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ABSTRACT

We investigate properties of prime numbers and L-functions, and interactions between
these two topics. First, we discuss the problem of primes in thin sequences, expanding
on work of Maynard and Friedlander-Iwaniec. Next, motivated by work of Iwaniec
and Sarnak, we study the question of average nonvanishing of Dirichlet L-functions
at the central point. Finally, in joint work with Siegfred Baluyot, we build on work
of Soundararajan and synthesize our studies of primes and L-functions by examining

Dirichlet L-functions of quadratic characters of prime conductor.
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INTRODUCTION

The prime numbers are the fundamental building blocks of arithmetic, and conse-
quently the primes are of considerable interest to number theorists. In fact, primes
should be of interest to everyone, mathematician or not, since the cryptographic pro-
tocols upon which modern internet commerce are based rely crucially on the indivisible,
primordial nature of prime numbers.

It is easy to ask questions about prime numbers, but much harder to get the primes to
reveal their secrets. Mathematicians have invented many different tools in attempting
to uncover these secrets. Some of the most powerful tools for studying primes are
objects known as L-functions. An L-function is a kind of mathematical function that
encodes a vast amount of symmetry and arithmetic information.

In this thesis we will investigate three problems relating to prime numbers and L-
functions. First, we discuss the problem of primes in thin sequences, expanding on work
of Maynard and Friedlander-Iwaniec. Next, motivated by work of Iwaniec and Sarnak,
we study the question of average nonvanishing of Dirichlet L-functions at the central
point. Finally, in joint work with Siegfred Baluyot, we build on work of Soundararajan
and synthesize our studies of primes and L-functions by examining Dirichlet L-functions

of quadratic characters of prime conductor.

0.1 Primes in thin sequences

Some of the most interesting questions in analytic prime number theory arise from
interactions with themes and ideas from other areas of mathematics. The famous twin
prime conjecture, for example, arises from placing the multiplicative notion of a prime
number in an additive context.

An early instance of this phenomenon is in Fermat’s 1640 “Christmas letter” to

Marin Mersenne [1, pp. 212-217|, wherein he describes which numbers may be written



as a sum of two integral squares (Fermat phrased his observations in terms of integers
appearing as hypotenuses of right triangles). Along the way he noted that every prime
p =1 (mod 4) may be written as p = 22 + y?, but in true Fermat fashion he supplied
no proof!.

At first glance the equation p = 22 + y? looks like an additive equation involving
primes, but with the benefit of substantial hindsight we see this is in fact a multiplica-
tive problem, for z* + y? is the norm form of the algebraic number field Q(7).

Other famous problems in prime number theory concern primes in “thin” sequences,
such as primes in short intervals, or primes of the form p = n? + 1. A set of integers
S C [1,z] is thin if there are few elements of S relative to x (think |S| < x'~¢ for
some € > 0). It is natural to ask under what conditions S contains prime numbers,
but often these questions are very hard. Most often one needs the set S to have some
nice multiplicative structure to exploit.

Several authors have proved the existence of infinitely many primes within different
thin sequences. Fouvry and Iwaniec [3] proved there are infinitely many primes of the
form p = m?+ ¢?, where ¢ is a prime number. The set {m?+¢? < z : ¢ prime} has size
~ z(logz)™2, and so is thin in the sense that it has zero density inside of the primes.
This is a nice example of additively-structured primes in a thin sequence.

Friedlander and Iwaniec [4] built on the foundation laid by Fouvry and Iwaniec, and
proved there are infinitely many primes of the form p = x?+y*. This is a much thinner
sequence of primes than those considered by Fouvry and Iwaniec, and consequently the
proof is much more difficult. It is crucial for the work of Friedlander and Iwaniec that
2+ oyt = 2% + (y?)2

Other striking examples are the works of Heath-Brown [5] on primes of the form
p = 2 + 2y® and Heath-Brown and Moroz [6] on primes represented by cubic forms,
and Maynard [7] on primes represented by incomplete norm forms. Heath-Brown and
Li [8] refined the theorem of Friedlander and Iwaniec by showing there are infinitely
many primes of the form p = 2% + ¢*, where ¢ is a prime. Each of these results relies
heavily on the fact that the underlying polynomial is related to the norm form of an
algebraic number field.

Polynomials offer one source of thin sequences, but they are not the only source. Par-
ticularly attractive are other, more exotic, thin sequences, like the set of integers missing

a fixed digit from their decimal expansion. To be precise, let ay € {0,1,2,...,9} be

'Euler finally found a proof more than a century later [2].



fixed, and let A be the set of nonnegative integers without the digit aq in their decimal

expansion. We write 14 for the indicator function of this set. We define

log 9
= =0.954...
i log 10 ’
and note that
> o1a0) <y, y>2. (0.1.1)
<y

Our goal is to tie together several different mathematical strands by proving there
are infinitely many primes p of the form p = m?+¢2, where ¢ € A. Note that %—1—%0 <1,
so this sequence of primes is indeed thin.

James Maynard showed in a beautiful paper [9] that there are infinitely many primes
in the thin sequence A. The key to the whole enterprise is that the Fourier transform of
A has remarkable properties. Exploiting this Fourier structure has been vital in works
on digit-related problems (see, for example, [10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21]
and the works cited therein). We also rely on this Fourier structure.

It turns out that we ultimately use few of the tools Maynard developed. Rather,
our work is closer in spirit to the work of Fouvry and Iwaniec [3] and the work of
Friedlander and Iwaniec [4]. We prove there are infinitely many primes of the form
p = m? + (2, where ¢ is missing a fixed digit in its decimal expansion. The following

theorem gives a precise statement.

Theorem 0.1.1. Let x be large, and let A > 0 be fized. Let P be a parameter which

satisfies

Vdiogz

loglog x’

(loglog z)* < log P <
and define

H:Hp.

p<P



We then have

S 1aOAm® + ) = %ljg; PR GENC; (x%“%aog x)_A> :

m24+02<x m24+02<z
(¢,I1)=1

where v denotes Euler’s constant,

_ N x(p)
-1l (- o=t o)

X is the nonprincipal character modulo 4, and

19707 (a0710) # 17

10(¢(10)—1) o
SPTH))’ (ao, 10) =1.

K1 =

The implied constant depends on A and is ineffective.

It is technically convenient for the proof of Theorem 0.1.1 to have ¢ not divisible by
small prime factors. We also remark that it is potential exceptional zeros for certain

Hecke L-functions that make the implied constant in Theorem 0.1.1 ineffective.

0.2 Nonvanishing of L-functions at the central point

The values of L-functions at special points on the complex plane are of great interest.
At the fixed point of the functional equation, called the central point, the question
of nonvanishing is particularly important. For instance, the well-known Birch and
Swinnerton-Dyer conjecture [22] relates the order of vanishing of certain L-functions
at the central point to the arithmetic of elliptic curves. Katz and Sarnak [23] discuss
several examples of families of L-functions and describe how the zeros close to s = %
give evidence of some underlying symmetry group for each of these families. They
suggest that understanding these symmetries may in turn lead to finding a natural
spectral interpretation of the zeros of the L-functions. The analysis of each family
they discuss leads to a Density Conjecture that, if true, would imply that almost all
L-functions in the family do not vanish at the central point. Iwaniec and Sarnak [24]
show that the nonvanishing of L-functions associated with holomorphic cusp forms is

closely related to the Landau-Siegel zero problem. Thus the question of nonvanishing



at the central point is connected to many deep arithmetical problems.

A considerable amount of research has been done towards answering this question
for families of Dirichlet L-functions. Chowla conjectured that L(3,x) # 0 for x a
primitive quadratic Dirichlet character [25, p. 82, problem 3]. It has since become a
sort of folklore conjecture that L(%, X) # 0 for all primitive Dirichlet characters y. One
family that has attracted much attention is the family of L(s,y) with y varying over
primitive characters modulo a fixed conductor. This family is widely believed to have
a unitary symmetry type, as in the philosophy of Katz and Sarnak. Balasubramanian
and Murty [26] were the first to prove that a (small) positive proportion of this family
does not vanish at the central point. They used the celebrated technique of mollified
moments, a method that has been highly useful in other contexts (see, for example, [27,
28, 29]). Iwaniec and Sarnak [30] developed a simpler, stronger version of the method
and improved this proportion to % The approach of Iwaniec and Sarnak has since
become standard in the study of nonvanishing of L-functions at the central point. Bui

[31] and Khan and Ngo [32] introduced new ideas and further improved the lower bound

Wl

If one assumes the Generalized Riemann Hypothesis, one can show that at least half
of the primitive characters x (mod ¢) satisfy L (3, x) # 0 [33, 34],[35, Exercise 18.2.8].
One uses the explicit formula, rather than mollification, and the proportion % arises
from the choice of a test function with certain positivity properties.

It seems plausible that one may obtain a larger proportion of nonvanishing by also
averaging over moduli ¢q. Indeed, Iwaniec and Sarnak [30] already claimed that by
averaging over moduli one can prove at least half of the central values are nonzero.
This is striking, in that it is as strong, on average, as the proportion obtained via
GRH.

A natural question is whether, by averaging over moduli, one can breach the 50%
barrier, thereby going beyond the immediate reach of GRH. We answer this question
in the affirmative?.

Let Z*X(q) denote a sum over the primitive characters modulo ¢, and define ¢*(q)

to be the number of primitive characters modulo q.

Theorem 0.2.1. Let ¥ be a fized, nonnegative smooth function, compactly supported

2This work, which appears in Chapter 2, was published as [36].



in [%, 2], which satisfies

/R\If(a:)da: > 0.

Then for Q) sufficiently large we have
q q * q q
UV(=)— 1>0.50073) V(= )——¢(q).
; <Q) v(q) 2 2. (Q) »(q) @
x(q) q
L)

Thus, roughly speaking, a randomly chosen central value L (%, X) is more likely
nonzero than zero. We remark also that the appearance of the arithmetic weight ﬁ
is technically convenient, but not essential.

For further interesting research on this and other families of L-functions, see [37, 38,
39, 40, 41, 42, 43, 44, 45, 46].

The family of L(s, x) with x varying over all real primitive characters has also been
extensively studied. This family is of particular significance because it seems to be of
symplectic rather than unitary symmetry. Thus we encounter new phenomena not seen
in the unitary case. For d a fundamental discriminant, set yq(-) = (), the Kronecker
symbol. Then y, is a real primitive character with conductor |d|. The hypothetical
positivity of central values L(%, Xq) has implications for the class number of imaginary
quadratic fields [47, p. 514]. Jutila [48] initiated the study of nonvanishing at the cen-
tral point for this family and proved that L(%, Xa) # 0 for infinitely many fundamental
discriminants d. His methods show that > X/log X of the quadratic characters g4
with |d| < X have L(%, xq) # 0. Ozliik and Snyder [49] examined the low-lying zeros
of this family, and found the first evidence of its symplectic behavior. Assuming the
Generalized Riemann Hypothesis, they showed that at least }—2 of the central values
L(%, Xa) are non-zero [50]. Katz and Sarnak independently obtained the same result
in unpublished work (see [23, 51]). Soundararajan [51] made a breakthrough when he
proved unconditionally that at least £ of the central values L(3, xa) with d = 0 (mod
8) are non-zero.

The case of real primitive characters with prime conductor is more difficult still.
Jutila [48] initiated the study of L(3, x,), where p is a prime. His methods yield that
> X/(log X)? of the primes p < X satisfy L(3, x,) # 0. The difficulty in studying this
family is that its moments involve sums over primes, and thus are more complicated

to investigate. In fact, Jutila only evaluated the first moment of this family. As far

6



as we are aware, no asymptotic evaluation of the second moment has appeared in the
literature. However, Andrade and Keating [52] asymptotically evaluated the second
moment of an analogous family over function fields. Andrade and Baluyot [53] have
continued the study of the family of L(%, Xp), showing that it is likely governed by a
symplectic law. Conditionally on GRH, they prove that at least 75% of primes p < X
satisfy L(3, xp) # 0.

We prove the first unconditional positive proportion result for the central values
L(%, Xp)- In fact, we prove that more than nine percent of these central values are

non-zero.

Theorem 0.2.2. There exists an absolute, effective constant Xy such that if X > X
then

Z 1> .0964 Z 1.

p<X p<X
p=1(mod 8) p=1(mod 8)
L(%’XP)¢O

The tools developed for the proof of Theorem 0.2.2 allow one to obtain the order of

magnitude of the second moment of L(3, x,).

Theorem 0.2.3. Let ¢ be the positive constant

¢:= (144g(2) (1 - %)j -’ = .0492. ...

For large X we have

X 2 X
(c—o(1) 5 (log X< D (logp)L (3.xp) < (de+0(1)) 7 (log X)°.
p<X
p=1(mod &)
One would rather have an upper bound in Theorem 0.2.3 that asymptotically matches
the lower bound, but this seems difficult to prove unconditionally. By adapting a

method of Soundararajan and Young [54] we are able, however, to prove such an

asymptotic formula on GRH.

Theorem 0.2.4. Let ¢ be as in Theorem 0.2.3. Assume the Riemann Hypothesis for



((s) and for all Dirichlet L-functions L(s,x,) with p =1 (mod 8). Then

X
S (logp)L (3.x)" = ¢ (log X)* + O(X (log X))/,
p<X
p=1 (mod 8)
Our methods further yield the order of magnitude of the third moment of L(%, Xp),
assuming that the central values L(%, Xn) are non-negative for certain fundamental

discriminants n. This non-negativity hypothesis follows, of course, from GRH.

Theorem 0.2.5. Assume that for all positive square-free integers n withn =1 (mod 8)
it holds that L(3, xn) > 0. Then for large X

3
g (logp)L (%, Xp) = X (log X)°.
p<X
p=1 (mod 8)



CHAPTER 1

PRIMES FROM SUMS OF TWO SQUARES AND
MISSING DIGITS

1.1 Introductory remarks

The goal of this chapter! is to present the proof of Theorems 0.1.1. We are able to
avoid more sophisticated sieves like Harman’s sieve [55], and instead we require only
Vaughan’s identity (see (1.2.1)). The application of Vaughan’s identity reduces the
problem to the estimation of “Type I” and “Type II” sums. The Type I information,
which is quite strong, comes from a general result of Fouvry and Iwaniec (see Lemma
1.3.1). The strength of the Type I bound relies on the homogeneous nature of the
polynomial 22 + y2. For the Type II sums we follow the outlines of the argument
of Friedlander-Iwaniec. Our argument is less complicated in some places and more
complicated in others. The desired cancellation eventually comes from an excursion
into a zero-free region for Hecke L-functions.

We obtain Type II information in a wide interval, much wider than that which is
required given our amount of Type I information. This suggests the possibility of
finding primes of the form p = m? 4 (2, where ¢ is missing more than one digit in its

decimal expansion.

Theorem 1.1.1. Let B C {0,1,...,9} satisfy 1 < |B] < 3, and let A" denote the
set of nonnegative integers whose decimal expansions consist only of the digits in

{0,1,...,9}\B. Let

_ log(10 — [B])
~ logl0

IThe work in this chapter has been submitted for publication.



Then, with the notation as above, we have

SOS 1L (OAG? + ) = 46:8 l(fg; S 1al0) + 0 (23 (tog ) ).

m2+02<a m24+02<z
(¢,I1)=1

where

10 o(10)+ {a € B:(a,10) #1}| - |B
57 4(10) 10 — |B| '

The implied constant depends on A and is ineffective.

When |B| = 3, Theorem 1.1.1 shows the existence of primes in a set of integers of
log 7
220010 m 709225 Ope may take |B| to be larger by using a more complicated

size < @
sieve argument and imposing extra conditions on the elements of B, but we do not
pursue this here.

In this chapter we shall give a complete proof of Theorem 0.1.1, and at the end of
the chapter we shall describe the modifications which are necessary for the proof of
Theorem 1.1.1.

Throughout this chapter we make use of asymptotic notation <, >, O(+), and o(-).
We write f < g if f < g and f > g. Usually the implied constants are absolute, but
from Section 1.6 onward we allow the implied constants to depend on L (see (1.6.7))
without indicating this in the notation. A subscript such as f <. g means the implied
constant depends on €.

We use the convention that € denotes an arbitrarily small positive quantity that may
vary from one occurrence to the next. Thus, we may write z¢T°0) < z¢, for example,
with no difficulties.

In order to economize on space, we often write the congruence n = v (mod d) as
n = v(d). The notation n | m® means there is some positive integer N such that n
divides m”. We use the symbol % to denote Dirichlet convolution.

We write ¢ for the Euler totient function, and P*(n), P~(n) for the largest and

smallest prime factors of n, respectively.

10



1.2 Initial manipulations and outline

We begin the proof of Theorem 0.1.1 by setting out to estimate

where

a(n) := Z Z 1.4(0).

m2402=n
(¢,I1)=1

In the definition of a(n) we allow m to range over both positive and negative integers.
Let U,V > 2 be real parameters to be chosen later (see (1.6.3)). For an arithmetic
function f: N — C and W > 1, define

f(n), n<W,
0, n>W,

faw(n) ==

and write fow = f — f<w. Then Vaughan’s identity is
A:ASU+N§V*10g_A§U*N§V*1+A>U*/~L>V*1‘ (121)

The different pieces of Vaughan’s identity decompose S(z) into several sums, which we
handle with different techniques. The first term A<y we treat trivially, since we may
choose U to be small compared to z. The terms p<y *log and A<y * pu<y 1 are Type

[ sums, and require estimation of the congruence sums

Ay(z) = Z a(n),

Lx) = Z a(n)logn.

n<z
n=0(d)

The last term A~y *pu~y +1 gives rise to a Type I or “bilinear” sum, and the estimation
of this sum requires much more effort than estimating the Type I sums.

Let us carry out this decomposition explicitly. Inserting (1.2.1) into the definition

11



of S(z) gives

S(x) =Y aln)A(n) =Y a(n)A(n) + Y a(n)(psy *log)(n)

n=r =t n=e (1.2.2)
—Z )<y * Acyy x 1) (n +Z J(psv * Asy * 1) (n).
n<zx n<x

By trivial estimation

> a(n)A(n) < (logU) > a(n) = (loglU) > > " 14(0)

n<U n<U m2402<U
(6,1)=1

<OogU) [ > 1] | Y 1400 ] < (ogU)U,

|m|§U1/2 ZSUl/Q

the last inequality following by (0.1.1). In what follows we shall have many occasions

to use the bound
¥ (X un) <7,
n<z \m2402=n

and we do so without further comment.
For the second sum in (1.2.2) we interchange the order of summation and separate

the logarithmic factors to obtain

> a(n)(usy *log)(n) = > u(d) Y a(n)log(n/d)

n<z d<v n<lz
= p(d)Ay(z) =Y p(d)(logd) Ag(x).
d<Vv d<V

We similarly show that the third sum is

—Z J(p<y * A<y x 1)(n ZZ m)Agm ().

n<x d<V m<U

For the last sum in (1.2.2), the Type II sum, we interchange the order of summation

12



and change variables to obtain

Za(n)(,u>v *Asy x1)(n) = Z ZM (Asp *1)(m)a(mn)

n<x mn<z
n>V
m>U
= Y eoxm) Y p)a(mn).
U<m<z/V V<n<z/m
In short,
S(x) = A(z;U, V) + B(z:U, V) + O((log U\ U=+ %), (1.2.3)
where
A(z; U V) == p(d) ( v)logd — > A(m)Agn(x ) (1.2.4)
d<v m<U
and

B(z;U V)= Y (Asy*1)(m) > p(n)a(mn). (1.2.5)

U<m<z/V V<n<z/m

We can exchange A/,(z) in A(z; U, V) for quantities involving A,(t) using partial sum-

mation:

, dt
Al(z) = Ay(z) log —/ Ay(t)— T (1.2.6)
1
Define
1
~ 4 Z aq(n)
n<x
where

= Z Z La(€)pe(d)

m2+£2=n
(¢,I)=1

and py(d) denotes the number of solutions v to v* + > = 0 (mod d). We expect that

My(z) is a good approximation to Ay(x), at least on average. We therefore define the

13



remainder terms

Ry(z) := Ag(x) — My(x), R(z, D) := Z |Ry(z)]. (1.2.7)

d<D

Inserting (1.2.6) into (1.2.4) and writing A4(z) = M4(x) + Ra(x), we obtain

Az; U, V) = M(2;U, V) + R(z; U, V), (1.2.8)
where
M(z;U, V) = @ <ad(n) log(n/d) — A;;”)adm(n)) (1.2.9)
e <V m<U
and
R(z;U, V) = CKZV 1u(d) (Rd(x) log(z/d) — 11 Rd(t)% — quJA(m)Rmd(x)> . (1.2.10)

This completes our preliminary manipulations of S(z).

The outline of the rest of the chapter is as follows. In Section 1.3 we show that
R(x; U, V') contributes only to the error term in Theorem 0.1.1. The analysis in Section
1.4 gives a partial analysis of M (x; U, V'), showing that, up to the condition (¢,II) = 1,
the term M (z; U, V) yields the main term of Theorem 0.1.1. We use the fundamental
lemma of sieve theory to remove this condition in Section 1.5, and this yields the desired
main term.

We estimate the bilinear form B(z; U, V') in Sections 1.6 through 1.10. In Section 1.6
we perform some technical reductions like separating variables. These reductions allow
us to enter the Gaussian domain Z[i] in Section 1.7. A congruence modulo A arises,
and this introduces further complications. We address many of these in Section 1.8. A
particularly delicate issue is that A is not well-distributed in arithmetic progressions
modulo A when A shares a factor with 10. At the end of Section 1.9 we are mostly able
to remove the congruence modulo A, which simplifies our working considerably. With
the congruence removed we devote Section 1.10 to extracting cancellation from the sign
changes of the Mobius function using the theory of Hecke L-functions. Theorem 0.1.1
follows from (1.3.1), (1.4.17), (1.5.8), (1.6.1), and Proposition 1.6.1.

In the last section of the chapter, Section 1.11, we show how to modify the proof of
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Theorem 0.1.1 to prove Theorem 1.1.1.

1.3  The sieve remainder term

Our goal in this section is to show that
R(z;U, V) < z3t3 ¢ (1.3.1)
provided U,V > 2 and UV < x"°~¢,
Applying the triangle inequality to (1.2.10), we get

dt

|R(z; U, V)| < (logz)R(x,UV) + /133 R(t,V)T (1.3.2)

The following is the key result we use to estimate remainder terms.

Lemma 1.3.1. For1 <D <z and ¢ > 0 we have

R(z,D) =) |Ra(a)| < Diazt i+,

d<D
the implied constant depending only on €.

Proof. This is a specialization of [3, Lemma 4]. In the notation of [3], we take \, =
1.4(¢) for £ < z'/2. We then observe that

1/2
IAF< | > 10| <o,
£S$1/2
the last inequality following by (0.1.1). O

With Lemma 1.3.1 in hand we can show the contribution from (1.3.2) is sufficiently

small. The contribution from R(z, UV') is negligible provided
UV < 27079, (1.3.3)

where 0 > 0 is any small fixed quantity. We henceforth assume (1.3.3). We can also
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immediately estimate the part of the integral with ¢t > V:

g at [ o, dt ;
/R(t V)T /Vvit%+f+67<<vix%+f+e. (1.3.4)
14

This is sufficiently small provided V' < 2707 which already follows from (1.3.3) since
U > 2. To show (1.3.1) it therefore suffices to prove

v dt
/ R(t, V) L VItate (1.3.5)
1

We write

= Y |Ra(t)] <D (Aa(t) + Ma(1))

d<V d<V

and estimate the sums involving A, and M, separately.

For the term involving A; we use the divisor bound to obtain

)SEVCED S 3) SEWUED 3) SERCETERND

d<v A<V m2402<¢ m2402<¢
m2+(2=0(d) (1.3.6)
<3N 1400 < 12T
m2402<¢

The estimation of the term involving M; is slightly more complicated due to the
presence of the function py(d). Recall that p,(d) counts the number of residue classes
v (mod d) such that v* + ¢* = 0 (mod d). If £ is coprime to d, then we can divide
both sides of the congruence by 2 and we find that p,(d) = p(d), where p(d) counts
the number of solutions to v?2+1 =0 (mod d). In general, a slightly more complicated

relationship holds.

Lemma 1.3.2. Let ¢, d be positive integers. Let r(d) denote the largest integer r such
that r* | d. Then

pe(d) = (r(d), O)p(d/(d, %)).

Proof. See [3, (3.4)]. O
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Observe that Lemma 1.3.2 implies
pe(d) < p(d) < 7(d)
whenever d is squarefree or coprime to £. If p divides ¢, then
pe(p®) < 2p°°.

The following lemma illustrates how we estimate sums involving p,.

Lemma 1.3.3. Let y > 2, and let £ be an integer. Then

7
peln << (logy)? H(1+p1/2>.

n<y plé

Proof. We factor n as n = em, where e | £>° and m is coprime to . By multiplicativity

and Lemma 1.3.2 we obtain

Z@ ZP@ 3 pe(m) sz T T(_m < (logy) ZP@

n<y el¢> m<y el m<y e|¢>
(m,Z): (m,ﬁ):l

We use multiplicativity and Lemma 1.3.2 again to obtain

pzie) :H<§:Pf( ><H<1+2ij/2> :H(1+#)

ele> pl¢ \j=0 ple plé

“II(+5m)

pl¢

By the definition of My(t) we find

St < 31403 4

d<v m2442<t

We apply Lemma 1.3.3 and obtain

ST M) < 30D 140 (log V)>Ar() < 2 E (V)" (1.3.7)

d<v m2442<t

17



and combining this with our bound (1.3.6) yields (1.3.5).

1.4 The sieve main term

In this section we begin to show how M (x;U, V) yields the main term for Theorem
0.1.1: we show that M (x;U, V) is equal to

= I

m24+02<zx
(¢,11)=1

up to negligible error. The estimates involved are standard, but we give details for
completeness.

From (1.2.9) we derive

M(z;U, V) = ZZlA <logg MQZ“ )pe(d Z“ 1Ogd

i (1.4.1)
-3 Alm) 5 e dm)
m<U d<Vv

The main term arises from the second term on the right side of (1.4.1), and the other
two terms contribute only to the error.

We begin by estimating

ZM )pe(d

uniformly in £. We note that

L+x(p), »tt,
17 p|£7

pe(p) =

(Recall that x is the nonprincipal character modulo 4.) The prime number theorem in

18



arithmetic progressions then gives

pelp = loglog z 4+ ¢, + Oy(exp(—cy/log 2)),

p<z

for some constant ¢, depending on ¢. By [56, (2.4)], this implies

i %’”(d) = 0. (1.4.2)

d=1

From (1.4.2) and partial summation it follows that

3 M) pz =y Hdedd) Jim (— > —”(d)g’“;(d)) (1.4.3)

<V a>Vv V<d<H
= lim (—Hl > dpe( VD p(d)pe(d) / (Zu pe ) ) -
d<H d<v d<t

We will show

Z,u(d)pg < H (1 + =7 ) zexp(—cy/log z), (1.4.4)

d<z ple

uniformly in £ and z > 1. The bound is trivial if z is bounded, so we may suppose that
z is large.

Let y = z exp(—by/log z), where b > 0 is a parameter to be chosen later. Let g be a
smooth function, supported in [1/2, z|, which is identically equal to one on [y, z — y],

and satisfies g¥) <; y~7. Estimating trivially,
g iy

> u(d)pe(d) = O(ylog 2) +Zu pe(d)g(d). (1.4.5)

d<z

Mellin inversion yields

S udotd) = g [ 916 32 M s

d=1



From the derivative bounds on g we find that the Mellin transform g(s) satisfies
Gls) < 27 (1+ (y/2)°F) ", (1.4.6)

where s = 0 4+ it and 0 > %, say.

An Euler product computation yields

S HDPAD _ eyt s, ) H (0,
where
1 — Lx@
H(s) := :
Y co y oy

is analytic in o > %, say, and

1:(0) :zﬂli_l—@zfﬂ”&)'

ple ps p|e pr=l- X(p)

We move the line of integration in (1.4.6) to o =1 + @ and estimate trivially the

contribution from |t| > T', with T" a parameter to be chosen. This gives

[ =0 ST (0,2 )

ple

For [t| < T we move the line of integration to o = 1 — e T where c is chosen small

enough that ((s)""L(s, )" has no zeros in ¢ > 1— ¢, |¢| < T, and add in horizontal

connecting lines. We estimate everything trivially to find this error is

2
o(1) X (p) 1 _ log z
< z(log zT)"" exp(2by/log 2) | | (1 + T p—T T + exp clogT .

p|¢

We set T' = exp(y/log z), and take b = £. With a small amount of calculation we see
that




and this completes the proof of (1.4.4).
The fact that ¢ is coprime to II implies

26

[T (1+35) <t
p?

ple

From (1.4.3) we see that (1.4.4) and (¢,II) = 1 yield
Z M < exp(—cy/log V). (1.4.7)

This shows that the first term of (1.4.1) satisfies the bound

S5 1a0ton(e? + ) 3 MY 1t o o),

g2 +02<z a<v
(¢,m=1

provided

for some absolute constant é > 0.

We turn to estimating

_Zu logd

d<Vv

We add and subtract the quantity

log V/ Z M(d)cfi)e(d)’

d<V

which yields

B Z p(d logd Z ,quAd) log(V/d) + O(exp(—cy/logV'))

d<Vv d<Vv
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by (1.4.7). From Perron’s formula we obtain

p(d /)e p(d
Z log (V/d) = 2772/ 2 Z d1+s (1.4.8)

d<Vv

An Euler product computation reveals

\~ pud 1 -1 x(p)
2 st e Lﬂ+&x>]ﬂ1+$11(y+ﬂ“—1—x@0'

d=1 ple

We proceed in nearly identical fashion to the proof of (1.4.4), but here there is a
main term coming from the simple pole of the integrand in (1.4.8) at s = 0. Since
L(1,x) = %, we deduce

_ZM logd__H( x(p) )

= = 1 —x(p)

(p) ex —C O
xH( - X(p)))+0( p(=evlogV)).

(1.4.9)

The expression in (1.4.9) gives rise to the main term in Theorem 0.1.1.
The last term of M (x; U, V) we estimate similarly to the first. We aim to show that

5 A(m) 3 u(d)pc;(dm) < (log (V) P12, (1.4.10)

m
m<U d<v

It is convenient to distinguish two cases for d: those d that are coprime to m, and those
that are not. If d is not coprime to m = p¥, then the presence of the Mobius function

implies d = ep with (e, p) = 1. Therefore

Alm d)pe(dm A(m)pe(m d)pe(d
3 ;l)zu()ﬂd( ):Z (372)( ) 3 M()g()

m<U d<v m<U ( dS)V
d,m)=1
1.4.11
(log p)pe(p**) M )pe(e ( )
LTSS
pk<U e<V/p
(e;p)=1

It is not difficult to deal with the sum over d in the first term of (1.4.11) using an

argument analogous to that which gave (1.4.7), as the condition (d,m) = 1 causes no
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great complications. To bound the sum over m we use Lemma 1.3.3, obtaining

A( Pe
Y- Almledm) g Amlede)
m<U m<U
(m7£): plé
Pr/2
< logU + (logU)Zp—k < logU.
k
pl¢

The last inequality follows since p | £ implies p > P. Therefore

m<U A<V
(d,m)=1

We turn our attention to the second term of (1.4.11). We first remove those p that

are not coprime to ¢. By trivial estimation

3 (log p)pe(p™*1) 3 1(e)pe(e)
£ pk+1 > e
p<U e<V/p
Pt pt (1.4.13)
—1/2
< (logV) XI; logp) Z k/2 < (logtV)>P~Y/
p

Here we have again used the fact that P~(¢) > P.

To handle those p that are coprime to ¢, we assume that
U >

for some absolute constant 6 > 0. We then estimate trivially the contribution from
p > R = exp(y/log V). Observe that R < U. Then

(log p)pe(p*) wie)pe(e) — k
Z phtl Z < (log V)2 Z logp Z _k
pk<U e<V/p p>R k=
R e
(=1 e (1.4.14)
logp  (logV)?
< (logV)? Z - < T
p>R p
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and this is an acceptably small error. We may then show

1 k+1
Z (ngkp-fl E welpele) <<eXp(—c\/logV) (1.4.15)
pF<U e<V/p
psk (ep)=

(p,0)=1

by arguing as before, since V/p is close to V' in the logarithmic scale. Taking (1.4.12),
(1.4.13), (1.4.14), and (1.4.15) together gives (1.4.10). We combine (1.4.7), (1.4.9), and
(1.4.12) to derive

M(z;U,V) = —CZZlA H( %)

s plt (1.4.16)

+0 ((loga:) ERE 1/2>

provided U,V > 2 for some absolute constant § > 0. Here

“- H< s >>>

is the constant in Theorem 0.1.1. Since P~(¢) > P we have

(%) =0 ()

pl¢

and so (1.4.16) becomes

M(z;U, V) = —CZZlA (10g1:)3 B po 1/2) (1.4.17)
m24+02<g
(¢1m=1

1.5 The sieve main term: fundamental lemma

We wish to simplify the main term of (1.4.17) by removing the condition (¢,11) = 1,
which we accomplish with the fundamental lemma of sieve theory.

In order to apply the sieve we require information about the elements of A in arith-
metic progressions. We invariably detect congruence conditions on elements of A via

additive characters, so we require information on exponential sums over A. It is con-
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venient to normalize these exponential sums so that we may study them at different

scales. For Y an integral power of 10, we define

Fy (0) := Y169/ 19610 1 3" 1 4 (n)e(nd)| | (1.5.1)

0<n<Y

so Fy(0) < 1 for all Y and real numbers 6. Observe that Fy is a periodic function
with period 1. We emphasize that Y is always a power of 10 when it appears in a
subscript.

Let U and V be two integral powers of ten (here U and V' have nothing to do with
the U and V from Vaughan’s identity (1.2.1)). From the definition (1.5.1) it is not
difficult to derive (see [9, p. 6]) the identity

Fuv(0) = Fy(0)Fy (U0). (1.5.2)

We take the opportunity to collect in one place the lemmas we need to estimate Fy
and various averages of Fy.
The first result is a sort of Siegel-Walfisz result for Fy.

Lemma 1.5.1. Let ¢ < Y3 be of the form q = qiqy with (q1,10) = 1 and ¢, > 1.

Then for any integer a coprime to q we have

logY
Fy (2) < exp (—Co 08 >
q log q

for some absolute constant ¢y > 0.

Proof. This is a slight weakening of [9, Lemma 10.1]. O
The next two lemmas are results of large sieve type for Fy.

Lemma 1.5.2. For ¢ > 1 we have

a
sup »  Fx (g T 5) < ¢+ X5%/77'

Proof. This is a slight weakening of the first part of [9, Lemma 10.5]. O
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Lemma 1.5.3. For () > 1 we have

2
ap S A (S48) <@ g

PER <@ 1<a<q
(a,9)=1

Proof. This is a slight weakening of the second part of [9, Lemma 10.5]. O

Now that the necessary results are in place, we proceed with the estimation of the

main term in (1.4.17). We write

S 0= > 1

m24-02<z |m|<z1/2 ¢<\/z—m?
(¢,11)=1 (£,I1)=1

P,

NI

= > > 140 + Oz

|m|<V1I-P~221/2 (<y/z—m?
()=1

the second equality following by trivial estimation.
With the restriction |m| < v/1 — P=2z'/2 on m we estimate each sum over ¢ indi-
vidually. Set z = z(m) = V& — m?. We apply upper- and lower-bound linear sieves of

level
D=5

(see [57, Chapter 5] for terminology). Therefore

DA D 1< D 10 < YA DD 14(0). (1.5.3)

d<D 1<z 1<z d<D 1<z
d|II ¢=0(d) (¢,I1=1 d|II ¢=0(d)
(d,10)=1 (¢,10)=1 (d,10)=1 (¢,10)=1

The upper and lower bounds turn out to be asymptotically equal, and we write A\, for
AT or AL

It is difficult to work with elements of A over intervals whose lengths are not a power
of 10. We put ourselves in this situation with a short interval decomposition (a similar
technique is applied in [12]). Let Y be the largest power of 10 that satisfies Y < zP~L.

We break the summation over ¢ into intervals of the form [nY, (n 4 1)Y’), where n is a
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nonnegative integer. This gives

>, =), Y. 140+0 > o140 (1.5.4)

1<z neS(z) nY<l<(n+1)Y 2—Y <t<z2+4Y
£=0(d) £=0(d) £=0(d)
(¢,10)=1 (¢,10)=1

Here S(z) is some set of size < P. We remark that we will repeatedly see this technique
of breaking an interval into shorter subintervals, with each subinterval having length a
power of 10, in the estimation of the bilinear sum B(z; U, V).

We first illustrate how to use Lemma 1.5.3 to handle the error term in (1.5.4). On

summing over d, we must estimate

£ = Z Z ].A(g).

d<D z=Y <Ul<z+Y
£=0(d)

Because the estimation of £ introduces a number of important ideas that we use

throughout the proof of Theorem 0.1.1, we encapsulate the estimation in a lemma.

Lemma 1.5.4. With the notation as above,
& < (logD)* Y.

Proof. For X some power of 10 with ¥ < X < Y and some integer k£ depending only

on z,Y, and X, we have

e<y Y L.

d<D kX<£< k+1)X
(d)
If 1 4(k) = 0 then the sum over ¢ is empty and £ = 0. Suppose then that 1 4(k) = 1. We
write £ = kX +t, where 0 <t < X. There are now two subcases to consider, depending
on whether the missing ag is equal to 0 or not. If ag # 0 then 1 4(kX +t) = 14(¢) for
0<t<X.Ifay=0then 14X +¢)=0for 0 <t < X/10 and 14(kX +¢) = 14(¢)
for X/10 <t < X. We can unite the two subcases by writing

E<SY ) 1),

d<D §(ap)X/10<t<X
t=—kX(d)
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where

1, n=0,
0, n#0.

By inclusion-exclusion and the triangle inequality we find

E<LY Y 1)

d<D t<X
t=—kX(d)

We detect the congruence via the orthogonality of additive characters, which yields

£ < Z;liie(TZX) S 1a(t)e (%)

d<D = r=1 t<X

By the triangle inequality,
1< r
€<<X”°ZEZFX (8)'
d<D = r=1
We remove the terms with r = d (the “zero” frequency), which gives
1 &L r
€ < (log D)X + X S re (L)
< (log D)X +X™ 3 =% Fx (5
1<d<D r=1
For the “non-zero” frequencies we reduce to primitive fractions and obtain
SEIWACED I DI
d d d

(b)
1<d<D  r=1 1<d<D = qld 1<b<q q
g>1 (bg)=1

1 b
<«(0gD) 3 1 3 Ry (_) .
1<¢<D q 1<b<q q
(byg)=1
We perform a dyadic decomposition on the range of ¢ to get

£ < (log D)* X SUP%Z Z Fx (9)

Q=D % <@ 1<b<q 4
(b,g9)=1
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By Lemma 1.5.3,

1 Q D
2 2
& < (logD)” X Cs21<11% <Q23/77 + ),’50/77> < (log D) X7 (1 + X50/77)

< (log D)? X",

and this completes the proof. ]

From Lemma 1.5.4 it follows that

DTox D 1= > 1an) > A D> La(t) +O@PPP)

d<D 1<z n€S(z) d<D 8(ap)Y/10<t<Y
d|I1 0=0(d) d|II t=—nY(d)
(d,10)=1 (¢,10)=1 (d,10)=1 (t,10)=1

We detect the congruence with additive characters and obtain

3 1,4(25):(%;;6(%) 3 lA(t)e(%t).

8(ag)Y/10<t<Y 8(ag)Y/10<t<Y
t=—nY (d) (t,10)=1
(t,10)=1

Naturally we extract the main term from r = d.
Define

@7 (a0>10> 7& 17

LU0 (g, 10) = 1.

It is easy to check that

S )=k 1al),

t<10* t<10k
(t,10)=1

which implies

Sty =k D 1),

8(ag)Y/10<t<Y 8(ag)Y/10<t<Y
(t,10)=1

For 1 < r < d — 1 we handle the condition (¢,10) = 1 with M&bius inversion. We
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then reverse our short interval decomposition to get

DM ) )=k > %ZlA(€)+O(9ﬂO/z (P~Y2 4+ EP™)), (1.5.5)

d<D 1<z d<D 1<z
d|II ¢=0(d) d|It
(d,10)=1  (£,10)=1 (d,10)=1
where

d—1
1 T e
Y2 2 (G
1<d<D ~ e|10 r=1
(d,10)=1

and X is a power of 10 with X < Y. Similarly to the estimation of £ in Lemma 1.5.4

above, we put, for pedagogical reasons, the estimation of F into a lemma.

Lemma 1.5.5. With the notation given above,

E < exp(—cy/log )

for some absolute constant ¢ > 0.
Proof. We reduce to primitive fractions to derive
> ey et
d qg 10
1<d<D " ¢|10 qld  a=1

(d,10)=1 >1 (a,9)=1

We apply (1.5.2) with U = 10,V = X/10 to obtain

a e a e 10a 10e
Fx|l-+—| =F -+ — | Fy | — +—
X(cﬁw) “’( +10) V(q +10)

10 10
=rio(§+i) 7 () <7 (7))
10 q q

Since (10, ¢) = 1, we may change variables 10a — a to obtain

E< ) ZZFV(><<logD o= ZFV(>

1<d<D gld a=1 1<q<D a=1
(d,10)=1 ¢>1 (a,q)= (,10)=1 (a,)=1
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We perform a dyadic decomposition on the range of ¢ to obtain

E < (log D)? supé 3 i Fy (9>

Q<D 1<g=Q a=1 q
(,10)=1 (a,9)=1

Set )1 = exp(ev/log z), where € > 0 is a small positive constant. If QQ > @1 we use
Lemma 1.5.3, and if ) < )1 we use Lemma 1.5.1. Provided ¢ in the definition of (),

is taken sufficiently small in terms of ¢y in Lemma 1.5.1, we obtain

E < exp(—cy/log 2),
where ¢ > 0 is some absolute constant. O

We take (1.5.5) with Lemma 1.5.5, along with the fact that log P = o(+/log 2), to
get

YoM D) )=k > %21,4(6)—1—0@70/2}’_1/2). (1.5.6)

d<D <z d<D <z
djm £=0(d) 1
(d,10)=1  (£,10)=1 (d,10)=1

By the fundamental lemma of the linear sieve (see [57, Lemma 6.11])

dSZD % - (1 +0 (exp (—%slog s))) p]l (1 = %) , (1.5.7)

d[i1 pf1o0
(d,10)=1

where

log D
s = ff? > (loglog x)+/log z.

It follows that

10 1 "0/2 p—1/2
> Y 1A(€):mng(l—;)21A(€)+O(x 2p=y

d<D <z 1<z
d|II £=0(d)
(d,10)=1 (£,10)=1
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We use Mertens’ theorem with prime number theorem error term to get

1) = o (10 (oo (-ever),

p<P

for some constant ¢ > 0. Observe that our lower bound for log P implies

exp <—c\/log P) < exp (—c(log log x)Q) ,

so this error term is acceptable for Theorem 0.1.1. Therefore,

> 1a logpzzlA < +20eXp( \/@». (1.5.8)

m2402 <:c m2402<g
(¢1)=

Combining (1.5.8) with (1.4.17) yields the main term of Theorem 0.1.1.

1.6 Bilinear form in the sieve: first steps

Let us summarize what we have accomplished thus far. We take (1.2.3), (1.2.8), (1.3.1),
(1.4.17), and (1.5.8) to obtain

4Cky e 7

S(w) = m log P

> 14(0) + B(x; U, V)

m24+02<g (1.6.1)

+ 0O (x%Jr%o exp (—c\/log P>> :
This holds provided our parameters U, V' in Vaughan’s identity (1.2.1) satisfy
UV < g707°, UV > a°, (1.6.2)

for some absolute 6 > 0. The task now is to show that the Type Il sum B(z;U, V)
contributes only to the error term of (1.6.1). (We note that the implied constant in
the error term of (1.6.1) is effectively computable.)

In the course of our estimations we encounter more severe restrictions on U, V' than
those in (1.6.2), and we note these as we go along. It transpires that there is some

flexibility in choosing U and V. For those unwilling to wait in suspense, we mention

32



that the choices
U=z V=g (1.6.3)

say, are acceptable for Theorem 0.1.1 (see (1.6.11) and (1.8.4)).
Recall that

B(z;U V)= Y (Asgx1)(m) > p(n)a(mn).

U<m<z/V V<n<z/m
We shall prove the following proposition.

Proposition 1.6.1. Let x be large, and let L > 0 be fivred. There exist absolute
constants C,w > 0 such that

B(z;U,V) <, (logz) @It g2+3

The implied constant is ineffective.

Observe that Proposition 1.6.1 implies Theorem 0.1.1 by taking L = w™ (A + O).
To prove Theorem 0.1.1 it therefore suffices to prove Proposition 1.6.1, and this task
occupies the remainder of the chapter. In what follows we allow implied constants to
depend on L without indicating it in the notation.

In this section we perform technical reductions that reduce the estimation of B(x; U, V')

to the estimation of sums of the form

Z Z p(n)a(mn)| . (1.6.4)

m | (n,mIl)=1

Here the intervals of summation of m and n are independent of one another. This
separation of variables is accomplished by a short interval decomposition. Once m and
n are separated, we remove the small prime factors of n and transfer them to m. This
has the immediate benefit of insuring that m and n are almost always coprime, but
also confers substantial technical advantages in later calculations. The contribution
from those m and n satisfying (m,n) > 1 is then trivially estimated and shown to be
negligible, which gives the reduction to (1.6.4) (see (1.6.21)).

We mention that the arguments in this section have some similarity to those in [4,
Section 10] and [56, Section 4].
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Since (Asy x1)(m) < (Ax1)(m) = logm, we see
B(z;U, V) < (log x) Z Z p(n)a(mn)| . (1.6.5)
U<m<z/V |V<n<z/m

It is easy to obtain a trivial bound for B(z;U, V') that is not far from the bound of
Proposition 1.6.1.

Lemma 1.6.2. Let x > 2. Then
B(z;U,V) < (logz)?z2t7 .
Proof. We change variables in (1.6.5) and deduce

B(z;U,V) < (log ) Za(k:)T(k:) < (logx) Z Za(k) = (log z) Z Ag(x).
k<w d<zl/2 k<zx d<gzl/2
Salf ke <
We write Ay(x) = My(z) + Ry(x) and use Lemma 1.3.1 to bound the sum of Ry(z),

giving

d
B(z;U,V) < (log:c)g E 14(0) E pfc(l)' (1.6.6)
m2+02<z d<zl/2
(,m)=1

By Lemma 1.3.3 we have

B;UV) < (logx)® > > 140 ][] <1 + ]%) < (logz)*z2+?,

m2+02<z ple
(£,11)=1
the last inequality following since P~(¢) > P. O

In the proof of Lemma 1.6.2 we used Lemma 1.3.3 to control averages of p,. We
shall need more elaborate versions of this argument in several of our reductions of
B(z; U, V).

Our first step is to separate the variables m and n so that they run independently

over intervals of summation. We accomplish this with a short interval decomposition.
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Set
0 = (logx)™%, (1.6.7)

where L > 0 is fixed as in Proposition 1.6.1. We break the summation over n into

subintervals N < n < (14 6)N. By the triangle inequality,

B(z; U, V) < (logx) Z Z Z p(n)a(mn)| .

=(1+60)7V U<m<Zz/V |[N<n<(14+6)N
]>0 mn<z
N<z/U

We wish to replace the condition mn < z with mN < z. Clearly mn < x implies

mN < x since n > N. Thus, suppose mN < x but mn > x. Then
z<mn< (1+0)mN < (1+0)x,

and so for fixed N we have

Sl Y s Y R0 Y alk),

U<m<z/V |[N<n<(1+0)N N<n<(1+0)N <k<(140)z
mN<x nlk
mn>x

In order to apply Lemma 1.3.1 we require N < z/U < 27~ ¢, which holds provided
U > glote, (1.6.8)

This supersedes the lower bound for U in (1.6.2). Assuming (1.6.8) we obtain by
Lemma 1.3.1

Z 12 (n) Z a(k) < ZZ 1.4(0) Z M

N<n<(1+0)N z<k<(140)z z<m2+£2<(140)x N<n<(1+0)N
nlk
7(n)
< 1 — .
Y 0 Y ey T w0
z<m2+£02<(146)x N<n<(1+0)N z<m2+£2<(14+0)x
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We have

YY uo- ¥ w0 Y
z<m?+£2<(140)z 1</(140)z Va—2<|m|<A/(1+0)z—¢2
<OV N 10 < 0t

1<al/?

Since the number of intervals N < n < (1+0)N is < (logz)0~! we see

B(z;U,V) < (logz) Z Z Z p(n)a(mn)

U<m<z/N |N<n<(14+0)N
}:gyv <m<z/N |N<n<(1+6) (1.6.9)
N<z/U
+ O((log )20 22277,

We now fix one such N with V< N < z/U, and perform a dyadic decomposition

on the range of m, which yields

S| wman|< Y Y | Y umatmn)|.

U<m<z/N |N<n<(14+0)N M=2i1U M<m<2M |N<n<(1+0)N
j=0
MN<z
We define

Biy(M,N) := Z Z p(n)a(mn)|,

M<m<2M |N<n<(1+6)N

and note that the variables m and n are separated in By(M, N).
Observe that if M N < 0z then

Bi(M,N) <« Z 1 (n) Z a(k) < (log N)o +0gats (1.6.10)
N<n<(1+6)N k<ha

the latter inequality following essentially by the argument that gave (1.6.9). In order
to prove Proposition 1.6.1 it suffices by virtue of (1.6.9) and (1.6.10) to prove the

following result.

Proposition 1.6.3. Let x be large, and for L > 0 fized set = (logz)~L. We then
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have
Bi(M,N) <, (log MN>O(1)95/2(MN)%+%°
uniformly in
g2/ < N < BT b < MN < . o)

The implied constant is ineffective.

It is not yet apparent why N must be of the size given in (1.6.11). We gradually
introduce stronger conditions on N as the proof requires, and find in the last instance
that (1.6.11) is sufficient.

Now that the variables m and n are separated from one another, we wish to remove
the small prime factors from n. We write n = ngn;, where (ng, I[1) = 1 and n, | I, then

set
C = exp((log P)?)

(there should be no cause to confuse the C' given here with the absolute constant C' in
Proposition 1.6.1). Observe that C' > P, and that C' = 2°!) by our upper bound for
log P in Theorem 0.1.1.

We first show that the contribution from n; > C to By(M, N) is negligible. If n,
divides II and n; > C, then there is a divisor d of n; that satisfies C' < d < CP.
Indeed, writing ny = py---p, where p; < --- < p,, we see there is a minimal 5 such
that py---p; < C but p;---pjp1 > C. The desired divisor is d = p; ---pj41. The
contribution to By (M, N) from n; > C'is

Z ZZ (no)p(ni)a(mnony)| < Z Z a(n)ts(n)

M<m<2M |N<noni <(14+0)N C<d<CPn<MN
(no,I1)=1 d|It dln
ny |11
ni1>C

<) > a(n)7(n)’ =: B,
C<d<CPn<MN
d|IT dln
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say. We utilize the following lemma to handle the divisor function.

Lemma 1.6.4. For any n,k > 1 there exists a divisor d | n such that d < /2" and
7(n) < 227 '7(d)*.

Proof. This is [8, Lemma 4]. O

Applying Lemma 1.6.4 with k = 2 yields

B < Z Z 7(e)® Z a(n),

C<d<CP ex(MN)/4 n<MN
d|TI [d,e]|n

where [d, €] is the least common multiple of d and e. By trivial estimation (i.e. no need

for recourse to Lemma 1.3.1 since [d, ] < (MN)/4°() is so0 small) we find that

> an) < (MN)V2 LM)%.

n<MN Eg(MN)1/2
[d,e]|n (¢,)=1

Recall that P™(n) and P~ (n) denote the greatest and least prime factors of n,
respectively. We factor e uniquely as e = rs, where P*(r) < P and P~(s) > P. Thus

Pei Y a0 Yy T

L (MN)/2 C<d<CP e (MN)1/4
(¢,M)=1 |11
7(r)*pe((d, 7]) 7(5)%pu(s)
<N N a0 Y Y SRR 3 ne s,
LK (MN)/2 C<d<CP r&(MN)/4 ) s<(MN)V/A
(e1h=1 dit— pr<p P~ (s)>P

We bound the sum over s by working as in Lemma 1.3.3. We have

3 T(S)sz(S)S 3 T(S)sz(S)

sK(MN)/4 s<K(MN)/4
P~ (s)>P

7(d)®pe(d) 7(t)’
<D > (1.6.12)

dle= t<(MN)/4
(t,0)=1
< (log MN)”' ] (1 + ) < (log MN)?.
pl¢
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By (1.6.12) and the change of variables n = [d, r|, we obtain

By < (logMN)? 3" 14000 Y T(”)%‘i”)pg(”).

LKL (MN)/2 n>C'
(£,11)=1 Pt (n)<P

Since P~(¢) > P we see that (n,¢) = 1, and therefore p;(n) < 7(n). Set € = (log P)™*
By Rankin’s trick and the inequality 73(n) < 7(n)? we obtain

ol S ()

n>C Pt(n)<P p<P
Pt(n)<P

The last inequality follows since p?* < e? < 8. We finish by observing that

c 1] (1 + —) <O+ <% < (logMN)*" p~1.

p<P

We deduce
B, < (log MN)**(MN)z+% P, (1.6.13)

By (1.6.13) and our lower bound for P the contribution from n; > C'is acceptable for
Proposition 1.6.3. It follows that

Bi(M,N) < 0°P(MN)% + 3 3 S pno)a(mngny)|. (1.6.14)
M<m<2M n1<C [ N<noni<(14+6)N
n1|IT (no,I)=1

We wish to make mn; into a single variable, but before we can do this we need to

separate the variables ny and n;. We achieve this with another short interval decom-
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position. We are reduced to studying

Z Z Z w(ng)a(mnony)| .

G=(1+6°%/2)1 M<m<2M G<n,<(14+65/2)G | N<non1<(1+0)N
j>—1 na |11 (no,1I)=1
G<C

In the sum over ny we wish to replace the conditions N < ngn; and ngn; < (14+60)N by
the conditions N < noG and nyG < (1+0)N, respectively. If non; > N but ngG < N,
then

N < nony < (1+6°*)neG < (1 + 6°/2)N,
and the error in replacing the condition ngn; > N by noG > N is

< (ogC)0~*sup Y pP(m)
G<C
G<n1<(146%/2)G

> i) S aln),

(1465/2)=1N/G<no<(1+65/2)N/G n<3MN
noni|n

We write these three sums as

Z Z Angny (3MN) = Z Z (Mnom (3MN) + Rugn, (3MN)) .

ni  no ni  no

To estimate the remainder term we change variables

Y D |RumBMN)| < ) 7(d)|Ra(3MN),

niy no d

then apply the divisor bound and Lemma 1.3.1. We estimate the main term as we have
before, and find that

Z Z Apgny BMN) < (log MN)O(I)QE’/Q(MN)%JF%O_

niy no

We similarly acquire the condition ngG < (14 60)N. We then change variables mn; —
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m,ng — n to obtain

Bi(M, N) < (log MN)°We32(MN)2+ % + (log MN)§ /2

(1.6.15)
X sup Z 7(m) Z p(n)a(mn)
G0 MG<m<2(1+65/2)MG N/G<?o§()1+9)N/G
n,Il)=1
In order to prove Proposition 1.6.3 it therefore suffices to show that
B(M Ny = S wm)| S u(m)a(mn)
M<m<2M N<n<(1+0)N (1.6.16)
(n,IT)=1
< 8°(log MN)OW(MN)z+3
uniformly in
gl/20/2e < N < /T fr <« MN < . (1.6.17)

Note the slight (inconsequential) difference between (1.6.17) and (1.6.11).

We have removed the small prime factors from n. This will aid us in making m and
n coprime, which in turn will allow us to perform a factorization of our bilinear form
over Z[i]. Before estimating the contribution of those m and n which are not coprime,
however, it is useful to remove the divisor function on m, as it is more difficult to deal

with later. By the Cauchy-Schwarz inequality
BQ<M7 N) < B3<M7 N>1/2B;(M7 N)1/27
where

ByM,N) = 3 | S p(n)a(mn).

M<m<2M |N<n<(1+0)N
(n,I1)=1

Bi{(M,N) := Z 7(m)? Z pu(n)a(mn)|.
M<m<2M N<n<(1+0)N
(n,II)=1
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We bound Bj(M, N) trivially.
Lemma 1.6.5. We have By(M,N) < 0(log MN)**(MN)z+%
Proof. We have the trivial bound
By(M,N)< > P(n) Y a(k)r(k).
d|k
We impose here a more severe condition on U, and therefore N, than (1.6.8). We
require

U>az'? (1.6.18)

which implies N < /2. Stricter conditions than (1.6.18) are imposed later, so there
is no loss in imposing this condition now. We apply Lemma 1.6.4 with £ = 2 to arrive

at

By(M,N)< Y e Y alk)

N<n<(14+0)N e (M N)1/4 k{g:wﬁv
- Z Z 7—(6)8 (M[”ve] (SMN) + R[n,e] (SMN)) .

N<n<(14+0)N e (MN)/4

The contribution from the remainder terms is

< Y > 1| IRBMN)| < (MN)* > [Ry(3BMN)],
d<N(MN)1/4 [n?zﬁ:d d<N(MN)1/4

and since Nz'/* < 2797¢ we may bound the remainder terms with Lemma 1.3.1.
We estimate the main term using the same types of arguments that gave (1.6.13).

We factor n = bd and e = rs to bound the main term by

SLEVLEED SRR VGRS SIS

LKL (MN)/? b<(14+0)N N/b<d<(1+6)N/b
(¢,11)=1 be> (d,0)=1
7(r)®pe([b, ]) 7(s)%pe([d, 5))
> o] 2. R R
[ ’T] [ 73]
r<(MN)/4 s<(MN)L/4
r|ece (s,0)=1

42



Since (ds, ) =1 we have py([d, s]) < 7(|d, s]) < 7(ds) < 7(d)7(s). We write

1 1 1
eI 2

fld
fls

which yields that the main term is

< (MN)l/Z Z Z Z T<T) [Zfigbv T])

e<<(MN)1/2 b<S(1+0)N r(MN)L/4
(¢1m)=1 blf°° rle>
7( 7(s)?
<oy Ty oy
N/b<d<(14+68)N/b fld s (MN)Y/4
fls
< (log MN)? (MN)'/? Z 1400)
(M b<(146)N
(, ) ble=
(r)® e([ r]) T(d)"
« 3 el oy O
r< (MN)/4 ’ N/b<d<(1+68)N/b
r|e>

If b < N2 we use Lemma 1.6.4 with k& = 1 to deduce

T(d)u b 22
O e r DDLU S
N/b<d<(1+0)N/b k< (N/b)1/2 N/b<d§(|;+0)N/b
k
< (log N)** (04 (b/N)~1/?)

< (log N)** (6 + N7Y*) < (log N)**9,

the last inequality following from the lower bound (1.6.2). For b > N'/2 we estimate

the sum over d trivially and change variables n = [b, r] to get

< (log MNP (MN)Y2 3" 1400 > T(n)8737(ln)94(”).

LK (MN)/2 n>N1/2
(¢,IN)=1 n|¢>e
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By Rankin’s trick

Z T(“)sTsén)Pz(n) < N_1/4H <1+§) .

n>‘1271/2 pl¢
n o0

Since ¢ has no small prime factors this last quantity is < N~'/%. We deduce that
BY(M,N) < (log MN)*?0(MN)2+7

as desired. O]

By Lemma 1.6.5 we see that in order to prove (1.6.16) it suffices to show that
Bs(M, N) < 6°(log MN)°D(MN)z+7% (1.6.19)

We are finally in a position where we can make our variables m and n coprime to
one another. Since n is only divisible by primes p > P, if (m,n) # 1 it follows that
there exists a prime p > P with p | m and p | n. Therefore the contribution from those

m and n that are not coprime is bounded by

By(M,N) = Y > pmyamn)| <> > af

M<m<2M |N<n<(1+6)N P<p<(MN)!/2 k&MN
(n,IT)=1 p?|k
(mim)£1

We trivially estimate the contribution from p > (M N)'/1° using the bound a(k)7 (k) <.
(MN). Thus

By(M,N) < (MN)*/0+e 4 %" > af

P<p<(MN)1/10 k<<MN

< 2>

P<p<(MN)/10 4 (MN)1/2 'ff%ﬁ
D

Considering separately three cases (d and p are coprime, p divides d but p? does not,
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p? divides d), we find that

BMN< D, ), ) al

P<p<(MN)Y/10 d(MN)/2 k<KMN

dp? |k
We apply Lemma 1.3.1 to deduce
1 pe(dp?
By(M,N) < (MN)Y2 3" 14(0) = 2 f(d :
LK (MN)/2 P<p§(MN)1/10p d<(MN)1/2
(¢,)=1
<O Y Ly Ly o e
e<<(MN>1/2 e P 0 g )12 P
(m)=1 (d,p)=
pé k+2
< (log MN)*(MN)'? 3y Z Z
z<<(MN)1/2 p>P

(£,11)=1

In going from the second line to the third line we have used Lemma 1.3.3 to bound the
sum over d.

We consider separately the cases (p,¢) =1 and p | ¢:

I

p>P p>P
(pf)=

and

1 & pe(pht?
> = z(pk <<Z < (log ()P

p>P k=0 p>P
p|¢ pl¢

where we have used Lemma 1.3.2 to control the behavior of p,(p**2). It follows that
Bs(M, N) < (log MN)°W(MN)z+% p-!

(1.6.20)

+ Z Z w(n)a(mn)| .

M<m<2M |N<n<(14+0)N
(n,mIl)=1
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In order to prove (1.6.19) it therefore suffices to show that

BN = Y S uatmn)
M<m<2M | N<n<(1+6)N (1.6.21)
(n,mIl)=1
< 0°(log MN)PD(MN)z+?

for M and N satisfying (1.6.17).

1.7 Bilinear form in the sieve: transformations

Now that m and n are coprime we are able to enter the realm of the Gaussian integers.
This is the key step that allows us to estimate successfully the bilinear form B,(M, N)
(see the discussion in [4, Section 5] for more insight on this). Since m and n are coprime

the unique factorization in Z[i] gives

ZZ A(Re(zw)).

lwle |2|?=n

(Re(zw),II)=1

Since (n,II) = 1 we have (2Z,1I) = 1, so in particular z is odd. Multiplying w and z

by a unit we can rotate z to a number satisfying
z=1 (mod 2(1+1)).

Such a number is called primary, and is determined uniquely by its ideal. In rectangular

coordinates z = r 4 is being primary is equivalent to
r=1 (mod 2), s=r—1 (mod4), (1.7.1)

so that r is odd and s is even. We therefore obtain

Bi(M,N) < B(M,N):= > > ) 1a(Re(zm))| -
M<[w2<2M |N<|2[><(1+8)N
(zz,wwll)=1

(Re(zw),IT)=1

46



Here we assume that z runs over primary numbers, so that the factor of Zi does not
occur. Further, the presence of the Mobius function implies we may take z to be
primitive, that is, z = r + is with (r,s) = 1. Henceforth a summation over Gaussian
integers z is always assumed to be over primary, primitive Gaussian integers.

The condition (m,n) = 1 was crucial in obtaining a factorization of our bilinear form
over Z[i], but now this condition has become (ww, zZ) = 1 which is a nuisance since we
wish for w and z to range independently of one another. Because 2z has no small prime
factors, it suffices to estimate trivially the complimentary sum in which (ww, 2Z) # 1.

The arguments of this section bear some semblance to those in [4, Section 5] and
[57, Section 20.4]. The plan of this section is as follows. We remove the condition
(ww, 2Z) = 1 in order to make w and z more independent. With this condition gone

we apply the Cauchy-Schwarz inequality to arrive at sums of the form

> [l aRe(m) | =303 3Tl P La(RelermLa(ie(2m)),

w 21,22

For technical reasons it is convenient to impose the condition that z; and z, are coprime

to each other. The key is again the fact that |2;]* has no small prime factors. Once

this is accomplished, we change variables to arrive at sums of the form

ZZHJ |Z1| |Z2| ZZ].A(el)lA(EQ),

21,22 £1,€2

where /1, {5 are rational integers. The variable w has disappeared, but now there are
numerous conditions entangling z1, zo and the ¢;. Foremost among these conditions is
a congruence to modulus A, which is the imaginary part of Z7z3. The contribution
from A = 0 is easily dispatched, but the estimation of the terms with A # 0 is much
more involved and is handled in future sections.

Let B (M, N) denote the contribution to B; (M, N) from those w and z with (ww, 2Z) #
1. We estimate B} (M, N) trivially and show that it is sufficiently small.

Lemma 1.7.1. With the notation as above, we have

Bi(M,N) < (log MN)*(MN)zt% P,
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Proof. We find

B(MN)< > 10> > Y>> 1

L (MN)L/2 p>P N<r?452<2N M<u?+v2<2M
r2452=0(p) u?4+v2=0(p)
(r,s)=1 ru+sv=~_

Observe that p { rs since 72 + s* =0 (mod p) and (r,s) = 1.

Given fixed ¢, r, and s, we claim that the residue class of u is fixed modulo ps/(¢, p).
Indeed, we see that u is in a fixed residue class modulo s, since ru + sv = £ implies
u =T¢ (mod s). If p | ¢ this gives the claim, so assume p { £. Then v = 5(¢ — ru)

(mod p), which yields
0=u?+v*=u*+ (3)*({ —ru)* (mod p).

We multiply both sides of the congruence by s%, expand out (¢ —ru)?, and use the fact
that 7% + s? = 0(p). This gives

20ru=(* (mod p).

Since /¢ is coprime to p we can divide both sides by ¢, and we can divide by 2r since
p 1 2r. Thus the class of u is fixed modulo p. Since the class of u is fixed modulo p and
modulo s, and since (p, s) = 1, the Chinese remainder theorem gives that the class of
u is fixed modulo ps. This completes the proof of the claim.
If £,r, s, and u are given, then v is determined. The sum over u, v is then bounded
by
M'2(L,p)

<K ——+ 1L
ps

By the symmetry of v and v we also have that the sum over u, v is bounded by

MY2(¢
<MDy
pr

Since 72 + s2 > N, either r > N2 or s > N2, so we may bound the sum over u, v
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MY2 (¢, p)

<<WT+1

We also note that

ZZ 1 < ZT(H)

N<r?+s2<2N n<N
r2+52=0(p) pln
(r,s)=1
Nlog N
< .
p
Therefore
£,
Bi(M,N) < (log N)(MN)'? 3" 14(0) ) ( P ) 4 (log N)>(MN)™/2N.
(<K (MN)L/2 P<pgN p
(1.7.2)
The second term is sufficiently small if N < z'/27¢ which is satisfied if
U > at/?te (1.7.3)
This lower bound supersedes (1.6.18), and implies M > N since M N > fz.
To bound the first term we note that
l, 1 1
> ey Sy < osnr
P<p<KN p p>P p p>P p
pte ple
and this gives the bound
Bi(M,N) < (log MN)*(MN)zt% P,
O
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Lemma 1.7.1 proves that (1.6.21) follows from the bound

By(M,N):= ) Y () la(Re(=w))

M<|w]2<2M [N<|z|?P<(1+6)N
(zz,IT)=1
(Re(zw),IT)=1

< 0°(log MN)PW (M N)H/2H0/2,

We now apply the Cauchy-Schwarz inequality, obtaining
By(M,N)* < MDy(M,N),

where

Di(M,N):= > (=) La(Re(zw))
[lw|2<2M |N<|z|2<(1+6)N

(zz,I1)=1
(Re(zw),II)=1

Note that we have used positivity to extend the sum over w. It therefore suffices to
show that

Dy(M,N) < 8"%(log MN)°D(MN)*N. (1.7.4)

Expanding the square in Dy(M, N) gives a sum over w, 21, and 29, say. As mentioned
above, we wish to impose the condition that z; and 2, are coprime. To do so we first

require a trivial bound. Observe that

Dy(M,N)<Di{(M,N):= > > Y 1aRe(20))14(Re(z)).

[w]2<2M N<|z1|?,|22]2<2N

Lemma 1.7.2. For M > N > 2 we have
DL(M,N) < <(MN) ¥ +(MN)V°N) (log MN)

Proof. We consider separately the diagonal |z1| = |z2| and the off-diagonal |z;| # |22

cases.

50



We can bound the diagonal terms by

D_(M,N) := Z 1.4(0) ZZ 7(r® + s%) ZZ 1.

LK (MN)L/2 N<r?4s2<2N u?+v2<2M
(r,s)=1 ru4-sv=~,

By an argument similar to that which yielded (1.7.2), we bound the sum over u,v by

M1/2 M1/2 M1/2 M1/2
+1, + 1)

<<min< N1/2—|—1<<N1/2.

r

The sum over r and s is bounded by

ZZ 7(r? + 5?) Z 7(n)* < N(log N)?,

N<r24s2<2N n<2N
(r,s)=1

and we deduce that
D' (M,N) < (log N)*(MN)z2t7.
We turn now to bounding the off-diagonal terms with |21| # |z2|. Observe that
A=Az, 2) = % (Zize — 2172) # 0,

since (z1,7%1) = (22,22) = 1. The off-diagonal terms therefore contribute

DLM,N)< 33" 140)1alt) > ) L

£y ba K (MN)/2 N<|z1|?,]22|2<2N
|21 1] 22|
Al(L1z2—L2z1)

We note that the division takes place in the Gaussian integers, and that {129 — 927 # 0
(see (1.7.7) below). Using rectangular coordinates z; = ry + sy, 20 = 73 + iS2, We see

that A = rysy — r9s; and

£1T2 = 627“1 (mod A),
6182 = 6281 (mod A),

where now the congruences are congruences of rational integers. By symmetry we

may assume that f1s9 — fos1 # 0. Given £, 05, 51,82, and A # 0, we see that the
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residue class of r; modulo s1/(s1, s9) is fixed, and then 7, is determined by the relation

A = r185 — 1r981. The number of pairs 71,y is then bounded by

< VNLLs)

S1

Letting 0 = (s1, s2) and s; = 057, so = ds5 (so that (s7,s5) = 1), we see that

DL(M,N)<VN Y 7(6) Y >

SKN1/2 st <<N1/2/5
(S’{ s3)=1

X Z Z fl ]_A gg) (6183 — EQST).

01,02 (MN)/2
l185—L2s7#0

B | =

Observe that |l1s5 — las7| < VMN. We apply Lemma 1.6.4 with k£ = 2 to get

D;(M,N)<<\/N Z ZZ Z ZZ Al1) 1 4(Lo),

SKN1/2 st s N2 /5 51 J<F 01,65 (MN)/2
(s7,85)=1 L1s5=LasT(f)

where F' = (v M N)Y*. Taking the supremum over s; and § gives

DL(M,N) < (logN)’N ) Siz ()Y DY Lalt)la(ty)

si<N' b f<F 01,62 < (MN)Y/2
(s7,83)=1 L1s5=Lasi(f)

for some N, s3 < N'/2. We now write f = gh, s’ = hs with (g,s) = 1. Observe that
(h,s3) = 1. Then the congruence {155 = los7(f) yields the congruences

64, =0 (mod h),
ly =3s5(01/h)  (mod g),

where S is the inverse of s modulo g. We deduce that

D01 N) < 1o M)A S S TR S~ s ) 37 1o,

Gh<F s<N'/h ° 01<X lo<X
hléx L2=v(g)

where X is a power of 10 with X < (MN)Y2 and v = v(h, {1, s, s3) is a residue class.
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We detect the congruence on ¢, with additive characters, and then apply the triangle
inequality to eliminate v (we have already seen this technique in the proof of Lemma
1.5.4). We then drop the divisibility condition on ¢;, obtaining

D!,(M,N) < (log MN)*(MN)"N o) i Fy (g) .

g<F 9 r=1

Reducing to primitive fractions gives

By the divisor bound, a dyadic division, and Lemma 1.5.3, we find this last quantity is

1 Q'+ Fe
17 17
< (log MN) S‘il} (Q23/77—5 + X50/77) < (log MN) <1 T X50/77 | °

Observe that
F = (VAIN)Y* < (VAIN)Y? < (VEIN)/TT s X30/77

which yields
D, (M,N) < (log MN)*(MN)"N.

]

With Lemma 1.7.2 in hand, we can show that the contribution from (zy, z2) # 1 in
Dy (M, N) is negligible. This is due to the fact that (|z;|*,II) = 1. Denoting by 7 a

Gaussian prime, the contribution from (z1, z3) # 1 is bounded by

>N 3TN 1a(Re(z17®))14(Re(2mw)).

PPN [w2<M N |22, |25 |2< 20

7] =l

We break the range of |r|? into dyadic intervals P, < |7|? < 2P, and put w' = wT.
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We observe that

> 1< log 3|

|3

for any Gaussian integer 3, so the contribution from the pairs z1, 2, that are not coprime
is bounded by

< (log MN)?>D} (M P, NP"),
for some P < P, < N. By Lemma 1.7.2 this bound becomes
< (log MN)® ((MN)Y#50/2 + (MN)PNP™).
The second term is satisfactorily small, and the first is sufficiently small provided
V > gl/20/e (1.7.5)

This lower bound for V' supersedes the one in (1.6.2). In order to show (1.7.4) it then

suffices to show that

DM N) = > ST a2 La(Re(21)) La(Re(zm))
[w|2<2M N<|z1]?,|22]2<(146)N
(|21]2|22]2,ID)=1
(21,22)=1
(Re(z1w)Re(z2w),IT)=1
< 08(log MN)°D(MN)* N

(1.7.6)

for M and N satisfying (1.6.17). Since Vz—°() < N < /U we see that (1.7.5) yields
the lower bound on N in (1.6.17).

Now that z; and z5 are coprime we change variables in order to rid ourselves of the
variable w. We put ¢; = Re(z,w) and ¢y = Re(20w), that is,

2w + Zyw = 244,

29 + Zow = 2/5.
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We set A = A(z1,29) = Im(Z122) = 2%(2_122 — 21%Z3), and note that
TwA = 6122 - 6221. (177)

It follows that

Dy(M,N) = SN pllz ) (|22]?) >N La(l1)La(lo).

N<|z1?, \z2|2<(1+9 )N 01,09<+/2(14+60) (M N)/2
(|z1]2 |22, T)= L1 zo=la21 (|A])
(z1,22)=1 |61 20—lo21 |2<2A2 M
(102,11)=1

Observe that the congruence is a congruence of Gaussian integers.
The contribution from A = 0 is bounded by

S DR Y G!

|21]2,|22|2< N £ (M N)1/2
Im(z722)=0

since if A = 0 the triple (21, 22, ¢1) determines /5. The summation over ¢ is bounded
by O((MN)"/2). Writing 2, = 7 +is and 2, = u + 7, we may bound the sum over

21, 22 by
YD 1<) r(ro) < Nlog? N.
rowN1/2 S’u<<—le,/2 ru N1/2

Thus

D}y < (log N)2(MN)™/2N,
and this is acceptable for (1.7.6) since M N > Ox. It therefore suffices to show that
Dy(M,N) < 0*®(log MN)°D(MN)*N, (1.7.8)

where D3 is Dy with the additional condition that A # 0.
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1.8 Congruence exercises

Our next major task, which requires much preparatory work, is to simplify D3 by
removing the congruence condition entangling z1, 2o, £1, and ¢5. To handle the condition
l1z9 = Uz (mod |Al), we sum over all residue classes b modulo |A| such that bz = 29
(mod |A|). Then, with ¢; fixed, we sum over {5 = bf; (mod |A|).

A key point is that since z; and 2z, are coprime, b is uniquely determined modulo

|A|. That is,

> o1=1

el ]
To see this, note that we only require (z1,|A|) = 1. Now, if 7 is a Gaussian prime
dividing z; and |A|[, then the congruence condition on b implies 7 | z2, which contradicts
the fact that z; and 25 are coprime Gaussian integers.
One problem we face is that the congruence ¢, = bf; (mod |Al) is not a congruence
of rational integers. If we write b = r + ¢s, then we see that the Gaussian congruence

(5 = bl (mod |Al) is equivalent to the rational congruences

ly =7 (mod |A|),
sty =0 (mod |A]).

If we can take ¢; to be coprime to |Al, then this implies s = 0 (mod A). As s is only
defined modulo A we may then take s to be zero, which implies b is rational.
Lastly, with a view towards using the fundamental lemma to control the condition

(¢, 11) = 1, we anticipate sums of the form

> 14(0).

b (modd)
If we can ensure that b is coprime to |A|, then the first congruence implies ¢5 is coprime
to |A| (recall we are assuming for the moment that (¢1,|A|) = 1). Taking the first and
second congruences together we see that (d,|A|) = 1, so that the set of congruences
may be combined by the Chinese remainder theorem into a single congruence modulo
d|A|. We can take b to be coprime to |A| by imposing the condition (z22, |A]) = 1.

Actually, we saw above that z; is already coprime to |A|, so we only need to make z,
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coprime to |A].

One technical obstacle to overcome is that the set A is not well-distributed in residue
classes to moduli that are not coprime to 10. Since we have essentially no control over
the 2- or 5-adic valuation of |A|, we need to work around the “10-adic” part of |A|
somehow.

We begin by removing those |A| that are unusually small (see [8, (17)] and the
following discussion for a similar computation). Since A = Im(Z12,) and |z| < N2,
we expect that typically |[A| ~ N, and perhaps that those |A| that are much smaller
than N should have a negligible contribution.

Lemma 1.8.1. The contribution to Dz from |A| < 08N is
< 0®(log N)>(MN)™N.

Proof. We estimate trivially the contribution from |A| < ™ N. By the triangle in-
equality, this contribution is bounded by

Dy(M,N) := Y > i) > La(t),

N<|z1|%,]222<(14+0)N  b(|A]) 1< (MN)L/2 £2=Re(b)t1(|A])
(21,22)=1 bz1=22(|Al) (1.8.1)
0<|A|<OIEN

where (1.8.1) denotes the condition

0y — 0,22

< 0¥ (MN)V2, (1.8.1)
21

Observe that (1.8.1) forces £ to lie in an interval I = I({;, 23, 2») of length < cf'8(M N)'/2,
for some positive constant c.

We use the “intervals of length a power of ten” technique we deployed in analyzing
(1.4.17) (see (1.5.4)). Let Y be the largest power of 10 satisfying ¥ < 0¥(MN)V2
and cover the interval I with subintervals of the form [nY, (n+1)Y), where n is a non-
negative integer (observe that we require only O(1) subintervals to cover I). Recalling
from the proof of Lemma 1.5.4 that we argue slightly differently depending on whether

ag is zero or not, we have

> Lall) < ) 1a(n) > 14(t),

La=Re(b)¢1(|A]) nes(I) 5(a0)Y/10<t<Y
(1.8.1) t+nY =Re(b)¢1 (|A])
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where S([) is some set of integers depending on /. We detect the congruence condition
via additive characters, and separate the zero frequency from the nonzero frequencies.
On the nonzero frequencies we apply inclusion-exclusion and then the triangle inequal-
ity so that ¢ runs over an interval of the form ¢t < Y/10 or ¢t < Y. This application of

the triangle inequality also removes the dependence on n, b, and ¢;. It follows that

|Al-1

Z 1a(ly) < m(e MNY® + | (O™ VIN Z fx <|A|>

|A
£a=Re(b)t1(|A])
(1.8.1)

where X is a power of 10 with X < Y.
The contribution D3 (M, N) to D3(M, N) coming from the first term here is

Dio(M,N) < 0" (MN)Y* Y~ L > > 1.

A
0<|A|<OE N ‘ ’ N<|21|2<(14+0)N N<|z2|2<(1+6)N
Im(z122)=A

Let z; = r +is with (r,s) = 1. Since r? + s> > N this implies rs # 0. Let 29 = u + iv,
and note that Im(Z7z9) = rv—su. Let (ug, vo) be a pair such that rvg — sug = A. Then

for any other pair (u1,v;) such that rv; — su; = A, we have
r(vy —vg) — s(ug — ug) = 0.

Since r and s are coprime, we see that v; — vy = ks for some integer k, and u; —ug = fr
for some integer ¢. As rs # 0 we find that £ = ¢, and thus u; + vy = ug + vy + k2.
Since |2z1| < |2| < N2, it follows that the number of choices for 2y, given A and zy,
is O(1), and therefore

Dy o(M,N) < 6" (log N)(MN)"N < 6'*(log N)(MN)*N.

We now turn to bounding the contribution of the nonzero frequencies Dy (M, N).
Arguing as with Dj (M, V), we deduce that

d—1
D} (M,N) < 6" (MNyoN 3" %ZZ Fy (g) .

d<f18N = r=1

o8



We reduce to primitive fractions and perform dyadic decompositions to obtain

Di (M, N) < 0¥ (log N2 (MN)*N sup —Z > FX( )
' Q<o NQq<<Q(bq

By Lemma 1.5.3,

b 1 Q 9N
Z ( ) < Q23/77 X50/77 <1+ —m X50/77° (1.8.2)

q :

We wish for the quantity in (1.8.2) to be < 1, so it suffices to have N < 2%/7~¢ and

this in turn requires
U > x2/TTe, (1.8.3)

The constraint (1.8.3) replaces (1.7.3), and is the last lower bound condition we need
to put on U. We deduce that the total contribution from |A] < §'¥N is

< Dy(M,N) < 0"(log N)>(MN)™N,

as desired. 0

We make now a brief detour to discuss our restrictions on N, U, and V. With the
upper bound on UV from (1.6.2), our lower bound for V' (1.7.5), and our lower bound
for U (1.8.3) in hand, there are no more conditions to put on U or V, and the range
of N in (1.6.17) is now clear. For these constraints to be consistent with one another

it suffices to have

U= z%, V =P,

52_ 1 Yo o

ﬁ—0.675...<o¢<% (2 2)-0.931..., (1.8.4)
I

— — — =10.0228. — Q.
5 5 LB <«

Note that (1.8.4) is consistent with the specific choice we made in (1.6.3).
Let us return to estimations. With Lemma 1.8.1 we have removed those moduli
|A| that are substantially smaller than expected, and we now proceed with our task of

making b a rational residue class. We saw above that it suffices to impose the condition
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(¢1,]A]) = 1. We expect to be able to impose this condition with the cost of only a
small error since (¢1,1I) = 1. Indeed, it is for this step alone that we introduced the
condition (¢,II) = 1 at the beginning of the proof of Theorem 0.1.1.

We estimate trivially the contribution from (41, |A]) # 1. By the triangle inequality,

it suffices to estimate

DY(M,N) =Y > ) DD talt) D lall),

p>P N<‘Zl|2 |Z2‘2<(1+9)N bz1= zg(‘AD <X lo< X
(z1,22)= pla £2=Re(b){1(|A])
pllA|

where X is a power of 10 with X =< (MN)Y2. As has become typical, we introduce
characters to detect the congruence on ¢, and then apply the triangle inequality to
eliminate the dependence on b,¢;. We also apply additive characters to detect the

congruence on {1, obtaining

Dy(M,N) < (MN)* }° > ]ﬁi&( )ZFX(\N)

P<p<N N<|21|?,|22|?<(14+0)N
(z1,22)=1
pllA|

By Lemma 1.5.2 we find
P
EZFX (%) & p T 4 X IITT o y=50/TT

the last inequality following since N < M. Thus

d
DY(M,N) < (MNY*N 3" p=2/7 %" éZFX (g) .

P<pk<N d< N r=1
pld

We separate the contribution of the zero frequency r = d, and find that it contributes

< (log N)(MN) " NP3/,
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For the nonzero frequencies we reduce to primitive fractions, obtaining

IR IED WA (IS SEid DD b SR )

p>P d<<N r=1 p>P d< N qld (a,q)=1
pld pld g>1

«Ti T a(f) T T

q<<N d’<<N/q p>‘P
plg

‘T, ZFX()Z N

q<<N (a,9)=1 d’<<N/q p|>1,3
pld
Here we have written d = gd’ and used the fact that p | gd’ implies p | g or p | d'. We

change variables d’ = pd”, say, and use the bound

50/71
Z 50/77 < (log k)P~

p>P
plk

to obtain

1
Dy(M,N) < (log N)*(MN)° NP~/ Y=~ N Fy (3)
q

q<N q (a,9)=1

< (log N)}(MN)* N pP~50/T7,

The second inequality follows by a dyadic decomposition and Lemma 1.5.3. Thus the
contribution from those ¢; not coprime to |A| is negligible.

Now that b is a rational residue class, it remains only to make b coprime with |A|. It
suffices to make zo coprime to |A| (recall that z; is already coprime to |A| since 21, 29
are coprime). Since z; has no small prime factors this condition is easy to impose. The

details are by now familiar so we omit them. The error terms involved are of size

< (log N*(MN)*°NP~*,
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In order to prove our desired bound (1.7.8), it therefore suffices to study

Dy(M,N):= > > ullalul=f) Y

N<z1)?,|222<(14+0)N bz1=z2(|Al)
(z1Z1227%2,11)=1
(z1|A],22)=1
|A|>018 N
X > 14(61) > 14(05),
£1<+/2(14-6) (M N) /2 £o<A/2(14+0)(MN)/2
(€1,10]A])=1 Lo=bl1(|A))
|A€1227€221|2§2A2M
(fg,H):l
and show
Dy(M,N) < 0*(log MN)°D(MN)"®N. (1.8.5)

Before we proceed further, there is another technical issue to resolve. As mentioned
above, the sequence A is nicely distributed in residue classes to moduli that are coprime
to 10, but things become more complicated if the modulus is not coprime to 10. In an

effort to isolate this poor behavior at the primes 2 and 5 we write
A = Ag|A],

where Ay is a positive divisor of 10 and (]A’|,10) = 1. Note that 2 | A since z; and
2o are primary (see (1.7.1)). By the Chinese remainder theorem we can think about
the congruence {5 = bl1(|A|) as two separate rational congruences, one to modulus Ay
and one to modulus |A’|. Because integers divisible only by the primes 2 and 5 form
a very sparse subset of all the integers, we expect the contribution to Dy(M, N) from

large Ajp to be negligible. We finish this section with the following result.

Lemma 1.8.2. The contribution to Dy(M, N) from Ay > 0728 is
< 0% (log MN)°W(MN)™N.

Proof. The contribution to Dy(M, N) from Ajq > 672 is bounded above by a constant
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multiple of

=22 2 D ) > L),

|21[% |22 PN b(JA]) - £r<X <X
(Z1 ZQ) 1 bzi= Zg(‘A‘) szbKl(Alo)
AT 2=bl1 (|A'])
where X =< (MN)'Y? is a power of 10. We apply additive characters to detect the

congruences, obtaining

Aqg Y
Sbgl kb&
1 7 —
>, L) = OlA,,Z ( Am)Ze( ,M>
la< X k=1
égzbh(Am)
£25b51(|A/|)

We first consider the contribution from & = |A’|. By the triangle inequality, the

contribution from k = |A’| to D} is

AP Am’A" % (Aw)

|21]2, |22 > <N
(21,22)=1
A10>9_28

1
< (MN)VON E ZZ
0~ B<d<N s=1 AT« N

d|10°°

< (log N)(MN)*N )

d>0—28
d|10%°

M=
(]

1
(J50/77°

the last inequality following by Lemma 1.5.2. By Rankin’s trick and an Euler product

computation,

Z d501/77 <<6)28(50/77 1/loglog N) Z d- 1/loglog N <<018(10g10gN)

d>‘9728 d|10°°
d|10%°

Let us now turn to the case in which 1 < k& < |A’| — 1. The argument is a more

elaborate version of the proof of Lemma 1.5.5. Arguing as in the case k = |A’| and
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changing variables, this contribution is bounded by

S SE SIS Z (£+3).

t<<N s=1 1<e<<N
£|10%° (e,10)=

Reducing from fractions with denominator e to primitive fractions gives that this last

quantity is bounded by

<<1ogNMN’YONZ ZZ Z ( )

t<<N s=1 1<q<<N (r,q)=1
t10% (¢,10)=

We break the sum over ¢ into ¢ < @ and ¢ > @, where Q) = exp(ey/log N) with £ > 0
sufficiently small. We first handle ¢ > @). Taking the supremum over s and ¢, the

contribution from ¢ > @) is

< (logN)* sup Y = ZFX( >

PER iqen 4
(g,10)=1

We break the range of ¢ into dyadic segments and apply Lemma 1.5.3, which gives that
the contribution from ¢ > @ is

(log N)*
QB/7T

Now we turn to ¢ < . We first show that the contribution from ¢ > T = Q*, say,

is negligible. Interchanging the order of summation,

> 2 TiEa(ie)comE irn(eo)

1<q<Q =1 t>T = r=1 BER S ¥ o1
(q,lO) t|10°o t‘looo
<@ Z 2550/777

t>T

t[10%
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the last inequality following from Lemma 1.5.2. By Rankin’s trick, we obtain the bound

1
Q Z 7550/77 T1/2 - Q

t>T
t]10%°

It therefore suffices to bound

zzzz()-

<@t s=1 1<¢<Q 7 (r,9)=1
t[10°° (¢,10)=1

At this point we avail ourselves of the product formula (1.5.2) for F'. We take U to be
a power of 10 such that ¢ divides U for every ¢ | 10 with ¢t < Q*, and set V = X/U.
Any such t < Q* may be written as ¢ = 2?5 with 225° < Q*. Clearly a,b < @ log Q.
We take U = 10¢ with ¢ = @logQ + O(1), so that

U = Q@logm < QM,
say. Since F'is 1-periodic we obtain

T S T
()
q t q

r
h (2
q

) (5%
) () <)

Observe that V' and X are asymptotically equal in the logarithmic scale since () =
N°@_ We then apply Lemma 1.5.1 to bound each Fy individually, and find

+ | »w | ®»

D, < (log N)*(MN)"°N (918 + exp(—cy/log MN)) : (1.8.6)

O

In light of Lemma 1.8.2 it suffices to show that
Ds(M,N) < 0*¥(log MN)°D(MN)PN, (1.8.7)
where D5(M, N) is the same as D4(M, N), but with the additional condition that

A < 0728,
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1.9 Polar boxes and the fundamental lemma

In this section we remove the congruence condition modulo |A’|, which will simplify
the situation considerably. Not surprisingly, there are several technical barriers to

overcome before this can be accomplished. For instance, the condition
Mlzz — 6221‘2 S 2A2M

entangles the four variables 21, 29, ¢1, and f5. We put z; and 2, into polar boxes in order
to reduce some of this dependence. After restricting to “generic” boxes and removing
as much z; and 2, dependence as we can, we break the sum over /5 into short intervals
in preparation for applying additive characters. We employ the fundamental lemma to
handle the condition (¢s,II) = 1. The error term is estimated as we have done before,
using distribution results for Fy. With the congruence condition modulo |A’| removed,
we can make some simplifications and adjustments in the main term. The last task is
then to get cancellation from the Mobius function in the main term, which we do in
Section 1.10.

We begin with a preparatory lemma.

Lemma 1.9.1. Let exp(—(log MN)'3) < § < L and let C" > 0 be an absolute

constant. Then

Di(M,N) := Y DD 1all)1alty) < 56 (MN)PN.

N<|z1]? |22]?<2N 01t (MN)L/2
(21,22)=1 l122=0221(|A])
(1-C'§)0EN<|A[<(1+C"5)0'8 N
Aqp<o—28

Proof. We begin by handling the congruence condition as we did in imposing the
condition Ajg < 672% in Lemma 1.8.2. We detect the congruences modulo A and |A/|
with additive characters. The nonzero frequencies modulo |A’| contribute an acceptably
small error term, by the argument that led to (1.8.6). For the zero frequency modulo

|A’| we apply orthogonality of additive characters to reintroduce the congruence modulo
AlO- We find

DL(M,N) = (1+0(1)) >N

ZZ A1) L 4(ls).

N<|z1|?,]22|?<2N 81,€2<<(MN)1/2
(21,22)=1 l1z0=l221(A10)
(1-C'§)08 N<|A|<(1+C"5)018 N
Ayp<o—28
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Since
OBN < |A| = Ap|A],
we see that
AP < 78

where J = 08 N. Dropping the congruence condition modulo Ay, it follows that

9—28
Di(M,N) < —— (MN)® >N 1
N<|z1]?,|22]?<2N
(1-C"8)J<|A|<(14+C78) T

<o Y XY

N<r24s2<2N u,vK N1/2
(r,s)=1 (1-C"8)J<|rv—su|<(1+C"6)J

—_

Observe that the conditions on r and s imply rs # 0. Given r, s, and u the number of
vis < 0J/|r|, and given r; s, and v the number of u is < 6.J/|s|. Since max(|r|,|s|) >
N2 we see that

>N 1< 4J.

u,v<<N1/2
(1=C"8)J<|rv—su|<(1+C"8)J

Summing over r and s then completes the proof. O

We now introduce a parameter A = k=1, for some k € N to be chosen. We break the

sums over 21, zo into polar boxes, so that
z€B={weC: R, <w]’<(14+ANR;, §; <arg(w) <5; +2mA}.

Note that N < R; < (14+6)N and 6; = 2mjA for 0 < j < A~! —1 an integer. For such
a polar box, let z(B) := R;e”. The number of polar boxes for z;, 2, is O (A\™*), and

we have the trivial bound

> 1< XN
z€B

Set A(B1,B2) := A(2(B1), 2(B2)). From the lower bound for |A|, we see the polar
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i0;

boxes B, By cannot be too close to one another, in a sense. Writing z; = r;e"”, we

see
|A(21, 20)| = riro| sin(By — 61)] > 618N,
after using the fact that e = cosf + isiné. Since 71,7y < = N2 we have
|sin(By — 61)] > 65,

Recall that 0; = 6;+O(\). If we assume that A < €6'® for some sufficiently small € > 0,

then the sine angle addition formula and the triangle inequality imply
|sin(dy — 01)] > 0.

Thus the angles 41, 02 cannot be too close to each other. Given this fact, we may show

in the same manner that
A(z1,22) = (1+O(N))A(B1,B,), (1.9.1)

where X' = 0718\
We claim it suffices to sum over polar boxes B1, B, such that |[A(By,Bs)| > (1 +

N0 N. Indeed, the sum over polar boxes not satisfying this condition is bounded by

2.2 2.0 L)t

N<|z1?,|z2|*<2N 0 Lo (MN)1/2
(21,22)=1 l122=0221(|A])
(1—C' N0 N<|A|<(1+C/ V)08 N
Ajp<o—28

for some absolute constant ¢’ > 0, and by Lemma 1.9.1 this quantity is < 072N (M N)"° N.
This bound is acceptable for (1.8.7) provided

A < 664,

which we now assume.
The number of boxes intersecting the boundary of {z : N < [z|*> < (1 +0)N} is
O(A7?). Handling the congruences modulo |A’| and Ay, as in Lemma 1.9.1, we find
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the error made by this approximation is
<K ON(MN)®N,

and this error is acceptable for (1.8.7) since we have already imposed the condition
A < 6%, We therefore have

Ds(M,N) =0 (0" (MN)°N)+ Y 3" Di(B1,B),
B1,B2
|A(B1,B2)|>(1+N)018 N

where

Di(581,Bs) : ZZ pllz1 )] 22?) Z

21€81,20€B9 bz1=2z2(|Al)
(Z15225»H)=1
(21]Al,22)=1
A1p<o~28

X > 14(6,) > 14(65).
£1<+/2(146) (M N)1/2 £2<4/2(14-0) (M N)1/2
(41,II)A)=1 La=bl1 (|A])
|€122752z1|2§2A2M
(£2,11)=1
Observe that D;(B1,B,) depends on M and N, but we have suppressed this in the

notation. It therefore suffices to show that
D1(B1,By) < 08(log MN)PWNH(MN)*P N (1.9.2)

uniformly in B, and B,.
We now work to make the condition |¢;z5 — €521|* < 2A%M less dependent on z; and

z5. We can rearrange to get the condition

1/2
g, b2 ol )M (1.9.3)
21 |Zl|
We wish to replace (1.9.3) by
1/2
0, - b2 f'A(%l’%”M . (1.9.4)
2 [2(B1)]
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Since

\A(ZLZQ)\MI/Q

| 1]

|A(B1,B,) | M2
2(B1)| ’

=(1+0\))
we see it suffices to bound the contribution from those /5 that satisfy

[, — 0

(1-CN)K <
21

< (1+CX)K, (1.9.5)

where

|A(B1, By)| M2
K = \/§
2(%B1)]

and C' > 0 is a sufficiently large absolute constant.

We claim that (1.9.5) places ¢ in a bounded number of intervals (depending on
(1,21, ) of length < (X)¥/2J. For notational simplicity, write A = (1 — C\)K and
B = (14 CX)K. Then (1.9.5) gives

A< |l — (u+iv)| < B
for some real numbers u,v. Since {5 is real, we obtain by squaring and rearranging
A? —0* < (by —u)® < B* — %

There are two cases now to consider: v > A and v < A. If v > A then A% —v? <0,

and the lower bound is therefore automatically satisfied. We therefore obtain

|6, —u| < VB2 =2 < VB2 - A < (N)'?K.
Now suppose that v < A. Then

VA2 =02 < |ly —u| < VB? —0v?

and thus ¢, is in two intervals of length < /B2 — 02 — /A2 —v2 + 2, say. We then

have
B2 _ AZ B2 _ AQ

2 02 _ 2 2 — 2 _ A2
VB —v? — VA v—\/BZ_UZ_I_\/AQ_UQS\/BZ_UZS\/B A2,
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and this completes the proof of the claim.

We now bound the contribution of those ¢, satisfying (1.9.5). At this point we should
have enough experience to see how we should proceed. We let Y be the largest power
of 10 satisfying Y < (N)2K, and cover the intervals (1.9.5) with subintervals of the
form [nY,nY +Y), n > 0 an integer. The number of subintervals is O(1). We can
reduce to summing the indicator function 14(¢) over 0 < t < Y, and then deal with
the congruence modulo |A| by considering it as a congruence modulo |A’| and Ajy. We

obtain a bound of
< 7N 2N\ MN)ON,
and this is acceptable for (1.9.2) provided \ < 63, We set
A=< 613,
We now have the conditions

Uy < \/2(1 4+ 60)(MN)Y?,
|A(By,By)| M2
SVELm

512’2

‘fz (1.9.6)

21

Uy = bl (A])

on /5. Recall that the congruence is a congruence of rational integers. To handle the
first two conditions we perform a short interval decomposition. Let Y be the largest

power of 10 which satisfies

[A(B1,B,) | M2

Y <A
- |2(B1)]

We cover the interval o < 1/2(1 + 0)(M N)'/? with subintervals of the form [nY,nY +
Y'), as we have done many times before. For the subintervals that intersect the bound-
ary of the second condition of (1.9.6) we obtain acceptable contributions. The sum

over /5 has therefore become

Z Z 1-/4(62)7

nez nY <lo<nY+Y
n€S(€1,21,22) La=bl (|A])
(¢2,11)=1
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for some set S((1, 21, z2) of size O(A\71).
We handle the condition (¢, II) = 1 using the fundamental lemma. Let

D=2 202220

z€B; b(|A]) &1 n

be the sum we wish to bound (up to acceptable errors, ¥ is D(B,,By) with the
condition (1.9.3) replaced by (1.9.4)). We partition ¥ as

S=Y, 4+,

where in 3, we sum over those 21, 23 such that u(]z1]?)p(|22]?) > 0, and in ¥_ we sum
over those 21, 29 such that u(|z1|*)u(|22?) < 0. We get an upper bound on X using

an upper-bound linear sieve of level D

L, m=1 < 1,,10= Z Ay

d<D
d|TI/10
d|ly

and a lower bound on Y _ using a lower-bound linear sieve of level D

L, m=1 = 1(es,10)= Z A

d<D
d|Ti/10
d|fs
where D is chosen shortly (see (1.9.8)). This yields an upper bound on . Reversing
At and A\~ we get a lower bound on Y, and we show that these bounds are the same

asymptotically. Thus, for some sign ¢, it suffices to study

SEe= > Y D )\izzz > 1alt). (1.9.7)

2;€B; d<D b(|A]) n nY<b<nY+Y
pu(lza®)p(lz2l?)=e  dlll £2=bl1 (JA])
(d,10|A])=1 £2=0(d)
(¢2,10)=1

Observe that we have suppressed several conditions in the notation, but these condi-
tions are not to be forgotten.

We write the congruence modulo |A] as two congruences modulo Ay and |A’|, and
then use the Chinese remainder theorem to combine the congruences modulo d and |A|

into a congruence modulo d|A’|. Considering separately the cases ag # 0 and ay = 0
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and then applying inclusion-exclusion if necessary, we can reduce to having the sum
over {5 be a sum over 0 < t < Y’ where Y/ =Y or Y/ = Y/10. Applying additive
characters, the sum over ¢y in (1.9.7) becomes a linear combination of a bounded

number of quantities of the form

'Z > ey
d|A'| dw = Ada)
t+nYEbf1(A10)

(t,10)=1)

where v = v(z, 29, 1,n) is some residue class. The term f = d|A’| supplies the main
term, which we discuss later. For now we turn our attention to the error term EfE,
which comes from 1 < f < d|A’| — 1. The argument is similar to that which gave
(1.8.6) in Lemma 1.8.2.

We apply additive characters to detect the congruence modulo A;g, apply Mobius
inversion to trade the condition (¢,10) = 1 for congruence conditions, and then apply
additive characters again to detect these latter congruence conditions. We then apply

the triangle inequality to eliminate the dependencies on ¢1,b, and n. We obtain

d|A'|-1 Aip
sh< e Y Y
d<D |A/| <<N =1 Ap<6=22 0 g=1 h|10 k=1
(d,10)= (|A’|10) A10|10°°
d\A’|>1
f
(gt X X
d|A | AlO 21€95, 22€B2

Im (2122)*A10A/

< MMN)Y°N Y %; Z ZZZFY'( +A—10+:)

1<d<DN A10<6~ 22 g=1 h|10 k=1
(dvlo):]- A10|10°o

The second inequality follows, among other things, by changing variables d|A’| — d.

We reduce to primitive fractions to obtain

1<g<DN r=1 Ajp<6~22
(q,10)=1 (ra)=1" Ajg10%
A10 k
><— . _+_+_).
D909 DLLY (S AR,

g 1 h|10 k=1



We choose
D := gl/loslosz, (1.9.8)

so that DN < 2%/77=¢, We estimate the contribution from ¢ > @ = exp((log M N)/?)
using the divisor bound, dyadic decomposition and Lemma 1.5.3. For ¢ < @) we first
use the product formula for Fy- to eliminate 3% -+ E? and then use Lemma 1.5.1.

Let us now turn to the main term we alluded to above. We reverse the transition
from ¢, to ¢, and then undo our short interval decomposition. Up to acceptable error

terms, the main term is then given by

TR 5 SR S

2 €B; d<D
|z ?)n(l22]?)=¢ dIl
(d,10]A])=1
> 14() > 14(0y).
£1<+/2(146) (M N)/2 02</2(140)(MN)1/2
(£IA)=1 5221—512’2( )
(1.9.4)
(£2710):

From the fundamental lemma of sieve theory (see (1.5.7), for example) we have

£ () () o

d<D p<P p
d|II pl10|A|
(d,10|A])=1
where
log D

> /logz > +/log M
~ logP
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The error term of (1.9.9) is therefore acceptably small for (1.9.2). We write

() me I
(o (FNIe-) L0

=0 () IL0-3) ooy

and observe that the error term is again acceptable by our lower bound for P. Thus

E:O and X, are asymptotically equal, and up to acceptable error terms we have

1 104
= 22 Pl gy Saan

21E€8B1,290€B2
(z171227%2,I1)=1
(z1|A]22)=1
Ajp<o—28

X > 14(0,) > 14(65).
01<4/2(14-0) (M N)1/2 £2<+/2(146) (M N)1/2
(Z,H|A|):1 laz1=L122(A10)
(1.9.4)
(£2,10)=1

We may use trivial estimations to replace condition (1.9.4) by
|£122 — 6221|2 S 2A(%17 %Q)QM

Further, by trivial estimation we may also remove the conditions (22, |A|) = 1, (21, 22) =
1, and (¢, |A]) = 1 at the cost of an acceptable error. Having removed these conditions,

we then write

1 Al(] A10
=—=14+0N\))——c—
&~ A - O A, w5y
It follows that
1
D1 (B1,B,) = |A(B,B,)| ! 1}3 (1 — F) Dy (B, B2)
P>

+0 (0" (log MN)?WXY(MN)PN)
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where

10|A
Dz(‘Bh’Bz = ZZ |21| |Zz| )Awﬁ

z1 6‘31 z2 6%2
(z1712272,11)=1
Ap<o—28

X >N 14(61)14(6).
01,62<1/2(1+0) (MN) '/
ZgzlEfle(Alo)
|€120—L221 |2<2A(B1,B2)2 M
(1. =1, (£2,10)=1
Recall the lower bound |[A(B1,B,)| > 6™ N. In order to prove (1.9.2) it therefore

suffices to show that

Dy (B1,By) < 0°M\*(log MN)°W (M N)ON?. (1.9.10)

1.10  Simplifications and endgame

We have removed the congruence condition to modulus |A’|. From this point onwards
our estimates are more straightforward, since we do not have to work with congruence
conditions on elements of A to large moduli.

Recall that our goal is to use the cancellation induced by the Mé&bius function to
show that D, is small. We do not need to perform any averaging over ¢; and /5, so
we reduce to considering a sum over z; and z,. After some manipulations, including
splitting into more polar boxes to separate z; and 25, we reduce to finding cancellation
when z; and 2z, are summed over arithmetic progressions whose moduli are bounded
by a fixed (but large) power of a logarithm. We detect these congruences with multi-
plicative characters. We can then get cancellation from the zero-free region for Hecke
L-functions, even in the presence of an exceptional zero.

We interchange the order of summation in Dy(B1, Bs), putting the sums over ¢; and
{5 on the outside and the sums over z; and 25 on the inside. With ¢; and /5 fixed, we

then write

2.0 Mo ) 1)

21€81,220€B2 fS9*28 21€B1,290€B9
Aq1p<0—28 f110%° Aro=f
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We can exchange 10|A|/¢(10|Al) for |Al/¢(]A|) by considering separately those f
divisible by 5 and those f not divisible by 5, and pulling out potential factors of
5/o(5) (recall that |A| is always divisible by 2). To show (1.9.10) it therefore suffices

to prove

A
= XY alaPlal) oy < Oor MNPONN (L0
2, €B;
(Jzi]2,10)=1

512251%22220”)
|€122—€221|2§2A(%1,%2)2M
uniformly in f < 672 with f | 10, and £;, s < (M N)Y? with (£,£5,10) = 1. Note
that C depends on 81, B,, (1, {5, and f, but we have suppressed this dependence for

notational convenience.

If n is a positive integer, then

and therefore

c= Y WSS B, (110.2)

10—
512’256222(]0)
A=0(d)
|€1Z2—€2z1|2§2A(%1,%2)2M
We introduce a parameter W, and estimate trivially the contribution from d > W in

(1.10.2). Writing z; and 2, in rectangular coordinates, we see the contribution from
d > W is bounded by

2(d
=" DD B M
W<d< N Y r,s,u,vK N2
rv=su(d)
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If d,r, s, and u are fixed, then v is fixed modulo d/(d,r), which yields

2
Ew < N*? 3~ “(C(Zd > (r,d)+ (log N)N*?
W<d< N r<N1/2

< N2 Z :u ) (log N)2N3/2

d>Ww

< (log W)W’lNQ + (log N)>N3/2,
Setting
W — 9792)\74 — ‘97704

then gives an acceptable contribution for (1.10.1).

The rational congruence A = 0(d) is equivalent to the Gaussian congruence zjzo =
217Z3(2d). Since (zZ;, 1) = 1 and 2d < W, we see that (21Z72272,2d) = 1. We detect
this congruence with multiplicative characters modulo 2d. Since (¢102,10) = 1, we may
also detect the congruence z1fy = 201 (f) with multiplicative characters.

We handle the condition Ajg = f as follows. Write f = 225°. Then Ay = f if and
only if

=0 (mod?2%), A#0 (mod2°),

A
A=0 (mod5’), A#0 (mod5").

These congruences are equivalent to

A =2 (mod 2°*h),
A=52-5"3.5" or4-5° (mod 5""),

and by the Chinese remainder theorem these are equivalent to
A =y, 9,3, or vy (mod 10f),

for some residue classes v;. We therefore write our sum over z; and zy as

))SEEDIHDEND SN I

21,22 mn(10f)  z1=m(10f) z2=n(10f)
Aro=f Im(mn)=v;(10f)
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Observe that the residue classes m, n are primitive since (z;, 1) = 1. We trivially have

S rer

m,n(10f)
Im(mn)=v;(10f)

so to prove (1.10.1) it suffices to show that

> 1) () (|22 ) (z2) < 62N (log MN)?WN? - (1.10.3)

2, €8,
(2>, M)=1
|€120—L221 |2<2A(B1,B2)2 M

uniformly in characters ¢/’ and 1. Here

P(m) = x(m)x(@)¢(m)¢(m),

where y is a character modulo 2d, ( is a character modulo f, and ¢ is a character
modulo 10f. The character ¢’ is given similarly. The bar denotes complex conjugation
and not multiplicative inversion. Observe that 1, v’ are characters with moduli at most
O(d?f?) = O(§~1%61). Taking the supremum over 2y, it suffices to show that

S= > pllz)(z=) < 607N (log MN)°VN, (1.10.4)

22E€B2
(ZQE,H)Zl
(1.10.5)

uniformly in 1, zq, ¢1, and ¢5. The last condition in the summation conditions for § is

ly
Z9 —R1,
%

1/2

1.10.
- (1.10.5)

We see that (1.10.5) forces z; to lie in some disc in the Gaussian integers. Since zo
already lies in a polar box, we need to understand the intersection of a polar box with
a disc.

We introduce a parameter wo. We cover ‘B, in polar boxes, which we call ww-polar

boxes, of the form

R < |zl <(1+w)R,
v < arg(z) <9+ 27w,
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For technical convenience we use smooth partitions of unity to accomplish this. This
amounts to attaching smooth functions g(|z2|?) and q(arg(zz)), where g(n) is a smooth

function supported on an interval
R<n<(14+0(w))R, Rx=N, (1.10.6)
and which satisfies
gV (n) <; (@N)™, j>0. (1.10.7)

Further, ¢ is a smooth, 27-periodic function supported on an interval of length O(w)

which satisfies
¢(a)<; @9, j>0. (1.10.8)

We observe that the boundary of the intersection between By and the disc (1.10.5)
is a finite union of circular arcs and line segments. It is straightforward to check that
the boundary has length << AN'/2. Any w-polar box that intersects the boundary is
contained in a O(wN'/?)-neighborhood of the boundary. We deduce that the total

contribution from those boxes not strictly contained in the intersection is
<L wAN,
and this is acceptable if we set
w = 02\ =< %7,
It follows that

S=0""NN)+ Y > > pllnl)(a)g(lznl)qlarg(z)).

(9,9)€5(21,41,02) (22%2,1T)=1

The number of pairs (g,q) € S(z21,41,05) is < (log N)?w2)\%, so to prove (1.10.4) it

suffices to show that

Spa =Y mllzl)(z)g(lz)alarg(z)) < 67" (log N)PUN  (1.10.9)

(ZQE,H)Zl
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uniformly in ¢ and q.

Our sum S , is very similar to the sum S)'z(ﬂ ) treated by Friedlander and Iwaniec (see
[4, (16.14)]). Our treatment of S, , follows their treatment of S¥(/3) quite closely, and
we quote the relevant statements and results of [4, Section 16] as necessary. Friedlander
and Iwaniec work with characters having moduli divisible by 4, but this is a distinction
without material consequence.

We expand ¢(«) in its Fourier series. From the derivative bounds (1.10.8) we see the

Fourier coefficients satisfy

w

q(h —_—. 1.10.10
By means of (1.10.10) we obtain the truncated Fourier series
gla) =) qh)e" + O(@'H). (1.10.11)
|h|<H
The contribution of the error term in (1.10.11) to S, , is O(NH ™).
We next use Mellin inversion to write g(n) as
(n) 1/A()‘Sd it (1.10.12)
n)=-— s)n”*ds s =0 +it. .10.
g 211 (O,)g ’

As g is supported in the interval (1.10.6) and satisfies (1.10.7), we find that the Mellin

transform g(s) is entire and satisfies

wN°

il i 1.10.1
9s) < 1 (1.10.13)
Applying (1.10.11) and (1.10.12) we obtain
1
= qh)— [ G(s)Z"(s)d NH™! 1.10.14
0= 3 Ay | 3617501+ o), (110.14)

where

)= 3 uN2) (ﬂ) (N2)

(zz,II)=1

and Nz denotes the norm |z|* of 2. Call an ideal odd if it contains no primes over 2
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in its factorization into prime ideals. Since z is odd and primary, there is a one-to-one
correspondence between elements z and odd ideals a, given by a = (z). Omitting

subscripts and superscripts for simplicity, we then have

Z(s)= Y €@)pu(Na)(Na)™,

(a@,IT)=1

where

£(a) = v(2) (2 )

2|

and z is the unique primary generator of a. From the Euler product it follows that
Z(s) = L(s,§) " P(s)G(s),

where L(s, &) is the Hecke L-function

L5, = 3 o

P(s) is the Dirichlet polynomial given by

P = [ (1 - g;g))‘l <1 - f(ﬁ))_l

p<P b’
p=1(4)

where pp = (p), and G(s) is given by an Euler product that converges absolutely and

1
log P

uniformly in o > % + €. In the region 0 > 1 — the inequality p=° < 3p~! holds,

and this gives the bound

1
P(s) < (log P)?, o>1

- . 1.10.15
210 ( )

Let & be the modulus of £ (recall that k < #76%). Then L(s, ) is nonzero (see [4,
(16.20)]) in the region

C
1 - )
— log(k + |+ [t])

except for possibly an exceptional real zero when £ is real. By applying the method of
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Siegel ([4, Lemma 16.1]) one may show that when & is real, L(s, ) has no zeros in the

region

c(e)
ke’

o>1-— 0<e< (1.10.16)

The constant ¢(¢) is ineffective, and for this reason the implied constants in Proposition
1.6.3 and Theorem 0.1.1 are ineffective.

The inequality (1.10.16) allows one to establish ([4, (16.23) and (16.24)]) the upper
bound

L(s,§)™" < k(log(|h| + [t| +3))*

in the region

oc>1-— ()
- ke log(|h] + |t| +3)

For T' > |h| + 3, we set

. c(e) 1
f:=min (k;flogT7 logP) ’
so that in the region o > 1 — 8 we have the bound
Z(s) < k(log(|h] + [t| + N))®. (1.10.17)

We now estimate the integral

1
I :=— 9(s)Z(s)ds. 1.10.1
7 ], 91760 (11018)

We move the contour of integration to

s=1+it, [t|>T
s=1-f+it, |t|<T,

and add in horizontal connecting segments

s =0+ =T, 1-8<o<1.

83



Estimating trivially we find by (1.10.13) and (1.10.17) that

I <o (T + N7P) N(log(N + T))°.

We set T := 3exp(v/Iog N). Recalling that log P < %L VoI e see that

log log x loglog N’

I < (log N)Pm 191404y (exp <—‘3<5>1€\/—?W> + exp (—c\/log—ND (1.10.19)

uniformly in |h| < 2exp(y/log N). We choose H := exp(y/log N), then take (1.10.14)
together with (1.10.19) and sum over |h| < H by means of (1.10.10). Provided € > 0 is
sufficiently small in terms of 0 (take ¢ = e(L), compare (1.6.7)), we obtain the bound

Sg.q e Nexp (—0(6)(10g N)%‘g) : (1.10.20)

The bound (1.10.20) implies (1.10.9), and this completes the proof of Proposition 1.6.3.

1.11 Modifications for Theorem 1.1.1

The proof of Theorem 1.1.1 follows the same lines as the proof of Theorem 0.1.1. We
provide a sketch of the modified argument, and leave the task of fleshing out complete

details to the interested reader.
We let d € {2,3}, and let {ay,...,aqs} C€{0,1,2,...,9} be a fixed set. Denote by A,

the set of nonnegative integers missing the digits aq, . .., a4 in their decimal expansions.
Let 4 logl(();—olod) For Y a power of 10 we define
Fy 4( T Z 15,(n
n<Y

We note that if Y = 10¥ then

k—1
1 )
Fyﬂ(&) = H 10—d Z 1Bd(n1)e(n21019)
1=0 n; <10
k d
1| e - -
:Em—d e(10-19) — ;ea’“lo 2
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We therefore have the product formula
Fyv(0) = Fy(0)Fyv(U0).

The most important task is to obtain analogues of Lemmas 1.5.1, 1.5.2, and 1.5.3
for the functions Fy 4. By arguing as in the proof of [9, Lemma 10.1] it is not difficult

to prove the analogue of Lemma 1.5.1.

Lemma 1.11.1. Let ¢ < Y5 be of the form q = q1q2 with (¢1,10) = 1 and ¢; > 1.

Then for any integer a coprime with q we have

log Y
Fy 4 (E) < exp (—c 08 )
q log q

for some absolute constant ¢ > 0.

It is a little more difficult to obtain the analogues of Lemmas 1.5.2 and 1.5.3. They

will follow from a good upper bound for

sup Z Fyq (% + /3> )

PER a<Y

The key is that we can estimate moments of Fy 4 by numerically computing the largest

eigenvalue of a certain matrix.

Lemma 1.11.2. Let J be a positive integer. Let N\, jq be the largest eigenvalue of the
107 x 107 matriz M, 4, given by

Galar, ... agn), ifi—1=3 1070 j = 1= a0

(Mta)ij = for some aq,...,a5;:1 €40,...,9},
0, otherwise,
where
1 (e (D107 +10y) —1
Ga(to,...,ty) == sup 104 - :
lyl<t0—7/=1 VT e <Zj:0 ;10771 + 7) -1

J
— Z e (Z athlo_j_l + am) .

r=1 7=0
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Then

a t
Z Fiok g (1—0k> Ltgd ANy

0<a<10%

Proof. Following the proof of [9, Lemma 10.2], we find that

=1

where t; = 0 for j > k. Maynard proceeds at this point using a Markov chain argument,
but we give here a different argument due to Kevin Ford (private communication).
Write M, 4 = (m;;);; (we suppress the dependence on d for notational convenience),

where m;; is zero unless

i—1=as+asl0+---+10"a,,
j—1=a;+10ay +---+10"ta,

for some digits aq,...,a;. Thus

k _
Mtd ij = E M3y My yig = " My _q 55

Ulgeesll—1

where the product is nonzero only if

j—1=a;+10ay+---+10" " a,
g1 — 1 =as + 10ag + - -+ 107 a4,

il —1= ap + 10(1k+1 + -+ 10J_1ak+J_1,
1— 1= Ak+1 + 10ak+2 + -+ 10J_1ak+J.

Fixing ¢ = 1, so that a1 = --- = ay.x = 0, and summing over j we obtain
k t
Z(Mt,d)l,j - Z Galay, ... az1)"+ Glag, ... arsg)' = Z Fiorq (10k> :
J A1,.50k 0<a<10%

One may then use the Perron-Frobenius theorem to obtain the conclusion of the lemma.
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]
The following is a consequence of Lemma 1.11.2 and some numerical computation.

Lemma 1.11.3. We have

sup ZFYd (ﬁ—l— )<<Yad

PER a<Y
and
1
/ Fyq(t)dt < Y~ 1toa,
0
where
54 99
Qg = ——, a3 = ——.
125 200

Proof. We use bounds on Aj 22 and A 2 3. By numerical calculation? we find
Ao < 1077

for all choices of {ay,as} C {0,...,9}, and
Aoz < 10200

for all choices of {aj,as,a3} C {0,...,9}. By the argument of [9, Lemma 10.3] this
then yields

sup ZFYd (6 + ) K Y,

BER a<Y

To complete the proof we observe

1

/FYd t)dt = Z/%YFW dt = /Y ZFYd )d

0<a<Y 0<a<Y

< Yﬁ sup Fyyd (— + ﬁ) < Yﬁl+ad.
BER LKZY Y

[
2Mathematica(®) files with these computations can be found at https://arxiv.org/abs/1806.02699.
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We note it is crucial for the proof of Theorem 1.1.1 that ay < % For d > 4 there

exist choices of excluded digits which force ay > %

Lemma 1.11.4. We have

sup Z

Fyq <g+ﬂ)' <L ¢+ d

BER =7 Yl-aa’
a N Q2
w3 3 | (§8) | <o g
BER 1<Q 1<a<q q

(a,q)=1
Proof. We use the large sieve argument of [9, Lemma 10.5] with Lemma 1.11.3. ]

Let us now give a broad sketch of the proof of Theorem 1.1.1. We proceed as in the
proof of Theorem 0.1.1, only we use Lemma 1.11.4 instead of Lemma 1.5.2 or Lemma
1.5.3.

Our sequence

Z Z 1.Ad(€)

m2402=n
(¢,11)=1

has level of distribution
D <z,
and we have an acceptable Type II bound provided
pr I« N« grlmea—, (1.11.1)

(Compare (1.11.1) with (1.6.11).) Since

1 L v
—(1— —|l-—=]>1-
p(1-ad) <2 2 ) T
there exists an appropriate choice of U and V' in Vaughan’s identity (1.2.1) (compare
with (1.8.4)).
At various points in the proof of Theorem 0.1.1 we had to perform a short interval
decomposition in order to gain control on elements of A in arithmetic progressions

(see the arguments in Section 1.5 leading up to Lemmas 1.5.4 and 1.5.5). The short
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interval decomposition depended on whether or not the missing digit was the zero
digit. In the case of Theorem 1.1.1 one argues similarly, and finds that the short

interval decomposition depends only on whether 0 € A,.
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CHAPTER 2

AVERAGE NONVANISHING OF DIRICHLET
L-FUNCTIONS AT THE CENTRAL POINT

2.1 Mollification, and a sketch for Theorem 0.2.1

In this chapter! we prove Theorem 0.2.1. We give an overview of the proof technique
before getting into the actual details.

The proof of Theorem 0.2.1 relies on the powerful technique of mollification. For each
character y we associate a function (), called a mollifier, that serves to dampen the

large values of L(3, x). By the Cauchy-Schwarz inequality we have

D o=
‘ ~ Z Z (2.1.1)

1
qu Z X(Q) §’X X)} =Q (iC 3
20X

The better the mollification by v, the larger proportion of nonvanishing one can deduce.

It is natural to choose () such that

2
,X) ()

wl»—\

Since L (%, X) can be written as a Dirichlet series

( ) ZX%, (2.1.2)

'First published in Algebra & Number Theory in volume 13 (2019), no. 1, published by Mathemat-
ical Sciences Publishers. (©) Copyright 2019 Mathematical Sciences Publishers. All rights reserved.
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this suggests the choice

~3 F 2 (2.1.3)
<y

We have introduced a truncation y in anticipation of the need to control various error

terms that will arise. We write y = @Y, where § > 0 is a real number. At least

heuristically, larger values of 6 yield better mollification by (2.1.3). Iwaniec and Sarnak

[30] made this choice (2.1.3) (up to some smoothing), and found that the proportion

of nonvanishing attained was

0

—_— 2.14
1446 ( )

When 6 = 1 we see (2.1.4) is exactly 5, so we need ¢ > 1 in order to conclude Theorem
0.2.1. This seems beyond the range of present technology. Without averaging over
moduli we may take 6 = 5 — ¢, and the asymptotic large sieve of Conrey, Iwaniec, and
Soundararajan [58] allows one to take # = 1 — ¢ if one averages over moduli. This just
falls short of our goal.

Thus, a better mollifier than (2.1.3) is required. Part of the problem is that (2.1.2)
is an inefficient representation of L (%, X)- A better representation of L (%, X) may be

obtained through the approximate functional equation, which states

( ) 3 x(n ; N &Zl) (2.1.5)

e N2 n2

n<q

Here €(x) is the root number, which is a complex number of modulus 1 defined by

> x(he (g) : (2.1.6)

h(mod q)

e(x) =

]
l\.’)\»—t| =

Inspired by (2.1.5), Michel and VanderKam [45] chose a mollifier

Z’“‘ ) 42 Z“ 2? . (2.1.7)

<y <y

We note that Soundararajan [59] earlier used a mollifier of this shape in the context of

the Riemann zeta function.
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For y = %, Michel and VanderKam found that (2.1.7) gives a nonvanishing propor-

tion of

20
1426

(2.1.8)

Thus, we need 0 = l + ¢ in order for (2.1.8) to imply a proportion of nonvanishing
greater than 1. However the more complicated nature of the mollifier (2.1.7) means
that, without averaging over moduli, only the choice § = 2 — ¢ is acceptable [32].

As we allow ourselves to average over moduli, however, one might hope to obtain
(2.1.8) for 0 = % + e. Again we fall just short of our goal. Using a powerful result
of Deshouillers and Iwaniec on cancellation in sums of Kloosterman sums (see Lemma
2.4.1 below) we shall show that § = % — ¢ is acceptable, but increasing 6 any further
seems very difficult. It follows that we need any extra amount of mollification in order
to obtain a proportion of nonvanishing strictly greater than %

The solution is to attach yet another piece to the mollifier ¥(x), but here we wish for
the mollifier to have a very different shape from (2.1.7). Such a mollifier was utilized

by Bui [31], who showed that

3 3 AR w1

10g q be<y

is a mollifier for L (1, x). It turns out that adding (2.1.9) to (2.1.7) gives a sufficient
mollifier to conclude Theorem 0.2.1.
One may roughly motivate a mollifier of the shape (2.1.9) as follows. Working

formally,

1 LX) () u(s)x(s)p(v)x(v)
[0 IEVIOX ZZZ %

7,8,V TSU)
10g7’ X (r)p(s)X(s)p(v)x(v)
~ Z;Z log q (rsv)%
(1 log) (u)x () p(v) x(v)
logq Z Z uv)% '

One might wonder what percentage of nonvanishing one can obtain using only a
mollifier of the shape (2.1.9). The analysis for Bui’s mollifier is more complicated, and

it does not seem possible to write down simple expressions like (2.1.4) or (2.1.8) that
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give a percentage of nonvanishing for (2.1.9) in terms of #. If one assumes, perhaps
optimistically, that averaging over moduli allows one to take any # < 1 in (2.1.9),
then some numerical computation indicates that the nonvanishing percentage does not
exceed 27%, say.

We remark that, in the course of the proof, the main terms are easily extracted and
we have no need here for the averaging over moduli. We require the averaging over
moduli in order to estimate some of the error terms.

The structure of the remainder of the chapter is as follows. In Section 2.2 we re-
duce the proof of Theorem 0.2.1 to two technical results, Lemma 2.2.3 and Lemma
2.2.4, which give asymptotic evaluations of certain mollified sums. In Section 2.3 we
extract the main term of Lemma 2.2.3, and in Section 2.4 we use estimates on sums of
Kloosterman sums to complete the proof of this lemma. Section 2.5 similarly proves
the main term of Lemma 2.2.4, but this derivation is longer than that given in Section
2.3 because the main terms are more complicated. In the final section, Section 2.6,
we bound the error term in Lemma 2.2.4, again using results on sums of Kloosterman

sums.

2.2 Proof of Theorem 0.2.1: first steps

Let us fix some notation and conventions that shall hold for the remainder of the
chapter.

The notation a = b(¢g) means a = b (mod ¢), and when a(q) occurs beneath a sum
it indicates a summation over residue classes modulo q.

We denote by € an arbitrarily small positive quantity that may vary from one line
to the next, or even within the same line. Thus, we may write X2¢ < X¢ with no
reservations.

We need to treat separately the even primitive characters and odd primitive char-
acters. We focus exclusively on the even primitive characters, since the case of odd
characters is nearly identical. We write SF (g for a sum over even primitive charac-
ters modulo ¢, and we write ¢ (q) for the number of such characters. Observe that
¢ (q) = 3¢"(a) + O(1).

We shall encounter the Ramanujan sum ¢,(n) (see the proof of Proposition 2.4.2),
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defined by

an
cq(n) = Z e (—) :
q
a(q)
(a,q)=1
We shall only need to know that ¢,(1) = u(q) and |c,(n)| < (¢,n), where (¢,n) is the
greatest common divisor of ¢ and n.

We now fix a smooth function ¥ as in the statement of Theorem 0.2.1, and allow all
implied constants to depend on ¥. We let ) be a large real number, and set y; = Q7
for i € {1,2,3}, where 0 < 6; < % are fixed real numbers. We further define L = log Q.
The notation o(1) denotes a quantity that goes to zero as () goes to infinity.

Let us now begin the proof of Theorem 0.2.1 in earnest. As discussed in Section 2.1,

we choose our mollifier ¥)(x) to have the form

Y(x) = Ys(x) + ¥B(X) + Ymv(X), (2.2.1)

where

rs(x) = u(f) P, (10g(y1/f)) ’

<o (2 log y1
_ 1 A@)p(e)x(b)x(c) ,, (log(ya/bc)
g = 7 303 SEEE (FBl), 2y
_ () S HOX) f, (log(ys/0)
Yav(x) = €(X) Z /: Py < log v ) :

The smoothing polynomials P; are real and satisfy P;(0) = 0. For notational conve-

nience we write

log y;

P () ppy

There is some ambiguity in this notation because of the y;-dependence in the polyno-

mials, and this needs to be remembered in calculations.
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Now define sums S; and S5 by

BRIOEPICORY

x@ (2.2.3)
q q +
Sp=>_ T (—) — L
- Q/ vla) <=
We apply Cauchy-Schwarz as in (2.1.1) and get

Zw( >% S 12‘;—3 (2.2.4)

x(q)
Lo

The proof of Theorem 0.2.1 therefore reduces to estimating S; and S;. We obtain

asymptotic formulas for these two sums.

Lemma 2.2.1. Suppose 0 < 01,05 <1 and 0 < 63 < % Then

Sy = ( (1)+P3(1)+92P2 )qu( )% (q),

where
Polx) = / Py(u)du.
0

Lemma 2.2.2. Let 0 < 61,92, 93 < % with 6y < 91,(93. Then

Sy = <2P1(1)P3(1) + P3(1)* + 013/ Pi(z) dCC—i-I{‘I—)\—f—O(l))

where

/@:302133(1) »(1 )—202/0 5 () Ps(x)dx
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and

1—2x)

A= P12+ 911/ Pl(2)dz — 0,7, (1) P ()+292/01 (1—92(9—1) Py(x)dz

+ Zl P (1 _ %ﬂ) Py(w)da + 02 /01<1 ~ o) Py(x)da

0 / egN 2 02
N ez - BRap 2 [ Py
2 Jo 4 4 J

Proof of Theorem 0.2.1. Lemmas 2.2.1 and 2.2.2 give the evaluations of S; and S, for
even characters. The identical formulas hold for odd characters. Theorem 0.2.1 then
follows from (2.2.4) upon choosing 0; = 05 = %, Ay = 0.163, and

Pi(z) = 4.86x + 0.292% — 0.962° + 0.974x* — 0.172°,
Py(z) = =3.11z — 0.32% 4+ 0.872% — 0.18z* — 0.532°,
Ps(z) = 4.86x + 0.062%.

These choices actually yield a proportion?
> 0.50073004 .. .,

which allows us to state Theorem 0.2.1 with a clean inequality. [

We note without further comment the curiosity in the proof of Theorem 0.2.1 that
the largest permissible value of 6, is not optimal.

We can dispense with S quickly.

Proof of Lemma 2.2.1. Apply [31, Theorem 2.1] and the argument of [45, Section 3],
using the facts L = logq + O(1) and y; = ¢%+°W, ]

The analysis of S5 is much more involved, and we devote the remainder of the paper
to this task. We first observe that (2.2.1) yields

[ ()P = is(x) + B0 + 2Re {¢is () ¥mv (X) + B0 UMv(X)} + [av (01

2A Mathematica@®) file with this computation can be found at https://arxiv.org/abs/1804.01445.
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By [31, Theorem 2.2] we have

R

x(q)

(X) + ¥s(X)|* = AeT(q) + O (¢L7 '),

where )\ is as in Lemma 2.2.2. We also have

sz Gl

x(q)

(3]
= P3(1)" + 913/ Pj(z)*dz + O(L™'*),

by the analysis of the Iwaniec-Sarnak mollifier (see [31, Section 2.3]).

Therefore, in order to prove Lemma 2.2.2 it suffices to prove the following two results.

Lemma 2.2.3. For 0 < 0,605 < % we have

2o (3) 2 e ()]

x(q)

— (AP + o) T (%) i

() Ymv(X)

Lemma 2.2.4. Let 0 < 0y < 03 < % Then

20 (8) 2 e ()]

q x(q)

(332133(1)13;(1)—02/1P2(1‘)P3 )dx + o(1 )Z‘I’() o(q)7 ¢ (0)

0

) Ymv(X)

2.3 Lemma 2.2.3: main term

The goal of this section is to extract the main term in Lemma 2.2.3. The main term
analysis is given in [45, Section 6], but as the ideas also appear in the proof of Lemma
2.2.4 we give details here.

We begin with two lemmas.
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Lemma 2.3.1. Let x be a primitive even character modulo q. Let G(s) be an even

polynomial satisfying G(0) = 1, and which vanishes to second order at % Then we

have
X m)y(n (mn)

L= —9 mn

‘ ( X) Z Z (mn)z q
where

1 I? (241
Viz)=— (2 : ), G(S)W’safsds. (2.3.1)
2mi Jqy T (Z) s

Proof. See [30, (2.5)]. The result follows along the lines of [47, Theorem 5.3]. O

We remark that V' satisfies V(z) <4 (1+x)~4, as can be seen by moving the contour
of integration to the right. We also note that the choice of G(s) in Lemma 3.3.2 is
almost completely free. In particular, we may choose G to vanish at whichever finite

set of points is convenient for us (see (2.3.6) below for an application).

Lemma 2.3.2. Let (mn,q) = 1. Then

S xmxn) = 5 35 ple)elw)

vw=q
x(a) wlmn

Proof. See [37, Lemma 4.1}, for instance. O

We do not need the averaging over ¢ in order to extract the main term of Lemma
2.2.3. We insert the definitions of the mollifiers 11s(x) and ¥y (X), then apply Lemma

3.3.2 and interchange orders of summation. We obtain

=)

x(q)

El €3 Plglpgfg
=222, g (020s)} ZZ : < ) (2.3.2)

2
6<y1 (mn,q)=

(x)mv(X)

L3 <y3
(L103,q9)=

X Z x(mlils)x(n).

Opening €(x) using (2.1.6) and applying Lemma 2.3.2, we find after some work (see
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[30, (3.4) and (3.7)]) that

Z+ e(x)x(mlils)x 1/2 Z Z e ( ) cos (%WZJM) . (2.3.3)

x(a) e

The main term comes from mf,f3 = 1. With this constraint in place we apply character

orthogonality in reverse, obtaining that the main term Mg py of Lemma 2.2.3 is

Migary = 2P,(1)B(1) S e(x) fﬁ;ﬁv (E) |

x(q) n 1
We have the following proposition.

Proposition 2.3.3. Let x be a primitive even character modulo g, and let T' > 0 be a
real number. Let V' be defined as in (2.3.1). Then

S (7)1 (1)~ i (7).

1
nz
where

1 [ PEH+DT(=5+3)Gls)
2mi Joy = (3) s

F(z) = x”%ds. (2.3.4)

Before proving Proposition 2.3.3, let us see how to use it to finish the evaluation of

Mg vy Proposition 2.3.3 gives

MIS,MVZQPI(l)P3(1)Z+ (X)L (;X)_Qpl )P3(1 Z ZX

x(q)

1
and by the first moment analysis (see [45, Section 3|, also Section 2.5 below) we have

2PN Y L (57) = L+ oRPWAD@.  (239

x(q)
For the other piece, we apply Lemma 2.3.2 to obtain

—2P; (1) Py(1 Z ZX n) = —P(1)P(1) Y p(wnlg/w) Y %F(")'

1
nz wlq n=+1(w)
(n7Q):1
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We choose G to vanish at all the poles of

s 1 s 1
'f=+-|I'{—=+-
G+i)r(-5+3)

in the disc |s| < A, where A > 0 is large but fixed. By moving the contour of integration

to the right we see

1

F($)<<m,

(2.3.6)

say, and therefore the contribution from n > quo is negligible. By trivial estimation the
contribution from w < qi is also negligible. For w > q% and n < q%, we can only have
n = £1 (mod w) if n = 1. Adding back in the terms with n < q%, the contribution

from these terms is therefore
—(14+0(1))2P (1) Ps(1)F (1) (q). (2.3.7)

Since the integrand in F'(1) is odd, we may evaluate F'(1) through a residue at s = 0.
We shift the line of integration in (2.3.4) to Re(s) = —1, picking up a contribution from
the simple pole at s = 0. In the integral on the line Re(s) = —1 we change variables
s — —s. This yields the relation F(1) = 1 — F(1), whence F(1) = 3. Combining
(2.3.5) and (2.3.7), we obtain

Misarv = (1+ o(1))P1(1) P3(1)¢™ (q),

as desired. This yields the main term of Lemma 2.2.3.

Proof of Proposition 2.3.3. We write V' using its definition and interchange orders of

summation and integration to get
X(n),, (Tn\ _ 1 / (G +1)Gl) Oks L,
Vi— | =— =) T7°L| = ds.
Xn: nl/2 ( q ) 2mi Joy T2(3) s A\« o THX) s

We move the line of integration to Re(s) = —1, picking up a contribution of L (%,Y)

from the pole at s = 0. Observe that we do not get any contribution from the double

pole of I'? (% + 411) at s = —% because of our assumption that G vanishes at s = j:% to
second order.
Now, for the integral on the line Re(s) = —1, we apply the functional equation for
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L (% + s, X) and then change variables s — —s to obtain

AL TG+ (=5+5) G) g (1
_E(X)%/(l) T2 (%) . TL(§+S,X) ds.

The desired result follows by expanding L (% + s, X) in its Dirichlet series and inter-

changing the order of summation and integration. ]

2.4 Lemma 2.2.3: error term

Here we show that the remainder of the terms in (2.3.2) (those with mf,l;5 # 1)
contribute only to the error term of Lemma 2.2.3. Here we must avail ourselves of the
averaging over q.

Inserting (2.3.3) into (2.3.2) and averaging over moduli, we wish to show that

B 20 v w2 vw p(ly)pu(ls) Pl[ﬁ | Ps[¢s]
51_%;);” s ( ) 2.2 (trls)

1<
l3<ys

(0143,0w)=1 (241)

1 mn 2mnmbyl3v 2—eto(1)
< LN oz (Mo () <

1
(mn,ow)=1 <mn) :

¥

where mf1¢3 # 1, but we do not indicate this in the notation. The function Z is
actually just V' in (2.3.1), but we do not wish to confuse the function V' with the scale
V' that shall appear shortly.

Observe that the arithmetic weight ( ) has become E} by multiplicativity, and

»(v) wgv)
that this factor of ¢(w) has canceled with ¢(w) in (2.3.3), making the sum on w
smooth.

The main tool we use to bound & is the following result, due to Deshouillers and

Iwaniec, on cancellation in sums of Kloosterman sums.

Lemma 2.4.1. Let C,D,N, R, S be positive numbers, and let by, s be a complex se-
quence supported in (0, N] x (R,2R] x (S,2S] N N3. Let go(&,n) be a smooth function
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having compact support in R* x R™ and let g(c,d) = go(c/C,d/D). Then

(rd,sc)=1

Lego (CDNRS)K(C,D,N,R,S)|bn,rsl2,

where

=

2

HbN,R,SHQ = (Z Z Z |bn,r7s|2>

and
K(C,D,N, R,S)2 =CS(RS+ N)(C+ RD) +C%*DS (RS+N)R+D2NR.

Proof. This is the corrected version [60, Lemma 2.1] of [61, Lemma 1], which is an easy

consequence of a corrected version of [62, Theorem 12]. O

We need to massage (2.4.1) before it is in a form where an application of Lemma
2.4.1 is appropriate. Let us briefly describe our plan of attack. We apply partitions
of unity to localize the variables and then separate variables with integral transforms.
By using the orthogonality of multiplicative characters we will be able to assume that
v is quite small, which is advantageous when it comes time to remove coprimality
conditions involving v. We next reduce to the case in which n is somewhat small. This
is due to the fact that the sum on n is essentially a Ramanujan sum, and Ramanujan
sums experience better than squareroot cancellation on average. We next use Mobius
inversion to remove the coprimality condition between n and w. This application
of Mobius inversion introduces a new variable, call if f, and another application of
character orthogonality allows us to assume f is small. We then remove the coprimality
conditions on m. We finally apply Lemma 2.4.1 to get the desired cancellation, and it
is crucial here that f and v are no larger than Q°.

Let us turn to the details in earnest. We apply smooth partitions of unity (see [63,

Lemma 1.6], for instance) in all variables, so that & can be written

S > E(MN, Ly, L, V, W), (2.4.2)

M,N,L1,L3,V,W
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where

v ow? VW v w
AN b L I = %Z“ W(E>G(V>G ()
p(lr)p €3P1[“P3[£3] (5_1> (f_:),)
' ;@Z (als)3 “\z,)C\ L,

l3<ys3
(0143,0w)=1

< EX r? () e (o (e (0

(mn,ow)

NH

Here GG is a smooth, nonnegative function supported in [%, 2], and the numbers M, N, L;, V,W

in (2.4.2) range over powers of two. We may assume
M7N7L17L37V7W>>17 VWXQ? L7,<<y

Furthermore, by the rapid decay of Z we may assume M N < Q'*¢. Thus, the number
of summands & (M, ..., W) in (2.4.2) is < Q°V
Up to changing the definition of G, we may rewrite & (M,--- , W) as

LA b V) = <MNZ;v>; %):ZIQ@)G #)eoG) ()
xZZﬂfl (61)6:(2)
(vafu?))hzl
< TX 2 (e () e (7) e ().

where «, 3,7 are sequences satisfying |a(v)], |8(¢1)], |v(¢3)] < Q°)

We separate the variables in Z by writing Z using its definition as an integral (2.3.1)
and moving the line of integration to Re(s) = L™!. By the rapid decay of the I' function
in vertical strips we may restrict to [Im(s)| < Q. We similarly separate the variables

in ¥ using the inverse Mellin transform. Therefore, up to changing the definition of
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some of the functions G, it suffices to prove that

NI

BN, Ly, Ly V) = ZZI ¢ () e ()

x> Y B()y (é—f”) G (i—i) (2.4.3)

i <y;
(43 ow)=1

<X o(fe(R)e (M) <

mn ’U’LU

Our smooth functions G all satisfy GU)(x) <; Q¢ for j > 0. To save on space we
write the left side of (2.4.3) as simply &.
Observe that the trivial bound for & is

2+4€ %
< Q% (y1y3) .

E < VIW3(MN)?(Ly L) QW y

(2.4.4)
This bound is worst when V' is small. Since y; will be taken close to Q%, we therefore
need to save ~ Q2 in order to obtain (2.4.1). The trivial bound does show, however,
that the contribution from V > Q%“ﬁ is acceptably small, and we may therefore
assume that V < Q272 Note this implies W > Q3.

We now reduce to the case V < . We accomplish this by re-introducing multi-

plicative characters. The orthogonality of multiplicative characters yields

<nm€1€30
e

w

) =~ X Ottt (2.45)

p(w) ot

Using the Gauss sum bound |7(¥)| < w? we then arrange & as

, W
Sl<<(MNL1L3V)§U;VSO ZZZX ZZ (b))

(mmn,v) (£143,v)

where we have suppressed some things in the notation for brevity. By Cauchy-Schwarz

and character orthogonality we obtain

2122 |22

X(w) m,n 01,03

w\»—t

< Q°U(MNL{Ls)*(MN + W)2 (L1 Ly + W)?,
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which yields a bound of

1 1 3 /2 3 1 2
—o(1) ¢ QMN)2(y1ys)z  Qz(MN)! Q2(nys): | @ 9 4
Qe K s + v + v + v (2.4.6)

We observe that (2.4.6) is acceptable for V' > @3, say. We may therefore assume
V < Q-

We next show that & is small provided N is somewhat large.

Proposition 2.4.2. Assume the hypotheses of Lemma 2.2.3. If N > MQ~2% and
mlyls # 1, then & < Q?~<+o(1),

Proof. We make use only of cancellation in the sum on n, say
n nmdbif3v
oo 3 o) ()

We use Mébius inversion to detect the condition (n,v) = 1, and then break n into

primitive residue classes modulo w. Thus
admdtl3v dn
dlv (a,w)=1 n=a(w)
We apply Poisson summation to each sum on n, and obtain
admlilsv\ N ah\ ~ (hN 100
Yy = d —_— ) — — —
N ZM()ZG( w )dw Z e(w>G(dw)+Oe(Q )
dlv (a,w)=1 |h|<W1lted/N

say. The contribution of the error term is, of course, negligible. The contribution of

the zero frequency h = 0 to Xy is

GOL YD S o (M)~ oy 2,

w
d|v (a,w)=

and upon summing this contribution over the remaining variables, the zero frequency

contributes
< VEWE(MN)Z (51y3)2 QY < Q*
to &1, and this contribution is sufficiently small.
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It takes just a bit more work to bound the contribution of the nonzero frequencies

|h] > 0. We rearrange the sum as

N ~ (hN admtilsv  ah

Suige S a(Gm) X (TR
dJv |h|<Wi+ed/N (a,w)=1

By a change of variables the inner sum is equal to the Ramanujan sum c¢,,(hm#;{3v+d).

Note that hmtil3v + d # 0 because ml1f3 # 1. The nonzero frequencies therefore

contribute to £ an amount

VW LyLyM)?
< ¢! L 2 ap 3 Jew(®)]:
2 0<[k]<QOM ‘=i

Since |c, (k)| < (k,w) the sum on w is < W'+ Tt follows that

M1/2
gl < Q%+ QT (yrys)? T
2

Since y; = Q% and 6; < % — 3¢, say, this bound for & is acceptable provided N >

MQ~. O

By Proposition 2.4.2 we may assume N < MQ~2%¢. Since M N < Q'*¢, the condition
N < MQ@Q~? implies N < Q%.

We now pause to make a comment on the condition m¢,f3 # 1, which we have
assumed throughout this section but not indicated in the notation for £]. Observe that
this condition is automatic if M LiL3s > 2019, say. If ML;L3 < 1, then we may use
the trivial bound (2.4.4) along with the bound N < Q2 < Q'€ to obtain

£ < Q¥

We may therefore assume M L; Ly > 1, so that the condition mf;¢3 # 1 is satisfied.

We now remove the coprimality condition (n,w) = 1. By Mobius inversion we have

1(n,w)=1 = Zﬂ(f)

fln
flw

We move the sum on f to be the outermost sum, and note f < N. We then change

variables n — nf,w — wf. If a,, say, is any lift of the multiplicative inverse of m#;/3v
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modulo wf, then a, = mf1l3v (mod w), and therefore

nfmlilsv _ nmtil3v (mod 1),
wf w

It follows that

‘- (MNZV;W > N X Y06 ()6 ()

fKN (vawf)=
< XX dty we()e(2) S e(pa(R)(a)
SYi m, fow)=1
(i, fow)=1 (n,w)=1

We next reduce the size of f by a similar argument to the one that let us impose
the condition V' < Q°. We obtain by transitioning to multiplicative characters (recall
(2.4.5)) that the sum over v, w, m,n, {1, {3 is bounded by

Watey s 1 ((MN)2

N[

2+-€
1 pud) <« 40
f2 W f w2 f2 f2
and therefore the contribution from f > Q% is negligible.
Now the only barrier to applying Lemma 2.4.1 is the conditions (m, f) = 1 and

(m,v) = 1. We remove both of these conditions with M&bius inversion, obtaining

1

3% DT S s et e (v)e (W)

f<min(N,Q¢) h|f tV (v wf)=
(w,ht)=
mhit nf nmht?(1(3v
S s (£)o(E) e (3)o () (=)
(45 fvw) 1 (ny) 1
We set
nf 51 l3
et () EE S () () (1)
Mgz:k
(£123,0)=1

if (k, f) =1, and for integers r not divisible by ht? we set b, = 0. It follows that if
by # 0, then n < N/f and r < htL, L3V with r = 0(ht?). The sum over n,r, m,w is
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therefore a sum of the form to which Lemma 2.4.1 may be applied. We note that

o(1)

Iovalls < £y VLV,

t\.’)\»—A

and therefore by Lemma 2.4.1 we have

§<Q Y IO T v

f<<Q€ h|f t<Q¢
W2 Nz\ (W2 )
x{ - <(htL1L3V)§+ f) ( . +(ML1L3V)2>
VE e f2
W Mz M
M ~ ((htL LsV)3 + (htLy L3NV)%) - (htLlLSNV)é}
W (y1y3) N3
3 1 1 3 1
< Qe( yl;y?’ + Wyys + W2 T2 +W(pnys)2 N2 + W2 (y1ys3)?

.M»—‘

+W2 (y1y3)* N %+W%Q (yIQB)é> < Q7

upon recalling the bounds W < @, v; < Q% with §; < 1 and N < Q'~°. This

completes the proof of Lemma 2.2.3.

2.5 Lemma 2.2.4: main term

In this section we obtain the main term of Lemma 2.2.4. We allow ourselves to recycle
some notation from Sections 2.3 and 2.4.

Recall that we wish to asymptotically evaluate
+ 1 2
L=
> e (5]

x(q)
We begin precisely as in Section 2.3. Inserting the definitions of ¥g(x) and ¥y (X),

O Ymv(X)-
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we must asympotically evaluate

2y A f“z“;

bc<y2 €<y3

l\)\»—l

(be,q)= (q)= (251)
S v () S ehon(etmim)
(mn,q)= 1 x(q)

The main term of Lemma 2.2.3 arose from m#,f3 = 1. In the present case, the main
term contains more than just c¢fm = 1; the main term arises from those cfm which
divide b. The support of the von Mangoldt function constrains b to be a prime power,
so the condition ¢fm | b is straightforward, but tedious, to handle.

There are three different cases to consider. The first case is ¢/m = 1. In the second
case we have ¢/m = p and b = p. Both of these cases contribute to the main term.
The third case is everything else (b = p’ with j > 2 and ¢fm | b with ¢fm > p), and

this case contributes only to the error term.

First case: ¢fm =1

If ¢/m is equal to 1 then certainly cfm divides b for every b. The contribution from

cfm =1 is equal to

By an application of Proposition 2.3.3,

M - Ml + MQ, (252)
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where

b<yo b2 x(q)
(b,q)=1
2P5(1 A(D)Ps[b + _
My = - 2B S ADBB oy S ),
L b< (bn)2 (@)
(bn:]?f—l X

and F is the rapidly decaying function given by (2.3.4). A main term arises from M,
and M, contributes only to the error term.

Let us first investigate Ms. By Lemma 2.3.2 we have

v = =0 S etwpta/) 3 52 2 ).

wlq b<y
b=tn(w)
(bn,q)=1

NI

L

By the rapid decay of F' (recall (2.3.6)) we may restrict n to n < ¢io. The contribution
from w < q%+€ is then trivially < ¢'7¢, since y, < q%_g. For the remaining terms, the

congruence condition b = +n(w) becomes b = n, and thus

1 A(B)Py[b
My < g~ + i > pw) Y %F(b) < qL7".
wlg b<qTo
w>q2 e

Let us turn to M;. We use the following lemma to represent the central value
L (3:X)-
Lemma 2.5.1. Let Y be a primitive even character modulo q. Then

L (%y) _ ;X(n)vl (ﬁ) H(@; x:;)vl (qgl) |

1 1
n2 qi

where

o) = 5 / L+ 8) G1le) g

and G1(s) is an even polynomial satisfying G1(0) = 1.
Proof. See [30, (2.2)]. O
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Applying Lemma 2.5.1, the main term M; naturally splits as M; = My + M, o,

where

1 1
b<y2 : qz x(q)
(bn,q)=1
2P5(1 A(b) P [b n + .
iy, = 20 o AR, (—) S X mX0)
L b< (bn)2 qz (@)
(bn7q‘1§2—1 e

2P5(1 A(b) P2 [b] n 2wbnu
M, = Lq\? ;ﬂ; Zb<z (b—n)% Vi — ) cos )
(vaw)=1 (bt

and a trivial estimation shows
Mg < q'™"

Let us lastly examine M, o, from which a main term arises. By character orthogo-

nality we have

P5(1 n
= S oo 3 A0 (4),
wlg b<ys )? 7
b=+n(w)
(bg)=1

By trivial estimation, the contribution from w < q%“ is

1 i—&-e
< Z Zb1/2 Z n% < Y3 Z p(w) (qw +O(1)> <<q%+€.

'w|(11 b<yo n§q2+e w|zl]
w<q2te n=+b(w) w<q2te

By the rapid decay of Vi, for w > q%“ the congruence b = +n(w) becomes b = n.
Adding back in the terms w < g2+, we have

M1’2 — 2P3(1)<,0+<Q) Z A<b)bp2[b]vl (
b<y2
(b,g)=1

) +0(¢'™).

)
w\>—t| S
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For x < 1 we see by a contour shift that
Vi(w) = 1+ 0(x3),

and we have bg~1/? < ¢¢. It follows that

AﬂgzOmkﬂ+Q%u%ﬁ@)§:{w&@@-

L b
b<yo
(b,g)=1
We have
A(b lo
%<<1+ ﬂ<<10glogq,
(b,g)>1 plg p

and therefore we may remove the condition (b, q) = 1 at the cost of an error O (¢L~1°).

From the estimate

Z # =logz + O(1),

n<x

summation by parts, and elementary manipulations, we obtain

A(b)Py[b
2:()[]

; = (long)/o Py(u)du + O(1).

b<y2

Therefore, the contribution to the main term of Lemma 2.2.4 from c¢/m =1 is

(260, Py(1) Po(1) + o(1)) ¢ (q). (2.5.3)

Second case: ¢fm =p, b=1p

Another main term which contributes to Lemma 2.2.4 comes from c¢/m = p and
b = p. There are three subcases: (¢,f,m) = (p,1,1),(1,p,1), or (1,1,p). These three
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cases give (compare with (2.5.1))

og(ys’ > /p)
<1ng)P2 <1 b 1/2 ) _
2P5(1 log(y,’ ™) + X(n n
e Y > e<x>z—<1>v(—),
1/2 p @ o nz q
p<y x(q
(p,g)=1
(log p) Px[p| Ps[p] X(n
vom -2y L BRIRbI S (5 Xy
p<ya2 x(q)
(p,g)=1
2P5(1 | Pyp
N3 = 2() Z (ng)g Z Xl ( )
p na
P<y2 x(a)
(p,9)=1

The first two are somewhat easier to handle than the last one. We apply Proposition

2.3.3 then argue as in Section 2.3 and the ¢/m = 1 case to obtain

S 0T v () = et + 0,

x(q) n 1

It follows that

)

V== (ZR0BWD o)) o' @) (25.4)
Ny = — (92 /01 Py(u) Py(u)du + 0(1)) o (q).

Combining (2.5.3) and (2.5.4) gives the main term of Lemma 2.2.4.
The final term N3 is more difficult because the inner sum now depends on p. However,

M3 contributes only to the error term. By Proposition 2.3.3 with T = p,

S () s() (). s

The first term on the right side of (2.5.5) contributes to N3 an amount

(20:P(1)Po(1) + (1)) ¢+ (a). (2.5.6)
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For the second term on the right side of (2.5.5) we use character orthogonality and get

2P31 lO P2 1 n
. L() Z gp ZSD q/w Z TF(E)

P<y2 w|q n=+1(w) nz
(pa)=1

By the rapid decay of F' the contribution from n > p%, say, is O(qL™'). We next

estimate trivially the contribution from w < q%, say. We have the bound

1 n %
> —1F<—)<<q€< +1)
n=+1(w) n: p

11
n<pl0

and this contributes to N3 an amount

<<q5+6—|-q Zp 20 <<q5+6
P<y2

since 1, < g2. For w > ¢5 and n < pi the congruence n = +1(w) becomes n = 1.

By a contour shift we have

F(;>_1+O( %>

Thus, the second term on the right side of (2.5.5) contributes to N3 an amount

- (20 R (1)B1) + 0(1)) 9" (), (2.5.7)

and (2.5.6) and (2.5.7) together imply N3 is negligible.

Third case: everything else

This case is the contribution from b = p? with j > 2 and c¢fm | b with ¢fm > p. This
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case contributes an error of size O(qL~17¢), essentially because the sum

Z 10g(Pk)
p* P
k>2

converges. There are four different subcases to consider, since the Mdbius functions
attached to ¢ and ¢ imply ¢, ¢ € {1, p}. The same techniques we have already employed
allow one to bound the resulting sums, so we leave the details for the interested reader.

This completes the proof of Lemma 2.2.4.

2.6 Lemma 2.2.4: error term

After the results of the previous section, it remains to finish the proof of Lemma 2.2.4
by showing the error term of (2.5.1) is negligible. The argument is very similar to that
given in Section 2.4, and, indeed, the arguments are identical after a point.

The error term has the form

&zzzmz;f;’: (3 ) >

(v,w)=1 <y3

(L,ow)=1
« ZZ % Ps[b] ZZ . (mn) cos <27Tbnuf€mv> |
be<yo (mmn,ow)
(be,pw)=1

where we also have the condition ¢fm t b, which we do not indicate in the notation.
This condition is awkward, but turns out to be harmless.

We note that we may separate the variables b and ¢ from one another in P,[bc] by
linearity, the additivity of the logarithm, and the binomial theorem. Thus, it suffices to
study &; with P,[bc] replaced by (log b)’* (log )72, for j; some fixed nonnegative integers.
Arguing as in the reduction to (2.4.3), we may bound & by < Q°1) instances of
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& =8E\(B,C,L,M,N,V,W), where

#= e S0 ()6 ()
x Y ﬁ(e)G( )227 (g)G<é> (2.6.1)

1<y3 be<ys
(Low)=1 (be,pw)=1

XX e (e () (M),

(mnow)=1

the function G is smooth as before, and «, 3,7, are sequences f satisfying |f(z)| <

Q°M). We also have the conditions
VW =0Q, MN<Q“, BC<y, L<ys, B,CLMNV,W>I

By the argument that gave (2.4.6) we may also assume V' < €. Lastly, we may remove
the condition be < g, by Mellin inversion, at the cost of changing v and § by b, cito,
respectively, where ¢, € R is arbitrary (see [64, Lemma 9], for instance).

Recall the condition ¢fm { b. This condition is unnecessary if CLM > 2019B, say,
so it is only in the case CLM < B where we need to deal with it. However, the case
CLM < B is exceptional, since B is bounded by 1, < Q% but generically we would
expect C'LM to be much larger than Q%

Indeed, we now show that when CLM < B it suffices to get cancellation from the n
variable alone. The proof is essentially Proposition 2.4.2, so we just remark upon the

differences. By Mobius inversion and Poisson summation we have

S o) () =u 2R

(n,ow)=1
N ~ (hN abdcfmv  ah
dlv |h|<Wlted/N (a,w)=1
+0(Q7™™).

The first and third terms contribute acceptable amounts, so consider the second term.
The sum over a is the Ramanujan sum ¢, (hcfmv + bd), and since ¢fm does not divide

b the argument of the Ramanujan sum is non-zero. Following the proof of Proposition
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2.4.2, we therefore obtain a bound of

&y <

Qi *(BOLM): (2.6.2)

2

By the reasoning immediately after Proposition 2.4.2; the bound (2.6.2) allows us to
assume N < MQ~%, so that N < Q%, regardless of whether CLM < B. In the case
CLM < B, the bound (2.6.2) becomes
Step
2
5; < QNl < Q%-‘FEB < Q%-{-Gz-ﬁ-e < Q2—€7

2

which of course is acceptable.

At this point we can follow the rest of the proof in Section 2.4. We change variables
bn — n, and the rest follows mutatis mutandis (it is important that with N < Q% we
have BN < Q'~¢). This completes the proof of Lemma 2.2.4.
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CHAPTER 3

DIRICHLET L-FUNCTIONS OF QUADRATIC
CHARACTERS OF PRIME CONDUCTOR AT
THE CENTRAL POINT

In this chapter! we prove Theorems 0.2.2, 0.2.3, 0.2.4, and 0.2.5. The outline of this
chapter is as follows. In Section 3.1 we establish some notation and conventions that
hold throughout this chapter. Section 3.2 outlines the basic strategy for the proof
of Theorem 0.2.2. In Sections 3.3 and 3.4 we state a number of important technical
results which are used in the proofs of our theorems. The proof of Theorem 0.2.2 is
spread across Sections 3.5, 3.6, and 3.7. In Section 3.5 and its subsections we study
the mollified first moment problem. The very long Section 3.6 and its subsections
handle the mollified second moment. We choose our mollifier and finish the proof of
Theorem 0.2.2 in Section 3.7. We prove Theorems 0.2.3 and 0.2.4 in Section 3.8, and

we prove Theorem 0.2.5 in Section 3.9.

3.1 Notation and conventions

We define y,(-) = (@), the Kronecker symbol, for all nonzero integers n, even if n
is not a fundamental discriminant. Note that this means Y, has conductor |n| only
when n is a fundamental discriminant. We write S(Q) for the set of all real primitive
characters x with conductor < ). For an integer n, we write n = [J or n # [J according
to whether or not n is a perfect square.

We let ¢ > 0 denote an arbitrarily small constant whose value may vary from one
line to the next. When ¢ is present, in some fashion, in an inequality or error term,
we allow implied constants to depend on e without necessarily indicating this in the
notation. At times we indicate the dependence of implied constants on other quantities
by use of subscripts: for example, Y <4 Z.

Throughout this chapter, we denote by ®(z) a smooth function, compactly supported

LAll work in this chapter is joint with Siegfred Baluyot. This work has been submitted for publi-
cation.
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in [1, 1], which satisfies ®(z) = 1 for z € [1 + @, 1— @] and @V (z) < (log X )’

for all j > 0. We could state our results for arbitrary smooth functions supported in

[%, 1], but we avoid this in an attempt to achieve some simplicity.

We write e(x) = e*™@. For g a compactly supported smooth function, we define the

Fourier transform ¢(y) of g by

9(y) :/Rg(x)e(—xy)dx.

At times, however, we find it convenient to use a slightly different normalization of the
Fourier transform (see Lemma 3.4.2).
We define the Mellin transform ¢'(s) of g by

5 = [ gl
0
It is also helpful to define a modified Mellin transform g(w) by
o) = [ (o)
Observe that g(w) = ¢g'(1 +w). Lastly, for a complex number s, we define

g5(t) = g(t)t*"2.

Note that

. . 1 1
d(0) = dT(1) = (0) = 5+0 (h)gX) :

The letter p always denotes a prime number. We write ¢ for the Euler phi function,
and dj, for the k-fold divisor function. If a and b are integers we write [a, b] for their
least common multiple and (a,b) for their greatest common divisor. It will always
be clear from context whether [a,b], say, denotes a least common multiple or a real
interval.

Given coprime integers a and ¢, we write @ (mod ¢) for the multiplicative inverse of

a modulo gq.
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3.2 Outline of the proof of Theorem 0.2.2

The proof of Theorem 0.2.2 proceeds through the mollification method. The method
was introduced by Bohr and Landau [27], but later greatly refined in the hands of
Selberg [29]. The idea is to introduce a Dirichlet polynomial M (p), known as a mollifier,
which dampens the occasional wild behavior of the central values L(%, Xp)- We study

the first and second moments

Sii= Y (logp)® (%) L (5, xp) M(p),
p=1(mod &)
, (3.2.1)
Spi= ) (logp)® <%>L(%,xp) M(p)*.
p=1 (mod 8)

If the mollifier is chosen well then S; > X and Sy < X. By the Cauchy-Schwarz

inequality we have

> (logp)d <§> > g—i (3.2.2)

p=1 (mod 8)
L(%)XP);éO

and this implies that a positive proportion of L(%, Xp) are Non-zero.

Our mollifier takes the form

M(p):= ) b—\/%xp(m), (3.2.3)

for some coefficients b,, we describe shortly. Here we set

M= X" 0 (0,1) fixed. (3.2.4)

2

The larger one can take 6, the better proportion of nonvanishing one can achieve.
The coefficients b, are a smoothed version of the M&bius function p(m). Specifically,

we choose

logm

by, = pu(m)H (bgM) , (3.2.5)

where H(t) is smooth function compactly supported in [—1,1] which we choose in

Section 3.7. It will be convenient in a number of places that b,, is supported on square-
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free integers.

We outline our strategy for estimating 57 and S;. We simplify the presentation here
in comparison to the actual proofs. The sum S is by far the simpler of the two, so we
start here (see Section 3.5). Using an approximate functional equation for the central

value L(1, x,) (Lemma 3.3.2), we write S; as

S~ Z b—\/% Z % Z (logp)® <%) Xp(mk).

m<M k<X1/2+e p=1(mod 8)

The main term arises from the “diagonal” terms mk = [J. The character values x,(mk)
are then all equal to one, and we simply use the prime number theorem for arithmetic
progressions modulo eight to handle the sum on p. The sum over k contributes a
logarithmic factor, but this logarithmic loss is canceled out by a logarithmic gain
coming from a cancellation in the mollifier coefficients. This yields the main term for
Sy, which is of size < X (Proposition 3.5.1).

The “off-diagonal” terms mk # [J contribute only to the error term. After some

manipulations the off-diagonal terms are essentially of the form

£= > a(? > (1ogp)@ (£) xalp).

qSMX1/2+E q
q#0

where a(q) is some function satisfying |a(q)| <. ¢°. We assume here for simplicity
that all of the characters x, are primitive characters. We bound the character sum
over primes in £ in three different ways, depending on the size of q. These three regimes
correspond to small, medium, and large values of q. Some of the arguments are similar
to those of Jutila [48].

In the regime of small ¢ we appeal to the prime number theorem for arithmetic pro-
gressions with error term. The sum over primes p is small, except in the case where
one of the characters x,« is exceptional: that is, the associated L-function L(s, x,~)
has a real zero 3, very close to s = 1. Siegel’s theorem gives ¢* > ¢(B)(log X)? with
B > 0 arbitrarily large. This would immediately dispatch any exceptional characters,
but unfortunately the constant ¢(B) is not effectively computable. To get an effec-
tive estimate we use Page’s theorem, which states that at most one such exceptional
character x,- exists. We then study carefully the contribution of this one exceptional

character and show it is acceptably small.
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In regimes of medium and large ¢, we take advantage of the averaging over ¢ present

in £. We bound £ in terms of instances of

> (logp)® <%> XaP)|

p

Q/2<q<Q
q#0

where @ is of moderate size, or is large.

When @ is medium-sized, we use the explicit formula to bound £(Q) by sums over
zeros of the L-functions L(s, x,). We then use zero-density estimates.

We are left with the task of bounding £(Q) when @ is large, which means @ is
larger than X° for some small, fixed § > 0. Rather than treating the sum on primes
analytically, as we did when () was small or medium-sized, we treat the sum on primes
combinatorially. We use Vaughan’s identity to write the character sum over the primes
as a linear combination of linear and bilinear sums. The linear sums are handled easily
with the Pdlya-Vinogradov inequality. We bound the bilinear sums by appealing to a
large sieve inequality for real characters due to Heath-Brown (Lemma 3.3.4).

We now describe our plan of attack for Sy (see Section 3.6). Recall that

So= ) (logp)® (%) L(3x) Mp).

p=1 (mod 8)

As we see from Theorem 0.2.4, we only barely obtain an asymptotic formula for the

second moment

S (logp)L (3.x)°

p<X
p=1 (mod 8)
under the assumption of the Generalized Riemann Hypothesis. Thus, it might seem
doubtful that one can say anything useful about S5, since the central value L(%, Xp)?
is further twisted by the square of a Dirichlet polynomial. The key idea is that we do
not need an asymptotic formula for S5, but only an upper bound of the right order of
magnitude (with a good constant). We therefore avail ourselves of sieve methods (see

Section 3.4). By positivity we have

S <(logX) Y wme () ZM (32 xa)” M(n)?,

n=1(mod 8)
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where

S

d|n

is an upper bound sieve supported on coefficients with d < D. Since we are now
working with ordinary integers instead of prime numbers, the analysis for S; becomes
similar to the second moment problem considered in [51] (see [51, Section 5]).
We begin by writing
p?(n) = Ny(n) + Ry(n), (3.2.6)

where

=Y u(0),  Ry(n):=>_ u), (3.2.7)

22|n 22|n
<y >Y

and Y is a small power of X. The sum

S ()R | ) £ () mo

n=1(mod 8) dln

is an error term, and is shown to be small in a straightforward fashion by applying
moment estimates for L(3, x,) due to Heath-Brown (Lemma 3.3.5).

The main task is therefore to asymptotically evaluate the sum

S () Wl | A 2 G M

n=1 (mod 8) dn

We use an approximate functional equation to represent the central values L (%, Xn)Q

and arrive at expressions of the form

LHOTN T e, () () 6)

2|n

where w(z) is some rapidly decaying smooth function that satisfies w(z) ~ 1 for small
x. We then make the change of variables n = m[d, ¢?].

We use Poisson summation to transform the sum over m into a sum basically of the
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form

(10 () ()

keZ

for some smooth function F,. The zero frequency k = 0 gives rise to a main term. Since
(%) = 1 or 0 depending on whether A is a square, the £ = 0 contribution represents
the expected “diagonal” contribution from mimor = [0. There is an additional, off-
diagonal, main term which arises, essentially, from the terms with [d,¢*|k = O0. We
adapt here the delicate off-diagonal analysis of [51]. The situation is complicated by
the presence of the additive character e(-), which is not present in [51]. The additive
character necessitates a division of the integers k into residue classes modulo 8. We
then use Fourier expansion to write the additive character as a linear combination of
multiplicative characters. After many calculations the off-diagonal main term arises as
a sum of complex line integrals. When we combine the various pieces the integrand
becomes an even function, exhibiting a symmetry which none of the pieces separately
possessed. This fact proves to be very convenient in the final steps of the main term
analysis.

One intriguing feature of the main term in S is a kind of “double mollification”. We
must account for the savings coming from the mollifier M (n), but must also account
for the savings coming from the sieve weights A4, which act as a sort of mollifier on
the natural numbers. It is crucial that we get savings in both places, and therefore our
sieve process must be very precise. We find that a variation on the ideas of Selberg
(see e.g. [47, Section 6.5]) is sufficient.

At length we arrive at an upper bound Sy, say, for Sy of size S,y < X. We
make an optimal choice of the function H(z) in Section 3.7 to maximize the ratio
S%/Sa . The resulting mollifier is not the optimal mollifier, but it gives results that
are asymptotically equivalent to those attained with the optimal mollifier. This yields
Theorem 0.2.2.

To treat other residue classes of p (mod 8), we make the following changes. First,
we change the definition of x,(-) to (ﬂ), where a =0ifp=1 (mod 4) and a =1
if p = 3 (mod 4). Thus Y, is still a primitive character of conductor p. Second, we

use a variant of the approximate functional equation (Lemma 3.3.2) with w;, defined
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in (3.3.1), replaced by

2mi J T (B) s

1_
2

L[ D) (1_Xp_(2))j§_sw(s)ds

The function W(s) here is 16 (32 — %)2. Its purpose is to cancel potential poles at
1

S:2

in the analysis.

3.3 Lemmata

We represent the central values of L-functions by using an approximate functional
equation. We first investigate some properties of the smooth functions which appear

in our approximate functional equations. For j = 1,2 and ¢ > 0, define

1 [ T(s+1) 1\’ _.ds
w;(§) = %/();(—);* (1— Q;S) £ (3.3.1)

Lemma 3.3.1. Let j = 1,2. The function w;(§) is real-valued and smooth on (0, 00).
If £ > 0 we have

wi(6) = (1 - %) L o689,

For any fixed integer v > 0 and £ > 4v + 10, we have
) 2)¥+3 _1 2 _1 2
W€ < (/20 P exp (—76 ) <o (567 ).

Proof. The proof is similar to [51, Lemma 2.1], but we give details for completeness.
The function w;(s) is real-valued because the change of variable Im(s) — —Im(s)
shows that w; is equal to its complex conjugate. Moreover, uniform convergence for §
in compact subintervals of (0, c0) shows that w; is smooth.

To prove the first estimate of the lemma, move the line of integration in the definition
of w;(§) to ¢ = —3 +&. The pole at s = 0 contributes (1 — %)J, and the new integral
is 0.(£279).

Let us turn to the last estimate of the lemma. We may suppose g% > 4v + 10. By
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differentiation under the integral sign we find

o= G [ R

2w S T ()

Recall that |I'(x + iy)| < I'(z) for x > 1 and 2I'(z) = I'(z + 1). Thus, for ¢ > 2 we

obtain

(v) ¢ 5 j( 2° >j cv/ |S+k|
<D (s+2+ 1+
g (©)l (2 1 ”) Vi) & o T +V|H|2+ i

<r(eie) () ()

where the implied constants are absolute. By Stirling’s formula this is

(et Ser2wds) roj\e fo\Y
2e 13 &)

We choose ¢ = %f P o 3, which we note is > 2. Thus, the quantity in question is

£ v+3 1 2
<<<5) P (_Z@),

as desired. n

> s(s+1)---(s+v— 1)5_5_”%.

We will find it technically convenient to use an approximate functional equation in

which the variable of summation is restricted to odd integers.

Lemma 3.3.2. Let n =1 (mod 8) be square-free and satisfy n > 1. Let x,(-) = (ﬂ)

denote the real primitive character of conductor n. Then for 7 = 1,2 we have

1 J_ X” Aysz = D.(n).
b = = 5 R (o)) <o

Proof. The proof follows along standard lines (e.g. [47, Theorem 5.3]), but we give a

proof since our situation is slightly different.
Let Az, xn) = (W)Z/ZF (2) L(2, Xn). Since n =1 (mod 4) we have y,(—1) = 1, and
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therefore we have the functional equation (see [65, Proposition 2.2.24], [66, Chapter 9])

A<Z7X’n> - A(l - Z,Xn)-

Recall also that A(z, x,) is entire because x,, is primitive.

=% xn(f%j@)wj (V (g)j/2> _

We use the definition of w; and interchange the order of summation and integration.

Now consider the sum

Since x,(2) = 1 we have
1 [ (241 1Y’ 1\ /nnis2 (1 7 d
2mi Joy T (111)3 2275 22Fs U 2 5
1 ny=j/4 1Y’ 1\ /1 Id
21 Jio) T (i)f 23— 25ts 2 S

We move the line of integration to Re(s) = —c¢, picking up a contribution from the

simple pole at s = 0:
n\—j/4 2j J
=& (1_L) A(E,Xn)
rey U Ve T

1 n\—j/4 1 J 1 J 1 jd
LB (s
271 (—c) F(Z) 225 237TS 2 S

In this latter integral we change variables s — —s and then apply the functional

equation A (% — s, Xn) =A (% + s, Xn) to obtain

i () ) - S ()

v odd

We then rearrange to obtain the desired conclusion. O

We frequently encounter exponential sums which are analogous to Gauss sums.
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Given an odd integer n, we define for all integers k

Gr(n) = (1;‘ 4 (%) 1;”) S (H)e (“—f) (3.3.2)

a(mod n)

= Y (%) (%) _ (1;Z n (%) 1;) Gi(n). (3.3.3)

a(mod n)

and

We require knowledge of Gy(n) for all n.

Lemma 3.3.3. (i) (Multiplicativity) Suppose m and n are coprime odd integers. Then
Gr(mn) = Gi(m)Gi(n).

(11) Suppose p® is the largest power of p dividing k. (If k =0 set a = c0.) Then for
g>1

0 if B < a is odd,
o(p”) if B <« is even,
G(p”) = § —p° if B=a+1 is even,
(E2)poy/p if B=a+1is odd,
0 if B> a+2.
Proof. This is [51, Lemma 2.3]. =

The following two results are useful for bounding various character sums that arise.
Both results are corollaries of a large sieve inequality for quadratic characters developed
by Heath-Brown [67].

Lemma 3.3.4. Let N and Q) be positive integers, and let ay,...,ayn be arbitrary com-

plex numbers. Then

2

< (QN)(Q+N) Z |Gy s |

ninge=040

2.

X€S(Q)

> anx(n)

n<N

for any € > 0. Let M be a positive integer, and for each |m| < M write 4m = mym?3,

where my is a fundamental discriminant, and ms is positive. Suppose the sequence ay,
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satisfies |a,| < n°. Then

2

1
mz;M 2

> e ()

n<N

< (MN)*N(M + N).

Proof. This is [51, Lemma 2.4]. O

Lemma 3.3.5. Suppose o + it is a compler number with o > % Then

Y Lo+t )t < QU (L + i)

X€ES(Q)
and
> Lo +it, X)) < QU1 + [t
X€S(Q)
Proof. This is [51, Lemma 2.5]. O

3.4 Sieve estimates

Our main sieve will be a variant of the Selberg sieve (see [57, Chapter 7]). To lessen the
volume of calculations, we also use Brun’s pure sieve [57, Chapter 6] as a preliminary

sieve to handle small prime factors. We set
20 := exp((log X)'/?) (3.4.1)
and

R:= X", Ve (0,5) fixed. (3.4.2)

2

Given a set A of integers we write 1 4(n) for the indicator function of this set. For

y > 2 we define

Py) =]]»r

p<y
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Then, for n < X, our basic sieve inequality is

1{n:n prime} < ]-{n:(n,P(zo))zl}1{n:(n,P(R)/P(zO)):1}, (343)

We write w(n) for the number of distinct prime factors of n. To bound the first

factor on the right-hand side of (3.4.3), we use Brun’s upper bound sieve condition

(see [57, (6.1)])

Lot pon=iy(n) < Y u(b), (3.4.4)

bl(n,P(20))
w(b)<2r¢

where
ro == | (log X)'/3].

We use an “analytic” Selberg sieve (e.g. [68]) for the second factor of (3.4.3). We
introduce a smooth, non-negative function G(t) which is supported on the interval
[—1,1]. We further require G(t) to satisfy |G(t)] < 1,|GY(¢)] <; (loglog X )/~
for j a positive integer, and on the interval [0,1] we require G(t) = 1 — ¢t for ¢t <
1 — (loglog X)~!. Then

IN

2
log d
L (n, P(R)/P(z0))=1} (1) ( > ud)G (log R) ) (3.4.5)
dln

(d,P(20))=1

- £ womn (i) (1)

K]
(4k,P(20))=1

We mention also that the properties of G imply

/OOO G'(t)*dt =1+ 0O (@) =1+o(1). (3.4.6)

Note that the fundamental theorem of calculus and Cauchy-Schwarz yield the lower
bound

/ G'(t)*dt > 1.
0
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From (3.4.3), (3.4.4), and (3.4.5), we arrive at the upper bound sieve condition

1{n:n prime} (n) S Z Ada (347)
d|n

where the coefficients \; are defined by

v= X XY wptmnme () ((E5). ey

b|P(z0) m,n<R
w(b)SQTO b[mvn]:d
(mn,P(z0))=1

If b|P(2) and w(b) < 2rg, then b < 2 = exp(2(log X)??). Hence Ay # 0 only for
d < D, where
D = R?exp(2(log X)*?) <. R®X®. (3.4.9)

In our evaluation of sums involving the sieve coefficients (3.4.8) we use the following

version of the fundamental lemma of sieve theory (see also [57, Section 6.5]).

Lemma 3.4.1. Let 0 < § < 1 be a fived constant, r a positive integer with r < (log X )?,
and zp as in (3.4.1). Suppose that g is a multiplicative function such that |g(p)] < 1

uniformly for all primes p. Then

Z @g(b) = H (1 — @> + O<exp(—rloglogr)>

bIP(z0) p<zo p
w(b)<r pit
(b.0)=1

uniformly for all positive integers €.

Proof. The proof is standard. Complete the sum on the left-hand side by adding to
it all the terms with w(b) > r, dropping by positivity the condition (b,¢) = 1. The
error introduced in doing so is < exp(—(1+o0(1))rlogr) < exp(—rloglogr) (e.g. [47,
§6.3]). The completed sum is equal to the Euler product on the right-hand side. O

The basic tool in our application of the Selberg sieve is the following lemma.

Lemma 3.4.2. Let zy = exp((log X)'/3). Let G be as above. Suppose h is a function
such that |h(p)| <. p~¢ uniformly for all primes p. Let A > 0 be a fized real number.
Then there exists a function Eo(X), which depends only on X, G, and 9 (see (3.4.2))
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with Eo(X) — 0 as X — oo, such that

Sy t o (i) @ (oem) I (1+009)

(mn,P(z0))=1 (3410)
1+ Ey(X) 1\ 1
= —— 1— - Os Y E
log R H P t Cea (log R)4

p<zo

uniformly for ¢ < X°W,

Proof. Let S denote the left-hand side of (3.4.10). If m,n < R and (mn, P(z)) = 1,

then w(mn) < log R, and each prime dividing mn is larger than z;. Thus
log R
H <1+h(p)> — 1+05<%>,
z
plmn
and so
p(m)p(n) ., (logm logn (log R)*

= . 4.11
S ZZ [m,n| ¢ log R ¢ log R O 2§ (8 )

m,n<R 0
(mn,tP(z0))=1

We may ignore the condition (mn,¢) =1 in (3.4.11) because

2.2 [mln]S ) [mln]21<<(1og3)3zé<<(10g€>iﬂ_
’ ’ pl¢ 0

m,n<R m,n<R ple
(mmn,P(z0))=1 (mn,P(20))=1 plmn p>zo
(mn,£)>1

We next insert the Fourier inversion formula

Gty = / g(2)e 1049 gz (3.4.12)
into (3.4.11), where
g(2) :/ e'G(t)e™" dt. (3.4.13)

We then interchange the order of summation and integration and write the sum as an
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Euler product to deduce that
s=[ [ stee 11

P>20
4
+0 (“Og £) ) |
<0

By integrating (3.4.13) by parts repeatedly we see

log log X A
z) K I E——— )
o< (F1E)

1 1 1
1- P TRy B + 14 2hiE iz dzydzy
p log R p log R p log R

(3.4.14)

and we have the trivial bound

! 1 1 O(1
H (1_p1+1+iz1 - 1+1+i22 + 1+2+izl+i,22> <<(10gR) ()

p>20 log R p log R p log R

Therefore, we may truncate the double integral in (3.4.14) to the region |z|, |z2| <
V1og R, with an error of size O4((log R)™). After doing so, we multiply and divide

the integrand by Euler products of zeta-functions to arrive at

241214122
s:(//gmmw% o (1+ i)

1+iz 1+iz
|2zi|<vIog R <1 + logRl) ¢ (1 + 10%1%2)

1- %)
I ( P ok T I 1 (3.4.15)
X 1+ O E ledZQ

Z —; —+ Z
p<z0 (1 p1+11jgf§%> (1 lel:z;?) P>20
1
+0 ———|.
((logR)A>

The product over primes p > zp in (3.4.15) is 1 + O(1/z). To estimate the product
over p < zg, observe that if |s| < v/log R, then

1 s |s|log p (log X)!/3
Zﬁ(l—p )<<Z <<|S|1Og20<<w,

p<z0 p<z20

133



which implies that

(o) oo

p<zo

3 log (1+}%(1_p—s))>

p<z0

~(veo () L (-3)

p<z0

()

p<zo

We may also expand each zeta-function in (3.4.15) into its Laurent series. With these

approximations, we deduce from (3.4.15) that

S = logl;R 1T <1 —~ %) B // 9(z1)9(22)

<
p=20 |zi|<+1og R

% (1 + 221)(1 + ?:ZQ)
24121 + 129

+0 ((log R)_A> ,

(1+ E(X, 9, 21, 29)) dz1dzo

uniformly for log¢ < log X. Here E(X, ¥, 21, 22) tends to zero as X — oco. By the
rapid decay of g(z), we may extend the range of integration to R? without affecting
our bound for the error term. By differentiating (3.4.12) under the integral sign and

Fubini’s theorem, we find

//9(21)9(22) (1 +iz){1 + iz2)d22dz1 = /000 G'(t)2dt. (3.4.16)

24121+ 129

The lemma now follows from (3.4.16) and (3.4.6). O

Lemma 3.4.3. Let Ay and D be as defined in (3.4.8) and (3.4.9), respectively. Suppose
that g is a multiplicative function such that g(p) = 14 O(p~¢) for all primes p. Then
with Eo(X) as in Lemma 3.4.2 we have

> o= (-2 T (-3) <o (mom)

d<D p<zo p<z0
(d,0)=1 ¢

uniformly in ¢ < XOW
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Proof. The definitions (3.4.8) and (3.4.9) of A\; and D imply

DEVUEEDS ») 6 (1og i) @ (ioerr) 9obm )
ng o) — log R log R
(d,0)= w(b)<2r¢ (mn, EP(zo))

(b,0)=1

In the sum on the right-hand side, g(bjm,n]) = g(b)g([m,n]) because b and mn
are coprime. Thus we may apply Lemma 3.4.2 and then Lemma 3.4.1 to arrive at
Lemma 3.4.3. [

Lemma 3.4.4. Let Ay, D, g be as in Lemma 3.4.3. Suppose that h is a function such
that |h(p)| <. p~'*¢ for all primes p. Then with Eq(X) as in Lemma 8.4.2 we have

Ad 1+ Eo(X 1\ !
> Mo hi) = DT (1-7)

d<D pld p<zo
(d,0)=1
g(p 9(q) ( 1 )
% AL AN [iye Y (N.—
SR (142 4. (g
pie qtpt

uniformly for all integers ¢ such that logl < log X. (Here, the index q runs over
primes q.)
Proof. The definitions (3.4.8) and (3.4.9) of A\; and D imply

E g T LT () ()

d<D pld b|P(z0) m,n<R
(d,0)=1 w(b)<2rg (mmn, EP(Z())) 1
(b,0)=1

Since b and mn are coprime, g(b[m,n]) = g(b)g([m,n]) and

> h(p)=>_h(p)+ > _ hip)

plbmn plb plmn

We may ignore the sum over the p|mn because the conditions (mn, P(z)) = 1 and

dhp) <) pit< logR.
0

plmn plmn

mn < R? imply
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We factor out g(b) and } , h(p) from the sum over m, n and then apply Lemma 3.4.2
to deduce that

N\ 1+ Eo(X 1\ !
> ald)y ) :JETJE?) 1T (1 - 5)

d<D pld p<20
(d,0)=1
3.4.17)
11(b) 1 (
Pao)S hp)+0 [ —o ).
> 003 10 + O ( G
b|P(z0) plb
w(b)<2rg
(b,0)=1

To estimate the b-sum, we interchange the order of summation and then relabel b as

bp to write
11(b) (b)
D, 9D )= hp) Y, =)
b|P(z0) plb p<z0 b|P(20)
w(b)<2rg pie w(b)<2rg
(b,0)=1 (b,0)=1
plb
p)h(p b
p<zo p b|P(z0)
pte w(b)<2r9—1
(b,pt)=1
Lemma 3.4.4 now follows from Lemma 3.4.1 and (3.4.17). O

3.5 The mollified first moment

Our goal in this section is to asymptotically evaluate S;. Recall from (3.2.1) that

Si= > (logp)@ () L (3 x) M).

p=1 (mod 8)

Recall the definition of M(p) from (3.2.3), and the choice (3.2.5) we made for the

mollifier coefficients b,,. We shall prove the following result.

Proposition 3.5.1. Let 0 < 0 < % be fized. If X > Xo(0), then

1 1 X X
S;=———(HO)—=H©0) | =4+0+—+—).
= (10 - 570) T 0 ()

136



The implied constant in the error term is effectively computable.

Let us begin in earnest, following the outline in Section 3.2. We apply Lemma 3.3.2

to write L(3, x,) as a Dirichlet series. We insert the definition of M (p) and obtain

512(1_275) Sl Xt (F)e () (5)

m<M p=1 (mod 8)
m odd n odd

The main term arises from the terms with mn = [. Let us denote this portion of S
by SY. We denote the complementary portion with mn # O by Sfé . Therefore

Sy = ST+ 57,

where

ﬁzzf— (s () ()
V2

m odd n odd
mn=0

T RS e, B () (5)

m odd n odd
mn#0

(3.5.1)

We treat first the main term ST, and later we will bound the error term Sf .

3.5.1 Main term

Recall that b, is supported on square-free integers m. Therefore, mn = [ if and only
if n = mk?, where k is a positive integer. We make this change of variables and then

interchange orders of summation to obtain

N LI Z o (it [T

2
- L = mo m
(1 \/§> p=tlmod8) (m, 2<p])w 1 (k, 2p) 1

By the rapid decay of w; (Lemma 3.3.1) we see that the contribution from those k with
(k,p) > 1is O4(X~4), so we may safely ignore this condition. We may also ignore the
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condition (m,p) = 1, since m < M < p. We insert the definition (3.3.1) of w;(&£) and

interchange to deduce that for any ¢ > 0 we have

= 1
E Ewl (mk‘2 z)
k=1 p
(k,2)=1

1 rE+1) 1 1 pN\¥2  _ ds

= — ——=1- 1— 142 <—> .
2mi Jioy T(3) 235 21+2s C(1+25) T ey
We move the line of integration to Res = —% + ¢, leaving a residue at s = 0. The new

integral is O. (p_i“m%_e). Using b,, < 1, we see that the total contribution of this
error term is < Xit<Mz. This is O(X) by (3.2.4). Writing the residue at s = 0

as an integral along a small circle around 0, we deduce that

P02y Y (ope (L) Y

1
(1 _ 75) p=1 (mod 8) (:Zéf\il
1 F(g . le) 1 1 (3.5.1.1)
X — Ty 1= 5= o 2142
2mi Is|=g1 () > ’
s/2 d
xC(2s) (D) me
T S

We next use the definition b, = u(m)H (i’gﬂ) and the Fourier inversion formula
(compare with (3.4.12),(3.4.13))

H(t) = / h(z)e 1042 4z, (3.5.1.2)
where
h(z) = / e H(t)e™" dt, (3.5.1.3)
to write
Y — _ u(m)
Y o = [ e 3

> 1 - 1+iz
= /Ooh(Z) (1—m) C (1+5+ IOgM) dZ
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From repeated integration by parts we obtain

(1 + 2]

and therefore we may truncate this integral to the range |z| < y/log M. Thus,
by, 1 -1 L
Z —mT = / h(z) (1——1+iz> ¢! (1+s+ +Zz) dz
m<d |2|<vlog M o1t iog log M

01 ()

For |s| = @ and |z| < y/log M, we may write

1 - 1+ iz
l1— — 11
( oltstioety ) ¢ ( st log M)

as a power series and arrive at

1+ 1
S e o 2/ h(z)(s+ “Z) dz +o(—2>.
m |z|<y/log M 1OgM (IOgX)

m<M
(m,2)=1

We may extend the range of integration to the entire real line, with negligible error,
because of (3.5.1.4). The definition of H(t) implies that

H'(t) = —(1+z’z)/ h(z)e t0F%) 4z,
Therefore
o 1412 1
h dz = - /
) (s ir) e = i) - Lo
and hence
O s — 96 H(0) = ——H'(0) + O (——— (3.5.1.5)
m - log M (log X)2 )~
m<M
(m,2)=1
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We insert (3.5.1.5) into (3.5.1.1) to obtain

0 (3+3)
st ﬁ > (ogpe (L) %fg—m@x FFTB (1_ 2;1_5)

1 (mod 8)

We evaluate the integral using the formula

1 dn—l

Res g(s) = =7 7—=75"9(s)

o Tide (3.5.1.6)

s=0
for a pole of a function g(s) at s = 0 of order at most n. This yields

S = ﬁ 3 (logp)® (%) (H(O) - 2112?]’\41{’(0)) +0 <10‘;(X) .

V2 ) p=1 (mod 8)

By the support of ® we have logp = log X + O(1). We then use the prime number

theorem in arithmetic progressions and partial summation to obtain

S5 — ﬁ <H(O) - ;fogng’(o)) %cﬁ(o) +0 (10‘;()() . (3.5.1.7)
V2

Now (3.5.1.7) gives the main term for Proposition 3.5.1.

3.5.2 Preparation of the off-diagonal

We turn to bounding Sf . In order to complete the proof of Proposition 3.5.1, we prove
X
ST« —— 3.5.2.1
1S (log X)t (3:52.1)

We need to perform some technical massaging before Sfé is in a suitable form. Recall
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from (3.5.1) that

ST = E (logp)® <£> wy (n ) ()
X p/\p
(1 > m<M n=1 p 1 (mod 8)
m odd n odd
mnz#0

We begin by uniquely writing n = rk? where r is square-free and k is an integer
(this variable & is unrelated to the variable k appearing in the analysis for S7). The
condition mn # [ is equivalent to m # r, since both m and r are square-free. It
follows that

(e 9]

2 > 2(r
s 0
Sl - 1 Z Z k:\/?
(1 — —) gM r=1 Ic:
V2] medd ;;?ﬂ odd

e ) () (5)

p=1(mod &)

~—

We next factor out the greatest common divisor, say g, of m and r. We change variables

m — gm,r — gr and obtain

_ L Py oc
< \/5) g odd (7:13%/_91 (,,’29)1:1 k/fodld
(m,r)=1
mr>1
» ) T ngka
< 3 lop)e () e (k7 |
p=1(mod 8) P Y

Observe that the support of by, forces g < M < X %, but we prefer not to indicate this
explicitly.

Clearly we have <927k2> =1 for p t gk and = 0 otherwise. Since ¢ < M < p the
condition p { g is automatically satisfied. By Lemma 3.3.1 we may truncate the sum
over k to k < X1 at the cost of an error O(X 1), say. We may similarly truncate the
sum on 7 to r < X2, With k suitably reduced we may drop the condition p t k, and

then we use the rapid decay of w; again to extend the sum on k to infinity. It follows
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- —= odd m<M r<X1/2+e k=1
< \/5> g (mag)/:gl (Sr,);g):l k odd
(m,r)=1
mr>1
x> (logp)® (-) W (grk2 E) (@> O(X™1)
p=1 (mod 8) p p

(3.5.2.2)

We next detect the congruence condition p =1 (mod 8) with multiplicative charac-

ters modulo 8. Therefore

El%d 8)(10gp)<1> (%) W (g'r’kQ\/g) (%)

' (3.5.2.3)
B D 5 [T ymr
=7 Z Z(logp)@ <§> w1 (grk \/;> ( ) ) )
ve{+1,£2} p
Since m and r are odd and square-free and (m,r) = 1, it follows that mr is odd

and square-free. Hence, for each v € {1,—1,2,—2}, the integer ymr is square-free.
Therefore ymr = 1, 2, or 3 (mod 4). If ymr = 1 (mod 4), then (¥™I) is a real
primitive character modulo |ymr|, while if ymr = 2 or 3 (mod 4), then () is a real
primitive character modulo |4ymr| (see [65, Theorem 2.2.15]). Moreover, for p odd,
<M> = (%) Therefore the sum in (3.5.2.3) is equal to

P Y Stene(f)e (o[ vn, G520

ye{£1,+2} p

where Xom, () = (X22) if ymr = 1 (mod 4), and Xam.(-) = (222) if ymr = 2 or 3
(mod 4), so that x.m.(-) is a real primitive character for all the relevant v, m,r. Also,
since mr > 1, we see that ymr is never 1, so each X, is nonprincipal.

We insert the definition of w; into (3.5.2.4) in order to facilitate a separation of

variables. Recalling (3.5.2.2) and (3.5.2.3), we interchange the order of summation and
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integration to obtain

2 1 (9) b pi(r) 1 1
st=o+ 5y 5 b LY
(1 ) g m Vo4 k
— 5] godd m<M/g r<X1/2+e ye{£1,+2} k=1
(m,2g9)=1 (_T’,Qg):l k odd
(m,r)=1
mr>1

LIt (1 - ) m % (grk?) Yy (logp)® (%) Xome (D)2 2.

278 S
2 p

s/2

We choose ¢ = —~, so that p*? is bounded in absolute value. We can put the

log X7
summation on k inside of the integral, where it becomes a zeta factor, and we obtain

st=omr oy 0y ey e

1 > g odd m<M/g 7.<x1/2+5
( V2 (m,2g9)=1 (r,29)=1
(m,r)=1
mr>1
- 1— 1— ¢(1+ 2s)
l 1_g 1+2s
4 {1149} 7'('2 F 4 22 2

x % (gr)™ Z(logp)@ (%) Xome (P2 &2

p

S .

It is more convenient to replace the logp factor with the von Mangoldt function

A(n). By trivial estimation we have
p »° s
> (10gp)® (%) o (P)p™* = =X Am) @ () Xome (M2 + O(X12),
P

When we sum the error term over m, g, r and integrate over s, the total contribution
is O(X179), provided € = £(f) > 0 is sufficiently small. By the rapid decay of the I'

function in vertical strips we can truncate the integral to [Im(s)| < (log X)?, at the
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cost of a negligible error. We therefore obtain

- 2 12(9) b p2(r) 1
S A e LD ME TID D & S
<1—L> g odd m<M/g m <Xx1/2+e " ye{+1,+2}
\/i = rS )
(m,2g)=1 (r,29)=1
(m,r)=1
mr>1

1 2
1 ogx Ti(log X) (s + l) 1 1
X — 2—)4(1_ - ) (1_21+23) ¢(1+2s)

. 1 1_g
271 1og1X*i(1°gX)2 F<4_l 22

() o S s () e
' (3.5.2.5)

Having arrived at (3.5.2.5), we are finished with the preparatory technical manipu-
lations. We proceed to show that Sfé is small. As discussed in Section 3.2, we apply
three different arguments, depending on the size of mr. We call these ranges Regimes
I, II, and III, which correspond to small, medium, and large values of mr. In Regime I
we have 1 < mr < exp(w+/logx), where w > 0 is a sufficiently small, fixed constant.
Regime II corresponds to exp(wv/logz) < mr < X Tlo, and Regime III corresponds to
X1 < mr < MX3+¢, We then write

ST = By + B, (3.5.2.6)

where E; contains those terms with mr < exp(wy/logx), and Es contains those terms

with mr > exp(wy/log x). We claim the bounds

b < —,
(log X)'== (3.5.2.7)

Ey < X exp(—cwn/log z),

where ¢ > 0 is some absolute constant. Taking together (3.5.2.6) and (3.5.2.7) clearly
gives (3.5.2.1), and this yields Proposition 3.5.1. It therefore suffices to show (3.5.2.7).
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3.5.3 Regime I

We first bound F;, which is precisely the contribution of Regime I. By definition, we

have
[11 bmg M2(7") 1
e P DV D D 3 >

< > g odd m<M]/g Vm r<X1/24e vr 476{ﬂ:1,ﬂ:2}

V2 (m,2g)=1 (r,29)=1

(m,r)=1
1<mr<exp(wy/log z)
1 [rxtilesX)® 1z g 1y 1 1 (3.5.3.1)
X — 2t (o ) (- o ) 29)

211 g < —i(log X)2 F(z_l) 23S 2

) e (G

We transform the sum on n with partial summation to obtain

ZA ( )Xw(n) :—/Ooo Lo ( ) (ZA 1) Xbrr (72 )dw. (3.5.3.2)

n<w

By [66, equation (8) of Chapter 20], we have

w@l
Z A(n)Xymr(n) = 5, +0 (w exp(—c1y/log w)) : (3.5.3.3)

n<w

where ¢; > 0 is some absolute constant, and the term —w” /B only appears if

L(s, Xymr) has a real zero 5y which satisfies 5; > 1 — for some sufficiently small

loghmr\
constant ¢o > 0. All the constants in (3.5.3.3), implied or otherwise, are effective.

The contribution from the error term in (3.5.3.3) is easy to control. Observe that

/| 3
0 X
uniformly in s with Re(s) bounded. Taking (3.5.3.1),(3.5.3.2) and (3.5.3.4) together,

we see the error term of (3.5.3.3) contributes

/ o /
@ (X)‘ dw = /0 1@ (u)| du < |s|+1, (3.5.3.4)

< X exp(cs(w — ¢1)y/1log X) (3.5.3.5)

to Ey, where ¢3 > 0 is some absolute constant. The bound (3.5.3.5) is adequate for

(3.5.2.7) provided we choose w > 0 sufficiently small in terms of ¢;.
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The conductor of the primitive character x,,, is < exp(2wy/log X). We apply Page’s
theorem [66, equation (9) of Chapter 14|, which implies that, for some fixed absolute
constant ¢4 > 0, there is at most one real primitive character x.,m, with modulus
< exp(2w+/log X) for which the L-function L(s, Xm,) has a real zero satisfying

Cq

>1 - —.
b 2wy/log X

(3.5.3.6)

To estimate the contribution of the possible term — we evaluate the integral

5 )

[ () o

arising from (3.5.3.2) and (3.5.3.3). We make the change of variable ¢ +— u and

integrate by parts to see that this integral equals

0 uﬁl

0 51

XhH q);(u)du — —Xﬁl/ @()51 Ydu = _Xﬁlq)T( _{_ﬂ1>
0
We assume that a real zero satisfying (3.5.3.6) does exist, for otherwise we already
have an acceptable bound for F;. Let ¢* denote the conductor of the exceptional

character x.m, for which the real zero f; satisfying (3.5.3.6) exists. Then we have

B L LG )

27m ( \/|q_ ix —i(log X)? F(%)
1 1 X\
X (1 — 255) (1 — 21+28> <?> C(1+2s)®T (g +ﬁ1>

3.5.3.7)
M 12(9)bgm ds (
<D Z 1+s ;
1<mr<exp(wy/log X) (g,2mr)=
(mr,2)=1
(mvT):i
ymr=q

+0 (X exp(—%m)) ’

where ¢5 > 0 is some constant, and v* is some bounded power of two.

log gm

=) and apply Fourier inversion as in (3.5.1.2) and

We next write by, = p(gm)H (
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(3.5.1.3) to obtain

bog (YL
> o =t [ e

(g9,2mr)=1 —o0o0 M log M
- (3.5.3.8)
1+iz
<1l ( T) (st gy ) =
p mr

By (3.5.1.4) we can truncate the integral in (3.5.3.8) to |z| < /log M at the cost of an
error of size Op(dy(mr)(log X)~#). This error contributes to (3.5.3.7)

<z (log X )B+0()’

which is acceptable. We therefore have

XA
By = - \/‘q— ZZ

< ) m<M, 7'<X2+€
(mr 2)=1
(m.r)=1
ymr=q
1 1o x +i(log X)? F( —|— l) 1
_ 5 _1_)
2777/ g (IOgX) Z 25_5 (3539)

1 1
x (1- (1+2) ~+ )/ —h
( 21“5) ’ ( ) o (el <VIE T rTes 7 )
1412 ds X
S — 1 02 .
<11 ( 1+s+fogz> < ( ety gM) s O(logX)

p|2mr

We handle the s-integral in (3.5.3.9) by moving the line of integration to Re(s) =

C6
- loglog X’
Re(s) >

contribution from the pole at s = 0. We write this residue as an integral around a

where c¢g > 0 is small enough that {(1+ s+ lf)'g"—zﬁ) has no zeros in the region

> ey Im(s) < (log X )2. By moving the line of integration we pick up a
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circle of small radius centered at the origin, and thereby deduce

X/BI 7*
B VS )
2 (1 — \%) VI, i

(mr,2)=1
(m,r)=1
ymr=q
1 L(+1 1
X — —(214)<1— : >7“_5
2m1 |s|= ng F(Z) 225 (35310)
1 X\*? /s 1
x [1— 1+4+2s) — <I>T<—+ >/ —=h(z
(=g a2 () @ (Gen) [ e
~1
1 1+1z ds X
1]— — 11 dz— + O )
X H ( 1+s+m> ¢ ( +S+logM) s * (logX)
p|2mr D
We have the bound
Br<1- & (3.5.3.11)

Vgl (log[q*])?

where ¢; > 0 is a fixed absolute constant (see [66, equation (12) of Chapter 14]). If ¢*
satisfies |¢*| < (log X)*7¢ then by (3.5.3.11) we derive

X% <« X exp(—cq(log X )=/?).
By estimating (3.5.3.10) trivially we then obtain
By < X exp(—cz(log X)),
which is an acceptable bound. We may therefore assume that ¢* satisfies

lg*| > (log X)*~*. (3.5.3.12)

1

e We have the bounds

For |s| =

1+ 1+ |2
C(1+2s) < log X, ¢t (1+s+ ZZ) < 2|

log M log X
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Using these bounds and (3.5.3.12) we deduce by trivial estimation that

X X

3.5.3.10 .
( ) < ‘q*‘1/2—0(1) < <lOgX>1_€

This completes the proof of the bound for F; in (3.5.2.7).

3.5.4 Regime II

It remains to prove the bound for Fy in (3.5.2.7). From (3.5.2.5) and (3.5.2.6) we see
that Es is the contribution from those m and r in Regimes II and III. The estimates
in regimes II and III are less delicate than those in regime I, and consequently the
arguments are easier.

In (3.5.2.5) we write ¢ = ymr. After breaking ¢ into dyadic segments we find

By < (log X)°0 Y £(Q),

Q=2
Q>exp(w+/log X)
Q<<Mxl/2+s
where
. n
EQ =@ 3 |3 Amey, (1) x(n)].
xes@ 1 n
Here s is some complex number with Re(sg) = @ and |Tm(sg)| < (log X)?. In order

to prove (3.5.2.7) it therefore suffices to show that
E(Q) < X exp(—cgm/log X) (3.5.4.1)

for each @ satisfying exp(w+/logX) < Q <« MX 2. In this subsection we treat
the @ belonging to Regime II, that is, those ) which satisfy @ < X 1. In the next
subsection we treat the ) in Regime III, which satisfy () > X 1.

In Regime II we employ zero-density estimates. We begin by writing @, as the

integral of its Mellin transform, yielding

S An) @, (%) x(n) = % /(2) Xt (w + %) <—% (w,x)) dw.
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Observe that from repeated integration by parts we have

IIH(So)
2

—j
®f (o + it + %) <, (log X! (1 + ’t - ) (3.5.4.2)

for every non-negative integer j.
We shift the line of integration to Re(w) = —3, picking up residues from all of the

zeros in the critical strip. On the line Re(w) = —3 we have the bound

L/
7w, < logtalu),

and this yields

ZA(n)@SO (%) x(n) = Z Xrpt (p—i—%)—FO((bi{Ll/):m).

L(p,x)=0
0<B<1

We have written here p = 5 + iy. The error term is, of course, completely acceptable
for (3.5.4.1) when summed over ¢ < Q.
By (3.5.4.2), the contribution to £(Q) from those p with |y| > Q/? is

< XQ_H)O,

say, and this gives an acceptable bound. We have therefore obtained

£(Q) < X exp(—w/log X) + Q 2"° Z Z X7 (3.5.4.3)
xeS(Q) L(p,x)=0
0<B<1
ly<Q/?

In order to bound the right side of (3.5.4.3), we first need to introduce some notation.
For a primitive Dirichlet character y modulo ¢, let N (T, x) denote the number of zeros

of L(s,x) in the rectangle
0<f<1, hIsT

For T' > 2, say, we have [66, Chapter 16|

N(T, x) < Tlog(qT). (3.5.4.4)
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For 3 < a < 1, define N(a, T, x) to be the number of zeros p = 8 + iy of L(s, x) in

the rectangle

a<p<l, v <T,

and define

N@,QT) =Y S N(@,T ).

q<Q x(mod q)

In N(a,@,T) the summation on x is over primitive characters. We employ Jutila’s

zero-density estimate [69, (1.7)]
N(a,Q,T) < (QT)*1 =)t (3.5.4.5)

which holds for a > %.
In (3.5.4.3), we separate the zeros p according to whether § < ‘—51 or f > %. Using
(3.5.4.4) we deduce

Qe Y XP < X5 (3.5.4.6)
X€S(Q) L(p,x)=0
0<B8<4/5
lyI<QY/?

For those zeros with 5 > % we write

B
XP =X 4 (logX) | X%
4/5
We then embed S(Q) into the set of all primitive characters with conductors < Q.
Applying (3.5.4.6) and (3.5.4.5), we obtain

1
S Y X< X5 4 (logX) [ X°N(0,Q.Q%)da
x€S(Q) L(p,xq)=0 4/5
4/5<B<1
h<Q?

1
<<X§Q1+€_|_Qs/ XaQG(lfa)dO[.
4/5

Since @ < X 1 the integrand of this latter integral is maximized when o = 1. It
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follows that

Qe Y Y X< XIQUT HXQ T < XQ I (3.5.4.7)
XE€S(Q) L(p,xq)=0
4/5<B<1
h<Q?

Combining (3.5.4.7) and (3.5.4.6) yields
£(Q) < XQ =™,

and this suffices for (3.5.4.1).

3.5.5  Regime III

In Regime III we have X 10 < Q < MX27¢ = X210+ (recall (3.2.4)). Here we depart
from the philosophy of the previous two regimes, in that we do not bound £(Q) by
considerations of zeros of L-functions. Rather, we exploit the combinatorial structure
of the von Mangoldt function and Lemma 3.3.4.

We observe that in Regime III one may still proceed with zero-density estimates by
appealing to Heath-Brown’s zero-density estimate for L-functions of quadratic charac-
ters [67, Theorem 3]. We present our method for the sake of variety, and because it
might prove useful in other contexts.

Let us move to our treatment of £(Q) for these large (). Given an arithmetic function
f:N— C and a real number W > 1, let f<y/(n) denote the arithmetic function

f(n), n<W,
0, n>MW.

few(n) =

We write fow(n) = f(n) — f<w(n).
Our starting place is Vaughan’s identity [47, Proposition 13.4]. Given a parameter
V > 1, we have

A(n) = A<v(n) + (u<v *log)(n)

(3.5.5.1)
— (nzv * A<y x 1)(n) + (v * Asy x 1)(n).

We apply (3.5.5.1) for n < X, and we set V := X3G=9_ This reduces the estimation
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of £(Q) to the estimation of three different sums, say &;(Q), for i € {1,2,3}. Observe
that there are four terms on the right side of (3.5.5.1), but A<y (n) is identically zero

for n < X.
We have
_1 n
E(Q) = Q7 Y Y (ney *log) ()@, () x(w)
XESQ) | n
€ QTN N ) Y (ogm), (57) X(m)‘ .
XES(Q) v<V m

By partial summation and the Pélya-Vinogradov inequality, we find that
£1(Q) < QY « Xatotalz=0te  x1-e, (3.5.5.2)

the last inequality holding for e = £(#) > 0 sufficiently small.

The estimation of &(Q) is entirely similar, and we obtain

D (v * Acy 5 D), () x(0)

n

£(Q) =Q2 Y

X€S(Q)
< QHEVQ < X%—O—@-‘,—%(%—@)—O—e < X'-=.

(3.5.5.3)

The last sum to estimate is E3(Q):

&(Q) = Q7 3 S (v x Aov x )Py, () x(0)
XES(Q) | n
0 T | Yatsoe., (5 ) x|,
XES(Q) ke

where a(k) = p~y(k) and 5(¢) = (Asy x 1)(¢). Observe that both «(-) and 5(-) are

supported on integers m satisfying
V<m< XV

We further observe that |a(k)| < 1,|8(¢)| < log(¢). We perform dyadic decompositions

153



on the ranges of k£ and /¢, so that k < K, ¢ < L, with

Ve« K< XV VL« XV

and KL < X.
We next separate the variables by Mellin inversion on ®,:

S0
2% (w + 3) |

£,(Q) < (log X)°W sup /
K,L

(0)
x Q7= 3 NN alk)B(0) (kO T (k)| duw.
XES(Q) kAK

The integral of |®] | has size < (log X)°™), so we obtain

PIPBLOLON

k:,\K

£(Q) < sup Q77 Y-

KL XES(Q)

= |5(¢)| for all k, £.

h )

where &, § are complex sequences with |G (k)| = |a(k)|, |B(0))

By multiplicativity and Cauchy-Schwarz we obtain

M

) (z S Ao
X€S(Q) | £xL

£4(Q) < sup =1 (Q + K)K)* (Q + L)L)?

K,L Q%

< sup XE(XQQ—F =+

K,L

S ak)x(k)

k=<K

£3(Q) < sup Q-%+€< >

KL XES(Q)

Applying Lemma 3.3.4 yields

(3.5.5.4)

<<Xe (Xi—kg +_1+_) <<X1_E.

The last inequality follows since V = X3~ and Q > X10. Then (3.5.5.2), (3.5.5.3),

and (3.5.5.4) imply

£(Q) < X',
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and this suffices for (3.5.4.1).

3.5.6 Dénouement

We can extract from our proof of Proposition 3.5.1 the following result on character

sums over primes, which we shall have occasion to use later.

Lemma 3.5.2. Let X be a large real number, and let 6 > 0 be small and fized. Let s

Ay
log X

real numbers Ay and As. Given any positive real numbers As, Ay, and B, we have

be a complex number with |[Re(so)| < and |Tm(so)| < (log X)42, for some positive

> 7(q)™" (log )2 3 P (4 X
(logp)q)so <_) - <K A1,49,45,A4,B,5 B"
g<x1-8 Vi p=1(mod 8) X b (log X)
q odd
g7

The implied constant is ineffective.

Proof. Follow the proof of (3.5.2.7), but instead use the lower bound ¢* > ¢(D)(log X)?,
which holds for arbitrary D > 0. The constant ¢(D) is ineffective if D > 2. O

Lemma 3.5.2 is quite strong since it corresponds, roughly, to square root cancellation
on average in the sums over p. Thus, one would not expect to be able to prove an

analogue of Lemma 3.5.2 with the upper bound for ¢ replaced by X'*¢ for any > 0.

3.6 The mollified second moment

In this section we derive an upper bound of the correct order of magnitude for the sum
Sy defined in (3.2.1). Our main result for this section is the following (recall (3.2.4)
and (3.4.2)).

Proposition 3.6.1. Let 6 > 0 be small and fixed, and let 0,9 satisfy 0 + 29 < % If
X > Xo(6,0,9), then

1+0 JX
2(1— L)20 4
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where
1
32—2/ H(x)H'(z)dx + = /H (x)H" (z)dx + = /H/ )2da
0

202 / Hl H/l dx + 2463 / H/l

The proof of Proposition 3.6.1 follows the ideas outlined in Section 3.2. First, we

note that logp < log X in (3.2.1) because ® is supported on [£,1]. By positivity we

2 )
may apply the upper bound sieve condition (3.4.7) to write

SZ S (lOgX)S+,

where ST is defined by

st= Y n) ( 3 )\d> o (%) L(L, xn)2 M (n)?. (3.6.1)

n=1 (mod 8) dln
d<D
Note that d is odd since d | n and n = 1 (mod 8). Also, A\y # 0 only for square-
free d by the definition (3.4.8), and so Ay = p?(d)\g. We use Lemma 3.3.2 to write
L(3, xn)? = Ds(n), then insert (3.2.6) into (3.6.1) to write

St =S58+ 5%, (3.6.2)
where
n
Si= 3 Ny ( 3 ;f(d))\d) ® <Y> Dy(n)M(n)? (3.6.3)
n=1 (mod 8) d|n
d<D
and

Sk= (Z )Ry(n) <|Z /f(d))\d) o (%) Do(n) M (n)?

We first obtain a bound on SE. The remainder of this section will then be devoted to

an analysis of Sy.
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3.6.1 The contribution of S}

In this subsection we show
+ € X 1/2

The arguments here are almost identical to those in [51, Section 3]. Observe that
Ry (n) = 0 unless n = £*h with ¢ > Y and h square-free. If n =1 (mod 8) then ¢ and
h are odd and h =1 (mod 8). By the divisor bound we have

> A (d)Ag

dln
d<D

|Ry (n)| < n®, «n,

and therefore

Sp<XT > > (W) M(Ch)*Dy(Ch)).

Y<I<VX X/202<h<X/?
210 h=1 (mod 8)

There is a mild complication compared to [51] in that it is possible to have h = 1, in
which case the character y; is principal.

We apply Cauchy-Schwarz and obtain

1/2
Sp<XT > < > u2(h)|M(€2h)2|2> (3.6.1.2)

Y<<vX \ X/202<h<X/(?
21¢ h=1 (mod 8)
1/2
X ( > u2(h)|D2(€2h)|2) : (3.6.1.3)
X/202<h<X/0?
h=1 (mod 8)

We have

o= 3 22

m<M?
(m,20)=1

for some coefficients a(m) satisfying |a(m)| < m*. For h = 1 we use the trivial bound
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M(*)* < M?X¢. For h > 1 we use Lemma 3.3.4. We therefore have

X
S MR < X° (K—Q + M2> : (3.6.1.4)
X/202<h<X/0?
h=1 (mod 8)

Now observe that, for any ¢ > %,

25 — LL/ e+ LY
IDZ(E h) - (1 . _)4 21 © 2 (i) 1 21/2—s

1
V2
2h\° 1 d
X (—) L? <— + s, Xh) E(s, 2€)—S,
T 2 s

where

E(s, k) :g (1—2’;’}—52)3.

If h =1 then L? (5 +s,xx) = (*(5 + s). In any case, we move the line of integration

to c = and we do not pick up contributions from any poles. When h > 1 this is

1
log X7
obvious, and when h = 1 the double pole of CQ(% + s) is canceled out by the double
zero of (1 —27(1/279))2 By trivial estimation we have then |D,(¢?)| < X°. For h > 1

we apply Cauchy-Schwarz to obtain
s 1 1
ri=+- L=

Summing over h and using Lemma 3.3.5, we obtain

2 4
D202 < X&/ |ds|.

(long)

) ) ) Xl—i—a
E w?(h)|De(07h)]° < 7R (3.6.1.5)
X/202<h<X/0?
h=1 (mod 8)

Combining (3.6.1.2), (3.6.1.4), and (3.6.1.5) yields (3.6.1.1).
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3.6.2 Poisson summation

We begin our evaluation of Sy by inserting into (3.6.3) the definition (3.2.3) of the
mollifier M (n). We then use the definition of Ds (see Lemma 3.3.2) to write

+ 8 2 bmlbmg n
Sy = a-1 NS N > Ny(n)® (})

(:ligcjljd my,ma<M n=1 (mod 8)
o m1,mg odd d|n
° (3.6.2.1)
da(v) Zis n
X E Wa (—) .
N4 n mymeov
v=1
v odd

We next apply Poisson summation to evaluate the n-sum. Denote the n-sum in
(3.6.2.1) by Z, i.e. define Z by

Z=Z(dv,mmiX,Y) = > Ny(n)d (%) W (ﬂ>< o ) (3.6.2.2)

n mimev
n=1 (mod 8)
dn

We insert the definition (3.2.7) of Ny(n) and interchange the order of summation to

Z=3 ua) Y R (%) (m::nzy> , (3.6.2.3)

a<y n=1 (mod 8)
o 0dd ol n

write Z as

where F,(t) is defined by

F,(t) = ®(t)ws (t”—;) . (3.6.2.4)

If o and d are square-free, then [o?, d] = a?d;, where

dy = (3.6.2.5)

(d,a)
We may thus relabel n as a?dym in (3.6.2.3), and then split the resulting sum on m

according to the congruence class of m (mod mymsyr). We deduce from (3.6.2.3) that

7= Z #le) (mil”w’/) b ( Z (mlfnzV>

a<Y mod mimav)
(a,2mimav)=1

X Z F, <a2;i(1m) .

m=a?d; (mod 8)
m=b (mod mimav)
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By the Chinese Remainder Theorem, we may write the congruence conditions on m
as a single condition m = v (mod 8m;myr) for some integer v depending on «,d, b.
Thus, we may relabel m as 8jmi;msr + 7, where j ranges over all integers, and arrive

at

Z= Y pla) <m167ivlzgu)b( > )(mlanV>

a<Y mod mimov
(a,2mimav)=1 (3626)
) Z i (azdl(é}jm;(mgl/ + fy)) |
JEZ

We apply Poisson summation to the j-sum to write

2 ; A
ZFZ/ a’dy (8jmimav + ) _ X Ze k~y i kX |
/ X 8a2dymymav ~ 8mymav a2dymimav

JEZL

We insert this into (3.6.2.6), apply the reciprocity relation

e k’}/ — . kgb e ]COé2d1m1mQV
8mymar ) mymav 8 ’

and then evaluate the b-sum using the definition (3.3.3) of the Gauss sum. Therefore

X 2d
o 2 ()
8myimeav = o?d; \ mimev
(a,2mimaov)=1

ka2dymimeov kX
X Z (#) FV (8—> Tk(mlmgl/).

2
o2dymymev
kez 1RR2

Recalling (3.6.2.1) and (3.6.2.2), we arrive at

Cbmbmy, e d
St = Z# )Ad ZZ (mama)32 Z % Z Zgi

d<D mi1,ma<M v=1 a<Y

dodd (m1ma,2d)=1 (v,2d)=1 (o,2mimav)=1
2d1 ka2d1m1m21/ ~ kX
— || =——— .
% (m1m21/) ée < 8 8a2d1m1m2V Tk<m1m2V)
(3.6.2.7)

Note that we may impose the condition (m;myv, d) = 1 because otherwise (—24—) = 0.

mimav
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We write (3.6.2.7) as
Sy =T+ B, (3.6.2.8)

where 7y is the contribution from k£ = 0 in (3.6.2.7), while B is the contribution from
k #01in (3.6.2.7). We evaluate Ty in the next subsection, and B in later subsections.

3.6.3 The contribution from k£ =0

By (3.3.3), 7o(n) = @¢(n) if n is a perfect square, and 79(n) = 0 otherwise. Hence the
term 7y in (3.6.2.7) is

bmlme = d
Ti= i AN YUY i S Sy A
d<D mi, m2<M v=1 a<Y

d odd (mimg,2d)= (l«2d):1D (,2mimav)=1
mimoUrv=

X Fy(O)gp(mlmgy).
(3.6.3.1)

We first extend the sum over « to infinity. Since ¢(n) < n, the error introduced in

doing so is

< XY | ZZ |b’”1bm2| Z Z ajd1|ﬁy(0)\. (3.6.3.2)

d<D mi, m2<M

m1m21/ O

By Lemma 3.3.1, F,(0) < 1 uniformly for all v > 0, and F,(0) < exp(—gx) for
v > X' Moreover, (3.4.8) implies that |\g| < df, while |b,,| < 1 by (3.2 .5). It
follows from these bounds that (3.6.3.2) is

<X Z N > % ZY a%dl +exp (—X°). (3.6.3.3)

d<D mi,mo<M §X1+5
mimeov=0_

Since mimayv is a perfect square, the sum over my, mo, v in (3.6.3.3) is < X¢. Also,
the definition (3.6.2.5) of d; implies that

1
Zazdlz‘ZSO Z dl -y’

a>Y jld

J\a
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Therefore (3.6.3.3) is O(X'*¢/Y"). This bounds the error in extending the sum over

in (3.6.3.1) to infinity, and we arrive at

bmlbm = da = pla)
Ti= i A YUY e S SR A
d<D mi, m2<M v=1 a=1

d odd (mimz,2d)= (l«2d):1D (e,2mimav)=1
mimeolr=

R X e
X F,(0)p(mimar) + O ( v ) .

Writing the sum on « as an Euler product, we deduce that

76:3( ZM H(p+1> 2.2 jﬂ

d<D |d mi, m2<M
dodd (mim2,2d)=
% 3.6.3.4)
dg(V) R P Xl—l—a (
F,(0 e @) .
<D N 11 (p+ 1) T\ v
(z/,VZjl:l plmimav

We next evaluate the sum over d. Lemma 3.4.3 implies

Z MZ(d))\dH( p ):1+E0(X) H (1+1>H( P’ )

2 __
d<D d pld p +1 log R p|2mimaov p p<zo p 1
(d,2mimov)=1 p<zo

10 ((log R)™%9) .
(3.6.3.5)

Recall that Ey(X) — 0, and depends only on X, G, and . Heretofore we just write
o(1) instead of Ey(X).

We may omit the condition p < zy by trivial estimation and (3.4.1). It follows from
(3.6.3.5) and (3.6.3.4) that

22X 1+4o0(1 bmlbm ),
76_<\/§ 1)4 log R ZZ Z \/—F(O)

mi1,mo<M v=1

(m1m2,2)=1 (v,2)=1 (3636)

mimeov=0>1

O X X1+€
+ (10g R>2019 + Y ’

The next task is to carry out the summation over my, ms, and v. Let T be defined
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N bt 5 2RE ) (3:637)

mi,mo<M v=1
(m1m2 2) 1 (V»2):1
mimeovr=0>1

We insert into (3.6.3.7) the definition (3.2.5) of b,, and the definitions (3.6.2.4) and
(3.3.1) of F, and ws, and then apply the Fourier inversion formula (3.5.1.2). After

interchanging the order of summation, we arrive at

X ZZZ ( 2 (ﬁi@(& s 1dz2% (3.6.3.8)

Tog M, Tog M
(mimaor,2)=1 (mlmQV) ml"g m2°g Ve

where we take ¢ =

o X to facilitate later estimations. We may write the sum on

mq, Mo, V as an Euler product

Sy

1 1+izg 14izo
(m1mar,2)=1 <m1m2V)5mllogM leogMVS
mlmgu_D

Z —1)™*m (y + 1)

X = H Z Z m .

1+m2+V 1+zz1 1+izg

+m1 +ma +vs

p>2m1=0m2=0 v=0 P ( ) (10gM)
m1+ma+v even

This can also be written as

1+ 20) (1 2 ) (1 i o) P (1 5 )@ (5 i)
(3.6.3.9)
where Q(wy,ws,s) is an Euler product that is uniformly bounded and holomorphic
when each of Re(w;), Re(ws), and Re(s) is > —e. From this definition of @) and a

calculation, we see that

Q(0,0,0) =1, (3.6.3.10)

a fact we use shortly. We insert the expression (3.6.3.9) for the my, msy, v-sum into
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(3.6.3.8) and arrive at

)1 2z (1 B )2 (14 128 4 ) Q (L, 5. 5) dadan”

By (3.5.1.4) and the rapid decay of the gamma function, we may truncate the integrals
to the region |z1|, |22] < v/log M and |Im(s)| < (log X)?, introducing a negligible error.
We then deform the path of integration of the s-integral to the path made up of the line
—i(log X)?, followed by the line segment

segment L; from T —i(log X)? to —

Ly from —m —i(log X)? to —

from —@ +i(log X)* to —« gX + i(log X)?, where ¢ is a constant chosen so that

C/
loglo X
+i(log X)?, and then by the line segment L

log log X

(14 2) < log[Im(z)| and ﬁ«logum(zﬂ (3.6.3.11)

for Re(z) > —c/log|Im(z)| and |[Im(z)| > 1 (see, for example, Theorem 3.5 and
(3.11.8) of Titchmarsh [70]). This leaves a residue from the pole at s = 0. The
contributions of the integrals over L, and L3 are negligible because of the rapid decay
of the I' function, while the contribution of the integral over L, is negligible because
X' K exp( / _log X

10g log X
residue of the pole at s = 0. Writing this residue as an integral along a circle centered

) ( > (s)¢* (1 + 2s)
// (21)h(2) <1+2+1;gﬂ+;22>c (14 2 4+ 5) 21+ 1 4 )

|zi|<+/log M

) for s on Ly. Hence the main contribution arises from the

at 0, we arrive at

ds 1
<@ (i 15.2) a0+ (s )

We may expand the zeta-functions and the function @) into Laurent series. The main

contribution arises from the first terms of the Laurent expansions, and so we deduce

164



using (3.6.3.10) that

B 1617” ]{ﬂ:ng F%(—;?Q (1 - 251—8>2 (ir_()si)(s) // iz )h(z)

|zi]</Tog M
log M 1411z 214z 2 ds 1
dndzo— + 0 | ——— ) .
8 (2—}—2’21 —H'ZQ) (1ogM +S> log M L At * (log X)1—=

By (3.5.1.4), we may extend the integrals over z;,2 to R? introducing a negligible

error. We then apply the formula

[ [ weme AL g,

24127 + 129

:/ / / h(z)h(z) (1 +i21)7 (1 + dzp)Fe =)t 0422) g0 dondt (3.6.3.12)
0 —00 J —00
)t / HO () H® (1) dt
0

to obtain

1 (s +1)2 1\ /X\°. 1 !
T, = f 2—4<1_ ) <—>CI)S —/ H" ()2 dt
0 16mi 5= s F<zl1)2 955 T () (log M)3 J, (t)
4s 1 252 1 452 1
——— | H'@®OH"(t)dt H(t)H" (t)dt H' ()2 dt
(logM)2/0 (OH(?) +logM/O (BH"(?) +logM 0 ®)

Lt 1 ds 1
—4s% | H(t)H' 4] M/ H(t)? - — .
s /0 (t)H'(t) dt + s" log i (1) dt} i +0 ((logX)l—E)

We evaluate the s-integral as a residue using (3.5.1.6). The result is

0 (i ) [ o

log X log X
—2 H'(t)H"(t) dt + 2 H(t)H"(t
: (logM) / (£)di + IOgM/

><+112§]\)f[/1{’ ) dt — /H H’()dt}+0(ﬁ)
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From this, (3.6.3.6), and the definition (3.6.3.7) of Ty, we arrive at

X 1+o(1) [ 1 flogX\° [* .,
= — H"(t)? dt
7o 1\? logR {24 <logM /0 (t)
8(1—-L
(1-%)

1 (log X log X 3.6.3.13
- H/ H// H H// ( .0.0. )
2(log]\/[> / (t) dt+2logM/

log X (', ., ) X Xl+e
H - H(t)H .
e /0 (1)? dt /0 (1) H' (1) dt} +0 ( =" Y

3.6.4 The contribution from £ = 0: splitting into cases

Having estimated the term 7 in (3.6.2.8), we now begin our analysis of B. The analysis
of B is much more complicated than the analysis for 7.

The behavior of the additive character e(ka2d;mymsyr/8) in (3.6.2.7) depends upon
the residue class of £ modulo 8. We therefore distinguish the following cases for k: k
is odd, k =2 (mod 4), k =4 (mod 8), or kK =0 (mod 8). We split our analysis of the

sum B in (3.6.2.8) according to these four cases. For the terms with odd k, we use the

(B <L) 2(2) e

and treat separately the contributions of each term on the right-hand side. More-

identity

over, for the terms with odd k or K = 2 (mod 4), we use the second expression in
(3.3.3) for 7,(n) and treat separately the contributions of the terms (1) Gy(n) and

(71) (%) Gr(n). We can treat these two contributions together as one combined
sum for the terms with £ = 0,4 (mod 8), because, for those k, the additive character
e(ka?dymymsor/8) is constant and the conditions & = 0,4 (mod 8) are invariant with

respect to the substitution k — —k. Hence, in view of these considerations, (3.6.2.7),
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and (3.6.2.8), we write

b, bmz - da(v) e
Z 12 (d) A Z Z (mymo) 3/2 Z 32 Z a2d,
d<D mi1,mo<M v=1 a<Y
d odd (m1ma2,2d)=1 (v,2d)=1 (a,2mimav)=1

X(Q1+ Qo+ Qs+ QU+U +U+V+W),

(3.6.4.1)

9, = L+ \/—5 2d, Gr(mymev)
L 2 2 \mymev ~ kdlmlmgl/ £y 8a2d1m1mgy k(mams
k odd
(3.6.4.2)
1—i\ V2 [ —2d,
Q= < 2 ) 2 (mlmgy> ~ (kdlmlmgy> Y (8a2d1m1m21/) Gr(mamav),
k odd
(3.6.4.3)
Qs = Lt zé 2, ; Gr(mimayv)
T 2 2 \mymayv ~ k’dlmlmgu v 8a2d1m1m21/ k(mams
k odd
(3.6.4.4)
0, — 1—i zﬁ —2d 3 Gr(mimav),
1 2 2 \mymsv ~ kdlmlmgy v 8a2d1m1m2u k(s
k odd
(3.6.4.5)
141 2d, a2d1m1m2V
U, = L, G )
! ( 2 ) (mlmgu) Z ( 8a2d1m1m21/ k(mimav)

(3.6.4.6)

(1= —2d, koﬂdlmlmgy
= ( 2 ) <m1m2y) Z ¢ ry 8Oz2d1m1m21/ Gk(mlmW),
keZ

k=2 (mod 4)

(3.6.4.7)
o 2d1 k’OélemlmQV
Y = <m1m2y) Z e < F, 2d1m1m2V Tk (mamar),

kez
k=4 (mod 8)

(3.6.4.8)
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and

2d1 ka2d1m1mgv ~ kX
w (mlmzu) Z ¢ ( 8 a2dymymav Tk (mimav)

(3.6.4.9)

3.6.5 Evaluation of the sum with O,

In this subsection, we evaluate the sum

Q; = i djg/';) 3 agd) Qi (3.6.5.1)

v=1 a<lY
(v,2d)=1 (a,2mimav)=1

with Q; defined by (3.6.4.2). We may cancel the two Jacobi symbols (mlfmu) in

(3.6.4.2), insert the resulting expression into (3.6.5.1), and then apply the Mellin in-

version formula to the v-sum to deduce that

a-(5)E T (A y ()

a<Y
(ev,2mimaov)=1 k odd
- S do(v) (dy
tw 1 dt a G d
27TZ /c)/ <8a2d1m1m2t) ; 32w \ k(mimav) dw
(v,2d)=1

(3.6.5.2)

for any ¢ > 1. The interchange in the order of summation is justified by absolute

convergence. The next step is to write the v-sum as an Euler product, as follows.

Lemma 3.6.2. Let d; be as defined by (3.6.2.5). For each nonzero integer k, define
k1 and ko uniquely by the equation

4kd, = k1 k3, (3.6.5.3)

where ki is a fundamental discriminant and ks is a positive integer. If ¢ is a positive
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integer and Re(s) > 1, then

Z % (%) Gi;?) = L(Sanl)zHgo,p(s;k’,f,a,d)

=: L(37 Xk1)2g0(8; k7£7 a, d)7

where Xk, (+) = (&) and Go,(s; k, €, o, d) is defined by

2
Gop(sik, la,d) = (1—};(%)) if pl2ad, and

k T +1 d r+ordp(Z) .
gO,p(s; ka ga a, d) = (1 - E (?)) prs (p_) 7"/2 pr T 2ad.

The function Go(s; k,l, o, d) is holomorphic for Re(s) > % Moreover, if ks and k4 are

defined by the equation
k = kskj, (3.6.5.4)

with k3 square-free and ks a positive integer, then
Go(s;k, 0, o, d) <. (ad|k|0)F 020, k2)1?

uniformly for Re(s) > 3 + ¢

Proof. It follows from the definition of Gy ,(s; k, ¢, a, d) and Lemma 3.3.3 that

1 2 2 9
go,p(s;k:,ﬁ,a,d):(l——(ﬁ>) (1+_<@))_1_%+T(ﬁ)
pPA\P PP\ p p*  p* \ p

for each p 1 2adkl, since (%) = (%) for odd primes p, by (3.6.5.3). The rest of the
proof is similar to that of [51, Lemma 5.3]. O

We also need some analytic properties of the function h(¢, w) defined for Re(w) > 0

by
h(E, w) = / 7 (%) 1 g
0

These are embodied in the following lemma. As a bit of notation, for a real number x
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we define

1, z >0,
sgn(x) = X .
—1, z<0.

Lemma 3.6.3. Let F; be defined by (3.6.2.4). If £ # 0 then

(&, w) = |§]w¢>(w)/0 (@z ) (cos(2mz) — isgn(&) sin(27z)) Ziil

The integral above may be expressed as
1 [ T(s+1)° 1)? X
P % (1 — — ) ~(2m) T (s — w)
2mi S T (3) */) (7)) (3.6.5.5)

x {cos (Z(s —w)) — isgn(§) sin (Z(s — )} -

22

for any ¢ with Re(w) + 1 > ¢ > max{0,Re(w)}. If & # 0, then h({,w) is an entire
function of w. In the region 1 > Re(w) > —1, it satisfies the bound

Bl w) < (1 fu) ™ exp (— %%) €18 ()l

Proof. The proof is similar to that of [51, Lemma 5.2]. ]

Now, by these lemmas and the rapid decay of ®(w) as |Im(w)| — oo in a fixed
vertical strip, we may move the line of integration of the w-integral in (3.6.5.2) to
Re(w) = —3 +e. This leaves a residue from a pole at w = 0 only when xy, is a
principal character, which holds if and only if k&1 = 1. By (3.6.5.3), k; = 1 if and only

if kd; is a perfect square. Hence

Qf =P+ Ry, (3.6.5.6)
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where P; is defined by

- 14+4\ V2 wla) [ dy kX
Pl_]{}gg ( 2 >7 Z O[2d1 mime kZ h 8a2d1m1m2’w

et Koda
2 =1 o
(o, 2mym2) kd1 =0

x((1+w)*Go(1 4+ w; k, mims, a, d)
(3.6.5.7)

and R is defined by
1+i\ V2 p() dy 2
R = vz M) (4 2
! ( 2 ) 2 Z Oé2d1 mime kGZZ kdl

a<Y
(a,2mima)=1 k odd

| kX
- h—"% W) La 2Go(1 + w; k d) duw.
Rz (8a2d1m1m2’w) (L% X6, ) GolL + w3 by mama, @, d) deo

(3.6.5.8)

We bound R; in Subsection 3.6.6. To estimate P;, observe that d; is square-free by its
definition (3.6.2.5) and the fact that d is square-free. This implies that kd; is a perfect
square if and only if k£ equals d; times a perfect square. Hence, in (3.6.5.7), we may
relabel k as d;j2, where j runs through all the odd positive integers. With this and
Lemma 3.6.3, we deduce from (3.6.5.7) that

P = Res (1 i Z) @ Z &az((l +w)2d(w) X

1 F s l 2 1 2
X —/ . +)3) (1 T oI ) 7 Ty(s — w)(8a’mymy)* ™" (3.6.5.9)
(©) °

2m r (?1; 227
% Z j—23+2w 1 > g()(l —}—U};d1j2,m1m2>a7d) _87
— 1My 5
j]odd

where I'y(u) is defined by

Ty(u) = (2m) 7T (u)(cos (3u) — isin (Zu)), (3.6.5.10)

)

and where we take ¢ > % to guarantee the absolute convergence of the j-sum.

We next write the j-sum in (3.6.5.9) as an Euler product. By (ii) of Lemma 3.3.3, if
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J is a positive integer then

for all p{2ad and 8 > 1. From this and the definition of Gy in Lemma 3.6.2, we see
that

d
< ! ) Go(1 4+ w; dyj%, mimy, o, d) = G(1 + w; 5%, mimy, ad),
mq1me

where G is defined by [51, (5.8)]. Hence we may write the inner j-sum in (3.6.5.9) as

an Euler product

DTG+ w2, mamy, ad)

7j=1
7 odd
1
:( 21+w) HZP%“’ )G, (1 + w; p*, mimsa, ad) (3.6.5.11)
p>2 b=0
( pQ”"‘”‘S)Gp(l + w; p*, myms, ad).
b

This latter expression is [51, p. 471]

1 S—w—
(1 - 4S_w) (mymy) 510 C(Zs —2w)((2s + 1)H1(s — w, 1 +w;myms, ad),
where ¢, is the square-free integer defined by the equation

mimg = 0103, p*(0) =1, ly € Z, (3.6.5.12)

and H; is defined by an Euler product

Hi(s —w, 1+ w;myma, ad) = HHLp-
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The local factors H, , are

( 2
1 1 :
<1 — p1+w> <1 — p1+29> if p|2ad
1 1+
“’ 2 1 3 1 :
1+w — plFzw + plt2s — p2+es + p3+4s) lprfQOédmlmz
(1 1+25

Hi, = (
D 1- 1+w
2 2 1 1 :
(1 <1 29 2w 2s—w p1+25—w _'_ p1+25 - p1+4s—2w> lf p‘gl

1 2 1 1 :
1 - 1+w - pit2s—w + plt2s - p2+23> 1f p|m1m27 p T 61-

(3.6.5.13)
Inserting this expression for the j-sum in (3.6.5.9) into (3.6.5.9), we find that

P, = (1 ”) V2 S wla) (3.6.5.14)

2 2 Oé2d1
a<lY

(a,2mima)=1

where

i 1 [ D(3+1) 1\
= 1 *d w227 4) (4 _ —sT. (s — 2ys—w
T= Res C(1+ w)"B(u) X" /(C) S < 2;_5) 7T (s — w)(80%)

1 s—w—1
X (1 — 45—w) mimal; §C(23 —2w)((2s + 1)H1(s — w, 1 + w; mymeo, ad) ds

(3.6.5.15)

The next step is to extend the a-sum to infinity and show that the error introduced
in doing so is small. To do this, we need to move the line of integration in (3.6.5.15)
closer to 0 to guarantee the absolute convergence of the a-sum. We first evaluate the
residue to see that (3.6.5.15) is the same as

20 /) rG+ %5)2 <1 B 2113)27_%(5)(8@2)3 (1 ~ 41) -

xﬁi*%C( 25)((2s + 1)H (s, l,mlmz,ad){ + (®)(0) + log (8:;61) (3.6.5.16)

©(0)
} ds

%’Hl(s —w, 1 4+ w;myms, ad)
Here y denotes the Euler-Mascheroni constant. The definition (3.6.5.13) of H;(s—w, 14+

F’() log4 ¢’
Iy (1 —45) ¢

Hi(s —w, 1+ w;mims, ad)
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w; myms, ad) implies that it is holomorphic for Re(s) > 0 and |w| < max{3,2s|},
and that it and its first partial derivatives at w = 0 are bounded by <« (aX)® for

Re(s) > @. Thus, by the rapid decay of the gamma function, we may move the line
of integration in (3.6.5.16) to Re(s) = @. There is no residue because the poles of

¢(2s) and %(23) at s = 1 are canceled by the zero of the factor (1 — 272)2. Using
well-known bounds for ((2s) and (’(2s) implied by the Phragmén-Lindel6f principle,

we see that the new integral is now bounded by

—3+¢ e veE s =+e
< mymaly * ot X = )’F(a+i)ﬁmaxﬂrxs)u|r’2<s>|}<1+|s|>%+ ds].,
Tog X

1
which is < mymal, R & by the rapid decay of the gamma function. Dividing this

bound by a?d; and summing the result over all o > Y, we deduce that

2 —%-I—e c
K (Oé) m1m2‘€1 X
Z a?dy 1] < dl—cyl-¢ (3.6.5.17)

a>Y
(a,2mima)=1

because, by (3.6.2.5), if ¢(j) is the Euler totient function, then

1 1 , 1 1
Z OéQiSdl - E ZQO(]) Z a’—¢€ < dl-eyl-—=e’

a>Y jld a>Y
Jle

From (3.6.5.14), (3.6.5.17), and (3.6.5.15) now with ¢ = ——, we arrive at

log X’
1+i\ V2, 1 1
=R — XY Fo(s —w)87" | 1 —
P i < 2 ) 2 271 /(11x) 2(s = w) ( 45—“’)
E L (3.6.5.18)
d /2 X¢
X KC(s, w;mima, d) ?S + O (mlz;i%/ka ) ’
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with (s, w;myms, d) defined by

. r (§ + l)2 2 )
IC(Sv w;myima, d) = C(l —+ w)Z(I)(w)Z—; (1 _ ) ﬂ—5m1m2[j7w7§

o0

a
x((2s —2w)((2s + 1) Z %Hl(s—w,l%—w;mlmg,ad),
(a,277?1:77%2):1

(3.6.5.19)

where, as before, ¢; is defined by (3.6.5.12), d; is defined by (3.6.2.5), and H, is defined
as the product of (3.6.5.13) over all primes.

It is convenient for later calculations to write P; in terms of a residue, as in (3.6.5.18),

rather than in terms of logarithmic derivatives as in (3.6.5.16).

3.6.6 Bounding the contribution of R,

Having handled P; in (3.6.5.6), we next turn to R4, defined by (3.6.5.8). It will be
convenient to denote

roa - (H) 2 5 M (1) x ()

< kezZ
(@,20=1 k odd (3.6.6.1)
1 kX
— h{—— L(1 2Go(1 k0 o, d)d
X O7ri (_%—’—6) (80[2(116’“)) ( + w?Xkl) gO( + w; R, L, Q, ) w,

so that Ry = mimaR(myimse, d). We will bound |R(¢,d)| on average as £ and d each

range over a dyadic interval.

Let Brag = R((,d)/|R(¢,d)| if R(¢,d) # 0, and f;4 = 1 otherwise. Then |4 =1
and |R(¢,d)| = BeaR (¢, d). We sum this over all ¢,d with J < ¢ <2Jand V < d < 2V,
where J, V' > 1. We then insert the definition (3.6.6.1) and bring the d, f-sum inside
the integral to deduce that

2V -1 2J—1 2V -1 2J—1
Y IR = BeaR (L, d)
d:‘i /:J_ d:\i /:_
(d,2)=1 (¢,2d)=1 (d,2)=1( i Y=1 (3.6.6.2)
< Y 92/_ Ular, kyw) |dwl,
a<y kez Y (=318



where for brevity we denote

1 Bea (d
Ul kw)= Y d_1|L(1 + w,Xk1)|2| > A (71)
@1 (03ad=1

We split the k-sum into dyadic blocks K < |k| < 2K, with K > 1, and apply Cauchy’s

inequality to write

2V -1 %
Z U(oz,k:,w)<<<zd1 Z k2|L1+ka1>|)

K<|k|<2K d=V K<|k|<2K
k odd (d,2)=1 k odd
2V -1 2J—1
1 Bea (di
— | = 3.6.6.3
(T X Y (%) e
K<|k|<2K (=]
(d, ) 1 k odd (¢,2ad)=1
2\ 1
kX :
1 kol o, dh | ——
><gO( —|—U), ) 7047 ) (80&2d1£’w> ‘) )

where ks is defined by (3.6.5.3). To bound the first factor on the right-hand side of
(3.6.6.3), we split the k-sum according to the values of k; and ks and interchange the
order of summation. Then we use the fact that d; > d/a by (3.6.2.5) to deduce that

2V -1

Z > kalL(1 4w, x|
K<\k\<2K
(d2 k odd
N 2V -1
SV Z |L(1 + w, X, )[* Z ko Z 1
0<|k1| <KV k2<<\/% (5172:)‘;1
dl\klkg

We estimate the inner sum using the divisor bound, and find that the above is

1
<aK've - —IL+w, Xi )P <€ aKEVE(L + w]) e
0<|k1| <KV
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by Lemma 3.3.5. It follows from this and (3.6.6.3) that

1
2

Z U, k,w) (@K”EVE( + ]w])HE)

K<|k|<2K
k odd
2V -1 2J-1
Bea (i
( Z > = Z 7 (3.6.6.4)
K<|k|<2K =
(d2) 1 k odd (¢,2ad)=1
kX A\ 2
1 kol o, d)h | ——— )
XgO( +w) 4y O ) (80&2d1€’w> ‘ )

The next task is to bound the second factor on the right-hand side. To this end we

prove the following two lemmas.

Lemma 3.6.4. Let « < Y, d, K, and J be positive integers, and suppose w is a
complex number with real part —% +¢e. Then for any choice of complex numbers v, with
h/@‘ < 17

2J-1 2
1 Ve kX
Z - Z o(1 —i—wkfad)h(—,w)‘
K<|k|<2K k2 =] ‘ 8a?dl
k odd (£,20d)=1

15 bounded by

<. |®(w)

|2d1a2+sJ2+ests o _i \/?
X1 P\ " 20avaiire) )

and also by

‘2a2d1(JK +.J2)

< (1 + |w])adJ K X)?|d(w) %

Lemma 3.6.5. Let 6, < (¢ be any sequence of complex numbers and let Re(w) =
—% +¢. Then

1 2J-1 5
S Sy LGt wiktad)| <. (adJK)FJ(J+K).
2

k
K<|k|<2K =J Vi
(¢,2ad)=1

Proof of Lemma 3.6.4 assuming Lemma 3.6.5. To prove the first bound, we use the

triangle inequality and apply the bounds for Gy from Lemma 3.6.2 and h(§, w) from
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Lemma 3.6.3 to deduce that the sum in question is

dya2te JEKE e < 1 VE )
—————exp

< |D(w)|? - —
()] Xi-e 20 a\/dy J(1 + Jwl)

1 2J-1 2
0Kz
> il X o)
K<|k|<2K =]
k odd (¢,2ad)=1

We then estimate the k-sum by splitting it according to the values of k; and ks and
using (¢, k%) < k? < k2, which follows from (3.6.5.3) and (3.6.5.4). This leads to the
first bound of the lemma.

To prove the second bound, we apply Lemma 3.6.3 and write the integral (3.6.5.5)

as

L (s, wisen(©)) ( i ) ds

211 J (o) )¢

with ¢ = . We then bring the /-sum inside the integral and use the triangle inequality
to deduce that

2J-1 14
’}/g kX v O[lJrEdf
o(1 k.l a,d)h | ——— P —_—
(¢,20d)=1

271
g(s,w;sgn(k)) Z Kl]i_sgo(l—i‘w;kfaa?d)

{=J
(4,2ad)=1

|ds|.

<J
(e)

Thus, since g(s, w;sgn(k)) <z (1+ |w|) exp(—(5 — €)[Im(s)|) by Stirling’s formula, it

follows from Cauchy’s inequality that

2J-1

Ve kX . ) &2+6di+8
—Gy(1 kol o, dh | ——— 1 ‘| D _—
> o ruik b (g | <0l (e
(¢,2ad)=1
2J—1 2
x/(a) exp(—(Z — ¢)|Im(s) Z Ww Go(1+wik, €, ,d)| |ds].
(€2ad)
The second bound of the lemma follows from this and Lemma 3.6.5. O

Proof of Lemma 3.6.5. For any integer k = = [[; , -, pi", let a(k) and b(k) be defined
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by

Hpal+1 and  b(k)= [[m [ pi " (3.6.6.5)

a;=1 a;>2
From the definition of Gy in Lemma 3.6.2, we see that Gy(1 + w; k, ¢, a, d) = 0 unless ¢

can be written as gm with g|a(k) and m square-free and relatively prime to k. With
this expression for /¢, it follows from Lemma 3.3.3 that if (¢, 2ad) = 1 then

-1

plm

From this and Cauchy’s inequality, we arrive at

2J-1

1 O¢
— —Go(1+w; k, 0, . d)
Z ks Z_; N

Rsi<2k f&m | (3.6.6.7)

SO Z 1(k, 9) + Ua(k, g)),

K<|k|<2K g\a(k
g<2J

where

3 1 gmgo( +w; k, g, o, d) (%) 11 (1 + piw (ﬁ>>_l

I <m< 2gJ plm
(m,2ad)=
3tm

and Uy(k, g) is the same, but with the condition 3|m instead of 3 { m. We first bound
the contribution of ¥;. We factor out ¢='/2Gy(1 + w; k, g, @, d) and apply the bound
from Lemma 3.6.2 to deduce that

= o (T (3)'

J 2J
g Sm<%
(m,6ad)=1

Uik, g) < (adK)*gHte
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(ﬁ) # 0, then

05 (5)) I0-5%) I (1—piw ()

plm plm plm
_H( 2+2w> Z|:’u Ttw (])
pim Jm

We insert this into (3.6.6.8), interchange the order of summation, and apply Cauchy’s
inequality to see that

Uy (k, g) < (adK)7g"** >

i 2d
J<%

X e () )

(m 6ad)
jlm

-1
We next relabel m as jm, factor out p?(j) <§> lej (1 — pgﬁ) from the m-sum,

-1
and observe that [, ( - pgﬁ) <. j¢ because Re(w) > —1 4+ ¢ and p > 3 for all
p|m. The result is

WUy (k, g) <. (adJK)g'te

2(m)d k 1 1)
> by ()T -
QJS <E plm

(m,6adj)=

i<
(3.6.6.9)
Now, by (3.6.6.5), gla(k) implies b(g)|k. Thus we may interchange the order of sum-

mation to write

> Z%M SO k=Y ) ki;vl(fwg),gx

K§|k|<2K g‘a g<2JK<\k\<2K g9<2J 5s )<|f|<b( )
oy bg) Ik ’

where we have relabeled %k in the last sum as fb(g), so that, by (3.6.5.3), ko > 0
satisfies 4fb(g)d; = kik2, with k; a fundamental discriminant. From this and (3.6.6.9),
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we arrive at

DDEED SR ALY ENCTYSE DD D
2

K<|I<:|<2K gg|22J g<2J L) |f\<b(g)
_112 3.6.6.10
PO (L)) | (R
12 gjim m p2t2w
gJ* <E plm
(m,6adj)=

If 4f = f1f2, with f; a fundamental discriminant and f, a positive integer, then the
equation 4fb(g)d; = kik2 implies that fy|2k,, and thus ky' < f,'. Hence it follows
from (3.6.6.10) and Lemma 3.3.4 that

> Z U (k,g9) <. (adJK)*J(J + K).

K<|k|<2K g\a(k

This proves the desired bound for the sum of Wy (k, g) in (3.6.6.7). To bound the sum
of Uy(k, g), we argue in the same way, but instead of (3.6.6.6) we use

—1
Go(1 +w;k,l,a,d) = /m (%) 1T (1 + piw (%)) Go(1+w;k,g,a,d),

plm
p>3
where
. 1 [k’
g0(1+w;kagaavd) = 1- 31+w ? Hg&p(l_l_w;k?g)aad)a
p#3
with Gg, as defined in Lemma 3.6.2. ]

We now estimate the contribution of R;. From the first bound of Lemma 3.6.4, we see
that the sum of the right-hand side of (3.6.6.4) over all K = 27 > o2V J(1+]|w|)(log X)*
is negligible. On the other hand, if K < o?VJ(1 + |w|)(log X)* then it follows from
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(3.6.6.4) and the second bound in Lemma 3.6.4 that

> Ulakw) <o (1+ |w])2*|d(w)| (@] KVX)? (“3V<JK + J?))

X
K<|k|<2K
k odd
5

azVJ

1
2

<. (1 + [w)|®(w)|(aJ KV X)E

We sum this over all K = 27, j a positive integer, with K < o?V J(1+|w|)(log X)*, and
then multiply the resulting sum by a~2. We then integrate over all w with Re(w) =
—3 + £ and sum over all integers & <Y to deduce from (3.6.6.2) that

2V—-1 2J-1 3
V1+5J1+5Y7+5
Z R( )] < —— — (3.6.6.11)

d=V

(d,2) 1(z -

Recall from (3.6.5.8) and (3.6.6.1) that Ry = mymeR(mims,d). Since A\; < d° by
(3.4.8) and b, < 1 by (3.2.5), it thus follows from (3.6.6.11) that

bmlbm DltepiHey 3 te
S a5 3/2 R < — (3.6.6.12)
d<D m1,ma<M X2
d odd (mim2,2d)=1
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3.6.7 Conditions for the parameters

From (3.6.5.1), (3.6.5.6), (3.6.5.18), and (3.6.6.12), we see that the total contribution
of the sum with Q; to B in (3.6.4.1) is

bm% = d
D AT DO DT D DI SR DR 1]

d<D mi1,mo<M v=1 a<Y

d odd (mim2,2d)=1 (v,2d)=1 (a,2m1mar)=1

- (e 0 CY e e

N 2 Iu d mlmg 3/2
d<D mi, m2<M
d odd (mima,2d)=

1 d
X — Fo(s —w)8 (1 — K(s,w;mims,d) @
2mi 1 4s-w 5
(IOgX)

X1+€D€M€ Lbe mylde g sltey S4¢

(3.6.7.1)

Recall the definition (3.2.4) of M. Also, recall the definitions (3.4.9) and (3.4.2) of D
and R of D, respectively. So that the error terms in (3.6.7.1) are O(X'¢), we assume
the parameters 6 and 9 satisfy

1
0+29 < =
+ %

and we take the parameter Y in (3.2.6) to be
Y =X°

with § = §(6,¢) sufficiently small.

3.6.8 Evaluating the sums of the other terms with k # 0

The procedure for evaluating the sum with Qs in (3.6.4.1) is largely similar to the
above process for Q1, with only a few differences. The main difference arises from the
negative sign in the character <%> in (3.6.4.3). This causes the residues in the

versions of (3.6.5.6) and (3.6.5.7) for Qs to have each —kd; equal to a perfect square
instead of kd; = 0. This means sgn(k) = —1. Hence, because of the factor sgn(&) in
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(3.6.5.5), the version of (3.6.5.9) for Qy has the function

(27) 7' (u)(cos (Zu) + isin (3u))

in place of the function I'y(u) defined by (3.6.5.10). These lead to a version of (3.6.7.1)
for Qy that we may combine with (3.6.7.1) using the identity

1+ 1—1
( ;_ Z) (cosu —isinu) + (Tl> (cosu +isinu) = cosu + sin u. (3.6.8.1)

The result is

b b
REuD STV 3) SIS

d<D mi, m2<M
d odd (mime,2d)=
— da(v) pla)
X Z W Z oﬂd (Q1+Q2)
v=1 a<Y
(V72d):1 (a,2mimar)=1
by Oy w 1
o L SYRTIYD »p D O R
d<D mi, m2<M (logX)
d odd (mima,3d)=
s—w 1 ds 1—¢
X 8 1-— yr— K (s, w;mymea, d) —+O0(X ),
(3.6.8.2)
where
Iy (u) = (2m) 7T (u)(cos (Fu) + sin (Fu)) (3.6.8.3)

and the bound O(X'~¢) for the error term is guaranteed by the conditions in Subsection
3.6.7.

The evaluation of the sums in (3.6.4.1) with Q3 and Q4 defined by (3.6.4.4) and
(3.6.4.5) is similar. The version of (3.6.5.7) for Q3 has an extra —1 factor because
the Kronecker symbol (ﬁ) equals —1 when —kd; is an odd perfect square. The

resulting expression for the sums in (3.6.4.1) with Q3 and Q, is exactly the same as
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the right-hand side of (3.6.8.2). Therefore

bun, i = d
D WG D IR ED I DS

M»

a2d1
d<D mi, m2<M v=1 a<Y 7j=1
d odd (m1m2 2d)= (v,2d)=1 (a,2mimav)=1
Do, b, 1
XV I'i(s —
zﬂMzzmwmsmAwww
d<D mi1 m2<M log X
d odd (mimea,2d)=1
s—w 1 dS 1—e
x 8 1- 1 K(s,w;mime,d) — + O(X"7°).
s—w s
(3.6.8.4)

To estimate the sum with ¢; in (3.6.4.1), we first relabel k in (3.6.4.6) as 2k, now
with k& odd, to write

1+ 2d ka2dymymarv \ - kX
- e [ ) e — '
Z/{l < 2 ) (mlmgu) Z € ( 4 > (4a2d1m1m2y) G2k(m1m2y)

keZ
k odd

(3.6.8.5)
From the definition (3.3.2) of Gj,(n), we see that Ga(n) = (2) Gi(n) for all odd integers
n. Also, the orthogonality of Dirichlet characters modulo 4 implies that e(%) = i(5})
for odd h. It follows from these and (3.6.8.5) that

{1+ —d, 1\ . 5%

N VB (—= |

“ Z( 2 ) <m1m2V) 2 (kdl) ’ (4a2d1m1m2u> Gr(mamav)
keZ

k odd

We then proceed as we did for Q;. We treat the sum with Us, defined by (3.6.4.7), in

a similar way. We combine the resulting expressions using the identity (3.6.8.1), and
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we arrive at

b b
e D SISTIVD 3) DI

d<D mi, m2<M
d Odd (m1m2 2d)
= fi(e)
% Z 1/3/2 Z a2d, (U + )

= a<lY

(’42 ): (a,2mimav)=1

1
X binyby w 1
Z,u Jha ZZ (mimg) 3/2 SX 27rz/( 1 (s —w)

d<D miy m2<M logX)
d odd (m1ma2,2d)=

1 d
X 457 (1 - 4sw) K(s,w;mims,d) —S +O(X'9).

(3.6.8.6)

Next, to evaluate the sum with V in (3.6.4.1), we relabel k in (3.6.4.8) as 4k, now
with k£ odd, to see that

2d; - kX
= — E F,| ———
v (mlmgy) (2a2d1m1m2u> Ti(mamav)
keZ

k odd

since e(h/2) = —1 for odd h and T4 (n) = 7x(n) for odd n by (3.3.3). Into this we
insert the second expression for 7,(n) in (3.3.3). Since (=) Gy(n) = G_x(n) by (3.3.2),
we may split our sum expression for V into two, one with G(n) and the other with
G_ir(n). We relabel k as —Fk in the latter and combine the result with the former to

arrive at

2d; ~ kX
= — F,l—— |G , 3.6.8.7
v (mﬂnzl/) Z (2a2d1m1m21/) k(mimsv) ( )
keZ

k odd

where F(€) is defined by

Fle) = 2 pe + L g = /_ " (cos(2mx) + sin(2mEx)) P () da.

o0

We then proceed as we did for Qy, using [51, Lemma 5.2] instead of Lemma 3.6.3. We
arrive at versions of (3.6.5.6), (3.6.5.7), and (3.6.5.8) which show that the residue at
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w = 0 equals zero because 2kd; # [ when kd; is odd. This leads to

bons b
D DUALLD DD D e 7

g<(ﬂ mi, m2<§\4

o (mim2,2d

- o @ (3.6.8.8)
pla l1—¢

D SR I

1/: aY

(v,2d)=1 (a,2mimar)=1

under the conditions in Subsection 3.6.7.
Lastly, to estimate the sum with W in (3.6.4.1), we relabel & in (3.6.4.9) as 8k to

write J X
W = ! E E[———— Tr(myimav)
mimel a2d1m1m2V
keZ

k20

using the fact that e(h) = 1 for any integer h and 7g;(n) = (2)7(n) for odd n by (3.3.3).
Into this we insert the second expression for 74(n) in (3.3.3), apply (=) Gy(n) =
G_k(n), and recombine the k and —k terms as we did for V in (3.6.8.7) to deduce that

dy ~ kX
W = (mlmQV) ZFV (m) Gk(TTleQV).

keZ
k#0

We then proceed as we did for Q, using [51, Lemma 5.2] instead of Lemma 3.6.3. Since
we are now summing over all nonzero integers k and not just the odd ones, instead of
(3.6.5.11) we use

2 3G wi mima, ad) = [ [ 9" 7G, (1 wip™, mamy, ad)

j=1 p b=0

- (m1m2)1_8+w€i_w_%<(28 —2w)( (25 + 1)H1(s — w, 1+ w; mymy, ad).
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We arrive at

b, b,
_1 Z,u /\d ZZ m1;ﬂ223/2

d<D mi, m2<M
d Odd (m1m2 2d)

2. dy(v
Yy B

v=1 a<Y
(V72d):1 (a,?mfmgy):l
g 12 (d) A g E bmlme Res XY — L / (s —w)
(myms) 3/2 21 (me) !
d<D mi1,mo<M log X
d odd (mi1m2,2d)=1
ds l—e
X IC(s, w;myime,d) — + O(X " 7F).
s
(3.6.8.9)

3.6.9 Putting together the estimates
From (3.6.4.1), (3.6.8.4), (3.6.8.6), (3.6.8.8), and (3.6.8.9), we deduce that

bmbmy 1
Z KD ZZ (mama)3/% w Res X" omi /(1 Li(s = w)

d<D mi m2<M 1ogX)
d odd (m1ma2,2d)=

d
X (88_“’\/5 + 45 — 23_“’\/5)IC(8, w; myma, d) ?S +O(X'9).

We next evaluate the residue at w = 0. Note that, for fixed s, the integrand has a pole
of order at most 2 at w = 0. We use (3.5.1.6) with n = 2 to write

by by
2_1 Z/“L JAd ZZ (mams)3/2

d<D my,ma<M
d odd (mi1me,2d)=1
1
X 2— Fl(S) <8s\/§+ 48 — 25\/5)
T () (3.6.9.1)
| <8542+ 245 — 25/2
X K(s,0;mymg,d)q log X — 1(5) - (108;2)3 SR+ V2
Ty (s) 852 + 45 — 25V/2

B%IC(S7 w;mims, d)

]C(SJ w; my1ma, d)

S

}§+Oulﬂ
w=0
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From the definitions (3.6.5.19) and (3.6.5.13) of K and H, we see that, after some

simplification,

(85\/5 +4° — 28\/§>K(S, 0; myms, d)

PRI (2 o (1-55) (-58) (- -+
d3ZTT;Tx;_ 2 ( ) 1 (1+119> LI <1 - pl‘lﬂs) (1 - pi?s)

ab=0 plmima pld
{ 1\ 2 2 1 1 1
< 11 (1—‘) (1+_+_3_T25_m>}’
i P p P p P

where ¢; is defined by (3.6.5.12), and

(3.6.9.2)

38524245 —25\/2 %IC(S, w; myms, d)
85v/2 + 45 — 25¢/2 K(s,w;mims,d)

— (log2)

w=0

:2V+M—log(2€1)—2c(2) C/(2 +1)+ log 2

0) (T (V2+27) (Va+2)
210gp 210gp 2logp 2logp 2logp
plmimz plmimz
ptl
210gp 2log p 1+I%_%(P28+p_28)
+ > 124 T2 1p ) )
pl2mimad p p T p2\P p

(3.6.9.3)

Now the definition (3.6.8.3) of I'; (u), the Legendre duplication formula, the functional
equation of ((s), and the identity I'(z)I'(1 — z) = 7 csc(mz) imply that the functions

(D) (4 1 el

e (7) T+
e M) o o

_Fl(s)_QC(28)+2§(25+1)
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are even functions of s. Hence (3.6.9.2) and (3.6.9.3) are even functions of s. It follows
that the integrand in (3.6.9. 1) is an odd function of s. We move the line of integration
n (3.6.9.1) to Re(s) = —x L

make a change of variables s — —s to see that, since its integrand is odd, it equals the

leaving a residue at s = 0. In the new integral, we

negative of the original integral in (3.6.9.1). Therefore twice the original integral equals
1

the residue at s = 0. We write this residue as an integral along the circle |s| =

log X
taken in the positive direction, and arrive at
bmlbm2
RETD WU 3) SEELLo
d<D mi1,ma<M
d'odd (m1ma,2d)=1
1
X — n@m$¢§+ﬁ—f¢®
AT Jyg)= 2
log X Y /3 (3.6.9.4)
I (s) 3-8V2+42-4°—2%/2
x K(s,0;mims, d){ log X — =222 — (log 2
( 11762 ){ g Fl(S) ( g ) 83\/§+45_2s\/§

%’C<Sa w;mimsa, d)

K(s,w;mims,d) s

}§+Oa*w

The next step is to carry out the summation over d. From (3.6.9.2) and (3.6.9.3),

we see that we need to evaluate the sums Y and ¥, defined by

S T

d<D pld
(d.2m1ma)=1 (3.6.9.5)
2 1 1 1
{1" +5+E_W_W)}
p’(2m1m2d
and
B 2y P(d)? 1 1
22 = Z % (d))\d 3 H 1-— p1+25 1 - p1—25
d<D pld
(d,2m1mg)=1 ) (3696)
1 2 1 1
L {(0) (2 b ) LS
M2m1m2d p|d
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where

1 s —2s5

J(p,s) = 2
p1+23 -1 p1723 -1 D 120 + is ;% (pQS + p—QS)

and [s| = — o X We only estimate ¥; since X5 may be treated in the same way, except

using Lemma 3.4.4 instead of Lemma 3.4.3. We rearrange the factors in (3.6.9.5) to

write X as

1\? 2 1 1 1 12 (d) Mg
ne () (5 )} 5 "4

p2mime

1 2 1 1 1\
XH<1_ 1+25) (1_p1—25> <1+5+]§_p2—25_p2+25) :

pld
(3.6.9.8)

Now recall the definition (3.4.1) of zy and the definition (3.4.8) of A\;. Factoring out

the product over primes p > zy, we see that
I {(1 1)2(1+2+1 1 1 )}
- o T3 p2-2s  2+2s
o, p p P p p
1 1\’ 2 1 1 1
=(1+0|— 1—- 1+-+—=—- = —— )
( ' (z0)> 1 {( p) ( IR p2+28>}

p2mime
p<zo

From this, (3.6.9.8), Lemma 3.4.3, and some simplification, we deduce that

21:<1+O(Zio>>1;Tog> 11 (1_;%) 11 <1_119)_1

p)(2m1m2 P|2m1m2
1
O ——|.
i (<1ogR>2°19)

p<zp p<zp (3699)
The condition p < zg may be omitted because [ .. (1 + O(}%)) =1+ O(%) and

pP>20
1 -1 1 O(log X) log X
I1 (1--) :(1+0(—)> :1+0<Og )
pl2mums p 20 20
P>20
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The contributions of the error terms O <%) and O (log X ) are negligible. From these
and (3.6.9.9), we arrive at

2mime 1) 1+0(1) 1
e ) == . 6.9.1
' p(mims) H ( pQ) log R +0 ((10g R)2019) (3.6.9.10)

M2m1m2

In a similar way, but using Lemma 3.4.4 instead of Lemma 3.4.3, we deduce from
(3.6.9.6) that

21m1 Mo 1\ 1+0(1)
Yop = ——" 1—-—
? p(mimsz) H ( PQ) log R

pi2mimea

2 gi’ i) (1 - pl‘lﬂs) (1 - pllzs) o (W) '

p@mlm2

(3.6.9.11)

In view of the expressions (3.6.9.2) and (3.6.9.3) and the definitions (3.6.9.5) and
(3.6.9.6), it now follows from (3.6.9.4), (3.6.9.10) and (3.6.9.11) that

X<I>(0) 1+o(1 bo, D ( p )
B = _mamg
(m1m2 2)=1

2

" o ﬂg Z S 1(3)% (%)SC(ZS)C(QS +1)

ogX ab=/1

X (1 - 2§1+5> (1 — 2;_5) (g — 45— 4s> {10g (%) oy (?(/é;)) B ?’18

C/ ¢ log 2
20 Fs+1)+ 52 (512 —l—;m(p,s)

+ ) nz(p,8)+2773(p,8)} % +0 <<10ng> ,

plf;fémz pll1
1

>(2s)+2

(3.6.9.12)

where




2logp 2logp

= — .6.9.1
(P, 5) o1 pil m(p,s), (3.6.9.13)
and o1
ogp
773(])7 S) = _gl _771(2775)7

with J(p, s) defined by (3.6.9.7).
Next, we carry out the summation over my, my. We see from (3.6.9.12) that we need
to evaluate the sums Ty, Ty, T3, and T4 defined by

_ bimy Oimy p ays
=33 —mlmﬂlﬂ(p“)a;l(b) , (3.6.9.14)

mi,ma<M
(m1m2,2)=1

Yy eIl
myma<M m1m2£1
(mim2,2)=1

)2
= 3% %H(ﬁﬂ )y (4 Sms).  (36916)

mi,me<M pll1
(m1ma2,2)=1

- logﬁl, (3.6.9.15)

and
b, b s
o s ( > »S); 3.6.9.17
4 n;,m% \/WH(p+1)ab2;1 b pl; 13(p, 5) ( )
(m1;712,2_):1 pwl
with |s| = long

To estimate Yy, observe that if m; and my are square-free then (3.6.5.12) implies

= a2 (3.6.9.18)

(m17 m2)2

and

) <%> =[[w*+p7). (3.6.9.19)

ab=¢1 pltx

From these, the definition (3.2.5) of b,,, and the Fourier inversion formula (3.5.1.2), we
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deduce from (3.6.9.14) that

T M m1 (mla mz)
1 = Zl Z2 + 1+1z1 1+ 1+izo

m1m2 2 log M log M
X H (ps + p—s) L ledZQ.
p+1
plmima
pi(m1,m2)

Thus, writing the sum as an Euler product, we see that

1 D
e e (e ()
b 1) 2p>2< p1+}§gh}( ) p+1

_ p 1
e (pP4ps + ___ dz1dzs.
» +}:—gz;§ (p p ) <p + 1) p1+2+lzozg1}—/;22 > 1W<

We write this as

1 + 241214122

/ / Zl)h(ZQ)C ( log—M> W(S 21, %9, Tog )ledZQ
o (14 28 4 s) (1 B =) (1 B3 +s) ¢ (14 125 — )
(3.6.9.20)
is an Euler product that is bounded and holomorphic for |s| < e

where W (s, 21, 22, 15 M)
and complex z1, zo with |Im(z;)|, [Im(z2)| < elog M. Note that this definition of W

implies

w(0,0,0,0) = 8] | (1 - m 1) (1 - 1) ol 6¢(2), (3.6.9.21)

s p p

a fact we use shortly. By (3.5.1.4), we may truncate the integrals in (3.6.9.20) to the
range |21|, |22] < +/log M, introducing a negligible error. On this range of 2; and 2y,
the function W and the zeta-functions in (3.6.9.20) may be written as Laurent series.
The contributions of the terms other than the first terms of these Laurent expansions

are a factor of (log X)!~¢ smaller than the contribution of the first terms. The first
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term of the Laurent expansion of W is given by (3.6.9.21). We thus arrive at

logM 1—|—221 1+221
h(z1)h -
// (21)h(z) <2+iz1+i22> <logM 8) <1ogM +S>

|| <Iog M

14129 141229 1
—s) dade+ 0 (—m ).
. (logM +8) <logM 8) At ((logX)“>

By (3.5.1.4), we may extend the range of integration to R?, introducing a negligible
error. We then apply (3.6.3.12) to deduce that

1 1 N 252 1
T, =6¢(2 H"(t)* dt — H(t)H"(t)dt
=60 gy [ 0P o [0

+s4logM/01H(t)2 dt) + O (W) .

Having evaluated T, we next estimate 1. Using the residue theorem, we write

(3.6.9.22)

1 _, dy
—log/ Y —=.
BT on Loy

1
‘y|_210gX

From this, (3.6.9.15), (3.6.9.18), (3.6.9.19), the definition (3.2.5) of b,,, and the Fourier

inversion formula (3.5.1.2), it follows that

M (m17m2)1+2y
Zl 22 1z 1z
o ﬂi_ / [ P +1:M1+ P
_ p dy
X S+ p ) | —— | dzidzy—.
H (r°+p )(p+1> 21 Z2y2
plmima
pi(mi,m2)

We express the sum as an Euler product to see that

1 p
Z Z 1-— S T ps +p_s (—>
2w %yl— / / Vi) p>2 ( plﬂjgzv}* ( ) p+1

_ p 1 dy
e+ + ey | dadz —
p1+ ij—gl;%“!‘ (p p ) (p _'_ 1) p1+2+log1]'t1 2 ) 1 2 y2
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Write this as

27TZ ﬁ|_

2+iz1 412 1
/ / Zl ZQ <1+ loglM 2>V<3721722a10gM7y)

x (! (1+1104;§} -I—y—i—s)C (1+110Jg§} —|—y—s>

d
x ¢! <1 ety s) ¢ (1 Rty - s> dzleQy—g,

where V' (s, 21, 22, log#M,y) is an Euler product that is bounded and holomorphic for
s],|y| < e and complex zy, 2o with |[Im(z1)[, |Im(22)| < elog M. This definition of
V' implies that 7(0,0,0,0,0) = 6¢(2). As in our treatment of Yy, we use (3.5.1.4) to
truncate the integrals. Then we write the function V' and the zeta-functions as Laurent

series. The main contribution arises from the first terms of the Laurent expansions,

// log M 1—|—2'21+
(21)h(z — 8
1)h(z) 2+1z1 + 129 log M y

2| <Vlog M

" 1+zzl+ n 1+z’zg+ n 1~|—z',22+ dord dy
s s —s | dzndzn—
log M Y log M 4 log M 4 ! 2y2
1
O ——+—.
i (<1ogx>3€>

We carry out the integration over y by applying the formula (3.5.1.6) with n = 2 and
deduce that

log M
T, = _—or
2= 602 // (z0)h(z, <2+z’zl+i22)

|zi|<v/Tog M
y 1+221 1+222 )4 1+i21_s (1+i22)2_82
log M M log M)? log M (log M)?
1+ 222 1+ 221 2
logM logM

14429 1—|—zz1 1
" (logM ) ( (log M)? ) }dzld22+0 ((ng)“)'

and we arrive at

6¢(2)
Y=o 211 7{

y‘_QlogX
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We extend the integral and apply (3.6.3.12). After simplifying, we arrive at

) H" (t dt+4s/H )

Ty = 6¢(2 (

*O(m)

We next estimate T3 defined by (3.6.9.16). We interchange the order of summation

(3.6.9.23)

over my, ms and over p. From (3.6.9.18), we see for a prime ¢ and square-free m; and
mso that g|¢; if and only if ¢ divides exactly one of m; or ms. If ¢ divides ms and not

my, then we may relabel m; as my and vice versa. Hence

Ts=2 ) mles) D Y, %H(ﬁ) abzgl (%)

2<q<M m1,ma<M
(m1ma2,2)=1
qlma, gima

From this, the definition (3.2.5) of b,,, (3.6.9.18), and (3.6.9.19), it follows that

Ts=2 > mlgs) Y. Y w:sh H (ﬁ) (p°+p7)

2<q<M m1,mo<M plmima
(m1m2,2)=1 pt(m1,mz)

glma, gfma
log m; log ms
H H )
% (log M) (log M

We relabel m; as gmq to write this as

772 - p(ma) p(my)
D DN el D DD Dl s iy
2<q<M my<M ma<M [mh m?]
~ 1 (mime,2q)=1

P _ log gm log mo
— s H H )
< 1 (p+1)(p +r) (logM) <logM)
pimim2

pi(mi,m2)

We insert the Fourier inversion formula (3.5.1.2), interchange the order of summation,
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and then write the my, ms-sum as an Euler product to deduce that

sz [ [Ty OO ey

©9iqer  (q+ 1)qTE

P
X || + —
( p +i§;i} " +p7) (p+ 1>

P2
1 P 1
— =P+ ) | —— | + —=mm= | dzid2.
p1+ hjg]z\/? (p p ) (p + 1) p1+2+lzozg1;z2 > 21029

We may express the Euler product in terms of zeta-functions to write

:_2/ / n2(q,5)(¢° L?l_s)h(zl)h(@)

oo2<q<M q_i_l)qloglw

x ¢ (1 2zt ) (1 B ) ¢ (1 B ) ¢ (14 22 4 )

x ¢t <1 + }jg’ﬁ — 5) U,(s, 21, 22, o M)dzleQ,

(3.6.9.24)

where U, (s, 21, 22, bg#M) is an Euler product that is uniformly bounded for 2 < ¢ < M
prime, |s| < ¢, and real z1, z5. Using (3.5.1.4), we may truncate the integrals to the

range |z, |z2| < /log M and introduce only a negligible error. In this range, and

for |s| = % . the quotient of zeta-functions in (3.6.9.24) is (log M)~3<. Moreover,
(3.6.9.13) implies 72(q, s) < byqg ' for 2 < ¢ < M and |s| = 1og1X' It thus follows
that

Ty < (3.6.9.25)

1
(log X)3~<
A similar argument applies to T, defined by (3.6.9.17), except we use the fact that,

for a prime ¢, g|myms and ¢ 1 ¢; both hold if and only if ¢ divides both m; and ms, by
(3.6.9.18). This leads to

1

It now follows from (3.6.9.12); the definitions (3.6.9.14) through (3.6.9.17) of Ty, 15,
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T3, and Yy4; and the estimates (3.6.9.22), (3.6.9.23), (3.6.9.25), and (3.6.9.26) that

_2XB(0) 1+40(1) 1 ARSI EA e
5 ﬁk ry(s) LT 1 ()c@>«2+n

(\/5—1 log R 2mi Jig- 1 r(1) -
< <1 ) ( B 2;13) (2_43_4_5)
) o SR

log 2 1 ! ()2
C<28+1) (V2+2) (V212 +Zm(p’8)}{logTM/o H"(t)*dt

4 1
H(t)H"(t)dt logM [ H(t)*dt — H'(t)H"(t) dt
-2 [ oo g [Cnera- [ oo

+ 452/0 H(t)H'(t) dt} ds + 0 ((logXW) .

Evaluating the s-integral as a residue, we deduce that

5o Xo(0) 14 o0(1 logX/H H (1 dt_/H DH' (1) di
41— 2 2 logR |2logM
(-2

+0 (X (log X)~*) .

From this, (3.6.3.13), (3.6.2), (3.6.1.1), and (3.6.2.8), it now follows that
X 1401 [logx\® [t
gt _ i +o1)) 1 (logX /Hu(t)th
8(1—i> log R | 24 \log M 0
%
]'Og X / Hl H// ]'Og X / H H//
log M logM
X
| e /H’ )2 dt — /H £)H'(t) dt
logM

X1+s +
X2 M
*O(@gx> Tyt >

The error terms are acceptable by the choices in Subsection 3.6.7, and this yields

Proposition 3.6.1.
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3.7 Choosing the mollifier: finishing the proof of Theorem
0.2.2

In this section we complete the proof of Theorem 0.2.2 by making an optimal choice
for the smooth function H(z) (see (3.2.3),(3.2.5)).
By (3.2.2), Proposition 3.5.1, and Proposition 3.6.1, one derives the inequality

2
p X (H(0) — 5;H'(0))
Z ) > . .
. (logp)? (X) = T8 " J ’ (3.7.1)
p=1(mod 8)
L(%’XP)¢O

where g > 0 is sufficiently small and fixed. We also have the upper bound

> (10gp)<1>(§)§(10gX) > oL

p=1 (mod 8) X/2<p<X
L(4 xp)#0 p=1 (mod 8)
L(%?XP);éO

The right side of (3.7.1) is an increasing function of ¥, and so 9 should be as large as

possible. The hypotheses of Proposition 3.6.1 allow v = %(% — 0) — ¢, and therefore

X
> 12> -0, (3.7.2)
Xjaomex (14 20¢)8log X
p=1(mod 8)
L(%J@)?&O

where

We seek a choice of H(x) which maximizes p.
As H(z) is a smooth function supported in [—1,1], we have H(1) = H'(1) = 0. For
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notational simplicity we set H(0) = A, —H'(0) = B. Since

/1 H(z)H'(z)dr = —lAz,

/H (z)H"(z)dx = AB — /H’ )2dz,

/ H/ H// — —132
2 Y

1\ 1 [t )
(A+2QB) +2403/0 H"(x)%dx.

We choose H (z) such that on [0, 1] it is a smooth approximation to the optimal function

we have

H,(x) which minimizes the integral

/ 1 H!(z)*dx (3.7.3)

among all H, € C3([0,1]) satisfying the boundary conditions H;(0) = A, —H;(0) =
B,H,(1) = H{(1) = 0. We may choose H(z) such that

1 1
(1+ 50)/ H!(z)*dx > / H"(z)*dx
0 0

By the Euler-Lagrange equation, we find that an H,(x) which minimizes (3.7.3) must
satisfy

HW(z) = 0.

Thus, H,.(x) is a polynomial of degree at most three. Recalling the boundary condi-

tions, we find
H,(z) = (2A — B)2* + (2B — 3A)2* — Bz + A.

By direct computation we obtain

1
/ H!(z)*dx = 3A% + (2B — 3A)?,
0
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and therefore

_ 2 . 2\ —1
ps Lm0 (1 N () 34 +(2B13A) |
2 2 2493(A + @B)2

It is now a straightforward, but tedious, calculus exercise to find that

B(46 + 3)

A= 5071

is an optimal choice. Thus

)5 L=000) <1 - ) 26/(3 + 60 + 462)

- 74
2 2 (1+26)3 (8.7.4)
With this choice of A we have

2BY , 3
H.(x) = 6(0+1)(1—x) (2+%+x).

Since p is invariant under multiplication of H by scalars, we arrive at the convenient

expression

H.(z) = (1 —x)? (2 + % + x> : (3.7.5)

If we set © = 11351\73 in (3.7.5), we obtain that the mollifier coefficients b,, satisfy

log®(M /m) log(X>/2 M?m)

by, ~
Iu’(m) logQM IOgM

One might wish to compare this with the description of A(¢) in [51, p. 449].
Define

03 3) 25 -0 )

By (3.7.2) and (3.7.4), we obtain

X
Y 12> - p(0).
Xjaex (14 0O(dp))8log X
p=1 (mod 8)
L(%O(p)?éo

(3.7.6)
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1
2
160 + 3203 + 2460% + 120 — 3. By numerical calculation we find

The maximum of p(#) on (0, 5) occurs at the unique positive root 6y of the polynomial

Oy = 0.17409. ..
and
p(6y) = 0.09645. . .. (3.7.7)

We then choose 0 = 6,. Since

> 1=tz

X/2<p<X
p=1(mod 8)

we deduce Theorem 0.2.2 from (3.7.6) and (3.7.7) upon summing over dyadic intervals.

3.8 The second moment of L(3, x,)

In this section we prove Theorems 0.2.3 and 0.2.4. We first consider separately the

upper and lower bounds for Theorem 0.2.3.

3.8.1 The upper bound in Theorem 0.2.3

We define

M = Z (log p)® <%> L(3, Xp)2 : (3.8.1.1)

p=1(mod 8)
In this subsection we prove
X 3

The upper bound of Theorem 0.2.3 then follows from (3.8.1.2) upon summation over
dyadic intervals.

The proof of (3.8.1.2) follows the lines of the proof of Proposition 3.6.1, taking
M (p) = 1. We employ positivity to replace logp by log X and then introduce an upper
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bound sieve. After applying the approximate functional equation we split p?(n) =
Ny(n) 4+ Ry(n), and employ the bound (3.6.1.1).
We follow the argument of Section 3.6 down to (3.6.2.8), obtaining

Sy ="To+B.
Since we have no mollifier here, we find
22X 1+40(1) dg(y X X1te
T A1 R 2 i D 0+ ((gogm) +0 ()

(v 2):1
v=0

We insert into this the definitions (3.6.2.4) and (3.3.1) of F, and ws, interchange the

order of summation, and then write the sum on v as an Euler product. The result is

02X 1+0(1) 1 T(s+1)? 1 \2/X\° . Y
= (V2—1)* logR 2mi /(C) (1) 1- o) = (s) (1= 57
3 — L B -1 @ X X l+te
o) (1 22+48) (@2 4s) s o ((log R)2019 Ty )

As before, we truncate the integral to the range |Im(s)| < (log X)?, and then deform the
path of integration to the path made up of the line segments L, Lo, L3 defined above
(3.6.3.11) to see that the main contribution arises from the residue of the integrand at

s = 0. We evaluate the residue using (3.5.1.6) and arrive at

E <144C(2) (1 - %) ) X(IA)L(O) 1;;;;;) (log X)* + O <X log X + XY+€) '

Recalling the definition of ¢, we have

3
To < (c+ 5)£—<lOgX)

X1+a
Xlog X . .8.1.
< S log It +O( og X + Y) (3.8.1.3)

Moreover, we see from (3.6.9.12) that if M =1 and b = 1, then

log X
B 3.8.1.4
S og R (3:8.14)
since we may deform the path of integration in (3.6.9.12) to a circle |s| = ¢. The
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condition 8 + 29 < % in Subsection 3.6.7 with § = 0 allows us to take ¥ = = — ¢
in (3.8.1.3).

_ 1
4
We then set Y = X?, for some small, fixed § > 0. We see that the
upper bound (3.8.1.2) then follows from (3.8.1.3) and (3.8.1.4) after sending ¢ to zero

sufficiently slowly.
3.8.2 The lower bound in Theorem 0.2.3
Recall the definition (3.8.1.1) of M5. Our goal is to prove the following result

Proposition 3.8.1. For large X we have

My 2 (e — o(1)) (g X%,

N —

where ¢ is the positive constant defined in Theorem 0.2.3, and o(1) is some quantity
that goes to zero as X — oo.

The lower bound for Theorem 0.2.3 easily follows from Proposition 3.8.1 by summing
over dyadic intervals.

The main idea in the proof of Proposition 3.8.1 is a standard one. For any Dirichlet
polynomial A(p), the Cauchy-Schwarz inequality implies

M, > <Zp_1(mod 8) (logp)® (Y) L(

Ly >A<p>)2 -
Zp 1 (mod 8) (logp)® %) . o

Clearly, we should choose A(p) to be an approximation to L(3,x,). Our choice is

inspired by the approximate functional equation in Lemma 3.3.2. For a positive real
number «, we define

Au(p) ::( —7§> nngp ( ;) (3.8.2.2)

With gy > 0 small and fixed, we then choose A(p) in (3.8.2.1) to be

A(p) = A1, (p). (3.8.2.3)
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Observe that taking a = 1 in (3.8.2.2) yields

Ai(p) =L (3. xp) - (3.8.2.4)

Proposition 3.8.2. Let g > 0 be small. Let a; < ay be real numbers with oy, ay €
{1 —e0,1}, and (a1, ) # (1,1). Then

P 1 X
Majar = 3. (108P)® (%) Au, (p) Aas (p) = 5(c + O(c0)) J (log X )™
p=1 (mod 8)
Proof of Proposition 3.8.1 assuming Proposition 3.8.2. By (3.8.2.1), (3.8.2.3), and (3.8.2.4),

we have

M2 > leso,l
o Ml—(;‘o,l—ao

We apply Proposition 3.8.2 to obtain

My > S+ O(&ﬂ)%(log){)?’.

N —

The proposition follows upon letting g = £¢(X) go to zero sufficiently slowly as X —
00. O

We devote the rest of this subsection to the proof of Proposition 3.8.2.

Proof of Proposition 3.8.2. By definition,

My, an = ﬁ Z (logp)® (%)

V27 p=1(mod 8)
Xp(mn) ( 0 ) ( 0 )
X et my ) — Jwi [ ny/— .

Let M. denote the contribution to M,, o, from mn # 0. An application of Lemma
3.5.2 shows that M, < X, say. We note that for bounding M. it is crucial that

@1:1—80.
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We therefore have

Mo, s :ﬁ Z (log p)® (%)

V2 pEl(mOd 8)
< i) Wy <n,/l> + O(X).
P p*?

We use Lemma 3.3.1 to remove the condition (mn,p) = 1 at the cost of a negligible

(mmn,2p)=
mn= EI

error. We then open w; using its definition as an integral, and interchange the order

of summation and integration. After some simplification we arrive at

s1 s9
4 1 Xer\ 7 /xes\ 7
MO&LOQ = 1 \4 . 2/ K(‘Sl?SQ) < > ( >
(1-— ﬁ) (278)2 Jier) Jie) s s

X C(l + 281)((1 + 282)((1 + 51+ 82)

PN /PN 2 dsidss
X > (logp)® (y) (y) +O(X),

S18
p=1 (mod 8) 122

where ¢, = Re(sy) is a positive real number, and

K(s1,82) = ¢ 1(2 + 251 + 289) <1 + —21+51+52)

2 1
1 711 95w 9l+2s; | -

For the moment we choose ¢; = ¢y =

logX By the rapid decay of K(s1,s2) in vertical
strips, we may truncate to [Im(s,)| < (log X)? at the cost of a negligible error. With
this condition in place, we use the prime number theorem in arithmetic progressions

to obtain that the sum on p is

%/ O(x)z TR0 1+ 0 (X exp(— \/logX)) :
0

The error term clearly makes an acceptable contribution to M, We then remove

1,002
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the condition on Im(s,) by the same means we installed it and obtain

s1
4 X [® 1 (X)) 2
My oy =——— | &(2)—— K (s,
1,002 (1 _ L)zl 4 0 (37) (27TZ)2 /(C1) (e2) (31 52) ( T )

V2
x ((xXW)‘”)Q X C(142s1)C(1 4 2s9)C(1 + 59+ 32)dzli82dx +O0(X).
1202

We wish to separate the variables s; and so. Since ¢, > 0 we expand ((1+ 51+ s2) as
an absolutely convergent Dirichlet series. Interchanging the order of summation and

integration, we obtain

MahOCQ = e

To truncate the summation over n, first we move the contours of integration to the right
1+ 2

to ¢y = co = 1. By trivial estimation we deduce that the contribution from n > X

is O(X). For n in the range X2 < n < X “5*2 | we move Re(sy) to ¢o = and

logX
estimate trivially, getting an error term of O(X (log X)?). With n « X2 we then

move ¢ to —, obtaining

4 X 1

My = —— X [Ty > =

1, (1 - \1[)4 4 (‘1.) n
n<y/(zX)*1 /7

(@X) )21 ((xX)"Q) H
™ ™

logX

d81d82

5152

(logX)

X C(1 4 2s1)¢(1 + 2s2)

dz + O(X (log X)?).

The variables s; and s, are almost separated, except they are entangled inside of
K(s1,$2). We move the lines of integration to Re(s;) = Re(sy) = —§, for some small,
fixed 6 > 0. In doing so we pick up contributions from the poles at s;,s9 = 0. The
contribution from the integrals on Re(s;) = —4 is trivially bounded by O(X log X).

We write the contributions from the poles at s, = 0 as contour integrals around small
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circles, thereby obtaining

L1 Koy, ) (220" T (@X)e\ 7
(27i)? o1 52 n? n?
52|~ (1og X) 1

X C(1+ 250)C(1 + 259) 1952 4 4 O(X (log X)?).

5152

Since |s;| = (log X)~! we have

K(s1,5) = K(0,0)+ O (10;X> _ 6;(2) (1-%) +o0

and therefore

2 X [* 1
Mal,oe = CI)(x) Z -

n

n<y/(zX)*1 /7

i ff () ()

|se|=(log X)~1

X C(l —+ 281><(1 + 282)

dsid
122 12 4+ O(X (log X)2).

5152

Expanding in Laurent and power series yields

s
1 X))o\ 2 d 1 1 X))o
— (&) C(1+ 28@)ﬂ = —log (— M) + O(1),
|s¢|=(log X)~1 s 2 n T

21 ™2 ¢

and hence
1 X [ 1 1 (X))
My, = : 2_/ o) Y —log |~ (wX)
6C2)(1— L) 4 J, n o\ aV x
n<y/(zX)*1 /7
x log (% (xXW) 2) + O(X (log X)?).
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Partial summation yields

T (. P EN ) R ESCT

n<y/(zX)*1 /7

and therefore

1 X
Mo,y = i(c + O(&?o))z(log X)3.

3.8.3 Proof of Theorem 0.2.4

We turn now to the proof of Theorem 0.2.4. Throughout this subsection we set 7 :=
1001loglog X/log X . Recalling the definition (3.8.2.2) of A,(p), we then have

L (3 xp) = A1-y(p) + B(p),

say. Thus

My= Y (logp)® (%) {41,(p)* + O(|A1_,(p)B(p)| + | B()[))} . (3.8.3.1)

p=1(mod 8)

We prove, on GRH, that

3 (logp)® (%) Ar_y(p)? = c%(log X)? + O(X (log X )**°) (3.8.3.2)
p=1 (mod 8)
and
3 (logp)® (%) IB(p)]2 < X (log X)*2. (3.8.3.3)
p=1 (mod 8)

Theorem 0.2.4 then follows from (3.8.3.1), (3.8.3.2), and (3.8.3.3) after applying Cauchy-
Schwarz and summing over dyadic ranges.
We may easily prove (3.8.3.2), since the treatment is substantially similar to the

proof of Proposition 3.8.2. Applying the approximate functional equation, the main
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term of (3.8.3.2) is

5 s (T () ()

m,n odd

We argue as in Proposition 3.8.2 and obtain that the contribution from mn = [ is
E 3 2+e
c8(logX) + O(X (log X)=7).

The following standard result implies that the contribution to (3.8.3.2) from mn # O
is O(X/log X), say.

Lemma 3.8.3. Let x be a non-principal Dirichlet character modulo q. Let x* be the
primitive character inducing x, and assume that GRH holds for L(s,x*). If ¢ < XM

for some fixed positive constant M, then

> x(p)(logp) <ar X'/*(log X)2.

p<X

The proof of (3.8.3.3) is more subtle. Here the method of proof is that of Soundarara-
jan and Young [54]. As the arguments are very similar, our exposition will be sparse,
and we refer the reader to [54] for more details. We perform some initial manipulations,
and then we state the main proposition which will yield (3.8.3.3).

By definition, we have

1 1 s/2 _ p(1-m)s/2
B(p) = —/ 9(s)L <— + s,xp> r-r ds, (3.8.3.4)
(©)

s/2

The function (p*/? — p="%/2) /s is entire, so we may move the line of integration in

(3.8.3.4) to Re(s) = 0. On the line Re(s) = 0 we have the bound |(p*/2 —p1—%/2) /5| <
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loglog X, and hence the left side of (3.8.3.3) is

R JR

p<X
p=1 (mod 8)

(3.8.3.5)

To state the proposition we need, we first establish some notation, following [54, Section

6]. Given x > 10, say, and a complex number z, we define

log log x, 2] < (logz)™t,
L(z,x) = ¢ —log|z|, (logz)™! < 2| <1,
0, |z| > 1.

For complex numbers z; and z, we define
1
M(Zla 22, I’) = 5(‘6(217 LL’) + £(227 .1')),
and

V(21, 20, ) = %[ﬁ(Zzl, x) + L(222,2) + L(2Re(z1), z) + L(2Re(z2), x))

+2L(21 + 29, 7) + 2L(21 + Z3, x)].

It is helpful to know that for the values of z; and 2z we consider, we have loglog X <
V(z1, 22, X) < 4loglog X.

The following result, an analogue of [54, Theorem 6.1], is the key input we need.

Proposition 3.8.4. Let X be large, and let z; and zo be compler numbers with 0 <

Re(z;) < long and |z;| < X. Assume the Riemann Hypothesis for the Riemann zeta
function ((s) and for all Dirichlet L-functions L(s, x,) with p =1 (mod 8). Then for

any r >0 in R and any € > 0 we have

Z ‘L(%+217XP)L<%+ZQaXP)‘r

p<X
p=1(mod 8)

X r?
<<7~75 W exXp (T’M(Zl, 29, X) -+ EV(Z’l, ZQ,X)) .
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Proof of (3.8.3.3) assuming Proposition 3.8.4. Recall (3.8.3.5). If t; or t, satisfies |t;| >
X we use Cauchy-Schwarz, Lemma 3.3.5, and the rapid decay of g to get a negligible
error.

We may therefore assume that |¢;| < X. We then consider, for a parameter 0 < a < 1
at our disposal, two cases: (1) both ¢; and ¢ satisfy |t;| < (log X)~%, or (2) one of t1, t5
satisfies |t;| > (log X)~*. In case (1) we use the trivial bounds

M(ity,ity, X) < loglog X,
V(ity,ite, X) < 4loglog X,

while in case (2) we use the bounds

1+«

2
7+

2

M((ity,ity, X) < loglog X,

V(ity,its, X) < &loglogX+O(1).

Since |g(it)| < (1 +t*)~! we obtain by Proposition 3.8.4 that the quantity in (3.8.3.5)

1S
< X (log X)° ((log X)*72* + (log X)*/4+3e/%) = X (log X )"/ < X (log X )™/

upon choosing o = 3/11. O

To prove Proposition 3.8.4 we establish estimates for how often

1 1
‘L (5 + Zl)Xp) L (5 + 227Xp)

can be large. The following is very similar to [54, Proposition 6.2].

Proposition 3.8.5. Assume the hypotheses of Proposition 3.8.4. Let N'(V; z1, 29, X)
denote the number of primes p < X, p =1 (mod 8), such that

log

1 1
L (5 +217Xp) L (5 +227Xp)‘ >V 4+ Mz, 2, X).

In the range 3 <V < 4rV(zy, 22, X) we have

X

V2
V- X — T oV~ . Y
N(V;z1, 20, X) < (log X )1-or() eXP < 2V (2, 227X)> ’
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and for larger V we have

N(V;21,20, X) < exp(—4rV).

X
(log X )1—or(1)

Proof of Proposition 3.8.4. We have

Z |L (%‘i'zlaXp)L(%_"Z%Xp)r

p<X
p=1 (mod 8)
= r/ exp(rV + rM(z1, 22, X))N(V; 21, 29, X)dV.
Then use Proposition 3.8.5. O

We use the following lemma to determine how frequently a Dirichlet polynomial can

be large. We write log, X for loglog X.

Lemma 3.8.6. Let X and y be real numbers and k a natural number with y* <

1 1
X2 =X For any complex numbers a(q) we have

X log, X (2K!) la(q)
< log X 2’“1{;' (Z

q<y

5~ a0 (o) *

> :

p<X
p=1 (mod 8)

2<q<y q

where the implied constant is absolute.

Proof. This result is similar to [54, Lemma 6.3], so we give only a sketch. Since we are
assuming GRH we could use Lemma 3.8.3, but we get an unconditional result that is
almost as good by appealing to sieve theory.

Since p =1 (mod 8), we have x,(q) = x4 (p), where for an odd integer n we define
n* = (—1)"z n. Observe that x, is a primitive character with conductor < 4¢. We
then introduce an upper bound sieve supported on d < D = X @ With the upper
bound sieve in place we drop the congruence condition modulo 8 and the condition

that p is a prime. Opening the square and using the Pdlya-Vinogradov inequality, the

214



sum in question is then

2%
a(q)xq-(n
<3 (Y| X el
n<X \ djn 2<q<p q2
alqar)|
<y * D | 2N
<y n<X dn
q1-q25=0
+Dlog(y™) D lalqr) - alger)]-
q1,--,92k <Y

For the first term we obtain

la( a(qor )| X log, X (2K!) ( la(q) )
E E g MK E
i<y - v n<X logX 2]%' q<y

q1-qor=

and for the second term we use Cauchy-Schwarz to obtain

Dlogly™) 3" Ja(g) - algm)| < X5 (Z'a )

q<y
]

Proof of Proposition 3.8.5. Assume GRH for L(s, x,). A modification of the proof of
the Proposition in [71] then yields

X 12 2y Jog(x ¢t
log |L (3 +21,xp) L (3 + 22, %) | <Re | ) —pi ) ST 4 “)—1( /1)
q‘€<x€q 2 " logzx ng
log X 1
+222 4 0 .
log = log

The terms with ¢ > 3 contribute O(1). For ¢ = 2 we use the Riemann hypothesis for
C(s) (see [54, (6.4)]) and obtain

1
1 Z : _221+q_222)M M(z1, 29, 2) + O(log loglog X).
q<fq +1ogz log =
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Since M(z1, 29, ) < M(21, 20, X) + oleX e obtain

logz
1 1 Xo(@) ., —z
10%‘[/(5+21,Xp)L(§+Z2,Xp)‘ < Re Z ;Jr—l(q +q %) (3.8.3.6)
2<q§x q2 log =
log X
Mz, 20, X) + 4222 1 O(log log log X).
log x
We put V = V(z1, 22, X ), and define
%logloglogX, V<,
T = q 5 logloglog X, V<V < &Vlogloglog X,
8, V> %Vloglog log X.

We take z = X7V and z = g!/leglog X
Taking z = log X in (3.8.3.6) and estimating trivially, we may assume V' <
In (3.8.3.6) we then have

5log X
loglog X °

v
log ’L (% + ZlaXp) L (% + ZQaXp)| < S1+ S+ M(z1, 22, X) + 5?’

where S is the sum on ¢ truncated to ¢ < z, and S5 is the remainder of the sum. Since
log }L (% + zl,Xp) L (% + zz,xp)‘ >V + M(z, 22, X) we have

v 6
SQZT or 5’12‘/(1—?):‘/1

We take k = (3 — @)%J — 1 in Lemma 3.8.6 and apply the usual Chebyshev-type

maneuver to deduce that the number of p < X with Sy > V/T is

Xlogy, X V
29822 xp (——logV ).
S g X eXp( AT % )

[t remains to bound the number of p for which S5; is large. By Lemma 3.8.6, for any

k< (5~ pax) 755 the number of p < X with S; > V) is

Xlogy X [2kV(z1, 2, X) + O(logloglog X)\*
log X eV '

For V < (loglog X)? we take k = |V{?/2V], and for V > (loglog X)? we take k =
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|10V |. It follows that the number of p for which S; > V; is

X log, X 1% logloglog X X log, X
S R S W 0808708 & 208 R (= Vg V).
< g X eXp( 2w\ T2 Toglog x g x OP(=VlgV)

3.9 Proof of Theorem 0.2.5

The proof of Theorem 0.2.5 breaks naturally into two parts: the lower bound, and the
upper bound. The argument for the lower bound is very similar to that in [72], and
we therefore give only a sketch. The argument for the upper bound is similar to that
in Section 3.6. In either case, we crucially use the assumption that the central values

are non-negative.

3.9.1 The lower bound

Let dy2(n) be the multiplicative function with (/2 * d1/2)(n) = 1. For a prime p =1
(mod 4) and large X define

R(p) - Z dlﬁ(”\/)%@(”).

n<X1/500

By Holder’s inequality and the assumption L(2, x,,) > 0 we have

3 3
P 1 Tl
E (logp)® (y) L (ﬁ,xp) > e

p=1 (mod 8)
where
Ty:i= Y (logp)® (3) L(% ) R
X 2 ’
p=1 (mod 8)
Ty:= )  (logp)d (%) R(p)°.
p=1 (mod 8)
In T, we open up R(p)®, and obtain a sum over ny,...,ng, and p. The terms with

ny -+ -ng = O yield a main term of size < X (log X)®, and the terms with n; - --ng # O
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are shown to be an error term by using Lemma 3.5.2.

For Ty, we write L(%, Xp) using Lemma 3.3.2. After opening R(p)?*, we have a sum
over ni,...,ns, m, and p, where m is the variable of summation in the approximate
functional equation. The main term mn; ---ny = O is of size > X (log X )6, and the

error term mny - - - ng # O is small by Lemma 3.5.2. This gives the lower bound.

3.9.2 The upper bound

Assuming that L(%, Xn) > 0 for all square-free n = 1 (mod 8), we can use an upper

bound sieve and positivity to write

My = Z (logp)® (}%) L (%,Xp)?’

p=1 (mod 8)
n 3
<(logX) > 1) ( > M) @ (%) L3
n=1 (mod 8) din
d<D

The coeflicients \; of the sieve are given, as before, by (3.4.8). We take R to be a
sufficiently small power of X.

We use the approximate functional equation

1 : 16 =L ds(v) (%) 7N 3/2
L = s 3 S (v(2)7),

v=1
v odd

where w3 (€) is defined by taking j = 3 in (3.3.1). Our function ws(€) is not the same as
w3(€) in [51]. After using the approximate functional equation to represent L(3, x»)?,
we write p?(n) = Ny(n) + Ry(n). The contribution from Ry (n) is bounded using
arguments similar to those in Subsection 3.6.1. For Ny (n) we use Poisson summation

as before. Up to negligible error, we therefore have the upper bound

M < (logX)ﬁ S d‘jg) > pla)

d<D  v=1 a<y
d|P(z) v odd a odd
d odd
2[a?, d] X ka2, dlv \ - EX
-5 Fl/ T 9 7o, Y
8 ( v ) (a2, d]|8v ]CEZZ‘g( 8 (a2, d]8v T(v)
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where

Rt) = ®(t)ws <,, (%)3/ 2) |

We treat separately the contributions from k£ = 0 and k£ # 0. The calculations are
somewhat easier in that ultimately we seek only upper bounds, not asymptotic formu-
las.

The contribution from k& = 0 is treated as in Subsection 3.6.3, and is

log X
o8 R(log X)% < X(log X)°.

< X
log

For k # 0 the presence of the additive character necessitates a splitting of &k into
residue classes modulo 8. When necessary, we write the additive character as a linear

combination of multiplicative characters. We use the identity

won = (5 (5) (7))o

and treat the two terms separately. We then follow the method of Section 3.6 to obtain
that the contribution from k # 0 is

log X

X
S og R

(log X)® < X (log X)°.

One difference that arises is in proving analogues of Lemma 3.6.3. Here we have
®(w + %) inside of an integral, instead of just ®(w) outside of an integral. It is helpful

to use the bound

3(y) <, (“g—X)

Y|

Another difference is that we have a factor of X*/2? in the integrals, whereas this
factor disappeared for the k£ # 0 terms in Section 3.6. We therefore do not need to
concern ourselves with any symmetry properties of the integrand (cf. the symmetry

argument yielding (3.6.9.4)).
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