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Dense Error Correction via #!-Minimization

John Wright, Student Member;, and Yi Ma, Senior Member.

Abstract

In this paper, we study the problem of recovering a sparse signal x € R™ from highly corrupted
linear measurements y = Ax+e € R™, where e is an unknown error vector whose nonzero entries could
be unbounded. Motivated by the problem of face recognition in computer vision, we will prove that if
a signal has a sufficiently sparse representation with respect to a highly correlated dictionary A (either
overcomplete or not), then with overwhelming probability, it can be recovered by solving the following

¢'-minimization problem:
min ||z||; + [le]l1 subject to y= Az +e,

even for very dense e. More precisely, in this paper we prove that under the above conditions,
for any p < 1, as m goes to infinity, solving the above (‘-minimization problem correctly recovers
any sparse enough non-negative signal x from almost any error e with support size < pm.
This result suggests that accurate recovery of sparse signals is possible and computationally feasible
even with errors asymptotically approaching 100%! The proof relies on a careful characterization of
the neighborliness of a convex polytope spanned together by the standard cross polytope and a nonzero
mean Gaussian ensemble with a small variance, which we call the “cross-and-bouquet” model. The high
neighborliness of this polytope enables the striking error correction ability of the above ¢!-minimization.

We will also show simulations and experimental results that corroborate our findings.

Index Terms

Sparse Signal Recovery, Dense Error Correction, ¢*-minimization, Gaussian Random Ensemble,

Polytope Neighborliness.

J. Wright and Y. Ma are with the Electrical and Computer Engineering Department, University of Illinois at Urbana-
Champaign. Corresponding author: John Wright, 146 Coordinated Science Lab, 1308 W. Main St., Urbana. Illinois 61801.

Email: jnwright@uiuc.edu.

July 28, 2008 DRAFT



MANUSCRIPT SUBMITTED TO IEEE TRANS. ON INFORMATION THEORY, 2008.

3]

I. INTRODUCTION

Recovery of high-dimensional sparse signals or errors has been one of the fastest growing research
areas in signal processing for the past few years. At least two factors have contributed to this explosive
progress. On the theoretical side, the progress has been propelled by powerful tools and results from
multiple mathematical areas such as random matrices, discrete geometry, combinatorics, and coding
theory. On the practical side, a lot of excitement has been generated by its remarkable success in many
real-world applications in areas like signal (image or speech) processing, computer vision, and pattern

recognition.

A. A Motivating Example

One notable successful application of sparse representation is automatic face recognition. As described
in [1], face recognition can be cast as a sparse representation problem as follows: For each person, a
set of training images are taken under different illuminations. We can view each image as a vector by
stacking its columns and put all the training images as column vectors of a matrix, say A € R"™*", Then,
m is the number of pixels in an image and n is the total number of images for all the subjects of interest.
Given a new query image, again we can stack it as a vector y € R™. To identify which subject y is, we
can try to represent y as a linear combination of all the images, i.e., y = Ax for some 2 € R". Since
in practice n can potentially be larger than m, the equations can be under-determined and the solution z
may not be unique. In this context, it is natural to seek the sparsest solution for  whose large non-zero
coefficients then provide information about the subject’s true identity. This can be done by solving the

typical £!-minimization problem:

min ||x
T

1 subject to y = Az. (H

The problem becomes more interesting if the query image y is severely occluded or corrupted, as
shown in Figure 1 left, column (a). In this case, one needs to solve a corrupted set of linear equations
y = Az + e, where e € R™ is an unknown vector whose non-zero entries correspond to the corrupted
pixels. To correct the error e, if A is a tall matrix, i.e. m > n, Candes and Tao [2] has proposed to multiply
the equation y = Ax + e with the orthogonal complement of A, say B, and then use £'-minimization to
recover the error vector e from the new linear equation By = Be if e is sparse.

As we mentioned earlier, in face recognition (and many other applications), n can be larger than m
and the matrix A can be full rank. One cannot directly apply the above trick even if the error e is known

to be sparse. To resolve this difficulty, in [1], the authors have proposed instead to solve [, e] altogether
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Fig. 1. Face recognition under random corruption. Left: (a) Test images y from Extended Yale B, with random corruption.
Top row: 30% of pixels are corrupted, Middle row: 50% corrupted. Bottom row: 70% corrupted. (b) Estimated errors . (c)
Estimated sparse coefficients £. (d) Reconstructed images y, = A#. The extended £ _minimization (2) correctly recovers and
identifies all three corrupted face images. Right: The recognition rate across the entire range of corruption for all the 38 subjects

in the database. It performs almost perfectly upto 60% random corruption.

as the sparsest solution to the extended equation y = [A T}w with w = [£] € R™"", and w can be found

by solving the extended £'-minimization problem:
min |w||; subjectto y=[A [|w. 2)
u

This seemingly minor modification to the previous error correction approach has drastic consequences on
the performance of robust face recognition. Solving the modified £!-minimization enables almost perfect
recognition even with more than 60% pixels of the query image are arbitrarily corrupted (see Figure 1
for an example), far beyond the amount of error that can theoretically be corrected by the previous error
correction method [2].

Although ¢!-minimization is expected to recover sparse solutions with high probability for general
systems of linear equations, it is rather surprising that it works for the equation y = [A T|w at all.
The columns of A are highly correlated in the case of face recognition. As m becomes large (i.e. the

resolution of the image becomes high), the convex hull spanned by all face images of all subjects is
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Fig. 2. The “cross-and-bouquet™ model. Left: the bouquet A and the crosspolytope spanned by the matrix /. Right: the
tip of the bouquet magnified, which is a Gaussian random ensemble with a small variance o> around the mean vector y. The

cross-and-bouquet polytope is spanned by vertices from both the bouquet A and the cross £17.

only an extremely tiny portion of the unit sphere S™~!. ! Geomelrically, the vectors in A are all tightly
bundled together as a “bouquet,” whereas the vectors associated with the identity matrix and its negative
+7 together” form a standard “cross” in R™, as illustrated in Figure 2. Notice that such a *“cross-and-
bouguet” type matrix [A I] is neither incoherent nor (restrictedly) isometric, at least not uniformly. Also,
the density of the desired solution w is not uniform either. The 2 part of w is usually a very sparse non-
negative vector, but the e part can be very dense and have arbitrary signs. Existing results for recovering
sparse signals suggest that ¢!-minimization may have difficulty in dealing with such signals, contrary to
its empirical success in face recognition.

We have experimented with similar cross-and-bouquet type models where the matrix A could be any
random matrix with highly correlated column vectors. The simulation results in Section III indicate that
what we have seen in face recognition is not an isolated phenomenon. In fact, the simulations reveal
something even more striking and puzzling: As the dimension m increases (and the sample size n grows
in proportion), the percentage of errors that the £'-minimization (2) can correct seems to approach to

100% asymptotically!

At first sight. this seems somewhat surprising as faces of different people look so different to human eyes. That is probably
because human brain has adapted to distinguish highly correlated visual signals such as faces or voices. The tesult of this paper
may help understand why such tasks can be done accurately and robustly as long as the dimension of the signal is high enough.

*Here we allow the entries of the error ¢ to assume either positive or negative signs.
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B. The Main Model and Result

Motivated by the above empirical observations, this paper aims to resolve the apparent discrepancy
between theory and practice of £'-minimization and gives a more careful characterization of its behavior

in recovering |, ] from the cross-and-bouquet (CAB) type models:
y=Av+e=[A Tw. 3)

We model the bouquet, the columns of A, as iid samples from a multivariate Gaussian distribution
N (i, 0%I), where ¢ = vm~'/? with v sufficiently small and |jull> = 1 and ||ullec < Cpm™Y2 for
some C), € Ry. The first condition ensures that the bouquet remains tight as the dimension m grows,
the second condition requires that the mean of the bouquet is mostly incoherent with the columns of the
cross 1.

We will consider proportional growth for m and n, that is, m/n — 6 € Ry as m — oc. However,
the support size of the sparse signal « is only allowed to grow sublinearly in m, or more precisely
llzllo = o(m*~") for some n > 0. Be aware that this is different from the typical assumption in the
sparse representation literature where the support normally grows proportionally with the dimension — no
matter how small that proportion might be. There are technical reasons why the support of the signal x
can only be sublinear if we allow the support of the error e to be arbitrarily dense, which we will explain
soon. In practice, this sublinear bound of sparsity is in fact more than adequate for signals in many
practical problems, including the face recognition problem where ideally the support of 2 is bounded by
a constant — the number of images per subject.

This paper proves that under the above conditions

for any p < 1, as 'm goes to infinity, solving the above £'-minimization problem correctly

recovers any non-negative sparse signal x from almost any error e with support size < pm.
While we will leave a more precise statement and the proof of the fact to Section II, for the rest of this
section, we will discuss some of the main implications of this result, in the broader context of sparse

signal recovery and many of its potential applications.

C. Relations to Previous Results

a) Restricted isometry and incoherence of the cross-and-bouquet model: As mentioned earlier,
typical results in the literature for sparse signal recovery simply do not apply to solving this new type of
equations y = Ax +e. The cross-and-bouquet type matrix [A ] is neither highly isometric nor incoherent

and the solution [, €] sought has very uneven density (or sparsity). As a result, greedy algorithms such as
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Matching Pursuit [3], [4] consistently fail for this kind of problems, unless hoth x and e are unrealistically
sparse. However, this does not mean that the concepts of restricted isometry or others become irrelevant
to the new problem. On the contrary, the proof of our results precisely rely on characterizing a special
type of restricted isometry associated with this new problem, see Lemma 4.

b) Error correction: From an error correction viewpoint, the above result seems almost impossible:
One is able to correctly solve a set of linear equations with almost all the equations are randomly and
arbitrarily corrupted! This is especially surprising given the fact that in the binary domain Z», the best
error-correction codes that are constructed based on the best expander graphs can normally correct errors
that are only a fraction of the code [5]. The relationships between our result and binary error-correction
codes remain to be uncovered. Here we have the following observations about its relations to exiting
error correction methods in the domain of real numbers:

o When n < m, the range of A is a subspace in R™. In this case, one can directly apply the results
of Candes and Tao. However, the error vector e needs to be sparse for that approach whereas our
result suggests even dense errors (with support far beyond 50%) can be corrected by solving instead
the extended #'-minimization (2).

o The sublinear growth of the support of 2 in m is the best one can hope for in the regime of
dense errors. In general, we need at least |lz||p independent linear equations to be able to recover
x correctly. If n =~ m, as an arbitrary portion of the m equations can be totally corrupted by e,
one cannot ensure any fixed portion of the equations remain good for recovering z. Of course, if
the error e is sparse, then the £!-minimization (2) will be able to recover = with linear growth in
support, as ensured by the existing theory [2], [6], [7]. In this paper, we are only interested in how
the ¢'-minimization behaves with dense errors.

e Whenn > m, in general the Gaussian matrix A is full rank and the method of Candes and Tao simply
does not apply any more in this situation. Our result suggests that as long as A is highly correlated,
the £'-minimization (2) can still recover the sparse signal @ correctly with high probability even
if almost all the equations might be corrupted. One may also choose to pre-multiply the equation
y = Ax+e with an “approximate” orthogonal complement of A, say the orthogonal complement of
the mean vector p, which is an (m — 1) x m matrix B. Then the equation becomes By = Be + 2
where z = BAwx is a signal with small magnitude due to the almost orthogonality between B and
A. One can view 2z as noise and try to recover e as a sparse signal via ¢!-minimization. However,
in theory the breakdown point for such £'-minimization is far below 50% unless e is non-negative

in which case the breakdown point could approach 100% [8].
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c) Polytope geometry: The reason why one can recover sparse solutions from a system of linear
equations y = Aa with high probability relies on a fundamental (and surprising) property of high-
dimensional random polytopes: As m and n grow proportionally, if the column vectors of A are random
samples from a zero-mean Gaussian N (0, I), the convex polytope spanned by the vectors, denoted as
conv(A), is highly neighborly [7], [9]. Neighborliness of Gaussian (or other) random polytopes has been
well characterized in the literature. These properties provide the necessary and sufficient conditions when
£*-minimization (1) is able to recover the sparse solution a for the equation y = Ax. More precisely,
the £!-minimization (1) can correctly recover the sparse solution 2 if and only if the columns associated
with the non-zero entries of 2 span a face of the polytope conv(A).

In our case, the column vectors of the matrix A are a Gaussian random ensemble with non-zero
mean and small variance whereas vectors of the cross £/ are completely fixed. To characterize when
the extended ¢!-minimization (2) is able to recover the solution [z, e] correctly, we need to examine the
geomeltry of the peculiar convex polytope spanned together by the random bouquet A and the fixed cross
+1, denoted as conv(A, +7). Thus, it comes at no surprise that the proof of our main result relies on
a careful study of the geometry of this cross-and-bouquet polytope. As we will show that indeed, the
vertices associated with the non-zero entries of 2 and e form a face of the polytope with overwhelming
probability as the dimension m becomes large. Precisely due to this special neighborliness of the cross-
and-bouquet polytope, the extended £!-minimization (2) is able to correctly recover the desired solution,

regardless it is sparse, dense, or a mixture of both.*

D. Implications on Applications

d) Robust classification and source separation: The new result about the cross-and-bouquet model
obviously has strong implications on robust classification or separation of highly correlated classes of
signals such as faces or voices, despite severe corruption. It helps explain the surprising performance of
face recognition that we discussed earlier. It further suggests that if the resolution of the image increases
in proportion with the size of the database, the (!-minimization would tolerate even higher level of
corruption, far beyond the 60% at the resolution of [1]. Other applications where this kind of model can
be extremely useful and effective include speech recognition/imputation, audio source separation, video

segmentation, or activity recognition from motion sensors.

*Notice that the equation y = [A []w is under-determined. The kernel of the matrix [A ] is non-trivial and so the solution to
this equation is not unique. The main result essentially guarantees that due to the geometry of the cross-and-bouquet polytope,

the solution found by the ¢*-minimization is the correct one even if it might not be sparse.

July 28, 2008 DRAFT



MANUSCRIPT SUBMITTED TO IEEE TRANS. ON INFORMATION THEORY, 2008. 8

e) Communicarion through an almost random channel: The result suggests that we can use the cross-
and-bouquet model to accurately send information through a highly corrupting channel. Hypothetically,
we can imagine a channel through which we can send one real number at a time, as one packet of binary
streams, and each packet has a high probability of being totally corrupted. One can use the sparse vector
2 (or its support) to represent useful information, and use a set of highly correlated high-dimensional
vectors as the encoding transformation A. Obviously, the high correlation in A is to ensure that there is
sufficient redundancy built in the encoded message Ax so that the information about  will not be lost
even if many entries of Az can be corrupted while being sent through this channel.

#) Encryption and information hiding: One can potentially use the cross-and-bouquet model for
encryption. For instance, if both the sender and receiver share the same encoding matrix A (say randomly
chosen from a Gaussian ensemble), the sender can deliberately corrupt the message Az with arbitrary
random errors ¢ before sending it to the receiver. The receiver only has to run a linear programming
to recover the information 2, whereas any eavesdropper will not be able to make much sense out of
the highly corrupted message y = Az + e. Of course, the long-term security of such an encryption
scheme relies on how hard it is for one to learn the encoding matrix A after gathering many instances
of corrupted message. It is not even clear whether it is easy to learn A from instances of uncorrupted
message y = Az. Even if the dimensions of the matrix A are given, to effectively learn A from a set
of observed messages Y = [y1,¥2, ..., yx] is still a largely open problem, known in the literature as the
“dictionary-learning” problem. The best known algorithm is iterative in nature and with no theoretical
guarantee of convergence [10]. The problem with highly corrupted observations is expected to be a much

more daunting problem for any code breaker. But its hardness is still open.

II. ROADMAP OF THE PROOF

In this sectioh, we fist give a precise statement for the main result in Section II-A. We will then lay
out the roadmap for the proof of the main result, starting with the key geometric picture behind the proof
described in Section II-B. In Section II-C, we will prove the main result by assuming that two technical
conditions in Lemma 2 hold. In the interest of space, we leave the lengthy proofs for the two technical

conditions to the Appendix, and will only discuss the main ideas behind their proofs in Section II-D.

A. Problem Statement

For the cross-and-bouquet model (3), let y = Axg -+ eq for some signal-error pair (xg, ¢y) where 2 is a

non-negative sparse signal and ey a dense vector with arbitrary signs. We are interested in the conditions

July 28, 2008 DRAFT
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under which the ¢*-minimization (2) can recover the correct solution.

For any n € Z, [n] will denote {1,...,n}. Denote supp(zg) = I C [n], supp(eo) = J C [m],
sen(eo(J)) = o, and let k) = |I| be the support size of the signal 2 and ky = |J| the support size of
the error &g.

Assumption 1 (Weak Proportional Growtlh): We say that a sequence of signal-error problems exhibits
weak proportional growth if m — oo, n/m — & € Ry, ko/m — p € (0,1) and ky = o(m). More
precisely, we assume 3Co, 1o > 0 such that k; < Com!~",

We will consider matrices A drawn from certain distributions. The model for A € R"*"” needs to
capture the idea that it consists of small deviations about a mean, hence a “bouquet”. In this paper, we

consider the columns of A are iid samples from a Gaussian distribution:
2
Aj ~ga N (Ma ELn) . )

Assumption 2 (Centrality of the Bouquet): There exists Cy € Ry, mg, such that for all m > mo,
leallo = 1 and (|5 oo < Cum 2,
In the following, we will say the cross-and-bouquet model is £*-recoverable at (I,J,o) if for all

(zo > 0, ep) with support (I, J) and eg with the signs ¢, we have
(wo, e0) = argmin ||z||; + |le[lr subject to  Ax + e = Axo + €, 5)

and the minimizer is uniquely defined. From the geometry of £!-minimization, if (5) does not hold for
some pair (2o, €o0), then it does not hold for any (x,e) with the same signs and support as (2o, €g)
[9]. Thus, understanding £'-recoverability at each (I,.J,o) completely characterizes which solutions to
y = Ax + e can be correctly recovered. In this language, our main result can be stated more precisely
as:

Theorem 1 (Error Correction with the Cross-and-Bouquet Model): For any 6 > 0, and p < 1, there
exists a vo(8, p,Cy) > 0 such that for a sequence of CAB models A™) with n(m) = [dm], ki(m) =
o(m), ke(m) = |pm], v < vy and errors e(™ with support J(™ of the error is chosen uniformly at

random from (IF]) and signs o™ chosen uniformly at random from {1},

lim P4 e {VI S (M), {'-recoverability at (I, J,0)| = 1. (6)

M—00 L 1
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B. Problem Geometry

We prove the above theorem by first restating geometrically the necessary and sufficient conditions for
£l-recoverability, as separation of a higher-dimensional £!-ball and an affine subspace (see Figure 3). To
witness this separation, we must show the existence of a separating hyperplane, whose normal we will
denote by ¢.

Let Ae R™" [ C[n),J C|m]and o e {1}, 4;; will denote the |J| x |I| submatrix of A
indexed by these quantities. Sometimes we will use A, as a shorthand for Aj,). Also, we will use 1y
(or 1) to represent a vector in R™ (or R™) that has ones on the support [ (or J) and zeros elsewhere.
To lessen confusion between the index set I and the identity matrix, we will use I to denote the latter.

Let w = A% ,0 — 17 € R" and define

G = [AJOC'I ;11:1} eRP*" p=m+n—k —ko. @)
Below as necessary, we will use Ry = {1,...,m—kg} C [p] to index the upper rows of G (corresponding

to A), and Ry = [p] \ R1 to index the lower rows.

Lemma 1: Suppose G has full column rank n.* Then the model is £!-recoverable at (I, J, o) iff
JgeR : ||¢lloo <1 and G*q=w. (8)
Proof: The pair (20, o) to i = Ax + e is the unique minimum £*-norm solution to this equation iff
3 (Ax,Ae) #£0 : AAz = —Ae, |+ Azl + |le + Aelly < |lzfl1 + el ©)

That, is (2, ep) is optimal iff there is no perturbation (Ax, Ae) that respects the constraint while not

increasing the 1-norm. Assume wlog that 2 = 17 and e € {—1,0,1}™, and that ||Az||s < 1, [|Ae]lec <
1; we lose no generality in making the second assumption because the problem is convex — if there exists
any nonzero perturbation that does not increase || - ||, we may scale it to produce an arbitrarily small

perturbation that also does not increase || - ||;. Then,

lz + Azl = ||z|l1 + 1]Az + || Axye

1, and e+ Aelly = lefly +e*Ae+ [[Aeser.
Substituting into (9) and using Ae = —AAux yields that (z,e) is optimal iff
BA2 #£0 : ||Ase Az + ||Anpe]r < (A*e — 11, Ax) (10

Condition (10) is satisfied iff
VAx #0, |[GAz|; > (w, Az) (1n

July 28, 2008 DRAFT
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Fig. 3. Geometry for the proof of Lemma 1: The unit ball B,, is separable from H,. in ™ if and only if in the lifted space RP,

the ¢'-ball B is separable from the image of H,, under the injective map G. H, is the separating hyperplane with a normal
vector ¢. Such an H, might not be unique in R?, and go would be the normal to the special separating hyperplane that contains
G(Hy)-

Let H, C R" be the affine subspace {2 : (w,z) = 1}. The function ||G - ||; defines a norm
|- llo on R™. Geometrically, (11) is satisfied iff the unit ball B, of || - || is contained in the halfspace
Hy = {{w,-) < 1}, as illustrated in Figure 3. This unit ball is a convex polytope, given by the inverse

image (under the injective map &) of the intersection of R(G) and the unit £! ball By in R?:
Bs = G R(G) N B1(RP)]. (12)

Now, B, C Hy, iff [R(G) N B1(R?)] ¢ Gl H | ift B1(R?) N G(clH}) = (. These two closed convex
sets are nonintersecting iff there is a hyperplane® H, = {v € R? : (q,v) = 1} C RP separating them
(see Figure 3 again). We lose no generality in assuming that By C H_", that G[cl H}] C el H, j , and that
H, meets the relative boundary rbd Glcl H}| = G[H,]. The first condition occurs iff ||¢|lcc < 1, while
the second occurs iff G*q = w. |

The most natural candidate for a normal vector ¢ is the minimum £2-norm solution to this equation,
g = (GN)*w = (GG*) ' Gw. (13)

When we use this particular normal go, we are demanding that the projection of By onto R(G) lies in
G|Hg]. Since the projection contains the intersection, By C {{qo,-) < 1} is a sufficient, but not necessary

condition. It is not surprising, then, that this condition often does not hold — empirically, ||goljcc > 1

*In the model outlined above, this occurs with probability one for m sufficiently large.

*Notice H, cannot contain 0 € interior(B; ), so the normalization (g, v) = 1 is appropriate.
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with fairly large probability. However, the key observation is that the set of violations {|go(7)] > 1} is

often quite small, and we can improve qp, through an iterative scheme, to a valid ¢ with ||¢|lec < 1.

C. Iterative Construction of Separator

We next give a lemma that argues that if we are given an initial guess at a normal vector gy € R?
whose hyperplane Hy = {(qo,-) = 1} separates G[H,| from mosr of the vertices of By, then we can
refine ¢ to a ¢oo that separates G[H,| and all of the vertices of Bj. In general, finding such a ¢oo
requires solving a linear programining problem. We will analyze the feasibility of this linear program
by considering an iteration that is essentially equivalent to the alternating projection method for finding
a pair of closest points between two convex sets. In this case, the two convex sets of interest are the
hypercube of radius 1 — = and the affine subspace go + R(G)*.

In the following lemma, gy € RP is arbitrary (though gy = G'*w is natural). We will construct a

sequence of vecfors ¢g,¢1,--.,qk-- - Let Tj be the “bad set” of indices at iteration k:

T = {7 - lae(d)] > 1}. (14)

Fix a small constant £ > 0, and define the operator ¢ which takes the part of a vector that sticks out

above 1 — =:

i 0, for |z;| <1—¢,
[9.’1?]7; = (15)
sgn(a;)(Jas| — 1 +2), for |ag] > 1—=z.

We iteratively construct g by setting

Git1 = G—TR@-06G = ¢ —0¢ + 7R(e)0¢- (16)

Notice that by construction, G*g = G*go = w for all k. So if fg; — 0, then ||¢;]lcc < 1 eventually, and
gso 18 2 valid separator.

Before proving that this iteration produces a valid separator with high probability, we first demonstrate
its behavior on a simulated example with m = 3,000, § = .4, v = .1, p = .65, and k; = 10. Figure
4 plots the sorted absolute values of entries of ¢;. Notice that the sorted coefficients clearly divide into
two parts; these correspond to the upper (R;) and lower (R») indices. The initial separator, ¢p cleanly
separates G'(H,,) from most of the vertices of By: only 39 entries protrude above 1 —z. These entries are
quickly iterated away: ||dg|| decreases geometrically until after 5 iterations a valid separator is obtained.

Let I';. denote the arrangement of all k-dimensional coordinate subspaces (i.e., the set of all < k-sparse

vectors). A simple inductive argument gives the following lemma:
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Iterative refinement producing a separating hyperplane. Here. 1 = 3000. § = 4. v = 1, p = .65. k1 = 10. We plot

the sorted magnitudes of the entries of ¢;. At left. ¢o separates G/(H,) from most of the vertices of Bi: only 39 violations

occur. The distinct bimodal characteristic of go is due to the differerices between the statistics of the top (R1) and bottom (Rz)

indices. Applying the iteration decreases ||0q;|| geometrically; after 5 iterations a valid separator is obtained.

Lemma 2: Suppose J¢ € (0, 1) such that

Tl
5 pr sup M@_z < 1
eel\{o) o]l
and
1 ,
llaolle + 7 _§|I0qo||2 < (1 —g)y/ep.

Then limg_,ec Oz = 0.

Proof: Consider the following three statements:

k
larllz < llaollz + 16g0ll2 > &%
320
#T, < cp,
10akll < 1l6qoll2 .

an

(18)

(19)

20

ey

We will show, by induction on & that these statements hold for all k, giving the desired result. Notice

that (19) and (21) are trivially true for k& = 0. For (20), notice that by (18),

Now, suppose the three statements hold for 0, ..., k. Since €q;, has the same signs and smaller magnitude
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than gk, ||gr — Ogell2 < |lgrll2: combining this with the inductive hypothesis we have

laksilla = llax = Oar + 7r(e) 001l < g — Oaxll + Imricyfarll < llall + & 6o
ktl
< lgollz + [16oll2 D> €',
=0
establishing (19) for k + 1. Similarly, notice that since mg(z)fq, dominates 0(qx — Ogr + Tr(c)0qk)

elementwise,

10ax111| < 7o) Oarll < Ell6arll < £ 10goll-
(@)

and (21) holds at k + 1. Finally, to get the sparsity result (20), note that

k41

: 1
lgr-ll2 < llgoll2 + 10g0l1 Y " < llgoll2 + EH@QOH? < (1 —2)y/ep,
=0

and so fqi.+1 must be (cp)-sparse. [ |

D. Purtting All Together

According to Lemmas 1 and 2, if we can show the two conditions (17) and (18) in Lemma 2 hold
asymptotically with overwhelming probability in A as a Gaussian ensemble, that essentially proves the
main Theorem 1.

In this subsection, we lay out the main ideas for the rest of the proof, which essentially consists
of two parts, one for each of the conditions in Lemma 2: 1. We provide a more accurate bound on
the projection ratio £ for sparse vectors in (17); 2. We show that the initial normal of the separating
hyperplane go = (G')*w satisfies the second condition (18), hence it can be fixed by the iterative scheme
given in the proof of Lemma 2. More precisely, we will establish the following facts:

1) For a small enough constant ¢, the projection ratio ¢ for cm-sparse signals onto R(G) is bounded

below 1 by a polynomial function in v. More precisely, ¢ < 1 — Cv® for some constant C' > 0.

As a result, the coefficient -1 ¢ in the second condition (18) is bounded by C~'v~5.

2) As m goes to infinity, the £2-norm of the initial separating normal vector ||qol|2 is bounded above
by vO(m!/?), and ||fgo||2 is bounded above by e~*/**O(m!/2) for some constant c.

Putting these results together, the initial separating normal vector ¢q satisfies:

lgoll2 + 1—i§'“9qo||2 < vO(m!?) + B O(m/). (22)

As long as the deviation of the Gaussian ensemble v is small enough, the second condition (18) of

Lemma 2 will be satisfied since the right hand side is O(m!/2). Hence, by Lemma 2, the initial normal
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go will converge (o a valid normal vector that separates the £!-ball B; from the subspace G(H,). which
essentially proves the main Theorem 1. This intuition is made rigorous in Section C of the appendix.
Whereas Lemmas 1 and 2 have simple geometric and algebraic proofs, the above results require more
detailed analysis of large Gaussian matrices. We therefore leave many of the technical details to the
appendix, and in this section outline only the main ideas and steps for their proofs. Their derivation is
based on recent (and now widely-used) results on concentration of Lipschitz functions, which state that

if x is a d-dimensional iid N (0, 1) random vector and f : R™ — R is 1-Lipschitz, then [11]

(23)

212
Pllf(z) —Ef(2)] > t] < 2exp (—7*—> .
Two special cases are particularly of interest here. First, the norm concentrates according to (e.g., for
this form see [12]):

P [[[1:” > /3\/3] <exp (—M) : 24

s
We will also return to (23) in the proof of Lemma 8 of the appendix. Second, as has been widely exploited
in the compressed sensing literature (e.g., [2], [6]), the singular values of rectangular Gaussian matrices
with aspect ratio v concentrate about the values 1 & /o predicted by the Marchenko-Pasteur law:

Fact I (Concentration of singular values [11]): Let A € R™*™, (m > n) be a random matrix with

entries iid N(0, ). Then if m — oo and n/m — & € (0, 1), then for any ¢ > 0,

P [O"nwm(A) > 1+ vn/m+o(l) + t} < 2 (25)
P [(fmm(A) <1—+/n/m-+o(l) — t} < emm/2 26)

For technical convenience, below we always assume we are in the large error regieme, with j = 1—p <
8. The conclusion still follows for smaller error fractions, since whenever (I, J, o) is £!-recoverable, so
is (I,J',0,.) for any J' C J. Below, wherever the symbol C' occurs with no subscript, it should be read
as “some constant.” When used in different sections, it need not refer to the same constant.

1) Projection of Sparse Vecrors: In this subsection, we upper-bound norm of the projection of any

sparse vector onto R(('). Notice that since the lower coordinates of

G- Ay Ay B Zy + I,LJC]_Z,I Zy + LLJclgm_kl
0 I 0 I

contain an identity matrix, when the variance v2/m of the perturbations Z, Zy is small, we expect that
sparse vectors with support on Ry will be very close to R(G). The following lemma verifies that this

is the case, but argues that the projection residual is at least Q(+®). The technical conditions appear
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complicated, but simply assert that: 1. ¢ is sufficiently small. 2. v is sufficiently small. 3. we are in the
large-error regieme: p is sufficiently small.

Lemma 3 (Projection of Sparse Vectors): Suppose that

. p p _ s . e
> s ., pH(e H(e/d 512, 27
¢ < mm<64(1+20“’)2,1024>, pH(c/p) + 0H(c/d) < p/ 27)
. 1 . ,
p < min (0,% - %) . ¥ < min (W (20)~1/4> (28)
Then the projection of a sparse vector onto the range of ¢ is bounded as
4
TRIC 8 5 — VY —6./C
sup Iyl ) »° (Vo - VDL —6ve) | 29)

g p)
vele\fo} 19l 16 {14 42 (\/5+ \/ﬁ>
on the complement of a bad event with probability =< e~¢™,

Proof: The projection of an observation y = [§}] € T'en, onto R(G) solves

]3 = min |Jy; — Mywy — Ma(ys 4 ws)||3 + whws.
1wy, We

min||[$] - Ga[|3 = min
Y

W ,Ws

[g;] -G [y;flil’we]

Since in general A4y has full rank %, we can find the unique optimal w; by minimizing the first term:
wy = (M{My)7 My — (MM 7 M Ms(ys + wa)

and subsequently, the optimal wo satisfies:

— M3y + M3 Mywy 4 M3 Ma(ya +wz) +we = 0= (I+ M3m s AJQ) wy = Mymay1 —Mympse Mays,

where 7. denotes the projection matrix onto the orthogonal complement of R(M7).
Write M7y = USV* with U € ROm—Fkixpm—k and ' € RP™*Pm=F1 orthogonal matrices, and the

diagonal of S € RP™~F1*P™=F containing the nonzero singular values of Mjmyye. Then if wy is the

.

12 . 30)

solution to the above equation

ly—mr@ulle 2 lusle = [(S*+D7SV T -2, 14]

= |2+ n7tsive —suin

Above is the norm of the product of a diagonal mawix (52 + I)~1S, a wide matrix [V* —SU7*], and
a sparse vector . We will bound it by lower bounding the elements of the diagonal matrix, and then

lower bounding the “restricted minimum singular value”

TYem * _8U* = inf 7 _SU* :
Yo ( [V SU*) yerﬁ\{o}”[‘ SUy /1yl
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First, however, we drop the top row of (% + I)7'S[y* —Srr*]. This allows us to uniformly lower
bound the diagonal of (S?+1)~1S. While ¢ can be quite large due to the inhomogeneous term (z.7-1%),
and hence -4~ +1 can be quite small, for the remaining singular values -7~ = + =17 is at least on the order of v.
To this end, let S € RA—ki—Ixpm—ki~1 pe the diagonal matrix obtained by dropping the row
and column of S corresponding to the largest singular value; V and U are obtained by dropping the
corresponding columns. From (30),
Omin(M3Tprs)
2 7 1+ as(Mimpyy)

where omm(M3mye) is the smallest nonzero singular value and o2(My7ye) is the second largest

lualle = |82+ D750+ 5014 Bem([7* 50D lylles BD

singular value.
a) Bounding the second largest singular value o2(M3mys): Write fi = 7y ige, and notice that

”A‘IIZ* Tl Tt U ”2

oo Mimass) = mf sup = inf oy(Mimym
(M) = SR T, b o1 METaag )
< 01(1\'127T]\th7rﬂ;) == O’](Z;W(HJC’ZI).L).

Choose any orthonormal basis for the subspace ¥ = (R(Z;) + R(u<))*. Since ¥ is probabilistically
independent of Z», the representation of the projection Z37,, . z+ with respect to the chosen basis
is simply distributed as a dm — ky x pm — ky — 1 random matrix Z with entries N (0, v?/m). Since

_vym Zs is distributed as N (O, 5m ™ ), by Fact 1,

I/\/(—S;?Tk
P{ (V\/{:A Z> > 14/ 2l +t} < exp (—(t -+ o(1))*(6m — k1) /2) (32)

and so P [01(22) > (V6 + \/ﬁ)} = ¢~“™_ On the complement of this bad event, og(MQ’*leQ <
426+ VP)>

b) Bounding the smallest nonzero singular value Gpin(M3Ty1) = infpep %’”ﬂl— Choose any
orthonormal basis for M li Since M is independent of My, with respect to this basis, we can write
M3mye = Zo + 10%, where Zo € RO™~Rixpm=ki ig an iid N(0,%/m) random matrix and i is the

expression of 7y fge in this basis.
O'min(ﬂ'if;ﬁj\,[li) = Omin (71'14'«22 -+ 1(777'_11*22 + ,[L*)> > O'min(ﬂ'liZiZ)s

where in the final step we have used the orthogonality of R(ri.Z) and the rank-one perturbation
1m~Y*Zo + %) to drop the perturbation. Finally, with respect to any orthonormal basis for 1+, 712 Z»
is distributed as a om — k1 — 1 x pm — ky random matrix Z4 with entries iid N(0, »2/m). Again by Fact

1, amm(;% Zh)— 11— \/’; and similarly by measure concentration,

P |omin(23) < S(V6 = VF)] = e=O™. (33)

July 28, 2008 DRAFT



MANUSCRIPT SUBMITTED TO IEEE TRANS. ON INFORMATION THEORY. 2008. 18

On the complement of this bad event, Gmin(M3mae) > %(\/3 — D).

The reader may notice that the above bounds essentially agree with the Marchenko-Pasteur law for
the submatrix Z». This should be expected, since dropping the largest singular value eliminates most of
the influence of s 7., while projecting onto a subspace R(M;i") of (very small) codimension k; = o(m)
does not essentially change the conditioning of Z3.

Finally, as will be stated more precisely in Lemma 4 and eventually proved in Appendix A, we will
show that with probability at least 1 — e~C™1+o()  the restricted singular value Yen, in (31) is lower
bounded as

veml[7* 507 > f e

Combining the three results, we have that for all y € T,

ly — mayll2 v(Ve - B2 (P
Wl - L+@%¢5+¢®2< éij (34)

Tyl lull
for 2 < 1/4/2). Combined with (34), this implies the desired result (29). |

3 4
Notice that “ﬁ"’ﬁ’“ = \/1 — (”—yﬂ‘iﬂ> <1-— (*ly{igy—w , (where we have used that 1 —z? > /1 — 22

We here give a more precise statement about the restricted isometry property about [V* —S[7*] used
in the proof of the above lemma. For an arbitrary matrix M, define v, (M) as

¢ 1Mylle

WM = Wk

(35)

We are interested in knowing vem([V* —S07*]), where U, S, and V come from a (compact) singular
value decomposition® of P = M3 7y, after dropping the largest singular value. That is, if v1 and uy
are the (right- and left-) first singular vectors of P, USV* is a compact singular value decomposition of
Tt Py

Lemma 4 (Restricted Isometry): Consider the matrix P = MJm,, 1+ € ROm—kixpm and let uq, vy be
its first singular vectors. Let {7 SV* denote a compact singular value decomposition of 7. Pm,.. If the

conditions (27) and (28) hold, then for all m sufficiently large,

vﬁ

7"’0-777.(“7* —SU*]) > (36)

on the complement of a bad event with probability e*Cm(H“’(U).

SWith probability one, the matrices I and V are unique upto multiplication of their columns by a common set of signs. The

quantity of interest, y. does not depend on the choice of representative signs.
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We postpone the rather technical proof of this lemma to Appendix A, but notice again that the lower
bound given in the lemma agrees with (and in fact is looser than) the Marchenko-Pasteur law for a pm xem
Gaussian N (0, #?/m) matrix (i.e., the concentration result of Fact 1). In fact, the proof essentially follows
by arguing that the parts of this matrix are probabilistically independent, transforming to an equivalent
pair of Gaussian matrices, and applying Fact 1. The somewhat technical conditions (27) introduced here
are necessary because 7., involves a minimization over a very large set: all subsets of em columns.
More delicate balancing is needed to ensure that a union bound over this set remains small.

2) Initial Separating Hyperplane: In this section, we analyze the initial separator ¢p, obtained as the
minimum 2-norm solution to the equation G*¢ = w. We upper bound both ||gol|> and ||@gol|2, where 6
is the operator that retains the portion of a vector that protrudes above 1 — £ in absolute value. These
bounds provide the second half of the conditions needed in Lemma 2 to show that ¢p can be refined by
alternating projections to give a true separator. In the following lemma, the exact numerical constants
involved in the bounds are less important than the fact that, with respect to decreasing v, ||go]| = O(v)
and [|fgol| = O(e=¢/").

Lemma 5: Suppose v < 1. There exist constants <, as such that the initial separator gq satisfies

lgollz < o yvmi? 0(777(1/2) (37
1bgoll: < aze @ ml/2 + o(m!/?). (38)

on the complement of a bad event of probability < e=¢m'™™"*(1+o(1))

Proof: Recall that w = Z% .o — 17 + (s, 0)1 € R®™, and gy = GT*w. Notice that

Z Z .1*
ct=ceeyt=|"" ?leoty M| e (39)
0 I 0
where 7y = Zje 1 and Z> = Z . 1. Expanding its product with w gives
7z zZi Z
o = 01 ‘Lo etz e+ |07 (—(G*G)'111+ (s, o) (G*G)‘11>
I
e ® 0 vk iy —1 ok *( ik ey — 1 *(ovk oy —1
+ (1 (G*C)1 2% 0 — 1(G*C) 11 + (ug.0) 1'(G*G) 1). (40)
. ,

In this section, we concentrate our efforts on the first term above. A more detailed analysis of (G*G)™1,
which we postpone to Lemma 7 of the appendix, shows that the remaining terms are all negligible,

contributing o(m!/ ) to |lgo||. This is essentially due to the presence of a large common term - in the
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columns of G the most significant term in G*G is ph.pge11%, and (G*G)~! shrinks the ones vector.
. . “ys —(rnlen /2
More precisely, Lemma 7 shows that with probability at least 1 — e~ ™™ *(1+o(1)),
lao = [% %] (G*G) ' Z3u 0 || < Cmi/2mm/i,

This remaining term can be further simplified by splitting out several of the inhomogeneous parts of
(G*G)™'. Define Q = Z¥. (Zyeu +[§ 2] = [% Zf;f;zl] € R™™. Similarly, let y = Z%.  jue € R™.

In terms of these variables, G*G = @Q -+ y1* - 1ly* + al11*. Applying the matrix inversion lemma,

(Gt =Q7 - @ Vi MEMTQTY?, (41)
where M = [ Hg:f,fllu 0 3:/;;’“ } € R™ 2, and = is an appropriate 2 x 2 matrix. Since ¥ =

Z5,0 € R" is iid N(0, v%p) independent of G, with overwhelming probability it is almost orthogonal
to the rank-2 perturbation I' = Q™ 'V2MEM*Q~YV2 P [|jxpd| > m'/2-1/4] < ¢=¢™"™" Since

furthermore ||| < |(G*G)7Y|| + [|Q || £ C¢ + —2= is bounded by a constant,

v2p

H [ZOl le] 1—‘19” < (1 -+ 21/2(‘\/5-{» \/5)2) <CG’ + 7_/_3_}@) ,’.11'1/2—7]0/4

and the remaining part of ¢p is

(G2l = [0 + (2] Q7 e or + [R] Q7 e pe e

v

The first two terms involve projections of ¥ onto ki-dimensional subspaces, and hence are of lower
order. That is, for = null([Q~!]7.)*, we have P [[[rsd|l2 > ml/2=®/4] < e=Cm ™™ Since || 2|
and ||Q!|| are bounded by constants with overwhelming probability, with probability at least 1 —
e=Cmt T (Lbo(1)) ” (4] [@~],, 19” < C'm1/?~™/4 1dentical reasoning shows that on the comple-
(%] [Q1 o 0| < Crmit/2mi,

This leaves [ 22 ] [Q™!] 7o, Ure. Expressing @ as [ {7 17] and applying the Schur complement formula
gives [Q e je = W4 WIWV (U~ =V*W-IV)=1V* W1, where W = Z3Zo+1,V = Z5Z,, and
U = Z{Z,. Because W = I, ||W~1|| < 1. With probability at least 1 — e~ "1+ (7| = || 2,2 <
22, omin(U) 2 5L, and ||V]| < || Z1][|Za]| < 2% (V73 + ) and so

ment of a bad event of probability = e=¢™ "%,

. =112 7112 6 /ARN2
“Y,I,f—l‘/([]—-l _ ‘/*I,",Y—l‘/)—lv*pv"—lH < ”{/I ” IH ” < 8v (1\ + \/p—éz _
O'min(U—l) - “I/HQHI/V_I” 1—8v(1l+ \/p—())z

is bounded by a constant. Let ¥’ denote the kj-dimensional range of this matrix. With probability

>1— e~Cm1_m/2(1+o(1))’ “WE"ﬁ“ < ml/2~770/4, and so

[ 2] w=vU=! — v W=V v w Ll < o w2l
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leaving only do = [ %] (Z3Z>+1)~ 149 .. With probability at least 1—e~ (400D 191 || < V2v4/pd m!/?,

| 195l < /1412213

establishing the first part of the lemma.

and so

lgoll> < |]{%]

01C

2 .
< 1/.\/25[) (1 4+ 212 (\/5+ \/ﬁ) > mi/2 (42)

For the second part, will bound the upper (R;) and lower (R») parts of §y elementwise with a pair of
iid Gaussian vectors, and then argue that the Lipschitz function [|6-|| is concentrated about its (very small)
expectation. For the upper block, write Zs = QR, where @Q € RP™*P™ ig an orthogonal matrix, and R €
RAMXOm—k1 g ap upper-triangular matrix with non-negative elements on the diagonal. With probability
one (as long as rank(Z,) = pm), @ and R are uniquely determined by Z,. Moreover, @ is a uniform

random orthogonal matrix, probabilistically independent of R.” Since Go(R1) = QR (R*R+1)~ 1. is

the product of a uniform random orthogonal matrix and an independent vector R(R*R+1)" 19, l[gzégjll

is uniformly distributed on SP™~1. With probability > 1 — e~ g (R)|| < || Z2llll97<] <

2128 + V/8) m!/2. Introduce an independent random variable \; distributed as the norm of a (pm)-

dimensional iid N(0,0?) vector with o = 4—"%@ (i.e., an appropriately scaled Xzn 1v), and define
oy Go(Ra)
1= My (43)
. 1qo (B

Since ¢; is the product of a uniform random unit vector and an appropriate y random variable, its
distribution is iid N(0,02). With probability 1 — e~ g || > o/Fm > ||Go(R1)]l, so ¢

dominates go(R1) elementwise and ||6¢1]] > ||0Go(R1)||. Applying Lemma 8, with probability 1 —
e—Cm(l—ko(l)),

. 1 — = P 1/2
|1601]le < 4dexp (—m) vomo = 4vp exp (— 560106 1 \/5)2) m (44)

Ry

For the lower (Ry) coordinates, write Z} = [ Q1 Qs ] = QR where R; € RP™XP™ jg

an upper triangular matrix with nonnegative diagonal elements, () is an orthogonal matrix, and Q; is
a random orthobasis for R(Q1)* (so that Q € R**1*»—F is an orthogonal matrix). Again from the

rotational invariance of the Gaussian distribution, @ is a uniform random orthogonal matrix, independent

of R, and
Qo(R2) = (Z3Z3 + 1) Wre = Q(RR* + 1)71Q"0r- = Q(RR* + 1)}, (45)

"This follows from the rotational invariance of the Gaussian distribution: left multiplication by an independent orthogonal

matrix sampled according to the invariant measure yields an independent pair Q'R = Z =q Zo.
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Fig. 5. Error correction in weak proportional growth. We fix & = .5, 12 = .4, and plot the fraction of successful recoveries as
a function of the error density p. for each m = 100, 200, 400, 800. At left. &y is fixed at 1; at right, k3 = 5. In both cases, as

m increases, the fraction of errors that can be corrected approaches 1.

where v = Q*¥;- is an iid N (0,1%p) random vector, independent of Q. Hence, do(Rg) is the product
of a uniform random orthogonal matrix @, and a probabilistically independent vector (RR* + 1)~ v,
and its orientation IIZ_EEJI%H is a uniform random vector on S*~%1—1, As above, introduce an independent
random variable )\ distributed as the norm of an (n — k;)-dimensional iid N(0, 412 p) random vector,

and define
o = Ao do(R2) .
llgo(R2) ||

The product of an independent unit vector and (appropriately scaled) x,—k, scalar, ¢ is distributed
as an iid N(0,4v2p) vector. With probability at least 1 — e+l Y4y || > /2v,/pv/n — ki, and
Go(Ra)|l < Wrell < V2v/pvi— k1. Therefore, ¢, dominates do(R») elementwise, and [[f¢s| >
[10Go( R2)||. By Lemma 8,

(46)

0galle < 4V exp (— m/?. “n

L
- 6412p

Combining the bounds on ||0¢1]| and ||@¢2|| gives the second part of the lemma. [ |

I1I. SIMULATIONS AND EXPERIMENTS

In this section, we perform simulations verifying the basic phenomenon of Theorem 1, and investigating

the effect of various model parameters on the error correction capability of the £!-minimization.
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Fig. 6. Effect of varying n and v. At left, we fix m = 400, » = .3, and consider varying n = 100, 200, ..., 500. For each

of these model settings. we plot the fraction of correct recoveries as a function of the fraction of errors. Notice that the error
correction capacity decreases only slightly as n increases. At right, we fix m = 400, » = 200, and vary v from .1 to .9,
Again, we plot the fraction of correct recoveries for each ervor fraction. As expected from Theorem 1. as 1 decreases, the etror

correction capacity of (' increases.

a) Error correction capacity: We first verify the ability of ¢'-minimization to correct increasingly
large fractions of random errors in the weak proportional growth setting. We generate problem instances
with § = 1/2, v? = 4, for varying m = 100, 200, 400, 800. For each problem size, and for each error
fraction p = 0.05,0.1,...,0.95, we generate 100 random problems, and plot the fraction of correct
recoveries in Figure 5. At left, we set k; = 1, while at right, k¢ = 5. In both cases, as m increases, the
fraction of errors that can be corrected also increases.

b) Varying model parameters.: We next investigate the effect of varying ¢ (Figure 6 left) and » (Fig-
ure 6 right). We first fix m = 400, v = .3, and consider different bouquet sizes n = 100, 200, 300, 400, 500.
Figure 6 left plots the fraction of correct trials for varying error densities p, for each of these bouguet
sizes. For this fixed m, the error correction capability decreases only slightly as n increases.

We next fix m = 400, n = 200, and consider the effect of varying ». Figure 6 plots the result for

v =.1,.3,.5,.7,.9. Notice that as v decreases (i.e., the bouquet becomes tighter), the error correction

capacity increases: for any fixed fraction of successful trials, the fraction of error that can be corrected
increases by approximately 15% as v decreases from .9 to .5.

¢) Phase transition in total proportional growth: Theorem 1 does not provide any explicit informa-

tion about the behavior of £*-minimization when the signal support k; in proportion to m: ky/m — py €
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Fig. 7. Phase transition in total proportional growth. When the signal support grows in proportion to the dimension (ki /m —

p1 € (0,1)). we observe an asymptotically sharp phase transition in the probability of correct recovery, similar to that investigated
in [7]. Left: p = 0.05. Right: p = 0.1.

(0,1). Based on intuition from the study of more homogeneous polytopes (especially the work of Donoho
and Tanner on the Gaussian ensemble [7]), we might expect that when k; also exhibits proportional
growth, an asymptotically sharp phase transition between guaranteed recovery and guaranteed failure

will occur at some critical error fraction p* € (0, 1). Simulations suggest that this is the case, as shown

in Figure 7.

IV. DISCUSSIONS AND FUTURE WORK

d) Compressed sensing for signals with varying sparsity: In the conventional setting for recovering
a sparse signal, one often implicitly assumes that each entry of the signal has an equal probability of
being nonzero. As a result, one typically requires that the incoherence (or coherence) of the dictionary
is somewhat uniform. In this paper, we saw quite a different example. If we view both 2 and e as the
signal that we want to recover, then the sparsity or density of the combined signal is quite uneven —
x is very sparse but e can be very dense. Nevertheless, our result shows that if the incoherence of the
dictionary is adaptive to the distribution of the density — more coherent for the sparse part and less for
the dense part, then £'-minimization will be able to recover such uneven signals even if bounds based
on the even sparsity assumption suggest otherwise. Thus, if one has some prior knowledge about which
part of the signal is likely to be more sparse or more dense, one can achieve much better performance

with £!-minimization by using a dictionary with corresponding incoherence. More generally, for any
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given distribution of sparsity, one may ask the question whether there exists an optimal dictionary with
corresponding incoherence such that £!-minimization has the highest chance of success.

e) Stabilirv with respect to noise: Although in our model, we do not explicitly consider any noise
(say y = Az + e+ 2z where z is Gaussian noise), it is known that £ -minimization is stable to small noise
[13]. This is also what we have observed empirically in our simulations or in the experiments with the
face images: £!-minimization for the cross-and-bougquet model is surprisingly stable to measurement or
numerical noise. In fact, as the method is able to deal with dense errors regardless of their magnitude,
large noisy entries in 2 will be treated like errors and be absorbed into e. So the estimate of 2 is likely to
be affected only by noises with small magnitude. However, a more precise characterization of the effect
of noise (say Gaussian) on the estimate of the sparse signal 2: and the error ¢ remains an open problem.

f) Neighborliness of polytopes: From our study, we see that in order to precisely characterize the
performance of £!-minimization, one needs to analyze the geometry of the type of polytopes associated
with the special dictionaries in question. In practice, we often use £'-minimization for purposes other than
signal reconstruction or error correction. For instance, using machine learning techniques, we can learn
from exemplars a dictionary that is optimal for certain tasks such as data classification. The polytope
associated with such a dictionary can be very different from what we have normally studied in signal
processing or coding theory, so will be the performance of £'-minimization for finding the desired
representation, either sparse or not. Thus, we should expect that in coming years, many new classes

of polytopes with interesting properties may arise from other applications and practical problems.
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APPENDIX

TECHNICAL LEMMAS AND RESULTS
A. Restricted Isomerry for Sparse Vectors

In this appendix, we prove Lemma 4 of Section II-D, which states that as long as c¢ is sufficiently small,

i.e., ¢ < min (m%(,-—)— T(Tﬁz‘i) and pH(c/p) + 0H(c/d) < p/512, with overwhelming probability

Yem ([‘7* — S'f/r*}) > 7/‘\4/5 —6ryv/c.

Proof: Recall that USV* is a compact singular value decomposition of 7. P+, where P =
M3mye and ug, vy are its leading singular vectors. Notice that the conditional distribution of P given
My is Gaussian: P = Zimye +1pyemys = Z3my 0 +141*. We will argue that the second term dominates.

a) 1{* determines the leading singular vectors: Since the columns of M, are k; small perturbations

of fige, the distance ||| = [[mpsepeell of pege to R(My) should be small. However, we will argue that

. —1/2 . . . s .
|7 azs oo || is at least Q(k / ). Choose an orthonormal basis whose first element is “chu. With respect

= [ZO] + e1v*, where Z1 and Z» are iid

to this basis, M can be expressed as [g] +e1(Z + ||pallt™)

N(O, 1/2/77?‘). Then H’ir]\,[lﬂ%i:—“ 5 1

(23 Z3)
1+ v*(Z Zo)~ 1

RN
el ng} + erv*) <’U’U* + Z;Zg) ([ozz] +vel) e

Applying Fact 1 to the pm—1xk; N(0,v?/m) matrix Z,, one can easily show that P { H (Z5Z5)~! “ > -2

e~“™. The norm of the k;-dimensional N(0,12/m) vector 7; also concentrates: P Nzl > VE] =

e~¢mk_ On the complement of these bad events, |lv|| < |Z]] + ezl = (1 + lusel) vVEL < 2vE1,

and v*( 522)* & k1. Moreover,

< 755
e pge 1 1
My = o > (48)
Hlllwcll S s 1+ v*(Z3Z2)~ 1 14 555k

Lemma 6 below shows if 5 < 1 — 5,1: with probability > 1 —e~¢"(+e(1) in the random support of the

p )
22 10T/ T+ 5=k,
wee

Since ||1]|2 = v/dm — k1, on this good event ||14*||2 > Cy m™/2 for some constant C and m sufficiently

error e, el > 5 - 2 Together with (48), this implies that ||f1]| = ||pse — 7az, fe

large. From Fact 1, || Z5|| is bounded by some constant C'y with probability at least 1 — e~Cm{l+o(1))
*For a d-dimensional iid N (0, 0?) vector @ Pl[jz|| > Bov/d] < e~**~1*4/2 [11]. To obtain the result above, set 8 = \/77/u.

*This follows because demanding that |[uf2 = 1 and [ufes < Chm™? forces p to spread over its coordinates; the

probability that a randomly chosen support misses almost all of the energy of p is overwhelmingly small.
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Treating Z3m )2 as a nuisance perturbation of 14* and applying Wedin’s perturbation bound for principal

subspaces [14] then gives

) , | Z37 s ]| 4
[y —miell < 4sinZ(ug, 1) < 4 Hl/l*ll S Gonls
and similarly ||, — mpe |l < a%?,—/
Ik Prg —mie Prpe || < ||mge — mus | Prgs | 4 s Plllmegs — mae |

Now, ||lms P|| < || Z2]| < Ca, and ||Prr i || = o2(P) < V20 (/5 + V/5) simultaneously with probability
> 1 — e~¢mU+ol)) (the second bound was established in part (a) of the proof of Lemma 3). Hence,
3Cj such that P | 1ot Prys — m1e Prgell2 > Cl m~m/? ] = =™ For an arbitrary matrix W, write
fW) = Yem([mrqw+ — W*]). We are interested in f(m,1 P, ).!° Using the fact that singular values
of submatrices are Lipschitz and applying Wedin’s sin © theorem [14] to 7wy, it is not difficult to
show that if rank(W + A) = rank(W),

| (W +A) = f(W)] < (1 + Umm(w?) — ||A||) 1A, (49)

where omg (W) is the smallest nonzero singular value. Applying this bound with W = 7,1 Pr,.,
A = mu Pm,. — w2 Prye, and noticing that aw1¢4,7,(7r,(Lllf’7r,l,li) is bounded below by a positive constant
with overwhelming probability, we have that | f (m,t Pr,2) — f (w2 Prge) | < 522 with probability
at least 1 — e~“m1+0(1) We henceforth restrict our attention to f(my: Prje).

b) Analysis via Gaussian measure concentration: Let ¥ denote the subspace (R(Z1) + R (<))t
and let Vp be some orthonormal basis for this subspace, chosen independently of Z,. From the above
reasoning, we can restrict our attention to w1 Py = mys Zows. Let my. Zowy, = U'S'V'™* be a compact

singular value decomposition of this matrix. Then,

Yem ([ Vi S j|> = Yem (Vl* [ I WSZ;’THL ] ) = Tem (V(J* [ I WEZ;?H; } ) .

Where the final step follows because 7., is invariant under left multiplication of its argument by an
orthogonal matrix. Now, VifrsZ; = V{Z5 is simply distributed as a pm — ki — 1 x dm — &y iid
N(0,v%/m) random matrix. Finally, introduce an additional uniformly distributed random orthogonal
matrix Q € RPm—ki—Ixpm—ki—1_chosen independently of Z», and define ¥ = QV*ns Z4. This is again an
iid N (0, »?/m) matrix. From the rotational invariance of the Gaussian distribution it is easy to show that ¥

and ( are independent random variables. Hence, vem ( [ v gl ]) = Yem ( [ QVy Ump } )

1%Since left multiplication by an orthogonal matrix does not change ~em. f(m, - PW@%) = vem ([V* — SU*)).
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Here, QVy is the transpose of random orthobasis for the subspace ¥; it can be realized by orthogo-
nalizing the projection of a Gaussian matrix onto ¥. To this end, introduce an iid N (0, »?/m) matrix
@ & RP™—M=1x7™ independent of %> and . Then, o ( [ QVy Wm. | ) is equal in distribution to
Yem ([ ((I)qu)*)—lﬂ Py Urrye D This “transfer to Gaussianity” makes it easier to provide bounds

On Yom. Let A = (rs®*)~1/2, Now,

TYem = 4L ILlJ?Lln om Omin ([ [A‘I’WS].,Ll [\I/’h'lL].,LQ }) >
1 2==CI
#legiﬁ:cm IlliI]{O’min([A(I)ﬂg]..Ll), Cmin (Tsys [\Ilm;].,Lz)} — #le—r.gfi;)i:cm TSy [\IlmL]_’LQH

where ¥’ denotes the subspace R([AP7xle.L,)-
¢) Bounding om[A®ry]e : Applying Fact 1 to Ors gives that P [ ||Brglle > 3v\/F] < e P/2,
Write

On the complement of this bad event, omin(A) = 5 \/-

[(I)ﬂ'g].,]‘ == (I).,L — [(I)WE_L].!L = q)._L(I — [WEL]LJJ) — (I).’LC{WZ]LC’L
= Uﬂzin([q)ﬂﬁ]o,L) > O'm,in(q)o,l;)(l - [H"TEL]L.LH) - ”7T<I)..L q).,LGTF[WZ]LG’L“‘

Straightforward application of Fact 1 shows that P [amm(fb.,L) < 5\—2/-3 - 1/\/6} = e~P™/8 while for
any'! &1 > 0, P[|l7o,, PoLeMmg)pe, || = 20/ + vy/PE1] = € P™/2, Finally, consider the matrix
T2 [Zl vy /prissr| € R We are interested in [[lmss]r il = ’ITL,.(T*T)_le’Ll
gty It is not difficult to show'? that with probability at least 1 — e~ FrtoD) 5o (T) > "T‘/ﬁ

i

Meanwhile for any 23 > 0, P [||Z1p.]| = v/ + vy/pzz] < e7P52"/2 On the complement of this bad

<

event (and invoking Lemma 6)

ITeel < 1Zigall+ o/t H < WVE IV Ve (\/—+\/’(1+2C2)).

- [zl PB2C
By the assumptions of the lemma, /¢ (1 +2C2) < \/5/8, and ||[rx.]r 2] < “T <4(VEm+1/8)%
Setting €7 = 59 = 51—1
omin ([®75], ;) 2 ("Z/ﬁ - u\/E) (1 - i) - (2WE+ ”—b@) - R e (s

and Gomin ( [ADrs], ) > k-1 \/% > - on the complement of a bad event of probability ¢~ s (1+o(1))

The number of subsets L of size em is e?™H(¢/P1+0(1) The probability any L is bad is bounded by

"Since ®,, . is independent of ®, z, and ¥, the norm of Tdg 1, Po, LT, is simply distributed as the norm of a cm X cm.

'VEJLC L

iid N(0,v*/m) matrix. By Fact 1, P []]wfb"L@.,Lcwim}Lc = 2vve+ tzzf] < et em/2 gopy o fBE1
, i Ve

123873 ~ e | . =
Write 0in(Y) > Omin ([ Tk, Zy V\/ﬁﬁle—l _i) — || Tpse 21l 2 nnn(a,m-n(w#%C Z1),v\/P) — % e Z1 ). apply
Fact 1 to the singular value and standard tail bounds to the k; dimensional N(0,2?/m) vector e Z3.
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% m(H (C/ﬁ)—fé@““(”), which falls off exponentially when H(¢/p) < 1/128. This is guaranteed for
¢/p < 1/1024.

d) Bounding opman (72 [¥1]e,r): Choose any orthonormal basis for the [(p — ¢)m — k1 — 1}-
dimensional subspace ¥+, where ¥ denotes the ¢m-dimensional range of [AD7y]e 1, The expression
of the columns of 7y ¥ with respect to this basis is a (p — ¢)m — ky — 1 x dm — k; matrix ¥ with

entries N(0,22/m). Split U7, . as
- - 1 = e L= .
[\I[W]J_].’L = ‘I’._L———\Il,‘Lcll ———‘I’.'Lll .
' m m
Using the independence of %\ﬁ.‘ el and \if., 1, and applying Fact 1, it is not difficult to show™ that

~ 1 -~ D — & pgclm
P [Umz’n (\1/.’1: _ E\y.,LCH*> < L_____V/;(‘ _ I/\/E} < e~ EER o) (51)

The final term involves 7L—\il o..1, an iid N(0, cv?/m) vector of dimension (p — ¢)m — ky — 1,
1 -
g

m
N > 21/\/0(/3-—0)} = e~ EF (D) (52)

Combining these results, we have that on the complement of a bad event of probability x e~(P=)m/8

Umin([\ip’TIL]o,L) = Omin (‘i’o,l} - %\ijo.[}ll*> - Hni\ilo‘l)ll* = u———c - I/\/E - 2I/C”\/ /7 —C
; m "

2
1023 D
\/ 1824 1/?2/__/) — 3vy/c by the assumptions of the lemma. (53)

There are < e”™H(¢/P) gubsets L) of size em and = (/9 gubsets Ly of size em, where H
denotes the (base-e) binary entropy function. The total number of choices of Ly, Ly is asymptotic to

e(p H(%)+6H (f))m, and the probability that any pair is bad is bounded by

exp((ﬁH(c/ﬁ) +8H(c/8) — B2y m (1 + 0(1))).

Under the assumptions of the lemma, the exponent is negative. Since for v < Tlfﬁ this bound is smaller

than the bound for A®xy;, this bound controls the overall behavior.

“Independent translations do not substantially affect Fact 1: for an m x n iid N(0,1/m) matrix M and an independent
translation @, omin (M + €1") 2 Gmin(7,+ M), which obeys the same concentration result, now applied to an (m — 1) x n

matrix. Appropriate rescaling of the (5 — ¢)m — ki — 1 x em N(0,2%/m) matrix ¥, 1 yields the desired expression.
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¢) Bounding the cross-coherence “m‘gu (Ui, L “ Begin by fixing Ly and L. Let " denote the

subspace R([A®P7s]e.1,). Notice that ¥ and ¥ are probabilistically independent. Now,

ve

Now, ||rs- W, L, is distributed as the norm of a em x em iid N (0, % /m) matrix, and so for any £; > 0,

| (0miilos, || < Imwe Wenal +

1
—=myr V1
Vi =

P [l War,|l = 20V/C + 210/p] = esiPm/2, (54)
Similarly, the vector \[_ 7+ W1 is has the same norm as a cm-dimensional iid N (0,2/m) vector, so

Hl——ﬂ'vu‘l’l

> vye+ 521/\/5} x e~5Pm/2, (55)

On the complements of these two bad events, < (e1+e2)vy/p+3vy/e Set g =

£2 = 1/16. The probability the union of the two bad events is then asymptotic to e™?™/512 Ag in the

o (U], 1

previous lemma, we close with a union bound over choices of Ly, Ls. The number of such choices is

asymptotic to e< 1(s)+oH(3 ))m and the probability that there exists some bad pair is bounded by a

exp ((,)H (p) Y (o) - p/512) m) (56)

Under the hypotheses of the lemma, the coefficient of this exponent is negative.

function asymptotic to

) Pulling the bounds together: Pulling these three bounds together, with probability at least 1 —
e—Cm{1+o(1))

k4

/1023
A/C,,n([ (Prnd*) 2Py Y7L ]) > 1024 V\Q/— 3v \/— \/_ — 3v \/_— ——I/\/— 61/\/— (57)

Since ]",’cm (7 =507 |) = Yem ([ (@m2®*) "V 20rs WL ])[ < ”1—\?, the desired bound follows. [ |

Lemma 6: Suppose p < 1/2 -1/ C%. With probability at least 1 — e=“"1+e()) gyer random error
supports .J € ('m‘]) the “clean part” of the mean, st - satisfies ||pe| > g\g’:.

Proof: For # > 1, define Ly = {i : p7 >m™"/B} C [m]. Then since p < C%/m for all i, and

Zz/v‘zz =1,

o5 1 _
—# L+ o (m =t Lg) 2 1,

om
and so v = #L_" > ﬁg, 2. We will show that for any constant 7 > 1, P [#J¢ N Lg < PET] < g=Cm,

so that with overwhelming probability

pysm 1 P
r mB = BT’

leaelld = Nesenzall = (58)
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Choosing 3 = 7 = 2 gives the bound claimed above. To verify that the intersection of J“ and Lg not

too small, notice that
Ay 3 m Yam

pram] T () m (&) (5

m—k <
N () N ()

Where we have used that pyg/7 < 1/2 for the upper bound (*3™) < ( ;7_{’;;) and m — k < pm < 1522

P|#J°NLs <

for the bound (V7 ”3)’”) < (2)™), and finally, crudely upper bounded the number of terms in the

pm

summation by m. The logarithm of the numerator is
ysmH (p/7) + (1 — ) mH(p) + o(m)

while the logarithm of the denominator is simply mH (5) +o(m). For 7 > 1, the denominator dominates,

and the logarithm of the complete bound is —ygm(H (p) — H(p/7) + o(m). [ |

B. Technical Lemmas for Initial Separating Hyperplane

This section contains several results used above in controlling the initial separator ¢o. We will first
justify the assertion that [ % Z:] (G*G)~12%, o contributes O(m'/?) to [|gol|. We close with a measure
concentration result for ||@ - ||, also used in the proof of Lemma 5.

Lemma 7 (Lower order terms for qo): Suppose that § < min (5, i ?}—) Then 3y > 0 such that

if v <y, there exist constants (wrt m) C'¢ and C; such that
e &)™ < Ce and oo [§ 2] (G*C) ' Zeo]| < Cum Pt (59)

simultaneously on the complement of a bad event of probability < e=¢m'™"/*(1+0(1))
Proof: We first show that 1*(G*G) ™1, ||(G*G) =1, and ||(G*G)~!|| are simultaneously bounded

by constants w.p. > 1 — e~ ¢m(1+o(1) Write @ = [glgi Zzgzﬂ] e R™" and y = Z%. ,puje € R™. The

Grammian can be expressed as G*G = @ +y1* + 1y* + all*, where @ = p¥.puge, and
-1
_ . _ Q-1 Qw41 1*
(@6 =t - 1y ] Q. (60
Q7 ly+1 y'Q ly—a y*

Let b= 1*Q71, ¢ = 1*Q~ 1y, d = y*Q~ 'y, and explicitly invert the above 2 x 2 matrix:

d—a —c—1
—c—1 b b
G = QTM-Q7M 1
{ y} bd—a)—(c+1)2 | ,
b1
- ; Q7 - . Qly = MQ L+ Q.

bla—d)+(c+1) a—d+(e+1)2/b

July 28, 2008 DRAFT



MANUSCRIPT SUBMITTED TO IEEE TRANS. ON INFORMATION THEORY. 2008. 33

Similarly, 1(G*G) 7'l = gomaitorr < e
We bound the quadratic terms b, ¢, and d. Applying Fact 1 to the §m x pm iid N(0,2%/m) matrix

Zjes = |2y Zo] gives that || Zjeo]l2 < V2V <\/5 + \//3> on the complement of an event of probability

= e~“™ On the complement of that bad event,

1113 S sm sm

QI — 14 1[Zsell> ™ 14 202(V8 + /D)2

For ¢ = 1*Q™ 'y, notice that y = Z%. , o7 is iid N(0, v?a/m) random vector. We would like to assert

b = 1*Q7'1 > = Cym (61)

that this vector is almost orthogonal to Q~'1. To do so, first split out the part of Zj., that is not

probabilistically independent of y: write
1 . 1
Q= Zjamuz Zrw + 102l +oyy" = Lt —yy,

and 1 -1 —1 1 x7—1
Y R S S
@ ya+y*L—1yy

Then, |1*Q1y| = [1*L™Yy (OW*L 1y>] < 1*L7y|. Now, ||[L7 ]2 < F . It is not difficult to
show!* that for any block matrix M = [ 2] with [|A||||B]| <1 — mm(4)
2 2 [ANI? 112
O-min(]\':[) 2> T (A) T 3 AN
o 1- O-gm'n(A)
The relevant singular value is
Tz 1 Ty, Zo Im,es. Zillllw,.e, Zol|
mu L) = 2 i e He > 2 ; L Z — ,u #Jc
g ,7.( ) Tmin 0 I = Jnmn(”T,ch 1) H’]T s Zl“

On the complement of an event of probability < e~“™,

12
Ranlrn 22 L my 2P < 1A <27 g 2l < |20 < VB2 (VE 4 V).

The first comes by identifying Tyt Z1 with a pm — 1 X k; Gaussian matrix and applying Fact 1, while

the second and third follow directly from Fact 1. Plugging in, oymin(L) > v ” TR 8;2&{%_{5)5) > % for
L s < ,}i/[; m!/2. Meanwhile, since y is

independent of L, <“LL—:1111”—, y> is simply an N (0, #2c¢/m) random variable, and so for any £ > 0

\/S L~'1 v2p
L~ 1 > 7771/2 + P H<______,l>' > .._____} — e—Csm
i /2D [ PR R

1WWrite 07y, (M) > 1o 2 mi]n (lAz1]|a = || Bz2ll2)? + [l2al3
F+leziiz=1

v sufficiently small.!?

P [Il*L‘lyl > 57711/2} < P

> min Tmin (A) + (1~ 000 ()L = X) = 2 A BIVI =X
i

15, : 5 2\ /4 <
For example, » < min <§ "v_Tsﬁ—fﬁ’ 3 (\/54» \/ﬁ> ) suffices.
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where C. > 0 is a constant (wrt m) depending on . So, with overwhelming probability, ¢ = 1*Q ™1y

has magnitude bounded by = m!/2.

The final quadratic term is d = y*Q~ 'y = y*L~ 1/5;/—;—’1——1— < y*L~ly. Rather than simply inde-
pendently bounding ||yl and ||L ||, we obtain finer control by exploiting the fact that for most vectors
L is well-conditioned, due to the presence of the identity matrix in [% Z2]. Consider the subspace

Y={v:2r=0} CR™ HL‘

1’1;5;“ <1, and

YLy =yt (LY gmisy + L sy ey)

4%27

< H?/llgllL—lng]]Q+HL_1||2H’!/H2H?T(Lz)ryn.z < 22ad + |7y, -

The final term, ||mzx)=y| is the projection of the N(0,r%c/m) vector y onto an independent ki-
dimensional subspace; for any &' > 0, P [||mzxy+y|| = £'v/a] < e==*™/2. For appropriate choice of
£, with overwhelming probability, d < y*L~1y < 4v2a0.

We now have everything we need to demonstrate the first two claims of the lemma. Due to the centrality

assumption, the energy of p is well-spread: o > Cq wp. > 1 — e~ ¢m+o) qemma 6). So, with
probability at least 1 — e=“m{i+o(1),
: 1 1 4C2
1* G*G —11 < < - < H . - c . 62
( ) T a—d T oa(l—425) T p(l— 42 ! (62)

For the coefficient Ay in (G*G)~!1, for any £ > 0

le+1] < eml/2 41

R ICETY) 2ol — 4123)

| A1

(63)

with overwhelming probability. Hence for any " > 0, [\| < &” m~Y2 for m sufficiently large, on the

o s ac? N
complement of a bad event of probability = e~“™. Similarly, [/\2| <L < -7y An identical

argument fo the one given for ||| above shows that [|Q~!|| < ;25 w.p. = 1 — e~m(HelD), and 5o

4"/§ N 16v25C,
V2p p (1 —4120)

We next bound [|(G*G)~!||, establishing the second part of the lemma. Introduce matrices M =

Q~1/21 Q—l/'zy ]
[uce—lmne G- | and

o |VEeTT 0 {1*@-11 1*Q“‘y+1]_1 VECEE.
= 0 \/y*Qﬂxy 1*Q~1y+1 v* Q- ty—a 0 \/m

In terms of these mafrices, (G*G)~! = Q! — Q~V2MEM*Q~1/2. Now,
Q"1 (a—y*Q'y) -/ 1@ 11/y*Q 1y (1'Q™ 'y + 1)
—/1*Q /Yy Q- Ty (1*Q~1y + 1) y*Q 'y)(1*Q~'1)
QU (a— Q@ 1y) — (1*Q~ 1y + 1)°

Gz < QYL+ Pell@~ iyl < = Co.

[
I
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Applying the quadratic product bounds derived above, w.p. > 1 — e~“="*1+0(1) " the denominator is at

least
Cy(1 — 4%6)p | .
b( 40 - )p m — (5777’1/2 + 1)2 Z C(le,n,on‘l, m eVentual]y
I

ﬂ%@ﬁ and corresponding choice of . Since each of the terms in the
=

for any constant Cyenom <
numerator is bounded by C'm for some constant C, each of the terms in the 2 x 2 matrix = is bounded
by some constant, and ||Z| < Cz w.p. > 1 — e~ ¢"1+o) for appropriate constant C=. Hence,

4

K~ < @I +HIQ™HIMIPIE] < V—25+ 2C= = Ce,

1/2 i
a constant, establishing the first assertion of the lemma.

For the second assertion, recall that
go = [ZOI le] (G*G)‘IZE.O’ -+ [Zol Zf’] (—(G*G)_lh + (g, o) (G*G’)_ll)
+ EH(A1E O T + (o) GO T + GG 2 (64

Before proceeding, we bound |{ty,0)|. Consider the Martingale (X;),, given by Xo = 0, X; =
z;zlﬂj(‘j)g(j). We are interested in X, = (g, 0). Since |X; — X;—1| < us(j), by Hoeffding’s
inequality [15],

12 £
Pl|Xm|=t] < 2exp D < 2e77, (65)
m Zzgml /‘J(J)

and so with probability > 1 — e=S™" """ |(u;, o) < mi/2=m/4,

[% 2] <—(G*G)“111 + (., 0) (G*G)—ll) “ is bounded above by

(1 + 21/2(\/5 -+ \/ﬁ)z) <C’G Com!/?=m/2 7711/2“’70/402) < Cyml/Em/d
w.p. > 1 —e~Cm T2 (tolD) for appropriate Cy. Similarly, for the third term of (64)
H[W] ( LGN + (g, 0) 1H(GG)™ 11) H < Oy + Cyml/2m/

For the final term of (64), notice that ¥ = Z% o is distributed as an iid N(0,12p) vector, independent

of G, and so
(G*G)—ll - 1/2_ K - 1=np /2
P — L~ >m 0/4 — = Cm )
grapmo)| = ‘ ©0
On the complement of this bad event,
K vk =1 o G*G)~ 1 1 /2 /4
lns1*G ey < li@ee) 1||]<“§—GG§—11H0>| < Cymi/rmlt ©7)
|
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Lemma 8 (Concentration for Gaussian tops): Fix o < 1, £ < 1/2. Let 2 be a d-dimensional random
vector with entries iid N(0,¢?), and let § be the operator that takes the part of 2 that is greater than
1—e:

0: RO R st [gu]; sgn(z)(Jas] — 1 +2) |z >1—=2 68)
0 else
Then

P [”9"[?”2 > 4o Tes7 dl/‘z} = e~ Ced (69)

A

where Cy is a constant depending only on o,
Proof: Let y € R¢ be iid N(0,1), then ||0z||2 is equal in distribution to [|#oy||2. Now, E|lboy|3 =
d-E(fz;)? = {}\/’% [, t2e/29° 4y, Integrating by parts'® yields

_ 1l—2)o _a-o2 21402 _a-sp 2
d7E|boy|? = (———~e_ =2 +20%Q (== < \/i T < dgeT w7,
loovll = = QU < oy T 8 -

and E[[|doy|l2] < 2e" 7w d! /2 Meanwhile, E\/S%, |0owi)? = Vd E\/Zjﬂ;lfﬂi—': It is not diffi-

|2

d vl .
cult to show!’ that E Zf;lfﬂ”—’— — C! for some constant C/. > 0 depending only on ¢ and so

E||0oylls > €% dY/2. Since f(-) = ||@o - |2 is 1-Lipschitz for ¢ < 1, P[||foy|2 > 2E||6oy|2] <

exp (—8(E|[|foy||2)?/72) [11]. Plugging in the upper and lower bounds on E|foy||; yields the result. m

C. Details of the proof of Theorem 1

Proof: For a given I € ([,?1]) By Lemma 2, (I, J, o) is £!-recoverable if 33 € (0, 1) such that

10gollz < (1—)/Bp = (1 —2)V/B(p+o)mY2 — o(mV/?).

1
qolj2 +
llgoll2 + 5 .

Choose ¢ = 3(p -+ §) small enough that ¢ < min (WZC‘T’ E%I) and pH(c/p) + 0H(c/é) < p/512.
Then by Lemma 3, for m sufficiently large, and with probability at least 1 — e=C¢™'~"/*(1+0(1)) ' 4q Jong

, : L (o5)-1/4 1
as 1/<mm(24\/5,(2<>) ,2(ﬂ+\/§)),

1L 16 ( 32 )4
L —&ap L—éem — VE\VOp—p/)
while

lgollz < cqvm’? + o(m!/?) 10lls < cpe P28 M2 4 o(ml/?),

22 re
-z /2

And noting that Q(z) <

vy
Y Apply the strong law of large numbers to d“lzleaydz and Slutsky’s theorem to argue that E/d~1> |foy:|> —

+/ E|6oy;|2.
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and so

1 C' 50802 1/ ~ .
llgoll2 + ﬁlwqo“g < cqvm? + ;ge“p/lz&’ m? 4 o(m'?) < (1 —2&)Vem'/? — o(m/?)

for v sufficiently small and m sufficiently large. Hence, under these conditions probability that (1, J, o)
is not £!-recoverable is bounded by e~¢™' ™ "*(1+o(1)) The number of subsets I is (‘)[:’) < (bm)+ <

eCom! ™™ log(ém) and g0 the probability that 3 I such that (7, J, o) is not £'-recoverable is bounded by

Coam? =70 log(dm) (:—le 1 /2(14o(1))

e — 0 as m — oc.
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