2.112)-(2.115) acting on the continuation multipliers

)\DEa )\BC7 APS) and -

This problem has dimensional deficit 1 which reduces to 0 once a solution is found with n = 1.

After suitable discretization, we may construct A according to the following algorithm:

Step 1: Invoke the core constructor (2.76) with phi encoding the differential constraint in
(2.111), K2 = (), and uf given by an initial solution guess for the continuation variables

x and T.

Step 2: Invoke the core constructor (2.76) with phi encoding the periodic boundary condi-
tions in (2.111), K indexing the corresponding continuation variables from Step 1,

and uf = 0.

Step 3: Invoke the core constructor (2.76) with phi encoding the phase condition in (2.111),

K? indexing the corresponding continuation variables from Step 1, and u§ = ().

Step 4: Invoke the core constructor (2.77) with psi encoding the evaluation of 7', K¢ indexing

the corresponding continuation variable from Step 1, and uf = 0.

Step 5: Invoke the core constructor (2.80) with lambda encoding the linear operators acting

on Apg in the adjoint conditions (2.112)-(2.115), K? indexing the continuation variables
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introduced in the corresponding call in Step 1, K§ = ), and A} given by an initial

solution guess for the continuation variables Apg.

Step 6: Invoke the core constructor (2.80) with lambda encoding the linear operators acting
on Agc in the adjoint conditions (2.112)-(2.115), K? indexing the continuation variables
associated with the corresponding call in Step 2, K} # ), and Aj given by an initial

solution guess for the continuation variables Apc.

Step 7: Invoke the core constructor (2.80) with lambda encoding the linear operators acting
on Apg in the adjoint conditions (2.112)-(2.115), K¢ indexing the continuation variables
associated with the corresponding call in Step 3, K3 # ), and Aj given by an initial

solution guess for the continuation variables Apg.

Step 8: Invoke the core constructor (2.80) with lambda encoding the linear operators acting
on 7 in the adjoint conditions (2.112)-(2.115), K? indexing the continuation variables
associated with the corresponding call in Step 4, K3 # ), and Aj given by an initial

solution guess for the continuation variable 7).

As suggested previously, steps 5 through 8 can be implemented automatically from information
provided in steps 1 through 4, thereby reducing the task of construction to the definition of
the vector field f. To solve for the corresponding phase response curve, we invoke the core
constructor (2.78) to append a complementary zero function that evaluates to 1 — . Here,
K° = K9 = () and K¢ indexes the continuation multiplier 7.

For the analysis of a periodic orbit of the delay differential equation (2.127), we similarly

obtain an augmented continuation problem A of the form in (2.44) by associating

e & with the boundary-value problem in (2.132)-(2.134) in terms of the continuation

variables x, y, and T

e U with the scalar 7" and corresponding continuation parameter y; and
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e A* with the linear operator in (2.135)-(2.139) acting on the continuation multipliers

>\DE7 )\CP7 )\BC7 >\PS7 and n.

This problem again has dimensional deficit 1 which reduces to 0 once a solution is found with

n =1

2.5 Conclusions

In this chapter, we reviewed the general style of problem construction amenable to continuation
offered by the package COCO. A data assimilation problem and a phase response curve analysis
were used to show that the general style of construction can be extended to delay-differential
problems and their adjoints. In the next chapter, we consider a technique of successive
continuation for solving optimization problems constrained by periodic or quasiperiodic

boundary-value problems with delay.
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CHAPTER 3

DESIGN OPTIMIZATION IN PROBLEMS
WITH DELAY

In this chapter!, we generalize a previously-conceived, continuation-based optimization
technique for scalar objective functions on constraint manifolds to cases of periodic and
quasiperiodic solutions of delay-differential equations. A Lagrange formalism is used to
construct adjoint conditions that are linear and homogenous in the unknown Lagrange
multipliers. As a consequence, it is shown how critical points on the constraint manifold can
be found through several stages of continuation along a sequence of connected one-dimensional
manifolds of solutions to increasing subsets of the necessary optimality conditions. Due to the
presence of delayed and advanced arguments in the original and adjoint differential equations,
care must be taken to determine the degree of smoothness of the Lagrange multipliers with
respect to time. Such considerations naturally lead to a formulation in terms of multi-segment
boundary-value problems (BVPs), including the possibility that the number of segments may
change, or that their order may permute, during continuation. The methodology is illustrated
using the software package COCO on periodic orbits of both linear and nonlinear delay-
differential equations, keeping in mind that closed-form solutions are not typically available
even in the linear case. Finally, we demonstrate optimization on a family of quasiperiodic
invariant tori in an example unfolding of a Hopf bifurcation with delay and parametric forcing.

We first motivate our interest and approach with the problem of optimization of the

!The content of this chapter is reproduced from Ahsan, Dankowicz and Sieber, "Optimization along
families of periodic and quasiperiodic orbits in dynamical systems with delay," Nonlinear Dynamics, 99(1),
837-854, 2020 [1], and included here with permission from the publisher.
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response amplitude of a harmonically-forced, scalar, linear, delay-differential equation in
Section 3.1. The general framework for problems with single delays is then considered
in Section 3.2, first for periodic orbits and subsequently for families of two-dimensional
quasiperiodic invariant tori. As discussed in detail, the latter optimization problem falls into
the category of constrained optimization for partial differential equations (PDEs) [97]-[99], for
which the necessary optimality conditions take the form of coupled, piecewise-defined PDEs
with non-local coupling, as well as associated boundary and interval conditions representing
periodicity in one dimension and rotation in the other. Subsections of Section 3.2 consider
example applications to the search for a saddle of the response amplitude of a harmonically-
forced Duffing oscillator subject to delayed feedback control and a geometric fold along a
family of quasiperiodic trajectories for constant rotation number. Analysis using the COCO
software package validates the successive continuation approach, as well as the simultaneous

discretization of the dynamic constraints and adjoint equations.

3.1 Motivating Example

We illustrate the general framework for optimization along families of solutions to delay-
differential equations (DDEs) by first considering periodic responses z(t) of frequency w for a

harmonically-forced, scalar, linear, delay-differential equation
Z=—z—2z(t—1)+ coswt, (3.1)

where we omit (here, and throughout the chapter) functional arguments when they are
obvious from the context. It follows from the method of undetermined coefficients that such

responses are of the harmonic form

2(t) = r(w) cos(wt — O(w)), (3.2)
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where

r(w) = [24 w? — 2wsinw + 2 cosw] ~1/2 (3.3)
and
1+4+cosw . sinw — w
cosf(w) = ) sinf(w) = ) (3.4)

Let us consider the optimization problem of finding the forcing frequency w for which such a
periodic response has maximum amplitude. It follows from (3.3) that the maximum amplitude
Terit = T'(Weris) & 0.89 is achieved for wei &~ 1.72 (cf. Fig. 3.1), and that z(tui) = e at time
terit = 0(Werit) /Weris = 2.24 (up to multiples of the period Tty = 27 /wers ~ 3.65). Hence, for
this simple optimization problem all components of the solution are known exactly, enabling

a comparison with the results of numerical algorithms.

0.75

0.65 g

0.6 1 1 1 1 1 1 1
13 1.4 15 1.6 1.7 1.8 1.9 2 21

Figure 3.1: Frequency-response diagram for the steady-state periodic solutions of the
harmonically-forced, scalar, linear delay-differential equation (3.1). The maximum value of
the amplitude is ¢ & 0.8911 which occurs for w = weiy & 1.7207 (T = Tey ~ 3.6516).
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3.1.1 Formulation as a constrained optimization problem

We transform the above optimization problem into a format suitable for a general numerical
solver by introducing the excitation period T' = 27/w as an unknown (7 replaces w) and
rescaling time (calling the new time 7) such that z(7) = z(T'T 4+ T'¢/27). Here, the free phase
¢ is to be chosen so as to shift the time on the interval [0, 1] when the periodic solution x has
a critical point to 7 = 0. Thus, we are seeking a solution to the constrained optimization
problem

maximize p4 = x(0) (3.5)

with respect to a continuous function x on [0, 1], as well as the variables T" and ¢, subject to

the equality constraints

¥ =Tz —Tx(r+1—1/T) +Tcos(2nr +¢) for 7 € (0,1/T), (3.6)
' = —Tx —Ta(r —1/T) + Teos (2r7 + ¢) for 7 € (1/T,1), (3.7)
0=2(0)—z(1), (3.8)
0=2(0)+z(1—1/T)— cos¢. (3.9)

Here, the constraints (3.6) and (3.7) impose the original delay-differential equation on the
interval (0,1). They rely on periodicity to wrap the delayed argument back into this interval
assuming that 7' > 1. The constraints (3.8) and (3.9) are boundary conditions. Constraint
(3.8) imposes periodicity also on the interval boundary, while (3.9) is a phase condition that
ensures that 2/(0) = 0, consistent with x having a critical point at 7 = 0 and justifying the
maximization of (0) as a substitute for the amplitude. By continuity of z on [0, 1] and (3.8) it
follows that z is, in fact, a smooth function on [0, 1]. Indeed, from the explicit solution in the
previous section, it follows that x(7) = r(27/T) cos 2nT and ¢ = 6(27/T) and, in particular,
that optimality is obtained for x(7) = Teit(7) = T'erit €08 27T and ¢ = Periy = 0(27/Teriy) for
T = T
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The constrained optimization problem (3.5)—(3.9) gives rise to the Lagrangian

L (‘T()vqba Ta LA, )\1('), /\27 /\3777A) = la+Na (ZE (0) — ,uA)

1T
+/)\1 &' +T[x+x(r+1—1/T) — cos (2nT + ¢)]] dr

0
1-2/T

+ / M +T[x+x(r—1/T) — cos (2nT + ¢)]] dr

1/T
1-1/T

+ / M2+ Tlx+x(r—1/T) —cos(2rT + ¢)]] dr

1-2/T
1

+ / M2+ Tlx+x(r—1/T) —cos(2rT + ¢)]] dr

1-1/T

+ X (x(0)—2(1)+A3(z(0)+2(1—=1/T) —cos (o)), (3.10)

where the Lagrange multipliers are \(7) (a function on [0, 1]) for the DDE constraints (3.6)
and (3.7), A2 and A3 for the boundary conditions (3.8) and (3.9), and 7, for the relationship
between the fitness p4 and x(0) in (3.5).

In (3.10), the integral for the pairing between A\; and the DDE constraints has been split
into 4 parts, one for each of the intervals (0,1/7), (1/7,1—2/T), (1—-2/T,1 —1/T), and
(1 —1/T,1), reflecting different functional forms of the differential equations (3.6) and (3.7)
for z on (0,1/T) and (1/7,1), respectively, and anticipating possible discontinuities in A
and \|. For example, the split at 7 =1 — 1/T is in anticipation of a potential discontinuity
of the Lagrange multiplier A\; at this instant caused by the imposition of a constraint on x
evaluated at this time in (3.9). This discontinuity implies a potential discontinuity of \] at
7 =1—2/T. For the same reason, the appearances of z(0) in (3.5) and (3.9) suggest that
A1(0) # A1(1) resulting in a potential discontinuity of \| at 7 =1 — 1/7T. All functions are
assumed to be continuously differentiable on the partition implied by the integrals in (3.10).

The ordering of the discontinuity points assumes that 7' > 3 (Fig. 3.1 shows that the optimal

60



T is in this range).

Imposing vanishing variations of the Lagrangian L with respect to variations in all its
arguments recovers the original constraints (3.5)—(3.9) and the following adjoint system
determining the Lagrange multipliers. Specfically, vanishing variations with respect to x
imply

— N+ T\ +T M (T+1/T)=0 (3.11)

forr€(0,1/T)U(1/T,1-2/T)U (1 —-2/T,1—1/T) and

—N+TM+TMN(T—-14+1/T)=0 3.12
1

for 7 € (1—1/T,1). Boundary and interface conditions for these equations are obtained
by considering variations with respect to x(0), x(1/T), (1 —2/T), (1 —1/T), and z(1),

corresponding in that order to

0=—X(0)+ Ao+ A3 + 74, (3.13)
0=\ (1/T)_ — M\ (1/T)-, (3.14)
0=\(1—2/T)_ —\(1—2/T)s, (3.15)
0=XM1—1/T)_ =XM1 —1/T); + A3, (3.16)
0=Ai(1) = Ao, (3.17)

using the convention that A;(7*)+ = lim,_,+4 A\;(7) and recalling that x(7) is continuous on

[0,1]. Vanishing variations with respect to ¢ and 7' imply the integral constraints

1
0= /T/\1 sin (277 + ¢) d7 + A3 sin (¢) (3.18)
0
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and

1/T

0= /)\1 (¢(r +1—1/T) +2'(r +1—1/T)/T) dr

+

o\" E\»—\

M (z(r=1/T)+2'(r —1/T)/)T) dr

+ [ A (x —cos(2mT + ¢)) AT + N T %2/ (1 — 1/T), (3.19)

respectively. Finally, vanishing variation with respect to 4 implies that

1—n4=0. (3.20)

In summary, the system of original contraints (3.5)—(3.9) and adjoint equations (3.11)—(3.20)
is a nonlinear integro-differential boundary-value problem (BVP) defining the critical points
of the Lagrangian L and the constrained optimization problem (3.5)—(3.9).

In this example, the dimension of the manifold on which the constrained optimization
problem is posed equals 1, corresponding to the numbers of degrees of freedom of the nonlinear
subsystem (3.5)—(3.9) (with variables z, T" and ¢). In contrast, the full system (3.5)—(3.9),
(3.11)—(3.20) has no such degrees of freedom and, consequently, generically has only isolated

solutions. Several properties put it beyond the reach of “off-the-shelf” BVP solvers:

1. Tt consists of differential equations on multiple intervals (thus, the problem is called
a multi-segment BVP) with differential functional forms and continuous “right-hand
sides”. The number and length of these intervals is strongly problem dependent, and

may even change during the optimization process.

2. The differential equations evaluate their right-hand sides at times deviating from 7

(delayed or advanced arguments).
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3. The second point leads to nonlocal coupling across segments that is not restricted to
coupling at the boundaries of the intervals. For example, (3.11) couples the values of

Arin (1 —2/T,1—1/T) to values of Ay in (1 —1/T,1).

On the other hand, the system (3.5)—(3.9), (3.11)—(3.20) has some additional structure

that aids both in its construction and solution:

1. The equations are only forward coupled in that a solution to the original constraints
(3.5)—(3.9) can be obtained independently of the values of the Lagrange multipliers,
while a solution to the adjoint equations (3.11)—(3.20) requires knowledge of z, T', and

¢, and generically exists, at best, only for isolated choices of x, T', and ¢.

2. The adjoint equations (3.11)—(3.19) (thus excluding (3.20)) are linear and homogeneous
in the Lagrange multipliers A\; (7 = 1,2,3) and n4. A trivial solution of this subset of
the adjoint system is therefore given by vanishing Lagrange multipliers for any x, T,

and ¢.

3. The adjoint equation (3.20) is trivial both in construction and solution. Imposing
its solution (n4 = 1) on the remaining adjoint system, however, renders the latter

nonhomogeneous.

This structure will also be present for more general cases than the example and can be
exploited in the search for solutions, as well as to generate the adjoint equations (3.11)-(3.19)
automatically during a staged construction of the optimization problem similar to [14].

In this example, a few facts about the Lagrange multipliers may be deduced directly from
the adjoint equations. It follows immediately from (3.14) and (3.15) that A; is continuous
at 7=1/T and 7 =1 —2/T, and from (3.11) that \| is continuous at 7 = 1/7. Moreover,
using the explicitly known solution for x, it follows that the Lagrange multiplier A3 must

equal 0 at a local extremum. Indeed, substitution of the modified phase condition

d=2(0)+x(1—1/T)—cos¢ (3.21)
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in lieu of (3.9) implies that

pa = (cos ¢ + cos(w + ¢) + wsin @) /r(w), (3.22)

where ¢ is implicitly determined by

d =w(sin¢ + sin(w + ¢) —wcos @) /r(w) (3.23)

for 0 ~ 0. Implicit differentiation of both conditions with respect to the residual § shows
that the rate of change of u4 with respect to ¢ equals 0 at 6 = 0. This, in turn, implies that
that A3 = 0 at an extremum, i.e., that A\; is, in fact, continuous also at 7 = 1 — 1/7 and,
consequently, continuously differentiable also at 7 =1 — 2/T'. In contrast, \] experiences a

discontinuity at 7 = 1 — 1/T for nonzero n4 = A1(0) — A (1).

3.1.2 Simple continuation

According to the properties enumerated above, a solution to (3.5)—(3.9), (3.11)—(3.20) may be
sought using a method of successive continuation [13], [14] with an embedded multi-segment
boundary-value problem implementation that permits evaluation of the right-hand side at
arguments shifted by arbitrary times. Specifically, this method overcomes the problem of
initializing a nonlinear solver for the full system by defining a sequence of continuation
problems with one-dimensional solution manifolds that connect an initial solution guess with
Lagrange multipliers all equal to 0 with the sought critical point for which 14 must equal 1.

To this end, we consider the system given by the relationship between p4 and z(0) in
(3.5), the boundary-value problem constraints (3.6)-(3.9), and the adjoint integral-differential
boundary-value problem (3.11)—(3.19), but purposely omit the algebraic constraint (3.20).
Although we anticipate that A3 will equal 0 throughout the analysis, we keep A3 as an
unknown and monitor its value during continuation. By linearity and homogeneity of the

adjoint subsystem in the Lagrange multipliers )\; and 74, it follows that solutions to the
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full system lie on either of two one-dimensional manifolds. The first of these consists of
functions z(7) = r(27/T') cos 2r7 with corresponding T, ¢, and pus = x(0) = r(27/T), and
with vanishing Lagrange multipliers. The second manifold consists of the periodic solution
Terit(T) = Tepig cos 27 with corresponding T = Teit, ¢ = Gerit, and pia = T, and with
varying Lagrange multipliers proportional to n4. The two manifolds clearly intersect at the
local extremum of p4 along the first manifold. The sought solution to the complete set of
equations (3.5)-(3.9), (3.11)—(3.20) corresponds to the point along the second manifold where
na = 1.

In this example, the solutions along the first manifold are known explicitly. In other
cases, an initial periodic response may be approximately obtained from the dynamically
stable solution by direct simulation. Given such an initial solution guess for x, 7', and ¢,
a nonlinear solver may be employed to converge to a point on the manifold. A numerical
continuation algorithm (e.g., pseudo-arclength continuation) may then be used to generate a
sequence of points along the manifold, meanwhile monitoring for local extrema of ;4 and
singular points for the system Jacobian (corresponding to branch points on the manifold).
As shown above, and true also in the general case, these coincide. Using standard techniques,
numerical continuation may proceed from such a branch point along the secondary manifold
with the help of a candidate direction of continuation, for example, one that is i) transversal
to the tangent direction to the original solution manifold and ii) in the plane spanned by the
tangent directions to the two manifolds at the branch point.

Continuation using such an implementation in the COCO software package |74| approxi-
mately locates an extremum (in the form of a fold point in p4 along the solution manifold)
at T = 3.6515 as shown in Fig. 3.2. Branch switching from the nearby branch point (exact
coincidence is lost due to discretization) and continuation until 74 = 1 yields the graphs
of z(7) and A;(7) shown in Fig. 3.3. As seen in the bottom panel, A\;(7) is approximately
continuous at 1 — 1/7 ~ 0.73, albeit with discontinuous derivative at this point, since

A (0) = M\(1) = 1.
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Figure 3.2: Results from numerical continuation with vanishing Lagrange multipliers. The
maximum value of 114 is located at T' ~ 3.6515 and is here identified by the label BP, since it
approximately coincides with a branch point.

3.2 General Optimization Framework

In this section, we discuss the general methodology for optimization on periodic and quasiperi-

odic solutions z(t) € R™ of delay-differential equations with a single delay of the form

Z=f(tz,z(t —a),p), (3.24)

where f: R! x R” x R" x R? — R" is periodic in its first argument with period 7. Here, o
and p denote the time delay and the problem parameters (excluding 7'), respectively.

As the motivating example in the previous section illustrates, the problem Lagrangian
and, by implication, the adjoint equations are linear in the Lagrange multipliers. The adjoint
equations may therefore be constructed term-by-term by successively deriving the contri-
butions from disjoint collections of constraints from the corresponding partial Lagrangians

associated with a subset of the Lagrange multipliers. Until the full set of constraints has been
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Figure 3.3: (a) z(7) and (b) A1 (7) at the terminal point of the second stage of continuation
with n4 = 1. The upper panel shows a comparison between the numerical solution and
the analytical solution at the extremum. The bottom panel shows the Lagrange multiplier
associated with the imposition of the DDE admitting a slope discontinuity at 7 =1 —1/T.
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considered, the adjoint equations are not completely known. The following subsections discuss
the partial Lagrangians and the implied contributions to the adjoint equations resulting from
the DDE constraints and boundary conditions associated with periodic and quasiperiodic
orbits. For particular examples, we indicate the additional contributions associated with
problem-specific constraints that complete the construction of the adjoint equations. In all
cases, the contribution from the objective function to the Lagrangian implies the algebraic
adjoint condition that the corresponding Lagrange multiplier (4 in the previous section)

must equal 1 at a stationary point.

3.2.1 Periodic orbits

Suppose first that 7" > « and consider the problem of optimizing a scalar-valued objective

functional on a family of continuous solutions x(7) to the differential equations

=Tf(Tr,z,z(t+1—a/T),p) forTe (0,a/T), (3.25)

=Tf(Tr,z,z(r—«a/T),p) forte (a/T,1), (3.26)

and the boundary conditions

z(0) —x (1) =0. (3.27)

By a rescaling of the independent variable by T, such solutions correspond to periodic
solutions of (3.24) with period 7. By continuity and periodicity, such solutions must be
continuously differentiable to all orders.

Suppose, in fact, that 7" > 3a and that the objective functional and any additional
constraints depend on pointwise values of z(7) only at 7 = 0, 7 = 1, and 7 =  for some
p = B(a,T) such that

20/T < f<1—a/T. (3.28)

As we show below, such dependence results in an additional adjoint equation associated with
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variations with respect to z(f). Other pointwise dependencies of the objective functional
would be treated similarly, while dependence on an integral over the entire interval [0, 1]
of a function of x would not result in additional adjoint equations. We may formulate a

corresponding partial Lagrangian

LBVP (ZL’(), «, T7p7 Af()? AbC> -
a/T

AL (2(0) — 2(1)) + / NI (2!~ Tf,) dr

B—a/T B
+ / Af (@' =Tfp) dr + / Aj (2 = Tfo) dr
a/T B—a/T
1—a/T 1
+ / Af (2 = Tfo) dr + / Af (2 = Tfo) dr, (3.29)
B 1—a/T

where f;(7) = f (T'r,z (1) ,x (1 +j — a/T),p). Here, A\¢(7) and A, are the Lagrange multi-
pliers associated with the imposition of the differential equations and boundary conditions,
respectively, and each integrand is assumed to be continuously differentiable on the correspond-
ing interval. The splitting of the integral is here motivated by an anticipated discontinuity of
Ar at 7 = 3 and, consequently, of Xf at 7 = 8 — /T, the different functional forms of the
original DDEs on the intervals (0, a/T') and (/T 1), and an anticipated discontinuity in A’
alsoat 7=1—«/T.

By the stated assumptions on the objective function and any additional constraints, it is
easy to show that, at a stationary point of the total Lagrangian, A;(7) must be continuous at

T=a/T, 7=0—a/T,and T =1 — «/T. Using the notation

[ik(7) = O f (T, 2(7), 2(1 + j — /T), p), (3.30)

fiqg(T) = diqf (Tr,x(r),x(t+j—a/T),p) (3.31)

for j =0,1and g = «, T (O f is the partial derivative of f with respect to its kth argument,
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d/dgq is the total derivative of an expression with respect to ¢), the contributions to the

necessary adjoint conditions for a stationary point of the total Lagrangian are given by
— NF =TXf fLo = TA} (7 + a/T) fos(r+/T) (3.32)
for variations with respect to z(7) on 7 € (0, a/T);
— XN = TX] foo = TA} (T +a/T) fos (1 +a/T) (3.33)
for variations with respect to z(7) on 7 € (a/T, 5 — a/T)U (8 — /T, 5) U (8,1 — a/T);
— N =TXf foa —TA; (T1+ /T = 1) fis (7 +a/T —1) (3.34)
for variations with respect to z(7) on 7 € (1 — /T, 1);
= AF(0) + A5, AF(B)= = AF(B)s Af (1) = Ay, (3.35)
for variations with respect to x(0), x(3), and z(1), respectively;

a/T 1
— / AT fiodr — / AT foodr (3.36)
0 a/T

for variations with respect to «;

a/T 1
- / NI (fy + Thr) dr — / AL (fo + Tfour) dr (3.37)
0 Ie%

/T

for variations with respect to T'; and

a/T 1
— / MTfiadr — / MT foudr (3.38)
0 Ie%

/T

for variations with respect to p. The terms f;r and f;, in (3.36) and (3.37) both contain
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time derivatives ' with delayed or advanced arguments, since T" and « both appear in the
evaluation of z in the third arguments of f; and f;.

As previously anticipated, the explicit dependence of the Lagrangian on the internal state
point z(f) results in a potential discontinuity of the Lagrange multiplier A¢(7) at 7 = £.
Continuous differentiability of z(7) on [0,1] and of Af(7) on (0,8 — a/T), (8 — /T, B),
(6,1 —«/T), and (1 — «/T, 1) implies that the necessary conditions for an extremum are in
the form of a multi-segment boundary-value problem in a single trajectory segment for z(7)
and four coupled trajectory segments for A¢(7). A similar result is obtained, for example, in
the limiting case when 8 =1 — a/T. This case specializes to the example discussed in the
previous section, since there « =1,  =1—1/T, and T > 3. In contrast, when (3 is either 0
or 1, i.e., when there is no dependence of the objective function or any additional constraints
on an internal point, then we obtain a single trajectory segment for x(7) and three coupled

trajectory segments for As(7) with both variables continuous throughout the interval [0, 1].

3.2.2 A Duffing oscillator with delayed PD control

As an application of the general methodology when § = 0, consider the harmonically-forced
Duffing oscillator with delayed state (proportional and derivative; PD) feedback given by the
DDE

F420E+ 2+ p2® =2az (t — a) + 2bz (t — ) + 7 cos (21t /T) . (3.39)

Inspired by [100], for fixed ¢, u, a, b, and v, we seek a delay a that minimizes the maximum
amplitude of oscillation along a family of periodic responses of this system under variations
in the excitation period 7T'. Since the optimization problem involves minimizing a maximum,
it corresponds to the search for a saddle point in the value of the oscillation amplitude on
the two-dimensional constraint manifold.

Following Section 3.1.1, let z1(7) = 2(T'T7+ T¢/27) and xo(7) = 2(T'T + T'¢/27) represent
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the displacement and velocity, respectively, on the rescaled time interval [0, 1]. The phase ¢
is again to be chosen so as to shift the time on this interval when the oscillator reaches its

maximum displacement to 7 = 0. It follows that the objective functional is given by

pa = x1(0) (3.40)

for solutions of (3.25)—(3.27) subject to the phase condition

z9(0) =0 (3.41)
and corresponding to the vector field
(%) 0
f(t,u,v,p) = + : (3.42)
—2Cuy — uy — pu 2avy + 2bvy + 7y cos (2wt /T + ¢)

where p = ¢.

The partial Lagrangian for the objective functional and phase condition is

Lopt (2(+), pras Aph, ma) = fra + Apn2(0) + 1a(x1(0) — pa), (3.43)

where A\, and 1,4 are additional Lagrange multipliers. This partial Lagrangian adds the
term (na, Apn)T to the variation with respect to z(0) in (3.35) (first term) and results in the

algebraic adjoint constraint

0=1-na, (3.44)

assuming no additional dependence of the problem Lagrangian on fi4.
Since neither the objective functional nor the additional phase condition depend on x

evaluated at an interior point of the interval [0, 1], it follows that A is continuous on the
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entire interval. This simplifies the partial Lagrangian Lgyp in (3.29) as the two integrals
with boundary /8 can be combined, and the resulting adjoint DDE contribution (3.33) can
be applied on the combined interval (a/T,1 — «/T), such that Af(7) is in fact continuously
differentiable on (0,1 — a/T"). Correspondingly, the middle adjoint condition in (3.35) can
be omitted. Moreover, like in the motivating example in Section 3.1.1, it is easy to see that
the rate of change of ps = 21(0) with respect to § = x2(0) vanishes at 6 = 0. We conclude
that A\p, = 0 at a stationary point of the Lagrangian. This implies that A2(1) = A;2(0) and,
by inspection of (3.33) and (3.34), that both components of A\; are actually continuously
differentiable throughout the interval [0, 1].

Since the dimension 7y, of the optimization manifold equals 2, the successive continuation
approach proposed by Kernévez and Doedel [13]| requires multiple stages (in contrast to the
motivating example in Section 3.1.1, where nqp, = 1): one initially optimizes only with respect
to one variable, following a curve in the optimization manifold, keeping np, — 1 variables
fixed. At each successive stage of continuation one releases one further optimization variable,
until all variables are free. In this analysis, we propose to keep « fixed during the initial
stage of continuation, corresponding to the imposition of a constraint on the set of unknowns.

To this end, we consider the additional partial Lagrangian

Lsc(aa Has na) = Ua(Oé - Ma>‘ (345>

This partial Lagrangian adds the constraint

A= g (3.46)

and the algebraic adjoint equation (for vanishing variation with respect to p)

0 = 7a, (3.47)
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and adds 7, to the adjoint variations with respect to ain (3.36). The total problem Lagrangian

is now given by

L (.flf(), «, T7p7 HA, P )\f()a )\bcv >\ph7 na, 7704) =

LBVP (fL’(), «, T7p7 /\f()a )‘bc) + Lopt (IE'(), Ha, >\ph7 77A) + LSC(a7 Mo, TIOé)‘ (348>

The necessary conditions for an extremum of the total Lagrangian are then given by (i) the
original differential equations and boundary conditions, (3.25)—(3.27), (3.40), (3.41), and
(3.46), and (ii) the various adjoint equations, including (3.44) and (3.47), assembled in stages
as constraints and variables are added, setting the sums of all resulting contributions equal
to 0. Although we anticipate that A, will equal 0 throughout the analysis, we keep Ay, as
an unknown and monitor its value during continuation.

As in the previous section, we may locate an extremum of L by several successive stages
of continuation, in each stage omitting one or both of the adjoint conditions (3.44) and (3.47).
In particular, by holding u,, fixed and letting n4 vary freely, we may arrive at a solution with
n4 = 1 in two stages of continuation: first, by continuing along a one-dimensional manifold
with vanishing Lagrange multipliers, and next by branch-switching at a local extremum of
14 to a secondary branch along which only the Lagrange multipliers vary and, in fact, do
so proportionally to n4. A final stage of continuation then proceeds from the point on this
second manifold where 4 = 1, but this time with 7, fixed at 1 and p,, free to vary. A sought
extremum is obtained when 7, = 0.

An example of such an analysis for the case when { = 0.05, = 0.05, a = 0.05, b = —0.05,
and v = 0.5 is shown in Fig. 3.4 (projected into the (o, 27 /T, ) space). Here, the full integro-
differential boundary-value problem is discretized and analyzed using the coco [74]| package
following the methodology discussed in [32] in terms of continuous, piecewise-polynomial
approximants on a uniform partition of every solution segment into N = 10 mesh intervals,

resulting in a large system of nonlinear algebraic equations. The successive continuation
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approach then proceeds along the following stages:

e [nitial guess. An initial solution guess for z(7) near the first manifold is first constructed
using direct simulation with o = 0.1 and T' = 27, after which ¢ is adjusted such that

the maximum of x; occurs at 7 ~ 0. We finally let ps4 = 2;(0) and p, = a.

e Stage 1: Continuation along manifold with vanishing Lagrange multipliers. The delay
« is held constant by fixing u, at its initial value. Continuation proceeds along the
blue curve in Fig. 3.4, monitoring for branch points (coincident with extrema in g4 up

to discretization errors).

e Stage 2: Continuation along manifold with varying Lagrange multipliers. Branch off at
the discovered branch point (labeled BP in Fig. 3.4) with u, still fixed, stopping when
na reaches 1. During this continuation all primary variables z(-), ¢, T, « stay constant.
Only Lagrange multipliers change their values. This continuation does not change any

coordinates in Fig. 3.4 (we remain at the point BP).

e Stage 3: Continuation with varying pe. Fix na at 1 and allow pu, (and, consequently,
«) to vary. Continue while monitoring 7, for zero crossings (red curve in Fig. 3.4). The
point where 7, = 0 along the red curve is labelled “Local Optimum”. At this point
all necessary conditions for a stationary point of L are satisfied, including n4 = 1 and

Na = 0.

The end point of stage 3 corresponds to a critical point at o ~ 0.7824, ¢ ~ 1.488, and
T =~ 5.88 (which Fig. 3.4 confirms to be a saddle point). We may compare the resulting
optimal delay with the prediction from a first-order multiple-scales perturbation analysis for
the weakly nonlinear (small i), weakly damped (small (), and weakly forced (small ) case,

which predicts a maximal (with respect to T') response amplitude

v

2|¢ + asina — beos af

(3.49)
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0.2 '
27 /T 2.0 a

Figure 3.4: Optimization of the displacement amplitude along periodic orbits of the
harmonically-excited Duffing oscillator with ¢ = 0.05, x = 0.05, a = 0.05, b = —0.05,
and v = 0.5 under variations in a and 7. Three successive stages of continuation connect
the sought saddle point with an initial solution guess with vanishing Lagrange multipliers.
Stages 1 (blue) and 3 (red) described in the text are visible in the («, 27/T), pua) space. In
Stage 1, a peak in the displacement amplitude is approximately detected in close proximity
to a branch point for the corresponding continuation problem. The second stage involves
branch switching to a branch along which only the Lagrange multipliers vary (not visible).
The red curve shows the final stage of continuation with fixed n4 = 1. The optimal delay
and corresponding period obtained at the terminal point with 7, = 0 equal 0.7824 and 5.88,
respectively. At this point psq = 1.9852.

(independent of y, see the appendix A for intermediate steps and [100], [101]). The computed
optimal delay o & 0.7824 is in close agreement with the predicted optimal delay 7/4 ~ 0.7854
obtained from (3.49) for the case that b = —a. The optimal displacement profile z;(7)
and the components of A\;(7) are shown in Fig. 3.5. The top panel shows close agreement
between the results obtained using continuation and the harmonic response obtained from the
perturbation analysis, at the computed optimal values of a, T, and ¢. Panel (b) of Fig. 3.5

shows the functional Lagrange multipliers \s, confirming that they are approximately smooth
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in this example (since the objective does not depend on 5 € (0,1)) but with As1(1) # Af1(0)
and Aro(1) &= As2(0) (since the objective functional and the phase constraint depend on x(0)
and App ~ 0).

Further comparisons between the results obtained using the successive continuation
approach and those predicted by the perturbation analysis are shown in Figs. 3.6 and 3.7
for the case when the oscillator is only subjected to displacement feedback, i.e., when b = 0,
with weak (u = 0.05) and strong (x = 1) nonlinearity, respectively. In each case, the
perturbation analysis predicts a saddle in the response amplitude for « = 7/2 ~ 1.5708,
while the computational results are a ~ 1.4712 and 0.8712, respectively. For the case of
weak nonlinearity depicted in Fig. 3.6, there is still close agreement between the optimal time
histories for x1(7), while this is no longer true for the case of strong nonlinearity shown in
Fig. 3.7. The frequency-response curves shown in the lower panels of Figs. 3.6 and 3.7 were
obtained using numerical continuation for the computed and predicted critical values of a. In
the case of the weak nonlinearity, we note a weak dependence on the location and magnitude
of the peak on the value of the delay, while the differences are stark in the case of the strong
nonlinearity. In the latter case, the optimal delay predicted by the perturbation analysis
produces a peak amplitude more than 50% larger than that obtained using the numerical

method.

3.2.3 Quasiperiodic Orbits

We proceed to consider the problem of optimizing a scalar-valued objective functional on
a family of quasiperiodic solutions of (3.24), for which there exists an irrational rotation

number o and a smooth function Z : S x S — R" (here, S denotes the unit circle) such that

2(t) = Z (04(t),05()), 6y = 02, and b = 2 = 21)T (3.50)

7



—— Continuation
= = Perturbation

Figure 3.5: (a) z1(7) and (b) Az1(7) and Aso(7) at the terminal point of the third stage
of continuation illustrated in Fig. 3.4. The upper panel shows a comparison between the
numerical solutions obtained using continuation at the computed optimal value of «, with a
first-order multiple-scales perturbation analysis at the predicted optimal value of «.
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Figure 3.6: Optimization of the displacement amplitude along periodic orbits of the
harmonically-excited, weakly-nonlinear Duffing oscillator with ( = 0.05, . = 0.05, a = 0.05,
b =0, and v = 0.5 under variations in « and T". (a) Comparison of the displacement profile
obtained from continuation at the computed optimal delay o &~ 1.4712 and period T ~ 5.7151
with the results predicted by perturbation analysis. (b) Frequency-response diagrams for the
computed and predicted critical delay values 1.4712 and 7/2, respectively.
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Figure 3.7: Optimization of the displacement amplitude along periodic orbits of the
harmonically-excited, strongly nonlinear Duffing oscillator with ( = 0.05, u =1, a = 0.05,
b =0, and v = 0.5 under variations in « and 7T". (a) Comparison of the displacement profile
obtained from continuation at the computed optimal delay o =~ 0.8712 and period T" = 3.4192
with the results predicted by perturbation analysis. (b) Frequency-response diagrams for the
computed and predicted critical delay values 0.8712 and /2, respectively.

80



in terms of the period 7T of the vector field f in its first argument. Let subscripts 5, and g,
denote partial derivatives with respect to the corresponding arguments. Substitution into the

governing equation then yields the partial differential equation (PDE)
QQZ91 + QZ@Q = f (ta Za Z (91 - QQO&, 92 - QO{) ap) (351)

on the two-dimensional torus S x S.
We decompose this PDE along its characteristics. To this end, consider the continuous

function V' : S x [0, 1] — R™ given by
Ve, 7) = Z(p + 2mor, 2nT), (3.52)

such that 7 = ¢/T, 6,(0) = ¢, and without loss of generality #2(0) = 0. Shifting and wrapping
of arguments between and along characteristics will occur several times below. To simplify
notation, suppose that 7' > « and introduce the wrapping operation W for a function V on
S x [0,1] as

(WiV] (. 7) =V (e —2mjp,T —a+j), j =—-1,0,1 (3.53)

for r—a+j €[0,1] and all p € S. It follows by periodicity that
Z(p+2mo(T — a),2n(T — a)) = [WIV] (¢, 7) (3.54)
for 7 —a+j € [0,1] and all ¢ € S. Differentiation and use of (3.51) then implies that

V= Tf (TTa V7 W;/Tv7p) ) (()07 7-) €S x (07 Oé/T) ) (355>

Ve =Tf(T1,V,W3,rV,p), (¢,7) €S x (/T 1), (3.56)
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along with the boundary conditions
Vip,1) = V(e +2mp,0) =0, ¢ €S. (3.57)

Equations (3.55)—(3.57) are a family of coupled DDE BVPs in time 7, parametrized by the
continuous periodic angle . A family of orbit segments S x [0,1] 3 (¢, 7) — V (¢, 7) € R™
solving this family of BVPs then spans the sought quasiperiodic invariant torus. Such a
family is unique only up to a shift of its argument ¢ € S. We isolate a locally unique solution

by introducing the integral phase condition

/0 " (Vi 0) — V(@) T V() dp = 0 (3.59)

in terms of a given continuously-differentiable reference function V* : S — R” that is either
fixed throughout the analysis or updated as appropriate. For fixed values of the problem
delay «, excitation period 7', and problem parameters p, the resultant integro-differential
BVP (3.55)(3.58) defining the quasiperiodic response is over-determined (recall that the
rotation number p is fixed) such that one has to leave at least one system parameter free
to vary to obtain isolated solutions. For example, for fixed o, we thus expect to obtain a
one-dimensional manifold of quasiperiodic invariant tori under simultaneous variations in T’
and a single element of p.

We now apply the construction of the Lagrangian and adjoint equations to this family of
DDE BVPs to formulate optimization problems with constraints of the form (3.55)—(3.58),
following the procedure from Section 3.2.1. We assume that neither the objective functional
nor any additional constraints depend on V' evaluated for 7 on the interior of the interval [0, 1],
and that they only depend on V' on the boundaries 7 = 0 and 7 = 1 through integrals over .
In this case, the Lagrange multipliers Ay for the DDE constraint (3.55) will be continuous on

the domain S x [0, 1] (including periodicity in their first argument ¢). The partial Lagrangian
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for the constraints (3.55)—(3.58) is then given by

LBVP(V('7 ')a «, T;pa )\f(a ')7 AI"Ot(') )‘ph) -

/727 )\T V. — Tf1 /l/a(;i )\T vV, — Tfo)] / /dT {,\}“ (Vr—Tfo)}
¥ a/T ¢ 1—a/T
/ M) (V (9 1) =V (9 + 270, 0)) + Ao / Ve, 0) = V) Vilp),  (359)

where we abbreviate f(p = fo% d¢ and, similarly to Section 3.2.1, let the notation f;(p, 1) =
f(Tr,V,W! 7V, p). The vector-valued functions A¢(¢, 7) and Awet(¢), and the scalar Ay, are
the Lagrange multipliers associated with the imposition of the differential equations (3.55)
and (3.56), boundary conditions (3.57), and the integral phase condition (3.58), respectively.
Each integrand is assumed to be continuously differentiable on the corresponding interval,
and Ay and A are assumed to be continuous and, hence, periodic in ¢ for all 7. It is again
straightforward to show that Ay must be continuous in 7 on 7 = /T and 7 = 1 — /T at
a stationary point of the total Lagrangian. In this case, Ay is continuously differentiable in
T everywhere except at 7 = 1 — /T, where a slope discontinuity is anticipated from the
boundary conditions (3.57).

Analogously to Section 3.2.1, consider the notation

Finlp,m) = O f(T7,V(p,7), W2 V(0. 7), D), (3.60)

Falee) = 5o (TrV e, W1V ).p). (3.61)

for j = 0,1 and ¢ = «,T. Then, the contributions to the necessary adjoint conditions for a

stationary point of the total Lagrangian are given by

AL TAT fo = T (WO, As) WO fos (3.62)
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for variations with respect to V(p,7) on (¢, 7) € S x (0,a/T);
T
— X =T  foo =T (W2, 0 Ap) WO, rfos (3.63)
for variations with respect to V(p,7) on (p,7) € S x (a/T,1 — /T);
T T -1 R—
X = TN foa = T (WkirAs) Wokinhis (3.64)
for variations with respect to V (¢, 7) on (¢, 7) € S x (1 — /T, 1);
AT (9,0) + AT, (i — 2m0) + AV () (3.65)
for variations with respect to V(¢,0) on ¢ € S;

Ap (2.1) + At () (3.66)

for variations with respect to V(¢,1) on ¢ € S;

a/T
//dT AT f1 0] / /dT [N T foal (3.67)
» /T
for variations with respect to «;
a/T
//dT )\f (Tfir+ f1)] //dT )\T (T for + fo)] (3.68)
¢ /T
for variations with respect to T'; and
a/T 1
—//dT [A?Tfl,d —/ /dT P\}‘Tf()A] (369)
v 0 ¢ a/T
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for variations with respect to p.

3.2.4 A Hopf unfolding with delay and forcing

Consider, for example, the problem of finding a local maximum in w along a family of

quasiperiodic invariant tori of the vector field

—wug +v1 (1 +7(cos2mt/T — 1
f(t,u,0,p) = 2o (coszmt/T=0) ) (3.70)
wig + vy (1 + 7 (cos 2nt /T — 1))

where r = y/u? +u3, @ = 1, and p = w. Notably, an example in the tutorial for the coco
trajectory segment toolbox [74]| shows that no such local maximum exists when o = 0, since

then w7 = 27p. In the present case, we consider the optimization problem

maximize p, = w (3.71)

subject to the constraints (3.55)—(3.58) (the coupled DDEs with boundary conditions and

phase condition, depending on ¢). The problem Lagrangian is then given by

L<V(7 ')7 Tap7 Heos )\f(a ')a )‘I“Ot(')7 )\phﬂ nw)

= Hw + nw(w - ,uw) + LBVP (V(7 ')a 17 T7p7 )‘f(a ')7 ArOt(')v )‘Ph) ) (372)

where Lgyp is given in (3.59) and 7, is the additional Lagrange multiplier. The necessary
conditions for an extremum of the total Lagrangian are then given by (i) the original differential
equations and boundary conditions (3.55)—(3.58); (ii) the adjoint conditions (excluding (3.67))
obtained by appending 7, to the variation with respect to p (3.69) and setting all the resulting
contributions equal to 0; and (iii) the condition that 7, = 1.

As in previous examples, we immediately note that Ay, must equal 0 at a stationary point

of the Lagrangian, since the objective function is clearly independent of the particular choice
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of family (¢, 7) — V(p, T) selected by the phase condition. The adjoint boundary conditions
(3.65) and (3.66) then imply that

A7 (0, 1) = Xf (¢ + 2mp,0) = 0. (3.73)
Moreover, direct computation using (3.70) and the boundary condition (3.57) shows that

fos(p,1) = fis(p +2mp,0) = 0. (3.74)
It follows from (3.63) and (3.64) that

i.e., that A is continuously differentiable in 7 on the entire interval [0, 1].

We proceed to locate an extremum by applying the successive continuation technique
to the set of equations obtained by omitting the trivial adjoint condition that n, = 1. To
this end, we approximate V' (¢, 7), Af(p,7), and Aot(p) by truncated Fourier series in ¢
with 7-dependent Fourier coefficient functions, as appropriate, approximated by continuous
piecewise-polynomial interpolants on the interval [0, 1]. Although we anticipate that Ay, will
equal 0 throughout continuation, we keep A, as an unknown and monitor its value during
continuation. We first continue along a one-dimensional manifold along which the Lagrange
multipliers always equal 0, and then branch switch at a local maximum of pu, to a secondary
branch along which the family V' remains unchanged, while the Lagrange multipliers vary
linearly in 7,,. The solution to the necessary conditions for a local stationary point is then
obtained once 7, = 1 along the secondary branch.

The results of such an analysis using COCO is shown in Figs. 3.8-3.10 for the case that
0 ~ 0.6618. Here, dependence on ¢ is approximated using a Fourier series truncated at the

fifth harmonic corresponding to 11 trajectory segments on the torus based at ¢ = (i — 1) /11,

86



1=1,...,11. Each 7 dependent Fourier coefficient is discretized using polynomials of degree
4 on a uniform mesh with 10 intervals. The one-dimensional family of quasiperiodic orbits in
Fig. 3.8 along the first manifold with vanishing Lagrange multipliers indicates the existence of
a local maximum in p,, ~ 0.43685 for 7" ~ 5.3153. Branch switching from the nearby branch
point (as before, exact coincidence is lost due to discretization) and continuing until 7, = 1
yields the approximate torus and the corresponding Lagrange multipliers Ao, Ay shown in

Fig. 3.9 and Fig. 3.10 respectively.

15 ~T= \
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12r BP
11 1

27 /T

09 1
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0.7 4
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05 1 1 1 1 1
0.2 0.25 0.3 0.35 0.4 0.45 0.5

Hw

Figure 3.8: One-dimensional manifold obtained from the first stage of continuation along a
family of approximate quasiperiodic invariant tori with vanishing Lagrange multipliers for
the case that o ~ 0.6618. The local maximum g, ~ 0.43685 when 7' ~ 5.3153 approximately
coincides with a branch point (BP). Solid and dashed lines denote dynamically stable and
unstable tori, respectively.

As an aside, direct numerical simulation using initial conditions predicted by the continu-
ation analysis suggest that quasiperiodic tori found on the lower half of the one-dimensional
family shown in Fig. 3.8 are stable to sufficiently small perturbations, while the tori found on

the upper half are unstable, with a critical loss of stability coincident with the peak value of

[heo-
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Figure 3.9: Lagrange multiplier A, at the optimum point for the quasiperiodic invariant
torus optimization problem.

3.3 Conclusions

In this chapter, we generalized a technique of successive parameter continuation to also enable
solving constrained optimal design problems with delays. In the next chapter, motivated by
the problem construction paradigm discussed in Chapter 2, we propose a toolbox template

that can handle a broad class of delay-coupled, multi-segment boundary-value problems.
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(b)

Figure 3.10: Optimal quasiperiodic invariant torus (a) and corresponding representation of Ay
(b) obtained at the terminal point (7, = 1) of the second stage of continuation with ¢ ~ 0.6618.
Solid grey curves denote the discretization of V (¢, 7) and A¢(¢, 7) using trajectory segments
based at ¢ = (i — 1)/11, for i = 1,...,11.
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CHAPTER 4

A TOOLBOX FOR DELAY-COUPLED
BOUNDARY-VALUE PROBLEMS

The examples on data assimilation and phase response curves in Sections 2.3 and 2.4 demon-
strated how advanced examples of augmented continuation problems may be constructed
through repeated calls to the core COCO constructors. Motivated by these examples and the
generalization of the continuation-based optimization technique to delay-coupled problems in
Chapter 3, this chapter! develops a general cOCO-compatible toolbox template for a large
family of delay-coupled, multi-segment boundary value problems, including those describing
periodic orbits, quasiperiodic orbits, connecting orbits, initial-value problems, and optimal
control problems. A suite of numerical examples illustrate the generality provided by the

proposed toolbox for a variety of boundary-value problems with delay.

4.1 Toolbox construction

4.1.1 Composite construction

A coco constructor of the form (2.67) with K% = (), K = 0, K{ = 0, and K¢ = () and
with its remaining arguments defined according to an abstract paradigm is called a toolbox
constructor. We often use this terminology also to describe constructors whose index sets

K¢, KS, K}, and K¢ are associated with a preceding application of a toolbox constructor

IThe content of this chapter is reproduced from Ahsan, Dankowicz, Li and Sieber, "Methods of Continuation
and their Implementation in the COCO Software Platform with Application to Delay Differential Equations,"
Nonlinear Dynamics, 107(4), 3181-3243, 2022 [2], and included here with permission from the publisher.
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and whose remaining arguments are defined by the same abstract paradigm. A collection
of toolbox constructors is called a (COCO-compatible) toolbox. A paradigm for toolbox
construction using the COCO platform is described in Part II of textbook [32].

As an example, a toolbox constructor may be designed to construct the zero problem and
monitor functions associated with analyzing equilibria of an arbitrary autonomous vector
field in terms of its problem parameters. In this case, the functions phi and psi may be
defined to include calls to user-defined encodings of the vector field and its derivatives without
assuming a particular state space dimension or a particular number of problem parameters.
In the coco-compatible toolbox "ep’ (see EP-Tutorial.pdf in [74]), for example, the toolbox
constructors ode_isol2ep and ode_ep2ep accomplish this task using data provided by the
user and data stored from a previous analysis, respectively.

For constrained optimization along manifolds of equilibria, it is necessary to construct
the contributions to the adjoint conditions corresponding to the equilibrium constraints.
In the "ep’ toolbox, this is accomplished with the adjt_isol2ep and adit_ep2ep toolbox
constructors, provided that the equilibrium constraint was constructed using ode_isol2ep
and ode_ep2ep, respectively. Since the vector field, the state space dimension, and the
number of problem parameters were provided already to the latter constructors, the adjoint
constructors adjt_isol2ep and adjt_ep2ep require no further user data. This observation
simplifies the calling syntax to these operators.

These same principles apply also to the constructors associated with the COCO-compatible
coll’ (see COLL-Tutorial.pdf in |74]) and " po’ (see PO-Tutorial.pdf in [74]) toolboxes that
are included with the COCO release. For example, given a vector field, a sequence of time
instants, a corresponding array of state-space vectors, and an array of numerical values for
the problem parameters, the toolbox constructor ode_isol2coll constructs a discretization
of the trajectory problem

x'Zf(t,x,p), te [To,Tg—i-T] (41)
in terms of the unknown values of z(t) for a finite set of values of t € [Ty, Ty + T, un-
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known values of p, and unknown initial time 7; and duration 7'. Given a preceding call to
ode_isol2coll, the corresponding adjoint contributions may be appended to the augmented
continuation problem using the adjt_isol2coll toolbox constructor. As before, no additional
information about the problem is required in this call. Additional constructors associated
with the co11 toolbox encode multi-segment boundary-value problems and the corresponding
contributions to the adjoint necessary conditions. The "po’ toolbox encodes the special case
of periodic boundary conditions, also for piecewise-defined vector fields and hybrid dynamical
systems, according to the same fundamental paradigm.

By definition, we arrive at a toolbox constructor by recognizing a universality among a
class of individual problems and by encoding an abstract representation of this universality
in suitable constructors. We see elements of such universality represented in the examples in
Sections 2.3 and 2.4 and proceed in the remainder of this section to derive the mathematical

formalism of a corresponding toolbox.

4.1.2 Delay graphs

The data assimilation example in Section 2.3 may be abstractly represented according to a
graph-theoretic framework [102]. Specifically, let the term segment here refer to a variable
x: [—&, T] — R™ in terms of a mazimal past & and duration T such that & = f(z(t), z(t — @)
for t € (0,7") in terms of a vector field f and delay o < &. For a collection of M segments, we
use a subscript £ =1,..., M to identify individual segments. In the example in Section 2.3,
ri(Tra) = (u®(a), p® (a)) with a, = 0 for k < I and o, = o for k > 1.

In this section, we say that the i-th and j-th segments are coupled, in that order, if there

exists a coupling matrix B, ; such that

zi(s) = B;jx;(T; + s) for all s € [—&;, 0] (4.2)

and, in particular, that x;(0) = B; jx;(T}). Clearly, this is possible only if —&; < T; — &;. We
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say that the j-th segment is a predecessor of the i-th segment. For a consistent definition,
we require that there be at most one predecessor for each segment, but allow a segment
to be a predecessor of multiple nodes. We naturally arrive at a directed graph with nodes
representing segments and directed edges representing predecessor coupling. For a segment
that is not a predecessor of any other segment, we may assume without loss of generality that
&; = ;. Similarly, for a segment that is not preceded by another segment, we may assume
without loss of generality that &; = 0. It is not the case, however, that &; may be assumed
to equal 0 for a segment with «; = 0, since the former is involved in coupling conditions of
the form (4.2) with other segments.

The example in Section 2.3 may be described in terms of the directed graph in Fig. 4.1,
in which the k-th segment is the unique predecessor to the k£ 4 1-th segment with coupling

matrix [,,. By definition
-1 M
> Ti=a,) T,=T. (4.3)
k=1 k=1

From this graph, we see that x(s) = xp_1(Tx—1 + s) for all s € [—dy,0]. Provided that
Ti—1 — oy, > 0, we may evaluate the delayed term xy(t — ) for all ¢ € (0,7}) without
further reference to the graph. If, instead, T, ; — ap < 0, we may use the fact that
Tp-1(8) = Tp—2(Ty—o + s) for all s € [—ay_1,0] to obtain xx(s) = xp_o(Tk—2 + Tr—1 + s) for
s € [—dy, —Ty_1]. Provided that Ty o + Tx_1 — ax > 0, we may evaluate the delayed term
xp(t — ay) for all ¢t € (0,T}) without further reference to the graph. If not, then we proceed

iteratively until the sum Zle Ty_; equals or exceeds oy, for some L < k.

Figure 4.1: Directed graph representation of the data assimilation problem with M segments.
In the special case in the text, M = 5, the segment lengths are 77 = T3 =T, = 0.2T,1; =
0.37,Ts = 0.1T and the delays equal a; = as =0, a3 = a4y = a5 = a := 0.5T.

As an example, suppose that M =5, a = 0.57, T} = T3 =T, = 0.2T, T, = 0.3T, and
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Ts = 0.17T. The algorithm in the previous paragraph shows that

$5(S) = l’Q(TQ + T3 -+ T4 + S), S € [-O[5,T5 - 015], (44)

ZL’4(S) = I'Q(TQ + T3 + S), S € [—014, T4 — Oz4], (45)

1‘3(8) = ZL‘1(T1 + 15+ 8), S € [—ag, T — ag], (46)
and, consequently,

.T5(t—CM5) :332(T2+T3+T4—Q5+t), te [O,Tg,], (47)

.’L‘4(t — 044) = l’Q(TQ + T3 — gy + t), t e [O,T4], (48)

.Tg(t — 043) = xl(Tl + T2 — Qa3 + t), te [O,Tg] (49)

It follows, for example, that

Ty + Ty + Ty — T
W@ (¢ 22— (BT T By g ) (4.10)
Ty Ty

in agreement with the general expression in (2.89).

From the general form of the adjoint contributions in Section 2.3, it may be correctly
surmised that the directed graph in Fig. 4.1 contains all the information required to construct
these expressions for any number of segments M, time delay «, and interval durations Tj.
This is analogous to the possible application of the adjoint constructors adjt_isol2coll and
adjt_isol2po in the "col1’ and "ep’ toolboxes, respectively, without requiring additional
information than that provided to ode_isol2coll and ode_isol2po, respectively.

We recognize in this construction of constraints and adjoint contributions a universal
paradigm for multi-segment boundary-value problems with discrete delays. In the next
section, we formulate an abstract toolbox template that is sufficiently flexible to handle
a broad class of such problems. Several examples illustrate the reduction of the abstract

framework to problems involving periodic and quasiperiodic orbits.
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4.2 A toolbox template for delay-coupled differential equations

4.2.1 An abstract zero problem

Consider a collection of non-autonomous vector fields f; : R x R” x R" x R? — R", for
i=1,..., M, governing the time histories of M differential state variables x; € C* ([0, 1], R™)

according to the differential constraints
iL‘;(T) = Tzfz (TO,i + T%7—7 xi(T)a yi(T)ap) y T € (07 1) ) (411)

in terms of the individual nitial times Ty; € R, individual durations T; € R, and shared
problem parameters p € R?. For a subset of indices 7, we assume the imposition of boundary

conditions

2:(0) =Y Bij(p) - 2;(1) (4.12)

in terms of (possibly zero) coupling matrices B; ;(p).

The collection of algebraic state variables y; € C° (|0, 1], R™) provide exogenous excitation
to the system dynamics (4.11). For indices 7 such that f; depends explicitly on y;, we obtain
a closed abstract model by specifying C; coupling conditions on a partition of [0, 1] into

subintervals [Vb ik, Ve.ik] With
0=""i1 < Vesi1 = V5,02 < < Veii,Cim1 = Mo,inCs < Vesiso; = 1 (4.13)

according to the expressions

Sz k
: T
(1) =Y Aiks(p) - w50, (T_ (T — Ai,k)) , T € [biiks Vesisk] (4.14)
s=1 J

ik
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for k=1,...,C; and j;x, Jiks € {1,..., M}, and where

1; 1;
T (W,ik — Di) < Eejik =

Jik

0< gb,i,k = (/Ye,i,k — A@k) <1 (4.15)

~

Jik

for all 7 and k. In particular, the coupling delays A, and interval boundaries 7y, ; x, and e ; &

are constrained such that

ge,i,k - ]-7 k= 17 .. 'JCi - ]-7 (4']'6)

éb,i,k - 07 k - 27 sty Ci7 (417)

and the composite coupling matrices A; s are chosen so that continuity of y; across 7 =
Veik = Toikt1 for k=1,...,C; — 1 is implied by the boundary conditions (4.12). It is clear
that the functions y; are completely determined by the coupling conditions. Consequently,
no additional constraints on the algebraic state variables can be added to the continuation
problem.

In practice, additional problem-specific algebraic constraints relate the quantities Tj;,
T;, and ;1 for i = 1,..., M to each other and/or the problem parameters p. Per the
additive principles of the constrained optimization paradigm, we omit consideration of such
dependencies in the abstract framework, but make the relationships explicit in the context of

particular examples.

4.2.2 Examples

As a first example, suppose that M =1, C} =2, and S11 = S12 = ji11 = Ji121 = J11 =

Ji2 =1, and let

o

Bl,l = A1,1,1 = A1,2,1 = I, Ve, 1,1 = f (4'18)
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with 77 = T in terms of the problem parameters o and T, where 0 < o < T'. It follows that

Q Q
A Ay — — — 1. 4.19
To,1,2 = A12 T 1,1 T ( )

We obtain the equations

2(r) =Tf (To + T, 2(7),y(7),p), 7 € (0,1),

. z(r+1—a/T), 7€ (0,a/T), (4.20)
y(r) =
z(t—a/T), T € ()T, 1),

where we omitted the trivial subscript (cf. the governing boundary-value problem in the
derivation of the phase response functional in Section 2.4.3 for an autonomous vector field).
Here, the boundary condition z(0) = x(1) implies continuity of y(7) across 7 = /T, while
evaluation of the coupling conditions at 7 = 0 and 7 = 1 shows that y(0) = y(1). With
2(t) ==z ((t = Tp)/T) and 2(t) := y ((t — Ty)/T), the coupling conditions may be condensed

using the modulo operator to yield

250 = 2 (¢ = Al poazyem ) - £ € [0 To + ), (4.21)

from which we conclude that the abstract problem corresponds to the existence of a

continuously-differentiable, T-periodic solution z(t) of the delay differential equation

() = f(t,2(t), 2(t — @), p) (4.22)

provided that f is periodic with period T in its first argument.

As a second example, suppose that M = Cy = Cy = 2, S11 = S12 = S21 = S22 = 1,
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Jii1 = J221 = Ji11 = Je2 = 2, and Ji21 = jo1,1 = J12 = Jo,1 = 1, and let

Bi1=DByy=0,, Bio=DBy1 =A111=A121=A211 =As91 =1,

Q Q
Ve, 1,1 = 75 Ve,2,1 =
5 T-p

(4.23)

with 77 = B, T, = T — 8 in terms of the problem parameters «, §, and T, where

0<a<p<T-—a. It follows that

_«a o« A= a—T+p
T2 = 3’ Tb22 = 3’ L1 = —ﬁ ,
Aps = % Ay = ;ﬁ:g Ay = Tfﬁ. (4.24)
Then, if Ty = Ty and Tp o = Ty + 3, we obtain the equations
III(T) =pBf (TO + T, xl(T)v yl(T)vp) y T € (07 1)7 (425)
37,2(7_) - (T - B) f2 (TO + B + (T - 6) T, $2(T>,y2(7),p) , T € (O? 1)7 (426)
22 (BT/(T = B)+1—a/(T=p)), 7€(0,0/8),
yi1(1) = (4.27)
o1 (= /), T (a/8,1),
o (T =B)r/B+1—a/B), 7€ (0,0/(T— 7)),
yo(7) = (4.28)
22 (1 —a/(T = B)), 7€ (of(T - B),1).

\

Here, the boundary conditions x;(0) = 22(1) and x1(1) = 22(0) imply continuity of y; ()
across T = «a/f and of ys(7) across 7 = a/(T — f3), respectively, while evaluation of the
coupling conditions at 7 = 0 and 7 = 1 shows that y;(0) = y2(1) and y;(1) = y2(0). With
alt) = 2 ((t = To)/B), (t) == 22 ((t — To — B)/(T - B)), 51(t) == wa ((t — To)/B), and
Zo(t) == y2 ((t — Tp — B)/(T — B)), the coupling conditions may now be condensed using the
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modulo operator to yield

%2 (t mo ) te [TOaTO‘f’()é],
Z(t) = d[To, To+T] 29)
(7 (t mod[To T0+T]) €lo+aTo+ 0],
(
2 (1= al,, ). tello+ s Tota+h),
0= e (4.30)
& <t mod[To T0+T]> ceTo+a+p8Ty+1T],

from which we conclude that the abstract problem corresponds to the existence of a continuous,

T-periodic, piecewise differentiable function z(t) of the system of delay differential equations

2(t) = fi(t, 2(t), 2(t — ), p), t‘mod[Tg,To—i-T) € (To, To + B), (4.31)

2(t) = folt, 2(t), 2(t — ), p), t’mod[To,To—i-T) e(To+B,To+T) (4.32)

provided that f; and f; are periodic with period T in their first argument.
As a final example inspired by the analysis of quasiperiodic invariant tori [1], suppose that
M equals an odd integer, and that C; =2, S;1 =M, Sio =1, ji11=1,...,Jiam = Ji1 = M,

and jio1 = jia=idfori=1,..., M. For each i, let

Bij=An;=4,,j=1....M (4.33)
and
Aior = In, Yein = % (4.34)
with 77 = --- = Tj; = T in terms of the problem parameters a and T, where 0 < o < T'. It
follows that
Voi2 = %, Aijp = % =1, Aip = %- (4.35)
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Then, it Toy =+ =Tom =Tp and f1 =--- = fyy = f, we obtain

2i(r)=Tf (To+T7,2,(7),y:(7),p), 7 € (0,1),

- SM Aig-z(r+1—a/T), 7€ (0,/T), (4.36)
yi T) =
zi (1 —a/T), T € (a/T,1).

Here, the boundary conditions

;(0) = Z Aij - x;(1), (4.37)

imply continuity of y;(7) across 7 = «/T, while evaluation of the coupling conditions at 7 =0

and 7 = 1 shows that

y;(0) = Z Ay -y(1). (4.38)

We specialize to the case with A; s given by the (7, s)-th n x n block in the Mn x Mn
matrix (F ® I,)"' ((RF) ® I,,), where F denotes the symmetric square matrix whose (4, j)-th
entry equals e~ 2mM0=DG=D/M and R denotes the diagonal matrix whose diagonal elements
equal 1,e2m . e 2mIM/2lp 2nlM/2lp o270 in terms of the rotation number p. Then, if

x;(1) =z (p;, 7) and y;(7) = y (p;, 7) in terms of some functions

/2] | v/2) |
z(p,T) = Z Com(T)E™, Yy (0, T) = Z Cym (7)™, (4.39)
m=—|M/2] m=—|M/2]

and ¢; = 27(i — 1)/M, it follows from the coupling conditions that the discrete Fourier
transform of y(p, 7) sampled at ¢ = ¢; equals the discrete Fourier transform of (¢ — 27p, 7+

1 — «/T) sampled at ¢ = ¢; when 7 € [0, «/T| and, consequently, that

(o —2mp,7+1—0a/T), 7€ (0,a/T),
y(p,7) = (4.40)
(o, 7 —a)T), 7€ (af/T,1).
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In this case, continuity of y(¢, 7) across 7 = a/T requires that z(¢,0) = x(¢ — 27p, 1), while
evaluation at 7 = 0 and 7 = 1 shows that y(¢,0) = y(p — 27p, 1). Suppose now, additionally,

that

r.(p,7) =Tf(To+T7,2(0,7),y(p,7),p), T € (0,1) (4.41)

for all ¢ € S rather than only at ¢ = ;. Then, with

3(61(2), (1)) := (91(15) — pbs (1), 9;5?) L 01 (t) = g0+27rpt _TTO, 0s(t) = o _TTO, (4.42)
we obtain
EO0.0000) = o (0) - p0u(0), 50 )

¢ (t, 2(61(8), 6(t)), (91@ - 2”%, 0a(t) — 2%“) ,p) (4.43)

and, consequently, that the function z(t) = Z(0(t), 62(t)) describes a continuously-differentiable,
quasiperiodic solution with angular frequencies 27 /T and 27p/T of the delay differential
equation

() = f(t,2(t), 2(t — @), p) (4.44)

provided that f is periodic with period 7' in its first argument and p is irrational.

An example of the use of (4.36)-(4.37) to approximate a quasiperiodic invariant torus for
a two-dimensional equation of the form (4.44) (taken from [1]) using a finite collection of
trajectory segments is shown in Fig. 4.2. The boundary conditions (4.37) correspond to a
discretized representation of a relative rotation by 2mp between the intersections of the torus
with the ¢t = 0 and t = T (here, T' = 27) surfaces, as is also the case for problems without
delay [32]. In the presence of delay, the history for each segment is obtained by Fourier

interpolation over the family of trajectory segments, rotated by 27p and shifted by T'.

101



Figure 4.2: A discretized representation of a quasiperiodic invariant torus for a two-dimensional
non-autonomous equation of the form (4.44) using the multi-segment formalism described in
(4.36)-(4.37) with M =11 and T = 27.

4.2.3 Adjoint conditions

We proceed to consider the problem of optimizing a scalar valued function of the differential
state variables z;, algebraic state variables y;, initial times 7Tg ;, durations 7;, coupling delays
A, interval limits ;% and ve;x, and problem parameters p, subject to the proposed
differential constraints (4.11), boundary conditions (4.12), mesh conditions (4.13), coupling
conditions (4.14), and algebraic conditions (4.16)-(4.17). In this section, we derive the
corresponding contributions to the necessary adjoint conditions for stationary points. Several
examples of such optimization problems may be found in [1| and are revisited here in the
context of the abstract framework.

By analogy with the i-th differential constraint (4.11) and boundary conditions (4.12)
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(when applicable), consider the partial Lagrangian

/0 A7) (2 (1) = Tf (To + Ty x(7), y(7),p) dr + (- (1?(0) - Bz-,j(p)l“j(l)) (4.45)

J=1

in terms of the Lagrange multipliers A : R — R™ and { € R"”. We obtain additive contributions
to the necessary adjoint conditions by considering independent variations with respect to
x(-), z;(1), y(-), To, T, and p, followed by identification of the coefficients of dz(-), dz;(1),
0y(+), 6Ty, 0T, and dp, respectively. For example, using integration by parts, we obtain the

contributions

/

- T(T) — T)\T(T) S (To+T7,2(7),y(1), D), (4.46)

corresponding to variations dx(7) for 7 € (0, 1), and
M=), AT(D) (4.47)

for variations dz(0) and dz(1), respectively. Similarly, contributions corresponding to dy(7)

for 7 € (0,1}, 0Ty, 6T, dp and dz;(1) are given by
- T)\T(T) ’ f,y (TO + TT, -T(T)a y(T)ap> ) (448)

- T/o MN(7) - fo(To + Tr,2(7),y(7),p) dr, (4.49)

- /O )‘T(T> ’ (TTf,t (TO + TT? .CC(T), y(T)vp) + f (TO + TT? QZ(T), y(T)vp» dTv (45())

1 M
- T/O N(T) - [ (To + Tr(7),y(r),p) dr = T Y (Biy(p)a;(1)),, (4.51)
j=1
— T By, (4.52)
respectively.

Next, by analogy with the mesh conditions in (4.13) and C; coupling conditions in (4.14),
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consider the partial Lagrangian

¢ Ve,k Sk T
Z/ pi(r) - (y(T) - ZAkvs(p) " Ty (T_ (7 - Ak))) dr
k=1 Y bk s=1 J
-1
+ MmYp1 + Z M1 (Vo g1 — Yer) + Me1 (1= Yeo) (4.53)
k=1

in terms of the Lagrange multipliers g : R — R” and n, € Rfor K =1,...,C +1. We
obtain additive contributions to the necessary adjoint conditions by considering independent
variations with respect to y(-), p, and T, as well as T}, Ag, zj, (-), Yor, and yex for
s=1,...,5, and k = 1,...,C, followed by identification of the coefficients of dy(-), dp,

and 07T, as well as 0T

Ik

0A, 0z, (+), 0V, and dyex, for s =1,..., Sy and bk =1,...,C,

respectively. In order, these equal

pt(r), T €0,1], (4.54)
¢ Ve, k Sk T
-y / pi(r) -y (Ak,s(p) ST, (T (r — A,g)) dr, (4.55)
k=1 Y .k s=1 Ik P
¢ 1 Ve, k T Sk ) T
- Z T (17— Ap)p (1) - Z Ap.s(p) - Lir.s (T_ (1 — Ak)) dr, (4.56)
k=1 Jk b,k s=1 Jk
Sk
T Ve,k , T
7 [0 a0 L ), (7= a) drk =100 @
Je Yk s=1 Jk
T Ye,k T Sk , T
F 2 <T> ’ Z Ak,S(p> ) xjk,s (T_ (T - Ak)) dT? k= 17 ) C7 (458)
J b,k s=1 Jk
L (L a4 (p), 7 € (Eomser),s=1,....8 k=1,...,C (4.59)
71,u TT k ks\P), T bkrSe,k)y S=L1,..., 0k, — Ly .

and, by the assumed continuity of y(7), the sequences

m,---»MNc, and =12, —1C+1, (46())

respectively. When several subscripts j, evaluate to the same integer, the corresponding
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contributions may be added to each other to obtain the adjoint contributions associated
with a particular differential state variable or duration. Consistent with the smoothness
assumptions on x and y, we assume that A\ and p are continuous, piecewise-differentiable and
continuous, respectively.

Finally, by analogy with the additional conditions (4.16) and (4.17) on the quantities &,

and &, consider the partial Lagrangian

erk( (Ye,e — Ak—l) bek( ’ka—Ak)> (4.61)

in terms of the Lagrange multipliers x.j for k =1,...,C — 1 and xp for k =2,...,C. We
obtain additive contributions to the necessary adjoint conditions by considering independent
variations with respect to T', T, and A, for k=1,...,C, yep for k=1,...,C — 1, and

for k =2,...,C. For example, identification of the coefficient of §7T yields the contribution

Cc-1 c

ek — Ak Ay, % k— Ak
> Xew——— Z (4.62)
k=1 T, =2 T,
We find the contributions
T T
~Xei= (Vo1 — Ak), —Xe1— 4.63
X,lTjg1 (Ve k) X,lle ( )
by considering coefficients of 67}, and A,
T T
— —Ac), — 4.64
XbCT2 (1.0 c), XbchC ( )
by considering coefficients of 67}, and dA¢, and
T T
— (Xek Vet + Xk Vbik) 75575 — (Xek + Xbik) 7 (4.65)

by considering coefficients of 67}, and 64, for k = 2,...,C — 1, respectively. As before
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contributions may be added to each other when several subscripts j, evaluate to the same
integer. Finally, identification of the coefficients of 07y for k =1,...,C — 1 and oy, for

k=2,..., C yields the contributions

T
Xek 7™ (4.66)
T,
and
T
Xbk (4.67)
T,
respectively.

4.2.4 Examples, continued

For the first example in Section 4.2.2, we obtain the adjoint contributions

—XT(r) = TN (7) - fu (Ty + Troa(n)y(r)p) =" (14 2)  re (01— %), (4.68)
= NT() = TXT(@) - fo (To Tr2(r)y().p) =" (r b = 1) 7€ (1= 501) L (4.69)

corresponding to variations dx(7) for 7 € (0,1), and

—TXNY(7) - f,(To + T7,2(7),y(7),p) + " (1), 7 € [0, 1] (4.70)

corresponding to variations dy(7) for 7 € [0,1]. All three of these must equal zero in the

absence of any additional constraints involving z(7) on (0, 1) or y(7) on [0, 1]. In this case,

lim AT (7) = lim A7 (7) = xT(0) — p"(1)

-2 TII—%&
= TXY(0) - f, (T, 2(0), y(0), p)

CTAT() - fy(To+ Toa(l),y(1),p). (4T71)
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Since by continuity y(0) = y(1) and z(0) = =(1), the right-hand side equals

T (AT(0) = AT(1)) - £4(To, 2(0), y(0),p) (4.72)

in the case that f is periodic in its first argument with period T'. In general, this is nonzero
and a discontinuity in the derivative of A occurs at 7 =1 — «/T.

For the second example in Section 4.2.2, we obtain the adjoint contributions

CNT(7) = BN() - fun (T + B 21 ()s 0 (7). ) — 7 ( n %) re (0, - %) C(43)

= A1) = BAT(7) - fua (To + BT, 24(7), 00(7), p) —

Tfﬁu;F(TéﬁT—i—;:g),Te(1—%,1), (4.74)
- )‘;T(T) - (T - 5))\E(T) : f2,x (TO + 5 + (T - B)T: *7:2(7—)7?/2(7—)717) -

3o r2s) e (o %3)
— X5 (1) = (T = B)AS(T) * for (To + B+ (T = B)T,22(7), y2(7), p) —

T-7 T-75 a—T+p o

3 /[f( 3 T+ 5 ),Te(l—T—_ﬁJ), (4.76)

corresponding to variations dx;(7) and dx(7) for 7 € (0, 1), and

—BAL(T)  fry(To + B, 21(7),10(7), p) + o (), 7 € [0, 1], (4.77)

—(T = B)A; ()« foy(To + B + (T = B)7,22(7), 42(7), p) + 41 (1), 7 € [0,1], (4.78)

corresponding to variations 0y, (7) and dyo(7) for 7 € [0, 1]. All six of these must equal zero
in the absence of any additional constraints involving z1(7) or z3(7) on (0,1) or y;(7) or

y2(7) on [0, 1].
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4.2.5 Discretization

We proceed to describe a natural discretization of the governing zero problem and adjoint
contributions, first as an identity in spaces of piecewise polynomials and then in terms of the
resulting large systems of algebraic equations with unknowns in RY with N > 1. Given such
a discretization, we may formulate Jacobians with respect to the set of discrete unknowns,

but omit their explicit expressions in this text.

4.2.6 Abstract formulation of collocation discretization

Given a partition 7y with 0 = 701 < ... < Tpe.ny41 = 1 of the interval [0, 1], two spaces
of, potentially discontinuous, piecewise-polynomial functions are relevant to our discussion,

namely
Pm = {a: 0,1] = R™ : 2|7, ;7,540 18 polynomial of degree m for j =1,... ,N} ,

and the subspace Py, := {z € Py, : (0) = 0}. In particular, Py is the space of piecewise-
constant functions that equal 0 at ¢ = 0. Elements of P, are permitted to be discontinuous
and multivalued on the interior partition points {7 ;}_, and we use the notation 1;(7';:7 i)
to distinguish between left- and right-sided limits. The spaces depend on the partition 7,
(of length N), the degree m and space dimension n. Specifically, dim P,, = nN(m + 1),
while dim P, 0 = nN(m + 1) —n (we use the space Py of piecewise constant functions with
x(0) = 0, which has dim Py = n(N — 1)). We observe that differentiation maps P,, into
Pr-1-

Our proposed discretization (consistent with the approach in the CcOCO-compatible
"coll’ toolbox) is expressed in terms of four projections into the spaces P, and Py, using
interpolation at either the collection of Gauss-Legendre points of degree m — 1 on each

subinterval, {7en,; }17, a mesh of N(m+1) base points, {7y ; };V:(TH) , or the interior partition
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points {Tptvj};\fﬁ:

Py :(z:[0,1] > R") — T € Py with Z(7enj) = (7en;) forall j=1,..., Nm.
Pyp:(z:]0,1] = R") =2 €P,, with Z(1pp ) = x(Tpp,) forall j=1,...,N(m+1),
P :(x:[0,1] = R") — T € Pyy with (1) = x(TsEtJ) forall j=2,...,N.

(4.79)

Note the use of the right limit i(T;J) for the result & for both projections P=

cont

(which will
enforce continuity of the solution in (4.86) below). All projections depend on the partition 7y,
collection of base points 7,;,, and space dimension n (without indicating these dependencies as
subscripts). They can be applied to functions that are continuous on each partition interval
and have well-defined left and right limits.

For the i-th segment (omitting the i subscript), let S := chzl Sk and Ji = (Yo ks Ve k)-

Recall the differential constraint (4.11)
2(r) = Tf(To+ T7,2(7),y(7),p), 7 € (0,1) (4.80)

and coupling conditions (4.14), which are of the form

S
y(1) = Z ap(7)ze (beT — ¢0), 7 € [0, 1], (4.81)
=1
where
T T
ae(7) == Awe),s0) (p)]l(]k(é)(T), 2(7) = o) S(e)(T), by = T Cet= A (4.82)
' Ik Jk
and
v k-1
k(¢) :== min {V : Z S; > 6} ,s(l) =0—="% 5], (4.83)
=1 =1

in terms of the unknown differential and algebraic state variables x(-) and y(-).
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We included the indicator function 1 ;. © (7) in the definition of a,(7) to make explicit
that the functions j, 0.5(0) are only evaluated on the subinterval Jy ). The unknowns x
and y and 2, are continuous (or more regular) functions on the interval [0, 1]. Our chosen

method of discretization looks for functions z,y € P,,, coupled to z, € P,, from possibly

other segments, that satisfy the finite-dimensional constraints

¥ =Pl f (To+ ()T,%(-),5(),p) (4.84)

corresponding to the discretized ODE in P,,_; of dimension nNm,

s
= Pop Y ac(-)Z((-)be — cv), (4.85)

corresponding to the discretized algebraic constraint in P, of dimension nN(m + 1), and
P,.i=P! 7 (4.86)

corresponding to zero gaps for Z in Py, of dimension n(N — 1).

Equation (4.84) is an identity between discontinuous piecewise polynomials of degree
m — 1, while (4.85) is an identity between discontinuous piecewise polynomials of degree
m, and (4.86) is an identity between piecewise constant functions that are 0 in ¢ = 0. The
equations (4.84)—(4.86) have a dimensional deficit n (considering # and § as the variables).
Evaluation of f, the time shift and scaling Z, — Z((-)b; — ¢¢) and multiplication by the
piecewise continuous function a,(-) are exact such that an approximation is only performed
when the respective projections P, and B, are applied in (4.84) and (4.85).

In lieu of the Lagrange multipliers, we seek functions \, it € P,. The equations resulting
from vanishing variations with respect to x are projected by P.,, giving piecewise polynomial
identities in P,,_1, while equations from vanishing variations with respect to y are projected

by Pp, giving piecewise polynomial identities in P,,. Thus, continuity has to be enforced
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A = Pt . )\). Integrals over subintervals J of [0, 1] occurring

only for \ (by imposing Py,
in finite-dimensional adjoint contributions, such as (4.57) and (4.58), are approximated
using P., on the expression truncated by the indicator function. Specifically, for arbitrary
g € C([0,1];R7), the integral [, g(7)dr is approximated as fol P [1;()g(-)] (7)dr.

The polynomial identities (4.84)— (4.86) and the corresponding contributions to the adjoint
conditions have to be evaluated for all segments ¢ = 1,..., M. The identities in the spaces of

piecewise polynomials, P,,, P,,_; and Py, are reduced to algebraic equations in R™Y (m1)

R™ ™ and R*™-1 by evaluating them on the meshes Thps Ten and the interior partition points

{7_+ N

bt | j—2» respectively.

Before proceeding to consider a detailed implementation of the abstract discretization
scheme presented in this section, we conclude with a comment on convergence analysis.
Indeed, it is notable that rigorous convergence analysis—showing that solutions of (4.84)—
(4.86) converge to solutions of (4.80) and (4.81) under appropriate regularity assumptions—is
an open problem. Even for autonomous single-segment periodic boundary-value problems
with delay, a complete convergence proof has only been presented recently [103]. The difficulty
with this analysis is the non-differentiability of the discretized nonlinear system with respect
to many unknowns away from the solution (for example, the period T', the delay a and the
quantities by, ¢, in (4.82)). Similar concerns apply to the convergence analysis for the Lagrange
multipliers. In our framework, we use discretizations of the adjoints of the infinite-dimensional
problem (4.80)-(4.81), not the adjoints of the discretized problem (4.84)—(4.86) (which are
different and possibly not well defined away from the solution manifold; the same concern

applies to Jacobians of all equations).

4.2.7 Implementation as large systems of algebraic equations

We now describe a coCcoO-implementable form of the zero problems and contributions to
adjoint conditions derived in Sections 4.2.1 and 4.2.3, and their discretization as polynomials

described in Section 4.2.6. As in the abstract discussion above, we consider an arbitrary
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segment ¢, but omit the index ¢ in the description below. Where possible, we rely on vectorized
notation to suppress a jungle of indices. For example, we use the vec operator to convert its
argument into a one-dimensional array of scalars. If A is an array of possible values for the
argument of a function f, then f(A) is an array of the same size as A of values of f applied
to each element of A.

Consistent with the abstract discussion and following [32], let N and m be two positive
integers and define the uniform partition 7 ; = (j — 1)/N, for j =1,..., N + 1, and time
sequence

e
Top,(m+1)(j—1)+k = Tpt,j + m, ] = 1, NN ,N, k= 1, e, M+ 1. (487)

In particular, Tp1 = Tpt,1 = 0, Top Nmt1) = Tpt,n + 1/N = Tpe nv41 = 1, and

Top,(m+1)j+1 = Tpt,j+1 = Tbp,(m+1)(j—1)4+m+1 — Tbp,(m+1)j> ] = 17 EER) N -1 (488)

We represent the discretized differential state variable Z(-) as the one-dimensional array
Tpp = T (Tpp) of N(m + 1) vectors in R™ and proceed, similarly, to represent the discretized
algebraic state variable y(-) and Lagrange multipliers A(:) and () as the one-dimensional
arrays Yop := 7 (Top), Aop = A (Top), and fipp := fi (Top), Tespectively, of N(m + 1) vectors in
R" each. In this representation the continuity equation (4.86) (and its correspondent for )

takes the form of 2(N — 1)n continuity conditions
Tpp * C= )\bp -C=0. (489)

Since the base points include the partition points according to (4.88), the j-th column
of the N(m + 1) x (N — 1) matrix C equals €(41)j41 — €m+1); in the standard basis of
RN(m+1) - Equivalently, in vectorized form, we write Q - vec (zp,) = Q - vec (\pp) = 0 with the
(N —1)n x N(m+ 1)n matrix Q = C' ® I,,. Since the discretized coupling conditions (4.85)

and their adjoint contributions with respect to variations dy(-) are imposed in P,,, there is
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no need to impose explicit continuity conditions for yy,, and fi,p.

It is convenient to define an index function that maps times 7 to the corresponding
subinterval indices for the partition of P,,. This is useful, for example, when applying the
time scale and -shift operator Z(:) — Z((-)b — ¢) on piecewise polynomials in P, in the
discretized coupling conditions in (4.85). To this end, given a partition o of [0,1] into P
intervals, let 7+ ¢ (7;0) denote the linear interpolation of the pairing o — {1,..., P+ 1} at

7. In terms of the floor function |-],
7 € [0 0pia) = 7(70) = |1 (73 0)] = p (4.90)

for any p = 1,...,P. Then, with n(7;0) = 1 for 7 < 0 and n(r;0) = P for 7 > 1,
the piecewise-constant, non-decreasing index function 7 (-; o) maps (—oo,00) to {1,..., P}.
Consider, for example, the sequence {L; }7:{1 of m-th degree Lagrange polynomials defined

on the uniform partition of [—1, 1], such that

k—1
Ll (—1+2—) = 51,]“ k= 1,...,m+1. (491)

m

Then, since

lim £, (2NT+1—=27(7;7t)) = Oms1, Lm L, 2NT+1—27(7;7)) = 11, (4.92)

T—Tpt,j— T—Tpt,;+
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the continuous, piecewise-polynomial interpolants given by

m+1

T Z Ly (2NT + 1 = 27(7; Tpt)) Top, (m+1) (n(rimo0)—1)+> (4.93)
=1
m+1

T Z Ly (2NT + 1 = 27(7T; Tpt)) Ybp,(me1)(m(r5m00) — 1)+ (4.94)
=1
m+1

T Z L (QNT +1-— 27‘(‘(7‘; Tpt)) /\bpv(m_i_l)(ﬂ(.,-;.rpt)_l)_i_l, (495)
=1
m+1

T Z Ly (2NT + 1 —=27(7; Tpt)) Hbp, (m-+1)(n(r5mp0)— 1)+ (4.96)

=1
allow us to evaluate the piecewise polynomials Z(7), g(7), 5\(7), and fi(7) and, as appropriate,
their derivatives at arbitrary 7 in [0, 1] in terms of linear combinations of the elements of xy,,,
Ybps Abp, and finy, respectively. As a special case, let z denote the one-dimensional array of
m-th order Gauss-Legendre quadrature nodes on the interval [—1, 1] in increasing order, and

define the time sequence

1+ 2z
Ten,m(j—1)+k = Tpt,j + == 1a S 7N7 k

o (4.97)

I
3

such that 2N 7., — 27 (Ten; Tpt) = Jn1 @ (2 — 1). Then,

T (Ten) = Ten := Top * Len, T (Ten) = @by = 2Napp - Ll §(Ten) = Yen = Ybp * Len,  (4.98)

A (TCH) = )\cn = >‘bp : ‘Ccna /N\/ (Tcn) - )‘én = 2]\/v)‘bp ' ‘C/cna /1 (Tcn) = Men = HUbp ° Ecna (499)

where

Len (m+1)(a-1)+emp-1)+d = apLe(2)s Lon (mt1)(a—1)+em(d—1)+d = OapLe(2a) (4.100)

fora,b=1,...,N,c=1,...,m+1,and d = 1,...,m. Equivalently, we write vec (z.,) =

W -vec (xpp), vec (zL,) = 2NW' - vec (1), 0 (Yen) 1= W - 0eC (Ybp), Dec (Aen) = W - vec (App),
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vec (AL,) = 2NW' - vec (App), and vec (pen) = W - vec (i) in terms of the Nmn x N(m+1)n
matrices W = LI @ I,, and W' = LIT @ I,,.
We use evaluation at 7., to represent the discretization (4.84) of differential constraint

(4.11) as the vectorized algebraic constraints
0 =vec(zy, — T'fen) = 2NW' - vec (z1,p) — Toec (fen) (4.101)

where fe, := f(To + TTen, Ten, Yen, P) 1s & one-dimensional array of Nm vectors in R”. By
a similar use of notation and evaluation at 7.,, we represent the discretizations of the
corresponding contributions in (4.46) to the necessary adjoint conditions associated with

variations 0z (7) for 7 € (0, 1) as the vectorized algebraic expression
~vec (V) — T0iag (foen) " - vec (Aen) = (—QNW’ — Toiag (fren)" - W) “vec (App), (4.102)

where fy cn == f2(T0 + T'Ten, Zen, Yen, p) is a one-dimensional array of Nm matrices in R™*"
and diag (fycn) is an Nmn x Nmn block-diagonal matrix with the elements of f, ., along the
diagonal. The discretized contributions from the Lagrangian (4.45) associated with variations
dz(0) and dx(1) are similarly given by ¢ — <[n 0 --- 0) -vec (App) and (0 e 0 [n) .
vec (A\pp), while that corresponding to dz;(1) equals — (Bi,j(p))T - (. By replacing the x
subscript with y and cn with bp, evaluation at 7, yields the discretization of the contributions
in (4.48) to the necessary adjoint condition associated with variations dy(7) for 7 € [0, 1] in

terms of the vectorized algebraic expression
—Toiag (fypp) " - vec (App) - (4.103)

Finally, Gaussian quadrature on the partition 7, with collocation nodes at 7., and with ¢ or
p subscripts in place of x or y yields the discretization of the contributions to the necessary

adjoint conditions in (4.49), (4.50), and (4.51) associated with variations 6Tp, 07, and Jp,
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given in order by the vectorized algebraic expressions

T T
_ﬁ bec (ft,cn) ’ an - W - vec (/\bp) (4104)
~oN (vec (fen) + T (diag (Ten) @ 1) - 0 (fren)) " - Ren - W - vec (App) (4.105)
T T
—thanﬁp (fpen) = 2en - W - vec (M) —
> (vec (Bi,j(p)),p>T- ((0 e 0 [n> -vec (1) @ In) ¢ (4.106)
j=1

in terms of the Nmn x Nmn matrix (2., = Iy ® diag(w) ® I, the one-dimensional array w
of m-th order quadrature weights associated with the nodes z1, ..., z,,, and the Nmn x q
block-vertical matrix teansp (f,c,) with the elements of f, ., stacked vertically.

For the discretization (4.85) of the coupling conditions in (4.14) and the corresponding
adjoint contributions in (4.55)-(4.59), it is necessary to consider interpolation at time instants
defined by the arguments of the differential state variables z;, =~ and Lagrange multiplier x for
T € Tpp OF Tepn. In contrast to interpolation at 7,, the corresponding interpolation matrices

by necessity depend on the durations 7" and T’;

Je, coupling delays Ay, and mesh limits vy,

and 7, ;. For example, let kn, = m(Thp; {0, W2 - - -, W,c, 1}) as a non-decreasing sequence of
coupling interval indices associated with the elements of the 7, array. For each subarray
of successive elements 7% that share an interval index k € kyy, associate the shifted time

instants

T
Tgp\LSh = f <7—}i€p — J|T]§p|71 ® Ak) (4107)
k

with the non-decreasing sequence j]’;p sh =T (T]fp Jshs Tpt) of interval indices j. For each such £,

the coupling conditions (4.14) discretized at T{fp then take the form

Sk
ylgp - Z Ak,S(p) * Ly s,bp ‘C]gpi,sh = 07 (4108)
s=1
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where y’gp denotes the corresponding elements of y,, and

‘Cbp¢sh (m+1)(a—1)4¢,b — a,j{fpish,bﬁc (2N7§p¢sh,b +1- 2jl§p¢sh,b) ) (4109)
fora=1,....N,c=1,...m+1,and b=1,..., |Tl’fp|. Equivalently, in vectorized form,
Sk
vec (uh) = D ((Lhyia) " © Aks(p) ) - vec (25,.0) = 0. (4.110)
s=1

For the adjoint contributions in (4.59) associated with variations dx;, (-) and discretized
at Ten, We obtain nonzero contributions only on the subset 7% C 7, of time instances in
(&bk: Ee); corresponding to the non-decreasing sequence jh . = m (75, 7¢) of interval

indices for 7 entsh =T, 7k /T + Ag. The corresponding vectorized expression is now given by

T},
- ? ((‘Cchsh) ® A;ﬂ[‘,s(p)) - bec (/,pr) ) (4111>
where
k ke
’Cchsh,(m—l—l)(a—l)—l—c,b = 5a’jfrl‘rsh,b£ (QNT ntsh,b + - 2jch5h,b) ) (4112)
fora=1,...,N,c=1,....m+1l,and b=1,... ], nTsh|

For the adjoint contributions in (4.54) associated with variations dy(-) and discretized at
Thp, the vectorization is simply given by vec (yu1,,). In contrast, for the adjoint contributions in
(4.55)-(4.58) associated with variations dp, 67", 07}, , and 6 Ay, and discretized using quadrature
on the partition 7, with collocation nodes at 7, let ken = 7 (Ten; {0,702, - - -, .0y 1}) be a
non-decreasing sequence of coupling interval indices associated with the elements of the 7,
array. For each subarray of successive elements 7% that share an interval index k € ke, let

2% denote the corresponding subset of 2., and associate the shifted time instants

T
7-cknish = Tv_ ( J\Tk [,1 & Ak:) (4113)
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with the non-decreasing sequence j& 4 = 7 (& Lshs Tpt) of interval indices j. The sought

vectorized contributions are then given by

C Sk T
S (z (o6 (Aeso)),) " (i sin - Lo & m) O eee(h).
k=1 s=1
1 C
3 (D) (e 4L )
=1

(diag(7h ) ® 1) - 028, - vec (pf)) (4.115)

Sk
1
F <§ :UQC (Ijk,mbp (Ei:nish ® A ( ))) ) (Diag(TcknJ,sh) ® ]Tl) ’ an - vec (M];n) ’ (4116>
Jk 1

Sk
T_ (Z bec ('rjk,&bp) ('CCsth ® Ag‘,s(p))) : Q(’fn - bec (ulgn) ) (4117)

Jk s=1

where ;¥ denote the corresponding elements of y.,, and

[’cnish (m+1)(a—1)+c,b — 6 L, (2N7— nlsh,b +1- 2j§n¢sh,b) ) (4118)

7-7(:1r1,Lsh b €

fora=1,...,N,c=1,....m+1,and b=1,.. \Cmsh|

4.2.8 Dimensional deficit

The dimensional deficit of the zero problem in Section 4.2.1 equals M (n +2) + ¢ — Kn + G,
where K is the total number of boundary conditions (4.12) and G is the number of segments
with f; explicitly dependent on y;. With the imposition of the adjoint conditions, the
dimensional deficit is reduced by M(n + 2) + ¢ — Kn + G for a net value of 0.

The discretization in the previous section is consistent with these counts, since i) there
the (M 4+ G)N(m + 1)n unknown components of xp, and y,, are constrained by M (N — 1)n
continuity conditions, M Nmn discretized differential conditions, and GN (m+ 1)n discretized
coupling conditions, and ii) the (M + G)N(m + 1)n unknown components of \,, and pi

are constrained by M (N — 1)n continuity conditions, M Nmn discretized adjoint differential
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conditions, GN(m + 1)n discretized adjoint coupling conditions, and 2Mn adjoint boundary
conditions.

In the first example in Section 4.2.2, we supplement with the algebraic constraints
Tor =T, Ty =T, and .11 = «/T resulting in a composite zero problem with dimensional
deficit ¢ provided that T, T, « € p. Similarly, in the second example, we supplement with
the algebraic constraints ve11 = /8, Ye21 =a/(T'—B), Ty =B, To =T — B, Tp1 = Ty, and
To2 =Ty + B resulting in a composite zero problem with dimensional deficit ¢ provided that
a, B,T, Ty € p. Finally, in the last example in this section, we supplement with the algebraic
constraints v.;1 = /T, T; = T, and Ty; = Tp for ¢ = 1,..., M resulting in a composite zero

problem with dimensional deficit ¢ provided that o, T, T € p.

4.2.9 Toolbox construction

We may pattern the development of a COCO-compatible toolbox on the abstract template
introduced in Section 4.2.1 and the corresonding contributions to adjoint conditions in
Section 4.2.3. A zero problem constructor naturally decomposes into repeated calls to
a toolbox constructor for the differential constraint (4.11) (the ode_isol2coll toolbox
constructor already accomplishes this for vector fields that do not depend on an algebraic
state variable), followed by a constructor for the boundary conditions (4.12), followed or
interspersed by repeated calls to a constructor for the mesh conditions (4.13), coupling
conditions (4.14), and algebraic conditions (4.16)-(4.17). Assuming, as is typically the case,
that the constructor for the differential constraint assumes independent problem parameters in
each constructor call, it is necessary to introduce additional algebraic constraints (a.k.a. gluing
conditions) to ensure that the problem parameters are shared across all segments. Similar
considerations may also apply to the construction of the coupling conditions.

A flow chart similar in character to that in Section 2.3.3 corresponding here to the
construction of an augmented continuation problem per the abstract toolbox template

is shown in Fig. 4.3. Since the i-th coupling condition depends on segments z;,, , for
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s=1,....,5;and k=1,...,C;, it must be constructed after the corresponding differential
constraints have been appended to the continuation problem. It is not necessary, however, to
wait until all differential constraints have been introduced. Similar considerations apply to
the constructors for the contributions to the adjoint conditions. These may be invoked only
after the entire zero problem has been constructed, or at opportune moments following the
construction of the corresponding zero functions.

In the next section, we proceed to illustrate the application of such a COCO-compatible
toolbox through several numerical examples. These demonstrate the versatility of the tool
and the opportunity to use such a toolbox, and the COCO construction paradigm described in
Section 2.2.3, to build sophisticated special-purpose toolboxes, dedicated to particular classes

of delay differential equations, say.

4.3 Numerical examples

4.3.1 Generalizations of the abstract framework

Before we consider numerical examples illustrating the ability of the proposed toolbox to
perform continuation and constrained optimization for boundary-value problems with delay,
we consider two possible generalizations that allow one to handle initial-value problems and
unknown exogenous driving, as well as problems involving multiple discrete delays.

Consider, for example, the initial-value problem

2(t)=f(tz2(t),z(t—a),p),te (To,To+1T), (4.119)

z2(t)=g(t+a—"Typ),te[To— T (4.120)

for some known function g(s,p), for s € [0,a]. The substitution z(7) = 2(7y + T'7) then
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Start

|

; FOR i=1 to M
FOR i=1 to M o lambda = LO on A;(7) in (4.46)-(4.51),
phi = DE (4.11), K = 0, K 0. K% =0
END%SO:R{%(T),yi(T),To,i,Ti,Pi} M= A(r) =0,
I ENDFOR
FOR Z'.E Isc FOR i € I
Hpgo‘ - %%&4]‘3%)’ lambda = LO on (; in (4.47),(4.51)-(4.52),
w =g ’ K3, = CCV BC, K3 #0, \j =¢ =0.
ENDEOR ENDFOR
kalg: 1¢ kalgzll
no
kalg < |Ia1g| kalg < |Ialg|
yes yesl
i= Ialg(kalg) .
phi = MC (4.13), i = Lag(kag) on
Kg = 0,up = {’Yb,i,k,’Ye,i,k}gil- ][Igf)“b_a%: {1%9 inﬁ{nk}k;1 in (4.60),
X = {m}iit' =0
phi = CP (4.14),
KS = CCV CP,
ud = {A; 1)1 [aglbba = L(O) on M(Tz in (4.54)-(4.59),
l Ku:®7 KA#@, A0:/~’L(7—):0
¥
Fas+ =1 ppi = AC (4.15)-(4.17), ks = 1 (qmpoa = LO on x in (4.62)-(4.67),
K3 = CCV AC, uj = 0. Ka=0, KR#0,A=x=0.
- lamboa = LO on Ap,
pbl - GL7 Kz = @7 K?\ 7é ®7
KS = CCV GL, u) =10 A=) =0
i
Stop

Figure 4.3: A flowchart depicting the construction of the abstract zero problem in Section 4.2.1
and corresponding contributions to adjoint conditions in Section 4.2.3. Here rectangles filled with
blue and orange colors represent core constructors associated with functions of the type phi and
lamb0a, respectively. The abbreviations DE, BC, MC, CP, CCV, AC, GL, and LO represent
diff. eqns, boundary conditions, mesh conditions, coupling conditions, corresponding continuation
variables, algebraic conditions, glue conditions, and linear operators, respectively. In particular,
K¢ = CCV BC/CP/AC/GL denote indexing the corresponding continuation variables for boundary
conditions/coupling conditions/algebraic conditions/glue conditions from the ones defined when
constructing the differential constraints. Ipc C {1,---, M} gives the set of differential state variables
involving boundary conditions. I, C {1,---, M} gives the collection of algebraic state variables
involving coupling conditions. kag+ = 1 should be interpreted as kajg = kajg + 1.
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yields
2(7) =Tf (To + T, 2(7),y(r),p), 7 € (0,1),

9(T7,p), e (0,a/T), (4.121)
y(r) =
r(t—a/T), 7€ (a/T1).

Inspired by this example, we consider coupling conditions of the form

Yi (1) = gik (LT = Ai1,0) 7 € (Voiks Yeik) (4.122)

for some g; : R x R? — R™ as an alternative to the form given in (4.14).

A further generalization of the framework introduced in Section 4.1 is support for vector
fields of the form f: R x R" x R™"™ x R? — R" with coupling conditions of the form (4.14)
for each column of the n x ns matrix of algebraic state variables. This may be used to analyze
problems with multiple discrete time delays. In combination with the implementation of
coupling conditions of the form (4.122), it allows for analysis of problems with or without
delay and with unknown exogenous driving terms to be determined through the optimization
of an objective function, as in the theory of optimal control.

Both of these techniques are illustrated through the sequence of examples below.

4.3.2 Connecting orbits

The dynamical system

Z9 t
H(1) = F((0),2(t — a).p) = ¥ (4123
z1(t) — z1(t) 21 (t — @) + paza(t) + pr21(t) 22(1)

admits equilibrium solutions at (z1,22) = (0,0) and (1,0) for all values of the parameters

p1 and po and delay . The equilibrium at the origin is always a saddle, while that at (1,0)
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undergoes a Hopf bifurcation with angular frequency w provided that

cos aw = w?, sinaw = —(p1 + p2)w. (4.124)

For av = 0.8255 and p; = 0.5 (cf. [104]), the bifurcation occurs for py = popp ~ —1.257
with w ~ 0.868. A supercritical family of limit cycles of approximate limiting form (z;(¢) —
1, 25(t)) ~ /P2 — p2np(w ! sinwt, coswt) grows out of this point as p, increases past the
critical value ps uB.

We obtain a continuation problem for single-segment periodic orbits of the form developed
in the first example in Section 4.2.2 by straightforward substitution. Since the vector
field is autonomous, we let Ty = 0 without loss of generality and impose the condition
x2(0) = 0 to fix the solution phase. We use interpolation according to (4.93) to impose
the condition z5(7.;) = 0 in terms of the additional continuation variable 7.,. Finally, we
introduce monitor functions evaluating to py, p2, a, T, and 7., and denote the corresponding
continuation parameters by fi,,, fp,, fa, for and g, . An initial solution guess is then given by
(21(7), 22(7)) = (1,0) +0.01(0.868 L sin (277 — 7/2), cos(2nT — 7/2)), T = 27/0.868, p; = 0.5,
py = —1.257, a = 0.8255, and 7., = 0.5.

With N = 100, one-dimensional continuation with p,, and p, fixed and py,, pr, and g,
free to vary yields the one-dimensional family of limit cycles sampled in the top panel of
Fig. 4.4. Notably, as seen in the bottom panel, the period T increases without bound as ps
approaches a number close to —1.0782, suggestive of the existence of a homoclinic connecting
orbit based at the saddle equilibrium at the origin, as also evident in the top panel. We may
consider the periodic orbit with T" = 20 as a first-order approximation to such a connecting
orbit.

We proceed to construct a continuation problem for locating and tracking an approximate

family of such connecting orbits under variations in the problem parameters and delay by
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(b)
Figure 4.4: (Top) A family of periodic orbits of the dynamical system in (4.123) born from
a Hopf bifurcation at p; = poup with fixed p; = 0.5 and a = 0.8255 and varying 7" and

pa. (Bottom) The corresponding period T' shows unbounded growth as a function of p; as a
homoclinic bifurcation at ps ~ p2 co is approached.
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replacing the single-segment periodic orbit coupling conditions with the equations

eve!Tr=/T) 7€ (0,a/T),
y(r) = (4.125)

z(tr—a/T), 7€ (a/T,1),

and the periodic boundary condition with x(0) = ev in terms of an unknown scalar € and a

normalized right eigenvector v of the Jacobian

A= (4.126)

of the linearization at the origin corresponding to the unstable eigenvalue ¢. We impose the
additional boundary condition

wlz (1) =0 (4.127)

in terms of a normalized left eigenvector w of A in order to ensure that the end point (1)
lies in the stable eigenspace of the equilibrium at the origin. We again let Ty = 0 and use
interpolation according to (4.93) to impose the condition x5(7.;) = 0 in terms of the additional
continuation variable 7... We introduce monitor functions evaluating to pi, ps, a, T', 7ep, and
e and denote the corresponding continuation parameters by fi,,, fipys fas BT, [ire, a0 [l
For fixed pr, fip,s fpys Hay Pr, and fte we obtain a continuation problem with dimensional
deficit —2. We proceed to first allow p,, and p. to vary and obtain a unique solution by
applying a nonlinear solver (atlas_0d in COCO) with initial solution guess given by the
periodic orbit with T = 20, the corresponding values of pi, ps, o, and 7, and € = 1073, Next,
we fix p., and allow additionally i, , fto, and pr to vary in order to obtain a two-dimensional
solution manifold and seed atlas_kd with the unique solution found in the previous step.
The top panel of Fig. 4.5 shows the approximate homoclinic obtained with p; = 0.5 and
a = 0.8255, while the bottom panel shows the corresponding two-dimensional homoclinic

bifurcation surface under simultaneous variations in pi, ps, and .
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Figure 4.5: (a) Approximate connecting orbit of the delay differential equation (4.123)
obtained using the proposed framework for o« = 0.8255, p; = 0.5, py =~ —1.0782, T' = 20,
Tee &~ 0.6756, € ~ 1.3907 x 1073, (b) Homoclinic bifurcation surface obtained using two-
dimensional continuation with COCO.
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4.3.3 Phase response curves

We use the methodology in Section 2.4.1 to compute the phase response curve of a stable

limit cycle of the Mackey-Glass equation [105]

az (t — «)

0= T goa 2 (4.128)

an oft-used model for the dynamics of physiological systems such as respiratory dynamics [106]
and the production of white blood cells [107]. Specifically, a family of such limit cycles is
born from the equilibrium at z = (a — 1)/ for @ = 2 and b = 10 when « increases through
a Hopf bifurcation at ayp ~ 0.4708 as shown in Fig. 4.6. We proceed to analyze the phase

response curve for the orbit obtained with a = 0.7.

0.5F -
\
.H 0 - .
05F -
0.6 0.7 0.8 0.9 1 1.1 1.2

Wi

Figure 4.6: Sample orbits from a family of limit cycles of the Mackey-Glass system (4.128)
with @ = 2 and b = 10 emanating from a supercritical Hopf bifurcation under variations in
the delay « past the critical value agg ~ 0.4708.
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With the decomposition in Section 4.2.2, we obtain

Z(r) =T (Lﬂ) - x(T)> 7€ (0,1),

L+yb (7
v(r+1—a/T), 7€(0,0/T), (4.129)
y(r) =
z(t—a/T), T € ()T, 1).

The toolbox developed in Section 4.1 may be applied out of the box to construct the
corresponding zero problems and adjoint contributions provided that we append the algebraic
conditions V.11 = /T, Ty = 0, and the periodicity condition z(0) = x(1). Since the vector
field is autonomous, we append the phase condition z(0) = 1 to remove the invariance to
time shifts.

We proceed to append monitor functions that evaluate to T'; a, a, and b with corresponding
continuation parameter pr, flo, e, and pp, respectively. We denote the continuation
multipliers associated with the corresponding adjoint contributions by 77, 1., 7., and 7.
Then, the phase response curve is obtained from the continuation multiplier Apg(-) associated
with the differential constraint at a solution to the augmented continuation problem with
nr = 1. To locate such a solution, we append a complementary zero function that evaluates
tonpr — 1.

With pr, e, tte, and pu, fixed, we obtain a reduced continuation problem with dimensional
deficit —1. With the Lagrange multipliers initially set to 0, we allow pr to vary and obtain
the graphs of x(-) and A\pg(-) shown in Fig. 4.7. These agree with phase-shifted versions of
the curves obtained in [96] using backward integration. A family of phase response curves
computed using one-dimensional continuation under simultaneous variations of pup and py, is

shown in Fig. 4.8.
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T

Figure 4.7: Time histories for the differential variable z(-) and corresponding phase response
curve Apg(-) for a limit cycle of the delay differential equation (4.128) with a = 2, b = 10,
a=0.7,and T ~ 2.2958.
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Figure 4.8: A one-parameter family of time histories for (a) the differential state variable z(-)
and (b) corresponding phase response curve A\pg(-) of the delay differential equation (4.128)
with ¢ = 2 and o = 0.7 under variations in b.
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4.3.4 Optimal control problems

From [108], we obtain the problem of choosing a control input u(¢) € R that minimizes the

objective functional

J = /2 (2% +u?)dt (4.130)

subject to the initial-value problem

Z=tz+z(t—1)+u(t),te(0,2),
(4.131)
z(t)=1,te[-1,0].
We parameterize the sought optimal control input in terms of a truncated expansion of

normalized Chebyshev polynomials of the first kind 7.; defined on the interval [—1,1].

Specifically, with z(7) := 2(27), we obtain

2'(1) = drz(1) 4+ 2y (1) + 2P (1), 7 € (0,1) (4.132)

yD (1) = = re0.1/2), (4.133)

x(r—1/2), 1€(1/2,1),

q
y@ (1) = pTe2r 1), 7€ (0,1), (4.134)
j=1

and boundary condition x(0) = 1 in terms of the a priori unknown coefficients p;. With
the generalization described in Section 4.3.1 for matrix-valued algebraic state variables, the
toolbox developed in Section 4.1 may be applied out of the box to construct the corresponding
zero problems and adjoint contributions provided that we append the algebraic conditions
W =1/2, Ty =0,T =2

In order to search for optimal choices of the expansion coefficients, we append monitor
functions that evaluate to J and {p;}_,, as well as the corresponding contributions to the

adjoint conditions. We denote the continuation parameters associated with J and {p, };1»:1 by
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g and {p, }9_; and the corresponding continuation multipliers by 7, and {n, }7_,. Next,

q

we introduce additional complementary monitor functions that evaluate to 1y and {n,, }j_,

and denote the corresponding complementary continuation parameters by v; and {v,, }?:1.
At the sought extremum, v; =1 and v,;, =0 for j =1,...,q. We construct an initial solution
guess for the discretization of the differential state variables by integrating the initial-value
problem (4.131) using the dde23 solver in MATLAB. We use linear interpolation to construct
an initial solution guess for the discretization of yM(+) and initially let p; = 0 for j = 1,...,q.
Finally, the Lagrange multipliers are all initialized with zero values.

With gy, {1y, }5-, and {v, }9_; fixed, the dimensional deficit equals —¢ — 1. We obtain
the two-dimensional solution manifold in Fig. 4.9 by allowing ps, vy, pip,, and {v, ?:1 to
vary while holding {,, ?:2 fixed. We select the point with v; = 1 and v,, closest to 0 as
initial solution guess for a second stage of continuation obtained by fixing v; and v}, to 1
and 0, respectively, and allowing p,, to vary. If we locate a point with v, = 0 along the
corresponding one-dimensional manifold, then we may continue from this point along a new
one-dimensional manifold obtained by fixing v, at 0 and allowing ,, to vary. Continuing in
this fashion, we locate the sought extremum.

Figure 4.10 shows the locally optimal solution obtained using this methodology with ¢ = 8
(here, N = 10 and m = 4). At this solution, J = Jg &~ 4.797, is in excellent agreement with
the minimum reported in [108] using stochastic optimization. Table 4.1 demonstrates the
rapid convergence of the locally optimal value J = J, with the expansion order ¢ anticipated

from the use of Chebyshev polynomials and the smoothness of the optimal solution.

Table 4.1: The error E = |(J, — Jg) /Js| decays rapidly with increasing truncation order g
for the optimal control problem (4.130)-(4.131).

q 1 2 3 4 5 6 7
E 43x107" 48x10°% 97x10° 26x10° 27x10° 28x10° 8x10°
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vy

Figure 4.9: Projection of a two-dimensional solution manifold for the optimal control problem
(4.130-4.131) and the corresponding adjoint equations obtained using the atlas_kd atlas
algorithm by allowing s, v, py,, and {v, }7_, to vary while holding {u,, }j_, fixed. As
in Section 2.2.1, the zero-level curves of v, on this manifold are two straight lines with
vy =0 (blue) and p,, (red) constant, respectively, that intersect at a stationary point of
along the first curve. The solution with v; = 1 and v,, = 0 (green circle) can be located (to
within desired tolerance) by continuation along the first of these straight lines, followed by
branch switching and continuation along the second of these lines. Alternatively, it may be
approximated by the solution point on the intersection of the two-dimensional manifold with
the v; = 1 coordinate plane (located within desired tolerance) with v, closest to zero.
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Figure 4.10: State variables at a local minimum for the optimal control problem (4.130-4.131).

4.3.5 Quasiperiodic orbits

As a final example, studied previously in [1], we consider the problem of locating stationary

values of w along a family of quasiperiodic invariant tori of the delay differential equations
—w2o(t) + 21 (t — ) (L + r(t) (cos2nt /T — 1))

2(t) = f(t,2(t), 2(t — a),p) == (4.135)
wz1(t) + 22 (t — @) (L 4+ 7(¢) (cos 2nt /T — 1))

with r = /2% + 23. By applying the analysis of the third example in Section 4.2.2 in reverse,
we obtain the delay-coupled multi-segment boundary-value problem in (4.36)-(4.37). The
toolbox developed in Section 4.1 may be applied out of the box to construct the corresponding

zero problem and adjoint contributions provided that we append the algebraic conditions
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To,=0,T; =T, and fyélz)l =a/T fori=1,..., M. The additional phase condition z; 5(0) = 1
restricts attention to a unique family of trajectory segments discretizing a quasiperiodic
invariant torus.

In order to search for extremal values of w, we proceed to append monitor functions that
evaluate to w,T and «, respectively, and denote the corresponding continuation parameters
by p, pr, and pu,. We denote the continuation multipliers associated with the corresponding
adjoint contributions by 7,,nr and 7n,. Next, we introduce complementary monitor func-
tions that evaluate to n,,nr,n, and denote the corresponding complementary continuation
parameters by v, vr and v,. At a stationary point of w, we must have v, = 1,vr = v, = 0.

For the special case with o = 0 (this case is considered in the tutorial documentation for
the coCcO-compatible coll toolbox), a one-parameter family of quasiperiodic orbits covering

an invariant torus for the delay differential equation (4.135) is given by
2(To+TT;0) =x(p,7) = (r (1) cos 2mor + @) ,r (1) sin 2moT + ¢)), p €S (4.136)

where
_ 1+ 02?2
14 022 —cos2nT — sin 277’

r(7) (4.137)

(2 =2r/T, and p is an irrational number. With the substitution z;(7) = (27 (i — 1)/M, 1)
we obtain an initial solution guess for the i-th trajectory segment of the corresponding
boundary-value problem. Here, we initialize continuation with w = 1 and {2 = 1.5 and set
the rotation number p to 0.6618. We use the initial guess for the problem with @ = 0 along
with continuation in « to obtain the differential state variables for nonzero «.

With g, pir, e, Vo, U, Vo fixed, the problem has a dimensional deficit of —3. We obtain
a dimensional deficit of 1 by allowing pu.,, pir, v, Vo to vary. The dashed-dotted line in
Fig. 4.11(a) shows the corresponding solution manifold with trivial Lagrange multipliers
obtained with p, = 0.75. Through the local maximum in w (denoted by the red sphere) at

(s, ey pi) =~ (0.773,3.601,0.75) runs a secondary branch of solutions along which v, (and
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the other Lagrange multipliers) vary. We locate a unique point on this branch with v, = 1.
Continuation along the one-dimensional solution manifold through this point obtained by
fixing v, at 1 and allowing p, to vary yields a family of local maxima of w under variations
in 7" (solid black curve in Fig. 4.11(a)). Within the chosen computational domain, we do not
find a point along this manifold where v, = 0.

The successive continuation approach used here may yield different families of stationary
points depending on the initial solution guess and the order in which initially-fixed continuation
parameters are allowed to vary. For example, if we repeat the above analysis with an initial
value of u, = 1.2, then the one-dimensional solution manifold with trivial Lagrange multipliers
has two local maxima and one local minimum in y, within the computational domain, as
depicted by the dashed-dotted line in Fig. 4.11(b) and Fig. 4.12. The red sphere in Fig. 4.11(b)
denotes one such local maximum at (p, 4, ps) ~ (0.305,6.62, 1.2). We may again switch to
a secondary branch through this point in order to locate a point with v, = 1 and then continue
along a one-dimensional manifold with v, fixed at 1 and varying p, corresponding to a family
of stationary points of p, under variations in pup. The latter manifold is found to equal
that obtained in the previous paragraph. The identical methodology applied to the other
stationary points on the original solution branch located at (u, i, pi) =~ (0.202,4.229,1.2)
and (0.181,4.724,1.2) (black spheres in Fig. 4.12) yields a single curve of stationary points
(solid red curve in Fig. 4.12) of u, under variations in pup. Although pu, achieves a local
maximum along this manifold, v, does not equal 0 at any point along this curve, and we
again conclude that there does not exist a stationary point of u, with respect to variations
in both u7r and p, within the chosen computational domain.

The same conclusion is obtained by holding u7 fixed initially while allowing p, to vary
along a one-dimensional manifold with trivial Lagrange multipliers. For example, with pr
fixed at 8.37, we locate a local minimum and a local maximum in the value of pu,, at p, = 2.04
and 2.49. Through each of these points runs a secondary branch along which v,, varies. The

unique point with v, = 1 on each of these secondary branches may be used to continue
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along a one-dimensional solution manifold with v, fixed at 1 and pr allowed to vary. Such a
manifold corresponds to a curve of stationary points of u,, with respect to p,. As shown in
Fig. 4.13, we obtain a single such curve which does not intersect the curve of stationary points
of u,, with respect to ur at any point in the computational domain. These observations
are consistent with the visualization in Fig. 4.14 of the two-dimensional solution manifold

obtained by allowing p,, fto, and pr to vary.

4.4  Conclusions

In this chapter, we proposed a COCO-compatible toolbox template for a large class of delay-
coupled, multi-segment boundary-value problems. Extensions of this template that consider
adaptive remeshing of the discretized equations and automated encapsulation of the required
toolbox data from user defined input is discussed in Chapter 7. In the next chapter, we take a

different turn and consider the analysis of uncertainty quantification problems using adjoints.
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27/ pr

Figure 4.11: Curves (solid) of local stationary points of p,, with respect to variations in pup
along approximate families of quasiperiodic invariant tori for the delay differential equation
(4.135) obtained by first continuing along a one-dimensional manifold with trivial Lagrange
multipliers and fixed p, (dashed), then switching at a local stationary point to a branch with
varying Lagrange multipliers, and finally fixing v, at 1 and allowing ur to vary. (a) Initial
continuation with p, = 0.75 and branch switching at a unique local maximum. (b) Initial
continuation with u, = 1.2 and branch switching at one of the two local maxima. The final
manifold coincides with that obtained in (a).
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Figure 4.12: Curves (solid) of local stationary points of 1, with respect to variations in pr
along approximate families of quasiperiodic invariant tori for the delay differential equation
(4.135) obtained by first continuing along a one-dimensional manifold with trivial Lagrange
multipliers and fixed p, (dashed), then switching at a local stationary point to a branch
with varying Lagrange multipliers, and finally fixing v, at 1 and allowing ur to vary. Initial
continuation with p, = 1.2 and branch switching at either of the local minimum or other
local maximum. The final manifolds obtained in these two cases coincide.
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Figure 4.13: Curves of stationary points of 1, with respect to pr (solid) and p,, (dashed) along
approximate families of quasiperiodic invariant tori for the delay differential equation (4.135).
The two curves never intersect within the chosen computational domain.
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CHAPTER 5

NOISE INDUCED BEHAVIOR NEAR
DETERMINISTIC LIMIT CYCLES

In this chapter!, we derive a covariance boundary-value problem that captures the effects of
noise on the local behavior near stable periodic orbits of some deterministic dynamical system.
The formulation relies on suitably constructed adjoint variables to project the dynamics onto
locally transversal hyperplanes and ensures the existence of a unique solution. For each such
hyperplane, the computed covariance matrix describes an approximately Gaussian, stationary
distribution that highlights directions away from the limit cycle of particular sensitivity
to noise. In contrast to previous formulations, the boundary-value problem analyzed in
this study makes predictions in the original state-space variables rather than in terms of a
reduced set of local coordinates for hyperplanes perpendicular to the local vector field. The
formulation is compatible with the general form of an augmented continuation problem for the
software package COCO; a non-adaptive version has been implemented as a general-purpose
constructor for the periodic-orbit toolbox included in the CcOCO release. We illustrate the
efficacy of the proposed formulation and toolbox by analyzing noise-induced behavior near
limit cycles in two examples of nonlinear dynamical systems with autonomous drift terms.
In contrast to previous chapters, here we make use of adjoints for uncertainty quantification
near periodic orbits. Section 5.1 deals with the mathematical preliminaries to project the

dynamics onto hyperplanes defined by the adjoint variables. We show that on each of these

!The content of this chapter is partially reproduced from [51] Ahsan, Kuehn, and Dankowicz, 2022, “A
covariance boundary value problem for stochastically perturbed limit cycles”, Proceedings of the IDETC-CIE,
St. Louis, Missouri, August 14-17, 2022, ASME (accepted manuscript).
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hyperplanes there exists a unique covariance matrix. Next, in Section 5.2, we propose a
corresponding boundary-value problem that may be solved for the covariance function along
the periodic orbit and be embedded in a continuation problem for studying the effects of
parameter variations. The theory is applied in Section 5.3 to a planar stochastic differential
equation (SDE), for which explicit expressions may be obtained and verified against numerical
simulations. Key implementation aspects of our formulation in the context of the software
package COCO are presented in Section 5.4. This implementation is then used to perform
further numerical study of the planar problem, as well as of an SDE governing noise-induced

dynamics near a limit-cycle oscillation of a nonlinear mechanical oscillator network.

5.1 Mathematical preliminaries

Counsider the Ito SDE
dz = f(x)dt + o F (x) dW, (5.1)

in terms of an autonomous drift f : R” — R"™ and dispersion matriz F' : R™ — R™ ™ noise
level o, and m-dimensional vector W, of independent standard Brownian motions. In the
absence of noise, we assume that the system has an asymptotically stable limit cycle Z(t)
of period T, i.e., such that the eigenvalues of the corresponding monodromy matrix all lie
within the unit circle.

As illustrated in Fig. 5.1, when a reasonably small amount of noise is present in the
system, we expect that trajectories will be more likely to stay close to Z(t). Provided that
we are concerned only with the local behavior in the vicinity of the limit cycle and given
some distribution for the initial perturbation away from some point Z(0) on the limit cycle,
we anticipate convergence of intersections in any sufficiently transversal hyperplane through
any arbitrary point along the limit cycle to a stationary distribution that is approximately
Gaussian with mean given by the corresponding point on the limit cycle. It follows that the

likelihood of finding sample paths near any such point may be determined by a suitably defined
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positive-definite covariance matrix. Once this is computed, we may construct concentric
tubular neighborhoods about the limit cycle that intersect the corresponding hyperplanes
in multi-dimensional ellipsoids with axes defined by the eigenvectors and eigenvalues of the
corresponding covariance matrices. An example of such a tubular neighborhood is sketched
in Fig. 5.1 (¢) in terms of a size h. We expect that the probability of finding a sample path

inside such a tubular neighborhood remains unchanged by a scaling o — ao, h — h/a.

1.5 T T T T T 1.5
1F
0.5
O 3
-0.5F
a1t
1.5 1.5
1.5 1 0.5 0 0.5 1 1.5 -1.5 1 0.5 0 0.5 1 1.5
(a) Effects of drift (b) Effects of noise
15
1 3
05
0 3
05
_1 3
15 : : : : :
1.5 -4 05 0 05 1 15

(¢) Stochastic trajectories

Figure 5.1: Schematic representation of the competition between the stabilization due to
eigenvalues and the destabilizing effects of noise for a planar limit cycle (red circle). Illustration
of (a) the stabilizing effects of the drift, (b) the destabilizing effects of noise and (c) the
resultant stochastic trajectories near the limit cycle that lie within high likelihood within
some annular neighborhood.
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In contrast to a previously documented formalism [47]| in terms of projections onto
hyperplanes perpendicular to the local vector field along the limit cycle, we here choose a
continuous family of hyperplanes perpendicular to the solution A of the adjoint boundary-value

problem

0= —AT(t) = AT($)0f(2(t), (5:2)
0=\(T) - \E, (5.3)
0= —=AT(0) + Ab. + Apsha(z(0)), (5.4)
0 =nr — AbS (D)), (5.5)

with 77 = 1. As seen in Section 2.4, provided that h,(Z(0))f(2(0)) # 0, this is equivalent to

the periodic boundary-value problem

0= —AT(t) = AT()D. £ (&(2)), M(T) = A(0), (5.6)

where AT(¢) f(#(t)) = 1 must hold. It follows that the operator [109]

Qt) =1 — f(z(t)A\"(¢t) (5.7)

is a projection along f(i(t)) onto a plane perpendicular to A(t), since Q*(t) = Q(t),
AT()Q(t) = 0 and Q(t)f((t)) = 0. For later reference, we obtain

Indeed, as also shown in [109], if X (t) satisfies the variational problem

X(t) = 0. f(2(@t)X(t), X(0) =1 (5.9)
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then

X(0)f(2(0) = f(2(t)) (5.10)

and

M) X () = AT(0) = AN(T) = NN (T)X(T), (5.11)

i.e., that A(T) and f(Z(T)), respectively, span the left and right eigenspaces of the monodromy

matrix X (T) corresponding to the eigenvalue 1. Tt follows that

X)) = X7H(t) = XM () F@®)AT (1)
= X7'(t) = FEO)AT(0)X (1) = QO)X(8), (5.12)
and consequently that
QX (t) = X(1)Q(0) (5.13)

i.e., that the family of hyperplanes is invariant under the linearized flow.

As shown in [109], for 2(t) &~ Z(7) for some 7, the scalar equation

X" (@ (1)) (@ (t) — #(w() = 0 (5.14)

defines w(t) uniquely on a neighborhood of 7, such that w(t) = 7 if z(t) = (7). It follows
that there exists a unique () := 2(t) — #(ww(t)), such that Q(w(t))zw(t) = 2 (t). Moreover,

by generalizing a result from [109] for the deterministic case, we obtain

Az = 0, f (2 (1)) zudt + oQ(t) F(2(t))dW, (5.15)
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to lowest order in ¢ and the deviation (.. This may be solved explicitly to yield

= X(H)2u(0) + 0Q(t) X () /0 t G(r)d W, (5.16)

where G(1) = X~ (1) F(i(7)).

We proceed to define the rescaled covariance matrix
O(1) = 5 [l (0)] (5.17)

such that AT(t)C(t)A(t) = 0 by (5.14). It follows from the definition and the invariance

condition (5.13) that

Ct) = X()CO)XT(t) + Q(t) X () (/0 G(T)GT(T)dT) XT1Q™ (1) (5.18)

where we used the stochastic equalities [110]

E [/OTY(T)dWT} =0 (5.19)
and
E Uoty(r)dWT /Ot ZT(T)dWT] Z/OtY(T)ZT(T)dT. (5.20)

By the anticipated asymptotic convergence toward a stationary probability distribution, it
now follows that we seek a solution to this integral equation, such that C(T) = C(0), i.e., a

solution to the linear algebraic system

C(0) = X(T)C(O)X(T) + Q(T)X (1) (/0 G(T)GT<T>dT> XT(T)Q(T) (5.21)
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that also satisfies the condition

AT(0)C(0)A(0) = 0. (5.22)

Indeed, the existence and uniqueness of a solution C'(0) such that the function C(t)
satisfies AT(£)C'(t)A(t) = 0 may be shown as follows. First, note that since ATQ = 0 and

ATX = AT(0),

= AT(0)C(0)A(0), (5.23)
i.e., that AT(t)C(t)A(t) is constant. Next, for large k, it follows from [109] that

X(kT) = F(#(0))AT(0) + O (exp(—k/Tu)) . (5.24)
where 7, is a positive constant. Then, since C(kT) = C(0), it follows that

C(0) = X(KT)C(O) X (KT) + Q(0)X (kT) ( /0 . G(T)GT(T)dT> XT(kT)Q(0),  (5.25)

for any k, since Q(kT) = Q(0). Here,
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k, the right-hand side of (5.25) is then approximately equal to

> QO X (nT) < / G(p)GT<p>dp> X (nT)G"(0) (5.27)

which converges to a finite value, since

Q(0)X (nT) ( / G(p)GT<p>dp> XTmT)QT(0) = O(exp(~2n/7s))  (5.28)

for large n.

5.2 Covariance boundary value problem

By differentiation of (5.18), we obtain
C = 0,f(2)C 4 CO,f" (%) + QF (z)FT (2)Q" (5.29)

The corresponding boundary-value problem obtained by imposing periodicity C (T) = C(0)
and the initial condition AT(0)C'(0)A(0) = 0 has a unique solution but appears over-determined
as the nominal dimensional deficit equals —1. To resolve this conundrum and inspired by a
well-known technique for continuation of periodic orbits in conservatives systems [111], we
resort to introducing an additional auxiliary unknown into the differential equation by adding
the term o f(Z)f*(Z), which we anticipate will lead to a non-degenerate solution with a = 0.

Indeed, with this addition,

% (XT(t)C(t)Z\(t)) =aq, (5.30)

but since both A and C' are periodic, o must equal 0.
It follows that the covariance matrix for a given point Z(¢) along the limit cycle and

relative to a hyperplane perpendicular to the vector S\(t) may be obtained from a solution
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(i(t), T,\(t),C(1), &) to the boundary-value problem

0=2a— f(z,p), (5.31)
0 = 2(0) — =(T), (5.32)
0 = h(z(0),p), (5.33)
0=A"+ X0, f(x,p), (5.34)
0=AT(0) — AT(T), (5.35)
1 =AT(0)f((0),p), (5.36)

0= C — 8xf(1:,p)C - Camf—r(di,p)

— QF (z,p)F " (2,p)Q"

- Ozf(.T,p)fT(I,p), (537>
0= C(0) - C(T), (5.38)
0= AT(0)C(0)A(0). (5.39)

Here (5.31-5.33) is the periodic boundary value problem that yields Z(t) and T. Egs. (5.34-
5.35) is the boundary-value problem, equivalent to the corresponding adjoint conditions
associated with the periodic orbit, that must be solved to obtain A(t). The periodic orbit
and the adjoint variables are then used in the covariance formulation (5.37-5.39) to obtain
the unique covariance matrix associated with hyperplanes along the orbit.

The formulation outlined here differs from that employed in the past by the purposeful
introduction of the projection @ in (5.37), the imposition of the non-degeneracy condition
(5.39), and the introduction of the corresponding “damping” parameter « in (5.37). This
formalism sidesteps entirely the need to derive an n— 1-dimensional basis for planes transversal
to the limit cycle. We have chosen to use a projection defined by the solution 5\(25) to the
adjoint boundary-value problem (5.34)-(5.36) and, consequently, associated with planes

orthogonal to A(t) rather than f(Z(t)), since this is a natural decomposition that respects
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the spectral properties of the solution X () to the variational problem.

5.3 Hopf Normal Form

Consider, as a first example, the deterministic vector field

Ty — Ty — x1 (23 + 23)
fla) = . (5.40)

Ty + Ty — To(2? + 23)

It is straightforward to show that an orbitally asymptotically stable periodic orbit with period

27 and initial condition on the Poincaré section x5 = 0 is given by

cost
(t) = (5.41)
sint

IS

and that the solution to the corresponding variational initial-value problem equals

. e 2cost —sint
X(t) = ) (5.42)

e ?tsint cost

7y

In particular, the monodromy matrix X (27) has eigenvalues 1 and e=47.

Given Z(t), the solution to the adjoint boundary-value problem is given by

Aty = e (5.43)

cost

which here coincides with f(Z(t)). It follows that

. cos’t  costsint
O(t) = (5.4

costsint sin? ¢
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and

. e*cost e*sint

X '1)Qt) = . (5.45)
0 0
Now let
Fu F
Fap = | (5.46)
F21 F22

By substitution in (5.37), integration over a full period, and substitution into the equality

C(0) = C(2m), it follows that

- c11(0) 0O
C(0) = u(0) , (5.47)
0 0
where
(27w
611(0> = 871(' _)1 (548)
and
t ~ ~
I(t) = / e* ((Fi1 cos s + Fy sin s)?
0
+ (}3’12 cos s + Fhy sin 3)2) ds. (5.49)
We conclude that
. (2 cos’t  costsint
C(t) = e (I(t) + 8( ™) ) (5.50)
eS™ — 1 . .. 9
costsint sin“t

An alternative derivation is possible by transforming to polar coordinates, i.e., with

x1 =rcosf and xo = rsinf, in which case, to O(c0), we obtain the decoupled SDEs

dr =r (1 — 7"2) dt + o (Fi1 cos 0 + Foysin @) AWy + o (Fila cos 0 + Faysinf) dWy,  (5.51)
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and
df = dt — g (FM sinf — FQl COS 0) dWl’t - z (Fm sinf — F22 COS 0) dW27t. (552)
r r

At this order of approximation, we find that the deterministic limit cycle is here given by
7 =1 and é(t) = t. In particular, the covariance boundary-value problem describing the

linearized response of the radial variable r near » = 7 is then given by

. . 2 . . 2
¢ = —4c, + (FH cost + Fy sin t) + <F12 cost + Fyy sin t) (5.53)

and

¢ (2m) = ¢(0), (5.54)

from which we obtain

(5.55)

& (t) = et <I(t) + ;ff)l) .

We recover C(t) in (5.50) by only considering variations in z; and x, associated with variations

mnr:

- orcost
C(t) = <57" cost drsin t)

orsint

) cos’t  costsint
= (or) , (5.56)
costsint  sin’t
where (6r)? = ¢,.
To verify our analysis, we compare its predictions in the case when ¢ = 0.1 to the

statistics obtained from sample paths of the original It6 SDE obtained using an explicit

Euler-Maruyama integrator [112] in MATLAB. Specifically, given the drift f in (5.40), we
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consider the dispersion matrix

3 0 cos’t 0
F(x) = = F(%) = (5.57)
0 3 0 sin’t

and assume two independent Brownian increments dW; ; and dW,,. In this case, we find

e (10 + 3cos 4t + 3sin4t) — 13
I(t) = o (5.58)

and, consequently, that the nontrivial eigenvalue of C (t) equals

B 10 + 3 cos 4t + 3 sin 4t

(0 : =

(5.59)

We graph the corresponding function, multiplied by ¢? = 0.01 in Fig. 5.2.

We proceed to generate sample trajectories with a fixed time step dt = 10~* and Brownian
increments generated using the randn command in Matlab. In each case, we run simulations
based at the initial condition z(0) for a total duration of 1,000 periods of the underlying limit

cycle. For each sample trajectory, we detect crossings near #(¢) with the transversal section

Tyt (22— #(6)) cos & — (w1 — F1(6)) sing = 0 (5.60)

corresponding, locally, to the image of Q(¢) When such a crossing is detected, we use linear
interpolation based at the nearest points on either side of X, to compute an approximate
intersection of the sample trajectory with Y. Given the nontrivial Floquet multiplier
e 4™ ~ 3.5 x 107%, we anticipate that transients die down quickly and that convergence to the
stationary distribution may be anticipated within a few periods. We denote the covariance
matrix of intersections computed using this approach by Cgn (o).

As an example, with ¢ = 0 and, consequently, Yy given by the z; axis, we obtain the
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approximate covariance matrix

0.00203 0O
Cem(0) = (5.61)
0 0

from the last 990 intersections with Y. As a comparison, using (5.50), we obtain

)~ 0.00206 0
o°C(0) = (5.62)

0 0
in excellent agreement. Repeating this calculation for other values of ¢ and computing
the corresponding nonzero eigenvalue yields the data shown in Fig. 5.2. We attribute the
differences between the simulated data and the predictions from (5.50) to the low order of
accuracy of the Euler-Maruyama integrator, errors incurred through interpolation across X,

the relatively small sample of intersections, and the finite size of o.

In Fig. 5.3, we show the complete picture by projecting the stochastic trajectories along the
normalized radial eigenvector e(¢) = (cos ¢,sin ¢)T corresponding to the nonzero eigenvalue
of the covariance matrix. To obtain the projections, for each point on the stochastic trajectory
x(t), we use the hyperplane definition (5.14) to compute the corresponding value of ¢. We
then project the perturbation z(t) — (¢) onto e(¢). These results are compared with the
one and two standard deviation predictions computed from the square root of the eigenvalue
expression (5.59). We can clearly observe that the predicted and the numerical results are in

great agreement with each other.

5.4 Implementation

It is not generally possible to derive closed-form expressions for the covariance function as
was done for the Hopf normal form in the previous section. Instead, we numerically solve

the corresponding boundary-value problem in COCO. As discussed in Chapter 2, a unique
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Figure 5.2: The variance as a function of the limit cycle phase for the Hopf normal form SDE.
Blue solid line is obtained from (5.59) and red dots are the result of integration using the
explicit Euler-Maruyama solver. Here, o = 0.1.

L 0.05F

t)
o
5

-0.15 ! ! !
-4 -2 0 2 4

¢

Figure 5.3: Comparison of theoretical and numerical results for the Hopf normal form
SDE. Black and blue lines represent deviations equal to one and two standard deviations,
respectively, from the limit cycle, computed using (5.59) and plotted as a function of the
limit cycle phase. Red dots denote projections of the deviations from the limit cycle of points
along the stochastic trajectories onto the normalized radial eigenvector e(¢) = (cos ¢, sin ¢)*.
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feature of this package is the staged style of problem construction. This general staged style
of construction fits perfectly for our formulation. In particular, we rely on an instance of the
collocation discretization of the periodic orbit boundary-value problem in Egs. (5.31)-(5.33),
a collocation discretization of the adjoint boundary-value problem in Egs. (5.34)-(5.36), and
a collocation discretization of the covariance boundary-value problem in Eqgs. (5.37)-(5.39).

We first use the already available po toolbox constructor to implement the discretization
of the periodic boundary-value problem (5.31-5.33) as a zero problem in terms of the vector
of continuation variables u = (z,7T,p), and to append monitor functions that evaluate to
the period length T and the problem parameters p, as well as the associated continuation
parameters p and . In lieu of a Poincaré phase condition of the form (5.33), we rely on a
built-in integral phase condition. An initial solution guess may be obtained from forward
simulation.

In the next stage of construction, we use the adjoint constructors in the po toolbox to
append the adjoint contributions associated with the constraints (5.31-5.33) and the monitor
functions in terms of the adjoint variables A, Apc, Aps, 7, and n,. The toolbox also associates
complementary continuation parameters vy and v, with complementary monitor functions
that evaluate to nr and 7,. We fix v to 1 and use vanishing adjoint variables as the initial
solution guess.

In the final stage of construction, we use the COCO complementary zero function construc-
tor to append a discretization of the boundary-value problem (5.37-5.39) for the covariance
function in terms of the complementary continuation variables v = (C, «). We initialize the

search with C =0 and o = 0.

5.5 Examples

In this section, we discuss the results obtained from the implementation in cOCO of the

covariance boundary-value problem as described in Section 5.4. For all the computations, a
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uniform mesh is used with the number of collocation nodes in each interval fixed to 4. The

number of discretization intervals used are 10 unless specified otherwise.

5.5.1 Hopf Normal SDE

For the purpose of illustration, as a first example we recall the Hopf normal form SDE with

the drift vector field
ry — 9 — w1 (2] + 23)
flz) = . (5.63)
1+ g — xa(a} + 13)
The initial guess for the periodic boundary-value problem is obtained from the explicit
solution (5.41), whereas both the adjoint variables and the covariance variables are initialized
with zeros. With up released and v fixed to unity, we perform a zero dimensional continuation
to obtain the desired covariance matrix. Figure 5.4 shows a comparison of the non-trivial

eigenvalue of the covariance matrix obtained using COCO and the analytical expression (5.59).

The results are in excellent agreement with each other.

5.5.2 Coupled Network System

As a second example, we consider the stochastically perturbed nonlinear network model

illustrated in Fig. 5.5 and governed by the coupled It6 SDEs

dy = zdt, dz = —(Ky+€eG (y) z)dt + o FdWV, (5.64)

with stiffness matrix

3 -1 0 -1
~1 4 -1 -1

K = , (5.65)
0 -1 2 0
~1 -1 0 3
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Analytical

0.25

e COCO

Figure 5.4: Comparison of the non-trivial eigenvalue of the covariance matrix for the Hopf
normal form obtained using a boundary-value problem implementation in COCO and the
analytical expression reported in (5.59), respectively.

damping matrix

—1—10y2(t) + 10yX(t) 0 0 0
0 100
Gly) = : (5.66)
0 010
0 00 ¢

and diagonal dispersion matrix F'. It is assumed that €, > 0 and € < 1.

In the absence of noise, the corresponding deterministic system has a trivial equilibrium
which undergoes a subcritical Hopf bifurcation for ¢ near unity [113]. To leading order in e,
the branch of periodic orbits born at the Hopf bifurcation may be described in terms of the

normal mode

g (t) = Asin (2t + ) ey, Z (t) = 2A cos (2t + ) ey, (5.67)
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Figure 5.5: Schematic representation of a coupled four-node oscillator model operating in a
stochastic environment. Here, nonlinearity appears only in the damping of node 1.

.
Whereel—(l 0 0 —1) /V2,

4
A2 =242/ F—= (5.68)

and 1) is arbitrary. In particular, periodic orbits are found for ¢ < 9/4 as shown in Fig. 5.6.

To this order of approximation, the corresponding adjoint functions are then given by

o () = 57 cos (24 + ¥ er, e (1) = —ﬁ sin (2t + 1) 1. (5.69)

Using a multiple-scales analysis, one finds that the local stability of the periodic orbits

born at the Hopf bifurcation is governed by the stability of the corresponding equilibria for
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the slow-flow amplitude equation
4A = (1 - A+ EY L (5.70)
4 167 '

where (") denotes differentiation with respect to the slow time scale et. In particular, as also
suggested in Fig. 5.6, the periodic orbits along the lower branch are unstable, while those
along the upper branch are asymptotically stable. Here, we investigate the effects of noise on

the local behavior near the limit cycle on the upper branch.

1.6 T T T T

14F -

06 B P -

0.2F ’ 4

Figure 5.6: Bifurcation diagram for the four-node network oscillator model reported in [113].
The variable A denotes the amplitude of the first oscillator.

For this problem, since we have the approximate periodic orbit (5.67) and the corresponding
adjoint solution (5.69), we may construct a leading-order approximation of the projection
Q(t). Tt follows that, given a leading order approximation of the inverse X ~!(t), one can
perform a similar analysis to that in a previous section to obtain an approximate analytical
expression for C (t). While that is, in fact, possible, the analytical expressions are cumbersome

and no simple formula results for the eigenvalues of C(t).
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Instead of such an analytical study, we numerically solve the corresponding boundary-value
problem in cOCO. For the periodic boundary-value problem instance, we fix ¢ = 0.05 and
¢ = 1.2565 and assign F' to be the identity matrix. The initial guess for this instance is
obtained from the multiple-scale approximation, whereas the adjoint and the covariance
variables are all initialized with zero values. With pup, ve, v¢ released and vp fixed to unity we
perform a zero dimensional continuation to solve the covariance boundary-value problem. As
expected, we find that & ~ 0 to within the default accuracy of the Newton solver used by

coco. In Fig. 5.7, we graph the square root of the largest eigenvalue of 02C(¢) for o = 0.005.

0.0165 x x w w x :
0.016 .

S 0.0155
e
o
S
0.015

0.0145

0-014 1 1 1 1 1 1

Figure 5.7: Comparison of predicted and numerical values for the square root of the maximum
cigenvalue 025(¢) of the covariance matrix 02C/(¢) as a function of ¢ for the four-node
oscillator network problem with ¢ = 0.05, ¢ = 0.005 and ¢ = 1.2565. Here, the solid blue line
is obtained from the solution to the covariance boundary-value problem while the red dots
were obtained from points along stochastic trajectories generated with the Euler-Maruyama
integrator.

To verify these predictions, we again use the explicit Euler-Maruyama integrator to
numerically simulate sample trajectories of the network SDEs (5.64) based at the initial

condition u(0) = @(0) and v(0) = 9(0). Here, we consider intersections with the transversal
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section

Tst M (0) (y—0(8) + AL (8) (= — 2(¢)) = 0 (5.71)

obtained using the leading order expressions for 3, 2, :\y, and \, corresponding, locally, to the
image of the leading order expression for Q(cﬁ) As before, we approximate such intersections
by linear interpolation based at the nearest points on either side of Y. The simulations
are performed for 1,000 periods of the limit cycle and with d¢ = 107*. The corresponding
statistics produce the preliminary results represented by the dots in Fig. 5.7, which agree
in order of magnitude with the theoretical predictions. Discrepancies are here related to
effects of transients, finite size of o, finite size of € (recall that X, was here defined from the
leading-order analysis in €), and finite sample sizes.

Finally, in Fig. 5.8, we vary the parameter (, while keeping all other parameters fixed.
The graph shows the maximum of the square root of the largest eigenvalue of ¢2C (¢) for
¢ € [0,27). As the saddle-node point is approached, this quantity grows with the inverse

distance to the saddle-node. Consequently, the effects of noise become more pronounced as

the bifurcation is approached.

5.6 Conclusions

In this chapter, we proposed a novel adjoint-based, boundary-value problem formulation for
capturing the effects of Brownian noise near limit cycles in terms of covariance matrix functions
that describe a stationary probability distribution that is locally Gaussian. Conveniently,
several of the required ingredients for a computational implementation were already available
in existing software. The next chapter deals with the extension of this formulation to

stochastic trajectories near quasiperiodic tori.
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Figure 5.8: Variation of the square root of the maximum eigenvalue of the covariance matrix
02C(¢) with the parameter (. The maximum eigenvalue increases as ¢ approaches the saddle
node point (* ~ 2.2779. Here o = 0.05.
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CHAPTER 6

NOISE INDUCED BEHAVIOR NEAR
DETERMINISTIC QUASIPERIODIC
ORBITS

In this chapter, we generalize the boundary-value problem formulation from the previous
chapter to obtain a similar uncertainty quantification of noise-induced dynamics near transver-
sally stable quasiperiodic tori. As in the case of limit cycles, the formulation relies on the
computation of adjoints, here obtained from a quasiperiodic boundary-value problem, to
project the dynamics onto hyperplanes locally transversal to the torus. On each of these
hyperplanes, the underlying steady-state distribution of stochastic intersections is again
Gaussian, and a unique covariance matrix associated with each point on the torus may be
obtained from a partial differential equation boundary-value problem.

The chapter is organized as follows. Section 6.1 generalizes the construction of families of
local projections to the quasiperiodic case and shows that a unique covariance matrix may be
associated with each corresponding hyperplane. The corresponding boundary-value problem
is given in Section 6.2 and its implementation in COCO is described in Section 6.3. Validation
of this methodology is illustrated for a stochastically perturbed coupled Van-der-Pol oscillator

system in Section 6.4.

164



6.1 Mathematical Preliminaries

From [109], we obtain the defining boundary-value problem for a quasiperiodic invariant torus

Opo(9,1) = f(v(0,1), v(¢, T) = v(¢ + p,0) (6.1)

in terms of a function v : S x [0,7] — R” for an a priori unknown 7', and irrational rotation
number p. We denote a solution of this boundary-value problem by o(¢,t) and T and assume
from here on that the corresponding torus is transversally stable. As shown in [109], the

solutions to the adjoint boundary-value problem

0= —ONT (6,1) = AT (6,1) B, f (06, 1)) + XL (5(-, ) (62)
0= T (6,T) - AL (6) (63)
0= —AT (6,0) + AL (6 — p) (6.4)
0=r = [N(0)] (50, T)do (6.5)
0=+ [ AL(0)25(6 + p.0)do (6.6)

with (nr,n,) = (1,0) and (0, 1), respectively, may be used to construct a projection operator,
as was done in Chapter 5. Specifically, under certain non-degeneracy conditions on h, these

equations imply that A,s = 0 and A(¢,T) = A(¢ + p,0). Moreover,

A7 (6, 1)0:0(,) = 1, Ap(¢,1)950(6, 1) = 0,

NF(6,1)05(9,) = 0, AL (6, 0)050(0,1) = —1, (6.7)

where Ar denotes any solution obtained with (n7,7,) = (1,0) and A\, denotes any solution

obtained with (nr,7,) = (0,1). In fact, by the transversal stability of the torus, it follows
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that there exist unique solutions A and :\p, from which we obtain the projection

Q(o,t) = I, — 0,0(p, )AL (0, 1) + DyD (o, t)N) (6, 1) (6.8)

along the tangent plane to the torus at 9(¢,t), spanned by the vectors 0,0(¢,t) and 040(¢, t),

onto a plane perpendicular to Ah(¢,¢) and Xg(gb,t). Indeed, here, Q(¢,t) = Q(¢,1),

A (0, )Q(,8) = A7 (9,)Q(6, 1) = 0 and Q(o, )0r5(6,1) = Q(6,)055(, 1) = 0.
Also, as shown in [109], if X (¢, t) satisfies the variational problem

X =0, f (0) X, X (-,0) =1, (6.9)
then
057 (¢, 1) = X (¢,1) 057 (6,0 , (6.10)
0 (¢,t) = X (¢,1) 0,0 (¢,0) (6.11)
and
A, (6, ) X (,) = AT, (6,0). (6.12)
It follows that
X76,6)Q(6:1) = X7 (61) (1 — (0, 0N (6, 1) + 00(0. DN (01)), (613)

which simplifies to

X, )Q(,t) = Q(8,0)X ' (¢,1) <= Q(8,1) X (¢,) = X (¢,£)Q(,0) (6.14)

i.e., that the family of hyperplanes is invariant under the linearized flow.
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As further shown in [109], for z(t) & (¢, ) for some ¢ and 7, the scalar equations

Az ((1), @ (1) (2 (1) — 0 ((t), = (t))) =0, (6.15)
Ay ((1), (1) (2 (1) — 0 ((t), = (t))) =0, (6.16)

define 9 (t) and w(t) uniquely on a neighborhood of ¢ and 7, such that ¥ (t) = ¢, w(t) = 7 if
x(t) = 0(¢, 7). It follows that there exists a unique x,(t) = x(t) — 0(¢(t), @w(t)), such that
Q((t), @(t))zy(t) = e (t). Moreover by generalizing a result from [109] for the deterministic

case, we obtain

Az = 0, f (0(, 1) 2udt + 0Q(b, 1) F (0 (¢, 1)) dW, (6.17)

to lowest order in ¢ and deviations x,. This may be solved explicitly to yield

2 () = X (@) 0+ [ (X(6.0%76,7) Q6.0F (5(6,7) W,

X (6020 0) 400605 (0.0) [ 6o, (6.18)

0

where G(¢,7) = X~ (¢,7) F (¢ (,7)).

As in the previous chapter, we proceed to define the rescaled covariance matrix
1 T
C(o,t) = ;]E [wtr(t):ctr(t)] , (6.19)
such that

(ﬁTxg(a;, £) + BN (0, t)> C(6,1) (5TXT<¢, £) + By (0, t)) ~0 (6.20)

for any fr and 5, by (6.15) and (6.16). It follows from the definition of C, the invariance
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condition (6.14), and the stochastic inequalities (5.19-5.20) that

C(¢,t) = X (,1) C (¢,0) X" (¢, 1)
£ 0(6,0X(6,1) ( [ cone <¢,r>df) X000 (6,0, (6.21)

By the anticipated convergence towards a stationary probability distribution, it now follows
that we seek a solution to this integral equation, such that C(¢, T) = C(¢ + p, 0), ie., a

solution to the linear algebraic system

C(6+0,0) =X (6.T) C(6,0) X" (6, T)
+

that also satisfies the condition

(BrA%(6,0) + BAL(6,0)) C(6,0) (Bre(6,0) + HpM(6,0) =0 (6.23)

for any Br and f,.

Indeed, the existence and uniqueness of a solution C(-,0) that also satisfies

(BrAF (0.0 + BoA5 (6,0)) C(6,0) (Brda(6,6) + A, (0:1)) = 0 (6.24)

for any fr and 5, may be shown as follows. First, note that by (6.12),

(BrVE(6.1) + B3 (6.0)) C(.1) (Brir(6.1) + B (011))
= (BrAE(6,0) + BAL(6,0)) C(6,0) (BrAr(@,0) + B,),(6,0)) (6.25)

i.e., that (BT:\gw((b, )+ BPS\E(qb, )) C(o,-) <5T5\T(¢, O+ ﬁpS\p(gé, )) is constant for any fr
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and f3,. Next, for large k, it follows from the transversal stability of the torus [109] that

X (¢, kT) = 0,0 (¢ + kp,0) AT (6,0) — 90 (¢ + kp,0) AT (,0) + O (exp (—k/Tyr))

where 7y, is a positive constant. Furthermore,

C(¢+ kp,0) = X (¢, kT)C(,0) X" (¢, kT)

+Q(¢, kT) X (¢, kT) ( / G(¢,7)G" (9, T>df> X" (¢, kT)Q™ (¢, kT)

for any k. Here,

[ cencteni=3 [ aeneene
=Y XY, (1-1)T) (/0 G(o+ (I —1)p,0)

-G+ (1 —1)p, Q)dQ> X1 (e, (1= 1)T)

X(¢, (1= 1T +0) = X(¢+ (I = 1)p, 0)X (¢, (1 = )T).
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For sufficiently large k, the right-hand side of (6.27) is then approximately equal to

Z (¢, kT) X (k—n)p,nf)</0 G(¢ + (k—n)p,0)
GT(¢+ (k—n)p, Q)dQ> XM+ (k—n)p,nT)Q (¢, kT), (6.30)

since

X(¢,KT) XY (¢, (k —n)T) = X (¢ + (k —n)p,nT). (6.31)
Moreover,

X(¢+ (k—n)p,nT) = 0,5 (¢ + kp,0) A} (6 + (k — n)p,0)

— 0,5 (6 + kp,0) AL (6 + (k — n)p,0) + O (exp (~k/r))  (6.32)

for large k and Q(¢, kT) = Q(¢ + kp,0). Tt follows that (6.30) converges to a finite value

since

k— n)p7 nT)QT(gbv kT)

Q(¢, kT)X (¢ + (k —n)p,nT) ( /O G(¢+ (k—n)p, o)
G (¢ + (k—n)p, Q)d9> X"+ (

= O(exp(—2k/Ti)). (6.33)

6.2 Covariance boundary value problem
By differentiation of (6.21), we obtain

O~ 0.10)C + 0O (1) + QF ()P (3)Q" (6.34)
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The corresponding boundary-value problem obtained by imposing the quasiperiodic boundary

condition C(¢,T) = C(¢ + p,0) and the initial conditions

0= N(6,0)C(8,0)Ar(6,0), (6.35)
0= A1 (,0)C(8,0)A,(6,0), (6.36)
0= X} (0,0)C(¢,0)A,(8,0) (6.37)

has a unique solution but appears over-determined as the nominal dimensional deficit equals
—3. To resolve this issue, similar to the previous chapter, we introduce three additional
auxiliary unknowns into the differential equation by adding the terms ;9,0 0,0", aa0y0 050"
and ag (@17 Dp0T + 040 (9t7§T), which we anticipate will lead to a non-degenerate solution with

a1 = ag = agz = 0. Indeed, with these additions,

O (M0.00(6.030.0)) = an, (6.38)
9 (R26.0C(6, 035 0.1)) = (6.39)
O (M0.006.03(6.0)) = o, (6.40)

but since S\T, 5\p, and C all satisfy the quasiperiodic boundary condition with irrational p, it
follows that aq, as and a3 must equal 0.

We obtain the covariance matrix for a given point (¢, t) on the quasiperiodic torus and
relative to a hyperplane perpendicular to the vectors S\T(qﬁ, t) and 5\p(¢, t) from a solution

(ﬁ(qb, ), T, Ar(9,1), 5\p(¢, t), C(p,1), ay, o, d3> to the boundary-value problem
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ov
= 5 (& 1) — f(v(e,1) (6.41)

—0(6,7) v (6 +p,0), (6.42)
0=~h(,),p), (6.43)
0 = ONE(, 1) + NE(6,8)0,f (1(6, 1)) = NEg0uh (v ). (6.44)
0= NE(6,7) = AL (6). (6.45)
0= NF(6,0) = MLr (6= ). (6.46)
0= e = [ Mo (01 (0 (6.7)) o, (6.47)
0=+ [ Nerl@)p0(o+ .00, (6.48)
0= ONL(6,8) + AT (6,000, f (0(6,8)) = AL 0uh (v ). (6.49)
0= (6,7) - AECP (@), (6.50)
0= T (6,0) = AL, (6— ), (6.51)
0=y~ [ Al 7)) do, (6.52)
0= p+ [ Np(9)050(6 -+ p,0)d0, (6.53)

= B 0T )C + C(6.1) (0T ()~ QF () ()"

— 10,00 v" — a0vdvT — a (Odsv™ + Opvdp™) (6.54)
0=C(p,T)—C(p+ p,0), (6.55)
0 = NE(6,0)C(6, 0)Ar (6, 0), (6.56)
0 = NT(6,0)C(6, 0)A,(6,0). (6.57)
0 = NE(,0)C(6, 0)A\,(6,0). (6.58)

where npr =1n,, =1 and 07, = 1,7 = 0. Here (6.41-6.43) is the quasiperiodic boundary-

value problem that yields #(¢,t) and T. Eqgs. (6.44-6.53) are the corresponding adjoint
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boundary-value problems that must be solved to obtain A and S\p, respectively. The
quasiperiodic orbit and the adjoint variables are used in the boundary-value problem (6.54-
6.58) to obtain the unique covariance matrix associated with hyperplanes along the surface.

The formulation outlined here is an original formulation using adjoints to capture the
effects of noise near transversally stable quasiperiodic invariant tori. Similar to the periodic
orbit case in the last chapter, the formulation employs the purposeful introduction of the
projection matrix @ in (6.54), the imposition of the non-degeneracy conditions (6.56-6.58),
and the introduction of the corresponding “damping” parameters in (6.54). In contrast to
previous work [45], we have chosen to use a projection defined by the solution to the adjoint
boundary-value problem, and, consequently, associated with planes orthogonal to S\T(qﬁ, t)
and S\,J(gb, t), since this is a natural decomposition that respects the spectral properties of the
solution X (t) to the variational problem. In the next section, we discuss the implementation

of this boundary-value problem in COCO.

6.3 Implementation

As discussed in the previous section, the covariance computation involves solving the torus
boundary-value problem (6.41-6.43), the corresponding adjoint problems (6.44-6.53) and
the covariance boundary-value problem (6.54-6.58). We implement a discretization of these

boundary-value problems in COCO.

6.3.1 Torus boundary-value problem

Following the discretization strategy proposed in [32] and revisited in Chapter 4 for quasiperi-
odic invariant tori in problems with delay, we approximate the function (¢, t) in terms of a

Fourier series in ¢ and M individual trajectories along characteristics of the governing PDE
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for a discrete, uniform sample of values of ¢:

j—1
;= 6.59
Qb] M ( )
where 5 = 1,..., M. For each trajectory segment, we use the bvp toolbox in cOCO to
construct the corresponding discretized zero problem.

Using the bvp toolbox, we first impose a collocation discretization of the differential

constraints
dv
E (¢j7 T) = Ef (U (¢j7 T) 7pj) ) (660>

with j = 1,..., M. Here p; and T; denote the problem parameters and the trajectory
length associated with the j-th segment. After construction of all M segments, the problem

parameters and the trajectory lengths are glued together per the conditions

0=p; —p, (6.61)

0="T, —1T; (6.62)

j=2,...,M.
Next, the different trajectory segments are coupled through the boundary condition (6.42),

whose discretized form is given by

v (é1,1) v (¢1,0)
(F® 1) : = ((R(p) - F) & I,) - : , (6.63)

v (dur; 1) v (¢, 0)

where F' denotes the Fourier discretization matrix [32], R(p) is the rotation matrix associated
with the rotation number p. This condition is imposed as a zero function in COCO during

implementation.
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Finally we impose the following Poincaré phase conditions (cf. (6.43))

0=0.v*(0,0)" (v(0,0) —v*(0,0)) (6.64)

0= 950" (0,0)" (v (0,0) — v* (0,0)) (6.65)
to remove the invariance along the two phase directions.

6.3.2 Adjoint boundary-value problem

The equivalent of the adjoint conditions (6.44-6.48) and (6.49-6.53) used to derive the
projection matrix @) are obtained from the vanishing of the variations of the following

Lagrangian

L= / / \T(6,7) (00 (6,7) — Tf (v (7). p)) drd
n / AL (6) (4 (64 p.0) — v (6, 1)) do + XLA (0 (0,0) ,p)

S

+ 1, (p = p1p) + 00 (T — pr) + 1y (p— 1) (6.66)

with respect to v(¢, 1), v(¢,0), v(¢,1), T, p, and p. For each sampled value of ¢, these may
be obtained directly for the corresponding trajectory segment using the adjoint constructors
available in the bvp toolbox. This construction is equivalent to deriving the adjoint conditions

from the following approximation of the Lagrangian, where integration over S has been replaced
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by an average of the trajectory segments:

Lai=3 5y ) X 00 @n) =T 030 )

+ 27 (R () (00) = F (60) + 3 Ao (1 =) + 3 Ay (T = T)

+ At (0707 (0,0)" (1(0,0) = v* (0,0))) + Az (85" (0,0)7 (0, 0) = v (0,0)) )

+ 1, (p— pp) + nr(Ty — piry) 4+ (0 — 1), (6.67)

where F = F® I,,,R(p) = (R(p) - F) ® I,, and

v (¢o) = vec (v (¢1,0),v (¢2,0),...,v(dn,0)),
v (1) = vec (v (d1,1),v(d2,1),...,v (P, 1))

The adjoint conditions are then obtained from the vanishing of the variations of L; with
respect to v(¢;, 7), v(¢;,1), v(¢;,0), T;, and p; for j =1,..., M, and the rotation number p.

It follows from the adjoint conditions that the following relations hold

>[N0 w60 i = (6.68)

AR (p) v (¢0) = M, (6.69)

where (n7,1,) = (1,0) and (0, 1), respectively, when solving for Ar(¢, 7) and Xp(qb, 7).

Notably, the construction using the adjoint constructors in the bvp toolbox omits the factor

L

57 in the first two terms of the Lagrangian Ly. It follows that we must let (97, 7,) = (M, 0) and

(0, M), respectively, when solving for Ay (¢, 7) and S\p(gb, 7) using the COCO implementation.
To construct the two uncoupled sets of adjoint conditions for Ay and S\p, respectively, using
the bvp adjoint constructors, we append a second identical instance of the zero problem for v

and T with a different function identifier and glue together the problem parameters of the two
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instances. These instances are then referred to separately by the bvp adjoint constructors.

6.3.3 Covariance boundary-value problem

Finally, the covariance boundary-value problem (6.54-6.58) may also be discretized in terms

of a Fourier series in ¢ and solutions along individual characteristics as suggested by the

ODEs

O (657) = Tu 1 (0(65,7), D)O(65,7) + Ty, 7) (D (0005, 7). )"

+ T]Q(gb], T)F(U(¢j7 T))FT(U(¢j’ T)vP)QT(¢j7 T)

1 1 ov ov
+ TjalaTv (ﬁbj, 7—) TaTU (¢j7 T)T + ,I'jOZQa_gb (¢j7 T) 8_¢ (¢j7 T)T
+ ag <8Tv (6,7) Dsv (67, 7)" + D (6,7) Dy (5, T)T) , (6.70)
the degeneracy conditions
0= A7 (¢;,0)" C(¢;,0) Ar (6,0), (6.71)
0=z (9;,0)" C(¢;,0) X (;,0) (6.72)
0=, (6;,0)" C (6;,0) A, (¢;,0) (6.73)
and the quasiperiodic boundary conditions
vec (C' (¢, 1)) vec (C' (¢1,0))
(F'® Iy2) : = ((R(p) - F) ® I;2) : (6.74)
vec (C' (onr,1)) vec (C' (¢, 0))
Here j varies from 1,..., M and T} denotes the segment durations.

There are two ways through which one can obtain the covariance matrix in this case. The

first is to solve the full boundary-value problem for o(¢, ), T, \r, S\p, C, &y, és, and ag. For
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such an implementation, the covariance equations need to be appended to the augmented
continuation problem using the complementary zero function constructor coco_add_comp.
This implementation is particularly useful if we want to continue these solutions under
variations in problem parameters.

Alternatively, one can implement the covariance boundary-value problem (6.54-6.58) as
a stand-alone zero problem using the zero function constructor coco_add_func. Such an
implementation would require loading already stored solutions (¢, 7), T, A, and S\p. The
advantage of this post-processing implementation is that the covariance computations will be

faster than in the former case.

6.4 Coupled Van der Pol Oscillator

To test our formulation, we consider the coupled Van der Pol SDE

dl’l i) 0
dx —e(x? =1y —x —z
*l = (= Dm—n PN I Y odW,.  (6.75)
dy Y2 0
dys —e(Wi—Dyp+ 1+ B (x1— 1)

Here ¢, d, 5 are the problem parameters and W, € R* is a vector of independent Brownian
motions. Quasiperiodic invariant tori of the deterministic drift vector field have been studied
in detail by Schilder et al. [66] and are used here as a basis for studying the effects of noise.
With e fixed to 0.5 and o = 0, there exists a family of quasiperiodic invariant tori for varying
5 and ¢ with fixed rotation number, approximately equal to 62v/2 /140. Indeed, using the
initial parameter values e = 0.5, 5 =0, 6 = 1.503, and p = 62\/5/140, and the initial solution

guess
T
U(¢j7t):(281n(2ﬁ¢j+t) 2cos (2m¢; + 1) 2sin (1.59¢) 3.19cos(1.59t)) (6.76)
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for ¢ € [0,27/1.59] and M = 23, we obtain the family shown in Fig. 6.1. The invariant torus

and the corresponding adjoint variables when § = 0.2 are shown in Fig. 6.2.

Figure 6.1: Family of quasiperiodic invariant tori for the deterministic coupled Van der Pol
oscillator system (6.75). Here, e = 0.5 and the rotation number is fixed at 621/2/140.

Following the discussion in the previous section, we use the stored data for o, T, S\T, and
;\p for 5 = 0.2 to solve the boundary-value problem for the covariance function. A convergence
analysis is first performed to get an estimate of the number of segments (M) and number of
discretization intervals (/V) that must be used to obtain reliable results. In Table 6.1, we show
the maximum of the i-th eigenvalue (ordered by magnitude) of the covariance matrix function
over all segments for different numbers of segments and N fixed to 30. We observe that the
eigenvalues converge rapidly with increasing M. The two lowest eigenvalues decay to zero,
as is expected since the covariance matrix in this case should be positive semi-definite with
two zero eigenvalues. Due to memory limitations, we were not able to increase M beyond 31.
Table 6.2 shows the maximum of the i-th eigenvalue of the covariance matrix as a function
of the number of discretization intervals and M fixed to 31. Here, again, we observe rapid

convergence in the eigenvalues with finer discretization.
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Figure 6.2: (a,b) Projected invariant torus for the coupled Van der Pol oscillator system
with € = 0.5, 8 = 0.2,0 = 1.7566 and rotation number p ~ 62v/2/140. (c,d) Corresponding
projected Lagrange multipliers Ay and A,. Here M equals 23.

With M = 31 and N = 30, we consider the section t = T/2 on the torus and use the
predicted eigenvalues and eigenvectors to graph curves in Fig. 6.3 representing one and two
standards deviations of the Gaussian distribution from the invariant torus as a function of ¢.
We compare these predictions to results obtained using numerical simulation. Specifically,
we first perform direct numerical simulation of the stochastic trajectories using the Euler-
Maruyama integrator in Matlab. The simulation is performed for a duration of 2000 time
units, with time-step dt = 10~*, and noise level ¢ = 0.1. For each point on the stochastic
trajectory, we then compute the values of ¢ and 7 that define the corresponding projection

Q (¢, ) using the hyperplane definitions (6.15-6.16). For consecutive points along a trajectory

180



Table 6.1: The eigenvalues of the covariance matrix as a function of the number of segments M.
i denotes the maximum of the i eigenvalue of the covariance matrix over the discretized
quasiperiodic torus. Here, N = 30.

M 11 15 19 23 27 31
Y 3.8936 3.9272 3.7621 3.75 3.7617 3.7548
Yo 2.5954 2.5036 2.5991 2.5868 2.5986 2.5826
s 0.4137 0.3061 0.0256  92x1073 6.7x107* 7.7x 1074

Yo 82x107% 21 x107% 53x107* 95x107° 2.1x107° 25x107°

Table 6.2: The eigenvalues of the covariance matrix as a function of the number of discretization
intervals N. v; x denotes the maximum of the i’ eigenvalue over the discretized quasiperiodic
torus. Here, M = 31.

N 10 15 20 25 30
V1,N 3.7477 3.7548 3.7476 3.7543 3.7548
V2,N 2.567 2.5826 2.5774 2.5835 2.5826

sy 38x10° 89x10 % 79x10 % 78x10*F 7.7x10*
Yy 873 x 107 43x10F 1.6x10 % 5x10° 25x10°

on either side of the section t = T /2, we use straight-line interpolation to compute a point
on the section and the corresponding value of ¢, by again imposing (6.15-6.16). Finally, we
project the deviations z, onto the predicted normalized eigenvectors e;(¢) and es(¢) of the
corresponding covariance matrix associated with the nonzero eigenvalues. The results are

represented by the red dots in Fig. 6.3 and are consistent with the theoretical bounds.

6.5 Conclusions

In this chapter, we generalized the adjoint-based formulation derived in the previous chapter
for limit cycles to the case of transversally stable quasiperiodic invariant two-tori. A further
generalization to the case of n-tori with n > 2 should be immediate, but inevitably results in
a very high-dimensional continuation problem, especially if the bvp toolbox constructors are
used without taking advantage of the similarity between the various boundary-value problems

for \.
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Figure 6.3: Comparison of predicted bounds in terms of one (black) and two (blue) standard
deviations with the results (red dots) of numerical simulation using the Euler-Maruyama
integrator for the coupled Van der Pol oscillator system. The results are visualized in terms
of projections onto (a) the eigenvector e;(¢) corresponding to the largest eigenvalue and (b)
the eigenvector es(¢) corresponding to the second-largest eigenvalue of the covariance matrix.
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CHAPTER 7

DISCUSSION AND FUTURE WORK

In this dissertation, we proposed formulations based on adjoints for optimal design of time-
delay systems and uncertainty quantification in stochastic systems. The first half of this
dissertation focused on generalizing an existing continuation-based optimization strategy to
problems involving delay differential constraints. We then proposed a general framework that
can handle a wide range of delay-coupled, multi-segment boundary-value problems. In the
second half of the dissertation, we proposed a novel covariance-boundary value problem for
uncertainty quantification near periodic/quasiperiodic orbits of dynamical systems perturbed
with noise. There are a number of different directions in which this work can be extended
upon. In the next sections, we provide a chapter-wise summary of the content, followed by

opportunities for further research.

7.1 Methods of continuation

The staged approach to problem construction supported by COCO permits the user to build
up nonlinear problems gradually by adding new variables and systems of equations and
coupling them flexibly to variables defined previously, at each step increasing or decreasing
the dimensional deficit (nominally the dimension of the corresponding solution manifold). This
is the natural way of thinking about problem construction if algorithms for multi-dimensional
continuation are at one’s disposal. The initial examples in Chapter 2 showed how bifurcations

or function extrema are embedded within higher-dimensional solution manifolds.
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Chapter 2 described in detail the abstract staged construction formalism in the full
generality currently supported by COCO. A major innovation since its original realization
in [32] is that the formalism now supports the simultaneous gradual build-up of adjoint
information and also includes a new layer that permits construction of complementarity
conditions associated with design optimization in the presence of inequality constraints
(as partially described in [35]). The utility of such staged construction with automatic
accumulation of adjoints was illustrated using two detailed examples. The first example, a
data assimilation problem, was an optimization problem with multiple delay-coupled time
segments. The second, a phase response analysis of periodic orbits, was formulated as
a linear sensitivity analysis of the orbital duration with respect to perturbations in the
boundary conditions. Both examples showed that it is, in principle, possible to perform
staged construction of a boundary-value problem associated with multiple segments, coupled

to each other by discrete time delays, while automatically accumulating adjoints.

7.2 Design optimization in problems with delay

The various examples in Chapter 3 illustrated the successful application to the case with single
time delays of the general methodology to optimization along implicitly defined solutions to
integro-differential boundary-value problems first proposed by Kernevéz and Doedel [13] for
ordinary differential equations. Here, the partial Lagrangian approach introduced in [14] was
used to derive adjoint conditions that were linear and homogeneous in the unknown Lagrange
multipliers. This allowed a search for local extrema to proceed along a connected sequence of
one-dimensional manifolds of solutions to the necessary conditions for such extrema minus
the trivial algebraic adjoint conditions on a subset of the Lagrange multipliers: first, along a
branch with vanishing Lagrange multipliers, then switching to a branch with linearly varying
Lagrange multipliers, and then along additional branches until all the previously omitted

trivial algebraic adjoint conditions were satisfied.
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In contrast to the case of ordinary differential equations, the presence of time delays
introduces potential discontinuities that must be accounted for in any numerical solution
strategy. By the properties of differential equations with time-shifted arguments, such
discontinuities propagate across time, gaining an order of continuity for each iteration. Here,
we have only accounted for zeroth- or first-order discontinuities in the formulation of the
governing boundary-value problems. On each segment along which a function was shown to be
continuously differentiable, we have approximated such a function by a continuous piecewise-
polynomial function of degree 4 in each mesh interval, ignoring continuity in the first derivative
across mesh boundaries or discontinuities of order two or higher within each mesh interval.
The piecewise-polynomial approximants were used to impose a discretization of the governing
differential equations at a set of collocation nodes within each interval and to evaluate
functions with time-shifted arguments on the same or other intervals. Such a collocation
strategy is consistent with the approach in [114], and there compared to an alternative mesh
strategy that depends on the delay. We have not undertaken a detailed analysis of the
sensitivity of the results to the numerical mesh or polynomial degree. Notably, while we rely
in this study invariably on uniform meshes, it is common to consider adaptive meshes for
which the number of intervals and their relative size may change during continuation.

In all the examples, a Lagrange multiplier associated with a phase condition was found
to equal 0 on a local extremum of the corresponding Lagrangian. As stated previously,
we nevertheless retained this Lagrange multiplier as an unknown and monitored its value
during continuation. Experiments with the number of mesh intervals were used to determine
whether this value was effectively 0 also in the computational analysis. An alternative would
have been to eliminate this variable from the set of adjoint equations while simultaneously
eliminating one of the adjoint conditions. In a single instance, this may indeed be useful, but
when relying on a general-purpose implementation as described for the implementation in
Chapter 4, it is better to retain the variable and use its numerical value as an indicator of

the accuracy of the solution.
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7.3 A toolbox for delay-coupled boundary-value problems

Chapter 4 demonstrated that it is possible to perform staged construction of a boundary-value
problem associated with multiple segments, coupled to each other by discrete time delays,
while automatically accumulating adjoints. The underlying structure is a network of delay-
coupled systems of ordinary differential equations, linked by algebraic coupling constraints. A
general representation in terms of delay graphs inspired the formulation of an abstract toolbox
for delay-coupled problems, where each building block (a differential constraint and a set of
algebraic coupling conditions) is sufficiently general but also simple enough to implement its
adjoint at the toolbox level. The chapter then went on to formulate the discretized version of
this abstract network of equations, first in terms of abstract projections, then with a detailed
vectorized description of the resulting algebraic equations. The generality of the toolbox was
demonstrated in the context of several numerical examples of coupled systems with delay as

they arise for connecting orbits, optimal control problems, and quasiperiodic invariant tori.

7.4 Noise induced behavior near limit cycles

In Chapter 5, we discussed an original boundary-value problem formulation for local covariance
analysis near limit cycles perturbed by noise. This was shown to enable efficient computational
analysis, including parameter continuation, of the limit cycles and the corresponding covariance
matrices describing stationary Gaussian distributions in transversal hyperplanes through
points along the limit cycles and with means given by these points. We used examples
to demonstrate the utility of the approach and to verify the theoretical predictions using
numerical simulations.

A unique feature of the formulation is the construction of the covariance matrix in terms
of the original state-space variables rather than a reduced set of coordinates, as is common in

the literature when choosing to project onto hyperplanes perpendicular to the vector field.
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As a result, the complete boundary-value problem adheres to the construction paradigm of
COCO, specifically the possibility of building the complete continuation problem in stages.
We have taken advantage of this general structure and implemented a COCO-compatible
constructor that appends the covariance boundary-value problem to the periodic-orbit and
adjoint boundary-value problems generated using toolbox constructors included with the
COCO release. The numerical results reported in this analysis were all obtained using this
tool. With the help of this tool, we are now able to investigate the influence of different
choices of the dispersion matrix F', including whether particular choices of ' may result in

covariance bounds that match predefined specifications.

7.5 Noise induced behavior near quasiperiodic orbits

Finally, in Chapter 6, we generalized the covariance formulation discussed in Chapter 5 for
stochastically perturbed limit cycles to a formulation capable of characterizing the local effects
of noise for stochastically perturbed quasiperiodic invariant two-tori. A major difference
in this analysis was that the governing boundary-value problem here depended on two
independent variables rather than the single phase variable for the limit cycle. Moreover,
since there were two neutral directions of the flow along the torus, multiple adjoint variables
were required to construct the appropriate projection matrices.

We implemented a discretized form of the governing boundary-value problem in COCO
using a combination of existing toolbox constructors and a new constructor for the linear
covariance boundary-value problem. An important contribution was the introduction of
“damping” terms that ensured a non-singular continuation problem. An example of a coupled

Van der Pol oscillator was used to illustrate the approach.
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7.6  Opportunities for future work

7.6.1 More general delay-coupled problems

Several classes of problems involving delay are not covered by the template toolbox developed
in this dissertation. These include problems with state- or time-dependent delays, as well as
those with distributed delays. Even for discrete delays, we have assumed an explicit form of
the differential constraints with similarly explicit algebraic coupling conditions. In contrast,
the defining problem in DDE-BIFTOOL admits delay differential equations with a nontrivial
(and possibly singular) coefficient matrix on the left-hand side, thereby enabling analysis of
problems with nontrivial algebraic coupling conditions. Our general approach to recognizing
universality and encoding such universality in the COCO framework, including with attention

to the automated construction of adjoints, should inform such further development.

7.6.2 Construction from delay graphs

The collection of differential and algebraic constraints provided in Section 4.2.1 are still one
step away from the form in which a user typically formulates a multi-segment boundary-
value problem with delay(s). The discussion in Section 4.1.2 provides a template for how to
automate this step by encapsulating the data required for a toolbox to construct the associated
boundary-value problem and adjoint contributions using a suitable graph representation.
In this section, we propose a general theory that is compatible with the abstract toolbox
template and apply this to the examples in Section 4.2.2.
As before, associate with each segment
e a duration 7' > 0: we develop all notation for unscaled intervals [0, 7] and assume that
the involved differential equations are autonomous for simpler notation; the scaling can
be performed in a separate final step;

e a delay a > 0: we only consider a single delay per segment for simpler notation;
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e a variable z : [-&,T] — R" with @ > « that is involved in the temporal coupling
between segments;
e directed links to its predecessors; associated to a link from node ¢ to node j is a non-zero

coupling matrix B;;, such that

Z Bijxij(T; + s) = x;(s) for all s € [—a&;,0], (7.1)
J

where, in contrast to Section 4.1.2, we sum over all predecessors (allowing for more
than one). The graph in Fig. 4.1 in Section 4.1.2 shows that the term predecessor refers
to direct predecessors (so, a predecessor of a predecessor of segment (node) i is not

automatically also a predecessor of node 1.)
A node without predecessors can have & = 0, but in general & must be larger than «, even if
a = 0 for a particular segment. For example, a node ¢ with a; = 0 and duration 7; = 1 may
be predecessor of a node k with a, = 2. Then &; has to be at least equal to 1. Notably, no
information about & will be required during construction of the associated coupling conditions.

The graph representation immediately implies the boundary condition
> Bijz(T;) = 2:(0) (7.2)
J

obtained by letting s = 0 in (7.1).

Consider, for example, the single-node graph shown in the left panel of Fig. 7.1. This
encapsulates a delay differential equation &(t) = f(z(t),z(t — a)) for t € (0,7") and algebraic
condition x(s) = (T +s) for s € [—&, 0] corresponding to the search for a periodic solution of

period T. We apply the predecessor coupling as many times as necessary to ensure evaluation
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of z(7) only for 7 € (0,7) in the coupling conditions and obtain

z(t) = f(z(t),y(t), t € (0,T), (7.3)
y(t) = z (T+ L= O‘|mod[0,T]> ’ <0 O‘|mod0T]> (7.4)
L (t - a‘mod[O,T]) ’ te (a|mod[0,T]’T) '

Finally, (7.2) implies the periodic boundary condition z(7") = z(0).

5 <y

Figure 7.1: Graph representations for delay-coupled boundary-value problems representing
(left) a single segment periodic orbit (middle) a two-segment periodic orbit and (right) a
quasiperiodic invariant torus approximated with 5 segments.

As a second example, consider the two-node graph shown in the middle panel of Fig. 7.1.

This encapsulates the system of delay differential equations

]Il(t) = fl(ZEl(t),Z‘l(t — Oé)), t e (O,Tl), (75)

Ig(t) = fQ(ZEQ(t),ZEQ(t — Oé)), t e (O,TQ) (76)

and algebraic conditions x1(s) = x2(Ts + s) for s € [—ay,0] and z5(s) = z1(Ty + s) for
s € [—as,0] corresponding to the search for a periodic solution of period T} + T, for a

piecewise-defined vector field with delay av. We again apply the predecessor coupling as many
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times as necessary to ensure evaluation of z1(7) and x5(7) only for 7 € (0,77) and 7 € (0, T3),
respectively, in the coupling conditions. For example, if a < T3, Ty, and with y;(¢) = 21 (t — «)

and ys(t) = z5(t — a), we obtain the coupling conditions

(

o (Ih+t—a), te (0,a),
() = ( ) i€ (0] (7.7)
x (t—a), te(a,1y),

\
,

z(li+t—a), te(0,a),
OT b0 (7.9
xo (t — ), te (a,Ty).

If, instead, 77 < o < T5, we obtain

yl(t) = X9 (T2+t—a), te (O,Tl), (79)
(
x2(T1+T2+t_O{), t e (0,0é—Tl),

Yya(t) = 1 (Th +1t— ), te(a—T,a), (7.10)

2ot — ), te (a,1)).
\

In either case, (7.2) implies the boundary conditions z1(7") = x2(0) and z5(7") = z1(0).

For a general construction, we associate with each node one or several finite paths through
our graph consisting of predecessors to this node and their predecessors. Specifically, a
sequence Kk = (K, ..., kg) with kK1 =i is a history for the i-th segment if kx, is a predecessor

to kg for k=1,...,/—1 and

-1 4
YT, << T (7.11)
=2 =2

In the second example above, the sequence (1,2) is a history for segment 1 when o < T» and
the sequence (2, 1) is a history for segment 2 when o < Tj. In contrast, when T} < o < T} + T3,

the sequence (2,1,2) is a history for segment 2.
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For a given history, there exists a smallest index ¢ such that

a <Ti+> T, (7.12)

j=2
In particular, when a; < T}, « = 1. In contrast, for the history (2, 1,2) in the second example
above with T7 < a < T} + 15, t = 2 and k, = 1. All indices between ¢ and ¢ result in £ — ¢

internal boundaries at

=Y To,k=1,..0- (7.13)

and a partition of [0, 7;] into £ — ¢+ 1 subintervals separated by these boundaries. For example,
if ¢ — ¢ =1, then [0, 7;] is decomposed into the subintervals [0, ;] and [, T;]. Given these

definitions, the k-th coupling condition for the i-th segment associated with the history « is

given by
t—k+1
yl(t) = Ak(/ﬁ)xH[f]%Fl (t - a’L + Z TI{j) 9
j=2
(—k+1 ok
te [max (0,041- - > Tnj> ,min (Ta — ZTH]) : (7.14)
Jj=2 j=2
where
Ak’(/i) = BHlK/Q o Bﬁg_klﬁg_k+1 (715)

and an empty matrix product is interpreted as an identity matrix. From the boundary
condition

B T,

Hl*k+1) - x“l*k(0)7 (716>

Rl7k5l7k+1xnl7k+1 (

we obtain

Ak(ﬁ;)xﬁé—kJrl (Tﬂszﬂ) = Ak+1(’%>xnsz (O) ’ (7'17>

which, in turn implies continuity of y;(¢) at the k-th internal boundary.

In a general graph, a segment may be associated with two or more distinct histories. In the
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simplest case, any two such histories x and ' of a segment ¢ correspond to identical sequences
of durations (7;1,...,T;,). In this special case, the partition of [0, 7;] into subintervals is
a property of the segment. We sum over the set of all histories, K, of the i-th segment to

obtain a composite coupling condition

KEK;

yi(t) = D Ap(®)w, .y, (t —ai+ _Z TKJ) (7.18)

on the k-th subinterval. After appropriate time rescaling, this form matches the general
coupling condition in Section 4.2.1 and ensures that continuity of the algebraic state variables
follows from the boundary conditions on the differential state variables. It is straightforward
to show that the graph in the right-most panel of Fig. 7.1 is an example of the special case for
which (7.18) applies and that the corresponding coupling conditions match the third example
in Section 4.2.2.

In problems where «; and/or T; vary during continuation, the indices ¢ and ¢ may change
discretely at critical junctures necessitating a switch between different sets of coupling
conditions. The constructive methodology introduced in this section may be deployed to
yield a set of equations that remain valid on both sides of such junctures. For example, in the
case of the single segment in the left panel of Fig. 7.1, the predecessor coupling relationship

x(s) = (T + s) yields

(

z(t — ), t € (a,T)

ot —a) = r(T+t—a), te(a—T, ) (719)

x2T+t—a), te(a—2T,a-1T)

For a < T, the third condition could be omitted, since the left-hand side is never evaluated

outside [0, 7. If we, nevertheless, retain this condition in our formulation, we need to omit
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the redundant imposition of continuity across t = a — 7', since this implies that z(0) = z(1),
something that already follows from continuity at ¢ = «. Similarly, for a > T, the first
condition could be omitted, since an inverted interval is assumed to be empty. Again nothing
prevents us from retaining this condition also for this case provided that we omit imposing
continuity across t = . With proper treatment of continuity, retaining all three conditions
allows for variations of a/T across 1. By adding the next condition in the sequence, we
include the possibility of variations of /T across 2, and so on.

Future work should implement some version of this graph representation with the coco
toolbox described in this dissertation to support automated problem construction with a

minimum of input data.

7.6.3 Adaptive discretization

When a(n augmented) continuation problem is defined on an infinite-dimensional Banach
space Uy, it may be appropriate to change discretization (or remesh the problem) during
continuation, e.g., in order to stay within pre-imposed bounds on the discretization errors (see
Part V of [32] for an extensive discussion of such adaptive meshing). In COCO, a continuation
problem is said to be adaptive if
e it is accompanied by instructions for switching between different discretizations without
changing the dimensional deficit, and
e all monitor functions are defined independently of the problem discretization and then
discretized accordingly.
During continuation, COCO will remesh an adaptive continuation problem at some frequency
defined by the corresponding atlas algorithm and according to an algorithm particular to
the discretization scheme. Since the monitor functions must be defined independently of the
discretization, they span the coordinate axes of an invariant, finite-dimensional projection
of Uy which may serve to visualize an arbitrary solution manifold. Indeed, as long as

a sufficient number of independent monitor functions are included with the continuation
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problem, continuation may proceed along such a solution manifold in terms of a geometry
defined in the projected space, independently of any adaptive changes to the mesh. This is
the solution implemented in the atlas_kd atlas algorithm [115].

For the abstract toolbox template presented in Section 4.2.1, the corresponding discretiza-
tion in Section 4.2.7 is uniquely determined by the order N and polynomial degree m, since
the mesh points 7, ; = (j —1)/N were assumed to be evenly distributed over the interval [0, 1]
(even though this was not required by the abstract form of problem discretization discussed
in Section 4.2.6). A simple form of adaptation would allow discrete changes to N and/or m
during continuation, in order to accommodate variations of an estimated discretization error.
Since such changes would inevitably change the relationship between individual base points
and the corresponding time instants, it would be inappropriate to define a monitor function
that evaluated, e.g., to xyp, ; for j € {2,..., N(m + 1) — 1}. In contrast, a monitor function
that evaluated to the value of z(-) at a particular fixed time or the integral of z(-) over the
interval [0, 1] would be defined (if not computed) independently of the particular mesh, since
the piecewise polynomial Z(-) is a continuous function at every point of the solution manifold.

In a more sophisticated form of adaptation, not only could the number N of mesh intervals
(or, less commonly, the polynomial degree m) vary during continuation, but one would also
allow for non-uniform mesh intervals with unevenly spaced time meshes {Tpt,j};-v:ﬁl. The
COCO toolbox col1l implements a mesh-selection strategy that chooses the order N and the
mesh points 7, ; such that they equidistribute an estimated (positive) density e(7) of a given

error measure according to

e)(m+1)/m (7ot j—1 .
N = %}W’ / e(t)dr (), 7=2,...,N (7.20)
0

where

(e>:/0 e(r)dr (7.21)

and tol is a user-defined tolerance. For a delay-coupled system of differential constraints, a
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similar strategy would need to be concerned about possible loss of orders of differentiability of
the exact solution at certain breakpoints even in the presence of smooth problem coefficients.
Such breakpoints occur, for example, in initial-value problems with delay, including the data
assimilation problem from Section 2.3.3 or the optimal control problem in Section 4.3.4.
Similar breakpoints would be expected in the adjoint variables for periodic delay-coupled
boundary-value problems when the corresponding objective functional is not invariant with
respect to time shifts. The reduced regularity of the solution at these breakpoints may lead
to poles in the estimates for the error measure density e(7) and, consequently, to inefficient
placement of mesh points or reduced accuracy. For initial-value problems, the interaction of
mesh selection and breakpoints has been discussed extensively [116], [117].

We leave an implementation of such an adaptive mesh strategy to future work.

7.6.4 Application of uncertainty quantification

As mentioned at the conclusion of Chapter 6, it is straightforward to generalize the theory
for two-tori to one for n-tori. Since this requires the computation of n adjoint variables in
the construction of the projection matrix, it appears important to consider a construction
approach in COCO that avoids the need to duplicate the boundary-value problem governing
the function v(¢,t) in order to derive additional sets of adjoint boundary-value problems.
This could be accomplished by developing an alternative toolbox constructor that provides a
more flexible placement of the adjoint contributions than the existing toolbox constructors.
Similarly, there are opportunities to generalize the constructor for the covariance problem to
handle adaptive meshes.

While this dissertation only considered underlying deterministic systems that were smooth
and without delay, it may be interesting to consider generalizations to limit cycle and
transversally stable quasiperiodic invariant tori for hybrid dynamical systems or problems
with delay. Additionally, even in the smooth case, one might wish to perform optimization

of the covariance matrix along families of limit cycles or transversally stable quasiperiodic
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invariant tori. For this purpose, rather than deriving yet another set of adjoint conditions,
it might be worthwhile to consider approximate approaches that trap stationary points
between solutions to the original covariance problem. These are relatively challenging but

mathematically rewarding directions.
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APPENDIX A

OPTIMAL DELAY THROUGH MULTIPLE
SCALES

We review the application of the method of multiple scales to the optimal selection of a
time delay that results in a minimal peak displacement amplitude in the harmonically-forced
response of a Duffing oscillator under delayed displacement and velocity feedback, as discussed
in Section 3.2.1.

Consider the delay-differential equation

Z(t) +26eCE (1) + 2 (t) +euz’ (t) = 2eaz (t — ) + 2ebz (t — a) + ey cos (1 +ea)t) (A1)

for 0 < e < 1. We seek an approximate solution of the form

2(t) = 2 (To, Thy .. ) + e (To, Thy o) 4o (A.2)

where T; = €'t. To leading order in e,

20 (T(],Tl,...) :A(Tl,...>€iTo + cc, (AS)

where cc denotes complex conjugate terms. Elimination of secular terms at higher orders in €

then yields a set of conditions on the derivatives of the complex amplitude A with respect to
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its arguments. In particular, if we let

1 ,
AT, ) = 5p(Th, - eI,

(A4)

it follows from the first-order analysis that steady-state oscillations with angular frequency

1 + €0 result provided that

1
Eysingp =(p+apsina — bpcosa, (A.5)
1 3up?
§vcosg0—p<a+acosoz+bsinoz— l;p) (A.6)
Elimination of ¢ yields the desired, implicit, frequency-amplitude relationship
2 . 3up*\"* |, : 2 7
p° | o+ acosa+bsina — 5 +p* ((+asina —beosa)” — 1= 0, (A7)
from which we deduce the maximum value of p given by
/')/
max — . AR
fma 2|¢ + asina — beos af (4.8)
obtained when
3 2
a:%—acosa—bsina. (A.9)
In the special case that b = —a, the maximum value of p achieves the local minimum

7/2(¢ ++/2a)? for a = /4, while for b = 0, the local minimum ~/2(¢ + a)? is obtained when

a=m/2.
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APPENDIX B

CODE OVERVIEW FOR DDE TOOLBOX

The purpose of this additional material is to give an overview of the implementation related

to the toolbox template discussed in Chapter 4. As discussed in Section 4.2, the toolbox

template consists of M differential constraints (4.11) coupled to each other through the

algebraic coupling conditions (4.14). Here we discuss the COCO compatible implementation

of these equations and the corresponding adjoint contributions.

B.1

Implementation of the differential constraints

The code for implementation of the differential constraints (4.11) for a trajectory segment is

shown below

X
Yy
TO
T
p
NTS
XX
Yy
tcn
fcn
ode
cnt
y =
end

© 00 N O Uk W N

= = = e
T W N = O

T

)i
u(data.ybp_idx);
u(data.T0_idx);
u(data.T_idx);
u(data.p_1idx) ;

data.ddaecoll .NTST;
= reshape (data.Wxx, data.x_shp);
= reshape (data.Wxy, data.y_shp);
= Txdata.taucn+TO0;
= data.fhan (tcn’,xx, vy, ppP);
= 2«NTST*data.Wpxx-Txfcn(:);
= data.Q*x;
[ode; cnt];

function [data,y] = ddaecoll_F (prob, data, u)
= u(data.xbp_idx) ;

4

4

Collocation conditions
Continuity conditions

oo ol

The input prob refers to the COCO problem structure, the field data contains the pre-stored

interpolation matrices as well as the indices to extract the different variables from the array
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u. This array contains the base points corresponding to xyp, ynp, the initial time 7T, segment
length T" and the problem parameters p. After extracting the variables, we calculate the
function values f., at the collocation nodes in line 11 and impose the discretization of
the differential constraint (4.11) in line 12. This imposition corresponds to the vectorized
algebraic constraints (4.101). In addition to these conditions, the code also appends the
condition corresponding to the continuity of xy,, across different intervals in line 14. This

corresponds to the vectorized implementation of (4.89).

B.2 Implementation of the adjoints of the differential constraints

In coCoO, the adjoint contributions from each stage of construction are added as
Aop s (B.1)

where J is the matrix from each stage of construction. With this in mind, the code for the

vectrorized implementation of the adjoints of the differential constraints (4.11) is shown below

1 function [data, J] = adj(prob, data, u) $#ok<INUSL>
2 seg = data.ddaecoll_seg;

3 opt = data.ddaecoll_opt;

4 NTST = seg.ddaecoll.NTST;

5

6 x = u(seg.xbp_idx);

7 y = u(seg.ybp_idx);

8 TO = u(seg.T0_idx);

9 T = u(seg.T_idx);

10

11 p = u(seg.p_idx);

12 pcn = repmat (p, seg.p_rep);

13 pbp = repmat (p, seg.pbp_rep);

14

15 xcn = reshape(seg.Wxx, seg.x_shp); % Values at collocation nodes
16 ycn = reshape (seg.Wyxy, seg.y_shp);

17 tcn = seg.taucnxT+T0;

18

19 xbp = reshape (x,seg.xbp_shp);

20 ybp = reshape(y,seg.ybp_shp);

21 tbp = seg.tbp*T+T0;

22 fcn = seg.fhan(tcn’, xcn, ycn, pcn);

23 fdtcn = seg.dfdthan(tcn’, xcn, ycn, pcn);
24 fdxcn = seg.dfdxhan(tcn’, xcn, ycn, pcn);
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25 fdpcn = seg.dfdphan(tcn’, xcn, ycn, pcn);

26 fdybp = seg.dfdyhan (tbp’, xbp, ybp, pbp);

27

28 ¢ adjoint with respect to delta_x

29 dxode = sparse(seg.dxrows, seg.dxcols, fdxcn(:));

30 J = —-2xNTST*xseg.Wp’ -Txseg.W’ xdxode;

31

32 % adjoint with respect to delta x"(j+1) (-1), delta_x"(1) (-1), and delta x"(N) (1)
33 J=1[J, seg.Q’, -opt.id0, opt.idl ];

34

35 % adjoint with respect to delta_ ybp

36 dyode = sparse (opt.dybprows, opt.dybpcols, fdybp(:));
37 J = [ J, -Txdyode 1;

38

39 % adjoint with respect to TO and T

40 dTOode = Txfdtcn;

41 dTode = fcn + Txfdtcn.xopt.dTtcn;

42 J = [ J, —(0.5/NTST) xseg.W’ xseg.wts2* [dTO0ode (:) dTode(:)] 1;
43

44 % adjoint with respect to p

45 dpode = fdpcn;

46 dpode = sparse(seg.dprows, seg.dpcols, dpode(:));

47 J = [ J, —(0.5%xT/NTST) *xseg.W’ xseg.wts2+dpode ];

48

49 end

The adjoint contribution from the differential constraints depend on the original variables u
introduced in the imposition of the differential constraints (B.1). The input u to the above
function therefore corresponds to these variables from the previous stage of construction
corresponding to the segment whose adjoint contributions we are interested to construct. The
variable data is a pre-defined data structure containing the necessary indices and matrices to
impose the adjoint conditions.

To impose the adjoint contributions, here we first extract the variables and then evaluate
the necessary Jacobian matrices for the adjoint implementation. Line 30 contains the adjoint
contribution associated with the variations dz(7) in (4.102) evaluated at the collocation
nodes. To this matrix, we append the adjoint contributions from the continuity condition
as well as with the variations dx(0) and dz(1). This has been done using the pre-defined
matrices on line 33. Next we add the adjoint contribution associated with variations dy(7)
in (4.103) on line 37. Note that these adjoint contributions for y are added at the base

points and not the collocation nodes. Next the adjoint contributions associated with the
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variations 07y (4.104), 6T (4.105) are added on line 42. Finally, the adjoint contribution
from the differential constraint associated with the variations dp are shown on line 47. This

contribution corresponds to the first term in (4.106).

B.3 Implementation of the coupling constraints

We now discuss the imposition of the algebraic coupling constraints (4.14) for the k-th
coupling condition. For brevity, we only discuss the main aspects of the implementation.
The algebraic coupling conditions (4.14) depend on the the state variables from the different
trajectory segments, segment durations, coupling delays, interval boundaries and the coupling
matrices. The input u to the coupling function therefore contains these variables which are
extracted using pre-defined indices.

Let tbp_k denote the base points that lie in the k-th coupling condition. Then for the

imposition of the coupling condition (4.110) we use the following code

1 %% Equations corresponding to the k—-th coupling condition

2

3 taubp_lshift = (Ti/Tj_k)* (tbp_k(:)-kron (ones (Nbp_k,1),Delta_k));

4 mesh = 0:1/NTST:1;

5 Jbp_lshift = floor(interpl (mesh, 1:NTST+1,taubp_lshift(:),’linear’, extrap’));
6 Jjbp_lshift (jbp_lshift>NTST) = NTST;

7 Jbp_lshift (jbp_lshift<=0) = 1;

8 rows = repmat ((jbp_lshift(:)-1)’* (NCOL+1l), [ (NCOL+1),1]) +...

9 repmat ((1: (NCOL+1))’,[1, Nbp_kIl);

10 cols = repmat (1:Nbp_k, [NCOL+1,1]);

11 tc = 2xNTSTxtaubp_lshift (:,1)+1-2xjbp_lshift(:,1);

12 Lc = coll_L(seg.tm, tc);

13 Lbp_lshift = sparse(rows,cols,Lc’, (NCOL+1) *NTST, Nop_k) ;

14 Sx = 0; $==temporary variable to add contributions from different s
15 for s=1:Sk

16 Aks = Ak(:,1+(s-1)xdim:s*dim) ;

17 x_Jks_bp = Xibp (1+(Xj_k (s)-1) *xbpdim:Xj_k (s) *xbpdim) ;

18 Sx = Sx + kron(Lbp_lshift’,Aks)*x_jks_bp(:);

19 end

20 temp = reshape(l:xbpdim, seg.xbp_shp); %===for y variable to get (Nm+1l)n index
21 idx = temp(:,idx_Xk);

22 ybp_k = ybp(idx(:));

23 f_coupling (bp+l:bp+Nbp_k*dim,1) = ybp_k-Sx;

In line 3, we first calculate the shifted base points which correspond to (4.107). Then on lines

4-8, we calculate the interval in which the shifted points lie. With the help of the shifted base
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points and the corresponding intervals, we construct the interpolation matrix E{ip Ish (4.109)
in line 13. Then we iterate Sy times to compute the summation term in (4.110). Finally we
impose the algebraic constraint (4.110) in line 23. The above code is repeated C; times to

impose the algebraic constraint for all the coupling conditions.

B.4 Implementation of the adjoints of the coupling constraints

In this section, we discuss the adjoint contributions from the coupling constraints. Here again
the adjoint contributions depend on the variables used to impose the discretized algebraic
coupling constraints in (B.3). These variables are therefore passed to the adjoint constructor.

To impose the adjoint contribution associated with the variations of dx;,  (-) discretized
at the collocation nodes, we first obtain the set of collocation nodes taucn ks lying in the

interval (&4, & k). Then we use the following code to impose the adjoint contributions

taucn_ushift = (Tj_k/Ti)«taucn_ks(:)+Delta_k;
mesh = 0:1/NTST:1;
jen_ushift = floor (interpl (mesh, 1:NTST+1,taucn_ushift(:),’linear’,’'extrap’));
jen_ushift (jen_ushift>NTST) = NTST;
jen_ushift (jen_ushift<=0) = 1;
rows = repmat ((jcn_ushift(:)-1)’*(NCOL+1), [(NCOL+1),1]) +...
repmat ((1: (NCOL+1))’, [1, length(taucn_ushift(:))1);
cols = repmat (l:length(taucn_ushift(:)), [NCOL+1,11);
tc = 2xNTSTxtaucn_ushift (:,1)+1-2xjcn_ushift(:,1);
Lc = coll_L(seg.tm, tc);
Lcn_ushift = sparse(rows,cols,Lc’, (NCOL+1) *NTST, length (taucn_ushift (:)));

© 00 N O Utk W NN =

— = =
N = O

for s=1:38k
Aks = Ak(:,1+(s-1)xdim:s*dim) ;
idx = 1+ (idx_ks(1)-1)+dim+(Xj_k(s)—-1)rxcndim:idx_ks (end) *dim+. ..
(Xj_k (s)-1) *xcndim;

= = =
N O U e W

J_x(:,1dx) = —(TJj_k/Ti)+kron (Lcn_ushift,Aks);
end

—
[ed]

In the first line, we compute the shifted collocation nodes in (4.111). Then we compute the
interval in which these nodes lie in lines 2-5. Using the computed intervals, we compute
the corresponding mapping in the interval [—1,1] in line 9, and compute the corresponding
polynomial interpolation matrix. The command on line 11 then computes the matrix Efmsh

in (4.111). Then we iterate over s to impose the adjoint contribution with respect to dx;, (-).
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Next we impose the adjoint contributions with respect to ép, 6T, 6T}, and 0A;. For this
we first compute the set of collocation nodes taucn k that lie in the k—th coupling interval.
Then we use the following code to implement the adjoint contributions corresponding to

conditions (4.113-4.118) in Chapter 4.

1

2 taucn_lshift = (Ti/TJj_k)* (taucn_k (:)—-kron(ones(Ncn_k,1),Delta_k));

3 mesh = 0:1/NTST:1;

4 Jcn_lshift = floor (interpl (mesh, 1:NTST+1,taucn_lshift(:),’linear’,’extrap’));
5 Jjcn_lshift (jen_1shift>NTST) = NTST;

6 Jjcn_lshift (jen_lshift<=0) =1;

7 rows = repmat ((jcn_lshift(:)-1)’*(NCOL+1l), [(NCOL+1),1]) +...

8 repmat ((1: (NCOL+1))’, [1, length(taucn_lshift(:))1);

9 cols = repmat (l:length(taucn_lshift(:)), [NCOL+1,1]);

10 tc = 2xNTSTxtaucn_lshift(:,1)+1-2xjcn_lshift(:,1);

11 Lc = coll_L(seg.tm, tc); Lcp = coll_Lp(seg.tm, tc);

12 Lecn_lshift = sparse(rows,cols,Lc’, (NCOL+1)xNTST, length (taucn_lshift (:)));
13 Lcn_lshiftp = sparse(rows,cols,Lcp’, (NCOL+1) *NTST, length (taucn_lshift (:)));
14

15 for s=1:Sk

16 Aks = Ak(:,1+(s—1)*dim:s*dim);

17 Aksp = Rkp(:, 1+ (s-1)+*dim:s+dim, 1:pdim) ;

18 x_jks_bp = reshape (Xibp (1+ (Xj_k (s)-1) »xbpdim:Xj_k (s) »xbpdim), ...

19 [dim, NTST* (NCOL+1) 1) ;

20

21 J_p(:,1l:pdim) = J_p(:,1l:pdim)-Wmu_k’ *Omega_kx*. ..

22 kron (x_jks_bpxLcn_lshift,eye(dim) )’ ...

23 reshape (Aksp (:), [dim"2,pdim]) ;

24

25 J_T(:,Ti_id) = J_T(:,Ti_id) - (1/Ti)*Wmu_k’ *Omega_kx*. ..

26 kron(diag(taucn_lshift(:)),eye(dim)) ...

27 kron (Lcn_lshiftp’,Aks) xx_jks_bp(:);

28

29 J_T(:,Tj_id{k}) = JI_T(:,Tj_id{k}) + (1/TJ_k)+Wmu_k’ «Omega_Xk=*. ..

30 kron (diag(taucn_1lshift(:)),eye(dim)) *...

31 kron (Lcn_lshiftp’,Aks) *xx_jks_bp(:);

32

33 J_Delta(:, Delta_id{k}) = J_Delta(:, Delta_id{k})+(Ti/TJ_k)+Wmu_k’ *...
34 Omega_kxkron(Lcn_lshiftp’,Aks) »x_Jjks_bp(:);

35

36 end
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APPENDIX C

CODE OVERVIEW FOR UNCERTAINTY
QUANITFICATION NEAR PERIODIC
ORBITS

In this section, we provide the COCO compatible implementation of the boundary value
problem (5.37-5.39) to compute the covariance matrix. As discussed in Section 5.4, we use the
complementary zero function constructor to impose these conditions. In this implementation,
the array u contains the base points corresponding to the periodic orbit, trajectory length T°
and the problem parameters p. [ is the array of adjoint variables. The array v contains the

unknown base points corresponding to the covariance matrix and the auxiliary variable «.

function [data,y] = periodic_covar (prob, data, u, 1, Vv)
maps = data.maps;
NTST = maps.NTST;

1

2

3

4 NCOL = maps.NCOL;

5 xdim = maps.xdim;

6

7 xbp = u(maps.xbp_idx) ;

8 lambda bp = 1; $====Lagrange Multiplier

9 covar_bp = v(data.covar_vidx); $===Covariance base points
10 Cbp = reshape (covar_bp, data.covar_shp); $===Covariance matrix form
11

12 T = u(maps.T_idx);

13 p = u(maps.p_idx);

14 alpha = v (data.covar_alpha_vidx);

_= =
N & Ot

xcn = reshape (maps.Wxxbp,maps.x_shp) ;
lambda_cn = reshape (maps.W*lambda_bp,maps.x_shp);
Cperp_cn = maps.WxCbp;

N N = =
= O ©

fcn data.fhan(xcn, repmat (p, maps.p_rep)) ;
dfdx data.dfdxhan (xcn, repmat (p, maps.p_rep)) ;
dxode = full (sparse (maps.fdxrows, maps.fdxcols, dfdx(:)));

¥
N
Il

NN
-~ W
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25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80

$====Storing DFDX’ in a vertical rectangular matrix
Al = dxode’;

reshape (1 :xdim«NTST+«NCOL, [xdim, NTST*NCOL]) ;
repmat (rows, [xdim,1]);

repmat (1 :NTST+*NCOL*xdim, [xdim, 1]);
sub2ind(size (dxode), rows (:),cols(:));

A2 = Al (idx);

rows =
rows =
cols =
idx =

rows =
rows =
cols =
cols =

oo

Step

% Step
rows =
rows =
cols =
Cdiag

Je)

rows =
cols =
FODE

rows
cols
LAMBDA

Q = kron (eye (NTST+NCOL) , eye (xdim) )

Fnoise =

Fnoise
Bcn

$==Storing Bcn in a rectangular matrix form

o)

rows =
rows
cols =
idx =
B1

reshape (1 :xdim«NTST+«NCOL, [xdim, NTST*NCOL]) ;
repmat (rows, [xdim,1]);

repmat (1:xdim, [xdim, 1]);

repmat (cols, 1,NTST«NCOL) ;

dxodetransp = sparse(rows(:),

Storing covariance matrix at nodes in a diagonal form

: Extracting the indices of the appropriate elements from the
rectangular matrix

= reshape (1:xdimx*NTST+NCOL, [xdim, NTST«NCOL]) ;

repmat (rows, [xdim, 1]);

repmat (l:xdim, [xdim, 1]);

repmat (cols, [1,NTST«NCOL]) ;

sub2ind(size (Cperp_cn),rows(:),cols(:));

= Cperp_cn (idx);

2: Storing the elements in a diagonal matrix
reshape (1 :xdim«NTST+«NCOL, [xdim, NTST«NCOL]) ;
repmat (rows, [xdim, 1]);

repmat (1:xdim*NTST+«NCOL, [xdim, 1]) ;
sparse(rows(:),cols(:),Cl(:));

¢====Generating the projection matrix: Q
1:NTST+*NCOL+xdim;

repmat (1 :NTST+NCOL, xdim, 1)
sparse (rows (:),cols(:),fcn(:));

repmat (1 :NTST+NCOL, xdim, 1)
1:NTST*NCOL#*xdim;
sparse (rows (:),cols(:),lambda_cn(:));

— FODE*LAMBDA;
data.Fnoisehan (xcn, repmat (p, maps.p_rep)) ;

sparse (maps.fdxrows,
QO* (FnoisexFnoise’) *Q’;

maps.fdxcols, Fnoise(:));

% Step 1: Extracting the indices of the diagonal elements
reshape (1 :xdim«NTST+«NCOL, [xdim, NTST*NCOL]) ;

= repmat (rows, [xdim,1]);

repmat (1 :NTST+*NCOL*xdim, [xdim, 1]);
sub2ind(size (Bcn), rows (:),cols(:)
= Bcn (idx) ;



81
82 % Step 2: Storing the elements in a rectanqgular matrix form
83 rows = reshape (1:xdim*NTST«NCOL, [xdim, NTST+*NCOL]) ;

84 rows = repmat (rows, [xdim,1]);

85 cols = repmat (l:xdim, [xdim,1]);

86 cols = repmat (cols,1,NTST«NCOL) ;

87 Bcntilde = full (sparse(rows(:), cols(:), Bl(:)));

88

89

90 F===== Storing fxf’ in a rectangular matrix form
91

92 % Calculating the product

93 Fprod = FODExFODE’;

94

95 % Extracting the indices

96 rows = reshape (1l:xdim*NTST«NCOL, [xdim, NTST+NCOL]) ;

97 rows = repmat (rows, [xdim,1]);

98 cols = repmat (1:NTST+NCOL*xdim, [xdim, 1]);

99 idx = sub2ind(size(Fprod),rows(:),cols(:));
100 Fprodl = Fprod(idx) ;

101

102 % Storing the extracted elements in rectangular form
103 rows = reshape (1:xdimx*NTST+NCOL, [xdim, NTST«NCOL]) ;
104 rows = repmat (rows, [xdim,1]);

105 cols = repmat (l:xdim, [xdim,1]

)i
106 cols = repmat (cols, 1,NTST+«NCOL) ;
107 fftransp = full (sparse(rows(:), cols(:), Fprodl(:)));
108
109 y1 = -WxCbp + (T/2/NTST) xdxodex (WxCbp) +. ..
110 (T/2/NTST) xCdiagrdxodetransp + (T/2/NTST) *«Bcntilde-...
111 alphax (T/2/NTST) xfftransp;

112 y2 = QxCbp;

113 y3 = Cbp(data.covar_v0_rowidx, :)-Cbp(data.covar_vl_rowidx, :);

114 y4 = lambda_bp(l:xdim, 1)’ *Cbp (data.covar_v0_rowidx, :) *lambda_bp (l:xdim, 1) ;
115

116 v = [yl(:); v2(:); y3(:); v4(:)]1;

117

118 end

Here, we follow the discretization methodology discussed in [32] for a variational problem to
implement the discretization corresponding to (5.37-5.39). After constructing the appropriate
matrices we impose the discretized problem in line 109-114. Specifically, line 113 contains
the discretization corresponding to (5.37), where, W and W' are the interpolation matrices
introduced in Chapter 4. The continuity condition corresponding to the covariance matrix
elements has been imposed in line 112. Then in line 113, we impose the periodicity condition

and finally, the initial condition (5.39) in line 114.
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