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ABSTRACT

Soft machine design is a new frontier for using and designing rheologically

complex materials, however we lack a systematic design toolbox for such

efforts.

We study existing design tools (Chapter 1), identify limitations (Chapter

1), and present new design tools (Chapter 2) for rheologically-complex soft

solids. We identify material properties and features that may be vital for

optimal soft machine performance, such as intrinsic nonlinearities, variable

stiffness, and strain to break. Keeping these properties in mind, we explore

new design-based organizations of knowledge, including design motivated

constitutive modeling and Ashby-style material selection charts. As a result,

we develop new Ashby-style diagrams with properties not typically reported,

include soft materials that tend to be missing from material databases, and

organize knowledge in a way that streamlines material selection for soft ma-

chines. Soft robot actuators, grippers, and skins, as well as medical devices,

are just a few of the many soft systems that may benefit from the proposed

soft machine design tools.

After discussing limitations of the current state of soft machine design

and making contributions to soft machine design tools that support the ‘de-

sign with’ materials, we study mathematical models to support the ‘design

of’ nonlinear elastic functional solids for soft machines (Chapter 3). We

study the behavior of magnetorheological elastomers (MRE’s), and specif-

ically the effect that nonlinearity and softness have on the variable shear

stiffness response of MRE’s. We find surprising results, where a higher de-

gree of nonlinearity can either stiffen or soften the variable shear stiffness

response depending on competing magnetic and nonlinear elastic free energy

contributions. We define three different regimes where we expect the elastic

nonlinearity of a MRE to have a different effect on the variable shear stiff-

ness of the composite. These functional materials are building blocks for soft
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machine design and the variable stiffness is often studied aiming to increase

material functionality.

There are many constitutive models for nonlinear elastic solids that are

often used in design. These constitutive equations have been studied thor-

oughly under a typical deformation, such as uniaxial stretch and simple shear

independently. However, a common deformation in MRE’s is a combination

of an imposed uniaxial stretch when a magnetic field is induced and exter-

nal simple shear deformation. We study these constitutive models under an

initial uniaxial stretch (pre-strain) and imposed simple shear to understand

the effect on shear stiffness (Chapter 4). Surprisingly, we find that many of

the constitutive models that were studied shear soften in compression. Some

models eventually shear stiffen in compression when a finite elastic strain

is achieved. We find that these predictions align with bio-polymer networks

and semi-flexible fibers that also shear soften in compression. However, these

models do not capture the behavior of biological tissues that shear stiffen in

compression. We provide insight to the constitutive model predictions by ref-

erencing single chain models and making a connection to the chain extension

ratio.

Throughout this thesis, we aim to make a contribution to knowledge

through studies that support the ‘design with’ nonlinear elastic solids and

the ‘design of’ nonlinear elastic solids specific to soft machine design.
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CHAPTER 1

A REVIEW: SOFT MACHINE DESIGN

1.1 Introduction

In a traditional sense, a machine or robot is imagined as a complex system of

many rigid components attached by joints that function together in a highly

controlled manner. Humans have successfully built these traditional rigid

machines for centuries. The Mars rover that was launched in 2011 by NASA,

the first successful airplane invented in 1903 by the Wright brothers, and

the wheel and axle first invented around 3500 B.C. are all examples of these

successful traditional machines throughout human history. Thus, the design

process and design tools are well-developed for traditional machine design as

discussed in many popular books such as Mechanical Engineering Design by

Joseph Shigley and Material Selection in Mechanical Design by Michael F.

Ashby [2, 13].

However, emerging applications in assistive devices, soft robotics, medicine,

aerospace, exploration, and wearable electronics require a final design that is

flexible and able to conform to its surroundings to operate in many different

environments. This requires the use of soft solids, gels, foams, functional

composites, and/or rheologically complex fluids in the final design, creating

a new frontier for using rheologically complex materials. While the machine

design process and design tools have been well-developed for traditional ma-

chines, these new soft machine applications require a new systematic soft

machine design process, new soft machine design tools, and new soft materi-

als to create successful machines using vastly different rheologically complex

materials, such as nonlinear elastic solids.

In this chapter, the current state of soft machine design is reviewed and

limitations are discussed. Evaluating the current state of soft machine design

is a preliminary step to creating successful design tools that will be discussed
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in later chapters.

1.2 Soft machine design process

There is no single unique machine design solution for a given problem, so a

‘good’ solution may be difficult to develop and many design iterations may oc-

cur. However, to be successful at machine design, it is a requirement to make

appropriate design decisions at the appropriate time. To support making a

‘good’ design decision and overcoming several competing and difficult-to-

define design objectives, the designer should use creative thinking, available

design tools, and follow a systematic design process [2, 14]. In regards to

designing soft machines, the designer is often guided by intuition and bio-

inspiration instead of a systematic process, which can be problematic since

design decisions should be made at the appropriate time in order to consider

all design possibilities for the development of successful soft machines [15].

To the best of my knowledge, the only thoroughly defined soft robotic

design process was introduced in 2018 and can be seen in Figure 1.1 [1]. It

can be applied to soft machines in general and was designed for soft robotics

specifically. A case study is also included on designing a gecko-inspired,

climbing soft robot. The design process includes steps of (i) defining a task,

(ii) searching for a solution, (iii) conceptual design, (iv) mechanical modeling,

(v) embodiment design, and (vi) final realization. Where the conceptual

design step is dependent on the pool of soft elements that include actuators,

pumps, valves, sensors, etc., and the embodiment design step is dependent on

the types of fabrication that include casting methods, 3D printing, etc. This

design process mainly differs from traditional machine design processes, such

as Shigley’s machine design process shown in Figure 1.2, by considering bio-

inspired design, rheologically complex materials, soft elements, and different

fabrication methods.

A method for designing bio-inspired robots was also proposed in 2014 and

can be seen in Figure 1.3 [3]. While this method was designed for bio-inspired

robots specifically, it can be applied to many soft machines in general, given

that many natural biological machines are soft. The structure of this design

process has three significant steps that include (i) inspire, (ii) abstract, and

(iii) implement. While there is variance in this bio-inspired robotic design
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Figure 1.1: Systematic soft robot design methodology proposed by Schiller
and Seibel (image from Figure 1 in [1]).
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Figure 1.2: Systematic traditional machine design methodology proposed
by Shigley (image from [2]).

process from the previously discussed soft robotic design process, there is

still a strong dependence on the available rheologically complex materials,

soft elements, and fabrication methods.

A thorough design process for origami machines was also developed that

can be applied to structurally compliant soft robots, shown in Figure 1.4 [4].

While this soft machine design does not use rheologically complex materials,

the morphology of the soft machine creates a compliant and soft robot.

1.2.1 Limitations

While there are a few existing design processes that can be applied to soft

machine design, a design process does not yet exist that is specifically meant

for soft machine design. This leaves the designer often relying on intuition for
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Figure 1.3: Inspire–abstract–implement (IAI) bio-inspired design paradigm
proposed by Mirko Kovač (image from Figure 1 in [3]).

important design decisions, rather than a clear and repeatable design process.

It is beneficial to have some ambiguity in a systematic process to leave room

for design creativity, but it is also beneficial to have a clear design process

defined for repeatability and to support knowledge sharing initiatives.

There are similarities between each of the defined design processes. All

of these design processes have a focus on bio-inspired design, rheologically

complex material selection, soft elements, soft fabrication methods, and mor-

phology, which are not included in the traditional machine design processes.

This suggests that these are key areas where design tools may need to be

developed to support a designer in creating a ‘good’ soft machine design.
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Figure 1.4: Comparing traditional and origami robot design processes
proposed by Zhakypov and Paik (image from Figure 1 in [4]).

1.3 Design tools

Design tools support the designer in making ‘good’ design choices. Through

a literature review focusing on soft machine design, common design tools sup-

port the user in the areas of (i) material selection, (ii) constitutive equations

and modeling, and (iii) fabrication methods.

1.4 Material selection design tools

1.4.1 Significant mechanical and rheological properties

Since material selection plays a prominent role in soft machine design, it

is important to evaluate the most significant material properties to select

a ‘good’ material for the final design. Since the materials are rheologically

complex and of a different category than materials selected for traditional

machine design, it is expected that there should be differences in significant

material properties. The materials used in traditional and soft machines also

serve different purposes. The material used in soft machines has desired func-

tionality and is expected to deform. Whereas the material used in traditional

machines acts more as a connection between two joints and is not expected to

have functionality. Intuitively, the significant properties of the rheologically

complex materials may be function-valued, where the significant properties

of the traditional materials may be set to a specific value and retained at the

value. This already highlights the complexity of material selection for soft

machines.
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Table 1.1: Significant material properties for soft machine design.

Significant Material Property List
Variable Property
G0 [Pa] Shear elastic modulus [16, 17]
G′ [ Pa] Shear storage modulus [7]
G′′ [Pa] Shear loss modulus [7]
∆G/G0 [Pa/Pa] Variable stiffness [6, 7]
εmax [mm/mm] Elongation to break [16, 17]
η(γ̇) [Pa.s] Viscosity [7]
U [J/m3] Strain energy density [7]
b, β [-] Nonlinearity [18]
ρ [g/mm3] Density [19]
t [s] Response time to stimulus [6]
ρ [Ω.mm] Electrical resistivity [19]
εr [-] Dielectric constant [16, 19]
k [W/m.K] Thermal conductivity [16, 19]
µ [cm.g.s] Magnetic permeability [6]
σy [Pa] Yield stress [20, 21]
τthixo [s] Thixotropic recovery [20, 21]
G(t) [Pa] LVE relaxation modulus [22]
H(τ) [Pa] LVE relaxation specturm [22]

Through a literature survey, some repetitive and significant material prop-

erties for the material selection in soft machines were found. These properties

can be seen in Table 1.1.

As expected, many of the significant properties are function-valued and will

change with deformation, frequency, or another activation stimulus. The sig-

nificant properties that are not function-valued, such as G0 and β, are used

as parameters for function-valued predictive models. While soft machine

materials are selected based on these interesting rheological properties, it is

important for the designer to understand when some of these properties may

hold more significance over others. This is dependent on the desired actuation

method, sensing capabilities, and performance. The actuation method can

include stimuli from mechanical, chemical, light, electrical, magnetic, tem-

perature, and pressure sources [16]. For example, if the actuation method

is a magnetic field then the magnetic permeability of the material should

hold more significance over the electrical resistivity. Table 1.1 is a list of the

most common and important properties, and does not encompass all possi-

ble relevant properties for a soft machine design. Throughout this thesis, we
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will focus on the significant material properties of shear elastic modulus G0,

variable shear stiffness ∆G/G0, strain energy density U , and nonlinearity

b, β.

While significant properties are chosen based on the desired actuation

method, sensing capabilities, and performance, there are still many other im-

portant factors and considerations depending on the application [16]. These

considerations include, but are not limited to:

• Fabrication: Manufacturing processability [16, 17, 19]

• Aesthetics: Transparency, tactile perception [23]

• Life-time: Sustainability, biodegradability, self-healing [16, 23]

• Comfort: Porosity, adhesion [16, 23]

1.4.2 Common materials

With these significant factors and function-valued properties in mind, the de-

signer can begin selecting rheologically complex materials for a soft machine

design using design tools that support the ‘design with’ soft materials [20].

Commonly selected materials can be seen in Table 1.2 and mainly consist of

elastomers, hydrogels, and fillers. There is not a wide variety of materials

that are used in soft machines, and this opens opportunities for rheologists,

chemists, and material scientists/engineers to create new materials for soft

machine design using proper design tools to support the ‘design of’ soft ma-

terials.

1.4.3 Material selection charts and databases

Rheological and material properties should be evaluated in order to select

a ‘good’ material, and material property databases and references are a de-

sign tool that helps the user find these properties. There are many material

property databases and handbooks that exist. However, most are designed

for purposes other than soft machine design and may not contain the most

significant properties for soft machine design. The most relevant databases

and handbooks include information on biological materials, soft robotic ma-

terials, and polymers. Table 1.3 references some of these useful databases,
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Table 1.2: Common materials for soft machine design.

Common Material List
Actuation Material description Material
Pressure Siloxane-based copolymer [16] PDMS [16, 7, 24]

Ecoflex [7, 24]
Electric Electroactive polymers, com-

pliant electrodes [16]
Acrylic elastomers [16]

Silicones [16, 7]
Polyurethanes [16, 7]

Thermal Liquid-crystal polymers [16]
Light Liquid-crystal polymers [16]
Magnetic Magnetic fillers embedded in

polymer networks [16]
PDMS [25]

PEGDA [25]
Colloidal nanocrystal
clusters (CNC’s) [25]
Iron [26]
EcoFlex [26]
Aluminum [26]
PEG [27]
NdFeB particles [27]
CI [28]
Elastomers [28]

Chemical Hydrogels [16] Alginate [29]
PAAm [29]
PEG [27]

textbooks, and handbooks. The journal article that is referenced contains a

very detailed review of many more material property databases.

Material selection charts are design tools that use these properties found

in material property databases, and organize knowledge in a streamlined way

that is effective in aiding the user in the design process. These material prop-

erty charts (also known as Ashby diagrams) are common for rigid materials

with significant rigid properties, but are far less common for rheologically

complex materials with significant rheological properties. To the best of our

knowledge, the only material property charts that are focused on nonlinear

elastic solids used in soft machine designs are shown in Figures 1.5, 1.6, 1.7,

and 1.8. These material selection charts can be difficult to design when many

significant properties are function-valued.
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Figure 1.5: Material selection charts for soft materials (image from Figure 4
in [5]).
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Table 1.3: Material databases and references relevant to soft machine
design.

Soft Machine Material Databases and References
Type Reference
Shared resources [30] Soft robotics toolkit
Journal [31] Soft robotics
Journal [32] Bioinspiration and biomimetics
Journal [33] IEEE
Journal [34] Nature
Handbook [35] Handbook of biomaterial properties
Database [36] Materials data book
Database [37] National institute for material science PoLyInfo

polymer database
Database [38] CROW polymer database
Database [39] MatWeb material property database
Database [40] Citrine Informatics’ Citrination platform
Database [41] MakeItFrom material property database
Textbook [13] Material Selection in Mechanical Design
Software [42] Granta design
Journal article [43] P.S. Ramalhete, A.M.R. Senos, C. Aguiar,

”Digital tools for material selection in prod-
uct design”, Materials and Design, Vol-
ume 31, Issue 5, 2010, Pages 2275-2287,
https://doi.org/10.1016/j.matdes.2009.12.013.

1.4.4 Limitations

There are very few material selection charts that have been developed for

soft materials and are able to be applied to soft machine design. Many

of the existing material selection charts include materials with an elastic

modulus above 109 Pa! This is not considered soft according to the Soft

Robotics Journal [44]. There are only a handful of material selection charts

that include soft materials and the soft materials that are included in the

material property charts are limited. Therefore, there is also a need for softer

materials to be developed and characterized to expand the design space for

soft machine design. In later chapters, we develop new design tools to support

the ‘design with’ and ‘design of’ soft materials for soft machine design.
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Figure 1.6: Material selection charts for functional materials with variable
stiffness(image from Figure 1 in [6]).
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Figure 1.7: Material selection charts for rheologically complex materials
(image from Figure 1 in [7]).

Figure 1.8: Material selection charts for functional soft actuators (image
from Figure 2 in [7]).

1.5 Constitutive equations

Since these materials are rheologically complex and the material properties

are function-valued, constitutive equations and predictive models are design

tools that can provide more information on the material function beyond ma-

terial selection charts. Common predictive models for materials in soft ma-

chine design focus on the material response to specific input stimuli, based on

assumptions. For soft nonlinear elastomeric solids, hyperelastic constitutive

equations derived from the strain energy density are used to make predictions
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Table 1.4: Constitutive equations for hyperelastic materials. The material
constant parameters are referenced as µi, Ki, Cp, mp, α, and β. Ii and J
are related to the invariants of the Left Cauchy-Green deformation tensor.
λi are the principle stretches.

Hyperelastic constitutive equations [45, 46, 47]
Name Equation

Neo-Hookean U = µ1
2

(I1 − 3) + K1

2
(J − 1)2

Mooney-Rivlin U = µ1
2

(I1 − 3) + µ2
2

(I2 − 3) + K1

2
(J − 1)2

Ogden U =
∑N

p=1
Cp

2mp
(λ

2mp
1 + λ

2mp
2 + λ

2mp
3 − 3)

Fung U = µ
2α

(eα(I1−3) − 1)

Gent U = − µ
2β

ln(1− β(λ2
1 + λ2

2 + λ2
3 − 3))

[45]. Some common constitutive equations can be seen in Table 1.4. Com-

mon assumptions include incompressibility and isotropic material properties.

The stress tensor can be found from the strain energy density function

σ = −pI + β1B + β−1B
−1 (1.1)

where p is the hydrostatic pressure, I is the identity tensor, B is the Finger

tensor, and β1 and β−1 are derived from the strain energy density function

with respect to the first and second invariants of the Finger tensor B [46].

The material response coefficients β1 and β−1 are

β1 = 2
∂U

∂I1

β−1 = −2
∂U

∂I2

(1.2)

where I1 and I2 are the first and second invariants of the Finger tensor [46].

Moving a step further in the design process, after the material is selected

and the material behavior is predicted with appropriate constitutive equa-

tions, design tools can be used to evaluate the entire soft system response.

These are computational design tools such as Finite Element Analysis (FEA)

that will use material properties, constitutive equations, and morphology to

predict the behavior of an entire soft machine design. Finite element analysis
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and soft actuators have been discussed in many articles [48].

1.5.1 Limitations

While many constitutive equations for soft materials are not newly devel-

oped, there are still some limitations. The number and interpretation of

parameters needed for each constitutive model varies. It can be difficult to

have meaningful intuition of the parameters that are used in each model.

There is a need for a universal model with parameters that provide clear

insight to the behavior of the soft materials. Also, while there are many

successful models that predict material performance, a clear ‘rule-book’ does

not exist that tells you under what deformations these constitutive equa-

tions may fail. Throughout this thesis, we relate common nonlinear elastic

constitutive models to a universal nonlinear elastic model that gives clear

insight into a materials response to deformation. We also investigate consti-

tutive model performance under the unique deformation of a superposition

of uniaxial stretch and simple shear.

1.6 Fabrication

An entire soft machine can be designed and modeled theoretically, but it is

only valuable if it can be manufactured. Throughout history, most manufac-

turing processes focused on rigid materials. However, recent advancements in

3D printing allow for easy prototyping of rheologically complex materials in

geometrically complex structures, contributing to the rise of soft machines.

Fabrication methods include soft lithography and 3D printing. The 3D

printing technologies for materials for soft machine design consist of stere-

olithography (SLA), direct ink writing (DIW), embedded 3D printing, and

pick-and-place 3D printing [8, 9, 49]. SLA allows for printing soft materi-

als, DIW is capable of printing functional composites, embedded 3D printing

allows for creating channels within a soft matrix, and pick-and-place 3D

printing integrates hard control components into soft machines in a single

platform. While these advances in fabrication methods have created oppor-

tunity for soft machine design, in such a new field there is still room for much

development.
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Figure 1.9: 3D printing methods (image from Figure 1 in [8]).

Figure 1.10: Embedded 3D printing method (image from Figure 1 in [9]).

1.7 Conclusions

Design tools for soft machine design have little to no development since the

field is fairly new. Thus, there is an opportunity to develop design tools to

support and advance the design of soft machines using rheologically complex

materials. These design tools can exist by supporting the (i) ‘design with’

materials and the (ii) ‘design of’ materials. The next chapters will be focusing

on developing both types of design tools for soft machine design, discussing

predictive behavior of magnetorheological elastomers, and evaluating models

for hyperelasticity.
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CHAPTER 2

MATERIAL SELECTION DESIGN TOOLS
FOR SOFT MACHINE DESIGN

2.1 Introduction

There are a limited number of design tools to support the soft machine design

process as discussed in Chapter 1. We take initial steps to develop design

tools that focus on material selection and universal modeling using significant

properties and materials commonly used in soft machine design.

2.2 Methods

We develop material selection charts by collecting material data from journal

articles, books, and material databases that are referenced in Tables 2.1-2.4.

The design tool that is presented in Figure 2.3 was created by a previous

graduate student Olivia Carey-De La Torre [10].

2.3 Proposed material selection charts

We propose an Ashby style material selection chart to support soft machine

design that includes information on strain to break εbreak and elastic modulus

E for soft materials, as shown in Figure 2.1. We include common materials

used in soft machine design such as elastomers and gels. We also include

biological materials which are typically soft and fibers that form extremely

soft fibrous networks. The material properties used in this Ashby diagram

were determined to be of significant importance to soft machine design, as

discussed in Chapter 1.

We propose an Ashby style material selection chart that shows the stiffness

variation Emax
Emin

for many soft functional materials that are commonly used as
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Fibrin Network

Figure 2.1: Ashby style material selection chart showing the elastic
modulus E versus the strain to break εbreak for many soft materials and
materials common in soft machine design. The materials with an unknown
strain to break εbreak include actin networks and fat. The references for
each material in this Ashby diagram can be seen in Table 2.1.

soft machine actuators, as shown in Figure 2.2. This material selection chart

can support soft machine design with functional materials and considers the

stiffness activation mechanisms of an electric field, magnetic field, vacuum

jamming, temperature, and light.

2.4 Universal nonlinear parameter

Nonlinear elastic solids, such as PDMS, are common in soft machine design

and there are many constitutive models that can predict the nonlinear elastic

behavior of these materials. However, as discussed in Chapter 1, it can be

difficult to gather intuition on a materials deformation behavior based on
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Table 2.1: Table of material references used to make the elastic modulus E
versus strain to break εbreak Ashby style material selection chart.

Material Reference
Hagfish slime [50, 51, 52]
Fat [53]
Cartilage [54]
Skin [55, 56]
Fibrin Network [57, 58]
Fibrin [59]
Elastin
Resilin
Keratin
Collagen
Spider silk
Actin
PEG [60, 61]
Alginate [62, 63]
Gelatin
PAM
Alginate-PAM
Actin gel [64]
PVA [65, 66]
PVA-PAM [5, 67]
Ecoflex [68, 69, 70]
Natural rubber [36]
PDMS [71, 72]
Polyurethane [36, 73]
Latex [74]
Sylgard 184 [75, 76]

the nonlinearity fitting parameter used for each constitutive model. It is also

unclear how a nonlinearity parameter used in one constitutive model relates

to a nonlinearity parameter used in a different constitutive model.

Addressing these constitutive modeling issues, a previous graduate student,

Olivia Carey-De La Torre, defined a universal nonlinear parameter b to be

used to describe nonlinear elastic response in shear [10]

σ(γ) = G0γ(1 + bγ2). (2.1)

If b > 0 the material shows a stiffening response in shear and if b < 0 the
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Figure 2.2: Ashby style material selection chart showing the elastic
modulus E versus the stiffness variation Emax

Emin
for many soft functional

materials common in soft machine design. The references for each material
in this Ashby diagram can be seen in Table 2.2.

material shows a softening response in shear [10]. Therefore, intuition on the

material performance is easy to gather from this proposed universal nonlinear

elastic parameter [10].

This universal nonlinear elastic parameter b can also be related to parame-

ters in many other constitutive models. Olivia Carey-De La Torre previously

found the relation of the universal nonlinear parameter b to parameters in the

Neo-Hookean and Fung models [10], as shown in Table 2.3. We additionally

find the universal nonlinear relations for the Gent and nonlinear chain net-

work models. A more detailed discussion of these nonlinear elastic equations

can be seen in Chapter 4.
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Table 2.2: Table of material references used to make the minimum elastic
modulus Emin versus stiffness ratio Emax

Emin
Ashby style material selection

chart.

Material Reference
Electrorheological elastomer [6]
Magnetorheological elastomer [6, 77]
Thermoplastic [6]
Liquid crystal elastomer [6, 78]
Mammalian skeletal muscle [79, 80]
Low melting point alloy [6]
Shape memory polymer [79, 6]
Conductive thermoplastic elastomer [6, 81]
Granular materials [6]
Fluid polymer composites [6]

2.4.1 Gent model universal relation

The Gent model is a hyperelastic constitutive equation and the elastic po-

tential is [46]

U = −G0

2β
ln(1− β(I1 − 3)). (2.2)

Assuming simple shear deformation, the shear stress is calculated from the

elastic potential as

σ(γ) =
G0γ

1− βγ2
(2.3)

where the shear calculation method is described in Chapter 4, equations

4.6-4.8.

To relate the universal nonlinear parameter b to the Gent model nonlinear

parameter β, we take a Taylor Expansion about γ = 0 (small shear deforma-

tions),

σ(γ) ≈ σ(γ)|γ=0 +
∂σ

∂γ

∣∣∣∣
γ=0

γ

1!
+
∂2σ

∂γ2

∣∣∣∣
γ=0

γ2

2!
+
∂3σ

∂γ3

∣∣∣∣
γ=0

γ3

3!
+ . . . (2.4)

The derivatives of the Gent model and their values at γ = 0 are defined as
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follows,

σ(γ)|γ=0 = 0, (2.5)

∂σ

∂γ
=

G0

1− βγ2
+

2βG0γ
2

(1− βγ2)2 , (2.6)

∂σ

∂γ
|γ=0 = G0, (2.7)

∂2σ

∂γ2
=

6βG0γ

(1− βγ2)2 +
8β2G0γ

3

(1− βγ2)3 , (2.8)

∂2σ

∂γ2
|γ=0 = 0, (2.9)

∂3σ

∂γ3
=

6βG0

(1− βγ2)2 +
48β2G0γ

2

(1− βγ2)3 +
48β3G0γ

4

(1− βγ2)4 , (2.10)

and

∂3σ

∂γ3
|γ=0 = 6βG0. (2.11)

Plugging in equations 2.5-2.11 into equation 2.4 yields

σ(γ) ≈ G0γ
(
1 + βγ2

)
. (2.12)

Then by comparing equation 2.12 to equation 2.1, we find that

b = β. (2.13)

2.4.2 Nonlinear chain network model universal relation

The nonlinear chain network model is a hyperelastic constitutive equation

and the elastic potential is defined as [46]

U =
3G0[

1 + 2
(1−β)2

] [I1

6
+ β−1

(
1− βI1

3

)−1
]
. (2.14)
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Assuming simple shear deformation, the shear stress is calculated from the

elastic potential as

σ(γ) = G0γ

[
1 +

2

(1− β)2

]−1 [
1 +

18

(βγ2 + 3β − 3)2

]
(2.15)

where the shear calculation method is described in Chapter 4, equations

4.6-4.8.

To relate the universal nonlinear parameter b to the nonlinear chain net-

work model nonlinear parameter β, we take a Taylor Expansion about γ = 0

(small shear deformations) as shown in equation 2.4.

The derivatives of the nonlinear chain network model and their values at

γ = 0 are defined as follows,

σ(γ)|γ=0 = 0, (2.16)

∂σ

∂γ
=

[
G0

1 + 2
(1−β)2

] [
1 +

18

(βγ2 + 3β − 3)2 −
72βγ2

(βγ2 + 3β − 3)3

]
, (2.17)

∂σ

∂γ
|γ=0 = G0, (2.18)

∂2σ

∂γ2
=

[
216G0

1 + 2
(1−β)2

] [
−βγ

(βγ2 + 3β − 3)3 +
2β2γ3

(βγ2 + 3β − 3)4

]
, (2.19)

∂2σ

∂γ2
|γ=0 = 0, (2.20)

∂3σ

∂γ3
=[

216G0

1 + 2
(1−β)2

] [
−β

(βγ2 + 3β − 3)3 +
1302β2γ2

(βγ2 + 3β − 3)4 −
16β3γ4

(βγ2 + 3β − 3)5

]
,

(2.21)

and

∂3σ

∂γ3
|γ=0 =

−8βG0

(β − 1)(β2 − 2β + 3)
. (2.22)
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Table 2.3: Common constitutive equations for hyperelastic incompressible
materials and their relation to the universal nonlinear parameter b.

Nonlinear elastic constitutive equations
and their universal relation [45, 46, 10, 47]

Name Equation Universal non-
linear relation

Neo-
Hookean

U = G0

2
(I1 − 3) b = 0

G0 is a material property

Fung U = G0

2α
(eα(I1−3) − 1) b = α

G0, α are material properties

Gent U = −G0

2β
ln(1− β(I1 − 3)) b = β

G0, β are material properties

Nonlinear
chain
network

U = 3G0[
1+ 2

(1−β)2

] [ I1
6

+ β−1
(
1− βI1

3

)−1
]

b = 4
3

β
(1−β)(β2−2β+3)

G0, β are material properties

Plugging in equations 2.16-2.22 into equation 2.4 yields

σ(γ) ≈ G0γ

(
1− 4

3

β

(β − 1)(β2 − 2β + 3)
γ2

)
. (2.23)

Then by comparing equation 2.23 to equation 2.1, we find that

b =
4

3

β

(1− β)(β2 − 2β + 3)
. (2.24)

2.4.3 Constitutive models in universal terms

We include Table 2.3 that summarizes some nonlinear elastic constitutive

models and their relation to the nonlinear universal parameter. The Neo-

Hookean and Fung model universal relations were found by Olivia Carey-De

La Torre [10] and the Gent and nonlinear chain network model universal

relations are a new contribution.
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2.4.4 Material selection chart with universal nonlinearity

Olivia Carey-De La Torre proposed a final representation of the universal

nonlinear term b as an Ashby style material selection chart shown in Fig-

ure 2.3. Many soft materials are included in the Ashby diagram and it

relates to common nonlinear elastic constitutive models used in soft machine

design. Therefore, this work adds to the design tools for material selection

for soft machine design.
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 Biological polymer gels
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Liver Tissue
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Figure 2.3: This figure was created by Olivia Carey-De La Torre [10]. This
is an Ashby style material selection chart showing the shear modulus G
versus inherent nonlinearity b for many soft materials common in soft
machine design. The references for each material in this Ashby diagram can
be seen in Table 2.4.

2.5 Conclusions

In this work, we began to add to the design toolbox for soft machine design by

developing relevant material selection charts and finding universal relations

for additional nonlinear elastic constitutive models.
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Table 2.4: Table of material references used to make the shear modulus G
versus universal nonlinearity term b Ashby style material selection chart.

Material Reference
Achilles tendon [80]
Articular cartilage
Skeletal muscle
Cardiac muscle
Breast tumor
Kidney tissue
Liver tissue
Mammary gland
Fat
Actin [82]
Fibrin
Collagen
Vimentin
Polyacrylamide
Fibrin [58]
Polyacrylamide [83]
Agarose [84]
Agar [85]
Gelatin
Phantom tissues
Ballistic gelatin [86]
Lung tissue [87]
Brain tissue [88, 89]
Cell monolayer [90]
Liver tissue [88]
Spinal chord [89]
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CHAPTER 3

EXPLORING MATHEMATICAL MODELS
FOR THE DESIGN OF A NEW MATERIAL

CONCEPT

3.1 Introduction

From a thorough investigation of the current state of soft machine design,

it is clear that functional materials with variable stiffness are important for

soft machine design and there are limited design tools that support the ‘de-

sign of’ these functional materials. In this chapter, we make predictions for

the variable shear stiffness of magnetorheological elastomers (MRE’s) when a

magnetic field is introduced. For a given magnetic particle, particle distribu-

tion, particle concentration, and magnetic field, we can predict the variable

shear stiffness of the composite as a function of the initial softness and non-

linearity of the composite material. Nonlinear MRE performance has not

been studied previously as an effect of elastic softness and nonlinearity. We

find that the elastic nonlinearity can cause a shear stiffening or softening

response and we provide an explanation for this effect. This model could

provide insight to the strong stiffening effect observed in a magnetic fibrin

composite [57]. We study the underlying magnetic and elastic contributions

and make conclusions on the effects that these individual contributions have

on the overall variable shear stiffness. We create a ‘design of’ tool that shows

the variable stiffness as a function of the initial softness and nonlinearity. We

explain how this design tool can be used in a complete design framework to

create a bottlebrush PDMS composite material for soft machine design [91].

The predictions that are made for the variable shear stiffness of the compos-

ite material follow the theory of mechanical behavior of magnetorheological

elastomers (MRE) proposed by Ivaneyko, Toshchevikov, Saphiannikova, and

Heinrich [11]. However, that proposed theory assumed a linear elasticity

model in shear for the elastomer matrix. For our predictions, we include a

nonlinear hyperelastic model proposed by Dobrynin and Carrillo [12] as the
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elastic contribution from the elastomer matrix background.

For our research contribution, we combine the theory of mechanical behav-

ior of magnetorheological elastomers and the nonlinear hyperelastic model to

study the role of nonlinear elastic contributions to the variable shear stiffness

of magnetorheological elastomers to gain insight to the underlying physics.

There have been many studies on modeling MRE’s [92]. Some work has

been published that makes predictions for MRE’s with a linear elastic matrix

material that resembles a Hookean solid [93, 94, 95]. Other research attempts

to capture the nonlinear elastic effects using a Neo-Hookean or Mooney-

Rivlin model [96, 97, 98, 99, 100, 101]. However, these models can predict

a linear or nonlinear response depending on the type of deformation. Under

any shear deformation, both the Neo-Hookean and Mooney-Rivlin models

predict a linear stress-strain relationship. There is some published work on

modeling MRE’s with nonlinear elastic shear models, such as the Ogden

model [102]. However, to the best of our knowledge, this work does not

discuss the effects of the degree of nonlinearity and softness of the elastomeric

matrix on the MRE response, the variable shear stiffness, or the performance

under a superposition of uniaxial extension and simple shear. The theoretical

study in this Chapter contributes to knowledge on MRE performance by

studying the effects of nonlinearity and softness of the matrix on the variable

shear stiffness under compression induced by a magnetic field and an applied

shear deformation.

Our predictions assume an incompressible material, affine deformation,

and that all particles are the same, spherical, rigid, and cannot penetrate

[11, 12]. Additionally, our predictions consider an unconfined material shown

in Case 1 in Figure 3.1. Measurements of variable stiffness that would be

expected from a rheometer with a fixed gap height would correlate to predic-

tions made considering Case 2 in Figure 3.1. Case 2 is beyond the scope of

this thesis, as it involves a more complex distribution of strains throughout

the material.

Since we are considering an unconfined material, we generally expect the

material to compress or extend in the direction of the magnetic field due to

dipole-dipole interactions to reach an equilibrium strain before the material

is introduced to a shear deformation [11]. Therefore, the variable shear stiff-

ness would be dependent on both the uniaxial deformation and the shear

deformation. In this thesis, we consider an isotropic distribution of particles
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Figure 3.1: Case 1: Unconfined material Case 2: Confined material.

with a simple cubic lattice structure that compresses due to dipole-dipole in-

teractions. However, other distributions of particles cause extension [11, 97].

3.2 Macroscopic and microscopic deformation

Assuming an unconfined incompressible material, the displacement equations

are a superposition of uniaxial deformation and simple shear [46, 11],

x = xo (1 + ε)−1/2 + yo(1 + ε)γ

y = yo (1 + ε)

z = zo (1 + ε)−1/2

(3.1)

where xo, yo, and zo are the initial positions with respect to each coordinate

axis, and x, y, and z are the positions with respect to each coordinate axis

after deformation. Also, γ is the shear strain imposed after the uniaxial

engineering strain ε.

Assuming affine deformation, the macroscopic deformation of the material

can be related to the changing distance vector between each ith and jth

particle
−→
Rij (Equation 21 in [11]),

Rij,x = R0
ij,x (1 + ε)−1/2 +R0

ij,y(1 + ε)γ

Rij,y = R0
ij,y (1 + ε)

Rij,z = R0
ij,z (1 + ε)−1/2 .

(3.2)
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The finger tensor B is calculated from the deformation gradient tensor F

F =


∂x
∂xo

∂x
∂yo

∂x
∂zo

∂y
∂xo

∂y
∂yo

∂y
∂zo

∂z
∂xo

∂z
∂yo

∂z
∂zo

 F =

(1 + ε)−
1
2 γ(1 + ε) 0

0 1 + ε 0

0 0 (1 + ε)−
1
2

 (3.3)

B = F · F T =

(1 + ε)−1 + γ2(1 + ε)2 γ(1 + ε)2 0

γ(1 + ε)2 (1 + ε)2 0

0 0 (1 + ε)−1

 (3.4)

and applies to both the macroscopic deformation and the deformation be-

tween each particle.

Now that the deformation of the material from superimposed uniaxial and

simple shear deformation is understood, the variable shear stiffness can be

derived from the balance of elastic and magnetic free energy under this ex-

tension and shear deformation.

3.3 Theory of mechanical behavior of MRE’s

This section reviews the theory of mechanical behavior of magnetorheological

elastomers discussed in the literature by Ivaneyko, Toshchevikov, Saphian-

nikova, and Heinrich [11].

3.3.1 Free energy

The material free energy has contributions from elastic energy and magnetic

potential energy. The elastic energy stems from the elastic entropy of the

polymer chains and the magnetic potential energy is due to the interactions

between the magnetic particles and the applied magnetic field [11]. We define

the free energy per unit volume as (Equation 7 in [11])

F (γ, ε) = uel(γ, ε) + um(γ, ε). (3.5)
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3.3.2 Magnetic free energy

The magnetic contribution to the free energy is dependent on the magnetic

field strength, saturation magnetization, particle magnetic permeability, vol-

ume fraction, and medium permeability. To understand the particle magne-

tization, we reference the Frohlich-Kennely equation [103],

M =
Ms(µini − 1)(B/µo)

Ms + (µini − 1)(B/µo)
(3.6)

where M is the particle magnetization, Ms is the saturation magnetization,

µini is the relative particle magnetic permeability, B is the magnetic flux

density, and µo is the vacuum permeability.

The magnetic free energy per unit volume is [104]

um(γ, ε) = −µrµoN
4πV

∑
i

3(−→mi •
−→
Rij)(

−→mj •
−→
Rij)∣∣∣−→Rij

∣∣∣5 − (−→mi • −→mj)∣∣∣−→Rij

∣∣∣3
 , (3.7)

where µr is the relative permeability of the medium, µo is the permeability

of the vacuum, N
V

is the number of magnetic particles per unit volume, −→mi

and −→mj are the dipole moments of the ith and jth magnetic particles, and
−→
Rij is the distance vector between the ith and jth particles. The elastomeric

medium is assumed to be nonmagnetic so we assume that µr = 1. The infinite

rectangular lattice model does not depend on the interactions with every ith

and jth particle due to symmetry. Therefore, we can take the summation of

interactions with every ith particle with respect to one reference particle and

multiply by N , the number of magnetic particles.

For our predictions, we assume that −→mi and −→mj are parallel to the direction

of the magnetic field and we do not account for rotation of the dipoles. The

absolute values of −→mi and −→mj are mi = mj = voM where vo = 4
3
πr3 and r is

the radius of the magnetic particles. Therefore, we can simplify equation 3.7

to [11]

um(γ, ε) = −uov
2
oN

V

(
M

Ms

)2∑
i

3
(−→
Rij

)2

y
−
∣∣∣−→Rij

∣∣∣2∣∣∣−→Rij

∣∣∣5
 , (3.8)

where uo = µoM2
s

4π
.

A dimensionless parameter α is introduced to easily represent the distri-
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bution of magnetic particles in the matrix [11],

α =
L0
y

L0
x

=
L0
y

L0
z

(3.9)

where α = 1 represents an isotropic distribution, α < 1 represents a chain-

like distribution, and α > 1 represents a plane-like distribution as shown in

Figure 3.2 (Figure 2 in [11]). In this thesis, we are considering an isotropic

distribution of particles where α = 1.

Figure 3.2: The various rectangular lattice distributions of particles before a
magnetic field is induced and external shear is applied (image from Figure 2
in [11]). In this thesis, we are considering the isotropic sample where α = 1.

In equation 3.8, the index i references all ith particles in the entire ma-

terial with respect to the jth particle. However, the index i can be repre-

sented as the vector i = (ix, iy, iz), where ix, iy, iz are the number of sim-

ple cubic lattice structures between the ith and jth particles in each coor-

dinate direction. Then, we can define the distance between all particles as
−→
Rij = (Lxix, Lyiy, Lziz). Where Lx, Ly, Lz are the distances between each

particle in a single rectangular lattice with respect to each coordinate direc-

tion as shown in Figure 3.3 [11].
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Figure 3.3: The distribution of particles before and after a magnetic field is
induced and external shear is applied.

Then equation 3.8 can be rewritten as (Equation 24 and 25 in [11])

um(γ, ε) =− uoφ2

(
M

Ms

)2

α(1 + ε)3/2

·
∑

(ixiyiz)6=0

 (2− γ2)α2(1 + ε)3i2y − i2x − i2z − 2γαiyix(1 + ε)
3
2[

(1 + γ2)α2(1 + ε)3i2y + i2x + i2z + 2γαiyix(1 + ε)
3
2

] 5
2


(3.10)

where φ = vo
LoxL

o
yL

o
z

and N
V

= 1
LxLyLz

. Equation 3.10 represents the magnetic

potential energy inside the composite material that contributes to the total

free energy of the material.

The summation in equation 3.10 relates to the number of rectangular lat-

tice structures in the finite material that need to be referenced for the mag-

netic free energy to converge. The magnetic free energy convergence can be

seen in Figure 3.4. The increase in the number of cells by unity changes the

value of the magnetic free energy by only 0.1% when 17 lattice structures are

referenced. Therefore, if 17+ of the nearest lattice structures are referenced,

the percent error of the magnetic free energy would be 0.1% or less. We

reference seventeen of the nearest lattice structure particles to validate our

calculations for the equilibrium strain with the literature.

The magnetic stress contribution can be found by taking the first derivative

of the magnetic free energy per unit volume with respect to the uniaxial strain
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Figure 3.4: The number of neighboring square lattice structure particles
interacting with the reference particle and the effect on the percent change
of magnetic free energy considering an isotropic distribution of particles
α = 1. This figure is created by referencing equation 3.10, where γ, ε = 0.

[11],

σm,yy =
∂um(γ, ε)

∂ε

∣∣∣
γ=0

. (3.11)

Then the magnetic stress in the direction of the magnetic field is [11]

σm,yy =− uoφ2

(
M

Ms

)2

α
√

1 + ε

·
∑

(ixiyiz)6=0

[
12α4(1 + ε)6i4y − 30α2i2y(1 + ε)3(ix + iz)

2 + 3(i2x + i2z)
2

2
[
α2(1 + ε)3i2y + i2x + i2z

]7/2
]
.

(3.12)

Figure 3.5 shows how σm,yy increases due to compression (ε < 0) for an

isotropic simple cubic lattice particle distribution.

The shear modulus is also derived from the free energy. The magnetic

shear modulus can be obtained by solving the equation Gm = ∂2um
∂γ2

∣∣∣
γ=0

[11].
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Figure 3.5: The relationship between uniaxial strain and the magnetic
shear stress considering an isotropic distribution of particles α = 1 and 30
neighboring square lattice structures. This figure is created by referencing
equation 3.12.

Then the magnetic shear modulus is

Gm = uoφ
2

(
M

Ms

)2

3α3(1 + ε)
9
2

·
∑

(ixiyiz)6=0

i2y
[
4α4i4y(1 + ε)6 + 3α2i2y(i

2
z − 9i2x)(1 + ε)3 − i4z + 3i2zi

2
x + 4i4x

][
α2i2y(1 + ε)3 + i2z + i2x

] 9
2

.

(3.13)

Figure 3.6 shows stiffening of Gm,yx due to compressive strain ε, for an

isotropic square lattice of particles. The stiffening results primarily from

decreasing the distance between the magnetic dipoles aligned with the com-

pression axis.

35



-1.0 -0.8 -0.6 -0.4 -0.2 0.0
100

101

102

103

104

105

106

107

108

e [-]

a = 1 (isotropic square lattice)

Figure 3.6: The relationship between uniaxial strain and the magnetic
shear modulus considering an isotropic distribution of particles α = 1 and
30 neighboring square lattice structures. This figure is created by
referencing equation 3.13.

3.3.3 Elastic free energy

Assuming a linear approximation, the elastic free energy resembles a Hookean

material. The free energy per unit volume under uniaxial or simple shear is

uel =
E0ε

2

2
uel =

G0γ
2

2
. (3.14)

The elastic stress is found by taking the first derivative of the elastic free

energy with respect to strain and the shear modulus is found by taking the

second derivative with respect to strain,

σel,yy =
∂uel
∂ε

= E0ε σel,yx =
∂uel
∂γ

= G0γ (3.15)

Eel =
∂u2

el

∂2ε
= E0 Gel =

∂u2
el

∂2γ
= G0. (3.16)

Using a linear approximation for the elastomer matrix gives a modulus
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that is independent of strain. This is not the typical behavior for elastomer

materials under large deformation, which resemble a hyperelastic material

response.

3.3.4 Equilibrium elongation

When a magnetic field is applied, the particles inside of the MRE interact due

to dipole moments induced by, and aligned with, the magnetic field. This

interaction is an attraction force in the direction of the applied magnetic

field, thus causing the material to compress until the material reaches a

steady state where the magnetic stress is balanced by the elastic stress. The

equilibrium strain ε = εeq can be found by solving the equation σel,yy = σm,yy

and referencing 17 neighboring rectangular lattice structures [11],

0 =E0εeq + uoφ
2

(
M

Ms

)2

α
√

1 + εeq

·
∑

(ixiyiz)6=0

[
12α4(1 + εeq)

6i4y − 30α2i2y(1 + εeq)
3(ix + iz)

2 + 3(i2x + i2z)
2

2
[
α2(1 + εeq)3i2y + i2x + i2z

]7/2
]
.

(3.17)

We compare our results to the results from the literature [11] to validate

that our approach and calculations are correct. The equilibrium strain results

from our calculations and from literature [11] can be seen in Figures 3.7 and

3.8. Our results correlate with the results from the literature validating that

our approach and calculations for the equilibrium strain are correct.

3.3.5 Shear Modulus

After the equilibrium strain is calculated, the total shear modulus can be

found as the sum of the magnetic and elastic contributions G = Gel +Gm,

G = G0 + uoφ
2

(
M

Ms

)2

3α3(1 + εeq)
9
2

·
∑

(ixiyiz)6=0

i2y
[
4α4i4y(1 + εeq)

6 + 3α2i2y(i
2
z − 9i2x)(1 + εeq)

3 − i4z + 3i2zi
2
x + 4i4x

][
α2i2y(1 + εeq)3 + i2z + i2x

] 9
2

.

(3.18)
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Figure 3.7: The uniaxial equilibrium strain resulting from the particle
magnetization. The dashed lines are our calculations and the solid lines
refer to the data in the literature [11]. This figure is created by referencing
equation 3.17.

We compare our results for the shear modulus to the results from the

literature [11] to validate that our approach and calculations are correct.

The variable shear stiffness results from our calculations and from literature

can be seen in Figures 3.9 and 3.10. Our results correlate with the results

from the literature [11]. Thus, our approach and calculations are valid for

the shear modulus and we can update the elastic free energy contribution

with a nonlinear elastic model to include a more realistic nonlinear elastic

free energy contribution.

3.4 Nonlinear elastic free energy

The predictive elastic contribution to the free energy is dependent on the

constitutive model that is selected to describe the elastomer matrix back-

ground behavior under a superposition of extension and shear. We are as-

suming a hyperelastic and incompressible material response. Some common

hyperelastic constitutive models include the Neo-Hookean, Mooney-Rivlin,
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Figure 3.8: The uniaxial equilibrium strain resulting from the particle
magnetization. The dashed lines are our calculations and the solid lines
refer to the data in the literature [11]. This figure is created by referencing
equation 3.17.

Arruda-Boyce, Ogden, Fung, and Gent models [45, 46]. In Chapter 4, we

discuss the performance of these models in extension and shear.

For our material predictions in this chapter, we are using a hyperelastic

constitutive model described in a paper by Andrey V. Dobrynin and Jan-

Michael Y. Carrillo [12] that has a similar material response to the Fung

and Gent models under the superposition of extension and shear. This con-

stitutive model was selected because it is used in a design framework for

designing tuneable bottle-brush PDMS and can capture a dramatic strain

stiffening response when the finite elastic limit is approached. PDMS is the

most common material used in soft machine designs [91]. Therefore, using

this constitutive model allows us to make predictions of variable shear stiff-

ness and additionally gives insight to parameters used in the fabrication of

bottlebrush PDMS. This model has also been shown to accurately predict

the nonlinear response of semi-flexible networks such as actin and fibrin [105],

which can relate to previous work in our group with fibrin material [57].

The strain energy density function that describes the hyperelastic behavior
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Figure 3.9: The variable shear stiffness resulting from the induced magnetic
field. The dashed lines are our calculations and the solid lines refer to the
data in the literature [11]. This figure is created by referencing equation
3.18 after the equilibrium strain εeq is found from equation 3.17.

and free energy per unit volume is [12]

uel(I1) = 3G0

[
1 +

2

(1− β)2

]−1
[
I1

6
+ β−1

(
1− βI1

3

)−1
]
, (3.19)

where G0 is the initial shear modulus, β is the nonlinear parameter, and

I1 is the first invariant of the finger tensor. The nonlinear parameter β is

related to the underlying polymer chain extension by β = R
Rmax

. For the

superposition of extension and shear, I1 = (1 + ε)2 + 2(1 + ε)−1 + γ2(1 + ε)2

[46].

This hyperelastic constitutive equation assumes affine deformation, incom-

pressibility, an isotropic network, and that the free energy is equal to a sum

of contributions from strands between cross-links [12].

The elastic stress contribution is derived from the free energy per unit

40



0.0 0.2 0.4 0.6 0.8 1.0
0.95

1.00

1.05

1.10

1.15

G
/G

0 [
-]

M/Ms [-]

j = 0.05
 E0/u0 = 1.0
 E0/u0 = 2.5
 E0/u0 = 5.0

Solid lines refer to data in the literature. 
Dashed lines are data from our calculations. 

Figure 3.10: The variable shear stiffness resulting from the induced
magnetic field. The dashed lines are our calculations and the solid lines
refer to the data in the literature [11]. This figure is created by referencing
equation 3.18 after the equilibrium strain εeq is found from equation 3.17.

volume [45],

σel,ij = 2

[
∂uel(I1)

∂I1

Bij −
I1δij

3

∂uel(I1)

∂I1

]∣∣∣
γ=0

. (3.20)

Then the elastic stress in the uniaxial direction as a function of the uniaxial

strain is [12]

σel,yy =
3G0

1 + 2
(1−β)2

(
(1 + ε)2 − (1 + ε)−1

)
(

1 + 2

(
1− β((1 + ε)2 + 2(1 + ε)−1 + γ2(1 + ε)2)

3

)−2
)
.

(3.21)

As the nonlinearity term β increases, the elastic normal stress rapidly in-

creases at smaller magnitudes of strain as shown in Figure 3.11.

The elastic shear modulus can be obtained by solving the equation Gel =
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Figure 3.11: The resulting elastic normal stress as a function of the uniaxial
strain for the model proposed by Andrey V. Dobrynin and Jan-Michael Y.
Carrillo [12], and the dependence on the nonlinearity β and initial shear
modulus G0. This figure is created by referencing equation 3.21.

∂σyx
∂γ

∣∣∣
γ=0

. Then the elastic shear modulus is

Gel =
G0(1 + ε)2

1 + 2
(1−β)2

[
1 +

18(1 + ε)2

(β(1 + ε)3 + 2β − 3(1 + ε))2

]
. (3.22)

Figures 3.12 and 3.13 show the elastic shear modulus as a function of strain

ε and γ.

It is apparent that the shear modulus first decreases under compression

before increasing again. This is will be discussed thoroughly in Chapter 4.

3.5 Nonlinear elastic MRE model

We combine the work presented on the mechanical behavior of MRE’s by

Ivaneyko, Toshchevikov, Saphiannikova, and Heinrich [11] with the hyper-

elastic model work proposed by Dobrynin and Carrillo [12] to study the

underlying material physics of the magnetic and elastic contributions to the
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Figure 3.12: The resulting shear modulus as a function of the uniaxial
strain for the model proposed by Andrey V. Dobrynin and Jan-Michael Y.
Carrillo [12], and the dependence on the nonlinearity β and initial shear
modulus G0. This figure is created by referencing equation 3.22.

material variable shear stiffness.

The free energy per unit volume in equation 3.5 can be rewritten using the

specific equations for the magnetic and elastic free energies per unit volume

shown in equations 3.10 and 3.19. Therefore the free energy per unit volume

is

F (γ, ε) =3G0

[
1 +

2

(1− β)2

]−1 [
(1 + ε)2 + 2(1 + ε)−1 + γ2(1 + ε)2

6

+β−1

(
1− β((1 + ε)2 + 2(1 + ε)−1 + γ2(1 + ε)2)

3

)−1
]

− uoφ2

(
M

Ms

)2

α(1 + ε)3/2

·
∑

(ixiyiz)6=0

 (2− γ2)α2(1 + ε)3i2y − i2x − i2z − 2γαiyix(1 + ε)
3
2[

(1 + γ2)α2(1 + ε)3i2y + i2x + i2z + 2γαiyix(1 + ε)
3
2

] 5
2

 .
(3.23)
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Figure 3.13: The resulting shear modulus as a function of the shear strain
for the model proposed by Andrey V. Dobrynin and Jan-Michael Y.
Carrillo [12], and the dependence on the equilibrium strain εeq. This figure
is created by referencing equation 3.22.

The equilibrium strain can be solved by the equation σel,yy = σm,yy using

equations 3.21 and 3.12,

0 =
G0

1 + 2
(1−β)2

(
(1 + εeq)

2 − (1 + εeq)
−1
)

(
1 + 2

(
1− β((1 + εeq)

2 + 2(1 + εeq)
−1 + γ2(1 + εeq)

2)

3

)−2
)

+ uoφ
2

(
M

Ms

)2

α
√

1 + εeq

·
∑

(ixiyiz)6=0

[
12α4(1 + εeq)

6i4y − 30α2i2y(1 + εeq)
3(ix + iz)

2 + 3(i2x + i2z)
2

2
[
α2(1 + εeq)3i2y + i2x + i2z

]7/2
]
.

(3.24)

This can be simplified to

uoφ
2
(
M
Ms

)2

G0

= f(εeq, β).
(3.25)
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Then the shear modulus can be solved using the equilibrium strain and by

the equation G = Gel +Gm using equations 3.22 and 3.13,

G =
G0(1 + εeq)

2

1 + 2
(1−β)2

[
1 +

18(1 + εeq)
2

(β(1 + εeq)3 + 2β − 3(1 + εeq))2

]
+ uoφ

2

(
M

Ms

)2

3α3(1 + εeq)
9
2

·
∑

(ixiyiz)6=0

i2y
[
4α4i4y(1 + εeq)

6 + 3α2i2y(i
2
z − 9i2x)(1 + εeq)

3 − i4z + 3i2zi
2
x + 4i4x

][
α2i2y(1 + εeq)3 + i2z + i2x

] 9
2

.

(3.26)

This can be simplified to

G = f(εeq, β) +
uoφ

2
(
M
Ms

)2

G0

f(εeq).
(3.27)

We define the variable shear stiffness as

4G
G0

=
G−G0

G0

(3.28)

and solve for the variable stiffness of the hyperelastic composite material as

a function of imposed magnetic field and material composition. Then we can

investigate the underlying magnetic contribution,

4Gm

G0

=
Gm

G0

(3.29)

and elastic contribution,

4Gel

G0

=
Gel −G0

G0

(3.30)

to the overall variable stiffness and study the effect that the shear modulus

and nonlinearity have on the variable shear stiffness.

3.6 Results and Discussion

Using the equations derived from the free energy of a hyperelastic MRE, we

make predictions of the variable shear stiffness of a magnetorheological elas-
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tomer for a given particle composition, an isotropic square lattice distribution

(α = 1), magnetic field strength, and volume fraction of particles. For our

predicitons, we consider carbonyl iron nanoparticles with a saturation mag-

netization of Ms = 1582kA/m, magnetic permeability of µini = 21.5, volume

fraction φ = 0.05, and magnetic field strength of B = 0.5T [103]. Then using

equations 3.23-3.26, the variable shear stiffness ∆G/G0 as a function of only

β and G0 is in Figures 3.23-3.26.

Figure 3.23 shows the total variable shear stiffness, while Figure 3.24 shows

the magnetic contribution and Figures 3.25-3.26 show the elastic contribution

to the total variable shear stiffness. It is clear from Figure 3.23 that a larger

total variable shear stiffness is achievable with softer MRE’s. However, there

is an unclear trend in the total variable shear stiffness with respect to the

nonlinear term β. For very stiff MRE’s (G0 > 106Pa), β does not appear

to have an impact on the total variable shear stiffness. For very soft MRE’s

(G0 < 104Pa), a smaller nonlinearity β causes a larger variable stiffness.

In between these ‘soft’ and ‘stiff’ MRE’s, there is also a ‘semi-soft’ region

(104Pa < G0 < 106Pa) where a larger nonlinearity β causes a slightly larger

variable stiffness.

It is remarkable that stronger nonlinear elastic stiffening (large β) actually

softens the MRE effect. We show that this behavior can be understood and

explained by looking at the underlying magnetic and elastic contributions to

the total variable shear stiffness with respect to G0 and β. To the best of

our knowledge, this has not been researched previously.

3.6.1 ‘Stiff’ MRE

Referring to the ‘stiff’ MRE performance in Figure 3.23, we find that the log-

log slope is equal to negative one and all nonlinear β terms overlap. Then

this demonstrates that

∆G

G0

∼ G−1
0 . (3.31)

In other words, ∆G is essentially constant if the material is sufficiently stiff.

This occurs when εeq is sufficiently small that the particle distribution is

essentially unchanged, and Gm is also unchanged.
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Figure 3.14: The total variable shear stiffness, including contributions from
the magnetic and elastic free energy of a MRE, with respect to G0 and β.
We are considering an isotropic distribution of particles α = 1, φ = 0.05,
Ms = 1582 kA/m, µini = 21.5, and B = 0.5 T. This figure is created by
finding the equilibrium strain using equation 3.24 and referencing equations
3.26 and 3.28 to find the variable shear stiffness.

The magnetic contribution is

∆Gm

G0

= f(εeq) (3.32)

and the elastic contribution is

∆Gel

G0

= f(εeq, β). (3.33)

Since the total shear modulus is a summation of the magnetic and elastic

contributions, we find that f(εeq) + f(εeq, β) ∼ G−1
0 for a ‘stiff’ MRE.

We aim to understand the underlying contributions that predict this ‘stiff’

MRE performance. The magnetic contribution shown in Figure 3.24 also

shows that ∆Gm
G0

= f(εeq) ∼ G−1
0 . The elastic contribution shown in Fig-
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Figure 3.15: The magnetic variable shear stiffness, with respect to G0 and
β, and with a constant φ, Ms, µini, and B. We are considering an isotropic
distribution of particles α = 1, φ = 0.05, Ms = 1582 kA/m, µini = 21.5, and
B = 0.5 T. This figure is created by finding the equilibrium strain using
equation 3.24 and referencing equations 3.13 and 3.29 to find the variable
shear stiffness.

ure 3.26 does not show any dependence on G0. Therefore, the decrease in

total variable shear stiffness with an increase in the shear modulus G0 is due

to the underlying magnetic contribution to variable stiffness. While the mag-

netic variable shear stiffness equation 3.13 has no dependence on G0, it does

have a dependence on εeq, and the εeq is dependent on G0. The equilibrium

strain εeq is due to the balance of magnetic and elastic stresses at very small

strains for ‘stiff’ MRE’s as shown in Figure 3.20. A larger G0 contributes to

the initial sharp increase in elastic normal stress with respect to strain. If G0

is larger, the elastic normal stress will be equivalent to the magnetic normal

stress and reach steady state at smaller equilibrium strains εeq. Therefore,

a larger G0 corresponds to a smaller εeq and approaches a constant ∆Gm,

resulting in ∆Gm
G0
∼ G−1

0 .

The dependence of variable shear stiffness on the MRE nonlinearity term
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Figure 3.16: A log-log representation of the elastic variable shear stiffness
with respect to G0 and β. A larger point density should be used to fill in
the gap between the solid lines and dotted lines. We are considering an
isotropic distribution of particles α = 1, φ = 0.05, Ms = 1582 kA/m,
µini = 21.5, and B = 0.5 T. This figure is created by finding the equilibrium
strain using equation 3.24 and referencing equations 3.22 and 3.30 to find
the variable shear stiffness.

β stems from the elastic contribution to the total variable shear stiffness.

However, since equilibrium is achieved at extremely small strains εeq, the

elastic shear modulus is not dependent on β and is ≈ G0. Then the elastic

variable shear stiffness ∆Gel
G0
≈ G0−G0

G0
= 0, as shown in Figure 3.26. Consider-

ing equation 3.22 and taking the limit when εeq approaches zero, we find that

the limεeq→0
∆Gel
G0

= 0 and the elastic variable shear stiffness is independent

of β.

The total variable shear stiffness performance of ‘stiff’ MRE’s is due to the

magnetic contribution, since we have shown that the elastic variable shear

stiffness is approximately zero at small equilibrium strains and independent
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Figure 3.17: The elastic variable shear stiffness with respect to G0 and β.
We are considering an isotropic distribution of particles α = 1, φ = 0.05,
Ms = 1582 kA/m, µini = 21.5, and B = 0.5 T. This figure is created by
finding the equilibrium strain using equation 3.24 and referencing equations
3.22 and 3.30 to find the variable shear stiffness.

of β,

∆G

G0

≈ ∆Gm

G0

. (3.34)

This magnetic contribution to the total variable shear stiffness is the under-

lying reason that the variable shear stiffness increases as the initial shear

modulus decreases. In this ‘stiff’ regime, the nonlinearity β of the MRE does

not play a role in the MRE variable shear stiffness performance, but the shear

modulus G0 is significant.

3.6.2 ‘Soft’ MRE

Considering the ‘soft’ MRE performance in Figure 3.23, we find that the

slope is also equal to negative one, however the nonlinear β terms do not
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Figure 3.18: The equilibrium stress with respect to G0 and β. We are
considering an isotropic distribution of particles α = 1, φ = 0.05,
Ms = 1582 kA/m, µini = 21.5, and B = 0.5 T. This figure is created by
finding the equilibrium strain using equation 3.24 and referencing equation
3.21 to find the equilibrium stress.

overlap. Therefore, the total variable shear stiffness in this ‘soft’ regime can

be represented as

∆G

G0

∼ G−1
0

∆G

G0

≈ fm(εeq) + fel(εeq, β), (3.35)

where both the shear modulus G0 and nonlinearity β effect the total variable

shear stiffness of the ‘soft’ MRE.

The magnetic contribution shown in Figure 3.24 shows that ∆Gm
G0

= f(εeq) ∼
G−1

0 and the elastic contribution shown in Figure 3.25 shows that ∆Gel
G0

=

f(εeq, β) ∼ G−1
0 . Thus, both the magnetic and elastic contributions con-

tribute the the increase in total variable shear stiffness with a decrease in

G0.

We look to Figure 3.28 to see the dependence of the equilibrium strain on

G0 and β. The shear modulus G0 does not appear to effect the equilibrium
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Figure 3.19: The equilibrium strain with respect to G0 and β. We are
considering an isotropic distribution of particles α = 1, φ = 0.05,
Ms = 1582 kA/m, µini = 21.5, and B = 0.5 T. This figure is created by
finding the equilibrium strain using equation 3.24.

strain εeq significantly, however the nonlinearity term β has a large effect on

the equilibrium strain. This is due to the fact that the elastic normal stress

does not reach a steady state where it is equivalent to the magnetic normal

stress until the equilibrium strain approaches its finite elasticity limit as

shown in Figure 3.21. As discussed previously, the finite strain in compression

is heavily dependent on β but does not deviate significantly with a change in

G0. The MRE can achieve a significantly higher equilibrium strain εeq with

a smaller nonlinear term β and shear modulus G0.

The magnetic variable shear stiffness contribution f(εeq) does have a sig-

nificant dependence on β and a mild dependence on G0, since β and G0 effect

the equilibrium strain εeq. The magnetic contribution can be seen in Fig-

ure 3.24 where a larger magnetic variable shear stiffness can be achieved with

a smaller nonlinearity term β, smaller shear modulus G0, and complimentary

larger equilibrium strain εeq.

The elastic variable shear stiffness contribution is dependent on both εeq
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Figure 3.20: The normal stress contributions from the magnetic and
equilibrium free energies with respect to the equilibrium strain εeq for ‘stiff’
MRE’s. The equilibrium strain is found when σm = σel. We are considering
an isotropic distribution of particles α = 1, φ = 0.05, Ms = 1582 kA/m,
µini = 21.5, and B = 0.5 T. This figure is created by referencing equations
3.12 and 3.21 to find stress.

and β as shown in Figures 3.28 and 3.25. We already discussed how the

equilibrium strain changes significantly with β and G0 in this ‘soft’ region.

As seen in equation 3.22, a larger equilibrium strain εeq causes a larger elastic

variable shear stiffness contribution. However, a larger β also causes a larger

elastic variable shear stiffness contribution. This creates an unclear trend in

the effect that a MRE’s nonlinearity can have on the elastic variable shear

stiffness, because there is a trade-off between large equilibrium strains (which

depend on small nonlinearity terms) and large nonlinearity terms. As shown

in Figure 3.25, if β is less than 0.9, a larger variable stiffness can be achieved

with a larger εeq and a smaller β. However, if the nonlinearity term β is

approaching unity (β > 0.9), a larger elastic variable shear stiffness can be

achieved with a smaller εeq and a larger β.

For the ‘soft’ MRE’s, we have shown that the total variable shear stiffness is
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Figure 3.21: The normal stress contributions from the magnetic and
equilibrium free energies with respect to the equilibrium strain εeq for ‘soft’
MRE’s. The equilibrium strain is found when σm = σel. We are considering
an isotropic distribution of particles α = 1, φ = 0.05, Ms = 1582 kA/m,
µini = 21.5, and B = 0.5 T. This figure is created by referencing equations
3.12 and 3.21 to find stress.

dependent on both the magnetic contribution and elastic contribution. Both

the magnetic and elastic variable shear stiffness contributions are ∼ G−1
0 .

However, the magnetic variable shear stiffness does have a larger contribution

to the total variable shear stiffness than the elastic contribution. The shear

modulus G0 and nonlinearity β effect the total variable shear stiffness.

3.6.3 ‘Semi-soft’ MRE

If we consider a MRE with a shear modulus of 104 < G0 < 106 Pa, as shown

in Figure 3.23, the total variable shear stiffness increases with a decrease in

G0. However, there is an unclear trend with respect to the nonlinearity β.

Referring to the magnetic contribution in Figure 3.24, the magnetic vari-

able shear stiffness increases with a decrease in G0 and β, which is a similar
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Figure 3.22: The total variable shear stiffness with respect to G0 and β,
including contributions from the magnetic and elastic free energy of a
MRE, represented as a ‘design of’ surface plot tool. We are considering an
isotropic distribution of particles α = 1, φ = 0.05, Ms = 1582 kA/m,
µini = 21.5, and B = 0.5 T. This figure is created by finding the equilibrium
strain using equation 3.24 and referencing equations 3.26 and 3.28 to find
the variable shear stiffness.

behavior to the ‘soft’ MRE. However, the magnetic variable shear stiffness

increases more rapidly with a small change in shear modulus G0 for the ‘semi-

soft’ MRE. This is due to the fact that the steady state strain that is achieved

from the balance of the elastic and magnetic stresses has not yet approached

the finite elastic strain limit. Thus, the equilibrium strain can continue to

increase rapidly with a decrease in shear modulus until the equilibrium strain

approaches the finite elastic strain limit. The magnetic contribution to the

total variable shear stiffness is apparent from Figures 3.23 and 3.24.

Considering the elastic contribution in Figures 3.25 and 3.26, we see that

large nonlinearity’s approaching unity (β −→ 1) have a large elastic variable

shear stiffness. This is not a trend that we observed in ‘soft’ and ‘stiff’

MRE’s. This is due to the change in elastic shear modulus Gel under com-
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pression with respect to the equilibrium strain εeq, as shown in Figure 3.12.

The elastic shear modulus with respect to equilibrium strain initially is equiv-

alent to G0 (‘stiff’ MRE’s). Then the shear modulus begins to decrease under

compression with an increasing equilibrium strain |εeq| (‘semi-soft’ MRE’s).

Eventually, when the equilibrium strain approaches the finite elastic strain

limit, the shear modulus begins to increase (‘soft’ MRE’s). Thus, for ‘semi-

soft’ MRE’s with a nonlinearity β approaching unity, the finite elastic strain

limit is approached at extremely small strains and the shear modulus very

quickly increases and contributes to the elastic and total variable shear stiff-

ness.

For ‘semi-soft’ MRE’s, the magnetic variable shear stiffness is a large con-

tribution to the total variable shear stiffness. The elastic variable shear stiff-

ness is much smaller in magnitude and does not have a large contribution

to the total variable shear stiffness, with the exception of ‘semi-soft’ MRE’s

with a nonlinearity approaching unity. Aside from the extremely nonlin-

ear MRE’s, the elastic contribution actually contributes a softening behavior

since the elastic variable shear stiffness is < 1. This will be discussed in more

detail in Chapter 4.

3.6.4 ‘Design of’ tool

We present the MRE variable shear stiffness predictions in a surface plot

shown in Figure 3.22. This surface plot could be used as a ‘design of’

tool when combined with the design framework proposed by Mohammad

Vatankhah-Varnosfaderani, Sergei S. Sheiko, et al. for designing bottlebrush

PDMS [91]. Based on a desired variable shear stiffness, this design tool could

be used to find the initial shear modulus and nonlinear term that a material

should have to obtain the variable shear stiffness. After selecting the neces-

sary G0 and β values, these parameters can be used directly in the design

framework for designing bottlebrush PDMS [91]. Given G0 and β, this de-

sign framework finds the degrees of polymerization of the side chains, the

spacer between neighbouring side chains, and the strand backbone needed

for fabrication.
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3.6.5 Universal behavior

For our variable shear stiffness results, we described the predictive behav-

ior of the MRE’s referring to three different categories of ‘stiff’, ‘soft’, and

‘semi-soft’ MRE’s. We defined these categories based on the shear modu-

lus. However, this is not universal, and the shear modulus where these three

different categories of predictive behavior may occur will vary depending on

the magnetic particles, volume fraction, and magnetic field strength. These

three regimes can be put into a more universal language by considering a

ratio of magnetic and elastic contributions, as opposed to the shear mod-

ulus which only represents the elastic contribution. In equation 3.25, the

equilibrium strain is found to be dependent on β and
uoφ2( M

Ms
)
2

G0
. Then the

nonlinear shear modulus is dependent on εeq, β, and
uoφ2( M

Ms
)
2

G0
, as shown

in equation 3.27. Therefore, the variable shear stiffness results should be

reported as a function of G0

uoφ2( M
Ms

)
2 as opposed to G0 to show a universal

behavior for all nonlinear MRE’s with varying magnetic contributions and

elastic contributions, as shown in Figures 3.23-3.28.

We consider the universal transition point between the ‘soft’ and ‘semi-

soft’ MRE categories by defining a critical equilibrium strain and solving for

a critical ratio of magnetic and elastic contributions
uoφ2( M

Ms
)
2

G0
. The ‘soft’

MRE is defined by a dominating magnetic contribution which causes the

nonlinear MRE to reach a finite elastic strain limit (εeq → 1). Therefore,

we define the ‘soft’ MRE regime by defining a critical equilibrium strain,

εeq ≥ 0.9εmax. We can find εmax by referring to equation 3.21 where a

singularity is apparent when β
3
((1 + εmax)

2 + 2(1 + εmax)
−1) → 1. Then we

find that

β =
3

(1 + εmax)2 + 2(1 + εmax)−1
. (3.36)

We can now solve for the critical ratio of magnetic and elastic contributions

by considering the equilibrium stress σel,yy = σm,yy using εeq = 0.9εmax and

β = 3
(1+εmax)2+2(1+εmax)−1 . Then we find that the critical transition point

between the ‘soft’ and ‘semi-soft’ MRE behavior is

uoφ
2
(
M
Ms

)2

G0

= f(0.9εmax, β).
(3.37)
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Figure 3.23: The total variable shear stiffness, including contributions from
the magnetic and elastic free energy of a MRE, with respect to G0 and β.
We are considering an isotropic distribution of particles α = 1 and
predictions are universal and independent of φ, Ms, µini, and B. This figure
is created by finding the equilibrium strain using equation 3.24 and
referencing equations 3.26 and 3.28 to find the variable shear stiffness.

However, the critical transition point is only dependent on β and not εmax

because we have shown the connection between β and εmax in equation 3.36.

Therefore, we solved for the critical transition point between the ‘soft’ and

‘semi-soft’ MRE in a universal language,

uoφ
2
(
M
Ms

)2

G0

= f(β).
(3.38)

We consider the universal transition point between the ‘stiff’ and ‘semi-

soft’ MRE categories by defining a critical elastic shear stiffness deviation

from linearity Gel/G0 and solving for a critical ratio of magnetic and elastic

contributions
uoφ2( M

Ms
)
2

G0
. The ‘stiff’ MRE is defined by a dominating elastic

contribution which causes the nonlinear MRE to behave as a linear MRE
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Figure 3.24: The magnetic variable shear stiffness, with respect to G0 and
β, and with a constant φ, Ms, µini, and B. We are considering an isotropic
distribution of particles α = 1 and predictions are universal and
independent of φ, Ms, µini, and B. This figure is created by finding the
equilibrium strain using equation 3.24 and referencing equations 3.13 and
3.29 to find the variable shear stiffness.

(Gel → G0) and does not allow for significant movement of the magnetic

particles. Therefore, we define the ‘stiff’ MRE regime by defining a critical

elastic shear stiffness deviation from linearity Gel/G0 = 1.001. Then we can

solve for the combinations of β and εeq that define this transition point by

considering equation 3.22.

Gel

G0

= f(εeq, β). (3.39)

Then we can find the critical transition point in terms of a universal magnetic

and elastic contribution by considering the equilibrium stress σel,yy = σm,yy

and using the combinations of β and εeq that define the critical elastic shear

stiffness deviation from linearity Gel/G0 = 1.001. Then we find the critical
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Figure 3.25: A log-log representation of the elastic variable shear stiffness
with respect to G0 and β. A larger point density should be used to fill in
the gap between the solid lines and dotted lines. We are considering an
isotropic distribution of particles α = 1 and predictions are universal and
independent of φ, Ms, µini, and B. This figure is created by finding the
equilibrium strain using equation 3.24 and referencing equations 3.22 and
3.30 to find the variable shear stiffness.

transition point between the ‘stiff’ and ‘semi-soft’ MRE as

uoφ
2
(
M
Ms

)2

G0

= f(εeq, β).
(3.40)

However, the equilibrium strain εeq has been shown to be dependent on only
uoφ2( M

Ms
)
2

G0
and β as shown in equation 3.25. Therefore, the critical transition

point between the ‘stiff’ and ‘semi-soft’ MRE can be defined in a universal

language as

uoφ
2
(
M
Ms

)2

G0

= f(β).
(3.41)
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Figure 3.26: The elastic variable shear stiffness with respect to G0 and β.
We are considering an isotropic distribution of particles α = 1 and
predictions are universal and independent of φ, Ms, µini, and B. This figure
is created by finding the equilibrium strain using equation 3.24 and
referencing equations 3.22 and 3.30 to find the variable shear stiffness.

The final solution to the critical transition points between the 3 regimes

of a ‘soft’, ‘semi-soft’, and ‘stiff’ MRE are defined as a function of β as

opposed to writing out the entire function because there is a summation

in the magnetic contribution equations that requires a numerical solver (we

developed code in python for this work). This section lays out the steps that

need to be taken to solve for the universal critical points.

3.6.6 Limits

The predictions that we made are purely based on the free energies of the

MRE and we do not consider limits on a strain to break or fracture stress.

Therefore, these results show that a maximum total variable shear stiffness

can be achieved with softer and more linear MRE’s (decreasing G0 and β).

However, Figures 3.27 and 3.28 show a dramatic increase in equilibrium stress
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Figure 3.27: The equilibrium stress with respect to G0 and β. We are
considering an isotropic distribution of particles α = 1 and predictions are
universal and independent of φ, Ms, µini, and B. This figure is created by
finding the equilibrium strain using equation 3.24 and referencing equation
3.21 to find the equilibrium stress.

and equilibrium strain for ‘soft’ MRE’s and this could potentially be beyond

the failure strain and stress. In this case, a ‘semi-soft’ MRE would provide

the largest total variable shear stiffness with a softer and extremely nonlinear

MRE (decreasing G0 and increasing β).

3.7 Conclusions

Unlike research that focuses on the magnetic contribution to the MRE per-

formance, we show that hyperelastic material with strong nonlinearity has a

nontrivial influence on MRE performance. Surprisingly, we show that non-

linearity hinders the performance of ‘soft’ MRE’s, and only enhances the

performance within a narrow range of (dimensionless) material stiffness.

In the case of hindered performance (‘soft’ MRE’s), this is because the non-
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Figure 3.28: The equilibrium strain with respect to G0 and β. We are
considering an isotropic distribution of particles α = 1 and predictions are
universal and independent of φ, Ms, µini, and B. This figure is created by
finding the equilibrium strain using equation 3.24.

linearity inhibits very large compression and therefore inhibits what might

otherwise be a large increase in magnetic elastic modulus due to small particle

distances.

In the case of enhanced performance (‘semi-soft’ MRE’s), the nonlinearity

must be sufficiently strong to increase Gel faster than Gm as a function of

compressive strain. This can only occur after a sufficiently large compres-

sive strain, since at small compressive strains there is always compression-

softening of the apparent shear modulus.

We found that the MRE demonstrated three different performances for

variable shear stiffness depending on the ratio of the elastic modulus to mag-

netic modulus. The ‘stiff’ MRE showed a variable shear stiffness response

that was independent of the nonlinearity β. Therefore, the variable shear

stiffness results in this regime were only dependent on a linear elastic response

due to the extremely small equilibrium strain. The ‘soft’ MRE showed a de-

pendence on the nonlinearity β, unlike the ‘stiff’ MRE. The more nonlinear
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MRE’s had a smaller equilibrium strain εeq. Thus, the magnetic and elastic

variable shear stiffness was larger for smaller nonlinearity’s β (larger equi-

librium strains εeq), with the exception of the elastic variable shear stiffness

of MRE’s with extremely large nonlinearity’s (β −→ 1). For the ‘semi-soft’

MRE’s, the elastic contribution showed a nonlinear variable shear stiffness

behavior. The elastic contribution was strongest for extremely large nonlin-

earity’s approaching unity. This is due to the softening effect that occurs

from the superposition of compression and shear due to our nonlinear elastic

model. All MRE’s increase variable shear stiffness with a decrease in shear

modulus G0, due to the larger equilibrium strain εeq when the magnetic stress

is equivalent to the elastic stress. We discuss potential limits of the model

predictions with respect to a strain to break and fracture stress.

As a final embodiment, we show the model predictions as a surface plot

that could be used as a ‘design of’ tool for designing tuneable bottlebrush

PDMS using the design framework proposed by Mohammad Vatankhah-

Varnosfaderani, Sergei S. Sheiko, et al. [91].

Future work could include incorporating other nonlinear constitutive mod-

els to describe the elastic behavior of MRE’s. The elastic and magnetic con-

tributions to the variable shear stiffness could also be studied on anisotropic

MRE’s and MRE’s with different particle distributions. Experiments could

be conducted to validate our results, improve our model, and understand

where our predictions may deviate from experimental results.

To relate this theoretical model to experimental work with fibrin, some

assumptions could be relaxed such as (i) incompressibility and (ii) square

lattice particle distribution [57]. (i) We consider an incompressible MRE in

this work and would consider a confined (set gap on the rheometer) MRE to

relate our predictions to experimental results. If a material is truly incom-

pressible and confined in one plane, then it is confined in all planes. Since

the nonlinear MRE model in this work directly relates internal strains to

macroscopic strains assuming affine deformation, this model would assume

no particle rearrangement and no internal or external strain. Therefore, the

current state of this model cannot predict internal strains for incompressible

confined materials and could be improved to more closely relate to exper-

imental work with fibrin [57]. Furthermore, if a compressible material is

considered that is confined in one plane (similar to the confinement on a

rheometer), the particles along the magnetic field lines would naturally be
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attracted to each other and other particles would repel in a perfect square

lattice when a magnetic field is induced. However, at the macroscopic level

this would cause the material to expand and the Poisson’s ratio would be

larger than 0.5, which is not achievable. (ii) This model assumes a very sim-

ple square lattice distribution of particles. However, the actual distribution

of particles is much more complicated and can cause internal compressive

and extensive strains. This model should be improved to capture this more

realistic behavior to compare to experimental results with fibrin [57]. If these

assumptions are considered, we can better model fibrin MRE behavior.
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CHAPTER 4

HYPERELASTIC CONSTITUTIVE
EQUATIONS STUDIED UNDER THE
SUPERPOSITION OF UNIAXIAL

COMPRESSION AND SIMPLE SHEAR

4.1 Introduction

Soft solids commonly used in soft machine design, such as silicone rubbers,

demonstrate a hyperelastic behavior when subjected to large strains. There

are many hyperelastic models that predict the behavior of these finite elastic

materials, each having their own benefits. Some of these popular hypere-

lastic models are the Neo-Hookean, Mooney-Rivlin, Fung, Gent, and Ogden

constitutive equations [45, 46]. We study the performance of these consti-

tutive models under the superposition of uniaxial compression and simple

shear and demonstrate the effect of the nonlinear material constant on the

predicted performance. To the best of our knowledge, a comparison of these

constitutive models under this deformation has not been studied before and

it is important to understand the predictive performance of these models to

make an appropriate model selection for design.

This type of deformation has been previously discussed in magnetorheolog-

ical elastomers in Chapter 3 where an induced magnetic field caused uniaxial

deformation and an imposed simple shear deformation was applied to the

material. This type of deformation is also relevant to much experimental

rheometry work that studies the effect of pre-strain on elastomeric materials

[46, 106, 107].

We find that all models predict an initial compression-softening of apparent

shear modulus (|εyy| ↑, G′0,yx ↓). Additionally, the Fung, Gent, and nonlinear

chain network models reach a finite elastic strain limit in compression where

compression-stiffening of apparent shear modulus is observed. This initial

compression-softening of apparent shear modulus has been observed in ex-

perimental rheometry on semiflexible polymers and biopolymer networks,

such as fibrin and collagen [106, 107].
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However, experimental work on other hyperelastic materials, such as tis-

sues, demonstrates a continual compression-stiffening of apparent shear mod-

ulus that common constitutive models cannot predict (|εyy| ↑, G′0,yx ↑) [46].

Previous work attempted to use these popular constitutive models to de-

scribe the compression-stiffening of apparent shear modulus of brain and fat

tissue, however, their methods for solving for the apparent shear modulus

do not correspond to the shear modulus that can be measured on a rheome-

ter since they consider an apparent shear modulus that is derived from a

traction stress [46]. In our work, we find the apparent shear modulus by

simply taking the derivative of the shear stress with respect to shear strain

G′yx(λ, γ) = ∂σyx
∂γ

which should correlate the rheometer measurements.

Therefore, we conclude that all hyperelastic constitutive models that were

studied can only predict a compression-softening of apparent shear modulus,

relevant to semiflexible polymers and biopolymer networks [106, 107]. We

relate the compression-softening of apparent shear modulus seen in these

constitutive models to the performance of single chain models to describe

the underlying reason for compression-softening. We also conclude that to

the best of our knowledge, there is no hyperelastic constitutive model that

can properly predict the compression-stiffening of apparent shear modulus

seen in tissues [46], even though these are ‘good’ models for other types of

deformation such as uniaxial and simple shear independently. There is a

need for a new constitutive model that can predict the performance of these

hyperelastic tissues under compression and imposed simple shear.

4.2 Methods

4.2.1 Hyperelastic models

We study hyperelastic models assuming homogeneous, isotropic, and incom-

pressible conditions. The models that we study in this work are the Neo-

Hookean, Mooney-Rivlin, Fung, Gent, nonlinear chain network (nonlinear

elastic model from chapter 3), and Ogden models shown in Table 4.1.

The Neo-Hookean model is a second order approximation of strain en-

ergy density that describes entropic elasticity of polymer chains, and the

Mooney-Rivlin model is a third order approximation [46]. The Mooney-
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Table 4.1: Common constitutive equations for hyperelastic incompressible
materials. All models only contain a maximum of 2 material property
constants with the exception of the Ogden model. For the Ogden model,
λ1, λ2, λ3 are the principle stretches and the number of material property
constants depends on the degree of summation.

Hyperelastic constitutive equations [45, 46, 47]
Name Strain energy density function

Neo-Hookean U = G0

2
(I1 − 3)

G0 is a material property

Mooney-Rivlin U = µ1
2

(I1 − 3) + µ2
2

(I2 − 3), where G0 = µ1 + µ2

µ1, µ2 are material properties

Fung U = G0

2α
(eα(I1−3) − 1)

G0, α are material properties

Gent U = −G0

2β
ln(1− β(I1 − 3))

G0, β are material properties

Nonlinear
chain network

U = 3G0

[
1 + 2

(1−β)2

]−1 [
I1
6

+ β−1
(
1− βI1

3

)−1
]

G0, β are material properties

Ogden U =
∑N

i=1
2µi
α2
i

(λαi1 + λαi2 + λαi3 − 3), where G0 =
∑N

i=1 µi

µ, α are material properties

Arruda-Boyce U = µ
[

1
2

(I1 − 3) + 1
20β2 (I2

1 − 9) + 11
1050β4 (I3

1 − 27) + ...
]

µ, β are material properties

Rivlin model is more complex than the Neo-Hookean model, but it more ac-

curately predicts the deformation of elastomers at larger strains. The Ogden

and Arruda-Boyce models are also rubber elasticity models that approximate

the strain energy density and include a summation of unlimited terms [45].

Therefore, these models may be more accurate than the Neo-Hookean and

Mooney-Rivlin models at larger strains, but they are much more compli-

cated. The Fung, Gent, and nonlinear chain network models best capture
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extremely nonlinear materials under uniaxial loading [108, 109]. They are

commonly used to predict the nonlinear behavior of biological materials like

tissue, skin, fibrin, and other materials with a soft elastic matrix and stiff

fibers [108, 110]. Each of these nonlinear models is chosen to predict material

performance based on their advantages and disadvantages. However, these

advantages and disadvantages are unclear under the superposition of uniaxial

compression and simple shear which has not been rigorously studied before.

4.2.2 Macroscopic deformation

Figure 4.1: Deformation under the superposition of compression and simple
shear.

The deformation can be seen in Figure 4.1, where the compressive force

is applied normal to the shear force. Assuming an unconfined incompress-

ible material, the displacement equations for the superposition of uniaxial

deformation and simple shear are [46, 11]

x = xoλ
−1/2 + yoλγ

y = yoλ

z = zoλ
−1/2.

(4.1)

In equation 4.1, xo, yo, and zo are the initial positions with respect to each

coordinate axis, and x, y, and z are the positions with respect to each co-

ordinate axis after deformation. Also, γ is the imposed shear strain and λ

is the uniaxial stretch ratio. The stretch ratio λ is related to the uniaxial

engineering strain ε as: λ = 1 + ε. The Finger tensor and the inverse Finger

69



tensor are calculated from the deformation tensor,

F =


∂x
∂xo

∂x
∂yo

∂x
∂zo

∂y
∂xo

∂y
∂yo

∂y
∂zo

∂z
∂xo

∂z
∂yo

∂z
∂zo

 F =

λ
− 1

2 γλ 0

0 λ 0

0 0 λ−
1
2

 (4.2)

B = F · F T =

λ
−1 + γ2λ2 γλ2 0

γλ2 λ2 0

0 0 λ−1

 (4.3)

B−1 =

 λ −γλ 0

−γλ γ2λ+ λ−2 0

0 0 λ

 . (4.4)

The first invariant I1 and second invariant I2 of the Finger tensor for the

superposition of uniaxial and simple shear strain are

I1 = tr(B) = λ2 + 2λ−1 + γ2λ2

I2 =
1

2

(
tr(B)2 − tr(B2)

)
= λ+ λ−2 + λγ2.

(4.5)

Now that the deformation of the material under uniaxial extension / com-

pression and simple shear deformation is understood, the shear stress and

apparent shear modulus can be derived from the material strain energy den-

sity.

4.2.3 Shear stress and apparent shear modulus calculation

The Cauchy true stress is derived from the strain energy density function

U defined for each constitutive model in Table 4.1. The true stress can be

written in the Rivlin-Ericksen representation as [46]

σ = −pI + β1B + β−1B
−1, (4.6)

where p is the hydrostatic pressure, I is the identity tensor, B is the Finger

tensor, and β1 and β−1 are derived from the strain energy density function

with respect to the first and second invariants of the Finger tensor B [46].

70



The material response coefficients β1 and β−1 are

β1 = 2
∂U

∂I1

β−1 = −2
∂U

∂I2

, (4.7)

where I1 and I2 are the first and second invariants of the Finger tensor [46].

The shear stress can be found from equation 4.6 and simplified to

σyx = β1Byx + β−1B
−1
yx

σyx = β1γλ
2 − β−1γλ

(4.8)

under the superposition of uniaxial and simple shear strain since the hy-

drostatic pressure p is equal to zero in shear and Byx = γλ2 from equation

4.3. The material response coefficients β1 and β−1 are dependent on the

constitutive model that is selected (Table 4.1).

The apparent shear modulus G′yx is derived from the shear stress σyx,

G′yx =
∂σyx
∂γ

(4.9)

where G′yx = G′yx(λ, γ) is a function of the state of deformation. We are

primarily interested in the apparent linear shear modulus G′yx(λ, γ = 0) as

a function of the uniaxial deformation λ. Our method for solving for the

shear stress and apparent shear modulus for all constitutive models that are

dependent on the Finger tensor invariants are based on equations 4.6-4.9 and

specific to a superposition of compression and simple shear deformation.

The Ogden model differs from the other constitutive models that are dis-

cussed because it is dependent on principle stretches instead of invariants of

the Finger tensor. Therefore, we use a different method to find the shear

stress,

σij =
λ1

λ1λ2λ3

∂U

∂λ1

b1,ib1,j +
λ2

λ1λ2λ3

∂U

∂λ2

b2,ib2,j +
λ3

λ1λ2λ3

∂U

∂λ3

b3,ib3,j (4.10)

where λ1, λ2, λ3 are the principle stretches, λ2
1, λ

2
2, λ

2
3 are the eigenvalues of the

Finger tensorB, and b1, b2, b3 are the eigenvectors of the Finger tensorB. The

eigenvalues and eigenvectors for the specific deformation of the superposition
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of comrpession and simple shear are

λ2
1 = λ−1

λ2
2 =

γ2λ2 + λ2 + λ−1 +
√

(−γ2λ2 − λ2 − λ−1)2 − 4λ

2

λ2
3 =

γ2λ2 + λ2 + λ−1 −
√

(−γ2λ2 − λ2 − λ−1)2 − 4λ

2

b1 =

0

0

1



b2 =

 1

−γ−1λ−3 − γ + γ−1λ−2λ2
2

0



b3 =

 1

−γ−1λ−3 − γ + γ−1λ−2λ2
3

0

 .

(4.11)

The method for finding the apparent shear modulus G′yx from the shear

stress σyx is the same for all constitutive models so we can reference equation

4.9. This summarizes the methods used to find the shear modulus based on

the selected constitutive model under the deformation of the superposition

of compression and simple shear.

4.3 Results

4.3.1 Neo-Hookean

The Neo-Hookean strain energy density function is

U =
G0

2
(I1 − 3). (4.12)

From equation 4.7 we find that the material response coefficients for the

Neo-Hookean model are

β1 = G0 β−1 = 0. (4.13)
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From equation 4.8 the shear stress for the Neo-Hookean model is solved,

σyx = G0γλ
2. (4.14)

Then the apparent shear modulus found from equation 4.9 for the Neo-

Hookean model is

G′yx = G0λ
2. (4.15)

When λ = 1, the apparent shear modulus is equivalent to the shear mod-

ulus G′yx = G0. This is the same result as in simple shear deformation. The

apparent shear modulus is also independent of shear strain γ, therefore, the

Neo-Hookean model predicts a linear response in shear and G′0,yx = G0λ
2.

However, this model predicts a nonlinear response in compression. As the

material is compressed (λ < 1), the apparent shear modulus decreases and a

nonlinear softening behavior is observed. As the material is extended (λ > 1),

the apparent shear modulus increases and a nonlinear stiffening behavior is

observed. This behavior can be seen in Figures 4.2-4.4.

4.3.2 Mooney-Rivlin

The Mooney-Rivlin strain energy density function is

U =
µ1

2
(I1 − 3) +

µ2

2
(I2 − 3). (4.16)

From equation 4.7 we find that the material response coefficients for the

Mooney-Rivlin model are

β1 = µ1 β−1 = −µ2. (4.17)

From equation 4.8 the shear stress for the Mooney-Rivlin model is solved,

σyx = µ1γλ
2 + µ2γλ

σyx = γλ2(µ1 + µ2λ
−1).

(4.18)
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Figure 4.2: The Neo-Hookean shear stress response normalized by the shear
modulus of a material under uniaxial pre-strain and applied simple shear
deformation. This figure is created from equation 4.14.

Then the apparent shear modulus found from equation 4.9 for the Mooney-

Rivlin model is

G′yx = λ2(µ1 + µ2λ
−1). (4.19)

When λ = 1, the apparent shear modulus is equal to the summation of

the material response coefficients G′yx = µ1 + µ2. Therefore, µ1 + µ2 = G0 in

the limit of small strains and without extension or compression. Similar to

the Neo-Hookean model, we also see that the Mooney-Rivlin model predicts

a linear response in shear. However, the apparent shear modulus changes

in compression and extension, with an extra term included compared to

the Neo-Hookean model. This model also predicts a softening behavior in

compression and a stiffening behavior in extension. This behavior can be

seen in Figures 4.5-4.7.
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Figure 4.3: The Neo-Hookean apparent shear modulus normalized by the
shear modulus of a material under uniaxial pre-strain and applied simple
shear deformation. This figure is created from equation 4.15.

4.3.3 Fung

The Fung strain energy density function is

U =
G0

2α
(eα(I1−3) − 1). (4.20)

From equation 4.7 we find that the material response coefficients for the Fung

model are

β1 = G0e
α(I1−3) β−1 = 0. (4.21)

From equation 4.8 the shear stress for the Fung model is solved,

σyx = G0γλ
2eα(I1−3)

σyx = G0γλ
2eα(λ2+2λ−1+λ2γ2−3).

(4.22)
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Figure 4.4: The Neo-Hookean apparent tangent shear modulus normalized
by the shear modulus of a material under uniaxial pre-strain and applied
simple shear deformation. This figure is created from equation 4.15 when
γ = 0.

Then the apparent shear modulus found from equation 4.9 for the Fung model

is

G′yx = G0λ
2eα(λ2+2λ−1+λ2γ2−3)

(
2λ2γ2α + 1

)
. (4.23)

While the Neo-Hookean and Mooney-Rivlin models predict a constant G′yx

in shear, the Fung model predicts a non-constant G′yx as a function of γ. If

we consider the case where γ = 0, then the shear modulus is dependent only

on compression G′0,yx = G0λ
2eα(λ2+2λ−1−3). Therefore, we see that in a small

shear strain limit, the apparent shear modulus still has a dependence on the

uniaxial stretch ratio and softens in compression and stiffens in extension.

If we consider the case when λ = 1, then G′yx = G0e
αγ2(2αγ2 + 1). This is

the nonlinear apparent shear modulus in simple shear. The response to the

superposition of compression and simple shear can be seen in Figures 4.8-

4.10. Figure 4.10 shows the dependence on the nonlinear parameter α where a
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Figure 4.5: The Mooney-Rivlin shear stress response normalized by the
shear modulus of a material under uniaxial pre-strain and applied simple
shear deformation. This figure is created from equation 4.18.

larger nonlinear term shows compression-stiffening of apparent shear modulus

at smaller uniaxial deformations.

4.3.4 Gent

The Gent strain energy density function is

U = −G0

2β
ln(1− β(I1 − 3)). (4.24)

From equation 4.7 we find that the material response coefficients for the Gent

model are

β1 =
G0

1− β(I1 − 3)
β−1 = 0. (4.25)
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Figure 4.6: The Mooney-Rivlin apparent shear modulus normalized by the
shear modulus of a material under uniaxial pre-strain and applied simple
shear deformation. This figure is created from equation 4.19.

From equation 4.8 the shear stress for the Gent model is solved,

σyx =
G0γλ

2

1− β(I1 − 3)

σyx =
G0γλ

2

1− β(λ2 + 2λ−1 + γ2λ2 − 3)
.

(4.26)

Then the apparent shear modulus found from equation 4.9 for the Gent model

is

G′yx =
G0λ

2

1− β(λ2 + 2λ−1 + γ2λ2 − 3)

[
1 +

2λ2βγ2

(1− β(λ2 + 2λ−1 + λ2γ2 − 3))2

]
.

(4.27)

The Gent model response is similar to the Fung model, as they are both

models that typically capture extremely nonlinear behavior of fibrous bi-

ological materials. If we consider the case where γ = 0, then G′0,yx =
G0λ2

1−β(λ2+2λ−1−3)
and the apparent shear modulus still has a dependence on

78



0.0 0.5 1.0 1.5 2.0

0

1

2

3

4

G
' 0,

yx
/G

0 [
-]

l [-]

Mooney-Rivlin Model 
 m1/G0 = 1
 m1/G0 = 0.75
 m1/G0 = 0.5
 m1/G0 = 0.25
 m1/G0 = 0

m1 + m2 = G0

Figure 4.7: The Mooney-Rivlin apparent tangent shear modulus normalized
by the shear modulus of a material under uniaxial pre-strain and applied
simple shear deformation. This figure is created from equation 4.19 when
γ = 0.

λ2 at small shear strains, which causes a softening behavior in compression

and a stiffening behavior in extension. However, there is a singularity when

β(λ2 + 2λ−1− 3) = 1 and this singularity typically captures a dramatic stiff-

ening behavior due to finite extensibility in fibrous biological materials. If we

consider λ = 1, then G′yx = G0

1−βγ2 [1 + 2βγ2

(1−βγ2)2
] and the apparent shear mod-

ulus for simple shear deformation is recovered. The apparent shear modulus

behavior for the Gent model can be seen in Figures 4.11-4.13. Figure 4.13

shows the dependence on the nonlinear parameter β where a larger nonlin-

ear term shows compression-stiffening of apparent shear modulus at smaller

uniaxial and shear deformations.
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Figure 4.8: The Fung shear stress response normalized by the shear
modulus of a material under uniaxial pre-strain and applied simple shear
deformation. This figure is created from equation 4.22.

4.3.5 Nonlinear chain network

The strain energy density function described in a paper by Andrey V. Do-

brynin and Jan-Michael Y. Carrillo [12] is

U = 3G0

[
1 +

2

(1− β)2

]−1
[
I1

6
+ β−1

(
1− βI1

3

)−1
]
. (4.28)

From equation 4.7 we find that the material response coefficients for the

nonlinear chain network model are

β1 = G0

[
1 +

2

(1− β)2

]−1 [
1 +

18

(βI1 − 3)2

]
β−1 = 0. (4.29)
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Figure 4.9: The Fung apparent shear modulus normalized by the shear
modulus of a material under uniaxial pre-strain and applied simple shear
deformation. This figure is created from equation 4.23.

From equation 4.8 the shear stress for the nonlinear chain network model is

solved,

σyx = G0γλ
2

[
1 +

2

(1− β)2

]−1 [
1 +

18

(βI1 − 3)2

]
σyx = G0γλ

2

[
1 +

2

(1− β)2

]−1 [
1 +

18

(β(λ2 + 2λ−1 + λ2γ2)− 3)2

]
.

(4.30)

Then the apparent shear modulus found from equation 4.9 for the nonlinear

chain network model is

G′yx =

G0λ
2

[
1 +

2

(1− β)2

]−1
[

1 + 2

(
1− βI1

3

)−2

+
8

3
λ2γ2β

(
1− βI1

3

)−3
]
,

(4.31)

where I1 = λ2 + 2λ−1 + λ2γ2.
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Figure 4.10: The Fung apparent tangent shear modulus normalized by the
shear modulus of a material under uniaxial pre-strain and applied simple
shear deformation. This figure is created from equation 4.23 when γ = 0.

The model used by Dobrynin also captures extremely nonlinear behavior

from fibrous materials, similar to the Fung and Gent models. This nonlinear

behavior is captured from the singularity at β = 1 and βI1
3

= 1. A significant

dependence of the apparent shear modulus on λ2 can also be seen in equation

4.31. If we consider the case where γ = 0, then the shear modulus is recovered

as a function of λ: G′0,yx = G0λ
2
[
1 + 2

(1−β)2

]−1
[
1 + 2

(
1− β(λ2+2λ−1)

3

)−2
]
.

This model also describes a softening apparent shear modulus in compres-

sion and stiffening in extension. The model predictions can be seen in Fig-

ures 4.14-4.16. Figure 4.16 shows the dependence on the nonlinear parame-

ter β where a larger nonlinear term shows compression-stiffening of apparent

shear modulus at smaller uniaxial and shear deformations.
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Figure 4.11: The Gent shear stress response normalized by the shear
modulus of a material under uniaxial pre-strain and applied simple shear
deformation. This figure is created from equation 4.26.

4.3.6 Ogden

The Ogden strain energy density function is

U =
N∑
i=1

2µi
α2
i

(λαi1 + λαi2 + λαi3 − 3). (4.32)

The shear stress found from equation 4.10 can be simplified to

σyx = λ2
∂U

∂λ2

b2,xb2,y + λ3
∂U

∂λ3

b3,xb3,y (4.33)

for the superposition of compression and simple shear deformation since

λ1λ2λ3 = 1 and b1,xb1,y = 0. The parameters λ2, λ3, b2,x, b2,y, b3,x, b3,y can

be found in equation 4.11 in terms of γ and λ. We also find that ∂U
∂λ2

=∑N
i=1

2µi
αi
λαi−1

2 and ∂U
∂λ3

=
∑N

i=1
2µi
αi
λαi−1

3 . Therefore, we have each term in the

shear stress equation in terms of λ and γ. Now we can solve for the apparent

shear modulus for the Ogden model using the method described in equation
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Figure 4.12: The Gent apparent shear modulus normalized by the shear
modulus of a material under uniaxial pre-strain and applied simple shear
deformation. This figure is created from equation 4.27.

4.9. We do not show the full equation here because it is too lengthy to write

out in full.

The Ogden model results differ from the other analyzed constitutive mod-

els because it cannot predict shear strain and shear modulus under the su-

perposition of uniaxial deformation and simple shear for small shear strains.

For our results, we use model fit parameters that were previously used to

fit the response of brain tissue under a combination of uniaxial deformation

and simple shear [46]. As shown in Figure 4.17, there is a singularity when

γ = 0 if any uniaxial deformation is imposed. Therefore, this model may not

be well suited for this type of deformation. At larger shear strains, we also

see that the apparent shear modulus decreases in compression as shown in

Figure4.18.
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Figure 4.13: The Gent apparent tangent shear modulus normalized by the
shear modulus of a material under uniaxial pre-strain and applied simple
shear deformation. This figure is created from equation 4.27 when γ = 0.

4.4 Discussion

4.4.1 Model comparison

Our results show that for all constitutive models that were reviewed, uniaxial

compression softens the apparent shear modulus G′yx. To the best of our

knowledge, this is a conclusion that has previously not been reported. This is

significant since many elastomeric materials, such as biological tissues, show

a stiffening effect under the superposition of compression and simple shear

[46], however there is no existing model that can predict this behavior. The

Fung, Gent, and nonlinear chain network models eventually show stiffening,

but not until a critical strain is approached, as shown in Figure 4.19. This

critical strain can be controlled by the nonlinear material constants α and β.

The Neo-Hookean and Mooney-Rivlin models are not capable of predicting

any stiffening behavior under compression (or simple shear) as shown in

Figure 4.19 and Table 4.3. The apparent shear modulus equations for each
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Figure 4.14: The nonlinear chain network shear stress response normalized
by the shear modulus of a material under uniaxial pre-strain and applied
simple shear deformation. This figure is created from equation 4.30.

nonlinear constitutive equation can be seen in Table 4.2.

4.4.2 Molecular theory of rubber elasticity

We investigate the molecular theory of rubber elasticity to find an underlying

explanation for this compression softening behavior that is predicted by the

researched constitutive models.

4.4.3 Gaussian spring model

We consider an elastic matrix as a continuum of many polymer chains. The

force on a single polymer chain that is deformed, assuming a linear relation-

ship between force and extension described by a Gaussian chain, is [111]

f = 2kbTβ
2R (4.34)
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Figure 4.15: The nonlinear chain network apparent shear modulus
normalized by the shear modulus of a material under uniaxial pre-strain and
applied simple shear deformation. This figure is created from equation 4.31.

where kb is the Boltzmann constant, T is the temperature, R describes the

dimensions of the polymer chain after deformation, and β2 = 3/(2Nkb
2
k)

where Nk is the number of random walk steps and bk is the Kuhn length. The

force on a single polymer chain in the shearing direction is a function of both

the uniaxial deformation and the shear deformation since Rx = λ−1/2R′x +

λγR′y,

fx ∼ Rx = λ−1/2R′x + λγR′y. (4.35)

The force as a function of the extension ratio can be seen in Figure 4.20.

The stress can be found by the rationale σ ∼ f
A
∼ f

chain
#chain
A

. The total

stress equation is

T = ν < R f > (4.36)

where ν is the number of elastically active chains per volume. Assuming that
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Figure 4.16: The nonlinear chain network apparent tangent shear modulus
normalized by the shear modulus of a material under uniaxial pre-strain
and applied simple shear deformation. This figure is created from equation
4.31 when γ = 0.

force is linear, the stress tensor is

T = 2νkbTβ
2 < R R > (4.37)

by combining equations 4.34 and 4.36. To solve for the deformed vector R

of the polymer chains, we assume affine deformation

R = F ·R′, (4.38)

where R′ is the initial vector of the polymer chain and F is the deformation

tensor shown in equation 4.2. We find that < R R >=< F · R′ R′ · F T >=

F · F T = B. Therefore, the microscopic deformation of the polymer chains

is related to the macroscopic deformation by < RR >∼ B. By substituting

this relation into equation 4.37, we find that T ∼ B. Then, specifically for
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Figure 4.17: The Ogden shear stress response normalized by the shear
modulus of a material under uniaxial pre-strain and applied simple shear
deformation. This figure is created from equation 4.33.

the superposition of uniaxial deformation and simple shear,

Tyx = σyx ∼ γλ2 (4.39)

where λ2 contributes to the softening behavior in compression and stiffening

in extension. Therefore, the molecular theory of rubber elasticity predicts

a softening behavior that scales like the Neo-Hookean model assuming a

linear force extension ratio. For a constitutive model to predict a stiffening

behavior, the linear force extension ratio assumption cannot be made.

4.4.4 Warner spring model

We already discussed the molecular theory of rubber elasticity assuming a

linear Gaussian spring model. We found that f ∼ R and we are specifically

interested in the force in the direction of shear fx to understand the softening

behavior in G′yx under a combination of uniaxial deformation and simple
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Figure 4.18: The Ogden apparent shear modulus normalized by the shear
modulus of a material under uniaxial pre-strain and applied simple shear
deformation. This figure is created in Origin by taking the derivative of
equation 4.33 with respect to γ.

shear.

If we consider a finitely extensible nonlinear elastic (FENE) spring pro-

posed by Warner, the force on a single polymer chain is [112, 113]

f =
HR

1−
(
|R|
|Rmax|

)2 , (4.40)

where H = 2kbTβ
2 is the spring constant. Then the force in the direction of

shear strain is nonlinearly proportional to the extension,

fx ∼
Rx

1−
(
|R|
|Rmax|

)2 . (4.41)

We can relate the force to the specific deformation of the superposition of

compression and simple shear by referencing equation 4.35. Then the force

is shown in equation 4.42 and has a dependence on both the uniaxial de-
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Table 4.2: Apparent shear modulus equations (derived from equation 4.9)
for common constitutive models for hyperelastic incompressible materials.
All models only contain a maximum of 2 material property constants.

Name Equation

Neo-Hookean G′yx = G0λ
2

Mooney-Rivlin G′yx = λ2(µ1 + µ2λ
−1)

Fung G′yx = G0λ
2eα(λ2+2λ−1+λ2γ2−3) (2λ2γ2α + 1)

Gent G′yx = G0λ2

1−β(λ2+2λ−1+γ2λ2−3)

[
1 + 2λ2βγ2

(1−β(λ2+2λ−1+λ2γ2−3))2

]
Nonlinear chain
network

G′yx = G0λ
2
[
1 + 2

(1−β)2

]−1

·
[
1 + 2

(
1− βI1

3

)−2
+ 8

3
λ2γ2β

(
1− βI1

3

)−3
]

Table 4.3: Apparent shear modulus behavior for common constitutive
models for hyperelastic incompressible materials.

Name Softening Eventual Stiffening

Neo-Hookean Yes No

Mooney-Rivlin Yes No

Fung Yes Yes

Gent Yes Yes

Nonlinear chain
network

Yes Yes

formation and shear deformation, similar to the Gaussian spring model that

showed a softening behavior in G′yx in compression. However, this model

also shows a sudden stiffening behavior since the force fx is dependent on
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Figure 4.19: The apparent tangent shear modulus normalized by the shear
modulus of a material under uniaxial pre-strain and applied simple shear
deformation for all constitutive models. G′0,yx is equal to G′yx for all models
when γ = 0.

the extension ratio |R|
|Rmax| ,

fx ∼
λ−1/2R′x + λγR′y

1−
(
|R|
|Rmax|

)2 . (4.42)

The force as a function of the extension ratio can be seen in Figure 4.20,

where the extension ratio |R|
|Rmax| is equivalent to the nonlinearity β in the

nonlinear chain network model.
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4.4.5 Wormlike chain model

A popular single chain model is the worm-like chain model (WLC) [114],

f =

 |R|
|Rmax|

+
1

4
(

1− |R|
|Rmax|

)2 −
1

4

 kbT

A
. (4.43)

The force is dependent on the uniaxial stretch λ and shear strain γ similar

to the Warner spring model. Therefore, this single chain model can predict

an initial compression-softening of apparent shear modulus and a sudden

compression-stiffening of apparent shear modulus at a critical strain. The

Gent constitutive model is also based off of a WLC model. The force as a

function of the extension ratio can be seen in Figure 4.20.

4.4.6 Freely jointed chain model

The freely jointed chain model (FJC) is a common single chain model used

to describe nonlinear elastic behavior and capture the finite extensibility of

polymer chains. The nonlinear chain network constitutive model is derived

from the freely jointed chain model [105]. The force equation for the FJC

model is [115]

|R|
|Rmax|

= Lξ(
3f

2β2|Rmax|kbT
), (4.44)

where ξ(...) is the Langevin function [116]. The force as a function of the

extension ratio can be seen in Figure 4.20.

4.4.7 Force vs. extension ratio

In Figure 4.20, we show that the force on a single polymer chain is linearly

proportional to the extension ratio assuming the Gaussian spring model. This

corresponds to the compression-softening of apparent shear modulus for the

Neo-Hookean model. However, the force sharply increases at larger extension

ratios assuming the Wagner spring model, wormlike chain model, and freely

jointed chain model, corresponding to the sharp compression-stiffening of

apparent shear modulus for the Gent and nonlinear chain network models.
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Figure 4.20: The force on a single chain with respect to the extension ratio
of a single chain. The Gaussian spring model predicts a linear relationship.
The FENE, WLC, and FJC models predict a nonlinear relationship where
the force dramatically increases with an increasing extension ratio. This
figure is created by referencing equations 4.34, 4.40, 4.43, and 4.44.

As discussed in this section, the force and extension ratio are dependent

on both λ and γ. Additionally, the extension ratio is dependent on the

initial extension ratio before any macroscopic deformation, which relates to

the nonlinearity term in the Gent and nonlinear chain network models.

Therefore, Figure 4.20 can be used as a design tool for designing nonlinear

elastic materials where a large extension ratio is desired for a rapid increase

in force and a dramatic stiffening behavior. This dramatic stiffening behavior

has been shown in work with fibrin and collagen [106, 107, 117].

4.5 Conclusions

In this work, we investigated the predictive performance G′yx of many com-

mon hyperelastic constitutive models under the specific deformation of a
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superposition of uniaxial and simple shear strains. This type of deforma-

tion is common in unconstrained magnetorheological materials as discussed

in Chapter 3.

We showed that all constitutive models that were investigated showed an

initial compression-softening of apparent shear modulus G′yx. The Fung,

Gent, and nonlinear chain network models showed a sudden stiffening behav-

ior in compression only after a critical strain limit was reached. The Ogden

model seemed to be incompatible with this type of deformation. All hyper-

elastic models, to the best of our knowledge, predict an initial compression-

softening behavior, which has never been reported before. However, this

initial softening behavior is not apparent from experimental work for biolog-

ical tissues [46]. Therefore, there is a need for new hyperelastic models that

can predict the stiffening observed in these studies.

The effect of the material constant parameters on the predictive perfor-

mance was discussed. The most notable comment on the material constant

parameters would be that a larger nonlinear parameter decreased the degree

of softening and the stiffening behavior could be approached with a smaller

compressive and shear deformation.

The predictive performance of the hyperelastic constitutive models was

further explained by relating these macroscopic models to corresponding sin-

gle chain models and the molecular theory of rubber elasticity. We are able

to draw conclusions on design of the microstructure and the effect that the

extension ratio (nonlinearity) can have on the stiffening behavior which is

apparent in experiments with Fibrin [106, 107, 117].

As discussed, these constitutive models predict an initial softening of G′yx

under compression and this behavior is seen in experimental work for semi-

flexible polymers and biopolymer networks. This finding leaves a lingering

question: Is it possible to make a functional ultra-soft material by applying

a uniaxial compressive load at a micro- or molecular scale? We previously

showed in Chapter 3 that magnetorheological elastomers can compress when

a magnetic field is induced. However, this typically leads to a stiffening of

G′yx due to magnetic dipole-dipole interactions. The design space for func-

tional materials needs to be explored in more depth to potentially design

these ultra-soft materials.
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CHAPTER 5

CONCLUSIONS AND FUTURE WORK

This thesis explored existing design tools (Chapter 1), identified limitations

(Chapter 1), and presented new design tools (Chapter 2) for rheologically-

complex soft solids with a focus on material selection charts and constitutive

equations. We studied mathematical models to support the ‘design of’ non-

linear elastic functional solids for soft machines (Chapter 3). We studied

the behavior of magnetorheological elastomers (MRE’s), and specifically the

effect that nonlinearity and softness have on the variable shear stiffness re-

sponse of MRE’s. We studied constitutive models under an initial uniaxial

stretch (pre-strain) and imposed simple shear to understand the effect on

shear stiffness (Chapter 4). Surprisingly, we found that many of the con-

stitutive models that were studied soften in compression and some eventu-

ally stiffen in compression when a finite elastic strain is achieved. Overall,

throughout this thesis we made a contribution to knowledge through studies

that support the ‘design with’ nonlinear elastic solids and the ‘design of’

nonlinear elastic solids specific to soft machine and soft material design.

There is much future work that could be done based on this research contri-

bution. This includes creating additional design tools to support the ‘design

with’ materials for soft machine design. Based on the literature review, there

is a limited number of existing material selection charts ideal for soft machine

design and an effort could be put forth in future work to populate a design

toolbox for soft machine design.

Future work could be done with MRE variable shear stiffness predictions

by comparing uniaxial compression predictions to extension predictions by

changing the distribution of magnetic particles in the MRE. Also, the effect

of the choice of nonlinear elastic model on the MRE predictions could be

studied. For instance, how do the Neo-Hookean model MRE predictions

compare to the Fung model MRE predictions? Also, future work could be

done to describe the MRE predictions in a universal language considering
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the nonlinear parameter b. The nonlinear MRE model assumptions could

also be relaxed to more closely relate to experimental work (see conclusions

in Chapter 3) [57].

The MRE model predictions that were discussed in Chapter 3 could be

further supported by experiments. Various pre-strains could be applied to

a nonlinear elastic sample on a rheometer before applying a simple shear

strain to experimentally research the effect of pre-strain on shear stiffness. A

bio-polymer network (like fibrin) is expected to show compression-softening

of apparent shear modulus initially before showing compression-stiffening of

apparent shear modulus at a critical strain.

Additionally, MRE predictions could be made for a confined MRE. This

model is more complicated because the internal strains cannot be directly

related to the external strains ε = 0. Experiments could also be made on a

rheometer using a fixed gap to support the model predictions of a confined

MRE.
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APPENDIX A

VARIABLE SHEAR STIFFNESS
PREDICTIONS
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Figure A.1: The total variable shear stiffness, including contributions from
the magnetic and elastic free energy of a MRE, with respect to G0 and β.
We are considering an isotropic distribution of particles α = 1, φ = 0.05,
Ms = 1582 kA/m, µini = 21.5, and B = 0.5 T. This figure is created by
finding the equilibrium strain using equation 3.24 and referencing equations
3.26 and 3.28 to find the variable shear stiffness.
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Figure A.2: The total variable shear stiffness, including contributions from
the magnetic and elastic free energy of a MRE, with respect to G0 and β.
Large nonlinearities β are highlighted in this figure. We are considering an
isotropic distribution of particles α = 1, φ = 0.05, Ms = 1582 kA/m,
µini = 21.5, and B = 0.5 T. This figure is created by finding the equilibrium
strain using equation 3.24 and referencing equations 3.26 and 3.28 to find
the variable shear stiffness.
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Figure A.3: The magnetic variable shear stiffness, with respect to G0 and
β, and with a constant φ, Ms, µini, and B. We are considering an isotropic
distribution of particles α = 1, φ = 0.05, Ms = 1582 kA/m, µini = 21.5, and
B = 0.5 T. This figure is created by finding the equilibrium strain using
equation 3.24 and referencing equations 3.13 and 3.29 to find the variable
shear stiffness.
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Figure A.4: A log-log representation of the elastic variable shear stiffness
with respect to G0 and β. We are considering an isotropic distribution of
particles α = 1, φ = 0.05, Ms = 1582 kA/m, µini = 21.5, and B = 0.5 T.
This figure is created by finding the equilibrium strain using equation 3.24
and referencing equations 3.22 and 3.30 to find the variable shear stiffness.
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