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Abstract

This dissertation is devoted to statistical inference based on characteristic functions. For some popular
stochastic processes (e.g., Lévy processes, Lévy driven Ornstein—Uhlenbeck processes), the transition density
may not be available. However, the (conditional) characteristic function is sometimes known. We study
various statistical inference methods for fitting those processes with implicit characteristic functions.

In the first part, an efficient sampling method based on Bayesian empirical likelihood is developed.
The method involves pseudo-marginal Markov chain Monte Carlo with temperature and is shown to be
effective for Lévy processes. In the second part and third part, we study maximum likelihood methods
and empirical characteristic function estimation based on characteristic functions. We find the analyticity
of the characteristic function can make efficient implementations of both methods possible, guaranteeing
asymptotic properties as well. We also find, for certain models, very large samples might be needed to
accurately identify the true parameters. Numerical results show the appealingness of some infinite activity
models. In the last part, this dissertation includes my another project, which is about truth discovery in
data mining. A dynamic model is developed to discover the truth between information sources across time.

Experiments on real-world applications demonstrate its advantages over previous approaches.
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Chapter 1

Introduction

In this dissertation, we study statistical inference based on characteristic functions for intractable likelihood
problem. For some popular stochastic processes (e.g., Lévy processes, Lévy driven Ornstein—Uhlenbeck
processes), the transition density may not be available. However, the (conditional) characteristic function
is sometimes known. We study various statistical inference methods for fitting those processes with implicit
characteristic functions.

In Chapter 2, we mainly focus on Bayesian empirical likelihood inference based on characteristic functions.
We construct a maximum empirical posterior estimator with asymptotic properties. We utilize pseudo-
marginal Markov chain Monte Carlo with temperature method to make efficient implementation of Bayesian
empirical likelihood inference possible. The numerical study confirms the effectiveness of our maximum
empirical posterior estimator.

In Chapter 3 and Chapter 4, we study maximum likelihood methods and empirical characteristic function
estimation methods based on characteristic functions for Lévy processes that are commonly used in finance.
In both chapters, we utilize the analyticity of the characteristic functions of such Lévy processes.

For maximum likelihood methods, the transition probability densities can be computed very fast and
accurately. This makes efficient implementations of maximum likelihood inference possible. We provide
regularity conditions that guarantee consistency, asymptotic normality and efficiency of maximum likelihood
estimation and validity of likelihood ratio tests. Our approach extends to Ornstein-Uhlenbeck or Lévy
based processes with explicit and analytic conditional characteristic functions. Simulation studies show the
effectiveness of our method. While parameter estimation is relatively easier for some Lévy processes, very
large samples might be needed for others. This is illustrated by some popular Lévy models, including the
CGMY model, where the log-likelihood surface is saddle-shaped with relatively flat areas. Finally, fitting of
equity returns shows the appealingness of some infinite activity Lévy models.

For empirical characteristic function (ECF) estimation methods, the analyticity of the characteristic
functions is also helpful to provide an efficient approximation of the estimation target function. Specifically,

empirical characteristic function estimation is a generalized moment match method to match the empirical



characteristic function with the model’s characteristic function. To match them, the usual method is to min-
imize an integration of the distance between empirical characteristic function and the model’s characteristic
function, which is computationally intensive. We utilize the analyticity of the characteristic functions (for
certain stochastic processes) to show that the integration involved in ECF estimation can be computed very
fast and accurately. We also provide regularity conditions to show the estimates based on our implemen-
tation have consistency and asymptotic normality properties. The simulation study shows the effectiveness
and efficiency of our methods.

This dissertation also includes my another project in Chapter 5, which is a joint project with Shi Zhi,
Zheyi Zhu, Qi Li, Zhaoran Wang and Jiawei Han. I am the equally contributed first author with Shi
Zhi. We build a state space model for evolving truth discovery. Truth discovery is an important topic
in data mining. Untrustworthy information is ubiquitous in big data, which gives rise to the challenge
of truth discovery. The goal of truth discovery is to distill the most credible information from noisy but
redundant sources. Despite recent progress, the time-varying structure of truth discovery problems remains
less explored, e.g., the latent truth may evolve over time and have a temporal correlation. In this project, we
propose a general framework named EvolvT to explicitly model the dynamics of truth evolution. At the core
of such a framework is an adaptation of hidden Markov model to characterize the trustworthiness of different
sources. Based on Kalman filtering and smoothing techniques, we establish an expectation-maximization
(EM) algorithm with strong theoretical guarantees. In comparison with existing approaches, our framework
captures source dependency between information sources across time, and furthermore, automatically allows
for missing data. Experiments on real-world applications demonstrate its advantages over the state-of-the-art
truth discovery approaches.

In Chapter 6, we discuss the potential extension of our proposed estimation methods to more general

Markov processes.



Chapter 2

An MCMC approach for empirical
likelihood inference based on
characteristic functions

2.1 Introduction

Common statistical procedures such as maximum likelihood can provide efficient estimates under mild reg-
ularity conditions if the likelihood function is available. However, a number of difficult problems might arise
for certain models of which the likelihood is not tractable. In this chapter, we mainly focus on the case
that characteristic functions have analytic forms rather than density functions. One potential application
is Lévy processes because their characteristic functions are more likely to be available than densities due to
Lévy-Khintchine representation.

Statistical inference based on characteristic functions includes several methods. The first method is
empirical characteristic function (ECF) estimation investigated by Paulson et al. (1975); Feuerverger and
Mureika (1977); Feuerverger and McDunnough (1981a). The basic idea of this method is to match the
characteristic function implied by the model and the empirical characteristic function obtained from data.
A review can be found from Yu (2004). A Markov chain Monte Carlo approach developed by Chernozhukov
and Hong (2003) is utilized for ECF estimation with application to fit stock prices by Lévy processes in
Grynkiv (2010). We propose an approximation method to conduct ECF estimation efficiently in Chapter 4.
Another choice to do statistical inference based on characteristic function is to obtain densities by Fourier
inversion transform. We will discuss it in Chapter 3.

In this work, we focus on the statistical inference method based on empirical likelihood. Kunitomo and
Owada (2006) and Chan et al. (2009) construct maximum empirical likelihood estimator (MELE) based on
characteristic functions. The basic idea is to find optimal parameters which maximize the empirical likelihood
constructed based on characteristic functions. Empirical likelihood, proposed by Owen (1988), sometimes
can be regarded as an alternative to parametric likelihood especially when model’s density function is not
available (DiCiccio et al. (1989)). Moreover, Qin and Lawless (1994) show that maximum empirical likelihood
estimates (MELE) are asymptotically normally distributed under certain conditions.

When it comes to the implementations of empirical likelihood inference, generally, there are two common



ways to incorporate characteristic functions into empirical likelihood. Kunitomo and Owada (2006) chooses
a finite number of grid points w1, us, ..., un, and use estimation equations based on characteristic functions
o(u;) = E(exp(iu; X)) with i = 1,2, ..., m, to construct empirical likelihood, so as to obtain MELE. However,
efficiency cannot be reached based on finite points {u;}. To determine how dense and how many grids points
{u;}1™, are enough to get valid estimates is still an unanswered question.

The alternative approach is to construct an empirical likelihood L(6|u) based on characteristic function
¢(u) = E(exp(iuX)) conditionally on a fixed w. Then, construct integrated log-empirical likelihood T'(0) =
[ log(L(6|u))dG(u), where G(u) represents the distribution of w. This method can be regarded as the
continuous version of empirical likelihood based on characteristic function, and the MELE with a judiciously
chosen G(u) can reach full maximum likelihood efficiency (See Chan et al. (2009)). But this method comes
with a big computing burden. To be specific, we have three computing issues. Firstly, the function inside
the integral T'(f) includes empirical likelihood L(6|u), which requires one optimization procedure. Secondly,
T(0) = [log(L(f|u))dG(u) is an integral of log(L(f|u)), which requires a rigorous integration procedure.
Thirdly, to obtain MELE, we need to find the values of our parameters to maximize T'(), avoiding several
local maximums. All of them are computationally extensive. Especially, the second issue and third issue are
more challenging because there are already many works (for example, Owen (1990) and Wu (2004)) about
the first issue to improve the efficiency of calculating empirical likelihood.

In this chapter, we mainly focus on the sampling based optimization technique and propose a pseudo-
marginal Markov chain Monte Carlo (MCMC) based simulated annealing algorithm (which is called inte-
grated empirical likelihood sampler) to deal with the second and the third issue. We resolve the second issue
by setting a different target function as integrated empirical likelihood T'(f) = [(L(0|u))dG(u) and sample
the parameter 6 from it via pseudo-marginal MCMC. During this procedure, we can sample from 7'(8) with-
out evaluating the integral form 7'(f). What’s more, estimates based on new integrated empirical likelihood
here still keep common asymptotic properties (i.e. asymptotic normality). To resolve the third issue, we use
the idea in the simulated annealing which sample from T(H)l/ tn with a sequence of decreasing temperatures
t,. Under certain regularity condition, it can be shown that samples from T(@)l/ tn will converge to the
global maximum of our target T'(¢) when t,, — 0.

Allin all, in this chapter, we construct a new continuous version of empirical likelihood inference and prove
the asymptotic properties of our estimates based on this new version. Noticing that, one of the regularity
conditions for asymptotic properties is not easy to verify. We provide a simple equivalent condition to it,
which is easy to understand and test. Based on our integrated empirical likelihood, pseudo-marginal MCMC

based samplers are proposed to obtain the parameter estimates.



We organize this chapter as follows. In Chapter 2.2, we construct our Bayesian empirical likelihood and
maximum empirical posterior estimates (MEPE). In Chapter 2.3, we present several asymptotic properties
of our MEPE and Bayesian empirical likelihood. We also discuss regularity conditions and provide two
equivalent regularity conditions. In Chapter 2.4, we propose integrated empirical likelihood sampler to
estimate MEPE. In Chapter 2.5 and Chapter 2.6, simulation and case studies are performed to demonstrate

its effectiveness. Chapter 2.7 is the conclusion of this study. All proofs are in the Appendices.

2.2 Bayesian empirical likelihood based on characteristic
functions

In this section, we construct Bayesian empirical likelihood based on characteristic functions. Suppose we
have n i.i.d. random variables X = {Xy,..., X,,} from d variate distribution F with characteristic function
®(u; ) for u € R where 6 is the p dimensional true parameter. The real part and imaginary part of
the characteristic function are ¢%(u;6y) = R(E(e™ 7)) and ¢™(u;0y) = S(E(e™ X1)). Assume 6 is a
p dimensional parameter associated with F' within compact parameter space ©® C RP. Suppose that the
information of parameter 6 can be summarized in the form of infinite moment conditions g(u, X;;#) based

on characteristic functions ¢(u;#), such that E{g(u, X;,0)} = 0. g(u, X;, 8) is defined as
g(u, X3 0) := (cos(u” X;) — p¥(u; 8), sin(u? X;) — ¢! (u,0))7,

and 6y is uniquely determined above.
Similar to Chan et al. (2009); Chen et al. (2013), the profile empirical likelihood proposed in Qin and

Lawless (1994) with given w is:

L, (u;0) = maX{H wj| wy > O,ij = Lij cos(u” X;) = ¢ (u; 6), ij sin(u’ X;) = ¢ (u; 0)}.
Jj=1 j=1 j=1 j=1

(2.1)

By solving it using Lagrange multiplier , we have the profile likelihood L, (u;6) = T[], wi(u;6) and

w;(u; ) = TL(1+A7L(U§‘9;T9(“7X“9))' An(u;0) is the Lagrange multiplier satisfies

—0, 2.2
2 TR 0Ty X0 22



given v € R?. Then, the integrated empirical likelihood T},(f) is defined as

T, (0) = /S L (u:0)dG (), (2.3)

and G(u) is either a given discrete distribution or a smooth distribution function of u with support on
compact set S C R? satisfying regularity conditions in Chapter 2.3.

With a prior specification pg(#) on the parameter 6, we have the posterior density
p(0]X) o< po(0) T, (0). (2.4)

We call p(f|X) the posterior distribution based on integrated empirical likelihood approach. Then, we

define maximum empirical posterior estimator (MEPE) 0 as
6= argméixp(ﬂX). (2.5)

In this chapter, we mainly investigate both inference and computing of our proposed posterior distribu-
tion in Equation (2.4). We construct asymptotic properties of posterior density and MEPE. We also propose

a pseudo-marginal MCMC algorithm to estimate the MEPE.

Remark 1. We add a prior distribution in our setting of Equation 2.4. Prior information is important to
identify parameters, which is also indicated in Johannes and Polson (2003). In our model setting, Bayesian
setting will lead to Bayesian empirical likelihood. Lazar (2003) discusses the validity of this procedure
first. Grenddr and Judge (2009) investigates the asymptotic equivalence of Bayesian maximum posteriori
estimator and empirical likelihood. Also, Bayesian empirical likelihood with Monte Carlo has been applied
to several areas such as population genetics (Mengersen et al. (2013)), quantile regression (Yang and He
(2012)). Thus, it might be reasonable to consider priors in our work. When priors are flat, it is obvious to

see that Bayesian point estimation will be consistent to the point estimation under Frequentest framework.

2.3 Asymptotic properties of the posterior
We write down several regularity conditions below.
A1 B{g(u, X;;00)g" (u, Xi;00)} is positive definite for u € S with arbitrary fixed i within {1,2,3,...,n}.

A2 %g(u, x;0) is continuous with 6 in g, the neighborhood of 6y for u € S and = € R?.

6



A3 supyeq, || 9(u,2;0)|| < H(u,z), where H(u,) is a function satisfying Js [ra H(u, 2)dF(x)dG(u) <

00.
A4 [o(B(Zg(u,2;00))" (E{g(u, Xi;00)9" (u, Xi500)}) " (E(&g(u, 23 60))))dG(u) is positive definite.
A5 %g(u,x; 6) is continuous in 6 for § € Qo,t € S,z € R%.

A6 supy € QOHM%%g(u,x; 0)|| < H(u,x), where H(u,x) is given in A.3.

A.7 Log-prior log{p(#)} has bounded first derivative in €, which is the neighborhood of 6.

A8 Let J(0,) = f% log T'(0)[4_4, and assume it is positive definite.

2.3.1 Asymptotic properties of our defined MEPE

The following theorems in Chapter 2.3.1 shows the asymptotic normality of MEPE estimates.

Theorem 1 (Consistency). Under reqularity conditions A.1-A.4 and A.7, our posterior p(0|X) attains its

mazimum 0,, in a n=% neighborhood of 0y, Hé — 6| < n=%, almost surely satisfying

an(u; éna )\n(ua én)) =0
fs{po(én)Ln(UQén)Q%(U; én,)\n(u;én)) - %%@Ln(u;én)}dG(u) =0,

where
Qun(u; 0,0) = 5 320 Trvrgtuiay 9(t X3 0)

. _ 1Ny 1 99(u,X:0)
Qan(u;0,A) = " 21:1 T+ AT g(u,X4;0) . a0 A

(2.7)

As for the asymptotic normality property, we will obtain the exactly same asymptotic covariance matrix

as the one in Chan et al. (2009) with the similarly proof.

Theorem 2 (Asymptotic normality). Under regularity conditions A.1-A.7, for 6, given in Theorem 1, when

n — oo

Vit{h, — 00} = 1 /S o1 ()75 () 12 (u)AG () }
«{ /S 591 ()72 (1) VI Q1 (113 090)dG (1)} + 0 (1) (2:8)

4 N(0,%),



where

sll(u) = E{g(ua Xl; HO)QT(U7X1; 00)}7
0
%9
b)) :{/S 521(u)sfll(u)slg(u)dG(u)}_l{/S/Sszl(ul)sfll(ul)E{g(uhXl;90)gT(uQ,X1;90)}sﬁl(u2)

Slg(u) :Sgl = E{ (U>X1§90)}a

X 812(u2)dG (u1)dG(ug)} x {/S 321(u)sl_ll(u)slg(u)dG(u)}fl.

To reach asymptotic efficiency of MEPE, we define the G(u) in (2.3) as same as the one mentioned in
Section 2.1 of Chan et al. (2009) due to the same form of asymptotic covariance matrix in Theorem 2. For the
testing, since our estimator has the same rate of convergence as the MELE proposed in Chan et al. (2009),
our estimates MEPE can be employed in the empirical likelihood test in Chan et al. (2009). Specifically, it

is stated in Corollary 2.1.

Corollary 2.1. Suppose we want to test a model with a characteristic function ¢(u;6) and we have hypothe-

S€S!

Hy : ¢(u) € {(us6) : 30 € O},

against

Ha: ¢(u) ¢ {p(u; 0) : VO € Q},

where 0 C RP is a given set. Then, we have test statistics:

ﬂ®=LM@mwwmw

where 0 is the MEPE defined in Equation (2.5). Under regularity conditions A.1-A.7, as n — 0o, we have

TG — (Wt WIL [ s ()53 () s10(u)dG ()}~ WA )] = 0, (1),

—a
where

Wy = /jo{ ’ 521(u)sl_11(u)(cos(uz),sin(ux))TdG(u)}dBn(F(x)),

Wy = /_OO /_00 { _a (cos(ux), sin(uz))sy} () (cos(uy), sin(uy))* dG(u) }dB, (F(z))dB,(F(y)),
and {Bp(y) : 0 <y < 1} is a sequence of Brownian bridges.

Considering the limit distribution of test statistics T(é) in Corollary 2.1 is complicated, following the

8



suggestions in Chan et al. (2009), we also recommend performing parametric bootstrap to approximate the

limit distribution of this test statistics.

2.3.2 Bayesian properties of posterior based on empirical likelihood

In this section, we discuss the asymptotic normality of Bayesian posterior based on empirical likelihood.
Lazar (2003) discusses the possibility to use empirical likelihood in Bayesian inference. Inspired by the

Theorem 1 in Lazar (2003), we have Bayesian asymptotically normality theorem below.

Theorem 3 (Posterior local normality). 0, is MEPE given in Theorem 1, under regularity conditions

A.1-A.8, for {0 : ||0 — 0o|| = O(n~2)}, the posterior distribution of 0 (in (2.4)) has the density
1 . . .
p(0|X) x exp{—§(0 —0,)7T(0,)(0 — 0,) + 0,(1),}

and if J(0y,) is positive definite,

where én is MEPFE and
2

)= — 0
" 0007

J(0 log p(0]1X)]y_s -

The approximated normality stated in Theorem 3 makes MCMC techniques possible to draw samples
around MEPE from our posterior p(6|X). However, this theorem (Theorem 3) only holds in a neighborhood
of true parameter 6. That is, the posterior may not be approximated normally distributed over the whole
parameter space ©. One possibility is that the distribution implied by the sample you draw from posterior
might be skewed. Then, the sample mean might not be a good estimator of our MEPE. In addition, more
than one local maxima of p(#|X) might appear in the place not around the true parameters. This problem
might be even serious when the sample size is not big enough. Thus, we decide to borrow tempering idea
from simulated annealing algorithm to obtain the estimates of MEPE accurately rather than sampling from

our posterior p(#|X) directly. This algorithm will be introduced in Chapter 2.4.

2.3.3 Discussion of regularity conditions

The regularity conditions in section 2.3 are standard compared with Qin and Lawless (1994) and Chan
et al. (2009) except A.4. To be more specific, we find that the rank of %g(u,x; o) is p (the dimension of

parameter space). The rank of (E{g(u, X;;00)97 (u, X;;600)}) is 2 (dimension of g(u, X;,0y) including one



real part and one imaginary part). Then, from linear algebra, the rank of

B gl :00))" (B g, X5360)g” (0, Xi: 00))) (B

591 :60)) (29)

is 2 which could be less than p. Thus, (2.9) is not positive definite when p > 2. But interestingly, after

integration,

(Bt 000 (Bata Xis00)g" ( Xes60)1) (B0 3 60))G )

could be positive definite (this is our regularity condition A.4). In this section, we discuss this phenomenon
and investigate the equivalent condition to A.4. Hopefully, our provided regularity conditions alternative
to A.4 in Theorem 4 and Theorem 5 can help us easily to check regularity condition A.4 considering the
integral form in A.4 is usually complicated.

Here, we discuss G(u) in the smooth distribution case or discrete distribution case separately.

e When G(u) is a smooth distribution:

When G(u) is a smooth distribution, obviously we can conclude that the support of G(u) contains open sets.

Then, we have the following theorem:

Theorem 4. If the support of distribution G(u), S, contains open sets, there exists an open set I C S so

that

[ (BCgotu.s00) (B{glu, Xi00)g" (u. X 0D (ECggotu.ssd)))aGlu)  (20)
1

is positive definite if and only if there is no non-zero constant 8 (not a function of u) satisfying

E(Zg(u,2;00)) " (E{g(u, X;;00)9" (u, Xi;60)}) " (E(&g(u, ;60)))3 =0 for Vu e I .

Because the open set I is the subset of S, whenever (2.10) is positive definite, A.4 will hold. Then, we

have the following corollary:

Corollary 4.1. If there exists an open set I so that there is no non-zero constant B (not a function of u)
satisfying

(u, :00))7 (E{g (. Xi: 60)™ (1, Xi:.00)})~ (B(2

3}
E( 269

599 (u,2360)))8 =0

forYu € I, then A.4 holds.

e When G(u) is a discrete distribution:

10



When G(u) is a discrete distribution, obviously we can conclude that the support of G(u) contains countable

points. Then, we have the following theorem:

Theorem 5. If the support of distribution G(u), S, is a set of countable points, then, there exists G(u) to
make reqularity condition A.J hold, which is equivalent to the condition that there is no non-zero constant 3

(not a function of u) so that

(u, 2 00))7 (E{g (s Xi: 00) (o, Xi5 00)}) " (B(2

0
E( %9

2, (1, 00))) Gw) = 0
for Yu € S. Moreover, based on equivalent reqularity condition, we have a fired way to construct or check
the support of G(u) with n + 1 —m point masses (See lemma 24.2 for the way of the support construction
by setting A(t) to be (2.9)). G(u) with point masses less than n+ 1 —m might be possible depending on the

structure of matriz (2.9).

Remark 2. Theorem 4 and Theorem 5 provide us a way to check regularity condition A.4 without integral.
To check that there is no non-zero constant S(not a function of u) so that

E(%g(u,x; o) (E{g(u, Xi;00)g" (u, X;; 00)})*1(E(%g(u,:1:; 00)))B = 0 for Yu € S, we can assume 3 exists
and check the coefficients of all different terms in it including w are zero or not. This is relatively easy

compared with checking A.4.

2.4 Sampling from posterior distribution

In this section, we mainly introduce the algorithm to obtain MEPE in (2.5). Specifically, we have empirical

posterior

p(0]X) = [S Lo (1 0)po (0)dG (w), (2.11)

which is defined in (2.3) and (2.4). MEPE is the § maximizing empirical posterior p(f|X). This indicates a
nonlinear optimization is required. In addition, p(#|X) might be multi-modal. An optimization algorithm
avoiding samples getting trapped in local maxima is required. Moreover, p(f|X) is an integration without
analytic form. Maximizing it directly will introduce a huge computational burden. Computation of standard
error of MEPE requiring numerical derivatives of p(6|X) will further aggravate computation difficulties.
Instead of performing integral approximation technique before optimization, we use Markov chain Monte
Carlo based sampling idea to estimate MEPE, which alleviates the issues mentioned above.

In this section, we propose a so called integrated empirical likelihood sampler based on pseudo-marginal

MCMC and simulated annealing. Simulated annealing is a sampling based optimization algorithm. Its key

11



feature is to generate samples from the targets with different temperature so as to allow samples escape local

optima in hopes of finding a global optimum. Specially, our posterior with temperature ¢ is

=

p(6X) = p(B1X)F = ( /S Lo (3 0)po(6)dG (1)) (2.12)

Under the regularity conditions from Hwang (1980), it can be showed that the sequence of distributions
p+(0|X) concentrates upon the MEPE when ¢t — 0. Furthermore, simulated annealing generates Markov
Chain through MCMC technique following the distribution p;(6|X) with different temperature t. With
detailed control of this generation procedure, the generated Markov chain will converge to the MEPE. In
our case, p:(0|X) is a continuous function of §. There are several papers presenting convergence properties
and correspondent regularity conditions of simulated annealing global optimization for continuous functions
including Locatelli (2000) and Yang (2000). Algorithm 1 is the simulated annealing algorithm to obtain

MEPE. With fixed temperature, the acceptance rate h(6,) is from Metropolis hastings algorithm.

Initialize 0 = (69,69, ...,6)) and temperature ¢o;
Set iteration j = 0.;
while Stopping criterion not satisfied do
Sample a random parameter vector /1 from transition kernel ¢(6 — 9);
Sample v from uniform distribution U(0,1);
Calculate acceptance rate (9711, 67) = min{1, p;, (/1 X)/p, (67| X)}, where ¢; is the
temperature at iteration j. p;(6|X) is defined in (2.12);
if v < h(¥7F1,607) then
| Set g7+ = i+l
else
| Set 7F! = i
end
set j=j+1;
end

Algorithm 1: Simulated annealing

Simulated annealing algorithm listed above might help us to obtain the global maximum of p(6|X).
However, it leaves us a computation problem. That is, the acceptance rate h(#,4) in algorithm 1 has an
integration form which is hard to calculate.

One way to solve this problem is to change our target from p(6|X) to

1/t

pe(0,u) = po(0) H L(Olui)g(us), (2.13)

where ¢ is the temperature and 1/t is assumed to be an integer. g(u) is the density function of u corresponding

to its CDF G(u). This idea is called State Augmentation for Marginal Estimation (SAME) from Doucet

12



et al. (2002) and this idea also appears in Jacquier et al. (2007).

We can find that the marginal distribution of (2.13) is p;(6|X) in (2.12). Then, simulating 6 following
p+(0]X) is equivalent to simulating 6 and u separately from p;(6,w) by Gibbs sampling and getting rid of
generated u. Similar to simulated annealing idea, by carefully designing sampling procedure and temperature
t updating, simulated 6 is supposed to coverage to the MEPE. Extension of 1/t to any real number in SAME
is from Johansen et al. (2008).

SAME idea can avoid us calculating integral required by simulated annealing. However, we need to
sample extra u from p;(u|0) via Gibbs sampling. Furthermore, with different u, we expect empirical likelihood
L(0)u) is different because different w implies different moment conditions inside (2.1). Therefore, a strong
correlation between u and 6 with respect to SAME idea target p;(0, u) might exist and sampling efficiency
from p;(0,u) via Gibbs sampling might be a problem. Considering that we actually don’t need to estimate
u in our case, we adopt another sampling idea which is called pseudo-marginal MCMC to resolve the
computation problem left by simulated annealing.

Pseudo marginal MCMC is first used by Beaumont (2003) and established formally by Andrieu and
Roberts (2009). It can sample # from intractable target function whenever unbiased estimates of the target
function are available. One MCMC without likelihood algorithm proposed by Marjoram et al. (2003) can
be regarded as a typical example of this algorithm. In our case, we replace acceptance rate from Metropolis
hastings by the one based on pseudo-marginal MCMC to avoid the integral form of acceptance rate h(6,4) in
simulated annealing algorithm 1. Specifically, we list our pseudo-marginal MCMC with simulated annealing
sampler in Algorithm 2 to show its advantage over standard simulated annealing algorithm 1. We name our
pseudo-marginal MCMC with simulated annealing sampler in Algorithm 2 as integrated empirical likelihood

sampler.
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s 0) (0 0
Initialize §(©) = (95 ), Gé ) 9,& ));
// Initialize unbiased estimates of p,(f”)|X) in the following steps

for integer rin set {1,...,1/to} do
Sample v\, ..., ul) following i.i.d. G(u) Obtain rth unbiased estimates of p(6(?)|X) in (2.11):

POO1X) = 35 S0y La(0©); i)
end
Calculate unbiased estimates of p;, (0| X) defined in (2.12): py, (09| X) = Hi/:tf p (00 X);
Initialize temperature pattern tg,%1,...,%;,..., and for each 1, % is a integer.;
Set iteration j = 0;
while Stopping criterion not satisfied do
Sample a random parameter vector U+ from transition kernel g(6 — 9);
// Obtain unbiased estimates of py; (U*D|X) in the following steps

for integer r in set {1,2,...,1/t;} do
Sample u!”, ... 7u52;) following i.i.d. G(u) Obtain rth unbiased estimates of p(9U+1|X) in

(211): pOWOD|X) = 1 T Lo (09 i)
end
Calculate unbiased estimates of p, (00| X): p,, (9U+D|X) = Hiﬁ{ P (WU X)
Sample v from uniform distribution U(0,1);
Calculate acceptance rate // based on pseudo-marginal MCMC
hy (90D 90)) = min{1, p,, (V9D |X) /p,, (09| X)}, where ¢; is the temperature at iteration j.;
if v < h(WUTY 90)) then
Set HU+D) = 19(j+1);
Set P, (0UHD|X) = pr, (9D X);
else

Set 091 = ¢;

Set Py, ,, (09FV|X) = py, (67| X);

end

set j=j+1;

end

Algorithm 2: Pseudo marginal MCMC with Simulated annealing
The key difference between pseudo-marginal MCMC with simulated annealing (Algorithm 2) and simu-

lated annealing (Algorithm 1) is the acceptance rate. The acceptance rate in Algorithm 2 is h, (90U +1), 90))
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of which the numerator and denominator are unbiased estimates of their counterparts in Algorithm 1. If we
let temperature pattern {t;} be a fixed value ¢t. Algorithm 1 is the Metropolis hastings, while, algorithm 2
is the pseudo-marginal MCMC. Both of them can generate Markov chains in such a way that, as more and
more sample values are produced, the distribution of values more closely approximates the desired distribu-
tion p.(6]|.X). But, the pseudo-marginal MCMC provides us easy-to-calculate acceptance rate hy, (CRARNI
when the desired distribution p;(8]X) is not tractable.

Generally, it is normal to design a pattern of temperature {t;}32, decreasing to zero when performing
simulated annealing. In our case, we keep temperature decreasing gently and gradually like the downward
stairs. Then, use the normality check in introduced Johansen et al. (2008) to check the convergence of the
Markov chain with this temperature. When the Markov chain generated from our Algorithm 2 converges,
we stop decreasing the temperature and use the average of the sample with respect to the last temperature

to estimate the parameter.

2.5 Simulation study

In this section, we apply integrated empirical likelihood sampler to some typical Lévy processes in Finance.
The main motivation of using Lévy processes in finance is from the goodness of fit of asset return. The
return distributions generally have skewness and heavy tails than the normal distribution, which is noted by
Fama (1965). Based on flexible designs, Lévy processes can capture the skewness and heavy tails property
of financial asset returns. Suppose S; represents the price of financial securities at time ¢, it is common to

assume that logarithm of price, Y; = log Sy, follows Lévy processes.

2.5.1 Lévy processes

An R?—valued stochastic process {Y;} is said to be a Lévy process if it is continuous in probability and has
independent and stationary increments. Independent increments mean that increments Y; —Y; and Y,, — Y,
are independent where [t, s] and [v,u] are intervals without overlap. Stationary increments mean that the
distribution of Y; — Y is the same as Y;_,. Thus, if we observe data based on several discrete points with
same time interval d, say {4, 26,...,(n+1)d} in time span [0, T], our data will be {Y5, Yas,...,Yss}. Then,
the increments {X; = Y{441)5 — Yis}7=; will be i.i.d.. Moreover, the characteristic function of {X;}}_; is
available.

The existence of expression of characteristic function for Lévy increments {X;} ; is due to Lévy-

Khintchine formula. Based on this formula, simple analytic expressions of characteristic functions are avail-
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able for a wide range of Lévy processes. It is stated that the characteristic function of a Lévy increment X;

can be expressed as

é(u) = E{exp(iu’ X;)} = exp{d[ipu — %u/Eu + /Rd (exp(iv'z) — 1 — iz l{z)<1y ] (dx))]}, (2.14)

where (u,%,.J) is the triplet of the Lévy processes including the drift 4 € R?, the volatility matrix of its
diffusion component ¥ which is a symmetric non-negative definite d x d matrix and the Lévy measure J(dx)
on R* with J({0}) =0 and [, min(|z|?,1)J(dz) < oc.

Lévy triplet (u,X%,J) can determine the Lévy process X; due to Lévy-Khintchine formula. The Lévy
measure J(dx) describes the expected number of jumps with jump size x in a time interval of length 1. If
J =0, this Lévy process is just Brownian motion with drift ;4 and volatility matrix 3 without jumps. There
are two types of Lévy processes, finite activity processes and infinite activity Lévy process. If [ pa J(dr) < o0,
it means that there are only finitely many jumps in any given finite interval. We call them finite activity
Lévy processes. It also can be proved that every jump process with finite activity is a compound Poisson
type process. Thus, Lévy processes with finite activities are also called jump-diffusion process of which the
jump component is of compound Poisson type with Poisson arrival intensity A = |’ RaJ (dz) and jump size
distribution A=1J. Typical jump-diffusion models in finance include Merton’s jump-diffusion model (Merton
(1976)) in which the jump size follows normal distribution and Kou’s double exponential jump-diffusion
model(Kou (2002)), which allows asymmetric jump size following double exponential distributions.

For infinite activity Lévy processes, || ga J(dz) is infinite. It means that there are infinite many jumps
in any given finite time intervals. Compared with diffusion jump models, pure jump Lévy processes with
infinite activity might have better representations of stock price dynamics (Geman (2002)). Typical financial
models with infinite activities include the generalized hyperbolic model (Barndorff-Nielsen (1977)) and its
subclasses, CGMY model (Carr et al. (2002)) and its subclasses.

In this section, we will implement our integrated empirical likelihood sampler to do parameter estimation
for several financial models based on Lévy processes with explicit expression of characteristic functions
including multivariate version of Black-Shores model, Kou’s jump-diffusion model(Kou (2002)), Variance

Gamma model(Madan and Seneta (1990)).
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2.5.2 A multivariate version of Black-Scholes-Merton Model

We start from a simple example, a multivariate version of Black-Scholes-Merton Model (Black and Scholes

(1973); Merton (1973)). Under the setting of this model, the log-equity return is

S
X = log (;,—:;)6 = 116 + oV bey, (2.15)

where ¢ is the fixed time interval for observed prices S; € R%; u € R? is the drift term; ¥ = oo’ is the
d x d diffusion matrix in annualized scale. The Lévy triplet of this process is (u, X, J(dz) = 0) and its
characteristic function is

P(u) = exp{d(iu’ 1 — %UTZU)}. (2.16)

Algorithm setting

For this case, we simply set the support of G(u) is the region where the real part of empirical characteristic
function (ECF) value based on our simulated sample between 0.1 and 1 (See Fig 2.1f). The reason for
choosing 0.1 to be the lower bound is that ECF real value is noisy in the area far away from original zero
point. This effects are even more dramatic when sample size is small. This noisy area gives us barely useful
information. Thus, we set a lower-bound to obtain useful information of ECF. The distribution of G(u) is set
to be uniform distribution. For the integrated empirical likelihood sampler, we run 10000 draws with 2000
burn in draws. We set the temperature pattern Ty = 1, Tggog = 0.01. When i < 5000, T; = Té{%glooj)/m.
When i > 5000, T; = Tgg99. The number of particles for unbiased estimates on ith iteration is IV; = Ny f%]
Ny is 2 here. The proposal we use for p and ¥ is normal inverse Wishart distribution. Supposing we don’t

have any useful information of parameters, we set the prior p(f) to be flat for all parameters in a certain

large range.

Performance

We demonstrate the validity of our algorithm for the two-dimensional version of Black-Shores-Merton model.
We simulate 1000 weekly returns based on the annualized drift, p = (u1, p2) = (0.2,0.15), annualized
diagonal elements of diffusive matrix ¥, o7 = 0.04, 03 = 0.0225 and annualized off diagonal elements of
diffusive matrix to make correlation between two assets p is 50%. Our around 20% annualized return with
around 0.2 volatility is quite typical in stock market. Also, Chan et al. (2009) use similar parameters. For

the 50% correlations of assets, this is also quite standard (See Jacquier et al. (2007)).

Fig 2.1 shows the trace plot of our sampler to identify our MEPE. We also plot the true value and MLE
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in the graph. We can see that if we use last several samples mean in our trace plot to estimate MEPE, our
estimated MEPE will have quite comparable accuracy with MLE. Also, we can find that the trace plot for
the elements in diffusive matrix ¥ has better performance compared with drift term and it converges much
quicker. The possible reason for this is that the standard error of our estimated p is larger than 3 based on

MEPE. This is also consistent to the result in Chan et al. (2009).
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Figure 2.1: Empirical characteristic function information and the trace plot of multivariate version of Black-
Scholes-Merton model where p; = 0.2, ps = 0.15, 0% = 0.04, 03 = 0.0225, p = 0.5.
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2.5.3 Kou’s jump-diffusion model

Let’s consider a finite activity Lévy process, Kou’s jump-diffusion model (Kou (2002)). In this model, we

assume the logarithm of the equity return

S N
X, Elog(‘;;t;)& = ,u5—|—a\/get—|—ZZi, (2.17)
i=1

where 0 is the fixed time interval for observed prices S; € R. p € R is the drift term and o is the volatility
in annualized scale. These setting is similar to the Black-Shores-Merton model. In addition to drift term
and diffusion term, we also assume jumps arrive according to a Poisson process N; with intensity A. The

jump sizes {Z;} follow i.i.d. asymmetric double exponential distribution with density

fz(2) = pmexp(—=m2) 10y + (1 — p)n2 exp(n22) 1. <0y (2.18)

That is, the positive jumps probability is p, mean positive jump size is ?7% and mean netative jump size is

n%' The Lévy triplet of this process is (u, 02, J(dz) = Mfz(z)dz) and its characteristic function is

1 1-—-
¢(u) = exp{d[ipu — 502u2 —A1- 7;1pTz'u - (772 fBZQ )} (2.19)

Algorithm setting

In this case, we set the support of G(u) to be positive ECF real part area like the setting in Black-Shores-

M

Merton model. Tt is easy to show that the real jump part of the characteristic function exp{dA(1 — 2L
71—tu

(1-p)n2

e )} normally decays to zero much more quickly than the drift and diffusion part exp[d(ipu — %02u2)]

when v — oo. To capture more information about jump parameters, we put more weights around zero
by setting G(u) to be a triangular distribution. For other settings, they are same as Black-Shores-Merton

model’s.

Performance

The annualized parameter set we use is that § = %, uw=02 06=02 A=10, p=04, m =5, 2 = 2.5.
That is, we assume that there are about 10% weekly returns jump with average negative jump size 40%
and average positive jump size 20% per year. This is reasonable for U.S. stocks with high volatility. To

simulate the sample path of Kou’s jump-diffusion model, we use the simulation method of jump-diffusion

models indicated in Glasserman (2003). The simulated data are 1000 weekly returns.
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Fig 2.2 shows the trace plot of our sampler to identify our MEPE. We also plot the true value in the
graph. At first, when temperature is low, trace plot search some areas which even very far away from the
initial value. Then, with the temperature rising, trace plot converges to the value around true value. The

trace plot demonstrates the validity of algorithm for the Kou’s jump-diffusion model.
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Figure 2.2: Trace plot of Kou’s jump-diffusion model where pn = 0.2, 02 = 0.04, A = 10, p = 0.4, 1, =
9, Nda = 2.5.
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2.5.4 Variance Gamma model

Now, we move to an asset pricing model with infinite activity process, variance Gamma (VG) model. It is
proposed by Madan and Seneta (1987) for stock market data. It is also a degenerate case of CGMY process
(Carr et al. (2002)) with the Lévy triplet (v, 0, J(dz)), where

v =C(MG) " (G(exp(—=M) — 1) = M(exp(~G) — 1))

J(dz) = (Cexp(—Mz)|z| M1 z=0p + Cexp Gx|:c\711{w<0})dx.

if we define the drift (u) adjusted log-equity return as X; — ud = log S%;” — pd,its characteristic function

of VG process is given by

Plu) = (GM—I— (M — GYiu + u?

; (2.20)

where ¢ is the fix time interval for observed prices S; € R. Parameter G and M control the sign of skewness.
If G = M, the density of log-equity return is symmetric with mean 0. The skewness will be negative when
G < M indicating roughly larger negative jumps of returns happen more frequently compared with positive
jumps. Similarly, G > M indicates more frequently larger positive jumps. Parameter C' mainly controls the
kurtosis of log-equity return distribution.

It is not difficult to show that Lévy measure J(dz) of VG process has infinite mass. Thus, it is an
infinite activity process with infinitely many jumps in any finite intervals. There are several alternative
representations of the VG processes. To better understand VG process, we recommend several references:

Madan and Seneta (1990); Madan and Milne (1991); Madan et al. (1998).

Algorithm setting

Analyzing the characteristic function of VG process, one thing we need to mention is that absolute value
of ¢(u), |p(u)|, decays to zero with polynomial rate which is too slow for us to define the support region of
G(u) to include most of the positive area of |¢(u)|. To make it simple, we set the support of G(u) to be the
region including all largely and relatively different slop of |¢(u)| to catch pattern of characteristic function.
The distribution of G(u) is set to be uniform distribution over the support. For other settings, they are

same as the previous two’s.
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Performance

We demonstrate the validity of our algorithm for VG model. We simulate 1000 weekly returns based on the
annualized parameter, C =1, G = 10 and M = 5. This is reasonable for relatively highly volatile equities
in the United States.

Fig 2.3 shows the trace plot of our sampler to identify MEPE. We also plot the true value of the
parameters. We can find that after about 4000 draws, our trace plots of C, G and M are stable around the
true values. In the very first draws, it can search a large area which is far away from true values and initial
values. All in all, with temperature increasing, our sampler can give us more and more accurate estimates

of parameters.
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Figure 2.3: Trace plot of VG model where C =1, G =10, M = 5.
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s B el et g
Variance = (02 +2038 + 202))5 Ol + o
u d
6(2 — 2050 2Ly — L)
M d w3 G3
Skewness 0 (az+2%+k<;7gp>)1‘5\/g (Lz+27)' °VCs

Table 2.1: Moments for selected models

2.6 Case Study

In this section, we use real data to fit Black-Scholes-Merton model, Kou’s jump-diffusion model and Variance
Gamma model to check the validity of our algorithm. The data we use is weekly log-returns of the S&P500
index from January 2, 1987 to December 28, 2007. It includes 1058 returns in total. The data is plotted in
Figure 2.4. The mean of weekly log-returns is 0.0017. The volatility of it is 0.0219. The weekly log-returns
have negative skewness -0.5647, which implies negative jumps are generally bigger than positive jumps.
The setting of algorithm for each model is same as the one in the simulation study. We choose the mean
value of last 1500 generated sample to be our parameter estimates which are reported in Table 2.2.

For Black-Shores-Merton model, the estimates of the drift p is 0.0938. This indicates an estimated mean of log
returns fid = 0.0938/52 = 0.0018 which is similar to the sample mean of log-returns, 0.0017. The estimates
of the o is 0.1568. Then, the estimated volatility is 6/ = 0.1568/+/52 = 0.0217, which perfectly match
the sample volatility 0.0219. Unfortunately, Black-Shores-Merton model cannot capture higher moments.
For example, the kurtosis implied by this model is always zero, while, the log-return data has a negative
kurtosis. Fortunately, the following two models, Kou’s jump-diffusion model and Variance Gamma model,
have capabilities to match higher moments.

Compared with Black-Shores-Merton model, Kou’s jump-diffusion models introduce positive jumps and
negative jumps in log-return processes. Our log-return processes have estimated drift i = 0.15 and volatility
6 = 0.0930. The estimated jump intensity parameter in the process A= 9.0485, which indicates that there
are more or less 10 jumps occurring per year. The probability of negative jumps when a jump appears is
1—p=1-0.4318 = 0.5682, which is bigger than half. The jump size of positive jumps follows exponential
distribution with mean 1/n,, = 0.0269; the negative jumps,1/n; = 0.0331. Jumps in the process can capture
the volatility induced by large movements so that our estimated volatility in the Kou’s jump-diffusion model
is smaller than the one in Black-Shores-Merton model. Moreover, indicated by estimated p, 7, and 74,

negative jumps are more frequent and bigger in general compared with positive jumps. Thus, our estimated

25



drift is bigger than the correspondent one in Black-Shores-Merton model to compensate the impact of
negative jumps. According to Table 2.1, the estimated mean and volatility in Kou’s jump-diffusion model
are 0.0016 and 0.0222, which match the sample mean (0.0017) and volatility (0.0219) of log-returns very
well. The estimated skewness via Table 2.1 is negative (—1.1592), which is consistent to the negative sample
skewness (—0.5647).

For Variance Gamma model, because we don’t include drift term p in VG characteristic function (2.5.4)
in Chapter 2.5.4, we estimate C, G, M through mean-adjusted log-return data. Then, the corresponding
characteristic function will be ¢(u)/¢(—i) where ¢(u) is in Equation (2.20) and 4 is the imaginary unit. The
use of mean adjusted data to estimate pure jump processes parameters also appears in Carr et al. (2002).
The estimated volatility of log-returns is 0.0233 (through Table 2.1), which can match the sample volatility
of log-returns. Moreover, estimated skewness is -0.4011, which indicates a negative skewness. This is also

consistent to our sample skewness of log-returns.
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Figure 2.4: The weekly log-return of S&P500 index from January 2, 1987 to December 28, 2007.

2.7 Concluding Remarks

In this chapter, we propose MEPE estimator based on characteristic functions. Our MEPE inherits asymp-
totic properties of MELE from Chan et al. (2009). Moreover, by using our integrated empirical likelihood
sampler, we can obtain MEPE accurately in a relatively efficient way without approximation, which adopted
to obtain MELE in Chan et al. (2009). We also propose an easy-to-verify equivalent regularity conditions
for A.4 because verifying the positive-definiteness for a integral form directly is generally difficult. There
are some futures works could be done. For example, in fact, our integrated empirical likelihood sampler is
designed for our integral target (posterior in (2.4)), which is based on pseudo-marginal MCMC with sim-
ulated annealing. It should work for other statistical inferences with the target of integral form such as

continuous version of ECF estimation (See the review of it in Yu (2004)). Also, with very low temperature,
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Table 2.2: Estimates of parameters for the S&P500 index

(a) Black-Scholes-Merton model

I o
EL 0.0938 0.1568

(b) Kou’s jump-diffusion model

4 o A p un Nd
EL 0.1500 0.0930 9.0485 0.4318 37.1441 30.2522

(c) Variance Gamma model

C G M
EL 47770 17.8791 18.9350

the computational burden will increase dramatically. This is also a common problem for simulated annealing
based algorithm. So, to further increase the efficiency of this algorithm could be interesting as well especially

for some models needing very low temperatures.
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Chapter 3

Maximum likelihood inference for
Lévy process based models in finance

3.1 Introduction

Lévy processes are popular in quantitative finance since they fit financial data with skewness and fat tails
better while staying computationally tractable. See Tankov (2003) for discussions of Lévy process models
in finance.

Suppose Y = {Y;,t =0,9,24,...} is a sequence of an evenly sampled financial variable, e.g., the log price
of a certain asset. If we assume that Y is a Lévy process, then {X} = Yis — Yp_1)s,k > 1} is an ii.d.
sequence due to the fact that Lévy processes have independent and stationary increments. The distribution
of X; is usually complex or not available explicitly. But its characteristic function ¢(u) = E(exp(iuXy))
often has an explicit form due to the Lévy-Khintchine formula (refer to Tankov (2003)). In some other cases,

we don’t have i.i.d. data, and assume that {Y;} is sampled from a Lévy driven Markov process:

for some Lévy process {L;,t > 0}. Again, the transition density of such a process may not be available.
However, the conditional characteristic function of X = Yis, op(z,u) = E(exp(iuXpi1)| Xk = ), is
sometimes known.

Given the model and data, our primary missions are parameter estimation and empirical assessment of
the model. Testing of trading strategies as in Avellaneda and Lee (2010) and volatility forecasting as in Kim
et al. (2008) can be done only when one has a appropriately fitted model.

Various statistical inference methods are available for fitting processes with explicit characteristic func-
tions. One class of moment based methods are the empirical characteristic function (ECF) methods, first pro-
posed by A.Feuerverger and R.A.Mureika (1977). The case of independent data was studied by Feuerverger
and McDunnough (1981¢a). K.J.Singleton (2001) studied the case of dependent data. Under some mild regu-

larity conditions, ECF estimators are consistent. However, they are usually not efficient. Refer to Yu (2004)

28



for a review of the ECF method. Another class of non-parametric methods are the empirical likelihood
methods, first proposed by Owen (1988). Kunitomo and Owada (2006),Chan et al. (2009) and Chen et al.
(2013) have studied the empirical likelihood methods for fitting Lévy processes with explicit characteristic
functions and more general Lévy driven processes with explicit conditional characteristic functions.

Compared to the above methods, the maximum likelihood estimation (MLE) has several advantages.
First, under certain regularity conditions, maximum likelihood estimators are asymptotically efficient. Sec-
ond, various hypothesis testing and model selection techniques are based on the maximum likelihood method.
Last but not the least, the MLE can be accomplished efficiently using Fourier methods when the charac-
teristic functions are available and analytic in the complex plane. The maximum likelihood method has
been used in various quantitative finance works. For example, when fitting Kou’s jump-diffusion model,
Ramezani and Zeng (2007) truncates the infinite series representation of the transition density to obtain
approximated maximum likelihood estimates. However, in many Lévy process models, the densities do not
admit explicit expressions. K.J.Singleton (2001) implements the maximum likelihood method using the
Gauss-Legendre quadrature for inverse Fourier transform. However, when the characteristic functions are
analytic, the simplest trapezoidal rule is highly accurate with exponentially decaying errors.

In this Chapter, we utilize the analyticity of the characteristic function and obtain highly accurate values
of the density using the trapezoidal rule for the inverse Fourier transform. We focus on likelihood inference
for Lévy process models used in quantitative finance as well as one-dimensional Lévy driven processes with
explicit conditional characteristic functions. Our theoretical framework establishes asymptotic properties of
the proposed approximated maximum likelihood estimation (AMLE) and AMLE based hypothesis testing.
We present regularity conditions based on characteristic functions. We present efficient implementation of
the AMLE. To examine the effectiveness of our estimation procedure, we perform simulation studies and
empirical studies. Simulation studies show that very large samples may be needed to accurately identify
the true parameters for some popular models, such as the CGMY model. Further analysis shows that
the log-likelihood surface is saddle-shaped with relatively flat areas, which is causing the difficulties. On
the other hand, the parameters of commonly used jump-diffusion models, including Merton and Kou’s
models, are relatively easier to identify. We also fit empirical equity return data with some popular Lévy
models. Numerical results show the appealingness of some infinite activity models, such as the normal
inverse Gaussian model.

This Chapter is organized as follows. In Chapter 3.2, we present our AMLE with asymptotic properties
and the corresponding regularity conditions. Likelihood based hypothesis testing and model selection are

also presented here. In Chapter 3.3, we present some commonly used Lévy models. In Chapter 3.4, we
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provide details of the numerical implementation, perform simulation studies as well as empirical studies

using real world financial data. Chapter 3.4.4 summarizes the conclusion. All proofs are in Appendices.

3.2 Maximum likelihood inference

In this section, we mainly focus on approximated likelihood based on inverting characteristic function tech-
nique. We assume that X = {X1,... Xy} follows i.i.d distribution F' with implicit characteristic function
¢(u; 0p) for u € R. 6y is the true parameter vector. § = (61,---,0,) is the vector of unknown param-
eters associated with distribution F' within parameter space © C RP . Considering that a Lévy process
has independent and stationary increments and the form of its characteristic function is available due to
Lévy-Khintchine formula, the assumption of data can be applied to Lévy processes directly. Later, we will

extent i.i.d case to non-i.i.d case in Chapter 3.2.3.

3.2.1 Parameter estimation

Suppose we have the characteristic function associated with distribution function F'(x;6):

o(u;0) = /00 exp(iux) F(dx;0).

— 00
If ¢(u; 0) is absolutely integrable,ie., [~ |¢(u;60)|du < oo, through Fourier inversion theorem, there exists
a bounded and uniformly continuous probability density function f(x;6) corresponding to F(x;6):

f(z;0) = S /Oo exp(—iux)p(u; 0)du. (3.1)

2r J_ o

The approximated density with fixed M € Z* ,h € R" and a € R is defined below

M

1 ) .
fM’h’a($; 0) = o Z e—zz(mh+m)¢(mh + ia; 0)h. (3.2)
m

m=—

This form is the inverse Fourier transform integral approximated by trapezoidal summation. A mainly
controls the error between the integral and summation approximation (discretization error) and Mh controls
the error due to the truncation in the summation approximation. If a = 0, the integral in (3.1) is along the
real line. By the Cauchy integral theorem, this integration can be shifted to a horizontal line x + ia,x € R
for a in a certain region to perform trapezoidal rule on this horizontal line. A good review about trapezoidal

rule and Fourier transform is Abate and Whitt (1992).
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If we denote the likelihood function as L(6;x) = f(z;6), the log-likelihood function is

1 Y 1 1 X
)= DR300 = 37 3 o [ ot

and likelihood function will be L(6; X) = exp(I(8; X)).

Correspondingly, the approximated-log-likelihood is defined as

M

N
[Moha(g. X) Zlog fMha(x ):%(%Zlog(% > enXtmhti) g (mh + ia)h)), (3.3)
j=1

m=—M
where R(-) represents the real part of any given complex number.
The approximated maximum likelihood estimator (AMLE) HM "2 is defined as

é%’h’a = arg raneaglM’h’“(Q; X).

Before describing the asymptotic properties about AMLE, we need the following definition and regularity

conditions.

A.1 For any 6 € ©, the characteristic function ¢(u;0) is analytic in D¢y q,) where Dy 4.y = {z € C :
S(z) € (d—,dy)}, —00o <d_- <0< dy <ooandd_, dy donot depend on 0. R(z) is the real part and

J(z) is the imaginary part of z.

A.2 For any given 0 € O, f::r |o(z + dy;0)|dy — 0 when  — +oo.

o] :=lime04 [5 |p(x + i(d+) F €6)|dz < 400 uniformly on 6 € ©.
A.3 The parameter in Equation (3.2), a, is a given real value and a € (d_,d).

A4 |p(x +ia;0) < k|z|" exp(—c|z|”), z € R with a € (d_,d) for some x > 0,v > 0,¢ > 0,n € R or
k>0,v>0,c=0,n< —1. Here,k,v,c and n are not related to the parameter § € © and they may or

may not depend on a.
A5 Mh > (n/ev)/"1es0.n50 for n,c,v defined above.

Remark 3. Regularity condition A.1 requires the analyticity of the characteristic function ¢(u; ) in D given
#. For regularity condition A.2, noticing that the analyticity band D is an open set, we can arbitrarily choose
d and d_ inside analyticity band D. Then, the characteristic function ¢(u;#) is analytic in {z € C : I(z) €
[d_,d(]} and [|¢]|F := [, |p(x + i(d+);0)|dx. Regularity condition A.3 implies that our manipulation are

restricted to the analyticity band of ¢(u;80). Regularity A.4 guarantee that the characteristic function has
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exponential or binomial tails which grantees its absolute integrability. Then, distribution density function
defined in (3.1) exists. Moreover, the smoothness of density can be determined by the tail behavior of the
characteristic functions. Specifically, if v > 0, the characteristic function has exponentially-decaying tails
and its distribution density function has derivatives of all orders. If ¢ = 0, n < —1, the characteristic
function has binomially-decaying tails and its distribution density function has derivatives of orders up to
|—n|. Last but not least, if we can choose proper d_ and d; to make A.4 hold without dependency on

a € (d_,dy), it is easy to prove that A.2 will hold. In fact, this is the case for a lot of LeVy processes.

Class A regularity conditions are used to control the difference between approximated-log-likelihood
[Mha(9: ) and real likelihood function I(6;z) uniformly on 6§ € ©. Specifically, we have the following

theorem.

Theorem 6. Under regularity conditions of class A, we define the error of approximation of probability

density function as

M
1 , 1 , ,
EF (¢, a)(x) = f(x;0) — fM(2:0) = —/ e o(y; 0)dy — — Z e~ @(mhtiD) g (mh 4 ia; 0)h.
’ 2 R 2 —
Then, we have the bound of error
e—27'r(a—d_)/h N B e—27r(d+—a)/h N
| By a1 (¢, ) (@) e loll” + "M |0l1" + Trn (3.4)

<
< 27 (1 — e—%(a—d%h) 2m(1 — e=2m(dr—a)/h)

ax

where Thp = %(1\471)”Jrl ifc=0,n< -1, and Tyyp = — 55 T(%HE (Mh)”) if ¢ > 0. Incomplete
Gamma function T'(s,b) = fboo e~ tt571dt. Moreover, let Mh — o0 and h — 0, then, the bound of error
E}I;M(qﬁ, a)(x) will decay to zero uniformly on @ € ©. That is, with any given x, fM"(x:0) converges to

f(x;0) uniformly for 6 € © when Mh — co and h — 0.
Based on the Theorem 6, we have following asymptotic property between MLE and AMLE.

Theorem 7. Suppose Oy is the unique MLE defined as arg maxg [(0, X) with large enough N. We assume
parameter space © is compact and likelihood function is continuous at 0. Fizing large enough sample size
N, under A class regularity conditions

oNme By gy, (3.5)
when h — 0 and Mh — oo with fized a.

Remark 4. In fact, the continuity can be generalized to be upper-continuous. The uniqueness of MLE Oy

combined with compact parameter space and continuity can be replaced by a more general condition: Oy is
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a well-separated point of the maximum (See the remark of Lemma 24.3 in Appendices).

Theorem 8. Suppose Oy is the unique MLE defined as arg maxg (6, X) with large enough N. We introduce
B class of reqularity conditions in appendix B.1.1, to guarantee the asymptotic property of MLE. Under A
class of regularity condition and B class of reqularity conditions , there exists M(N) and h(N) with respect

to N and for AMLE é%’h’“, é%[(N)’h(N)’a 2 0y with fived a when N — oco. Furthermore,
VN (@ M g) S N (0,171 (60)),

where I(6y) is the fisher information matriz.

Remark 5. The first 4 regularity conditions in B class is responsible for consistency of MLE ;| while, the last
6 regularity conditions in B class is specific for the asymptotic normality and asymptotic efficiency of MLE.

AM,h,a
On

Combined with A class regularity conditions, AMLE will be consistent and asymptotic efficient.

Remark 6. In theorem 8, we assume that the uniqueness of MLE Oy with large enough N. In fact, we only

need to guarantee the unique maximum of the likelihood function in the neighborhood of true parameter

B considering the consistency of MLE On (Lemme 24.7). To show this uniqueness property, we can use
21060

Corollary 1 provided by Little et al. (2010). That is, if rank[(%%ﬂg’j{))ﬁjzl] = p, there will be at most one

maximum in the neighborhood of true parameter.

All in all, under certain regularity conditions, consistency, asymptotic normality and asymptotic efficiency

can be reached by the AMLE by maximizing approximated-log-likelihood I*"2(0; X).

3.2.2 Likelihood ratio test and model selection

Other than parameter estimation, another important part within MLE framework is likelihood ratio test
(LRT). Tt is a standard method for hypothesis testing. Under mild regularity conditions, test statistics has
an asymptotic x? distribution (Wilks (1938)).

In this subsection, we give a nested likelihood ratio test based on our approximated likelihood by inverting
characteristic functions.

Suppose the hypotheses are
Hy:q1(0) =0,...,94(0) =0, 1<g<p.

against

H, : 3k, gx(0) #0, 1<k<q.
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Theorem 9. Let {X} be i.i.d data. Assume that we can treat Hy as 01 = 69, -, 0, = 0° via reparametrization.
When Hy holds, under A and B classes of regqularity conditions applied to both parameter space © and its
subspace ©¢ of parameter vector (Or41,...,0,), there exists Mo(N), ho(N), M1(N) and hy(N) with respect
to N so that
—2log A S Xz
where
Léwo(N),ho(N)a(é%o(N%ho(N),a;X)

T R G (N Ve )

with fizved a. é]]\V,IO(N)’hO(N)’a € Oq is the AMLE of the approximated likelihood LéwO(N)’ho(N)’a(H;X) under
Hy. é%l(N)’hl(N)’a € ©1 is the AMLE of the approximated likelihood Liwl(N)’hl(N)’a(H;X) n parameter
space ©. The dimension of parameter space is p for © and (p — q) for ©g. X3 is a Chi-squared distribution

with degree freedom k.

When we perform likelihood ratio test, we need to be careful with the regularity condition B.5, which 6,
should lies in the interior of compact parameter space ©. In several cases, this regularity condition is not
satisfied. For example, if we want to compare Black-Shores-Merton model with Jump diffusion model, we
might need to test jump intensity A = 0. However, 0 is the boundary of the parameter space of A. In this case,
test statistics will not asymptotically x2 distributed. For another example, if we want to check diffusion term
is necessary or not in an infinite activity Lévy process, we need to test volatility term o = 0. However, 0 is
also the boundary of the parameter space of o. In this case, the asymptotic distribution of our test statistics
is also not x? distributed. Theoretical result of likelihood ratio tests on non-regular condition can be found
in Self and Liang (1987) following previous work Chernoff (1954); Feder (1968); Moran (1971); Chant (1974).
Sinha et al. (2007); Kopylev and Sinha (2011) derive the asymptotic distributions based on some special
cases. A explicit review of this topic can refer toKopylev (2012). Generally speaking, asymptotic distribution
of test statistics could be mixture of x? distribution or even more complicated distributions. Instead of
deriving explicit asymptotic distribution of test statistics, bootstrapping approaches are also suggested by
many authors. For example, Chan et al. (2009) compare different financial models by performing empirical
likelihood test utilizing parametric bootstrapping.

For more non-nest likelihood ratio based test for model comparison like Vuong’s test (Vuong (1989)),
information based model selection technique, Akaike information criterion (AIC), Bayesian information

criterion (Schwarz (1978)), approximated likelihood could also be performed. For example, the approximated
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AIC and approximated BIC are in the form below.

AICMh = —21og LMo (g1 X)) + 2p
BICM" = —2]og LM’h’a(é%’h’“; X) + plog(N)
where N is the sample size and p is the dimension of parameter space ©. Generally with fine setting of

M and h, AICM" and BICM" can be as close as AIC and BIC as we desire. As penalty based model

selection methods discouraging over-fitting, a smaller value of them will indicate a preference of the model.

3.2.3 Extension to Markov processes

Now, we consider the case that data X = {Xg, X1, Xs,..., Xx} are not i.i.d but rather discrete trajectory

observations of Markov processes with stationary transition measures
F(§, As60) = P(zj41 € Alz; = & 6o), (3.6)

where 6 is the true parameter vector. Suppose the characteristic function associated with F(&, A;6) is

available for any given £ € X C R:

(oo}

o, :0) = / exp(iuz) (€, da; 0),

— 0o

where X is the space of the value of {X;}. Similarly to the I.I.D case, when ¢(u,&; ) is absolutely integral

with every £ € X', we have bounded and uniformly continuous transition density given &:

falo) = 5- | " exp(—iuz)$(u, € 0)du. (3.7)

21 J_

The approximated transition density with fixed M € Z* h € R" and a € R is

M

1 . .
fM,h,a (3;‘|§, 0) = o Z e—zx(vrzh+za)¢<mh +ia,&; Q)h. (3.8)
m=—M

If we define the likelihood function L(6; X;, X;_1) = f(X;]|X;_1;0) and the log-likelihood function of X =

{Xo,...,Xn} is

1 & 1 & 1 [ iy
16:X) = 35 (SR (G 1, -1:00) = (O omg [ 7000, X, -1:0)d).
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Correspondingly, the approximated-log-likelihood is defined as

N
PR X) =R (3 og(FH (X)X, 1,0))

j=1
(3.9)
1 al 1 Z —iX,;(mh+ia) :
Z%(ﬁ(;bg(g ; e p(mh +ia, X;-1;0)h))).

Definitely, the AMLE 65 ""* in this case is

éM,h,a — lM,h,a 0: X
N arg max (0; X)

Remark 7. We don’t add the initial distribution of X because the asymptotic property can be still obtained
without it. In practice, initial distribution might have a undeniable effect especially in small sample size. In

that case, we can incorporate the initial distribution in our likelihood.

Similar to the case of Lévy processes, the following regularity conditions and Theorem 10 which can

control the difference between approximated-log-livelihood and real likelihood uniformly on 6 € ©.

C.1 For any 6 € © and £ € &, the characteristic functiong(u, &; 0) is analytic in Dy_ 4,y where D(q_ 4,) =
{z€eC:3(z) € (d_,dy)}, —0o<d_ <0< dy <ooandd_, dy might depend on &; but not 6. R(z) is

the real part and (z) is the imaginary part of z.

C.2 Given £ € X, for any 0 € O, f;j |p(x + iy, &;0)|dy — 0 when & — o0

||| :=lime04 [5 [p(x 4 i(d+ F €),&;0)|da < +0o uniformly on 6 € ©.
C.3 The parameter in Equation (3.8), a, is a real value and a € (d_,d)

C.4 For any € € X, |p(x +1ia,&;0) < klz|™ exp(—c|z|”), = € R with a € (d_,d;) for some x > 0,v > 0,¢ >
O,neRork>0v>0c=0,n<—1. k,v,cand n might depends on ¢ and a, but not related to the

parameter 6 € ©.
C.5 Mh > (n/cy)l/”lc>o,n>o for n, ¢, v defined above.

Theorem 10. Given £ € X, if the error of approximation of transition density function

M

—ix . o —iz(mh+ia . 3
/R e "o (y, & 0)dy o ng_ e >¢(mh +ia,&; 0)h,

1

T on

EiI:M(QSv fa a) ({L‘)
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under class C of regularity condition, we have the bound of error

7271'((1 d_)/h e

—27n(d+—a)/h
F md
‘Eh,M((ba a)(:c)| < 27'('(1 727r(a d)/h) ||¢H 271_(1 . e,gﬂ(d+,a)/h)

e[| T + Tarn, (3.10)

ax

where Ty, = (Mh)™Y if ¢ = 0,n < =1, and Tap = — 2 D(%EL o(MA)Y) if ¢ > 0. Incom-

\n+1|7r
plete Gamma function T'(s,b) = fboo e~ts=tdt. Moreover, let Mh — oo and h — 0, then, bound of error

E;ﬁM(qb, a)(x) will decay to zero uniformly for 6 € ©.

We also list regularity conditions for the weak law of large number (WLLN) theorem and central limit
(CLT) theorem for Markov processes which are proposed by Billingsley (1961). The Markov version of
WLLN and CLT will be key ingredients to show the consistency and asymptotic normality of AMLE. It
is worth to mention that Billingsley (1961) developed consistency and asymptotic normality for Markov
processes (Theorem 2.1) in a ’local’ version (the parameter space is around the true value) with different

definition of MLE compared with our work.

D.1 There exists an unique stationary distribution p(-;6p). That is, for true parameter 6y € O, there exists

an unique probability measure p(+; 0y) such that p(A;60y) = fX p(d€;00)F (€, A; 0p) where A € Fy.

D.2 Given z € X and for true parameter §y € ©, the transition probability measure F'(&, -;0) is absolutely

continuous with respect to stationary probability measure p(-;0y): F(&,-;6p) < p(+;00).

D.3 Suppose true parameter 6y = {69,...,600}. Eq|| <ooforj=1,2,...,p. Eg,[] denotes an

dl(fosz0,71) 2]
96?

expected value computed under the assumption that initial distribution is the stationary distribution

(We just use this assumption when we calculate the expected value here. In fact, the initial distribution

even does not appear in our likelihood function).

Under Markov processes framework, Ejp,[-] below denote an expected value computed under the assumption
that the initial distribution is the stationary distribution. This is just a computational device. We don’t
assume the initial distribution is in fact the stationary distribution. Let’s list the WLLN and CLT for

Markov processes proposed by Billingsley (1961).

Lemma 10.1 (WLLN and CLT for Markov processes). Under the regularity conditions of D.1 and D.2, for

any 0y € ©, no matter what the initial distribution is, if Eg,|(k(Xo,X1))| < oo, then,

lim —Zk i—1,X;j) = Ep,[k(Xo, X1)]

N—oco N
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with probability one. Moreover, under all the reqularity conditions of D class, we additionally have
iiw(x-x :00) 5 N(0,1(60))
\/N ot jr<xj—1,Y0 ) 0/))s

where p(Xj, Xj-1:0) = &5 f(X;|X;-136).

Similar to the i.i.d case, we have correspondent theorems about asymptotic properties of AMLE based
on WLLN and CLT for Markov processes. E class regularity conditions are listed in the Appendix B.1.2 to

guarantee the asymptotic property of MLE for Markov processes.

Theorem 11. Suppose Oy is the MLE defined as argmaxg (0, X) which is unique. Fiz sample size N,

under C' class regularity conditions, E.2 and E.3,
onte By (3.11)

when h — 0 and Mh — oo with fized a.

Theorem 12. Suppose MLE Oy is unique given likelihood function for every large enough N. Under
C,D,E class of regularity condition, there exists M(n) and h(n) with respect to n and for AMLE éANLh’a,

é%(n)’h(")’a 28 0y with fired a when N — co.Furthermore,

VR(OM M Rma g0y b N (0, 17 (6,))

The first 4 regularity conditions in B class is responsible for consistency, while, the last 6 reqularity conditions

in C class is specific for the asymptotic normality and asymptotic efficiency of AMLE é%’h’a.

Similarly to the Theorem 9, we also have likelihood ratio tests for Markov process with similar proof.

Based on it, AIC and BIC might be available as well. We do not list all of them here.

3.3 Lévy process based models in finance

We consider several Lévy processes and one Lévy driven Ornastein-Uhlenbeck process. For Lévy processes,
There are two types of Lévy processes, finite activity Lévy processes and infinite activity Lévy processes.
Finite activity Lévy processes allow only finitely many jumps in any given time interval, while, infinite
activity Lévy processes include infinitely many jumps in any given time interval. Also, it can be shown

that finite activity Lévy processes are compound Poisson type processes typically including Merton’s jump-
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diffusion model (Merton (1976)) and Kou’s jump-diffusion model (Kou (2002)). Compared with compound
Poisson type processes, pure jump Lévy processes with infinite activity might have better representations
of stock price dynamics (Geman (2002)). Thus, we also consider several commonly used financial models
with infinite activities including normal inverse Gaussian model (Barndorff-Nielsen (1997)) and CGMY
model (Carr et al. (2002)). In addition to Lévy processes, we applied non-i.i.d data to one Lévy driven

Ornastein-Uhlenbeck process, IG-OU process to show validity of the extension described in Chapter 3.2.3.

3.3.1 Lévy processes

Lévy processes are commonly used in Finance due to its flexibility to model heavy tails and skewness
of financial time series. In our case, we assume the equity value series are S; = exp(Y;) and {Y;} is a
Lévy process. Suppose data is observed over equally spaced timestamps (0, d,26,...,nd). Then, total time
interval will be T' = nd and sample size will be n 4+ 1. In practice, we model logarithm of equity returns
{X¢ = Yis — Yu—1)5}7. They will follow the same distribution F' due to the fact that Lévy processes have
independent stationary increments.

One important property we need to utilize later is Lévy-Khintchine formula. Suppose X; is a Lévy process

described above, the characteristic function ¢(u;6) of X; has the form

bu?

H(u) = exp(S(iua — V- + /R (expliuz) — 1 — iuzl g 1) J(dx))), (3.12)

where (a, b, J) is called Lévy triplet which fully determines a Lévy process. Lévy triplet includes the drift
parameter a € R, the diffusion component o > 0 and Lévy measure J(dz) satisfying J({0}) = 0 and
J min(1,2%)J(dz) < oo. Through Lévy-Khintchine formula, implicit characteristic function is more likely
available compared with density functions for Lévy processes. Thus, if the logarithm of equity value series
{Y;}7 follow Lévy processes, then the Levy increments {X;}Y will be i.i.d data with characteristic function
described in (3.12).

In this chapter, we mainly focus on several typical Lévy processes based models due to their availability
of the characteristic function. Introduction of those models are below and moments information about those

models are in Table 3.1. We will use them later in the simulation study and case study.
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Table 3.1: Moments of returns

Merton Kou NIG CGMY

Mean

(1 + Apty)d (22— 20285 (u+ o ps)d (p+ CTA—Y)(MY ™ = GY1)5
Variance

(2 + M +09)5 (02 + 238 + 220200 e CT2 - Y) (MY 2+ GV %)
Skewness

Ap _A(A—p) . .
Mg (p3+302) 6CF n3 ) 3 r(3-—y)(wmY 3-g¥-3

6]
(02+)\(a']2.+,u?))1-560'5 (JQ+2L§+2 A(l;p) )1.5§0.5 a0 (a2 —[2)0-2550.5 COS(T(2—Y)(MY—24+GY ~2))15505
4 ng

Kurtosis
4 2 2 4 24(M+M) 82
A(HJ +6ujo; —0—301) ni nd 3(1+4?) F(4iy)(MY—4+GY—4)
PR ‘ ETSRY 3_-32)05 — = =
@2 A5+ (o2 +278 +220570)25 N@?=32)7%5 @ Y) (M 24GY %)%

Merton’s jump-diffusion model
In Merton’s jump-diffusion model, the observed stock price, S;, satisfies the following equation:

Nij1
X =10g(S(e41)s/Se0) = pd +oVoZ+ > Z, (3.13)
i=Ny+1
where § is the evenly spaced time interval of observed data; p is drift; o is volatility; Z is standard N (0, 1);
N, is a Poisson process with intensity A; {Z;} are jump sizes following i.i.d f.(z) ~ N(y;, 0]2). That is, in
Merton’s jump-diffusion model, jumps occur according to Poisson process N; with jump sizes {Z;}.
The Lévy triplet of this model is (u, 02, J(dz) = Af.(x)dx). Although, the density of X; has a complex form

(Tankov (2003)), its characteristic function, ¢(u;6), has a simple form through Lévy-Khintchine formula:
d(u; 0) = exp(d(iup — o*u?/2 + A(exp(ipju — afu2/2) - 1))).

For regularity conditions, we can show that d and d_ satisfying A.1 could be arbitrary positive number and
negative number. A.3 can be shown directly. A.4 can be satisfied when ¢ = ¢2/2 and v = 2 if we allow ¢ and
v can depend on parameter . To make sure c is not related parameter 6, we assume the parameter space
© of Merton’s jump model is —co < L, < u < U, <00, 0< L, <o <U; <00,0< Ly <AL Uy < o0,
—00 < Ly, <pj Uy <00,0< Ly, <05 <Uy; <00, and true parameter p € ©. Then, © is a compact
parameter space and we can let ¢ to be L2/2 which does not depend on parameter o. In this case we do
not consider the case when o = 0. The likelihood of Merton’s jump model can be regarded as a mixture
distribution and its value can reach infinity on some points of which ¢ = 0 (See Kiefer (1978)). Furthermore,
when ¢ = 0, the model degenerate to a compound Poisson process which is also not our primary interest.

To simulate Merton’s jump-diffusion model in the simulation study, we can utilize the method described
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in Glasserman (2003).

Kou’s jump-diffusion model

Compared with Merton’s jump-diffusion model, Kou’s jump-diffusion model allows the distribution of jump
sizes {Z;} to be asymmetric. To be specific, the observed stock price, St, satisfying the following equation:
Ny

X =10g(S(r41)5/Se0) = pd +oVoZ+ > Z, (3.14)
i=N¢+1

where the jump size here, {Z;}, follows i.i.d. double exponential distribution, which has the density

fz(l') = PN eXP(—qul{x>o}) + (1 - P)Wd eXP(ﬁdiﬂ{x<o})~

p is the positive jump probability; 1/, is the mean positive jump size; 1/7, is the mean negative jump size.
The Lévy triplet of this model is (1, 02, J(dx) = Af.(z)dz). The density of X; has a complex form (Ramezani
and Zeng (2007)), while, its characteristic function, ¢(u;#), has a simple form through Lévy-Khintchine
formula:

0y — 990 v Pl (1—p)na
d(u;0) = exp(d(iup — o u®/2 — A(1 m—in matiu

For regularity conditions, d4 € (0,74) and d_ € (—n,,0) satisfy A.1 and A.3, which can be shown directly.
A.4 can be satisfied when ¢ = 0%/2 and v = 2, if we allow ¢ and v can depend on parameter . We assume
the similar parameter space to the Merton’s jump model: —oco < L, < < U, <00,0< L, <0 < U, < 00,
0<Ly<A<UN<00,0< L, <p<U,<1,0< Ly, <1y <V, <00,0< Ly, <ng <U,, <oo,and the
true parameter 6y € ©. Then, © is a compact parameter space. We can let dy = L,,,/2 and d_ = —L,, /2.
This setting is generally practical because 7, and 74 are positive which cannot be zero exactly. We can let
c to be L2 /2 which does not depend on parameter o. In this case we do not consider the case when o = 0.
The reason for it is same as Merton’s jump-diffusion model.

To simulate it in simulation study, we also utilize the method described in Glasserman (2003).

Normal inverse Gaussian model

Normal inverse Gaussian (NIG) model belongs to a more general class of Lévy processes, generalized hyper-

bolic model (Eberlein et al. (1998)). It is a infinite activity Lévy process. It can be characterized by

Xy = lOg(S(t+1)6/St5) = po + Bzs + AW, (3.15)
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where z; is the first time when a Brownian motion with drift « reaches the positive level §. The density of
zs is inverse Gaussian (IG) distribution. W, is a Brownian motion of which the calendar time is a random
time zs.

Set a = /32 + +2, we have the Lévy triplet (u,0, J(dz) = f(x)dx), where

f(x) = 7f|j| exp(B) K (az]).

K, (x) is the modified Bessel function of the second kind with order n. Then, the probability density function

of X; contains Bessel function, but the characteristic function is in a simple form

¢(u; 0) = exp(8(iup — A(v/(a? = (B + iu)?) — v/a? — §2))).

For regularity conditions, dy € (0,8 + a] and d_ € [8 — «,0) can make the characteristic function analytic,
also satisfying A.3. A.4 can be satisfied when ¢ = A and v = 1 if we allow ¢ and v can depend on parameter
6. We assume the parameter space of the NIG model: —co < L, < < U, < 00,00 < Ly < < U, < 00,
00 < Lg<B<Uz<00,0< Lo_jg <a—|B],0< Ly <A< Uy < oo, and true parameter 6y € ©. Then,
© is a compact parameter space. We can let dy = Lpn—pgy and d_- = —L,_g. This setting is generally
practical because o — || is required to be positive by NIG model. We can let ¢ to be Ly, which does not
depend on parameter .

To simulate NIG process X; in simulation study, we refer the method in Rydberg (1997).

CGMY model

Unlike finite-activity jump processes such as Merton’s jump-diffusion process, CGMY could be either finite
activity or infinite activity processes. That is, it could have infinitely many jumps in any finite time inter-
val. It came out as the generalization of Variance Gamma (Madan and Seneta (1987)) Lévy density with

parameters C, G, M and Y. Its Lévy triplet is (u,0, J(dz) = f(x)dx) and f(x) is:

cERoan
f(z) = o) (3.16)
C’% x < 0.
where C' > 0,G >0, M >0,Y < 2.

In addition, when Y < 0, CGMY is a finite activity process. It could be regarded as a compound Poisson

process. When 0 < Y < 2, the process has infinite activities. The case Y = 0 degenerates to a variance
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gamma process. Here, we only consider infinite activity CGMY process with 0 < Y < 2.
The density function of CGMY process {X,} is unknown for us. However, the characteristic function is
available for us.

For Y € (0,1) U (1,2):

d(u;0) = exp(d(ipu + CT(=Y)[(M —iu)* — MY + (G +iu)* — G))), (3.17)

and for Y = 1:

&(u; 0) = exp(d(ipu + C((M —iu)log(l —iu/M) + (G + tu) log(1 + iu/G) — iu(log(M) — log(G)))))-

It is not hard to show that the characteristic function of CGMY model is smooth with respect to parameters
C,G, M and Y, where C >0,G>0,M >0,0<Y < 2.

For regularity conditions, di € (0,G) and d_ € (—M,0) make the characteristic function analytic.
A.3 can be shown directly. A.4 can be satisfied when ¢ = f.(C, Y) and v = Y, where f.(C, V) =
dC|T (=Y ) cos(rY/2)| when Y € (0,1) U (1,2)) and f.(C, Y) = 65C when Y = 1, if we allow ¢ and v can
depend on parameter §. We assume the parameter space of the CGMY model: —co < L, < u < U, < oo,
0<Lec<C<Us<00,0<Lg<G<Ug<00,0<Lgg<M<Uy <00,0<Ly <Y <Uy <2, and
true parameter 6y € ©. Then, © is a compact parameter space. To keep A.1 hold, we can let dy = Lg/2 and
d_ = —Lg/2. This setting is generally practical because M and G are required to be positive by CGMY
model. To keep A.4 hold, ¢ = infe y f.(C, Y) (considering f.(C, Y) is continuous and C,Y are in compact
parameter space) and v = Ly which are not related to parameters any more.

We can simulate CGMY process by inverting characteristic function introduced in Chen et al. (2012).

3.3.2 Lévy driven Ornstein-Uhlenbeck processes

Lévy driven Ornstein-Uhlenbeck processes ( Lévy driven OU processes) is a sub-class of continuous-time
Markov processes. Such processes are popular to model stochastic volatility and interest rate. (see Barndorff-
Nielsen and Shephard (2001)).

The process X = {X;}:>0 is called a Lévy driven OU process when

dX; = A Xydt + dZy, Xo >0,

where ) is the drift parameter and A > 0. {Z,};>¢ is called background driving Lévy process (BDLP) with
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Lévy triplet (a,0,J). BDLP is required to have no Brownian part, a non-negative drift and only positive
increments.

As mentioned in section 2 of Shiga (1990), the process is time-homogeneous satisfying the equation (3.6) in
Chapter 3.2.3.

What’s more, there exists an unique stationary distribution 7 such that X, 4 ( See Sato (1999) Theorem

17.5 and Corollary 17.9) when

/ log(|z|)J(dx) < o0, (3.18)
|z|>2
and 7 is the distribution implied by Lévy triplet (a*, b*, J*) where

Qo X
at=— b* :/ — J(dx),
2 lzi>1 17

and

B J((x,00)) x>0
g(x) =
J((—o0,2)) = <0.

7 is not related to A due to the deliberate setting of subscript A\t of BDLP. Then, we find the Equation (3.18)
is equivalent to the Regularity condition D.1.

Moreover, we suppose the equity value series are {P,};>o. If our discrete-time observations {X; = P}
where § is fixed time interval, the conditional characteristic function of the transition density f(X:|X;—1,6)

is available (See Sato (1999) lemma 17.1):
)
d(u, Xy—1;0) = exp(iuexp(—N0) X¢—1 + )\/ glexp(A(z — 8))u)dz), (3.19)
0

where g(z) is the cumulation of Z(1) which is log E(izz;). Thus, we have shown that with Equation (3.18)
holding, Lévy driven OU process is time-homogeneous with explicit formula of condition characteristic
function (3.19), and has unique stationary distribution. These prosperities satisfy the assumptions for
Markov processes in Chapter 3.2.3.

One way to construct Lévy driven OU processes is to specify the stationary distribution for the process.
Specifically, we define the marginal law D, when y,; follows distribution D for arbitrary ¢ > 0, if the initial
distribution (the distribution of yg) follows distribution D. Then, the OU process with marginal law D is
called D-OU process. Barndorff-Nielsen and Shephard (2001) showed that D-OU processes exists if and only
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if D is self-decomposable. Moreover, the relations between law D and BDLP is below:

o) = o Y9(@)
o dr (3.20)

fo(w) = —u(z) — 2/ (2),

where g(z) is the cumulant function of BDLP Z(1) (needed in (3.19)); ga(z) is the cumulant function of the
self-decomposable law D; f,(x) is the levy density, if exists, of Z(1); u(z) is the levy density, if exists, of law
D.

Remark 8. For IG-OU process, we assume the OU process follows inverse Gaussian (IG) law (IG distribution

is self-decomposable). We have the Lévy density of 1G(a,b):
— ~1/2,.—3/2 Lo

u(x) = (2m) azx exp(—§b x), x> 0.

Then, through Equation (3.20), we have levy density of correspondent BDLP:
1 —1/2_—1/2( —1 | 12 Ly
fo(x) = 5(2%) ax (7" +b )exp(—ib x), x> 0.
And the cumulant function of BDLP Z(1):
g(z) = —iab~ta(1 + 20b2)71/2, (3.21)

We will use IG-OU process in our simulation study in Chapter 3.3.2.

Remark 9. Class D is the requirements for the Markov processes. Specifically, for Lévy driven OU processes,
Equation (3.18) is equivalent to D.1.

To check D.2, we might need to prove absolutely continuity. One idea to prove it is that, for typical
D-OU processes, we know the stationary distribution is D distribution. In most cases, it is not hard to show
that density of D is positive at every feasible point. Then, D and Lebesgue measure are equivalent. To show
the transition probability measure F'(E,-;6y) is absolutely continuous with respect to D, we just need to
show transition probability measure is absolutely continuous with respect to Lebesgue measure. By showing
the conditional characteristic function is absolutely integral (or its binomial or exponential tails required by
C.4), absolute continuity with respect to Lebesgue measure is guaranteed by Fourier inversion theorem.

To check D.3, we generally can prove that |al(0f’+§’m| is bounded on the support X x X in most cases

via Fourier inversion theorem.
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Remark 10. Another models might satisfy our setting of Markov processes is affine processes. A sub-class of
affine processes is called canonical affine processes. They are still time-homogeneous Markov processes and
stochastically continuous. Its characteristic function has fixed form called affine property. See, for example,
Duffie et al. (2003) for more details. Also, the unique existence of stationary distribution of canonical affine
processes can be found in Glasserman and Kim (2010). For more general cases, if we add jumps in affine
processes, which is called affine jump-diffusion models, Jin et al. (2016) shows the exponential ergodicity of
jump CIR process. All in all, some models based on affine processes also satisfy our requirement for Markov

process (Class D regularity conditions), which can be potentially applied to use likelihood inference.

IG-OU process

IG-OU process is Lévy driven Ornstein-Uhlenbeck process defined by

dY; = —\Y,dt + dLy, (3.22)

where Y; follows inverse Gaussian law and A > 0. We assume Y} is generated from IG(a,b). Though the
transition density is not available, we have conditional characteristic function by using Equation (3.19) and

(3.21):

¢e(u : 0) = E(exp(iuY(i41)5)|Yis) = exp(—a(y/ —2iu + b2—+/—2iuexp(—AJ) + b2)+iuexp(—A8)Yzs). (3.23)

3.3.3 Verifications of regularity conditions
Verification of A class of regularity conditions

In this section, we provide several ideas to prove the A class of maximum likelihood estimator (MLE) for com-
mon Lévy processes: Merton’s jump-diffusion model, Kou’s jump-diffusion model, normal inverse Gaussian
model and CGMY model. Other typical LeVy processes might also use similar ways to prove. Once regularity
conditions are fulfilled, our approximated likelihood function will converge to its corresponding likelihood
function with exponential decay rate, which is fast and efficient. Thus, our proposed implementation should

be efficient, in theory.

Theorem 13. The characteristic function of Merton’s jump-diffusion model, Kou’s jump-diffusion model,
NIG model and CGMY model satisfy the reqularity condition of class A if the analytic strip D_ q,) and

compact parameter space © are selected regarding to the Chapter 3.3.
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Positive definiteness

To conduct maximum likelihood inference for Merton’s jump-diffusion model, Kou’s jump-diffusion model,
NIG model and CGMY model, we might also be interested in the positive-definiteness of their fisher infor-
mation matrix, so that AMLE is asymptotic efficient.

To prove the fisher information is positive definite, we provide a sufficient condition implied by the fol-

lowing lemma:

Lemma 13.1. Suppose g(X) is vector of statistics with positive definite covariance matriz V(0). Let h(0) =
Epg(X). Then, the matrix:
Oh(0) . r _,,0n(0)
1(0) — (—— 0 —_—
(0) — (20 yry (g1 (220,
is nonnegative definite, where I(0) is the fisher information matriz. That is, if the matriz Oh(0)/00 has full

column rank, the fisher information matriz is positive definite.

We can apply lemma 13.1 to prove the fisher information matrix is positive definite given the set of
parameters. Notice that Lemma 13.1 is the sufficient condition. If 0h(0)/06 is not full rank given the
parameter 6, it doesn’t mean fisher information is not positive definite. In that case, we can try different
statistics vector g(X) and the new 9h(#)/060 might be full rank which indicates the positive definiteness of
the fisher information matrix.

To utilize the Lemma 13.1, we first construct statistics vector g(X). To guarantee the positive definiteness

of V(6), we choose g(X) = (X, X?,...XP). Then, we have the following lemma:

Lemma 13.2. if X has continuous probability density over real line R given parameter 0, and X has finite

moments with orders up to 2p, g(X) = (X, X?,...XP) has positive definite covariance matriz V (6).

Now, we choose g(X) = (X, X?,...XP). Then,we provide several propositions with respect to the full

rank of h(#)/06 for multiple Levy processes.
Proposition 14. For Merton’s jump-diffusion model, if g(X) = (X, X2, ..., X5), the determinant |h(0)/00| =
165\ 2ap1j005 (1 + (6v/6 — 9)orh) (u? — (6v/6 — 9)o)

Notice that, if we choose the first 5 moments to construct g(z) for Merton’s jump-diffusion model, h(6)/06
is a square matrix. Then for h(6)/90, the full column rank is equivalent to the non-zero determinant. From

the proposition 14, if true parameters satisfy: A # 0, 0 # 0, p; # 0, 0; # 0 and p; # +/6v6 — 9,

the h(6)/00 has full column rank. That is, combined with Lemma 13.2, the fisher information matrix will
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be positive definite. The true parameters A, o, x; and o; are unlike zero. However, u; = +v/6v6 —9 is
possible. If p; = & V616 — 9, we can choose another g(X). For example, we also try g(X) = g(X) =
(X, X?%,..., X% X% and we find p; = £v/6v/6 — 9 is not the factor of h(6)/06 anymore.

Proposition 15. For Kou’s jump-diffusion model, if g(X) = (X, X2,..., X%), the determinant |h(6)/00| =

248832008%0n;, 120 2 (nu + 1a)* N2 (p — 1p

Similarly, we choose the first 6 moments to construct g(z) for Kou’s jump-diffusion model to guarantee
the h(0)/00 is a square matrix. Then for h(6)/00, the full column rank is equivalent to the non-zero
determinant. From the proposition 15, if true parameters satisfy: X 20, 0 #0, p 0, p Z 1, 9, £ 0
and 14 # 0, the h(0)/96 has full column rank. That is, combined with Lemma 13.2, the fisher information
matrix will be positive definite. Those conditions are fulfilled based on our restricted parameter space stated

in Chapter 3.3.1.

Proposition 16. For NIG model, if g(X) = (X, X?,..., X%), the determinant |h(0)/00] = 186* 2" (a* —
52)-15/2

Similarly, we choose the first 4 moments to construct g(x) for NIG model to guarantee the h(0)/00 is a
square matrix. Then for h(0)/00, the full column rank is equivalent to the non-zero determinant. From the
proposition 16, if true parameters satisfy: A\ # 0, a # 0, o2 # 32, the h(6)/060 has full column rank. That
is, combined with Lemma 13.2, the fisher information matrix will be positive definite. Those conditions are

fulfilled based on our restricted parameter space stated in Chapter 3.3.1.

Proposition 17. For CGMY model, if Y is fized and known, we choose g(X) = (X, X?,..., X*), the deter-
minant |h(0)/00| = *C2GY 8 MY —8(G + M)Gamma(-Y )3Y3(Y —1)3(Y —2)2(Y = 3)((4 = Y) (G 3 +
G3MUFYY+ 2-Y)(GY M+ GAMY)). If Y is also an unknown parameter, the determinant |h(0)/00)| is far
more complex which is C36°G(13HY) ¢ (1Y) (G M) (—34Y ) (—2+Y)2Gamma[2—Y ] (GT MY (M3 (—5+
Y)(~4+Y)+G*(-2+Y)2 + GM(—4+Y)(~=5+2Y)) =GV M (G> (-5 +Y)(—4+Y) + M?(—2+Y)? +
GM(—4+Y)(=5+2Y)) + G3TY M3+Y (G — M) (4(5G? +11GM +5M?) — 13(G + M )Y +2(G+ M)?Y?) —
(G + M) (—4+Y)(=3+Y)(=2 +Y)(log G — log M))).

If we assume Y is fixed and known, we choose the first 4 moments to construct g(z) for CGMY model
to guarantee the h(0)/00 is a square matrix. Then for h(0)/06, the full column rank is equivalent to the
non-zero determinant. From the proposition 16, if true parameters satisfy: C # 0, G # 0, M # 0, the
h(0)/00 has full column rank. That is, combined with Lemma 13.2, the fisher information matrix will be

positive definite. Those conditions are fulfilled based on our restricted parameter space stated in Chapter
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3.3.1. However, if Y is included in the model, the determinant is far more complex. Though, |h(6)/d6]
is not zero in a large parameter set, if G — M, |h(6)/00] — 0. Thus, if there is no significant skewness
(G =~ M), we might want to use other choice of statistics vector g(X) to prove the positive definiteness of
fisher information matrix. For example, we try g(X) = (X, X2, X3 X% X6). Then, G = M will not imply
|h(0)/00| = 0.

3.4 Implementation and numerical studies

3.4.1 Implementation

In Chapter 3.2, we provide several regularity conditions to make sure that AMLE is consistent, asymptotically
normal and asymptotically efficient. Also, these regularity conditions can be satisfied on specific compact
parameter space for several typical Lévy processes. In this section, we illustrate how to obtain AMLE
effectively to do parameter estimation and model selection.

In each model, we define a compact subset of parameter space and assume the true value is located inside
(See Merton’s jump-diffusion model, Kou’s jump-diffusion model, normal inverse Gaussian model, CGMY
model and IG-OU model in Chapter 3.3).

To perform simulation study, we need to simulate samples from different models we introduced above.
The simulation methods introduced by each model are the exact simulation method except of CGMY model.
To simulate the sample from CGMY model, we use very rigorous error controls, based on the inverting CDF
methods Chen et al. (2012). Specific setting for the simulation study is in Appendix B.

To obtain reasonable AMLE, for each group of parameters and data, we properly select M, h to bound
the distance between approximated density (3.2) and real density less than 10~8. That is, we don’t select
a common M, h for all parameter values in our parameter space. Instead, we choose optimal M (6), h(6)
for every different parameter 6, so that the distance between approximated density and real density will
be small enough uniformly on the parameter space. It will reduce a lot of computational burden because
for some infeasible parameter values, M is required to be a huge number. Thus, we maximize (3.2) with
optimal M, h to control the error bound. We choose 'NOMAD’ optimization in ’OPTT’ toolbox (Abramson
et al. (n.d.)) of MATLAB to be our numerical optimization procedure here for three reasons. First, it is
fast and stable. Second, it is a nonlinear and non-smooth optimization algorithm. In our case, we choose
different M and h for different parameter to control the distance between approximated likelihood and real
livelihood uniformly for parameter. Thus, our approximated likelihood is non-linear and non-smooth. Last,

it is a constrained global optimization procedure which can deal with our compact parameter space which

49



is not sensitive to the initial parameter setting. Implementation details are put in the Appendix B.
Whenever we have AMLE, we can perform likelihood ratio test and model selection described in Chapter
3.2.2. To perform likelihood ratio test correctly, we need to check the regularity conditions. Unfortunately,
regularity conditions cannot be satisfied for several typical cases. More details are in Chapter 3.2.2. As
for model comparison, by rigorously controlling the approximation error of approximated likelihood, our
AICM? and BICM-* defined in Chapter 3.2.2 will be reasonably closed to AIC and BIC. We can use AIC
and BIC to select appropriate model by penalizing over-fitting. Again, the asymptotic property of AIC
and BIC might not be applied for our models. But, hopefully, they can at least get some useful hints. It is
still an open question which model selection technique is the most appropriate one for financial models with

good asymptotic properties.

3.4.2 Simulation study

In this section, we conduct the simulation study to examine the performance of AMLE. We mainly have
two targets. First, we want to check if our AMLE matches the true parameter based on simulated data.
In addition, we compare our AMLE estimates with the estimates based on other methods (approximated
ECF estimation) to illustrate the smaller asymptotic variance of AMLE. Second, we want to discover more
asymptotic properties of the estimated parameter from our simulation study. To the best of knowledge, there
is few rigorous study of the asymptotic property of MLE based on Lévy processes. The main reason for it
is that the density function implied by Lévy processes usually don’t have a implicit form. Then, it might
be too difficult to verify the regularity conditions of MLE asymptotic properties. Even, those regularity
conditions can be verified, it is still hard to know the property of asymptotic variance of MLE due to the
complicated form of fisher information matrix. Thus, considering AMLE inherits the asymptotic property
of MLE (Theorem 8),we are able to find some interesting implications of MLE’s asymptotic properties for
several popular Lévy processes.

We consider the Lévy process based models described in Chapter 3.3 including Merton’s jump-diffusion
model, Kou’s jump-diffusion model, NIG model, CGMY model and IG-OU processes.

For each Lévy model in Chapter 3.3, we fit the model based on simulated 500 sample paths with different
sample size N = {200, 100,500}, daily frequency (§ = 1/252) and weekly frequency (6§ = 1/52). We also
provide the approximated ECF estimates (proposed in Chapter 4.4) based on the same data dataset and same
model. Global optimization 'NOMAD’ is used to search the AMLE. The large enough compact parameter
space required by Theorem 7 and Theorem 8 is set following the way mentioned in Chapter 3.3 for each

model. Specific setting of the parameter space is reported in Table 3.2. For the Lévy driven Markov model,
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Table 3.2: Parameter spaces

Merton Kou NIG CGMY
True values
n=010=03, A=20 =02 0=02, A=30 pu=0a=50, B=-5,A=5 C=3, G=T9, M =83

nij = —0.5, 0; =0.25 p=04, n, =5, 1ng=25 Y =09
Parameter spaces
“1<u<1 “1<u<1 1<a—|g| 1<C <100
0.01<o<1 001<o<1 -10< <10 1< G <100
1<A<50 1<A<50 0.5<6<10 1< M <100
-1<yp; <1 01<p<09 1<a<150 0.1<Y <19
005<0; <1 1<7n,<20

1<17:<20

IG-OU process, we use monthly frequency (§ = 1/12) which is consistent to the setting in Chen et al. (2012).

In Table 3.3, we report the empirical means, corresponding standard errors of parameter estimates and
true parameter values based on 500 simulated sample paths. For jump-diffusion models [Table3.3a,3.3b,3.3c
and 3.3d], empirical means are reasonably closed to true parameters. With sample size N increasing,
empirical means tend to converge to true value. This finding supports the consistency of AMLE (Theorem
7). In addition, when the sample size gets 5 times bigger (sample size from 200 to 1000 or from 1000 to
5000), the standard error becomes roughly 1/4/5 smaller. This is consistent to the convergence rate of
asymptotic normality, v/ N, indicated by Theorem 8. No matter for Merton’s jump-diffusion model or Kou’s
jump-diffusion model, we find 200 sample size is enough to recover the true parameter value by AMLE for
weekly data, while 1000 sample size is needed for daily data. That is, roughly five year’s data can match the
true parameter with AMLE very well. If we have less data, for example, one year’s data, most parameter
can be estimated very well except of the drift parameter p and certain jump’s parameter. Take jump size
parameter 7, in Kou’s jump-diffusion model for an instance. The standard error is 2.9812 when the daily
sample size is 200. This makes the estimate value 5.9695 less than three standard error away from zero.
If we check further the histogram of 7,’s estimates based on 500 simulated sample path (not shown in the
work), we find a few estimates hits the parameter space boundary which makes the histogram deviate from
normal distribution density. Thus, 200 daily sample might not be enough to estimate the parameters of
jump-diffusion’s model very well for our parameter setting.

What’s more, for jump-diffusion models, if we set the sample size to be equal, we can find generally
weekly data estimates have less or similar bias (difference between empirical mean and true value) and
standard error, while, daily data estimates have larger or similar bias and standard error. This might be an
indication that relative high frequency sampled data might imply relative slow or similar convergence speed
compared with relative low frequency data. In general, it seems that when the total sample size is fixed,
dense data might lead to more difficulties to estimate parameters. This finding is also intuitive. For finite

activity Lévy processes (jump-diffusion models), there are finite big jumps in time interval. Weekly data
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with fixed sample size have a longer time span, indicating more big jumps compared with daily data. Thus,
denser data with less big jumps information lead to less accuracy of the estimates of jump parameters.

It is worth noticing that this is not the case for infinite activity Lévy processes [Table 3.3e,3.3f,3.3¢ and
3.3h]. For example, for parameters in NIG model and CGMY model, denser data (e.g. daily data) implies a
less bias and standard error of the AMLE. Intuitively, the reason is that for these models, jumps will happen
on each data point no matter it is daily data or weekly data. The data with a longer time span doesn’t
contain more jump information because in all fixed time interval, jumps will happen infinitely.

For infinite activity Lévy processes, the estimation performance varies. The estimated parameters in
NIG model imply the consistency and convergence rate information. Based on empirical mean with true
initial value in Table [Table 3.3e,3.3f], larger sample size N implies a smaller estimated bias and smaller
standard error. For CGMY model, performance of estimation is not stable. Table 3.3g and Table 3.3h
report the estimation result of CGMY model. We find parameter C' and Y are hard to be identified with a
big estimation standard error especially for the data. For the daily data, estimation performance gets even
worse. It still seems that a very large sample size (larger than 5000) is necessary to identify C' and Y.

We find there are two reasons for the issue above. First, the characteristic function decay slowly for
CGMY model, especially when Y parameter is small (Y < 0.4). In our theory, this is because v = Y for
CGMY model (Check section 3.3.1 and regularity condition A.4) and smaller v leads to slower decay of
the characteristic function’s tail. And this slower decay will generally lead to large Mh to make truncation
approximation error bound Ty, the same. Now, we let the discretization approximation error bound the
same. That is, h is unchanged. We will have a larger M to control overall bound of error to be same.
This usually leads to a very huge value of M to control our approximation error. For daily data, § in
the characteristic function (Equation 3.17) is smaller, making the characteristic function decay even slower
(because smaller ¢ implies smaller ¢ in regularity condition A.4 (check Section 3.3.1)). Thus, it implies that
daily data even need bigger M compared with weekly data. In practice, when optimization algorithm searches
the parameters in those unfeasible parameter space (e.g. Y is very small), a very large M (M > 5000) is
needed to control the approximation error to be small (less than 10~%). We set an upper-bound for M during
each optimization iteration to reduce the computational burden in practice. This leads to large errors of
the approximation for certain parameter values. This is more serious for daily data because daily data in
general need larger M than weekly data.

Moreover, we find there is a relative flat trace in the likelihood surface of C and Y, so that smaller Y will
lead to dramatically big Y and bigger Y will make C closed to zero. This makes the optimization algorithm

tend to search those unfeasible area (Y < 0.4) easily and frequently, amplifying the effects of approximation
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error caused by M. Figure 3.1a shows us a saddle-shaped log-likelihood surface of C' and Y, when fixing
G, M to be the true parameter based on 1000 generated daily data. Figure 3.1b exhibits a relative flat
trace of C' and Y (Yellow trace) including the maximum point on this saddle-shaped log-likelihood surface.
Log-likelihood is estimated from Equation (3.3) which has an accuracy of 6 significant digits and a precision
of 2 decimal places by controlling truncation error, discretization error and set a = 0 (We only draw the log-
likelihood surface when Y > 0.5 because controlling the error to be smaller needs a huge M when Y < 0.5).
It is reasonable to believe there exists even flatter space when relaxing G and M. This supports our opinions
about the poor performance because optimization algorithm might search the area where C' is large and Y
is small in that flat trace, causing big approximation errors and wrong estimates. We also find log-likelihood
of parameter G and M when fixing C' and G is hump-shaped and is relatively fat which also indicating not
small standard errors of parameter estimates [Figure 3.1c and 3.1d].

To express the issue of CGMY model estimation further, we redo the simulation study with larger sample
size and a little smaller parameter space (Reduce the computational burden). Then, we plot the histogram
of estimated parameters based on 500 simulated sample paths. All models show the normal distributed
shapes except of CGMY model. To address this difficulty, we list the histogram of estimated parameters for
CGMY model below. Figure 3.2 and Figure 3.3 show the histogram of estimated parameters C, G, M, Y
with different sample size n and different frequencies (daily and weekly). Parameters C, G, M, Y are
listed from first row to forth row in each figure. Sample size increases with column number increasing. For
weekly data (Figure 3.2), 5000 sample size might be able to make parameter G and M in normal distribution
shape. But, histogram of C' and Y are still not in a good shape. It is skewed for the histogram of parameter
C and multi-peaked for the histogram of parameter Y. Then, when it comes to daily data, it seems the
histogram has better shape. When sample size is as big as 25000, the mode of histogram is around the true
parmeters. However, parameter C’s histogram is still a little skewed. Overall, parameters in CGMY model
are relatively hard to estimate. Parameter C' and Y might have some identification problems of practical
simulated data, making the likelihood surface relative flat in certain part. This amplifies the issues caused
by the big error of the approximation. The CGMY model might need a very large sample size to make the
flat part of log-likelihood surface steeper, making AMLE reasonably closed to true parameter. Or, simply a
smaller parameter space is suggested.

We also compare our AMLE with approximated ECF estimates for Merton’s jump-diffusion model, Kou’s
jump-diffusion model and NIG model. ECF estimation is implemented based on Chapter 4 (See the Chapter
4.3 and Chapter 4.4 for implementation details). Empirical characteristic function (ECF) is another efficient

method to do parameter estimation for Lévy processes. It can be regarded as a generalized moment match
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method to match empirical characteristic function and the model’s characteristic function. The approximated
ECF estimation introduced in Chapter 4 also has asymptotic normality property. However, the asymptotic
variance cannot reach the MLE efficiency. That is, the asymptotic variance of MLE should be smaller than
the one of approximated ECF estimate in theory. We set the tuning parameter in AECF estates to be a big
number (M = 200) and conduct both MLE and ECF methods based on same 5000 simulated data in Table
3.4. We find that the empirical means of both estimates (MLE and ECF) are similar and the standard error
of the estimates is smaller for AMLE. This is consistent to the asymptotic efficiency of AMLE.

Another interesting finding is about the running time. The running time in the table is the median
of running time based on 500 simulated paths. Running time depends on the optimization algorithm,
likelihood surface and our computing device. All the simulation study was conducted by the same laptop
with Intel Core 15-5300U CPU (2.30GHz). Table 3.3 shows the increasing ruining time (per simulated path
in ’second’ scale) when sample size is increasing. This is reasonable due to large sample size indicating large
computational burden of approximated likelihood (Equation (3.2)). Moreover, denser (daily) simulated data
indicates a larger running time than more scattered data (weekly data) when controlling the same sample size
N. This can be explained by our Equation (3.4) in Theorem 6. That is, denser data can make the model’s
characteristic function decay more slowly with bigger parameter k£ in truncation error bound Tjs,. This
indicates we need larger Mh to make the truncation error bound unchanged if we have larger k. Suppose we
also control the discretization error bound in Equation (3.4) which is only related to parameter h, we find
we need larger M to control the total error bound with larger k. And, larger M leads to higher computation
cost due to our approximated likelihood equation (3.2). Thus, to control the same likelihood approximation
error bound, denser data from the same model need larger M which indicating larger computation cost
(running time).

For a Lévy driven Markov process, IG-OU process, the proposed estimates as reported in Table 3.3i are
reasonably closed to the true values and standard errors decrease with increasing sample size. In summary,
this simulation results suggest that AMLE can accurately estimates most models introduced here with
reasonable sample size. CGMY model has relatively flat log-likelihood and more samples might be necessary
to make AMLE closed to true parameters. But, this doesn’t mean extreme large data set is needed to fit
CGMY model in practice. It is believed that practical data can’t be exactly from a model. In this way, true
parameter might only live in our simulation study rather than real world. Comparing estimated parameter
with true parameter is even more impossible. If we just utilize information of log-likelihood or to match

several moments, relatively smaller sample size might be possible.
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Table 3.3: Empirical averages and their standard errors (in parentheses) of the approximated maximum
likelihood estimates (AMLE) with sample size N = 200, 1000,5000. Running time is also reported in the
"second’ scale

(a) Merton’s jump-diffusion model (weekhly data)

N =01 o =03 A=10 ;= —0.5 0; = 0.25 time
200 0.0860(0.1745) 0.2989(0.0178) 10.0263(1.8771) —0.5048(0.0585) 0.2397(0.0482)  6.4756
1000 0.0956(0.0771)  0.3001(0.0081)  9.9184(0.8146)  —0.5039(0.0261)  0.2482(0.0209) 11.7263
5000 0.1012(0.0337)  0.3002(0.0037)  9.9912(0.3634)  —0.5004(0.0109)  0.2490(0.0093)  35.4301

(b) Merton’s jump-diffusion model (daily data)

N pw=0.1 oc=0.3 A=10 iy = —0.5 o; = 0.25 time
200  0.1030(0.3609) 0.2989(0.0152) 9.8928(3.5901) —0.5017(0.1107) 0.2152(0.0792) 10.8874
1000 0.1025(0.1567) 0.3001(0.0068) 9.9730(1.7330) —0.5007(0.0464) 0.2411(0.0335) 16.4473
5000 0.0991(0.0682) 0.3002(0.0031) 9.9354(0.7451) —0.4997(0.0204) 0.2480(0.0158) 41.0280

(¢) Kou’s jump-diffusion model (weekly data)

N n=0.2 0c=0.2 A=30 p=204 Ny =9 Ng = 2.5 time
200  0.1868(0.1667) 0.1993(0.0188) 30.0854(4.1172) 0.4041(0.0679) 5.1941(1.1422) 2.5463(0.3884)  8.9960
1000  0.1979(0.0708)  0.1997(0.0083) 30.0221(1.7681) 0.3999(0.0301) 5.0303(0.5109) 2.5180(0.1717) 19.3745
5000 0.1970(0.0327) 0.2000(0.0038) 29.9995(0.8350) 0.3997(0.0134) 4.9838(0.2307) 2.5061(0.0797) 64.5251

(d) Kou’s jump-diffusion model (daily data)

N ©n=0.2 =02 A =30 p=04 Ny =5 Na = 2.5 time
200 0.2078(0.2483) 0.1993(0.0117) 30.2998(7.2142) 0.4066(0.1231) 5.9695(2.9812) 2.7645(0.9177)  29.5504
1000 0.2034(0.1159) 0.2002(0.0053) 30.0147(3.2294)  0.3994(0.0530) 5.1325(0.8929) 2.5381(0.3481)  48.1453
5000 0.2009(0.0468) 0.2001(0.0023)  29.9410(1.3322) 0.3999(0.0234) 5.0509(0.3810) 2.4981(0.1526) 146.1137

—
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Table 3.3 (cont.)

(e) Normal inverse Gamma model (NIG)(weekly data)

n W a = 50 B =-5 A=5 time
200 —0.1738(0.5910) 58.8797(26.0311) —3.2901(6.0864  5.7439(2.3579)  4.4612
1000 —0.0133(0.3862) 53.3473(14.0727) —4.9311(3.9311) 5.3110(1.3506)  5.8038
5000  0.0041(0.1906)  50.8198(5.7839) —5.0761(1.9559) 5.0781(0.5307) 13.2580

(f) Normal inverse Gamma model (NIG)(daily data)

N 1 a =50 B =-5 A=5 time
200 —0.0970(0.5134) 55.5646(19.7875) —3.9036(5.5808) 5.3684(1.4257)  33.3807
1000  0.0087(0.2759) 51.0985(6.7145)  —5.2008(3.0870) 5.0792(0.5097)  51.8738
5000  0.0014(0.1253) 50.2575(3.0809)  —5.0808(1.4329) 5.0235(0.2149) 124.7928

(g) CGMY model (weekly data)

N C=3 G=179 M =83 Y =0.9 time
200 11.5818(20.7850) 80.2868(15.9604) 84.7726(15.8860) 0.8538(0.3248) 37.3605
1000 5.7926(8.4604)  80.4154(8.3584)  84.4865(8.4944)  0.8987(0.1760) 52.9537
5000  3.4610(2.5674) 79.0453(3.7624) 83.1361(3.8104)  0.8851(0.0955) 75.6349

(h) CGMY model (daily data)

N C=3 G="179 M =83 Y =09 time
200 8.6386(20.3133) 87.7222(18.6472) 91.1323(16.2169) 0.3980(0.3919) 113.7943
1000  4.7185(8.1174)  88.2859(12.4441) 91.4449(10.9292) 0.5302(0.3882) 176.2361
5000  3.4651(3.0954) 84.9388(9.9740) 88.1790(8.6123)  0.6962(0.3344) 244.2984

(i) Inverse Gaussian-OU model (monthly data)

A =10 a=1 b =20

N =125 10.3244(1.8016) 1.0146(0.0799) 20.2936(1.6439)

N =250 10.1797

1.1867)  1.0098(0.0533)  20.1805(1.0898)
(

( (
N =500 10.0187(0.8242) 1.0036(0.0400) 20.0888(0.8298)
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Table 3.4: Comparison of empirical averages and their standard errors (in parentheses) between the approxi-
mated maximum likelihood estimates (AMLE) and approximated empirical characteristic function estimates
(AECF). 500 sample paths are generated and each sample path has 5000 data.

Merton
Method  Frequency pw=0.1 o=03 A=10 i =—0.5 o; =0.25 time
MLE Weekly  0.1012(0.0337)  0.3002(0.0037) 9.9912(0.3634)  —0.5004(0.0109)  0.2490(0.0093) 35.4301
ECF Weekly  0.1015(0.0341)  0.3001(0.0041)  10.0037(0.3936) —0.4996(0.0140) 0.2498(0.0129) 25.2845
MLE Daily 0.0991(0.0682)  0.3002(0.0031) 9.9354(0.7451)  —0.4997(0.0204)  0.2480(0.0158) 41.0280
ECF Daily 0.0999(0.0702)  0.3003(0.0033) 9.9268(0.7451)  —0.4995(0.0250)  0.2463(0.0219) 41.2290
Kou
Method  Frequency =02 o=02 A=30 p=04 Ny =95 Na = 2.5 time
MLE Weekly  0.1970(0.0327)  0.2000(0.0038)  29.9995(0.8350)  0.3997(0.0134)  4.9838(0.2307) 2.5061(0.0797)  64.5251
ECF Weekly  0.1963(0.0342)  0.1999(0.0050)  30.0004(0.9112)  0.3999(0.0137)  4.9919(0.3216) 2.5011(0.1014)  78.1217
MLE Daily 0.2009(0.0468)  0.2001(0.0023)  29.9410(1.3322)  0.3999(0.0234)  5.0509(0.3810) 2.4981(0.1526) 146.1137
ECF Daily 0.2007(0.0478)  0.2001(0.0024)  29.9443(1.3620)  0.4193(0.0239)  5.0413(0.6093) 2.5081(0.2253)  90.0734
NIG
Method  Frequency pn=>0 a =50 B=-5 A=5 time
MLE weekly 0.0041(0.1906)  50.8198(5.7839) —5.0761(1.9559)  5.0781(0.5307) 13.2580
ECF weekly 0.0041(0.1995)  50.7725(5.9230) —5.0778(2.0616)  5.0732(0.5433) 38.7957
MLE daily 0.0014(0.1253)  50.2575(3.0809) —5.0808(1.4329)  5.0235(0.2149) 124.7928
ECF daily 0.0002(0.1354)  50.1876(3.2926) —5.0785(1.6281)  5.0185(0.2287) 27.2182
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(a) C, Y surface plot with fixed G, M
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Figure 3.1: Log-likelihood surface of CGMY model with fixed G, M and fixed C, Y where true parameters
are C =3, G="78 M =82, Y =0.9 (denoted by red 'e’) based on 1000 simulated data. Red '+ is the
maximum likelihood point when fixing G, M or C, Y to true parameter. Log-likelihood has an accuracy of

6 significant digits and a precision of 2 decimal places
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Figure 3.2: Histogram of parameters of CGMY model based on simulated weekly data: sample size n are
200, 1000, 5000 from first column to third column. Parameters C, G, M, Y are from first row to forth row
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Figure 3.3: Histogram of parameters of CGMY model based on simulated daily data: sample size n are
1000, 5000, 25000 from first column to third column. Parameters C, G, M, Y are from first row to forth
row



Table 3.5: Maximum likelihood estimates, AIC and BIC

Model Parameters AIC BIC
Ticker (Date): CRSP (7/2/1962-12/31/1987)
Merton I o A Iy o]
0.1318 0.0949 33.1195  —0.0003  0.0138 —22241.75  —22207.93
Kou i o A p M Nd
0.1128  0.08892 76.2045 0.3986  129.8429 169.2817 —22247.83 —22207.23
NIG I o B A
0.3136  117.6695 —14.9778  1.8168 -22301.12 -22274.05
CGMY I C G M Y
0.2820 7.9363 122.2715  149.0953  0.6068 —22298.90 —22265.08
Ticker (Date): SPD (1/3/1995-12/30,/2005)
Merton 0 o A Iy o]
0.2057 0.097 175.5738  —0.0005  0.0110 —8677.01 —8647.38
Kou i o A p M d
0.4646 0.0917  319.4898  0.3560  147.8200 182.5037 —8679.49 —8643.92
NIG I o B A
0.2053  85.3495  —3.1783 2.6518 -8683.59 -8659.88
CGMY I C G M Y
0.2100 6.6229 86.9645  93.6477 0.6792 —8681.91 —8652.28
Ticker (Date): LCBM (1/3/1995-12/30/2005)
Merton I o A iy o;
—0.7005  0.3596 79.6837  0.01541 0.0628 —5183.74 —5154.10
Kou i o A p M 7d
—0.2784  0.2851 197.3305  0.4409 25.7382  42.4000  —5205.31 —5169.75
NIG I o B A
—0.9066  13.5180 2.7874 6.1501 -5223.93  -5200.22
CGMY i C G M Y
—0.8350  7.1241 16.7069 11.3917 0.7334 —5223.80 —5194.16
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Table 3.5 (cont.)

Ticker (Date): INTC (1/3/1995-12/30,/2005)

Merton 7 o A sy o;
0.2129 0.3375 55.1745 0.0022 0.0418 —6011.52  —5981.89
Kou I o A p T 7d
—0.2867  0.3206 120.1293 0.6686 51.7683  40.3296 —6013.49 —5977.93
NIG I « 8 A
—0.0698  37.3429 1.6204 7.7685 —6012.79 -5989.08
CGMY M C G M Y
0.0160 0.7001 20.1865 17.7136 1.2777 -6015.26 —5985.63
Ticker (Date): DOW (1/3/1995-12/30,/2005)
Merton 7 o A iy o;
—0.0258  0.2045 74.3908 0.0026 0.0255 —7200.55 —7170.91
Kou I o A p M 7d
—0.2746  0.1822 182.2514 0.5976 81.1307  78.7373 —7202.45 —7166.88
NIG I « B8 A
—0.2798  50.7061 4.7008 4.5448 -7206.89 -7183.18
CGMY u C G M Y
—0.2493  0.9548 37.2887 28.6712 1.1076 —7205.89 —7176.25
Ticker (Date): TBL(1/3,/1995-12/30/2005)
Merton 7 o A sy o]
—0.1301  0.2786 73.8747 0.0067 0.0401 —6191.56 —6161.93
Kou I o A p M 7d
—0.2466  0.2457 169.454 0.5418 45.8613  54.3658 —6197.51 —6161.95
NIG I « 8 A
—0.4690  27.7655 4.0255 5.4340 -6208.18 -6184.48
CGMY u C G M Y
—0.4630  2.2258 25.0830 17.1563 0.9812 —6206.86 —6177.22

Ticker (Date): TIF(1/3/1995-12/30,/2005)
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Table 3.5 (cont.)

Merton 7 o A sy oj
—0.2880  0.2668 86.7467 0.0070 0.03509 —6277.41 —6247.78
Kou Iz o A P M Nd
—0.5308  0.2476 167.8447 0.6036 50.4098  55.8244 —6282.77 —6247.20
NIG 1 Q@ 8 A
—0.4690  27.7655 4.0255 5.4340 -6290.54  -6266.83
CGMY I C G M Y
—0.6357  1.3821 26.5877 16.4158 1.0882 —6289.98 —6260.34

3.4.3 Fitting equity returns

In this section, we study daily financial series. The weekly series can be analyzed in the same way. The
daily data we use include value weighted CRSP, S&P-500 and 5 individual stocks. CRSP is the daily series
with 6410 value weighted return from 1926 to 1987. The S&P-500 and individual stock series are from 1995
to 2005 containing 2771 daily returns. Individual series are adjusted by dividends. Individual stocks are
chosen based on large range of kurtosis [DOW (6.6754), INTC (7.5635), TBL (9.5721), TIF (10.0038) and
LCBM (26.4485)].

We estimate Merton’s jump-diffusion model, Kou’s jump-diffusion model, NIG model and CGMY model
for each series and utilize AIC and BIC to do model selection. To confirm the accuracy of estimation, we
rigorously control discretization and truncation error described in 6 so that Log-likelihood has a precision
of 2 decimal places.

Table 3.5 summarizes the AMLE of four models with corresponding AIC and BIC. First, we find different
models contain consistent information. For the drift term u, all models implies the same sign except INTC of
which drift term is around zero. Because NIG and CGMY model doesn’t contain diffusion term, we compare
diffusion term estimates of Merton’s jump-diffusion and Kou’s jump-diffusion model and find they are similar
in most cases. For the skewness, negative p; estimates in Merton’s jump-diffusion model, negative % — %
in Kou’s jump-diffusion model, negative 5 and negative G — M roughly indicate a density skewing to the
left. Positive values imply a density skew to the right. It is obviously to find for all financial series we use,
all models imply consistent skewness. What’s more, if we only focus on jumps, Kou’s jump-diffusion model,

NIG model and CGMY model indicate that symmetric jumps (p=0.5, G = M and 8 = 0) rarely happen.

Thus, Merton’s jump-diffusion model might not be the best choice in a lot of cases.
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For the kurtosis, we find CRSP and CPD both have relatively small x1; and o; for Merton’s jump-diffusion
model compared with individual stocks which indicates lighter tails. For Kou’s jump-diffusion model, larger
M and ng in CRSP and SPD than individual stocks also have the same implications which is also consistent
to the result in Ramezani and Zeng (2007). NIG model with large @ and CGMY model with large C also
roughly indicate high kurtosis of CRSP and SPD compared with most individual stocks.

If we roughly compare our estimation results with Ramezani and Zeng (2007), we can find that most
parameters are in reasonable range except extreme large A in SPD. Even if we don’t consider that A, both
our estimates and estimates in Ramezani and Zeng (2007) still imply a large jump intensity A. That is, jump
frequency is very high. For jump sizes 7, and 74, we find that they range from 25.74 to 182. Similar to
the analysis Ramezani and Zeng (2007), considering density of up jumps following Pareto distribution with
parameter (1,7,), over 95% of the up jumps will be less than3% when 7,, = 80. This might be appropriate
to be regarded as diffusion part for some individual stocks. Thus, jump-diffusion model might come cross a
problem for several real world data to identify jumps from diffusion part due to the fact that jumps might
include both small high frequent jumps and large low frequent jumps. In this way, infinite frequency jump
structure like NIG model and CGMY model might be a good alternative to jump-diffusion models. Also,
our parameter estimates of CGMY model are comparable to those reported in Kim et al. (2008). That
estimates of CGMY model is roughtly C = 3,G = 78, M = 82,Y = 0.9 for the S&P-500 series from 2000 to
2005. Ours are C = 6.6,G = 86.9, M = 93.62,Y = 0.67 for the S&P-500 series from 1995 to 2005.

Turning to the model selection, it has been mentioned that smallest BIC (AIC) provides the best fits
of data. We find that NIG model provides the best fit with respect to BIC (AIC) in all (6 out of 7) time
series. CGMY model has comparable performance with NIG model and provides the lowest AIC for INTC.
Compared with jump-diffusion model, infinitely activity Lévy processes including NIG model and CGMY
model are preferred. The reason for it might be what we mentioned in the last paragraph that small jumps
are too frequent in some return series. If we only compare jump-diffusion models, AIC prefers to select Kou’s
jump-diffusion model for all time series, while BIC tends to select Kou’s jump-diffusion model for 2 out of
7 return series in case study.

In conclusion, we fit both jump-diffusion models and infinite activity Lévy models to the daily return
series. Most AMLE we get is reasonable and comparable with other studies. From our AMLE of parameters,
we confirm the result in Ramezani and Zeng (2007) that high frequency of jumps are identified by jump-
diffusion models for return series. Our model selection result also prefers infinite activity Lévy processes to
finite activity Lévy processes (Jump diffusion processes). This is also partly consistent to the result men-

tioned in Geman (2002) that infinitely activity and finite variation pure jump Lévy processes are preferred.
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Moreover, all of our selected optimal models have infinite variation here even for our selected CGMY model
with ¥ = 1.2777 based on INTC (Y > 1 indicates infinite variation , while Y < 1 implies finite variation).
Because testing finite variation is not our main focus here, we don’t discuss it here. But, it is an interesting
topic to discriminate finite variation from infinite variation based on discrete and equally spaced data since

variation is a limit concept while discrete data only contain limited jump information.

3.4.4 Concluding remarks

In this chapter, we construct approximated likelihood based on inverse Fourier transform. We propose
the approximated maximum likelihood estimation (AMLE) and model selection. On the theoretical side,
we propose asymptotic properties of AMLE. On the application side, AMLE is applied to Lévy and its
based processes. Simulation study indicates the asymptotic property of AMLE. Also, it raised a problem
of statistical estimation for CGMY model. The likelihood surface, especially of parameter C' and Y is flat
and large sample size might be necessary to match the estimated parameter back to the true parameter
based on simulated paths. Numerical results show the apprealingness of some infinite activity models, such
as NIG model. Both simulation study and numerical results show the effectiveness and efficiency of our

implementation of AMLE.
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Chapter 4

Empirical characteristic function
estimation for Levy processes in
finance

4.1 Introduction

Lévy processes are widely favored in economic and financial applications due to their capability of capturing
skewness and fat tails. Suppose Y = {Y;,t = 0,0, 20, ...} is a sequence of an evenly sampled financial variable,
e.g., the log price of a certain asset. If we assume that Y is a Lévy process, then { Xy = Yis — Yi_1)5, & > 1}
is an i.i.d. sequence due to the fact that Lévy processes have independent and stationary increments.

To estimate the parameters in the Lévy processes, we can conduct traditional inference methods on this
iid. sequence X = {Xi,...,X,}. For example, we can use maximum likelihood methods, which have
asymptotic efficiency property under mild regularity conditions. However, maximum likelihood methods
usually require the explicit form of the distribution of X;, which is usually complex or not available explicitly
for Lévy processes. A discussion of maximum likelihood inference for Lévy processes is in Chapter 3.

Although the distribution form of Lévy processes is usually not available, their characteristic function
d(u;0) = E(exp(iuXy)) often has an explicit form due to the Lévy-Khintchine formula (refer to Tankov
(2003)). Given u € R, the characteristic function can be regarded as a generalized moment of Lévy processes
(in R) with close form. This makes generalized moment match (GMM) inference possible. We do not
introduce GMM in details here. More discussion of GMM can be found in Hansen (1982).

We focus on an ECF estimation method belonging to the generalized moment match inference. This
method exploits the empirical characteristic function ¢, (u), to estimate the model’s parameters based on
the data X = {X3,...,X,} (Definition of empirical characteristic function is in Chapter 4.2). Specifically,
this method searches parameters 6 by minimizing the distance between empirical characteristic function

¢n(u) and the model’s characteristic function ¢(u;6) continuously over u € R:

argmin [ 6(u0) - 60 () *dC(w),

where G(u) is a weight function. Considering an integration is involved in the ECF target function, this
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might lead to a huge computational cost for ECF estimation procedure.

In this chapter, we provide a way to implement ECF estimation efficiently and effectively by using the
analyticity of the characteristic function. We show that our method works for popular Lévy processes. We
also provide the theoretical framework to establish the asymptotic property of the ECF estimation obtained
by our implementation. Simulation study shows that our ECF estimates match the true parameter very
well. In addition, few points (about 20 points) can approximate the integration in the ECF estimation very
well in most cases.

The chapter is organized as follows. In Chapter 4.2, we present our ECF estimates with asymptotic prop-
erties and the corresponding regularity conditions. In Chapter 4.3, we present the detailed implementation
and some commonly used Lévy models. In Chapter 4.4, we perform simulation studies. Chapter 4.5 is the

conclusion. All proofs are in the Appendix C.

4.2 Methods

In this section, we study the approximated empirical characteristic estimation based on trapezoidal rule. We
assume X = {X1,...,X,} is identically and independently distributed (i.i.d) and its characteristic function
o(u;0p) is available, where 6 is the true parameter vector and u € R. However, its probability density
function (PDF) f(z;0) might not have close form. We denote § = (61, ...,6,) as unknown parameters of
distribution f within parameter space © C RP. F(x;0) is the cumulative distribution function (CDF) and
F,(z) is the empirical CDF.

The increments of LeVy processes are independent and stationary. In addition, their density function are
usually not tractable, but the form of their characteristic function is known due to Levy-Khintchine formula.

Thus, our i.i.d assumptions above can be applied to Levy processes directly.

4.2.1 Empirical characteristic function estimation

Empirical characteristic function estimation is an estimation method to match the empirical characteristic
function implied by the data and the characteristic function derived from the model. It can be viewed as a
generalized method of moment (GMM) estimation (Hansen (1982)).

Suppose we have the characteristic function:

d(u;0) = E(exp(iuX)) = /exp(iu:c)dF(x;Q) = /exp(iux)f(:r;ﬁ)dx, (4.1)
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and the empirical characteristic function is:

bn(u) = / exp(iux)dF, (z) = %Zexp(’iqu), (4.2)

where ¢ = /—1.

Then, we have following infinite moment conditions:
m(u, X;;0) = exp(iuX;) — ¢(u; 0),

satisfying Em(u, X;;600) = 0 for infinite and arbitrary choices of u € R.
If we select ¢ discrete u = {ug,...,uq} and denote m(X;,0) = (m(u1, X;;0),...,m(uq, X;;60)) as the
vector of moment conditions, we also have Em(X;,0) = 0 ("0’ is a vector of 0 here). Then, we can apply

GMM estimation method to estimate the parameter 6. Specifically, we minimize the GMM target function:

n

n
fcrin = arg min % 32::1 m(X;; Q)IWn% ; m(X;;0),

where W, is a positive semidefinite weighting matrix. Under some regularity conditions, the GMM estiamte

éGM M is consistent and asymptotic normally distributed. A good choice of W, can further make the

asymptotic variance of the GMM estiamte reach a lower bound. We refer Hansen (1982) for detailed

properties of GMM estimates.

However, the asymptotic variance lower bound of GMM estimates highly depends on the choice of w.
An interesting question will be how to select the optimal discrete points u to minimize the lower bound of
GMM estimates’ asymptotic variance, finally reaching the Cramér-Rao lower bound (maximum likelihood
efficiency). Feuerverger and McDunnough (198156) shows that Cramér-Rao lower bound can be reached by
sufficiently large number of discrete points and the grid also should be sufficiently dense and extended. This
might suggest that a ’continuous’ weight function with support on the sufficient large space might be more
appropriate than a weight matrix with finite discrete points u.

To use this 'continuous’ weight function, Heathcote (1977) and Knight and Yu (2002) propose the ECF

method, which minimizes the integral:

bper = argmin [ [6(u.6) - o0 (w)*dG(w)

where G(u) is the weight function.
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They also assume G(u) is bounded and non-increasing to guarantee the consistency and normality of
ECF estimate fgcp. This assumption implies that G(u) is differentiable almost everywhere. We assume

g(u) = G'(u). Then, we have:
bpce = argmin [ 6(u.0) - 60 () g(wdu (13)

To minimize the Equation (4.3), integration calculation is involved in, which might be computationally
intensive. In this chapter, we show that trapezoidal rule can approximate this integration efficiently under
mild regularity conditions on characteristic functions ¢(u;60) and weight functions g(u). Typical financial
models such as Merton’s jump-diffusion model, Kou’s jump-diffusion model, normal inverse Gaussian (NIG)

model and CGMY model can be applied, with a broad choice of weight function g(u).

4.2.2 The Sinc expansion and trapezoidal rule approximation

Suppose we have the ECF target function:

e(0: X) = /R 135 0) — () P () (4.4)

To do the integration in Equation (4.4), we need to know the value of ¢(u;6), based on every single point
of u. If we only know the value of characteristic function on an evenly spaced grids set u € {—Mh, ..., Mh},
we can reconstruct the characteristic function based on its Sinc expansion Cj a7(#)(u; 0):

% : ;
Cond@6) = 3 ot ™70

where M and £ are two tuning parameters of the evenly spaced grids {—Mh, ..., Mk}, controlling the error
of the approximation.

Feng and Lin (2013) shows only a few points can recover ¢(u;6) very well based on the Sinc expansion
when ¢(u;0) has good properties in analytic strip. Figure 4.1 shows the minor difference between the char-
acteristic function of NIG model (will be introduced in Chapter 4.3) and its Sinc expansion approximation
with M = 5 and A = 10. The difference between the Sinc expansion approximation and corresponding
characteristic function is in the 1072 level and even smaller when u is around 0. Thus, we can find only
11 points in the evenly spaced grids {—MH#, ..., Mh} can approximate the characteristic function very well
(only real part of the characteristic function is shown here). This is due to the analyticity of the NIG model’s

characteristic function. This inspires us that good analyticity property can also lead to the approximation
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Figure 4.1: (Real part of) characteristic function of normal inverse Gaussian process (NIG) weekly increments
and its corresponding Sinc expansion approximation. Parameters of NIG processes are « = 50, = =5, A\ =
5 and p = 0. The First figure shows both NIG’s characteristic function and its Sinc approximation. The
second figure shows the difference between them.

of the ECF target in Equation (4.4), which is a function of the characteristic function.

To reconstruct the integral in Equation (4.4), we try to use the trapezoidal rule based on evenly spaced
grids. Hopefully, when ¢(u;0) and g(u) have good analytic properties, we can also find that only a few grid
points can approximate the Equation (4.4) very well.

Specifically, we have the following trapezoidal rule approximation of Equation (4.4):

M
M, X) = |6(jh +ia;0) — ¢u(jh + ia)|*g(jh + ia)h,
M

j=—

where M and £ are two tuning parameters of the evenly spaced grids {—M#, ..., Mh}, controlling the error
of the approximation. a controls the shifted horizontal line {z + ig;x € R} to conduct trapezoidal rule, by
the Cauchy integral theorem.

The appr()leated ECF eStlmate 1S deﬁned as:
EA’M ﬁ,EL ar ]']f].]] 3EM,ﬁ,a 9 X’

Before describing trapezoidal rule approximation performance and asymptotic properties of this approx-
imated ECF estimate éf;f 2 we need the following regularity conditions of A for characteristic functions

@(u;0) and weight functions g(u):
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A.1 For any 0 € O, |¢(u;0) — ¢n(u)*g(u) is analytic in strip Dyg_ q,) where Dyg_ 4,1 = {z € C: S(2) €
[d_,d4]}, —o0o < d_ <0< dy <ooandd_, dy donot depend on 0. R(z) is the real part and I(z) is

the imaginary part of z.
A.2 For any given = € R, |¢(x + idx;0)| is uniformly bounded by C' with respect to 6 € O.

A3 fddj lg(z + iy)|dy — 0 when z — +o0.

gl|* = [ l9(a +i(dw))|dz < +oc.

A4 |p(x+ia;0) — ¢p(z+ia)|?|g(x +ia)| < K|z|" exp(—c|z|”), = € R with a € [d_,d] for some K > 0,v >
0,c>0,neRor k>0,v>0,¢c=0,n< —1. Here,k, v, ¢, n may or may not depend on a and not
related to the parameter § € ©. g is trapezoidal approximation parameter in Equation (4.5), which a

given real value, a € [d_,d].
A5 Mh > (n/cz/)l/”1£>07n>0 for n, c, v defined above.

Remark 11. Regularity condition A.1 and A.2 are the conditions for characteristic function. Considering
¢n(u) is a simple function, we only need ¢(u : 0) and g(u) is analytic in the strip Dig_ 4,). For regularity
condition A.2, because our characteristic function has closed form, it is easy to verify when a compact
parameter space © is given. Actually, it is easy prove that this is true for common Levy processes such
as Merton’s jump-diffusion model, Kou’s jump-diffusion model, normal inverse Gaussian model and CGMY
model. Regularity condition A.3 and A.4 are two regularity conditions for the continuous weight function
g(u). For the most weight functions with exponential tail, A.3 is easily verified. For the regularity condition
A4, in the usual case, we do the trapezoidal rule over the real line R. That is, a = 0. Then, |¢(x + ia;0) —
¢n(x +1ia)| are obviously bounded by 2. A.4 generally requires that g(u) at least has a polynomial tail. g(u)
can be one of most smooth probability densities with exponential tail on the whole real line such as normal
distribution, Gumbel distribution, normal inverse Gaussian distribution, which are easily verified to satisfy

Regularity conditions. A.5 is the condition for tuning parameters M and £ which are trivial to verify.

Now, we have following theorem to control the bound of trapezoidal rule approximation error based on

the regularity conditions of class A:

Theorem 18. Under regularity conditions of class A, we define the error of approximation by trapezoidal

rule as

By (e, a)(6; X) = e(6; X) — *52(9; X)

M

= [ 16056) — én(wPgtu)du - 3 I iai0) =+ P+ o)
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Then, we have the bound of error

—om(a—d_)/k o—2m(dy—a)/h

e
- +
e,gﬂ(a,df)/ﬁclﬂgﬂ + m@ﬂgﬂ + Ton (4.6)

1—

|Ef (e, a)(6; X)| <

where Tog = ot (ME)'1 if ¢ = 0,n < =1, and Tog = ot D55, (MR)Y) if ¢ > 0. Incom-
plete Gamma function T'(s,b) = [Fe "7 ldt. C, = C+1+ dojoiexp(—d_X;) and Cy = C + 1+
Z?Zl exp(—dyX,) which are not related to parameter 6 (C is the uniform bound in regularity condition
A.2.). Moreover, let Mh — oo and A — 0, then, the bound of error EZM(QS, a)(z) will decay to zero uni-
formly on 6 € ©. That is, with any given data X, e*%0; X) converges to e(; X) uniformly for 6 € ©

when Mh — oo and A — 0.

Thus, under regularity conditions of class A, we have the uniform convergence with respect to 6 € © of
the trapezoidal approximation. Moreover, the first two terms of Equation (4.6) are only related to f and
have an exponential decay rate. The last term of Equation (4.6) is related to Mk and also has an exponential
decay rate. We denote the first two terms as discretization error bound and the last term as truncation error
bound. More explanations are in the proof.

Thus, from the error bound listed in Equation (4.6), we find the bound of error decays very quickly (expo-
nential rate) with respect to bigger Mk and smaller £. Considering the evenly spaced grids {—Mh, ..., Mha},
to control the error bound to be small, we even don’t need very small interval length £ or very big extension
Mh due to the exponentially decay of error bound. In fact, implied by a lot of cases in our simulation study,

f =10 can give us a very good approximation.

4.2.3 Asymptotic properties of the approximated empirical characteristic
function estimation
In this section, we provide asymptotic properties of our approximated ECF estimate éfl’[ ke

Based on Theorem 18, we have the following asymptotic properties between ECF estimate and approxi-

mated ECF estimate.

Theorem 19. Suppose 0, is the unique ECF estimate defined as arg ming e(0, X) with large enough sample
size n. We assume parameter space © is compact and e(8, X) is continuous with respect to 6. Fizing large

enough sample size n, under A class reqularity conditions

oMk 2 g (4.7)
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when A — 0 and Mh — oo with fized a.

Theorem 20. We introduce B class of regularity conditions in appendixz C.1.1 to guarantee the asymptotic
properties of ECFE. Under A class of reqularity condition and B class of reqularity conditions , there exists
M(n) and h(n) with respect to n and for Approximated ECF estimate é,ﬂfﬁ’a, ot (m),h(n).e P, 0o with fized a

when n — oco. Furthermore,
VR (2EAe gy 4 N (0, B~ (80) A(60) B~ (60)),

where A(6y) = var(K(X1;60)).

Remark 12. The regularity conditions in B class are borrowed from Knight and Yu (2002). The first 4
regularity conditions in B class are responsible for consistency of ECF estimate , while, the last 3 regularity
conditions in B class are specifically designed for the asymptotic normality of ECF estimates. Combine
B class regularity conditions with A class regularity conditions, the approximated ECF estimate éfl‘[ e g

consistent and asymptotic normally distributed.

All in all, under certain regularity conditions, consistency, asymptotic normality can be reached by the

approximated ECF estimate by utilizing trapezoidal rule approximation in Equation (4.5).

4.3 Implementation

In this section, we study the detailed implementation of our approximated ECF estimation based on trape-
zoidal rule. Specifically, we list some typical Levy processes in quantitative finance which satisfying our
regularity conditions of class A and B. Then, we propose some suggestions on the selection of the weight

function g(u) and tuning parameters M, f, d+ and d_ in our approximated ECF estimation.

4.3.1 Selected Lévy processes

We first introduce some typical Lévy processes. Lévy processes are commonly used in Finance due to its
flexibility to model heavy tails and skewness of financial time series. One of its property is that they have
independent stationary increments. That is, if we assume equity value series are S; = exp(Y:) and {Y;}
is a Lévy process, the logarithm of the evenly spaced equity returns {X; = Yis — Y(;_1)5}7 will follow the
same distribution F', where evenly spaced timestamps are defined as (0, d, 24, ...,nd). Then, we can use the

i.i.d. data to fit the model. Another important property of Levy processes is Lévy-Khintchine formula. This
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formula provides implicit form of the characteristic function of Y;:

bu?
o(u) = exp(d(iua — 5 + -/R(exp(iuy) — 1 —iuzly<1)J(dy))), (4.8)

where (a,b,J) is called Lévy triplet which fully determines a Lévy process Y;. a € R is drift parameter,
o > 0 is the diffusion component and Lévy measure J(dz) satisfying J({0}) = 0 and [ min(1, 2?).J(dz) < oc.
We can derive the characteristic function via Lévy-Khintchine formula no matter the density function of
Lévy processes is available or not.

In this chapter, we will implement our parameter estimation algorithm for several typical Lévy processes
including: Merton’s jump-diffusion model (Merton (1976)), Kou’s jump-diffusion model (Kou (2002)), NIG
model (Barndorff-Nielsen (1997)) and CGMY model (Carr et al. (2002)). Merton’s jump-diffusion model
and Kou’s jump-diffusion model belong to the finite activity Lévy processes class, which allow only finitely
many jumps in any given time interval, while, infinite activity Lévy processes include infinitely many jumps

in any given time interval including NIG model and CGMY model.

Merton’s jump-diffusion model
In Merton’s jump-diffusion model, the observed stock price, S;, satisfying the following equation:

N1
X; = log(S(t+1ys/Sts) = pé + oVoZ + Z Z;, (4.9)
i=N;+1

where ¢ is the evenly spaced time interval of observed data; p is drift; o is volatility; Z is standard N (0, 1);
N; is Poisson process with intensity \; {Z;} are jump sizes following ii.d f.(z) ~ N(uj,03). That is, in

Merton’s jump-diffusion model, jumps occur according to a Poisson process N; with jump sizes {Z;}.
The Lévy triplet of this model is (i, 02, J(dz) = \f.(z)dz). Although, the density of X; has a com-
plex form (Tankov (2003)), its characteristic function, ¢(u;8), has a simple form through Lévy-Khintchine

formula:

o(u; 0) = exp(S(iup — o*u?/2 + Mexp(ipju — 0']2-1,62/2) —1))). (4.10)

We set the following compact parameter space: —oo < L, < p < U, < 00, 0 < L, <0 < U, < o0,
0<Ly<AZUy<o0, —00< Ly, Spj U, <00,0< Ly, <05 <Uy, < o0, and true parameter
0y € ©. For regularity conditions, we can show that d; and d_, satisfying A.1 and A.2, could be arbitrary
positive number and negative number due to this compact parameter space setting and the holomorphic

property of the characteristic function of Merton’s jump-diffusion model. Regularity condition A.4 also
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holds, if |g(« + ¢a)| has an exponential or binomial decay tail due to uniform boundedness of ¢(z + ia;6)
and ¢, (x + 1a) with respect to the parameter § € ©. Thus, Merton’s jump-diffusion model can easily fulfill
the A class of regularity conditions.

To simulate Merton’s jump-diffusion model in the simulation study, we can utilize the method described

in Glasserman (2003).

Kou’s jump-diffusion model

Merton’s jump-diffusion model assumes the jump size is symmetric following normal distribution. Kou’s
jump-diffusion model allows the distribution of jump sizes {Z;} to be asymmetric following double exponen-
tial distribution. To be specific, the observed stock price, S;, satisfying the following equation:

Nigq

X; = log(S(+1)5/Sts) = pé + oVoZ + Y Zi, (4.11)
i=N¢+1

where jump size here {Z,} follows i.i.d. double exponential distribution and its distribution density is

f=(x) = pnuexp(—nurl{z>0y) + (1 = p)naexp(narliz<oy)s

where p is the positive jump probability; 1/n, is mean positive jump size; 1/n4 is mean negative jump size.
The Lévy triplet of this model is (u, 0?2, J(dx) = Af.(x)dx). The density of X; has a complex form
(Ramezani and Zeng (2007)). Its characteristic function, ¢(u; 6), has a simple form through Lévy-Khintchine
formula
P (1= p)na

o) — 2926 _ _
d(u;0) = exp(d(iup — o“u®/2 — A(1 mi—in matiu

For regularity conditions, d4 € (0,74) and d_ € (—n,,0) can make the characteristic function analytic and
also satisfy A.2 with following parameter space: —oo < L, < u < U, < 00,0 < L, <0 < U, < 00,
0<Ly<A<Un<o00,0<L,<p<VU,<1,0<L,,, <n,<U,, <o00,0< Ly, <ng<U,, < o0,
and true parameter 6y € ©. Then, © is a compact parameter space. To make this model satisfy regularity
condition A.1, dy and d_ should not be related to parameters. We can let d, = L,,/2 and d_ = —L,, /2
due to our compact parameter setting. This setting is generally practical because true parameter of 7,
and 7y are positive which cannot be zero exactly. Regularity condition A.4 also holds, if |g(x 4 ia)| has an
exponential or binomial decay tail due to uniform boundedness of ¢(x +ia;0) and ¢, (z + ia) with respect to
the parameter § € ©. Thus, Kou’s jump-diffusion model can easily fulfill the regularity conditions of class

A.
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To simulate it in simulation study, we also utilize the method described in Glasserman (2003).

Normal inverse Gaussian model

Normal inverse Gaussian (NIG) model belongs to a more general class of Lévy processes, generalized hyper-

bolic model (Eberlein et al. (1998)). It can be characterized by
Xt = log(S(t+1)5/St(§) = ,Lt(s + BZJ + )\Wzé, (412)

where zs is the first time when a Brownian motion with drift v reaches the positive level §. The density of
zs is inverse Gaussian (IG) distribution. W, is a Brownian motion of which the calendar time is a random
time zg.

Set o = /8% + 72, we have the Lévy triplet (1,0, J(dx) = f(x)dx) where

f(z) = 7:\|(;| exp(Bx) K1 (a|z]).

K, (x) is the modified Bessel function of the second kind with order n. Then, the probability density function

of X; contains Bessel function but the characteristic function is in a simple form

¢(u; 0) = exp(8(iup — A(v/(a? — (B + iu)?) — v/a2 — §2))).

For regularity conditions of class A, di € (0,8 + «) and d_ € (8 — a,0) can make the characteristic
function analytic and fulfill A.2 as well, with following parameter space: —oo < L, < p < U, < o0,
0 < Ly <a<Uy<o00,00<Lg<fB<Ug<o0,0< Lo_pg<a—1f,0<Ly< A< Uy < oo,
and true parameter o € ©. Then, © is a compact parameter space. We can simply let dy = L(q_g)/2
and d_ = —L,_p/2 to make sure the characteristic function is analytic in Djq_ 4,; which is not related
parameters. Then, regularity condition A.1 holds. Regularity condition A.4 also holds, if |g(z + ¢a)| has an
exponential or binomial decay tail due to uniform boundedness of ¢(x + ia;6) and ¢, (z + ia) with respect

to the parameter § € ©. Thus, NIG model can easily fulfill the regularity conditions of class A.

To simulate NIG process X; in simulation study, we refer the method in Rydberg (1997).
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CGMY model

CGMY model can be regarded as the generalization of Variance Gamma (Madan and Seneta (1990)). The
Lévy triplet of it is (u,0, J(dz) = f(x)dx) and f(x) is:
flay = €5 00 (113)
C ex‘g?l;fyz) x <0,
where C' > 0,G>0,M >0,Y < 2.

In addition, when Y < 0, CGMY is a finite activity process. It could be regarded as a compound Poisson
process. When 0 < Y < 2, the process is an infinite activity process. The case, when Y = 0, is variance
gamma process. Here, we only consider infinite activity CGMY process with 0 <Y < 2.

The density function of CGMY process {X;} is unknown for us. However, the characteristic function is

available for us.

For Y € (0,1) U (1,2):
B(u; 0) = exp(8(ipu + CT(=Y)[(M — iu)¥ — MY + (G +iu)¥ — GY])), (4.14)
and for Y = 1:
¢ (u; 0) = exp(3(ipu+ C((M — i) log(1 — iu/M) + (G +iu) log(1 + iu/G) — iu(log(M) — log(G))))). (4.15)

It is easily verified that the characteristic function of CGMY model is smooth with respect to its param-
eters. For regularity conditions, dy € (0,G) and d_ € (—M,0) can make the characteristic function analytic
in Dig_4,). To further make CGMY model satisfy regularity condition A.1, we can let d; = Lg/2 and
d_ = =Ly /2, so that Dg_ 4,) not related to parameters. A.2 and A.4 can be easily verified when |g(x +ia)]
has an exponential or binomial decay tail and parameter space are set to be: —oo < L, < u < U, < oo,
0<Le<C<Uc<0,0< L <G<Ug<00,0< Ly <M<Upy<o00,0<Ly <Y <Uy <2. and
true parameter §y € ©. Thus, CGMY also satisfy regularity conditions of class A.

We can simulate CGMY process by inverting characteristic function introduced in Chen et al. (2012).

4.3.2 Selection of weights function

To do ECF estimation, we need to select a weight function g(u). It can be shown that the ECF estimation can

reach maximum likelihood efficiency by choosing an optimal weight function (Feuerverger and McDunnough
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(1981a)). However, this weight function is based on Fourier inversion transform of a function of log likelihood
which is unknown when the likelihood function has no closed form. If we only need the estimator to be
consistent and asymptotic normally distributed, any bounded and non-decreasing G(u) can guarantee it,
where g(u) = G'(u) (Knight and Yu (2002)).

Our regularity condition A.1 implies that analytic functions in strip Dj4_ 4, could be a good choice for
g(u). A.3 and A.4 should hold when this analytic function has an exponential decay tails. Actually, we
can choose g(u) to be a probability density function of common distributions on the whole real line such
as normal distribution, Gumbel distribution, normal inverse Gaussian distribution. They all satisfy the
regularity condition A.1, A.3 and A.4. We select probability density function of the normal distribution to
be our weight distribution in this work and prove that it satisfying our regulatory condition A.1, A.3 and
A 4 as following. In the simulation study, we find that normal distribution weight function have a good and

efficient estimation performance.

Proposition 21. if g(u) follows normal distribution N (u,c?), it satisfies our regularity condition of class

A.

The normal distribution also suggests putting more weights on the points around the origin, which is

also indicated by our Proposition 22.

Proposition 22. If we fix u, following the central limit theorem, we have:

VARG (w) ~ R(H(w,0))) 5 N(0, 5 + SR(6(2u,0)) — (R(H(u.6))?),

V(S (0n(w) — 3(6(,0))) 5 N0, 5 — SR(6(2u,0)) — (3(6(u,0)))?)

Proposition 22 provides the central limit theorem of the empirical characteristic function with fixed wu.
It shows that moment matching is generally easier for v around the origin than the large enough u. That is,
the asymptotic variance is smaller around the origin and bigger when w is sufficient large. Because ¢(u,0)
is available for Lévy processes, we can even write down an implicit expression of the asymptotic variance.
For the typical Lévy listed in our work, |¢(u, )] — 0 when u — 0. Thus, it is easily verified that asymptotic
variance of both real and imaginary part of empirical characteristic function is around % with sufficient large
u compared with the 0 asymptotic variance around the origin. That is, it might be more appropriate to put
more weights around the origin of u.

Suppose we have a weight distribution g(u), we also need to pin down the parameters within that
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distribution. We describe a way to do it, which gives us a stable and good estimation performance. The
general idea is to capture all useful information of the characteristic function where its value deviated from
0. However, when u is large, empirical ECF could be very noisy and volatile. This is also supported by
the large asymptotic variance of large u in Proposition 22. Thus, we can set a threshold value and mainly
use the information when empirical likelihood function value larger than this value (which is not noisy and

volatile). Thus, we define the ECF information L and its threshold Lipresnola as following:

L= {u : Lthreshold S §R(¢n(u)) S 1}, (416)

where Lipreshoia can be selected to be 5 * \/W and n is the sample size. The reason for this selection is

(1/2n) is the standard deviation of ¢(u,#) with sufficient large u and sufficient large sample size n (See
Proposition 22). 5 * \/m can exclude noises of ¢, (u) with large u very well in practice because of the
asymptotic normal distribution of ¢, (u) indicated in Proposition 22. We use the real part of the empirical
characteristic function to find L because imaginary part is relative more volatile in practice. To find L
efficiently given Lipreshold, binary search algorithm can be utilized.

Figure 4.2 describe the real part and imaginary part of the empirical characteristic function and the cor-
responding characteristic function of Merton’s jump-diffusion model. The empirical characteristic function
is defined in Equation (4.2) based on 100, 500 and 1000 simulated data and the characteristic function is
from Equation (4.10). The model’s parameter is selected to be same as the one in our simulation study.
We can find that empirical characteristic function is more closed to real characteristic function when u is
more closed to origin and sample size is bigger. When u is bigger, empirical characteristic function is more
volatile and can deviate more from the morel’s characteristic function.

Figure 4.3 shows an example to choose L and Lipreshoia for NIG model with simulated sample size 100.
Lipreshola = 0.35 from the definition in (4.16). L value can be found by binary searching the value Lipyeshotd
on empirical characteristic function of sample size 100. We can find the interval u € [—L, L] covers the most
area that empirical characteristic function closed to the model’s characteristic function.

When we have ECF information value L, we can design the parameter in g(u) to cover this interval
[~ L, L). For example, if g(u) ~ N(u,0%). We can let u = 0 and 30 = L due to 30 covers the interval [—L, L]
in probability more than 99.5%.

In summary, our weight function can be selected in three steps when we have data:
e Select g(u) satisfying regularity conditions A.1, A.3 and A.4 (for example, normal distribution density: N (u, 02)).
e Binary search ECF information value L on empirical characteristic function regarding (4.16) with
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Figure 4.2: Characteristic function of Merton’s model and its corresponding empirical characteristic function
with sample size 100, 500 and 1000. Parameters are p = 0.1, ¢ = 0.3, A = 10, p; = —0.5 and o; = 0.25.
Blue curve is the characteristic function. Red, yellow and purple curves represent empirical characteristic
function with 1000, 500, 100 simulated samples.

Lthreshold =5x vV (1/27’L)

e Design parameters in g(u) to cover interval [—L, L] well (for normal distribution N(u,0), g = 0 and

oc=1L/3).

4.3.3 Selection of tuning parameters in trapezoidal approximation

In this section, we discuss the way to select tuning parameters a, M and £ in trapezoidal approximation
(4.5). From Theorem 18, we find that approximation error will decay to zero when Mh — oo and A — 0.
dg is defined as 2min(dy — g, a — d_). Furthermore, the first two terms of Equation (4.6) implies that the
decay rate is exponential, which is exp(—nd,/h). The last term of Equation (4.6) implies that the decay
rate is also exponential which is exp(—c(Mh)”) if ¢ > 0. This suggests that we can select £ to make three

terms in Equation (4.6) converge to zero at the same exponential rate. That is, we have:

exp(—mnd,/h) = exp(—c(MR)").

Then,

1 v

A(M) = (ndy/c) 7 M~ 7T, (4.17)

which is also suggested by Feng and Lin (2013). For g, we simply select a = 0 in this work and it has efficient

and good performance.
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Figure 4.3: Characteristic function of NIG model and its corresponding empirical characteristic function
with sample size 100. Parameters are 4 = 0, a = 50, § = —5, A = 5. Blue curve is the characteristic
function. Red curve represents empirical characteristic function with 100 simulated samples. Green dashed
line indicates that ECF information value L = 107.5 based on the threshold Lipyeshord = 0.35 (calculated
from the definition in (4.16))

If M is given, we still need to know d,, c and v. ¢ and v parameters can be simply determined from
regularity condition A.4. For example, if we define continuous weight function g(u) to be normal distribution
density function N(p,0?) and a = 0, the corresponding v = 2 and ¢ = # which is % given that o = %
suggested in Chapter 4.3.2.

For d,, we notice that we generally like bigger d, to have bigger A(M). Then, if we the fix grid extension
Mh, M could be smaller which reduce our computation burden (M is the number of grid points in trapezoidal
rule.). We select different d, based on different given parameter in each iteration of the optimization program.
To explain it in details, recall that we need search the estimated parameter by minimize Equation (4.5). The
optimization program will evaluate Equation (4.5) in each iteration with given parameter value 6. Suppose
the parameter value is given in one optimization iteration, we can determine the corresponding biggest d,,
which is the value to make sure characteristic function is analytic in a strip (regularity condition A.1). This
provides a connection between d, and 6. Specifically, Chapter 4.3.1 provides a general guide to choose
d+ based on parameters. For example, Merton’s jump-diffusion model can allow arbitrary di because its
characteristic function is holomorphic. In practice, we can choose d, = 10 with a good performance. Kou’s
jump-diffusion model need d; € (0,n4) and d_ € (—n,,0). We can simply make d, to be a value slightly
smaller than 2 min(n,,nq). Similarly, we can make d, to be a value slightly smaller than 2 min(a — 3, a + 3)
for NIG model and d, to be a value slightly smaller than 2min(G, M) for CGMY model given parameter

in each iteration of the optimization program.

Once we can determine £ given M and parameter 6, we only need to determine M. We can do it in two
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ways.

In the first way, we can select M in each iteration of the optimization program. That is, when we
minimize Equation (4.5), optimization program will evaluate it in each iteration with given parameter value
6. Thus, for a fix parameter 6, we can increase M gradually to make e™-"(9; X) stable with changes
less than a error threshold (i.e. 107®). From our practical experience, if we set initial 4 = 50, for most
reasonable parameters in the parameter space, there is no need to increase M multiple times.

In the second way, we can simply try different fixed M and minimize e™-#%(; X) based on fixed M.
Then, use the M when we get stable approximated ECF estimate é?f e (ECF estimate converges to a stable
value by increasing M). We conduct the second way in our simulation study.

We recommend using global optimization program which can also deal with non-smooth function. We
choose 'NOMAD’ optimization in "OPTT’ toolbox (Abramson et al. (n.d.)) of MATLAB to be our numerical

optimization procedure which is stable and fast implied by our simulation study.

4.3.4 Verifications of regularity conditions

In this section, we want to show that the selected popular Lévy processes satisfy the regularity condition of
class A and class B. If class A regularity conditions holds for those processes, our ECF target approximation
(Equation (4.5)) converges to the ECF target (4.4) with the exponential rate. That is, our approximation
will be accurate due to fast convergence. Also, if class B regularity conditions holds, our approximated ECF

estimates will have good asymptotic properties.

Theorem 23. If g(u) satisfies the regularity conditions of class A (e.g. mormal distribution shown in
Proposition 21), the characteristic function of Merton’s jump-diffusion model, Kou’s jump-diffusion model,
NIG model and CGMY model satisfy the reqularity condition of class A if the analytic strip Dig_ q4,) and

compact parameter space © are selected regarding to the Chapter 4.3.1.

Theorem 24. If g(u) satisfies the regularity conditions of class A (e.g. normal distribution shown in
Proposition 21), satisfies the reqularity conditions of class A (e.g. normal distribution shown in Proposition
21), the characteristic function of Merton’s jump-diffusion model, Kou’s jump-diffusion model, NIG model

and CGMY model satisfy the regularity condition of class B.

In our simulation study, we just select g(u) to be the probability density function of normal distribution

(suggested by selection 4.3). This setting satisfies the requirements of Theorem 23 and Theorem 24.
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Table 4.1: Parameter spaces

Merton Kou NIG CGMY
True values
pn=010=03, A=20 pu=02 0=02, A=30 pu=0a=50, f=-5,A=5 C=3, G=T79, M =283

ni =—0.5, 0; =0.25 p=04, 9, =5, ng=2.5 Y =09
Parameter spaces
—-1<pu<l1 -1<p<1 1<a-—|B| 1<C <100
001<0o<1 0.01<o<1 -10< <10 1 <G <100
1< A<50 1<A<50 0.5<6<10 1< M <100
-1<pu; <1 0.1<p<09 1<a<150 01<Y <19
0.05<0; <1 1<n,<20

1<n4<20

4.4 Simulation Study

In this section, we conduct a simulation study to examine the performance of approximated ECF estimate.
We mainly have two targets. First, we want to show that only a small M in Equation (4.5) is needed to
approximate the ECF target (4.2) very well, when the model satisfies our regularity conditions. That is,
we can nearly use few points to approximate ECF target without computational intensive integration. This
is shown theoretically by Theorem 18 due to the very fast decay rate of approximation error (exponential
decay). Second, we want to check if our approximated ECF estimate will match the true parameter based
on simulated data. This is already implied by the asymptotic properties of approximated ECF estimates
(Theorem 20).

We conduct the simulation study based on the Lévy processes described in Chapter 4.3.1 including
Merton’s jump-diffusion model, Kou’s jump-diffusion model, NIG model and CGMY model.

For each Lévy model in Chapter 4.3.1, we fit the model based on simulated 500 sample paths with
different sample size n, daily frequency (§ = 1/252) and weekly frequency (§ = 1/52). In each sample
path, we simulate 5000 samples for each model and fit the model based on first 200, 1000 and 5000 samples
separately. Based on each same sample, we also set fixed tuning parameter M = {10, 30, 50,100, 200} to
illustrate that in most cases, a small M (M = 10 or M = 30) can give us a very stable estimation result.

The large enough compact parameter space required by regularity conditions A and B is set following the
way mentioned in Chapter 4.3.1 for each model. Specific setting of the parameter space is reported in Table
4.1. In Table 4.2, we report the empirical means, corresponding standard errors of parameter estimates
and true parameter values used for simulating 500 sample paths. Global optimization 'NOMAD’ is used
to search the approximate ECF estimate. The implementation follows Chapter 4.3 with normal distributed

weight function g(u).
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4.4.1 Tuning parameters analysis

We discuss the result based on our tuning parameter M in the approximated ECF estimation (Equation
(4.5). M is the key parameter in our ECF approximation. By selecting the tuning parameter £ based on
equation (4.17), we can show the approximation error bound decay exponentially with respect to M. M is
also the parameter to control the computational cost of our estimation procedure. Larger M indicates more
terms involved in our ECF approximation which implies more computational cost. The exponential decay
of error bound in our theoretical result indicates that we don’t need a large enough M usually, so that our
approximated ECF estimates are stable. Table 4.2 provides the empirical means, corresponding standard
errors of parameter estimates and true parameter values based on same 500 simulated sample path, different
sample size and different tuning parameter M. For Merton’s jump-diffusion model in Table 4.2a and Table
4.2b, we find M = 50 is generally large enough to guarantee that empirical means and their standard errors
converge to a number with a precision of 4 decimal places for weekly data. While, for daily data, M might be
a little larger, which is 100. This can be explained by our Equation (4.6). It can be proved that denser data
(daily data) have a smaller parameter ¢ in the characteristic functions (Check expressions of characteristic
functions in Chapter 4.3.1). And a smaller § will lead to a larger K and larger truncation error bound
Tag (check Equation(4.6) and regularity condition A.4), making the bound of error Ty decay to zero more
slowly. This implies that we need a larger MA to make the truncation error bound unchanged if we have a
larger K. Then, M will be larger due to our tuning parameter £ selection equation (4.17). Overall, daily data
(denser data) usually need larger M (more computational cost) to guarantee the same ECF approximation
error bound from Equation (4.6). If we don’t need this high precision of 4 decimal places, M = 10 can give
us a reasonably good ECF estimate which is closed to the true parameter with stable standard error. That
is, around 20 points in total can estimate the integration form in Equation (4.4) very well, which gives us
effective estimates.

For Kou’s jump-diffusion model in Table 4.2¢c and Table 4.2d, we have a little higher requirement for M.
That is, M = 10 in a lot of cases cannot give us a reasonable result. For example, empirical mean of 7y is
6.3708, which is too far away from 2.5 compared with the case of M > 30. Similar issues happen for daily
simulated data with n = 1000 and n = 5000. This is mainly due to the small true parameter value of 7.
That is, the characteristic function of Kou’s jump-diffusion model is analytic in the strip [—ng,7,]. Thus,
based on the selection rule described in the Chapter 4.3.3, d, is a value slightly smaller than 2 min (7, 74)-
That is, if 1, and 74 are small, d, is small. Then, we need a larger M to make sure we have the same
tuning parameter A with the same exponential decay rate of approximation error bound (4.6) for the true

parameter. Actually, this issue is not obvious for weekly data because we have shown that daily data usually
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need larger M compared with weekly data to have the same bound of error. This is also an indication that
daily data (denser data) require a relative large M to control the ECF approximation error bound (explained
in the last paragraph for Merton’s jump-diffusion model).

For NIG and CGMY model in Table [4.2e, 4.2f, 4.2g and 4.2h], we find the requirement for tuning
parameter is low. M = 10 is enough to give us a stable estimates. Again, this is due to the large d, around
the true parameter. Compared with Kou’s jump-diffusion model of which d, ~ 5, d, = 90 for NIG model
and d, =~ 158 for CGMY model. Thus, with the same exponential error bound decay rate in Equation (4.6),
the CGMY and NIG model need much smaller M compared with Kou’s jump-diffusion model around the
true parameter. Thus, M = 10 is generally big enough to give us reasonable approximate ECF estiamte for
NIG model and CGMY model in this parameter setting. More detailed explanation about tuning parameters
M, h and d, can also be found in the Chapter 4.3.3.

We also plot the tuning parameter £ value for each model in Figure 4.4, based on different choices of
M. This can give us a general idea of the A values corresponding to the different values of M. Figure 4.4
shows the £ values in each NOMAD optimization iteration, based on one simulated path. It is calculated
via the Equation (4.17). Recall that M indicates the number of grid points in the evenly spaced grids set
{-Mb,—h(M —1),...,A(M — 1), Mh}. Thus, h represents its dense degree in this grids set. We can find
that if M is as small as 10, A could be around 10 for the daily simulated data of Merton’s jump-diffusion
model, Kou’s jump-diffusion model, or even larger than 20 for NIG model and CGMY model. Actually,
h = 10 can give us reasonably good estimates from our analysis above for Merton’s jump-diffusion model,
NIG model and CGMY model. Thus, we can conclude that scattered grids (large £) might be able to provide
good approximation of the ECF target (Equation 4.4), which gives us stable approximated ECF estimates.
For Kou’s jump-diffusion model, the requirement of M and £ is relative high, £ is around 1 for daily data
when M = 200 and £ is around 0.5 for weekly data when M = 200. That is due to our parameter setting
of small d,.

Overall, we find that a relative small M and relative large £ can approximate the ECF target (4.2) very
well when the model satisfying our regularity conditions. That is, we can nearly use few scattered points
with large spans to approximate ECF target without computational intensive integration. This will save us
a lot of computation time and burden. We report the median of running time based on 500 simulated paths.
All the simulation study was conducted by the same laptop with Intel Core i5-5300U CPU (2.30GHz). We
find the running time of M = 10 is 1/5 even 1/10 of the running time of M = 200.
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4.4.2 Asymptotic properties evidences

In this section, we want to check if our approximated ECF estimate matches the true parameter based
on simulated data. This is implied by the asymptotic properties of approximated ECF estimate (Theorem
20). For jump-diffusion models [Table4.2a,4.2b.4.2¢ and 4.2d], empirical means are reasonably closed to
true parameters. With sample size n increasing, empirical means tend to converge to true value and the
standard error tends to converge. The convergence rate is roughly /n because when the sample size gets
5 times bigger (sample size from 200 to 1000 or from 1000 to 5000), the standard error becomes roughly
1/+/5 smaller. These findings are consistent to the consistency and asymptotic normality of approximated
ECF estimates (Theorem 19 and Theorem 20). For weekly data, small sample size n = 200 might be enough
to identify volatility parameter ¢ and jump parameters A, p;, o; (Merton’s jump-diffusion model) or A, p,
7w and 74 (Kou’s jump-diffusion model) about three standard errors far away from zero. For daily data,
this corresponding sample size might be as large as n = 1000. In addition, it seems that when the total
sample size is fixed, dense data might lead to more difficulties to estimate parameters. This is consistent
to our intuition. For finite activity Lévy processes, there are finite big jumps in time interval. Weekly
data with fixed sample size have longer time spans, indicating more big jumps compared with daily data.
Thus, more big jumps information leads to more accuracy of the estimate. However, this is not the case for
infinite activity Lévy processes [Table 4.2¢,4.2f,4.2¢ and 4.2h]. For example, for parameters in NIG model
and CGMY model, denser data implies a less bias and standard error of the approximated ECF estimates.
Intuitively, the reason is that for these models, jumps will happen on each data point no matter it is daily
data or weekly data. The data with longer time spans doesn’t contain more jump information because in
all time intervals, jump will happen infinitely.

For infinite activity Lévy processes, the estimation performance is a little worse than finite activity Lévy
processes above due to the model itself. The estimated parameters in NIG and CGMY model also imply
the consistency and convergence rate information. Based on empirical mean with true initial value in Table
[Table 4.2e,4.2f,4.2g and 4.2h], larger sample size n implies a smaller estimated bias and smaller standard
error. For CGMY model, we find the parameter C identification problem. Table 4.2g and Table 4.2h report
the estimation result of CGMY model. We find parameter C' is hard to be identified with a big estimation
standard error. For example, 1000 sample size might not be enough to identify C' from 0 for weekly data.
5000 weekly data might be needed to match the estimates with true value with reasonable small standard
error. However, 5000 weeks are rough 100 years.

In summary, this simulation results show that approximated ECF estimates are effective which can

accurately match the true parameter values with reasonable small sample size. CGMY model might need
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more data. More importantly, our approximated ECF estimates doesn’t need a large tunning parameter M,

which is computationally efficient to implement.

Table 4.2: Empirical averages and their standard errors (in parentheses) of the approximated empirical
characteristic function(ECF) estimates with sample size n = (200, 1000, 5000) and different choices of M =
(10, 30, 50, 100, 200).

(a) Merton’s jump-diffusion model (Weekly data)

n M nw=0.1 c=03 A=10 = —0.5 0; =0.25 time
n=200 M =10 0.0855(0.1774) 0.2978(0.0197) 10.2269(2.1213) —0.0043(0.6148) 0.2443(0.0660) 1.2707
n=200 M =30 0.0862(0.1776) 0.2987(0.0188) 10.1107(1.9900) —0.4924(0.1193) 0.2448(0.0763) 1.2413
n=200 M =50 0.0862(0.1777) 0.2987(0.0187) 10.1035(1.9862) —0.4985(0.0724) 0.2413(0.0598) 1.3396
n=200 M =100 0.0862(0.1777) 0.2987(0.0187) 10.1034(1.9862) —0.4985(0.0724) 0.2413(0.0598) 1.5193
n=200 M =200 0.0862(0.1777) 0.2987(0.0187) 10.1034(1.9862) —0.4985(0.0724) 0.2413(0.0598) 1.9045
n=1000 M =10 0.0957(0.0782) 0.2998(0.0088)  9.9613(0.9061)  —0.1383(0.5771) 0.2496(0.0292) 1.3785
n=1000 M =30 0.0956(0.0782) 0.2999(0.0086)  9.9503(0.8735)  —0.4983(0.0750) 0.2509(0.0436)  1.6762
n=1000 M =50 0.0957(0.0781) 0.2999(0.0086)  9.9498(0.8737)  —0.5013(0.0335) 0.2494(0.0280) 2.0314
n=1000 M =100 0.0957(0.0781) 0.2999(0.0086)  9.9498(0.8736)  —0.5013(0.0335) 0.2494(0.0280)  3.3563
n=1000 M =200 0.0957(0.0781) 0.2999(0.0086) 9.9499(0.8737)  —0.5013(0.0335) 0.2494(0.0280)  5.7590
n=5000 M =10 0.1012(0.0343) 0.3000(0.0042) 10.0044(0.4107) —0.2053(0.5370) 0.2497(0.0132)  2.0658
n=5000 M =30 0.1015(0.0341) 0.3001(0.0041) 10.0033(0.3938) —0.4996(0.0140) 0.2498(0.0129)  4.5251
n=5000 M =50 0.1015(0.0341) 0.3001(0.0041) 10.0036(0.3936) —0.4996(0.0140) 0.2498(0.0129)  6.8596
n=5000 M =100 0.1015(0.0341) 0.3001(0.0041) 10.0036(0.3936) —0.4996(0.0140) 0.2498(0.0129) 12.8914
n=5000 M =200 0.1015(0.0341) 0.3001(0.0041) 10.0037(0.3936) —0.4996(0.0140) 0.2498(0.0129) 25.2845

(b) Merton’s jump-diffusion model (daily data)

n M nw=0.1 0c=03 A=10 i = —0.5 0; =0.25 time
n=200 M =10 0.1053(0.3656) 0.2981(0.0168) 10.3672(4.5100)  0.1964(0.5946)  0.2057(0.2118)  2.2306
n=200 M =30 0.1061(0.3655) 0.2989(0.0163) 9.8865(3.6263) 0.0757(0.7118)  0.2062(0.1011)  2.3533
n=200 M =50 0.1066(0.3653) 0.2987(0.0164) 10.0009(3.6660) —0.2945(0.5091) 0.2795(0.2582)  2.3917
n=200 M =100 0.1065(0.3656) 0.2989(0.0165) 9.9237(3.6510) —0.4881(0.1419) 0.1921(0.0965) 2.9422
n=200 M =200 0.1064(0.3655) 0.2988(0.0165) 9.9629(3.6589) —0.4867(0.1457) 0.1915(0.0962)  3.6945
n=1000 M =10 0.1035(0.1648) 0.2999(0.0076) 10.0810(2.0117)  0.1716(0.5945)  0.2739(0.2063)  2.5013
n=1000 M =30 0.1038(0.1645) 0.3001(0.0074) 9.9627(1.7658) —0.1368(0.6344) 0.2445(0.0724)  3.0720
n=1000 M =50 0.1039(0.1644) 0.3000(0.0074)  9.9879(1.7594)  —0.4098(0.3604) 0.2791(0.1788)  3.7781
n=1000 M =100 0.1040(0.1645) 0.3001(0.0074) 9.9652(1.7588)  —0.4995(0.0566) 0.2362(0.0460) 6.0785
n=1000 M =200 0.1040(0.1645) 0.3001(0.0074) 9.9652(1.7590) —0.4995(0.0566) 0.2363(0.0460) 10.1221
n=5000 M =10 0.1002(0.0705) 0.3001(0.0034) 10.0000(0.8495)  0.3414(0.6189)  0.2874(0.1782)  4.0002
n=5000 M =30 0.0998(0.0702) 0.3003(0.0033) 9.9121(0.7500)  —0.0823(0.6623) 0.2495(0.0410)  7.5911
n=25000 M =50 0.0998(0.0702) 0.3002(0.0033)  9.9318(0.7455)  —0.4726(0.2009) 0.2588(0.0980) 11.5485
n=5000 M =100 0.0999(0.0702) 0.3003(0.0033)  9.9265(0.7452)  —0.4995(0.0250) 0.2463(0.0219) 21.1049
n=5000 M =200 0.0999(0.0702) 0.3003(0.0033)  9.9268(0.7451)  —0.4995(0.0250) 0.2463(0.0219) 41.2290
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(¢) Kou’s jump-diffusion model (weekly data)

Table 4.2 (cont.)

n M nw=0.2 oc=0.2 A=30 p=04 Ny =5 g = 2.5 time
n=200 M =10 0.1786(0.2076) 0.1031(0.0353) 30.9833(5.3240) 0.4194(0.0780) 5.7473(3.0542) 2.7305(1.1330) 55777
n = 200 M =30 0.1839(0.1778) 0.1960(0.0247) 30.4946(4.6563) 0.4072(0.0695) 5.4008(2.0607) 2.5580(0.6144)  4.9446
n=200 M=50 0.1834(0.1771) 0.1965(0.0240) 30.4218(4.5907) 0.4068(0.0690) 5.3832(2.0102) 2.5336(0.5551) 4.9779
n=200 M =100 0.1836(0.1771) 0.1965(0.0239) 30.4223(4.5856) 0.4068(0.0690) 5.3806(2.0052) 2.5361(0.5528)  5.6622
n=200 M =200 0.1836(0.1771) 0.1965(0.0239) 30.4231(4.5856) 0.4068(0.0690) 5.3807(2.0057) 2.5364(0.5526)  7.0234
n=1000 M =10 0.1948(0.0851) 0.1978(0.0146) 30.2325(2.1517) 0.4035(0.0377) 5.1789(1.1742) 2.5397(0.4867) 5.7777
n=1000 M =30 0.1981(0.0766) 0.1990(0.0108) 30.0752(1.8969) 0.3999(0.0316) 5.0673(0.7259) 2.5022(0.2375)  6.2845
n=1000 M =50 0.1983(0.0762) 0.1990(0.0107) 30.0678(1.8948) 0.3999(0.0315) 5.0602(0.7166) 2.5027(0.2295)  7.3662
n=1000 M =100 0.1983(0.0762) 0.1990(0.0107) 30.0677(1.8934) 0.3999(0.0315) 5.0599(0.7163) 2.5031(0.2290) 11.7326
n=1000 M =200 0.1984(0.0762) 0.1990(0.0107) 30.0675(1.8932) 0.3999(0.0315) 5.0596(0.7161) 2.5031(0.2290) 19.2467
n=>5000 M =10 0.1958(0.0379) 0.1995(0.0066) 30.0455(1.0070) 0.4017(0.0166) 4.9983(0.5568) 2.5194(0.2086) 8.1813
n=>5000 M =30 0.1963(0.0343) 0.1998(0.0050) 30.0032(0.9159) 0.3999(0.0137) 4.9953(0.3267) 2.5011(0.1046) 15.6615
n=>5000 M =50 0.1963(0.0342) 0.1999(0.0050) 30.0008(0.9116) 0.3999(0.0137)  4.9926(0.3220) 2.5009(0.1014) 22.4953
n=>5000 M =100 0.1963(0.0342) 0.1999(0.0050) 30.0009(0.9115) 0.3999(0.0137) 4.9921(0.3219) 2.5011(0.1012) 40.4674
n=>5000 M =200 0.1963(0.0342) 0.1999(0.0050) 30.0004(0.9112) 0.3999(0.0137) 4.9919(0.3216) 2.5011(0.1014) 78.1217

(d) Kou’s jump-diffusion model (daily data)

n M uw=0.2 oc=0.2 A=30 p=04 Ny =5 ng = 2.5 time
n = 200 M =10 0.2174(0.2698) 0.1966(0.0159) 32.0937(8.0065) 0.5054(0.2102) 6.8176(6.2990) 6.3708(6.0965)  5.4246
n = 200 M =30 0.2080(0.2586) 0.1986(0.0125) 31.1331(7.4277) 0.4295(0.1412) 7.0238(5.8910) 3.7597(3.8401)  5.8465
n=200 M=50 0.2079(0.2595) 0.1988(0.0118) 31.0456(7.3824) 0.4154(0.1307) 6.8661(5.6867) 3.5158(3.8262) 6.5503
n=200 M =100 0.2090(0.2588) 0.1987(0.0118) 31.1609(7.3101) 0.4164(0.1234) 6.8023(5.6340) 3.5981(3.8678)  7.2795
n=200 M =200 0.2096(0.2589) 0.1986(0.0118) 31.2379(7.2819) 0.4193(0.1236) 6.8508(5.4292) 3.6818(3.6920)  8.5291
n=1000 M =10 0.2090(0.1244) 0.1996(0.0076) 30.7498(3.8770) 0.4810(0.1665) 5.5683(4.3218) 4.5213(3.7909) 7.5394
n=1000 M =30 0.2020(0.1197) 0.2001(0.0058) 30.1173(3.3195) 0.4043(0.0704) 5.4637(2.4314) 2.6179(0.9473)  9.1346
n=1000 M =50 0.2021(0.1206) 0.2001(0.0056) 30.1009(3.2952) 0.3991(0.0567) 5.3977(2.0309) 2.5391(0.6569) 10.8261
n=1000 M =100 0.2024(0.1206) 0.2001(0.0056) 30.0933(3.2994) 0.3993(0.0544) 5.3290(1.8427) 2.5472(0.5657) 14.5648
n=1000 M =200 0.2027(0.1209) 0.2001(0.0056) 30.0961(3.2975) 0.4004(0.0544) 5.2813(1.7398) 2.5733(0.5510) 21.9689
n=>5000 M =10 0.2036(0.0487) 0.2004(0.0032) 29.9217(1.6269) 0.4678(0.1512) 4.8981(2.8994) 3.3779(1.9191) 13.9644
n=>5000 M =30 0.1999(0.0476) 0.2001(0.0024) 29.9313(1.3701) 0.3983(0.0311) 5.1329(0.8225) 2.4587(0.3844) 22.6049
n=>5000 M =50 0.2006(0.0478) 0.2001(0.0024) 29.9470(1.3632) 0.3996(0.0247) 5.0697(0.6424) 2.4953(0.2702) 30.7117
n=>5000 M =100 0.2006(0.0479) 0.2001(0.0024) 29.9473(1.3700) 0.4000(0.0244) 5.0623(0.7379) 2.5036(0.2308) 47.4964
n=>5000 M =200 0.2007(0.0478) 0.2001(0.0024) 29.9443(1.3620) 0.4193(0.0239) 5.0413(0.6093) 2.5081(0.2253) 90.0734
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Table 4.2 (cont.)

(e) Normal inverse Gamma model (NIG)(weekly data)

n M pw=20 a =50 B=-5 A=5 time
n = 200 M =10 —0.1766(0.5791) 54.2762(24.5082) —3.2620(5.8970) 5.3479(2.2210)  3.4409
n = 200 M =30 —0.1771(0.5808) 53.5725(23.5995) —3.2511(5.9281) 5.2978(2.1778)  3.5649
n = 200 M =50 —0.1765(0.5804) 53.6826(23.6676) —3.2583(5.9247) 5.3095(2.1892)  3.8705
n=200 M =100 —0.1759(0.5804) 53.6546(23.7462) —3.2657(5.9275) 5.3043(2.1847) 4.3231
n=200 M =200 —0.1774(0.5803) 53.6072(23.6188) —3.2496(5.9259) 5.3015(2.1805) 5.5611
n=1000 M =10 —0.0273(0.3862) 52.3664(13.5416) —4.7776(3.9328) 5.2237(1.3066)  3.9003
n=1000 M =30 —0.0292(0.3850) 52.2119(13.4305) —4.7549(3.9196) 5.2108(1.2944) 4.7854
n=1000 M =50 —0.0290(0.3839) 52.2234(13.4435) —4.7575(3.9123) 5.2117(1.2942)  5.6850
n=1000 M =100 —0.0295(0.3845) 52.2338(13.4900) —4.7515(3.9148) 5.2129(1.2988)  8.3360
n=1000 M =200 —0.0300(0.3837) 52.1743(13.3832) —4.7466(3.9079) 5.2075(1.2906) 13.0213
n=5000 M =10 0.0056(0.1980) 50.8440(6.0785)  —5.0980(2.0446) 5.0784(0.5536)  4.8432
n =5000 M =30 0.0033(0.1999) 50.7352(5.9069)  —5.0695(2.0654) 5.0698(0.5414)  8.7562
n=>5000 M =50 0.0045(0.2002) 50.7944(5.9501)  —5.0695(2.0686) 5.0751(0.5454) 12.0437
n=>5000 M =100 0.0039(0.1996) 50.7684(5.9226) —5.0764(2.0636) 5.0728(0.5431) 20.7758
n=>5000 M =200 0.0041(0.1995) 50.7725(5.9230) —5.0778(2.0616) 5.0732(0.5433) 38.7957
(f) Normal inverse Gamma model (NIG)(daily data)
n M w=0 a =50 B=-5 A=5 time
n = 200 M =10 —0.1023(0.5289) 52.9748(19.5433) —3.8273(5.7551) 5.1952(1.4367) 2.0956
n = 200 M =30 —0.0967(0.5253) 53.3950(18.7111) —3.9115(5.7534) 5.2323(1.3583)  2.3162
n = 200 M =50 —0.0966(0.5253) 53.3845(18.6927) —3.9123(5.7534) 5.2316(1.3571)  2.3873
n=200 M =100 -—0.0966(0.5253) 53.3914(18.7059) —3.9125(5.7534) 5.2321(1.3580) 2.7628
n=200 M =200 -—-0.0966(0.5253) 53.3961(18.7360) —3.9127(5.7533) 5.2323(1.3581)  3.5458
n=1000 M =10 —0.0002(0.2849) 50.8573(7.3647) —5.0857(3.3062) 5.0646(0.5456)  2.0279
n=1000 M =30 0.0003(0.2835) 50.8586(7.3807)  —5.0979(3.2650) 5.0652(0.5465)  2.6538
n=1000 M =50 0.0003(0.2835) 50.8583(7.3807)  —5.0981(3.2650) 5.0652(0.5465)  3.3830
n=1000 M =100 0.0003(0.2835) 50.8580(7.3810)  —5.0981(3.2641) 5.0652(0.5466)  5.0605
n=1000 M =200 0.0003(0.2835) 50.8575(7.3809)  —5.0985(3.2642) 5.0651(0.5466)  8.1698
n=>5000 M =10 —0.0005(0.1365) 50.1891(3.2879) —5.0647(1.6587) 5.0186(0.2285) 2.9783
n=>5000 M =30 0.0002(0.1354) 50.1865(3.2925)  —5.0782(1.6279) 5.0185(0.2287)  5.5391
n=>5000 M =50 0.0002(0.1354) 50.1880(3.2925) —5.0782(1.6282) 5.0186(0.2288)  7.9247
n=>5000 M =100 0.0002(0.1354) 50.1871(3.2930) —5.0764(1.6301) 5.0188(0.2287) 14.4405
n=>5000 M =200 0.0002(0.1354) 50.1876(3.2926) —5.0785(1.6281) 5.0185(0.2287) 27.2182
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Table 4.2 (cont.)

(g) CGMY (weekly data)

n M c=3 G=179 M =83 Y =09 time
n = 200 M =10 4.9237(5.5964) 79.8082(10.1230) 84.3237(9.5742) 0.8597(0.1761) 1.6727
n = 200 M =30 5.1597(6.2451) 79.5460(10.1620) 84.0606(9.7654) 0.8541(0.1842)  1.7228
n = 200 M =50 5.1942(6.1846) 79.5789(10.1352) 84.0939(9.6720) 0.8530(0.1847)  1.9034
n=200 M =100 5.0816(6.2178) 79.7728(9.9587)  84.2880(9.4997) 0.8571(0.1796)  2.3687
n=200 M =200 5.1459(6.0211) 79.5272(10.1491) 84.0432(9.6020) 0.8547(0.1837)  3.1707
n=1000 M =10 3.7650(2.0202) 79.8530(4.5741) 83.8771(4.6435) 0.8717(0.0810) 1.4976
n=1000 M =30 3.7557(2.0022) 79.9348(4.4372) 83.9586(4.5874) 0.8722(0.0820) 2.0228
n=1000 M =50 3.7480(1.9923) 79.9167(4.4308) 83.9406(4.5271) 0.8724(0.0813)  2.5595
n=1000 M =100 3.7668(2.0794) 79.8664(4.3671) 83.8905(4.5587) 0.8720(0.0826) 4.5197
n=1000 M =200 3.7592(2.0995) 79.9457(4.5301) 83.9696(4.6172) 0.8727(0.0824) 8.0488
n=>5000 M =10 3.3548(0.8212) 79.0259(1.9861) 83.0857(2.1687) 0.8837(0.0383)  2.1797
n=>5000 M =30 3.3481(0.7239) 79.0482(1.8807) 83.1079(2.0624) 0.8837(0.0365) 5.0230
n=>5000 M =50 3.3414(0.6963) 79.0641(1.8569) 83.1238(2.0343) 0.8840(0.0353)  7.7427
n=>5000 M =100 3.3460(0.7089) 79.0709(1.9131) 83.1307(2.0942) 0.8838(0.0356) 14.7654
n=>5000 M =200 3.3474(0.7228)  79.0499(1.8839) 83.1096(2.0661) 0.8838(0.0364) 28.6536
(h) CGMY (daily data)
n M Cc=3 G=179 M =83 Y =09 time
n = 200 M =10 6.7472(11.0038) 82.3170(10.6091) 87.4827(9.8201)  0.8541(0.2002)  3.0932
n = 200 M =30 6.8214(10.7326) 82.2827(10.9506)  87.4494(9.9995)  0.8518(0.2010)  3.3347
n = 200 M =50 6.7942(10.8521) 82.3795(11.1892) 87.5430(10.1011) 0.8536(0.2002)  3.7647
n=200 M =100 6.6717(10.7255) 82.0844(10.9620) 87.2545(10.2268) 0.8560(0.2010) 4.6166
n=200 M =200 6.8321(11.6814) 82.1539(10.8451) 87.3220(9.6834)  0.8540(0.2006)  6.3195
n=1000 M =10 4.0526(2.5416) 81.8516(5.5046) 85.8938(5.7504 0.8687(0.0920)  2.1551
n=1000 M =30 4.1071(2.7390) 81.9503(5.4208) 85.9927(5.7259 0.8673(0.0937)  3.0954
n =1000 M =50 4.0733(2.8436) 81.8911(5.6086) 85.9365(5.7532 0.8678(0.0909)  3.9532
n=1000 M =100 4.0862(2.5802) 81.9416(5.5369) 85.9842(5.7541 0.8675(0.0929)  7.2494
n=1000 M =200 4.0202(2.3862) 81.8797(5.5703) 85.9194(5.8295 0.8691(0.0921) 12.8699
n =5000 M =10 3.3465(0.8003) 79.7171(2.2706) 83.8696(2.5123 0.8858(0.0382)  2.7697
n =5000 M =30 3.3501(0.6946) 79.7185(2.3513) 83.8703(2.4740 0.8853(0.0387)  6.7488
n =5000 M =50 3.3289(0.6620 79.7172(2.3483) 83.8690(2.5180 0.8864(0.0378) 10.5584
n=>5000 M =100 3.3403(0.6977) 79.7283(2.3870) 83.8783(2.4906 0.8859(0.0387) 19.5148
n=>5000 M =200 3.3274(0.6761) 79.7588(2.3416) 83.9093(2.5314 0.8866(0.0379) 37.5094
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Figure 4.4: For one simulated path with sample size 1000, the tuning parameter f’s value in NOMAD
optimization procedure. M = {10, 30,50,100,200}. £ is calculated based on Equation (4.17), which is
suggested in Chapter 4.3.3.

4.5 Concluding remarks

In this chapter, we construct approximated ECF estimates based on the trapezoidal approximation. On the

theoretical side, we show the exponential decay of the error bound of our ECF estimation target function’s
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approximation. This fast decay rate reduces the computational burden of approximation procedure. In
addition, we also propose the asymptotic property of our approximated ECF estimates and prove the selected
popular Lévy processes satisfy the regularity conditions. On the application side, our estimation procedure
is applied to popular Lévy processes. Simulation study indicates that our approximated ECF estimates are

efficient and effective.
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Chapter 5

A dynamic model for evolving truth
discovery

This Chapter includes my joint project, collaborated with Shi Zhi', Zheyi Zhu?, Qi Li3, Zhaoran Wang* and

Jiawei Han®. I am the equally contributed first author with Shi Zhi.

5.1 Introduction

Nowadays, people can access vast amount of information from all kinds of sources every day. Suppose
a traveler would like to check the current departure time of his flight, he may go to some frequently used
websites for it. Also, when the business owners investigate the daily pedestrian counts to make an investment,
they may get this information from sensors of traffic lights, the number of cell phones connected to a Wi-
Fi hotspot, or from some hired workers. Multiple information sources provide us chances to validate the
truth, but at the same time bring possible misinformation due to lack of expertise, malicious purposes
or broadcasting failures. Take the stock market as an example. Market capitalization is one of the key
information that investors are interested in. Based on the statistics on the collected market capitalization
data from 55 sources during 2011°, we find that within 1000 stocks, the sources provide market capitalization
information with 95.6% on average, and 19.7 days on average out of 21 trading days . Meanwhile, the only
source that provides information for all stocks during July 2011, ‘pc-quote’, ranks at the bottom in terms
of the precision. This drives us to develop an efficient algorithm to discover the reliable information with
complete coverage along time. Thus, if we collect the information about the same object from different
information sources, it is common that data have both consensus and conflict at the same time. This brings
in the truth discovery problem, which aims to find the most trustworthy information collected from multiple
sources.

One naive approach to resolve the conflicts of the data is median/mean. However, this is not always the

Ishizhi2@illinois.edu

22zhu27@illinois.edu

34ili5@illinois.edu
4zhaoran@princeton.edu
5hanj@illinois.edu
6http://lunadong.com/fusionDataSets.htm
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case. Thus, the general principle is introduced here: if the piece of information is from a reliable source,
then it is more trustworthy, and the source that provides trustworthy information is more reliable. This
intuition is emerging as a promising methodology in resolving conflicts in various scenarios Yin et al. (2008)
and various domains such as natural language processing tasks Yu et al. (2014); Liu et al. (2017) and online
health community Mukherjee et al. (2014). These applications reveal the necessity to develop truth discovery
methods.

Most of the existing truth discovery algorithms are proposed to work on static data. However, batch
algorithms would not properly solve the dynamic truth discovery problem mainly due to three reasons. First,
since the data arrives sequentially, it is costly to re-run the batch algorithms all over from the first timestamp
on large-scale data.

Second, we observe that in real-world scenarios, the truth of the same entity usually will fluctuate as time
changes and would not stay as a constant value, and the truths of consecutive timestamps are correlated in
most cases. For example, we examine the auto-correlation of market capitalization of 100 stock symbols, and
with a significant portion of time the auto-correlation is larger than 0.2. This auto-correlation provides us
another evidence that using estimated true value from the history can benefit the estimation of current true
value. Moreover, a common case is that the sources are unlikely to provide an observation to every objects
at every timestamp, or even no sources provide an observation at some date, we name it as ‘missing data
problem’. If we can correctly estimate the correlation along time, we may alleviate the missing data problem
by using the latent truths from last timestamps as a smoother for the current estimation and making the
best guess on it. Li et al. Li et al. (2015) also re-weigh the current estimated true value with the estimated
truth from last timestamp using a smoothing factor as a fixed parameter. However, in the real world data,
the balance of value from last timestamp and the integration from current observations always fluctuate
along time, and differ from entity to entity, and both parameters in Li et al. (2015) are given by users and
fixed for all entities along time. This raises a huge challenge to dynamically estimate the smoothing strength
and the current estimation.

Thirdly, inspired by Li et al. (2015), we also observe that the source quality would also evolves over time
and the source quality consistency assumption of existing methods does not hold any more. However, Li
et al. (2015) assumes the source quality stays the same along time, and compensates the sudden change
by a decaying factor assigned on source quality, which is pre-defined by users. Our proposed model can
naturally incorporate this decaying effect by dynamically estimating it. Also, as illustrated in Dong et al.
(20090), sources may copy from each other, or get information from similar sources. Similar situations

appear when multiple stock information websites are actually operated by the same head company. This
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may be harmful to validate the truthfulness when happening among bad sources. Thus, understanding the
source dependency can help us to better estimate the truth.

In this work, a new truth discovery method for evolving numerical data based on hidden Markov model
is developed for dynamic scenarios. We take into account evolving truth, source quality, source correlation,
objects correlation in our model. The case study shows its effectiveness compared with previous methods.

In summary, our contributions in this work are as follows.

1. Model the evolving truth discovery in probability and statistics methods with theoretical guarantees.
2. Balance truth smoothing and current estimation dynamically.

3. The model is robust to missing observations.

4. Estimate source dependency in a unified hidden Markov model.

5. Develop both batch-mode algorithm and efficient O(T) online version.

6. Case study shows its effectiveness over several real datasets.

5.2 Related works

Truth discovery problem has been studied to resolve the conflict among sources. The essential idea is by
incorporating the source quality, information from high-quality sources are more trustworthy, and should
weigh more in truth estimation. It is first formally introduced by Yin et. al. Yin et al. (2008), which models
source quality as a single score and iteratively updates source quality and truth value in an unsupervised
way. The idea is shared in some early works Pasternack and Roth (2010); Vydiswaran et al. (2011); Liu
et al. (2011). These algorithms focus on categorical truth.

Then more papers propose new truth discover algorithms in various scenarios. CRH Li, Li, Gao, Zhao,
Fan and Han (2014) is an integrated framework for both numerical and categorical truths, by defining
different loss function and combines them into an optimization object function, and Li, Li, Gao, Su, Zhao,
Demirbas, Fan and Han (2014) proposes a new framework for long-tail phenomenon. Probabilistic graphical
model is also widely adopted in truth discovery domain, where the latent truth and source quality can be
modeled as latent variables. Expectation-Maximization (EM) is naturally used to infer the truth and source
quality Zhao et al. (2012); Wang et al. (2012); Qi et al. (2013); Ma et al. (2015); Zhi et al. (2015).

There have been some recent works that solve the sub-problems discussed in our model. As for source

dependency analysis, Dong et al. (2009a) is the first to consider copy-cats among sources and integrate it
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into the inference of truth values. Zhao and Han (2012) also directly models the real-value truth by putting
normal distribution assumption on the observation given the latent truth. Since both of them are focused
on static data, it does not make use of the correlation of truths between timestamps.

In works that study the temporal change of truth, Pal et. al. Pal et al. (2012) models the history
of the objects using hidden semi-Markovian process. However, it assumes source independency, which is
not true in the real cases. We will show the dependency analysis in Chapter 5.4.2. Li et. al. Li et al.
(2015) provides an incremental framework that updates truths and source weights as new data come, but
the temporal correlation is captured by manually prefixed parameters. We can achieve the same function
as those prefixed parameters when estimating the parameters in our model. A recent work Garcia-Ulloa
et al. (2017) proposes a truth discovery model based on recursive Bayesian estimation in spatio-temporal
tasks, but specifically for categorical truth value. Our method models the temporal correlation of numerical
truth and incorporates source dependency, and we further propose an efficient and effective online estimation

algorithm.

5.3 The model

In this section, we first formulate the problem of evolving truth discovery problem using the hidden Markov
model, where the truths are the hidden vairables. Then, we provide Kalman filter and smoother with the
efficient blocked parameter updating under expectation maximization (EM) schema. We provide an effective

data pre-processing method and an online algorithm with pre-train step for practical use.

5.3.1 Problem formulation
Notation

Input. Let O = {01,09,...,00} be the objects that we are interested in. Let S = {s1, $2,...,85} be the
set of sources. Numerical observations of O objects can be collected from S sources at each timestamp
te{1,2,....,T} (t€1:T7). Let v;'-yt represent the observation provided by the source s; of the object o;
at the t-th timestamp. For convenience, we denote all the observations from source s; at time ¢ as X}, that
is, X/ = {v} ,}o,c0. Further, the size of this set is denoted as cj = [X7|.

Output. Let i, + be the truth for object o; at time ¢, and the output is the whole set of truths at time
t, denoted by T; = {p1,¢, p2.ts-er 1Ot}

Besides inferring truths, truth discovery methods can also estimate source reliability degrees. Let X

"a : b, where a,b are arbitrary integers and b > a, represents the set {a,a + 1,...,b} in this work.
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denote the source covariance matrix. Its diagonal element o2 can be interpreted as the source quality of
source s;. Its off-diagonal elements o; ;s can be used to measure the source dependency between source s;

and s;/.

Task definition

We formally define the task in this paper as follows.

Inferring truth. Until timestamp 7', we collect observations {vjlts of O objects from S sources. Our
goal is to infer the true values {y; 1.7} for each object o; by aggregating observations {v%jal:T} of O objects
from S sources.

Inferring source quality. Besides inferring truths, we also would like to infer source covariance matrix
during timestamp t € 1 : T given observations of all objects from all sources.

Inferring other parameters. We can also infer sources dependency o; ;s in our work. It is useful to

capture the effects of copying among sources.

5.3.2 Batch solution: hidden Markov model

We first build a hidden Markov model for evolving truth discovery when we can observe all data until time
T. Figure 5.1 shows the dynamics of truths and observations. We use Markov processes to model the
dynamics of truths with the underlying temporal correlations. We assume first-order Markov property on
latent truths, where the current latent truth depends on the latent truth from the last timestamp. The
current observations of objects only depends on the latent truth of current timestamp, and observations
are conditionally independent along the timeline. Assume that we observe the same set of objects along
the timeline. p, = (p1 ¢, - -, uo7t)T denotes the vector of latent truths, where the superscript T' represents

transpose of a vector or a matrix. Then, the dynamics of truths can be written in the following form

Mg = Apy + wy (5.1)

, where t € {1,2,...,T}, p, is the latent vector we aim to estimate, and A € RO*O is the transition matrix
of latent truth for all timestamps. Eq. 5.1 means that the current truth is the linear combination of truths
from last timestamp, plus an error term. If A is a diagonal matrix, truth of each object will only depend on
the previous true value of the same object, whereas if A is non-diagonal, truth of an object will also depend

on the true values of other objects at last timestamp.
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Let the initial distribution of p, follow a multivariate normal distribution
@y ~ Normal(my, V1) (5.2)

, where 7w, € RO*! and Vi € RO*9 are the mean vector and covariance matrix of the initial state, respec-
tively.

Then, let the error vector w; € R? follow multivariate normal distribution
wt ~ Normal(0,T) (5.3)

, where I' € RO*9 is the covariance matrix of the truths of all objects. It, together with the transition
matrix A, reflects the dependency among objects.

We assume the observation for object o; from source s; at time ¢, i.e., vt ., fully depends on the truths

Jst?

at time t, i.e. p,, following the multivariate normal distribution
vi=Cp,+¢, C=Ip®1g. (5.4)

. v € RO9%1 is the stacked observation vector including all objects from their sources at timestamp t. It is
firstly ordered by sources, then by objects. Specifically, vy = (vit, . ,vf,t, vit ey vg’t)T. ® is Kronecker
product. 1g € R5*lis a vector in which all elements are ones. Io € RO*© is the identity matrix thus
C € RO5X9 Implied by Eq. 5.4, we assume the mean of the observations are the centered at the truths.
If v;i’t is not provided by source s;, we regard it as missing data. Note that the missing data is prevalent in
the real truth discovery cases, where not all sources will provide observations for every object.

We assume €; follows multivariate normal distribution independently as follows
€ ~ Normal(0,1I) (5.5)

, where the diagonal blocks of II are denoted by ¥, and the off-diagonal blocks all 0. The diagonal elements
of ¥ (0%,03... ,0%) are interpreted as source quality, because large variability of the observations could
most likely be from unreliable sources. The off-diagonal elements of ¥ represent the correlation between
each pair of sources. The observations from the same source or each pair of sources will share the same

diagonal or non-diagonal parameters from . Thus the source quality o? and source dependency o; ;» are

actually estimated from observations on all objects. If we assume sources are not correlated to each other,
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Figure 5.1: Hidden Markov model with observations from multiple sources

05, can also set to 0. Otherwise, they can be estimated from the data. We will discuss both the diagonal
and non-diagonal cases in Chapter 5.3.

The hidden Markov model is composed of Eq. (5.1)-(5.5). The parameters to estimate are transition
matrix A, objects covariance matrix I', initial truth parameters 71, Vi and source quality covariance matrix
Y. Given parameter values, Kalman filter and smoother are typical methods Harvey (1990) to infer the
latent truth at timestamp ¢ by estimating FE(ut|vi:) (filtering) or E(u¢|v1.r) (smoothing). The essential
difference is that when estimating the expected value of current latent truth, filtering only uses previous

observations, while smoothing uses observations from the past, the present and the future.

Model inference

To estimate the parameters in the model, both maximum likelihood and Bayesian methods are available. We
refer Durbin and Koopman (2012) for background discussions on hidden Markov models. In this work, we
adopt EM algorithm to estimate the Kalman filter and smoother, the time-variant truths and the parameters
iteratively. In most cases, not all sources will provide observations for all objects at any timestamp ¢. It is
prevalent that one source does not provide any observation about some objects at timestamp ¢. Here, we
treat unavailable data as missing data. We adopt the EM algorithm Shumway and Stoffer (1982) to infer

the truths, source quality and dependency information based on our model with missing data.
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The joint log likelihood of the complete data p,.7, vi.T can be written in the following form

1 1 _
log P(py.7, vi:T) = D) log [Vi| — 5(#1 —m)Vy 1(”1 — )

T
T 1 Tp-1
D) log |T'| — 3 ;(#t = Apy_y) T (g — Apy_y) (5.6)
T0 1
~ T 10g[8] — 3 D (ve — Cp) (o @ 37w~ Opy)
=1

E-step:

We use ju; to denote the conditional expectation E(j|vi.r), Vi, to denote the conditional covariance
matrix Var(u¢|vi.r) and V;;_q) to denote the conditional cross-covariance matrix Cov (g, pr¢—1|v1.r) for
t,7 € {1,2,...,T}. Starting from ¢t = 1, we have the following Kalman filter forward recursions at r-th

round

Htjt—1 = A(r}.ut—1|t—1

Vije—1 = A(r}‘/t71|t71Az;> + Ty
e = peje—1 + Ke(vi — C" pg—1) (5.7)
Vie = Vije—1 — Ky C* Vi1
Ky = Vi1 O (C* Vi O 4 1) 7!

, where v} is the vector by entering zeros in the v; if the object is not observed and C* is the matrix by
zeroing out the corresponding row of the matrix C in Eq. (5.4). Ay, Ty and Il are the parameters
estimated from r-th round of M-step. The Kalman gain K; is deducted by minimizing the trace of the
covariance matrix V;;. The estimation of current timestamp p, is the combination of the prediction from
previous timestamp and the current observations from all sources, and Kalman gain automatically balances
these two parts.

Eq. (5.7) also reflects the advantages of the use of source quality. If we assume latent truths from different
objects are conditional independent at time ¢, and sources are independent, the terms C*V't|t_1(C*)T and
Y in K, will be diagonal. When the j-th source is more reliable, i.e. the corresponding variance JJZ in X is
small, the entries related to s; in Ky will be large. It would put more weight of the observations from s; on
the estimation of latent truth, and also put more weight in reducing the uncertainty, i.e. V.

The initial state prediction is p1)9 = my () and Vijo = Vj (9. Starting from ¢t = T, we have Kalman
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smoother backward recursions at r-th round using observations from 1 to T

p—1)7 = M—1]t—1 + Je—1 (o7 — Ay be—1]¢—1)
Vicir = Vicap—1 + Jeo1 (Ve — Vi) i1
Ji1 = Vioap 1 ALy (Vige—1) ™!

Vicii—2ir = V;f—l\t—lthlz + i1 (Vig—yr — A(T)V;&—l\t—l)thlz
with initial value VT,T—l\T = A(r) VT—1|T—1 - KTC*A(MVT—HT—L

Blocked Kalman filter and smoother in E-step

In the E-step, we use Kalman filter and Kalman smoother to estimate the covariance matrix and the cross-
covariance matrix which will be used in M-step. If large numbers of objects are considered together, the
dimension of p, will be high. The matrix calculation in E-step will take huge memory and turn out to
be computationally expensive. If objects are not correlated, or only correlated in their own group, the
computational cost may be greatly reduced. Here, we provide a blocked Kalman filter and smoother when
the following conditions are satisfied. (1) Given truths at time ¢ — 1, ps—1, truths in different blocks are
independent at timestamp ¢. (2) Observations in different blocks are independent given truths at any
timestamp ¢t. Then, conditional latent truth of block b, i.e. ,uf|v1:t and uf|v1;T, are independent among
different blocks. That is, we can implement Kalman filter and Kalman smoother in E-step for decomposed
blocked objects independently. Then we can update the blocks of E(ut|v1.+) and E(u¢|v1.7) independently
by conducting the same Kalman filtering and smoothing Eq. (5.7), (5.8) based on block related observations

1:S
Vblock, t and parameters.

M-step:

In the M-step, we maximize the conditional expectation of log likelihood in Eq. (5.6) with respect to the
latent truths. We add prior distribution of source quality matrix ¥ in log likelihood. We can update
parameters at r-th iteration as follows.

If we assume sources are independent, ¥ will be a diagonal matrix with elements {0% o}. We set the
prior distribution of o2 as independent inverse gamma distribution, Inv — Gamma(a;, 3;), and o2 is in the

form o " _
o2 268; + Zj:l Zt:l E((U;',t - ,Uj,t)2|vl:T)
nirey 20+ 1)+ Y, ¢}
O T i 2 ;i
28; + Zj:l Zt:l(v;’,t - QU;,tuj»ﬂT + M?,HT + Vj,tlT)
Ao +1)+ X1, é
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, where p; 7 and Vj 7 are the element of object o; in yy 7 and Vi obtained in E-step, respectively.
If sources are dependent, we set the prior distribution of ¥ inverse Wishart distribution, W(®,v), and

¥ (p41) is in the form
T o i
o =1 2y DX Dy + @ (5.10)
D = T 0T x0+S+v+1)

, where Dj; € R9*5 is the permutation matrix that switches missing values in the observations of o;, i.e.

v¥,)T, to the end in order. That is, Dj;v,; = (v(l) v(2)) where vj(-’lt)

st Vid is the observed

Vit = (’Ujl',ta U]Q',h o Ygt
’Zt) is the unobserved portion, where (1) and (2) are the lengths of the two vectors. The

portion and vj(-
corresponding entries of o; matrix C' in Eq. (5.4) is permuted to (C](-tl),CJ(-?))T = Dj;. The expression of

()

covariance matrix of (v;;/,v;7) is as follows
11 yi2
ST S e [ 5.11
it = (5.11)
21§22
Y5 X5
, Where

1 1 1 1 1 T
2}151 = (”g(',t) - C](t)/‘j,tlT)(”](‘,t) - C]('t):“j,tlT)T + CJ(‘ )(‘/jatlT)(C;t))

njf = (23

) =SRER) R (5.12)

22 _ 22 21 11 \—1v12 21 11 \—1vy11 11 \—1v12
E5t =50 = i (Bi) T B 20 ()T i ()T 0

DIYRND M

, and the r-th iteration of source covariance matrix ¥ with respect to (vj(-lt), vﬁ)) is denoted as r r
’ ’ 221 222
(r) (r)

The initial state parameters m; and V) are estimated as follows

Tir1) = s Vi = Vi (5.13)

The transition matrix A is estimated in the following way
T T
A1y = (Z Vig—1r + ,ut\TMZlUT)(Z Viir + Mt71|Tle1|T)_1 (5.14)

t=2 t=2

. If A is blocked matrix following the rules in Chapter 5.3.2, the blocks in A can be calculated in the same

way of Eq. (5.14) using corresponding blocked objects information in V=175 e|T> e—17 and Vi_qp.
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The covariance matrix of the truths I' is updated as follows

T T
(Z Vir + /lt|T,u£T — Ay Z Vit—r + Mt\TﬂtT_uT) (5.15)
t=2

t=2

1

Pory =727

. If T" is blocked matrix following the rules in Chapter 5.3.2, the blocks in I" will be calculated in the same

way of Eq. (5.15) using corresponding block information in Vi 1|7, pte7, pe—1)7, Vyr and A.

Comparison with previous methods

To explicitly illustrate the power of our model, we compare the deduction of our model with the evolving
truth model Li et al. (2015). In Li et al. (2015), source quality is modeled as source weight in the following

way . ‘
I (TR Ve o
v [@) T il
20, + 6 Zj:l 21 (VT t(”j,t = 15,)?)

, where («;, 8;) is the parameter of Gamma prior distribution, u,, is estimated using source weighted sum

(5.16)

of observations, v is the decay factor used to adjust the source weight, and 6 is the regularization parameter.
Compared with the update of our source quality 0’12 in Eq. (5.9), we can see that our source quality parameter
ajz is similar to the inverse of source weight w; in Li et al. (2015), i.e. 0‘? ~ 1/wj. Therefore, if we assume
truths are independent of each other, sources are independent of each other, and observations given the
truths are conditionally independent, our model will reduce to a similar solution of the model in Li et al.
(2015). The key advantage of our model, in addition to the power to model dependencies, is to use the
population variance adjusted by Kalman smoother rather than the population variance adjusted by a fixed
decay factor.
The updated p;; in Li et al. (2015) is
i = Dty w:LU;t + AU )
Dty wit A

(5.17)

. Comparing with the update of E(u;|vi.) in Eq. (5.7) and E(p;¢|vi.r) in Eq. (5.8) where K; is Kalman
Gain matrix related to source quality matrix X, we can see both Eq. (5.7) and (5.8) balance the new
observation and previous state estimation. However, our balance is dynamic based on the estimated Kalman
Gain. In Li et al. (2015), the balancing parameter X is predefined and fixed.

Moreover, by relaxing the independence assumptions, our model is sufficiently general and flexible to

provide other estimations such as source correlation and object correlation.
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5.3.3 Data preprocessing

The detection of outliers is important in making an accurate estimation of truth and source quality. Implied
by Eq. (5.2), (5.3) and (5.5), we utilize the normal distribution to model the truths and observations. In most
cases, the outliers of observations are unlikely to be the truth in most practical cases. The normalization of
observations is also necessary especially we take into account a large number of objects. The expressions in
Eq. (5.9)-(5.12) imply that if one object has an extreme large scale compared to others, this object would
dominate the source quality, making the source quality estimation biased.

We implement data preprocessing step before EM algorithm.To detect outliers of the observations of
each object at time ¢, we use the median absolute deviation to find outliers Iglewicz and Hoaglin (1993).
After removing all outliers, we normalize the observations to its z-scores as the input of the EM algorithm.
Specifically, for each object o; at time ¢, normalized v , is (v;:’t—mean(v}:ts )/ std(v]l;ts ). When there are no
sufficient data at time ¢ for object o;, we aggregate observations from consecutive timestamps in a fixed
length sliding window to normalize the data. The detailed data preprocessing algorithm is described in
Algorithm 3. The observation whose modified z-score is larger than the threshold parameter § will be
classified as outliers and removed from the estimation. Following Iglewicz and Hoaglin (1993), we use 0.6745

as the constant multiplier in the modified z-score and set the threshold § = 3.5.

Data: The observation vector v;,; for object o; from S sources at time ¢.
{Outlier Detection:}

med=nanmedian(v; ) ; // calculate the median without missing value.
dif f=abs(vj: — med) ; // calculate the absolute deviations between v;yt and its median.
med_abs_dev=nanmedian(dif f) ; // calculate the median of absolute deviations.

if med_abs_dev == 0 then
for i in 0:(S-1) do
if dif f[i] == 0.0 or isnan(dif f[i])==True then
| out.lier[v;.[i]] < False
else
| out.lier[v;.[i]] « True
end
end
else
for i in 0:(S-1) do
modi fied_zscoreli] = 0.6745 = dif f[i]/med_abs_dev if modified_zscore[i] > ¢ then
| outlier[v;[i]] < True
else
| out.lier[v;.[i]] + False
end
end

end
{Normalization:calculating z-scores:}
The normalized z-score of v}, from source s; is (vj: — mean(vj,t))/std(vj,.)

Algorithm 3: Data Preprocessing
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5.3.4 Online solution: FvolveT (T*)

The key challenge of integrating streaming data is that (1) we are not able to use the future data to estimate
the present, and (2) using all the data at each timestamp is time-consuming. Here, we propose an online
solution. When a new data point arrives, we update the estimation of current truth with the parameters at
previous timestamp using Kalman filtering one step further without running Kalman smoother backwards
in E-step, and update the parameters in M-step in an incremental way with O(1) complexity. The reason we
can update the estimates incrementally is that Kalman forward recursion is defined in an incremental way,
and parameters in Eq. (5.9), (5.10), (5.13), (5.14) and (5.15) contain only accumulated term ZtT:l() Thus,
this online version can incrementally update the truths and parameters sequentially with time complexity
o(T).

Though future data is not accessible during the estimation, the historical records can help to better
initialize the parameters. We first run the batch solution with both Kalman filtering and smoothing until
EM step converges for the first few timestamps, followed by the online version. We call it the pre-train step.

We summarize our entire algorithm in Algorithm 4. We call it Evolving Truth algorithm, denoted by
EvolvT (T*). T* denotes the history length to run the batch-mode version. We will compare the performance
of different T™ in the experiments section. For historical T* timestamps data, we iteratively update Kalman
recursions iy 7+, Vyr- based on Eq. (5.7), (5.8) and parameters based on Eq. (5.9), (5.10), (5.13), (5.14)
and (5.15) until all of them converge. At the pre-train step, we assume the source quality matrix ¥ to
be consistent for stable initialization.After first 7™ pre-train timestamps, we update truths and parameters
in an incremental way and only scan the remaining data once from time 7™ to 7. Truths are updated
based on Kalman forward recursions ¢, V¢ in Eq. (5.7). Parameters are updated following Eq. (5.9),
(5.10), (5.13), (5.14) and (5.15), but replacing smoothing estimates (j1¢7, V1, Vi—147) by filtering estimates

(#ee)> Vijes Vi—1,4¢)- Here, the source quality matrix ¥ is actually changing over time.

Theoretical analysis

According to Wu et al. Wu (1983), when the complete likelihood function satisfies the continuity condition,
then all the limit points of any parameters of an EM algorithm are local maxima of the likelihood, and
converge monotonically for some local maximum. Since Eq. (5.6) is continuous in terms of all the parameters,

our EM algorithm will achieve the local maxima of the log likelihood.
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Data: The observation vector v;,; for object o; from S sources at time ¢.
{Data preprocessing step:};

Follow Algorithm 3;

{Training step:(if T* > 0)}

while ||para(r) — para(r — 1)||2 > dem; // para(r) is the vector of all parameters to be estimated
at r-th iteration.
do

E-Step:

for block b in 1:B tcp*B: number of independent blocks do
for A in1:T" do
‘ update filtering estimates ui’dh and Vf‘h based on Eq. (5.7) in blocks
end
for f in (T*,T" —1,...,1) do
‘ update smoothing estimates MZIT*? V}ZT* and Vié*—l,TﬂT* based on Eq. (5.8) in blocks
end
end
M-Step:
Update source quality ¥ based on Eq. (5.9) or (5.10)
Update initial state parameters w1 and Vi based on Eq. (5.13)
Update transition matrix A based on Eq. (5.14)
Update truth covariance matrix I" based on Eq. (5.15)
end
{Incremental updating step:};
for t in T*:T*+T do
for block b in 1:B do
‘ update filtering estimates uf“ and thft based on Eq. (5.7) in blocks
end
Repeat M-Step above and replace smoothing estimates by Kalman estimates if they are used to update
parameters
end

Algorithm 4: Evolving Truth algorithm, FvolvT (T*)
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5.4 Experiments

In this section we show the effectiveness, efficiency and case study of our new model on the real-world
datasets. All the experiments are conducted on a laptop with 4 GB RAM, 1.4 GHz Intel Core i5 CPU, and
OS X 10.11.6, with Python 3.6.

5.4.1 Experiment setup
Datasets

We adopt the market capitalization data, fight arrival data, weather forecast data and pedestrian counts
data to evaluate the algorithms.

Market capitalization data (Stock). The market capitalization data consists of 1000 stock symbols from
55 sources on trading days in July 2011 Li et al. (2012). The ground truth for evaluation is built on NAS-
DAQ100 stocks collected by taking the majority values provided by five stock data providers: nasdaq.com,
yahoo finance, google finance, bloomberg and MSN finance.

Flight arrival data (Flight). The flight arrival time contains 3000 flights from 38 sources over 1-month
period (31 days) (December 2011) from Li et al. (2012). We normalize the arrival time into minutes. Ground
truth for evaluation is provided by corresponding airline websites.

Weather forecast data (Weather). We collect the highest temperature weather forecast data for 88 U.S.
cities from 6 websites: wunderground.com, worldweatheronline.com, openweathermap.org, DarkSky.net,
APIXU.com and yahoo.com. The data last for 2 months, from June 8th, 2017 to August 8th, 2017 (61
days). We also collect the actual highest temperature (°F) observations as the ground truth. Pedestrian
data (Pedestrian). Given by Dublin City Council ® | the data consist of daily pedestrian counts of four
streets in 2015. There are many sources that may provide the pedestrian counts, such as sensors from traffic
light, surveillance cameras, infrared beam counters, etc. Since it is not easy to collect the real data from the
aforementioned sources, we simulate six different sources by varying the Gaussian noise level with different
variances. We use data from November 1st to December 31st and set the variances as 1, 1.44, 1.96, 2.56,

3.24, 4, respectively.

Evaluation metrics

We use mean absolute error and root mean square error to measure the correctness of all the truth discovery

algorithms.

8https://data.gov.ie/dataset /pedestrian_footfall
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Mean Absolute Error (MAE) is the average of the sum of absolute distance between truth and the
estimated value.
Root Mean Square Error (RMSE) is the root of the average on the sum of square loss between the

truth and the estimated value.

Compared methods

A large portion of the existing methods are only working on stable truths. To demonstrate the advantages
of modeling dynamic truths, we treat the streaming data in a batch way to run these methods.

The following algorithms are designed for categorical truth, where distance between answers are not
measurable in Euclidean distance. Thus, the true answer is selected from one of the candidate answers.
Since our paper is focused on numerical truth, we treat numerical truth as one of the candidate to fit in
the models. TruthFinder Yin et al. (2008) and AverageLog Pasternack and Roth (2010) iteratively
estimate the truths and source quality using additive or multiplicative ways. In Investment and Pooled-
Investment Pasternack and Roth (2010), each source uniformly invests its quality among the answers they
provide, and its quality is a weighted sum of the credibility of those answers. 3Estimates Galland et al.
(2010) extends the framework further by introducing an additional factor, i.e. difficulty of the question when
evaluating the truths and source quality.

For these methods modeling continuous data, we list them all as follows. Median and Mean are
two naive methods that do not consider the source quality and take median or mean at each timestamp
independently. GTM Zhao and Han (2012) is a probabilistic graphical model designed for continuous data
in static truth discovery. DynaTD+ ALL is the incremental version with both decay and smoothing factors
and the best performed algorithm reported in Li et al. (2015). We also use our data preprocessing algorithm
for the data.

For our proposed method, FvolvT, we develop a set of different versions by varying the pre-train step
T*. We take three sets of (T*) to illustrate their difference. EvolveT(0) is a fully online version starting
with no historical data and random initialized parameters. Parameters such as source quality, transition
matrix, and object covariance matrix will also be updated along time. EvolvT'(t)(t # 0) is to use historical
t timestamps to evaluate truths and parameters, then conduct the O(T) algorithm to infer the truths left.
EvolvT is a fully batch-mode version when we observe all the streaming data and estimate the truths at all
timestamps and fix source quality along time. parameter from last timestamp, this method For all baseline
methods, we use the suggested parameters, initializations and convergence conditions in the original papers.

For our model, the parameters are set v =2, & = (S + v+ 1% 1), oy = 8; = 10 for each source s;, u; =0,
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Table 5.1: Performance comparison

Stock Flight Weather Pedestrian

Methods MAE RMSE Time(s) MAE RMSE Time(s) MAE RMSE Time(s) MAE RMSE Time(s)
TruthFinder 3.49 9.44 98.12 1.19 5.85 50.04 2.81 3.33 2.11 1.79 2.28 1.11
3Estimates 6.05 27.70 208.99 28.90 119.90 146.75 3.34 4.42 1.76 1.79 2.28 1.11
AverageLog 3.60 9.70 31.53 0.98 4.85 22.20 2.53 3.65 0.78 1.79 2.28 0.05
Investment 6.05 27.50 44.48 2891 119.90 30.76 3.34 4.42 0.93 1.79 2.28 0.05
PooledInv 3.23 11.19 50.69 0.39 3.13 44.68 2.55 3.36 141 1.79 2.28 0.08
Median 2.97 13.29 39.93 2.55 6.40 45.44 2.49 3.20 3.08 0.79 0.95 0.18
Mean 4.60 19.26 57.87 5.78 10.75 62.19 2.46 3.25 4.42 0.87 1.01 0.36
GTM 2.24 11.83 103.28 2.70 3.31 125.82 2.55 3.35 0.70 0.98 1.19 0.10
GTM-+ours 1.63 9.27 131.32 3.37 6.73 150.35 2.46 3.53 2.75 0.80 0.96 0.11
DynaTD+All  2.05 8.01 8.82 2.89 8.48 0.23 297 4.45 10.23 0.78 1.01 0.16
EvolvT 2.05 7.97 3.63 2.54 4.31 140.1 2.52 3.78 54.78 0.72 0.95 0.12
EvolvT(0) 1.96 8.35 4.01 2.80 9.18 0.49 2.64 3.49 2.33 0.72 0.93 0.03
EvolvT(5) 1.86 7.54 7.93 3.25 8.53 3.85 2.48 3.28 11.38 0.69 0.89 0.04
EvolvT(10) 1.54 6.91 3.85 3.31 8.61 22.89 2.42 3.21 22.89 0.70 0.90 0.06

V1 and A to identity matrix. We evaluate Fvolve in the batch mode without any historical data. As for T,

we set it to [0, 5, 10], and evaluate all methods from 11th timestamps for fair comparison.

5.4.2 Experimental results

In this section, we empirically demonstrate the effectiveness and efficiency of our algorithm, EvolvT(T*),

and illustrate the impact of different factors to the estimation performance.

Dynamic Truth Inference

Table 5.1 shows the performance comparison of all the models. In general, the methods for numerical data
perform better that those for categorical data on stock, weather and pedestrian datasets, and dynamic
models performs better than static numerical models. Our method are significantly better than all other
algorithms on stock, weather and pedestrian datasets. With pre-train step of historical records, our method
gets better performance than random initialization EvolvT'(0). The batch-mode version performs slightly

better than online version, but would cost more time due to the convergence requirements.

Discussion on numerical truth discovery

If we assume truth is from one candidate, choose the candidate which is most closed to our estimated truth.
One interesting finding is that though flight arrival time is real-valued parameter, whose difference can be
measured using Euclidean distance, the actual distribution of flight arrival time observations do not follow a
normal distribution. Due to the delays or accidental incidents, some websites may not immediately update

the information timely, or not updated until the flight actually arrives, leading to scattered distribution
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centered at some discrete value. Thus, the optimal solution, with high probability, will be one of the time
provided by certain sources. Table 5.1 shows that TruthFinder, AverageLog, and PooledInvestment have

better performance than the Gaussian-based method, GTM.

Efficiency

We also report the running time of all the algorithms. For efficiency, the running time (s) of our proposed
model is close to Median and Mean. Iterative methods usually takes 10 times more times to converge at
each timestamp, while our single-pass O(T) version gains better performance with even shorter running
time. Our algorithm can largely reduce the running time by single-pass O(T) algorithm without loss in
performance. The reason behind it is that algorithm can keep track of the parameter information from the
history such that source quality, object dependency and prediction power are properly inherited, while the

batch-mode algorithms do not use the history information, making the running time relatively long.

Missing observations.

To illustrate the robustness of our algorithm to missing observations, we randomly remove some of the
observations of sources. Since we have shown in Table 5.1 that the methods specifically working on numerical
truth work consistently better than those on categorical truth, we only run part of the baseline algorithms
for further comparison on missing observations. The sampling rate demonstrates the proportion that we
keep out of all the data. We range the sampling rate in [0.5,0.55,0.6,0.65,0.7,0.75,0.8,0.85,0.9,0.95, 1.].
Figure 5.2 shows the MAE and RSME changes along with the sampling rate. We can observe that our
method Evolve(10) performs the best in terms of MAE in most cases on both stock and pedestrian datasets.
One interesting observations is that Median performs well in terms of RSME when we only keep half of
the data on both datasets. one our model can still effectively give an estimation on the missing data. One
possible reason is that as the number of data points significantly drops, there are no sufficient data to

estimate the parameters of the truth discovery model.

Effectiveness of data preprocessing.

To demonstrate the effectiveness of our data preprocessing step, we replace the outlier detection and nor-
malization step of GTM, denoted by GTM+ours. We can see that using our preprocessing can reduce the

MAE of GTM on three datasets.
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Figure 5.2: MAE, RSME of sampled stock, pedestrian

Source dependency

We also compare the performance with and without the source dependency assumption. Table 5.2 list the
performance of dependent sources model. We find that assuming all sources are correlated would not have a
good estimation on the truths. The major reason is that the number of parameters is square of the number
of sources in the dependency case.

For source dependency study, we also rank all the sources by their quality at the last timestamp, i.e.
1/0? from top to low, and separate them into three different groups. The sources in highest quality group
is listed in Figure 5.3a, and the corresponding source name is listed on our website . 2:bloomberg, 21:tmx-

quotemedia and 10:investoguide,24:yahoo-finance have highest correlation in this group. Figure 5.3b and

9http://shizhi2.web.engr.illinois.edu/
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Table 5.2: Performance of the dependent sources model

Stock Flight Weather
Methods MAE RMSE MAE RMSE MAE RMSE
dep-EvolvT(0)  2.59 9.24 3.18 15.78  3.60 2.44
dep-EvolvT(5)  2.58 8.74 3.17 16.23  3.78 11.38
dep-EvolvT(10)  2.56 8.65 3.50 16.3 3.40 2294

5.3c shows the second and last quality group with decreasing source quality.(4:cnn-money, 15:optimum) are

10 and marketwatch!!, screamingmedia) are highly correlated. We further

highly correlated, and (barrons
check the the origins of these three websites, and find barrons and marketwatch are all owned by Dow
Jones & Company, which is an American publishing and financial information firm, and screamingmedia is
just pre-owned by Dow Jones & Company'2. With high possibility, these websites get information from an
identical source.

As for the flight data, we plot the graph with all sources as shown in Figure 5.3d. (6:flights, 7:busi-
nesstravellogue, 8:flylouisville) are highly correlated, and (9:flightview, 10:panynj, 11:gofox, 12:foxbusiness,
13:allegiantair, 14:boston) are highly correlated. One possible reason is they may copy the flight information
from each other, or they achieve information from similar sources.

For the weather data, we find that within the 6 sources, only APIXU and worldweatheronline are highly
correlated, with correlation score=0.9. We further check on the web and find that World Weather Online

acquires Apixu platform 3. Thus, the source correlation is validated, showing that our method can effectively

detect the source dependencies.

5.5 Conclusions

In this chapter, we aim to discovery the evolving truths from the streaming data. We propose a general
hidden Markov model with analytical solution to effectively model the temporal dynamics of the truths
with the noisy observations from multiple sources. We propose both the batch version, blocked version and
an efficient online version algorithms with effective data preprocessing step. These three methods reduce
the computational cost and boost the performance, allowing the real-time truth discovery applications. To
address the efficiency, we propose the blocked version and one-pass version to reduce the computational cost
and to allow online inference. Experiments on the real-world datasets demonstrate the great effectiveness of

our algorithm. In the future, it would be interesting to examine the object dependency using our model.

Ohttps://en.wikipedia.org/wiki/Barron%27s_(newspaper)
Mhttps://en.wikipedia.org/wiki/MarketWatch
2http://adage.com/article/btob/dow-jones-sells-screaming-media-yellowbrix/276811/
L3https://www.facebook.com /worldweatheronline/posts/1160440014032686
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Figure 5.3: Source dependency.
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Chapter 6

Future directions

In Chapters 2 and 3, we study the statistical inference methods based on characteristic functions. In the
future work, we might be able to extend the pseudo-marginal MCMC algorithm proposed in Chapter 2
and approximated ECF methods in Chapter 4 to Markov processes with implicit conditional characteristic

functions.

6.1 An MCMC approach for Lévy process based models in
finance

In Chapter 2, we propose an MCMC approach to do inference based on characteristic functions. It mainly
can be applied to Lévy processes. Actually, we might be able to extend it to certain Markov processes, Lévy
process based models, because their conditional characteristic functions are usually available (See Chapter
3.2.3). Specifically, we can follow the logic in Chen et al. (2013) to build our integrated empirical likelihood
below.

Let {X:5}7, be n discretely sampled observations of Markov process. For notation simplification, we

denote X5 as X;. Suppose that we can get conditional characteristic function:
By (u;0) = By(e™ X1 | X,).
Thus, for all u € R%:

Eo(®4(u;0) — e Xev1]X,) = 0,

Then, for any weight factor, A(Xy,u, s), and all u,

Ep[(®y(u;0) — ™ X+1)A(X, u, 5)] = 0.

114



For any 7 = (u, s) € R, define:
er(1,0) = (Do(u;0) — ™ X)) A(X,, u, 5).

Thus, we have the moment condition:

E(e(r,0)) =0.

Due to the Markov property, also for ¢t1 # t2, we have
Cov(en(7;0), e2(7;0)) = 0.

Because the observations are equally spaced, €;1(7;6) has the same distribution as €.2(7;0) when 1 # to.

Thus, we use the same EL strategy in Chapter 2.2 to deal with Markov process under the moment condition

above.
L, (7;0) :maX{H(nwj) fwj > O,ij =1,
j=1 j=1

ijgj(Tv 0)=0,}

j=1
where €; = (ej-%7 ej[ )T. Then, we can follow the exact same procedure in Chapter 2.2 to build the integrated
empirical likelihood T, (6):

T, (0) = / Lo(7:0)dG(r), (6.1)

s

and G(7) is either a given discrete distribution or a smooth distribution function of 7 with support on
compact set S C R??.

With a prior specification pg(#) on the parameter 6, we have the posterior density
p(01X) o< po(0) T (). (6.2)
Then, the maximum empirical posterior estimator (MEPE) 0 as
6= argméixp(ﬂX). (6.3)

Thus, we can follow Chapter 2.3 to study this MEPE’s asymptotic properties and utilize the exact same

sampling algorithm in Chapter 2.4 to estimate the parameter.
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In this framework, our computing dimension is doubled to 2d. Thus, the efficiency of sampling algorithm
is worthy to study. Moreover, it could be very interesting to study how to design the weight factor A(X,u, s)

to generally provide a lower asymptotic variance of the MEPE.

6.2 Empirical characteristic function estimation for Lévy process
based models in finance

In Chapter 4, we propose an approximated ECF estimation based on characteristic function. It mainly can
be applied to Lévy processes. Actually, we might be able to apply it to certain Markov processes, Lévy
process based models, if the joint characteristic function is available.

The approach through joint characteristic function with asymptotic property is discussed in Knight and
Yu (2002). The idea is to define the moving blocks of data. Specifically, Z; = (Xj,..., X;1p)7 (=
{1,...,T — p}), could be regarded as T — p moving blocks for {X1,..., X7r}. Each block size is p and the

joint characteristic of each moving blocks is:
¢(u; 0) = E(exp(iu’ Z))), (6.4)
and the empirical characteristic function is:
n(u) = /exp(iuTz)an(z) = %iexp(iuTZj), (6.5)
j=1

where i = v/—1 and u = (ug, ..., Up+1).
Then, similar to Chapter 4, we can estimate the parameter by minimizing the distance between joint

characteristic function and empirical joint characteristic function:
bper = argun [ [6(u.6) ~ 6n(w) G

where G(u) is the continuous weight function.
Then, we need define the trapezoidal rule approximation for multiple integration [ |¢(u, 6)—,, (u)[*dG (u)
and build a similar theorem to Theorem 18 to control the error bound of trapezoidal rule approximation.

Hopefully, the approximation will again related to the analyticity property of the joint characteristic function.
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Appendix A

Appendix of Chapter 2

A.1 Lemmas of the positive-definiteness of integrated matrices

Lemma 24.1. {A(t)};cra are positive-semidefinite n x n matrices of which entries are continuous functions
of t € R%. G(t) is a probability measure with support S containing an open set I C S . Then, there will be
no open set T C I so that fz t)dG(t) is positive definite.

& there exists non-zero constant 8 so that Vt € I, A(t)8 = 0.

Proof. < Note that there exists non-zero constant vector J(not related to t) so that for V¢ A(t)5 = 0 with
Vt € I. Thus, for any open set Z C I, we have [ (A(t))dG(t)B = [;(A(t))BdG(t) = 0. That is, [, A(t)dG(t)
is not full rank.

= We prove it by contradiction. If VZ C I, [, A(t)dG(t) is not full rank. First we select an arbitrary
open set Z; C I. Because fI (t)dG(t) is not full rank, there exists non-zero constant vector 31 satisfying
Jz, A()dG(t)B1 = 0. Then, [ T A(t)B1dG(t) = 0. Considering A(t) is positive-semidefinite matrix and
A(t) is continuous with respect to ¢, we have Bf A(t)B8f = 0 for Vt € I;. Also, A(t) can be written as
P(t)TP(t) by Cholesky decomposition. Then, we have (P(¢)31)T(P(t)31) = 0 which is A(t)8; = 0 for
Vt € 7;. Because there is no non-zero constant vector 8 so that A(t)8 = 0 for Vt € I, there exists t2 ¢ 7y
so that A(t2)B1 # 0. Thus, we select another open set Zy satisfying Zo D (Z3 U ts) and Zo C I. Because
Jz, A(t)dG(t) is not full rank, there exists non-zero constant vector (p satisfying [, A(t)dG(t)B2 = 0.
Definitely we also have A(t3)32 = 0. Repeating the procedure above, we will have:

1. Openset 7y C Zy--- C I;

2. Non-zero constant vector f3; satisfying A(t)8; =0 for Vt € Z; (i = 1,2,...);

3. For j =2,3,..., there exists t; € Z; \ Z;_; satisfying A(t;)5;-1 # 0. But, A(t;)8k = 0 for Vk > j.
Suppose we select (1, Ba, ..., Bnt1. Then, they must be linearly dependent (S is n x 1 vector). That is,
there exists at least one non-zero real numbers ¢y, ..., ¢,41 S0 that ¢151 +c2f82 4+ -+ -+ cpy18n+1 = 0. Then,
A(ta)(c1 1+ c2Ba + -+ + cnt1Pnr1) = 0. Then, we have ¢1 A(t2)1 = 0 which lead to ¢; = 0. Similarly, we

multiply A(t3) by c2f82 + -+ + ¢nt18n+1 to get coa = 0. In the end, we will get ¢ = co = -+ = ¢p41 = 0.
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This is a contradiction. |

Lemma 24.2. {A(t)};cpa is positive-semidefinite n x n matrices with entries are functions of t € S.
Then, we can at least find ty,to, ... thr1—m SO that A(t1) + A(ta) + -+ + A(tnt1—m) is full rank where
m = maxes{rank(A(t))}.

< There will be no non-zero constant vector (3 (not related to t), so that, for any t € S, A(t)8 = 0.

What is more, if we suppose that there will be no non-zero constant vector B (not related to t), so that, for
any t € S, A(t)B = 0, we can either construct or check t1,ta, ... in this way: sequentially selecting {B;}*_,
satisfying (A.1). Whenever By is non-exist, A(t1) + A(te) + - -+ + A(ty) is positive definite. You will never

select {B;}¥_, endlessly. The mazimum of k is n+ 1 —m.

Proof. ' =' If there exists non-zero constant 3 so that A(t)3 = 0 for ¥Vt € RY, then, (A(t;) + A(ts) +--- +
A(tp+1-m))B = 0 for Viq,te,.. . tnt1—m. Then, A(t1) + -+ + A(tnt+1-m)is not full rank.

" &<’ First, let’s select ¢1 so that rank(A(t1)) = m < n. if A(t1) is full rank, then r = 1. If A(¢1) is not
full rank, there exists non-zero constant vector 1 so that A(¢1)8 = 0. But, from our condition, there is no
non-zero constant vector 3 to make A(t)t = 0 for any ¢t € R?. That is, we can find ¢, so that A(t)3; # 0.
If A(t1) + A(te) is full rank, then, » = 2. Otherwise, there exists non-zero constant vector Sz so that
(A(t1) + A(t2))B2 = 0. Because A(t;) and A(ty) are non-negative definite matrices, we have A(t;) = L LT
and A(ty) = Lo LT due to Cholesky decomposition where L; and Ly are lower triangular matrices. Then,
we have (3 (A(t1) + A(t2))8 = (L1 81)" (L1 B1) + (L3 B2)" (L3 B2) = 0 < A(t1)B2 = A(ts)B2 = 0. Similarly,
we can select t3 so that A(t3)8 # 0 by using our condition. We repeat the procedure above until » = k& > 1.

That is, if A(t1) + A(t2) + - + A(tg) is full rank, r = k. Otherwise, A(t1) + A(t2) + - - - + A(tg) is not full

rank, we will use the same procedure above to have 1, 5o, . .., O satisfying
A(t1)B1 =0, A(t2)B1 # 0,
A(tl.)52 = A(t2)B2 = 0, A(ts) B2 .75 0, (A1)
A(t1)Bre = ... = A(ty)Br = 0,  A(tg)Br—1 # 0.

Note that 8y,..., 8, C {8 : A(t1)5} i.0. the solution space S of A(t1)8 = 0. It is easy to know Dim(S) =
n —m due to linear algebra where rank(A(t1)) = m. Now, we prove f,..., i are linearly independent. if
c1f1+ -+ + ek Br = 0 where ¢1,. .., ¢ are real constant. Then, A(ta)(c181 + -+ + cxBr) = c1(A(t2)B1) = 0.
Because A(t2)fB2 # 0, we have ¢; = 0. Then, we have A(ts3)(caf2 + -+ + ckfBr) = c2A(t3)B2 = 0. That is,
co = 0 because A(t3)B2 # 0. Similarly, we have ¢; = ¢ = --- = ¢ = 0. In other words, fi,..., 0 are

linearly independent. Thus, k£ < n — m. That is, if we repeat our procedure n + 1 — m times, we will have
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full rank A(t1) + -+ Altnsr1-m)-

The selection of {t;}¥_, will just follow the procedure of proof above based on the selection of {3;}%_,. W

Remark 13. n + 1 — m is optimal for Corollary 24.2 holding for all positive-semidefinite n x n matrices
{A(t)}+ter. That is, Here, we give an example of A(t) so that A(t1) + - -+ + A(t,) is not full rank no matter

what t1,...,t,. we use, where r < n —m and m = max;cg{rank(A(t))}.

fi(t)
Ja(t)

fa(t)

where
1 t=jorj<m
fit) =
0 t#jandj>m

The proof of it is trivial because it is easy for us to find a row in A(t1) + -+ - + A(tp—m) is all zeros.

Remark 14. For some certain positive-semidefinite n x nmatrices {A(t) }ter, to make A(t1) + - - -+ A(t,) full
rank, 7 could be smaller than n + 1 —m. But, r still has a lower bound for it which is [-]. The reason for
it is that n = rank(A(t1) + - - - + A(¢,)) < rank(A(t1)) + - - - + rank(A(t,)) < r x m. The example to attain

equality is trivial and we don’t discuss more here.

A.2 Proofs

A.2.1 Proof of Theorem 1

Proof. Similar to the proof of Lemma 1 in Qin and Lawless (1994), proof of (detail) in Owen (1990) and

proof of lemma 1 (ii) in Yuan et al. (2014), we can get
1< 1 1
An(u,0) = {= > g(u, Xi:0)g" (u, X5z 0)}{= D g(u, Xi0)} + o(n Q) (A.2)
i=1 i=1

almost surely and uniformly in ||§ —6|| < n~% with u € S due to the fact that each component in g(u, X;;6)
is between 0 and 1(satisfying the condition E||g(u, X;;0)||> < 1 in Qin and Lawless (1994),0wen (1990) and
Yuan et al. (2014)).

Denote § = 6y +vn~3. Let’s give a lower bound for T}, (#) on the surface of the ball || — 6|| = n~3 when
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[lv]| = 1. Scaling our posterior(2.4) by multiplying n™ and performing Taylor expansion, we have

(0] X) = /S 1o () L (s 0)dG (1)
= [ exp{= 3D 08{1 + N0 X,50)} + lox(p(60)}aG )

i=1
n

/Sexp{ Z)\T (u; 0)g(u, X;;6) + ! Z{)\T(u 0)g(u, X;;0)}?

i=1 i=1
+ o(n?)}dG(u)
= [em{5 e Yot KoL Y gl X 0)g (. Xis0)}
=1 i=1
(o X))+ oln)}G)

/exp{—f{ Zg u, X;5600) + ZW %}T{%Zg(u,X,»;&)g”u,Xﬁ@)}fl

=1

x{= Z!] u, Xy;60) + ZM vn~5} + o(n?) G (u)

P 00
X; 1
= / exp{—g{O(n_l/z(log logn)'/?) + E(Wﬁm_@}j{l@g(u,)@ 00)g” (u, X;5600)} 1
s
x {O(n""?(loglog n)"/?) + E(W)m*%} + o(n3)}dG(u).
(A.3)
We rewrite equation (A.3) as [ exp(—n3 (f(u) 4 0(1)))dG(u), where f(u) denotes
v E(Z9(u, 560)T (Eg(u, X3 600)9" (u, Xi560)) " E(5g(u, x;60))v and f(u) >0
Now, we prove that there exists large enough K > 0 so that [ exp(—n? (f(u)+0(1)))dG(u) < exp(—ni ( (f(f( u))))
holds with n > K. To prove it, equivalently, we can show for large enough n,
n_%(log/ exp(—n? f(u) / f(u)dG(u (A.4)
s

From regularity condition A.4, we know that for any non-zero vector v, E(f(u)) is positive. Because

Ef(u) = [;° P(f(u) > x)dx, there exists m > 0 so that P(f(u) > m) > 0. Then,

w""
Bl

n_%(log/sexp(—n%f(U))dG(U)) < P(f(u) >m)m(=n12) + P(f(u) <m)n~1.
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Then, it is obvious to see that left side of equation (A.4) will go to —oo as n — oco. Thus, we prove the

inequality above. Then, we have

S o™ YT {Eg(u, Xi: 60)g" (u, X3z 00)} !

/ exp{—g{O(n_l/Q(log logn)'/?) + E(
s

~ {O(n71/2(10g10g n)1/2) + E(M)m*%} 4 o(n%)}dG(u)
06
(A.5)
<exp(-nt ([ (fGw)
<exp(—(c — e)ni)
almost surely and uniformly in ||v|| = 1, where ¢ > 0 and c is the smallest eigenvalue of

/S E(%g(u, T 00))T(Eg(u7 X HO)QT(u, X 90))_1E(%g(u7 x;00))dG (u),

Similarly,

n 1 1
n"Tn(eo)=/eXP{—g{ﬁZQ(MXﬁHO){gZ9(U7Xi§9o)gT(u,Xi;9o)}_l
o i=1 i=1

X {%ZQ(%Xi;@o)}+0(1)}dG(u) (A.6)

i=1

= O((logn)™").

Combining (A.5) and (A.6), we find that T, () attains its maximum value in the interior of the ball ||§—6y|| <

n

Wl

Also, 0, satisfies 2p(0]X) = 0 which is the second equation in (2.6). The first equation is from (2.2) W

A.2.2 Proof of Theorem 2

Proof. Similar to the proof of Theorem 2 in Chan et al. (2009), it can be shown by uniform law of large number
that & Q1 (u; 00,0) = s12(w), 327 Q1p(u; 00, 0) & s11(u), % Qan (u; 09, 0) = 0 and 32 Q1 (u; g, 0) 5 s21(u)
uniformly in u € S.
Denote Qs (u;0,\) = exp(—> i, log(1 + ATg(u, X;;0))). Similarly, according to (2.6) in Theorem 1,we
have

0 =Q1n(u; 0, A\ (u; 6r))

8Q1n(u; 90a O)
00

(A7)
8Q1n(u; HOa O) A
T}\n (u, Qn) + Op((Sn)

:an(u; 003 0) + (én - 90) +
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uniformly in v € S, and

0 =n" /S P0(0) Ly (w3 00) Qo (w3 Oy Ay (w3 6,)) — %3pgf”)L,L(u;én)dG(u)

_ /S (90 (00) Qi (115 60, 0) Qan (13 B 0) + po(60) Qs (13 b, O)W(én o)+

Ipo(0o) 0Q3n(u;00,0)

Q2n(u; 00, 0)Q3n (u; 09, 0) 90 (0 — 00) + Q2n(u;60,0)po(6o) 50 (6n — 00)+
0 n\U; 0 ) 0 N 0 n\U; 0 ) 0 N
0(00) Qo 0, 0) POy 1) 4 o ()00, 0) P00y (01, 3w + 0,60
(A.8)
Then, with Q3,(u;60,0) =1, Qa,(u;00,0) = 0 and %an(u; 60,0) =0,
0Q2y, (u; 6,0 A
0= [ po(o) ZLEE 00 i ,)dGw) + 0,6,
S D)
Then, we have
- 3Q2n (U; 90, 0) A
0 —/S AT An(u; 0,,)dG (1) 4 0p(0n)- (A.9)
because po(#) is positive in the neighbor of 6 implied by regularity condition A.7.
Following (A.7), we get
An(u;0,) = —s71 (W) Q1 (3 00, 0) — sfll(u)slg(u)(én —00) + 0p(dp). (A.10)

Plugging (A.10) into (A.9), we find
0~ 00 = ~{ [ ser(w)si (Wsraw)dG) M [ sa1 ()55 (0 Qun(ui b0, 0)AG(W)} + 0p(6,), (A1)
s s
Then, conclusion (2.8) in Theorem 2 is directly from (A.10) and (A.11). |

A.2.3 Proof of Theorem 3

Proof. For 0 € {||0 — 6o|| = O(n=2)}, by Taylor expansion,

log p(6]X) = log p(0,|X) = (0 = 0,)" J(0,)(0 = 0,) + 0, (1[0 — 0, [|?).

1
2

Because 0,0 — 0,|[2 < 0,]]0 — 0012 + 0,|00 — 0,2, we have 0,||0 — 6,|> = 0,(n~"). Then,

P(O1X) o< exp{ 3 (0~ 0.)7T(0.)(0 — ) + 0, (D). (A.12)
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Now, suppose J(6,,) is positive definite and let D = J(0,)2 (0 — ,,). Then, from (A.12), we have
p(D|X) x exp{—%DTD +o0,(1)}.
To show the convergence property of cumulated distribution function
J(0,)%(0 — 6,) % N(0, 1),

we need to prove tails probability goes to zero based on the convergence property of posterior density in

(A.12). That is, we need to prove

P(|[J(6,) (6 — 8,)]| > 8) — 0,

when § — oo and n — oo.

From (A.12), for any 6 = 6 + J(6,) 2 D, we have
p(61X) = po(bo) exp{~|| D||*/2}
By the dominate convergence theorem due to the fact that p(6|X) < po(8),we have
[ plln 6. A DIX)ID B pa(6) [ expl- DI /20D

[|D[|>6 ||D||>6
for any § > 0. Then, we have
Jiipl5 P(0n + T (0,)~2 D|X)dD

5 A1

fHD||>0p(9" + J(0,)"2D|X)dD

po(0o) fHDH>5 eXp{—HD||2/2}dD
po(0o) fHDll>0 exp{—||D|?/2}dD

— (2m) % / exp{—||D|[2/2}dD < c,
[|ID]|>6

P(||7(0,)% (0 — 0,)|| > 6]X) =

where § is a number larger than 1 — € quantile of standard normal distribution. |

A.2.4 Proof of Theorem 4

Proof. Proof of Theorem 4:

We notice that (2.9) is continuous with respect to 6 and it is positive-semidefinite. We can apply Lemma

24.1 by setting A(t) to be (2.9). Then, Theorem 4 is proved. |
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A.2.5 Proof of Theorem 5

Proof. We notice that (2.9) is continuous with respect to 6 and it is positive-semidefinite. Due to the
discussion in Section 2.3.3, we know that m = 2 in our case. We can apply Lemma 24.2 by setting A(t) to

be (2.9). Then, Theorem 5 is proved. |
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Appendix B

Appendix of Chapter 3

B.1 Asymptotic properties of maximum likelihood

We list several typical asymptotic properties of maximum likelihood for Lévy processes and Markov processes
with proofs under B, E class regularity conditions. Those properties will be used to prove the theorems of

previous sections in this paper.

Lemma 24.3. X" € X is a n—dimensional random vector and Q(0; X™) is a real-valued function of 0 given
X" Qo(0) is a real-valued function of 6. Suppose § € © C RP and 0, is defined as the value of € ©

maximizing Q(6; X™). Under such regularity conditions below:
L24.8.1 Parameter space © is compact.
L24.3.2 Qo(0) is uniquely maximized at 6.
L24.3.3 Qo(0) is continuous in 6 € O.

L24.3.4 Q(0; X™) converges uniformly in probability to Qo(6). That is, supgee |Q(0; X™) — Qo(0)] 50 as

n — o0o.
then, 6, B0y asn — co.

Remark 15. This lemma is the Theorem 2.1 in Newey and McFadden (1994). In fact, the condition 1.24.3.3
can be generalized to be upper-continuous. The combination of conditions 1.24.3.1, .24.3.2 and 1.24.3.3 can
be replaced by a more general condition: 6y is a well-separated point of the maximum (See Corollary 3.2.3

in Van der Vaart (2000)).

Proof. let B.(6p) = {0 : ||0 — 6o|| < €}. Because © N BE (6y) is compact (1.24.3.1) and Q(#) is a continuous
function (1.24.3.3), there exists 0* € © N BE () to achieve SUPpeonBe (9, 1@0(0)}. Because 0 is the unique

to maximize Qo(6) (L24.3.2), we denote Qo(0p) — Qo(0*) as § > 0.
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Notice that:

1) 1) 1) 1)
sup |Q(0; X™) — Qo(0)] < 5 = Q(0; X) < Qo(0) + B} < Qo(0%) + 5= Qo(bo) — 5
0e(©nBE (o))
0 1)
sup  |Q(0; X™) — Qo(0)] < 5 = Q(bo; X™) > Qo(0o) — 5-
6€©NB. (fo) 2 2

Then, we have:
1)
sup |Q(0; X™) — Qo(6)] < 5 = Q0p; X™) > Q(O; X™) for 0 € ON Bf(@o) =6, € ©N B.(b)).
0cO

Due to the L.24.3.4, as n — oo, we have

Plsup [Q(6: X™) = Qol#)] < 5) & 1.
0cO

Then, we have P(6,, € © N B.(0y)) %1 as n — oco. Equivalently, we have 6,, 2 6y as n — cc. [ ]

Lemma 24.4 (Uniform convergence). Let a(X,0) be a matriz of functions of random vector X and the
parameter 0. ||a|| is the Frobenius norm (also called as L2,2 norm) of the matriz a. Under such regularity

conditions below:
L24.4.1 Parameter space © is compact.
L24.4.2 a(x,0) is continuous at 8 € © given observation x € X.
L24.4.8 There exists d(z) with ||a(x,0)|| < d(z) for all 0 € © and Ep,[d(X)] < 0.

L24.4.4 Suppose we have random vectors Xi,...,X, from a specific stochastic process satisfying above con-
ditions separately. They also have ergodic properties: 137"  a(X;,0) 2 By, la(X;,0)]. Moreover,
A(Xi;0) = supjg, —g,)|<s |a(Xi,01) — a(X;,02)|| also has ergodic property that LS L A(XG,0) RiS
Eg,[A(X;,0)] (This indicates Eg,[a(X;,0)] and Eg,[A(X;,0)] does not depend on subscript j where

1 < j <n. Thus, we might write X denoting X; under Ep, later in these situations) .

then, Ela(X,0)] is continuous and we have uniform convergence law: supgee || Y1 | a(X;, 6)—Eg, [a(X, 0)]|| LS

0.

Remark 16. This lemma basically is the Lemma 2.4 in Newey and McFadden (1994) to deal with i.i.d data.

We extend it to deal with non-i.i.d case which is also suggested in page 2129 in Newey and McFadden (1994).
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Proof. Continuity of Ela(X,0)]:

Suppose for every 6§ € O, we construct 6, — 6. By L24.4.2, we have a(z,0;) — a(x,0) given z.
Since L24.4.3, Ey,[a(X,0;)] — Eg,[a(X,0)] due to dominated convergence theorem. Thus, Fy,[a(X,0)] is
continuous in 6 € ©.

Uniform convergence law:

We need to show Ve, n, there exists H (e, n) so that P(supgee || >0 a(X;,0) — Eg,[a(X, 0)]]| > €) <n.

First, let us to decompose supgeg ||2 Yo a(X;, 0) — Eg, [a(X, 0)]|| into three parts. Suppose Ugece Bs(6)

is the open cover of parameter space ©. Since O is compact (L24.4.1), there exists finite sub-cover so that

O C U}’le(;(Qj). Thus, we have this decomposition

1< 1<
sup ||— a(X;,0) — Eg la(X,0)]|| = sup sup — a(X;,0) — E X, 0
eeeHn; (Xi,0) — Eg, [a(X, 0)]]] e o n; o0 [a (X, 0)]]|
1 n n
< sup — a(X;,0) — a( X5, 0;)|| + 1= a(X;,0;) — Eg, la(X,0;
1<3<J9€Bé(am{ ng g )+ ;< ;) — Egla(X.0,)]]

® (including supsup part) @ (including supsup part)
+ | [Eaa (X, 8] = o [a(X, )] |-

@ (including supsup part)

Thus, we have

n

P(sup||- >~ a(Xi,0) — Eaa(X,0)]| > ) < P@ > §) + P@> 5+ P@ > )

veo N~

Second, let us study (D), @) and (3) separately.
For (D, we utilize A(X;0) = supjjg, _g,)|<s ||a(Xi,01) — a(X, 62)]]. Thus, D < LS L A(X;0). Thus

we have

P@ > 5) < PO AXi6) > 5)

i=1

= P((En: A(Xy;0) — Ep, [A(X1,0)]) + Ego [A(X1,0)] > %).

Since a(z, 0) is continuous in 6 (L24.4.2) and € € © which is compact (L24.4.1), a(z, ¢) is uniformly continuous
in 6. In addition, ||A(x;d)|| < 2d(x) where Ep,[d(X1)] < oo (L24.4.3), by dominated convergence theorem,
we have Ep,[A(X1,0)] — 0 as § — 0. Thus, we can let § < 01 so that Fp,[A(X1,0)] < §. Then, we have

= €

PO > 3) < P(Y A(Xi36) — g [A(X1,6)] > )

i=1
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Through ergodic property in 1.24.4.4, we can find Hy(e,n), when n > H;(e,n), we have

P(® > y<P ZA (Xi:0) — Eg [A(Xy,0)] > é) < g

=1

For (2), it is obvious that

J n
1
3) S 2P gZ a(Xi,6;) = B, [a(X,0))]]| > 3)-
i=1 i=1
Through ergodic property L24.4.4, there exists Ha;(€,n) so that ,when n > Hy;(e,n), we have

; a(Xi,85) = Eg,a(X.6,)]]| > £) < 55

:\'—‘

Let Hs(e,n) = maxi<j<.g Haj(€,n). Then, when n > Hs(e,7n), we have

J
P@>5 <3P (1% a(X,,05) ~ B a(X, 01> §

1
3 2
=1 =1

.

For (3), we have shown that Efa(X,#)] is continuous (See the first paragraph of this proof). We also
know that © is compact ((I)), we have E[a(X,0)] is uniformly continuous. Thus, we can find d2 so that,
whend < dz, we have P(3) > §) = 0.

Last, by setting 6 = min(d;,d2) to form the open cover of © at the very first step, we can select

H(n7 6) = maX(H1(€7 77)7 H2(€a 77)) and have

n

1 . . )
Ploup Iy D2 alX00) ~ Eafa(X 0 > < 3+ § 0=

when n > H(n,¢). That is, we have the uniform convergence law, which is

n

sup ||% S a(X:,60) — Eg [a(X,0)][| 50

peo N~
n

Lemma 24.5 (Interchange of differentiation and integration). a(x, ) is a real-valued function of an obser-
vation x € X and the parameter 0. If a(x, ) is continuously differentiable at 6 € N for all x € X where
N is an open set and [, (supyepr H%a(x,@)”)dl’ < 00, then, [, a(x,0)dx is continuously differentiable and

%fx x@dszX a(z,0))dx.
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Proof. For any # € N, we can choose a sequence #,, € N so that 6, — 6 because N is an open set.
Since a(zx,0) is continuously differentiable at # € N for all z € X, we have %a(mﬁ) — %a(m,&). In
addition, we know that [, (supgenr || Za(z, 0)||)dz < oo, Thus, [ (Za(z,0,))dx — [, (&a(z,0))dz due to
dominated convergence theorem. Thus, [ X(%a(m, 0))dzx is continuous. By mean-value expansion theorem,
we have a(z,0,) = a(z,0) + Za(z,0) (0, — 0) + r(z,0,) where r(z,0,) = [Za(z,0;) — Za(z,0)] (6, — 0)
and 0 is the mean value located in the line between 6, and 6. Because A is an open set, for all 6,
closed enough to 6, we can assume that 87 € N without losing generality. Then, we have ||r(x,0,)||/]|0n —
0] < ||%a(x,9;) - 89 a(z,0)|| — 0 by the continuity of 9 a(z,0). In addition, ||r(z,0,)|//||6, — 0] <
2supgen H%a(x,é))“, we have ||r(x,0,)||/]|0n — 0|] — 0 by dominated convergence theorem. Therefore,
| [y a(z,0,) — [ya(z,0) — [[ Za(z,0)dz]' (0, — 0) = | [, r(z,00)dz| < [ |r(z,0,)|dz = of||6, — 0]]).
Equivalently, we have -2 fX z,0)dz = [, (&a(z,0))ds. [ |

Lemma 24.6 (Unique maximum for I.I.D). If X;,...,X,, are L.L.D. The true parameter 0y is identified.
That is, 0 # 0y < f(x;0) # f(x;00) where f(x|0) is the density function of i.i.d data. In addition, if we
have Eqg,|log f(X;60)| < 0o for all § € © where O is the parameter space. Then, Eg,[log f(X;0)] is uniquely

maximized at 0.

Proof. Take g(y) = —log(y) and we have E[g(Y)] > g(EY) due to Jensen’s inequality. Let Y = Jf((X 99))
Because the true parameter 6y is identified, Y is not a constant when 6 # 6. Thus, we have F[g(Y)] > g(EY)
which is
f(X;0) f(X;0)
Eg,[—log(—=~ —log(Egy [ —5])-
60[ Og(f(X700))] > Og( QO[f(Xyeo)D
Notice that
E = 10) =1
ool X 90 f 73 00)dz /X £(:0)

Therefore, we have Fy,[log f(X;6)] > Ep,[log f(X;0)] for any 6 # 9. ]

B.1.1 B regularity conditions in Chapter 3

We list the following B class of regularity conditions which will be used for consistency and asymptotic

normality of MLE for I.I.D case.
B.1 60y & L(6:-) # L(6o;-)
B.2 The parameter space © is compact.

B.3 L(6;x) is a continuous function of § for almost all x € X C R. X is the support of f(x;0).
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B.4 [|l(0;2)]| < g1(x) for all 8 € © and Ey,[g1(X)] < oo.
B.5 6y lies in the interior of compact parameter space O.
B.6 L(x;6) is twice continuously differentiable and L(x;6) > 0 in a neighborhood of 6y, Q.

B.7 ||%|| < g2(x) for all 6 € Qg and [, g2(z)dx < oc.

: T
B.8 I(6y) = Ego[alog{;(e’w) alogaLe(e"T) ] is positive definite.

2 T
B.9 ||88é((9%T) || < gs(x) for all 8 € Qp and Ey,[g3(X)] < oo.

B.10 ||6;£‘{§Zf) || < ga(z) for all 6 € Qy and [, g4(z)dx < oc.

Lemma 24.7 (Consistency and normality for L.I.D). Under reqularity conditions B.1 ~ B.4, the MLE Oy

is a consistent estimator. That is,

On 2 6, (B.1)

when N — co. When all B class of reqularity conditions hold, then

VN(Ox — 65) % N(0,I7(6y))

Proof. Consistency:

To prove the consistency of MLE, we mainly use Lemma 24.3 by setting Q(6; XV) = % Zjvzl 1(0; X;).
Now we prove that regularity conditions B.1,B.2,B.3 and B.4 are equivalent to regularity conditions 1.24.3.1,
1.24.3.2, 1.24.3.3 and L.24.3.4 provided by Lemma 24.3.

First, 1.24.3.1 is the same as B.2.

Second, to show 1.24.3.2, we use Lemma 24.6. In fact, regularity B.2 and B.4 guarantee the availability
of Lemma 24.6 so that Qo () is uniquely maximized at true parameter 6.

Last, to show L24.3.3 and L24.3.4 together, we use Lemma 24.4 by setting a(X;,0) = [(6;X;) for
j=1,...,N. That is, we need to verify 1.24.4.1, 1.24.4.2, 1.24.4.3 and 1.24.4.4. In fact, 1.24.4.1 is guaranteed
by B.2. L24.4.2 is guaranteed by B.3. L24.4.3 is guaranteed by B.4. 1.24.4.4 is guaranteed by B.3 and B.4
together via the Weak law of large numbers for I.I.D data. Thus, we have the consistency property, that is,
On 2 0.

Asymptotic normality:

Let N C © is an open set containing true parameter 6y. Due to the consistency of MLE Oy and

regularity condition B.5, we have 1{éN N} % 1. We denote 1{éN en} 88 1. When MLE 6y is inside N, we
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have 1- %Q(é ~; X)) = 0 due to the first order condition. By the mean-value expansion theorem (regularity

condition B.6):

N
iy [jﬁjz_;ﬂxj;eo) TGNy — 60)] = 0 (B.2)

where p(X;6) is defined as %Z(G; X;). J§ is a p x p random matrix where jth row of the matrix is the jth
row of Jy evaluated at the mean value 0;’-‘ v between 0 ~ and 6y and
1 <X 92log L(6; X;)

In0) =[5 , o608 )

Suppose we have: (we will prove them later)
O: e 7o @53 00) B N(0,1(60)) as N — oo.
@: Ji 2 1(6p) as N — oc.

Then, we denote 1{éNeNmJ* as 1. Then, by Equation (B.2), we have
N

is non-singular}
R N
1-VN(by —60) =1 (J3) "D o(X;;60)

Jj=1

Due to regularity condition B.8, we know 1 % 1. Combined with D, @ and Slutsky’s theorem, we have
VN(y — 0) % N(0,T7(6))

Proof of (I): We only need to show Eg, p(X;;00) = 0, then, through central limit theorem for L.L.D data,
we have \/—lﬁ Zjvzl ©(X,;60) EEd N(0,1(6p)) as N — oo. To show Eg,o(X;;6p) = 0, we utilize Lemma 24.5.
Set a(z,0) in Lemma 24.5 to be L(6;z). The regularity conditions in Lemma 24.5 can be guaranteed by B.6
and B.7. Then, we have

of (x;0)/06 0
Elp(z;0 :/ ————— f(x; 0)du(x :—/fx;edxzo
(o(ai0)) = [ LI pai0)dnto) = 3 [ 1(w:0)

Proof of 2): Similar to the proof of (I), we have Eqy,[J,,(60)] = I(6p) by utilizing Lemma 24.5 based on
regularity conditions B.6, B.7 and B.10. If we denote Ej, [—Bf—ge, log f(X;0)] as J(6), we have J,,(8) 2 J(6)
due to the weak law of large number and B.10. We utilize Lemma 24.4 by setting a(X, 6) to be the random
matrix J,(0). Based on the regularity condition B2, B.6, B.9, B.10 and week law of large number for I.I.D

data, we have that J(#) is continuous at # € N and uniform continuity supge . ||J5(0) — J(8)|| 2 0. To
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prove (2), we use triangle inequality
17 = 1(B0)[| < || = J(O)|[ + [[T(07) = I(6o)]|

|[J% — J(6)]] 2 0 is due to the uniform convergence proved above and [|.J(8*) — I(6p)|| = 0 is since 6* is

consistent defined in (B.2). [ |

Lemma 24.8 (Unique maximum for Markovian data). If Xi,...,X, are following Markov processes.
f(-]+; 0) is the stationary transition density. The true parameter 0y is identified. That is, 0 # 6y < f(:|;0) #
f(l500). In addition, if we have Eg,|log f(X1|Xo;0)| < oo for all 6 € © where © is the parameter space.

Then, Ey,[log f(X1|Xo;0)] is uniquely mazimized at 6.

Remark 17. Through our definition of Eg,[-], Ey, [log f(X;|X;_1;0)] will be not related to j. Without losing

generality, we normally write it as Ey,[log f(X1|Xo; 6)].

_ f(X1]X0:0)

Proof. Take g(y) = —log(y) and we have E[g(Y)] > g(EY) due to Jensen’s inequality. Let YV’ X110 :00) "

Because the true parameter fy is identified, Y is not a constant when 6 # 5. Thus, we have E[g(Y)] > g(EY)

which is
J(X1]Xo;0)

f(X1]Xo;0)
f(X1]|Xo500)""

E@o [_ log(f(Xl |X0; 90)

)] > —log(Ep, [

Notice that

Ego[ f($1|$0;90)p($0)d$0d$1 = / f(l’ﬂl’o,@)p((l?o)dl‘odl?l = 1

XXX

f(X1]X0;0) :/ f(x1]|zo;0)
f(X1]Xo;60) xxx f(x1]m2;60)

where p(xg) is the stationary distribution of the Markov process. Therefore, we have Ey, [log f(X1|Xo;00)] >
Eg, [log f(X1[Xo; 0)] for any 6 5 6o.
B.1.2 E regularity conditions in Chapter 3

We list the following E class of regularity conditions which will be used for consistency and asymptotic

normality of MLE for Markovian case.

E1 60#600 < f(:|50)# f(-]60). f(:|-;0) is transition density.

E.2 The parameter space © is compact.

E.3 1(6;x0, 1) is a continuous function of € for all zp € X C R and 21 € X C R.

E.4 |[I(0;z0,21)|| < g1(x0, 1) for all @ € © and Fy,[g1(Xo, X1)] < 00. Ep,[-] is defined in D.3.
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E.5 6y lies in the interior of compact parameter space O.

E.6 L(6;x0,21) is twice continuously differentiable and L(8;xo,z1) > 0 in a neighborhood of 8y, Qg for all

rg € X C Rand z1 € X C R.

E.7 H%H < g2(zo, 1) for all 6 € Qp and [, 1 g2(20, z1)p(dzo X dr1) < 00.

. . T
E.8 1(6y) = Ego[alog Lé%’m"’ml) 9log Lg’émo’ml) ] is positive definite. Ejy,[] is defined in D.3.
E.9 HWH < g3(zo,x1) for all 6 € Qg and Ey,[g3(Xo, X1)] < 0. Ep,[-] is defined in D.3.

E.10 H%H < ga(wo, x1) for all 0 € Qo and [ 5 g4(xo, 21)p(dx % dx) < co.

Lemma 24.9 (Consistency and normality for LI.D). Under regularity conditions D.1, D.2 and E.1 ~ E.J,

the MLE éN is a consistent estimator. That is,
On 5 0o (B.3)
when N — co. When all D and E class of regularity conditions hold, then

VN(Ox — 65) % N(0,I7(6y))

Proof. Consistency:

To prove the consistency of MLE, we mainly use Lemma 24.3 by setting Q(6; XVV) = % Z;‘V:1 1(0; X5, X;-1).
Now we prove that regularity conditions E.1,E.2,E.3 and E.4 are equivalent to regularity conditions 1.24.3.1,
1.24.3.2, 1.24.3.3 and L.24.3.4 provided by Lemma 24.3.

First, 1.24.3.1 is the same as E.2.

Second, to show L24.3.2, we use Lemma 24.8. In fact, regularity E.2 and E.4 guarantee the availability
of Lemma 24.8 so that Qo(f) is uniquely maximized at true parameter 6.

Last, to show L24.3.3 and L24.3.4 together, we use Lemma 24.4 by setting a(Y;,0) = 1(6; X;, X;-1)
for j =1,...,N (We use Y; to represent the X; in Lemma 24.4). That is, we need to verify L24.4.1,
1.24.4.2, 1.24.4.3 and 1.24.4.4. In fact, 1.24.4.1 is guaranteed by E.2. 1.24.4.2 is guaranteed by E.3. 1.24.4.3 is
guaranteed by E.4. 1.24.4.4 is guaranteed by E.3 and E.4 and the Weak law of large numbers for Markovian
data (D.1 and D.2). Thus, we have the consistency property, that is, Oy 5 Oo.

Asymptotic normality:

133



Let A/ C © is an open set containing true parameter #y. Due to the consistency of MLE Oy and
regularity condition E.5, we have 1{éNeN} % 1. We denote 1{65N€N} as 1. When MLE 6 is inside N, we
have 1- %Q(é ~; X™) = 0 due to the first order condition. By the mean-value expansion theorem (regularity

condition E.6):

N
In- [% ]Z:;P(Xjan—l; 0o) + {— TN }VN(Ox — 6)] =0 (B.4)

where ¢(X;,X,_1;6) is defined as %Z(G;Xj,Xj_l). Jx is a p x p random matrix where jth row of the
matrix is the jth row of Jy evaluated at the mean value H;TN between éN and 6y and
N o2
1 0 logL(Q;Xj,Xj_l)

In(0) = [_N 2 9000’ ]

Suppose we have: (we will prove them later)
O: e it @(X;, X513 60) B N(0,1(6)) as N — oo.
@: Ji 2 1(6y) as N — oc.

Then, we denote 1{9NENOJ* as 1. Then, by Equation (B.4), we have
N

is non-singular}
R N
1 . \/N(QN — 90) = 1 . (J?\})_l Zgo(XJ,Xj,l,HO)
j=1
Due to regularity condition E.8, we know 1 % 1. Combined with (D, @ and Slutsky’s theorem, we have
VN(y — 0) % N(0,T7(6))

Proof of (I): This is guaranteed by Lemma 10.1 under regularity conditions of D class.

Proof of (2): We have Ey,¢(X;, X;_1;6p) = 0 and then Ey,[J,,(00)] = I(fy) by utilizing Lemma 24.5
based on regularity conditions E.6, E.7 and E.10. If we denote Ego[—%se, log f(X1|Xo;0)] as J(#), we have
Jn(0) & J(6) due to the Lemma 10.1 (D.1 and D.2) and E.10. We utilize Lemma 24.4 by setting a(X, 6) to
be the random matrix J,(#). Based on the regularity condition E.2, E.6, E.9, E.10 and Lemma 10.1 (D.1
and D.2), we have that J(6) is continuous at € N and uniform continuity supye - || () — J(8)|| & 0. To

prove (2), we use triangle inequality
(15 = 1(Bo)|] < [, = J (O + |17(6%) — I(6o) ]

where 6* is mean value defined in (B.4). ||J; — J(0*)|| 2 0 is due to the uniform convergence proved above
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and ||J(0*) — I(6p)|| & 0 is since 6* is consistent defined in (B.4). [ |

Under the framework of Section 3.2.2, we have the hypothesis:
Hy:91(0) =0,...,94(0) =0, 1<qg<p.

against

H, : 3k, gx(0) #0, 1<k<q.

Lemma 24.10. Let {X} be i.i.d data. Assume that we can treat Hy as 01 = 69, -,0, = 6° via reparametriza-
tion where 9? 18 the jth true parameter. When Hy holds, B classes of regularity conditions applied to both

parameter space © and its subspace Oy of parameter vector (0,41, ...,0,), we have
d 2
—2log A = X3

where
_ Lo(eN;X)
L1 (HN,X)

9

éN € Qg is the MLE of the likelihood Lo(0; X) under Hy. Oy € O, is the MLE of the likelihood L1(0; X) in
parameter space ©. The dimension of parameter space is p for © and (p — q) for Oy. Xifp is a Chi-squared

distribution with degree freedom k.

Proof. If we denote {69,...,69 9N} as 0, we have Li(Oy;X) = Lo(fn;X). Suppose log-likelihood is

sy Yrs

11(0; X) =log L1 (6; X) (Io(0; X) = log Lo(6; X)). Noticing that:
N
X) =Y h(6:Xy),
j=1

we first perform mean-value expansion theorem (regularity condition B.6) to both lo(0x; X) and I (0x; X):

A N N
lo(On; X) = 1(On; X Zh 003 X;) + Y ¢(00; X;) (On — 6) + (éN —60)' (=Jin) (O — o)
=1 =
~ N N ~ ~
0N X) =) h(0n; X Zh 003 X;) + Y ¢(60; X;) (On — ) + (9N —00)'(=J35)(On — bo)
i=1 o1

where ¢(0; X;) = %11(9; X;) and Jiy, J3y are p x p random matrix where jth row of the matrix is the jth

135



row of Jy evaluated at the mean value between 0 ~ and 6y and

N 5210 10: X ;
In(0) = [ 32 PR,

Then, we apply Equation (B.2) and 2) in Lemma 24.7 to ¢, Jjy and Jjy based on B class of regularity

conditions combined with Slutsky’s theorem, we have

9N, le On; X le o; Xj) + - \/>(9N 00)' (1(00))VN (O — 0o) + 0p(1)

1(On; X le On; X le o; Xj) + & \F(eN 00)' (1(00))VN (O — 0o) + 0p(1)

Then, we have

~2logA = L VN (O — 8 (I60)VN (B — ) +0,(1)

We decompose Oy = {0%,60%} and Oy = {0},0%} in the following way:

0 = {01, 00} 6% = {Bpon,....0,) O =1{69....80) 0% = {0prn,....0,)

Thus, we know that

VN(BY —0%) % N0, 111 1 4 (60))

VN@% —6%) %0

via asymptotic normality indicated by Lemma 24.7. Then, obviously we have —2log A A X3 which is a

Chi-squared distribution with degree freedom k.

B.2 Proofs

B.2.1 Proof of Theorem 6

For each 6 € O, E{M((b, a)(xz) will decay to zero (see Therorem 2.3 and Corollary 2.4 in Feng and Lin

(2013)). Because the bound of |EfZM(<;S7 a)(z)| in Equation (3.4) doesn’t depend on parameter 6 based on

the A class regularity conditions, |E,f v (@, a)(x)| decay to zero uniformly on 6 € © as Mh — oo and h — 0.
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B.2.2 Proof of Theorem 7

Proof. We utilize Lemma 24.3 by setting Q(6, X, M, h,a) = [*"%(9; X) and Qo(6, X) = 1(6; X). We know
that Q(6, X, M, h,a) converges to Qo(, X) uniformly for § € © when Mh — oo and h — 0 via Theorem 6.

Then, Lemma 24.3 holds and é%’h’a RIS |

B.2.3 Proof of Theorem 8

Proof. Under B class regularity conditions, we have

VN (O — 60) % N (0,174 (6))

fMha GMIN)R(N).a

via Lemma 24.7. Combined with Theorem 7, we have % 9y with fixed @ when N — oo,

and

VN (N NRNa gy 4 N(0,17(66))

via Slutsky’s theorem. [ ]

B.2.4 Proof of Theorem 9
Proof. Under B class regularity conditions, we have
x d 2
—2log A" = X3

where

AF Lo(fn; X)
Li(0n; X))

via Lemma 24.10. Combined with Theorem 7, we have A % A* as Mh — oo and h — 0. Then,
d .2
—2log A = X3
via Slutsky’s theorem. |

B.2.5 Proof of Theorem 10

For each 0 € O, E,fM((b, a)(xz) will decay to zero (see Therorem 2.3 and Corollary 2.4 in Feng and Lin

(2013)). Because the bound of |Ef (¢, a)(x)| in (3.4) doesn’t depend on parameter 6 based on the C class
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regularity conditions, then, |E£M(¢, a)(z)| decay to zero uniformly on 6 € © as Mh — oo and h — 0.

B.2.6 Proof of Theorem 11

Proof. We utilize Lemma 24.3 by setting Q(6, X, M, h,a) = [*"%(9; X) and Qo(6, X) = 1(6; X). We know
that Q(0, X, M, h,a) converges to Qo (6, X) uniformly for § € © when Mh — oo and h — 0 via Theorem 10.

Then, Lemma 24.3 holds combined with regularity condition E.2 and E.3, and éj\v/[’h’a RS |

B.2.7 Proof of Theorem 12

Proof. Under E class regularity conditions, we have

VN(Oy — 00) 5 N(0,17(6,))

é%f’h,a, 9”1\N4(N)7h(N)va

via Lemma 24.9. Combined with Theorem 11, we have 2 9o with fixed a when N — oo,

and

VN (NN gy 4 N(0,17(66))

via Slutsky’s theorem. [ ]

B.2.8 Proof of Theorem 13

Proof. 1f we follow the selection of analytic strip Djg_ 4,) for each model in Section 3.3, A.1 is satisfied
because their characteristic function ¢(u;6) is analytic in the analytic strip. The proof of analyticity for
each model is trivial.

For A.2 and A.4, the model’s characteristic function forms are provided in the Section 3.3. And all of them
|(¢(x + iy))| are bounded, analytic and having exponential tails with respect to € R within the analytic
strip. Given the compact parameter space (actually it is a closed interval for each parameter), A.2 and A.4

are satisfied. The specific computation step is omitted.

B.2.9 Proof of Lemma 13.1

Proof. Please see the proof of Lemma 2.3 in Mukerjee and Sutradhar (2002) or 5a.3 in Rao et al. (1973). W
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B.2.10 Proof of Lemma 13.2

Proof. if V(6) is not positive definite, there exists non-zero 8 € R”, so that cov(8; X + 2 X%+. ..+ 8,XP) = 0.
Then, f1 X +B2X?+. ..+ B,XP = C, where C is a constant. Because X has a continuous probability density
over real line R, thus X could be any value at least within a small open interval. Notice that {X, X2,... X7}
are linearly independent. Thus, 8 is a zero vector. This is a contradiction to non-zero 8 € RP. Thus, V(0)

is positive definite. |

B.3 The simulation of CGMY processes

We simulate CGMY processes with parameter C' = 3, G = 78, M = 82 and Y = 0.9. We mainly use the
method proposed by Chen et al. (2012). For the daily data (6 = 1/252), we choose M = 150 and h = 3 to
approximate CDF F(z) of Levy processes X (8) at time § by using Hilbert transform method (Section 2 in
Chen et al. (2012)). The choice of M and h can guarantee the approximation error less than 1072 for every
possible = in this parameter set. Suppose the expected value of X (4) is mcgmy and variance is varcgmy-
We choose n; and ng so that F(z;) < 1078 and 1 — F(x,) < 1078 based on &, = Megmy + 111 (varegmy )

222 points {x} between z, and x; uniformly and

and T; = Megmy — N2(VaTegmy)®®. Then, we construct
calculate their corresponding approximated CDF F(z). Then we simulate u following uniform distribution
and calculate F~'(u) based on the linear interpolation or a solver. F~'(u) will follow the distribution of
X (8) approximately. We find interpolation can give us very accurate F~'(u) and the error of F~!(u) less
than 10712, if simulated u < 1078 or u > 1 — 108, we set F~'(u) to be z, and x;. This averagely

happens every 10 samples which is very rare and the error of F~1(u) is also less than 10712, All in all, our

implementation of the simulation method can control the error less than 10712,

B.4 Approximated MLE implementation details

To approximate the likelihood [(6; x), for our simulated data « = {z; };V and parameter 6, we find M and
h so that the approximation error is small. To be simple, we set a = 0 to approximate log-likelihood.
Thus, our approximated likelihood is I*70(f;x). First, through Theorem 6, we find Mh is only related
to the parameter and h is related to both parameter and data x for the bound of error. Moreover, for
one data xj, larger |z;| generally requires smaller h to control the approximation error. Following these
two phenomenon, we separate data x into two groups z! and z2. max|z!| < 0.1, min|2?| > 0.1. If

we want to model equity values, most data will be has the absolute value less than 0.1. If we fix Mh,
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we can find that group 1 generally can have larger h with smaller M and notice that large M is mainly
the large computation requirement from based on Equation 3.2. Then, we choose common M and h for

either group 1 data or group 2 data to guarantee both |IM"0(0;x,.4,) — I2M70(0; 2m4s)| < 1078 and

[IMR0(0; 21100 ) — 1PMP/20(05 22,1002 )| < 1078 Where 2,4, is either max 21| or max |#2|. In this way separating
data into two groups can effectively reduce the computation burden. In the end, I will check if selected M
and h can satisfying |IM"0(0; z,,0,) — PMR0(0;25)] < 1078 and [IMP0(0; 2p0,) — PP/ 20(0;25)| < 1078
for all 1 < j < N. In our experience, this is general the case. If error can be controlled for data z,,4,,(in our
case, error is controlled by 10~8), similar error can also be controlled for every data point. In this way, we
don’t need to search M and h for each data point of x and we can save a lot of time. To search M and h, we
set the initial search point is M = 50 and h = 5. This initial point is set by our practical experience. The
search pattern for M, h is from the expression of error of bound in Lemma 6. It can be shown that the first
two terms converge to zero at the exponential rate exp(—wd/h) and Ty, converges to zero at the exponential
rate exp(—c(Mh)¥). Thus, we choose the search new M; and hy to be exp(—(M1h)") = exp(—(Mh)¥) * §;
and exp(—(m)/h1) = exp(—(w)/h) x do. We set §; = 0.1 and d2 = 0.5 in our algorithm applied to the

simulation study and case study and it shows high efficiency to search M and h.
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Appendix C

Appendix of Chapter 4

C.1 Useful lemmas

We list several typical asymptotic properties of ECF estimates for Lévy processes with proofs under B
class regularity conditions. Those properties will be used to prove the theorems of previous sections in this
chapter.

We first list the lemma to help us to prove the Theorem 18. This is basically the Theorem 2.3 in Feng
and Lin (2013).

A function f is in H(D4_ q.)) if it is analytic in D(4_ 4,y and satisfies

dy
/ |f(z +dy)|dy — 0, x — +oo.

+ _ 9 .
111 = dim [ 17 +i(ds 5 0)lds < +oc.

Lemma 24.11. Suppose f € H(Dq_ q,). The trapezoidal sum approzimation:

M
Tha(f,a)= > f(mh+ia)h

m=—M

. The approximation error is:
ELy(fa) = [ f@)de~ T (f.0)

Then for any a € (d—,dy),

- e—27r(a—d_)/h _ e—27'r(d+—a)/h N
|Eh,M(f;a)| < 1 _ e—2n(a—d_)/h ||f” + 1 _ e-2n(ds—a)/h ||fH + T

141



When f satisfies that:

f(x+ia)| < Kla|" exp(—clz"),  z€R

for some k > 0,v > 0 and either ¢ > 0,n € R or c=0,n < —1, we have Ty, = %(Mh)"“‘1 ifc=0,n<

—1, and Tarp = 2w (%L, o(MR)) if ¢ > 0. Incomplete Gamma function T(s,b) = [ e~'t*"'dt.

v )

Proof. see Theorem 2.3 in Feng and Lin (2013). |
We list the following lemma which helps us to prove the Theorem 19.

Lemma 24.12. X" € X is a n—dimensional random vector and Q(6; X™) is a real-valued function of 6
given X™. Qo(0) is a real-valued function of . Suppose 8 € © C RP and 6, is defined as the value of 0 € ©

mazimizing Q(0; X™). Under such regularity conditions below:
L24.12.1 Parameter space © is compact.
L24.12.2 Qo(0) is uniquely mazimized at .
L24.12.3 Qo(8) is continuous in 6 € O.

L24.12.4 Q(0; X™) converges uniformly in probability to Qo(0). That is, supyecg |Q(0; X™) — Qo(0)] 500 as

n — 00.
then, 6, B0y asn — co.

Remark 18. This lemma is the Theorem 2.1 in Newey and McFadden (1994). In fact, the condition 1.24.12.3
can be generalized to be upper-continuous. The combination of conditions L.24.12.1, 1.24.12.2 and L24.12.3
can be replaced by a more general condition: 6y is a well-separated point of the maximum (See Corollary

3.2.3 in Van der Vaart (2000)).

Proof. let B.(0y) = {6 : |0 —0y|| < €}. Because © N BE(6)) is compact (1.24.12.1) and Qo (f) is a continuous
function (1.24.12.3), there exists 0* € ©NBE () to achieve SUPpeonBC (9,)1@0(0)}. Because 0 is the unique
to maximize Qo(6) (L24.12.2), we denote Qp(0p) — Qo(6*) as § > 0.

Notice that:

sup QU8 X"~ Qol6)] < § = QU8 X) < Qo(6) + 5 < Qul6") + 5 = Qoll) — 5.
0e(©NBE (60))
. ) . 5
Swp Q8 X™) ~ Qul6)] < § = Q(l: X) > Qol0) — 3.

0€ONB(00)
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Then, we have:
1)
sup |Q(0; X™) — Qo(6)] < 5 = Q0p; X™) > Q(O; X™) for 0 € ON Bf(@o) =0, € ©N B.(b)).
0cO

Due to the L24.12.4, as n — oo, we have

)
P(sup [Q(6; X™) = Qo(9)] < 5) > 1.
6eo
Then, we have P(6,, € © N B.(0y)) %1 as n — co. Equivalently, we have 0,, 5 0y as n — oo. [ ]

C.1.1 B class regularity conditions in Chapter 4

We list the following B class of regularity conditions for the asymptotic property of ECF estimation, which
is proposed by Knight and Yu (2002). This class of regularity conditions work for both i.i.d and dependent
data. We discard the regularity conditions which are for non-i.i.d data (always hold for i.i.d data) and only

list the ones for i.i.d data.
B.1 6y lies in the interior of compact parameter space O.

B.2 With probability one, e(; X) is twice continuously differentiable under the integral sign with respect

to 6 over O.
B.3 Let eg(0) = [ |¢(us;0) — ¢(u; 00)|*g(u)du and eo(#) = 0 only if 6 = 6.
B.4 K(z;0) is a measurable function of z for all # and bounded, where

ORe(u; 0)
00

OS¢ (u; 0)

+ (sin(uz) — S¢é(u; 0)) 20

K(x:6) = / {(cos(uz) — R (;0)) Yo (o) du

B.5 B(by) = [(0¢(u;60)/00)(0¢(u; 0y) /00T ) g(u)du is nonsingular and 8%¢(u; §) /00067 is uniformly bounded

by a g-integrable function over ©.
Now, we list the lemma to prove the Theorem 20.

Lemma 24.13 (Consistency and normality of ECF estimates for I.I.D data). Under reqularity conditions

B.1 ~ B.3, the ECF estimate éEcp is a consistent estimator. That is,

Opcr 5 0o (C.1)
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when sample size n — co. When all B class of regularity conditions hold, then
Vi(Bscr —8o) > N(0, B~ (60) A(60) B~ (60)).

where A(6y) = var(K(z1;60)).
Proof. See the Theorem 2.1 in Knight and Yu (2002) [ |
This interchange of differentiation and integration lemma will be used to prove Theorem 24.

Lemma 24.14 (Interchange of differentiation and integration). a(z,0) is a real-valued function of an o0b-
servation x € X and the parameter 0. If a(x,0) is continuously differentiable at 6 € N for all x € X where

N is an open set and [, (Supgepr H%a(x,é))”)dw < o0, then, [, a(z,0)dx is continuously differentiable and

2 [y alz,0)dz = [, (&a(z,0))dz.

Proof. For any 0 € N, we can choose a sequence 6, € N so that 6, — 6 because N is an open set.
Since a(x,0) is continuously differentiable at # € N for all z € X, we have %a(m,@) — %a(m,&). In
addition, we know that [, (supgen || a(z,0)|))dz < oo, Thus, [, (Za(z,0,))dz = [,(Za(z,0))dz due to
dominated convergence theorem. Thus, [ X(%a(x, 0))dx is continuous. By mean-value expansion theorem,
we have a(z,0,) = a(z,0) + Za(z,0) (0, — 0) + r(z,0,) where r(z,0,) = [Za(z,0;) — Za(z,0)) (0, — 0)
and 0 is the mean value located in the line between 6, and . Because A is an open set, for all 6,
closed enough to 6, we can assume that 6% € N without losing generality. Then, we have ||r(z,0,)||/]|0, —
0| < [|1Za(z,0;) — Za(z,0)|| — 0 by the continuity of Za(x,0). In addition, ||r(z,0,)||/||6n — 0] <
2suppen || 25a(z,0)||, we have ||r(z,0,)[|/||0n — 0| — 0 by dominated convergence theorem. Therefore,
| [y a(z,0,) — [ya(z,0) — [[, Fa(z,0)dz]' (0, — 0) = | [, 7(z,00)dz| < [ |r(z,0,)|dz = of||6n — 0]]).

Equivalently, we have 2 [, a(z,0)dz = [, (Za(z,0))dz. [ ]

We also need to use the following lemma proposed in Chapter 2.3.3 (Lemma 24.1) to prove the regularity

condition B.5.

Lemma 24.15. {A(t)};cra are positive-semidefinite nxn matrices of which entries are continuous functions
of t € R%. G(t) is a probability measure with support S containing an open set I C S . Then, there will be
no open set T C I so that [ A(t)dG(t) is positive definite.

& there exists non-zero constant 3 so that Vt € I, A(t)8 = 0.

Proof. < Note that there exists non-zero constant vector S(not related to t) so that for V¢ A(¢t)8 = 0 for

Vt € I. Thus, for any open set Z C I, we have [ (A(t))dG(t)B = [,(A(t))BdG(t) = 0. That is, [, A(t)dG(t)
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is not full rank.

= We prove it by contradiction. If for VZ C I, fI (t)dG(t) is not full rank. First we select an arbitrary
open set Z; C I. Because fz (t)dG(t) is not full rank, there exists non-zero constant vector ; satisfying
Jz, A (t)B1 = 0. Then, [; B A(t)B1dG(t) = 0. Considering A(t) is positive-semidefinite matrix and
A(t) is continuous with respect to ¢, we have 8f A(t)8f = 0 for Vt € Z;. Also, A(t) can be written as
P(#)TP(t) by Cholesky decomposition. Then, we have (P(t)87)T(P(t)81) = 0 which is A(t)3; = 0 for
Vt € Z;. Because there is no non-zero constant vector 8 so that A(t)8 = 0 for V¢t € I, there exists ty ¢ 7
so that A(t2)B1 # 0, Thus, we select another open set Zy satisfying Zo D (Z3 U t2) and Z, C I. Because
fzz A(t)dG(t) is not full rank, there exists non-zero constant vector [, satisfying fIz A(t)dG(t)B2 = 0.
Definitely we also have A(t2)fB2 = 0. Repeating the procedure above, we will have:

1. Openset 7y CZy--- C I;

2. Non-zero constant vector 3; satisfying A(t)8; =0for Vt € Z; (i = 1,2,...);

3. For j =2,3,..., there exists t; € Z; \ Z;_; satisfying A(t;)5,;-1 # 0. But, A(t;)8, = 0 for Vk > j.
Suppose we select (1, f8a,...,0n+1. Then, they must be linearly dependent (8 is n x 1 vector). That
is, there exists not all zero real numbers cy,...,cy+1 S0 that 181 + caf2 + -+ + cpt18nsr1 = 0. Then,
A(te)(e1f1 + a2 + -+ + ¢nt1Bns1) = 0. Then, we have ¢ A(t2)B1 = 0 which lead to ¢; = 0. Similarly, we
multiply A(t3) by 282 + -+ + ¢nt18n+1 to get co = 0. In the end, we will get ¢ = ¢co = -+ = ¢py1 = 0.

This is a contradiction. [ |

C.2 Proofs

C.2.1 Proof of Theorem 18

We basically follow the proof of Theorem 2.2 in Feng and Lin (2013) (Lemma 24.11). For simplicity, we use
a close analytic strip Djg_ 4,] in our work instead of the open one in Feng and Lin (2013). This will not
make a difference.

Let f = |p(u;0) — 0,,(u)|?>g(u). Then, for each fixed § € O, regularity condition A.1, A.2 and A.3 can
guarantee f € H(Dyq_ q,1), ||fI|7 < Cillg||” and ||f]|T < Ca|lgl|*. Applying Lemma 24.11 with regularity
condition A.4 and A.5, we have:

—2rm(a—d_)/k o= 2m(dy—a)/F .
(a,di)/ﬁCIH.gH +m02||9|| + Tog-

e
(Ef arle, )6 X)| < ———

Moreover, Because bound of |EF, (¢, a)(z)| in (4.6) doesn’t depend on parameter 6 based on the A class
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regularity conditions, then, |Ef, (¢, a)(z)| decay to zero uniformly on 6 € © as Mh — oo and h — 0.

C.2.2 Proof of Theorem 19

Proof. We utilize Lemma 24.12 by setting Q(0, X, M, f,a) = —e™#%(9; X) and Qo(, X) = —e(; X). We
know that Q(6, X, M, h, a) converges to Qo(#, X) uniformly for § € © when Mh — oo and £ — 0 via

Theorem 18. Then, Lemma 24.12 holds and HAZ‘{’H’” LN éECF when n — oco. [ |

C.2.3 Proof of Theorem 20

Proof. Under B class regularity conditions, we have

Vi(gcr — 00) % N(0, B~ (65) A(6) B~ (6))

fl‘/f(n)ﬁ(n)#

via Lemma 24.13. Combined with Theorem 19, we have é;{’l”’ﬁ’“, ) 2 9, with fixed @ when sample

size n — oo, and

V(O _g0) & N (0, B (80) A(06) B~ (60))

via Slutsky’s theorem. [ ]

C.2.4 Proof of Proposition 21

Proof. g(u) = \/% exp —%, which is analytic function. This satisfies the A.1.

glx +iy) = \/% exp —‘Tty;# converge to zero when x — oo given any y € [—d, d]. Also, it is simply to
show ||g||* is bounded due to its exponential tail exp(—z2/(20?)). Thus, A.3 is fulfilled.

For the common lévy processes, |¢(z + ia;0) — ¢n(x + ia)| is uniformly bounded with respect to 6 into a
compact parameter space. Also, it is easy to show that g(z + ai) < K|z|" exp(—c|z]”), = € R with n =0,

v=2,¢c=1/(20%) and kK = \/%7 exp(max?(—d_,d)/(20?)). Thus, A.4 also hold. Thus, normal distribution

density satisfies the regularity condition. |

C.2.5 Proof of Proposition 22

Proof. Utilize cental limit theorem for cos(uX) and sin(uX). Also, notice that cos(2uX) =1 — 2 cos?(uX).

Then, we have the result in Proposition 22. [ |
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C.2.6 Proof of Theorem 23

Proof. 1f we follow the selection of analytic strip Dyy_ 4] for each model in Section 4.3.1, A.1 is satisfied
because their characteristic function ¢(u;6) is analytic in the analytic strip. The proof of analyticity for
each model is trivial.

For A.2, the model’s characteristic function forms are provided in the Section 4.3.1. And all of them,
|(¢(z + iy))|, are bounded, analytic and having exponential tails with respect to € R within the analytic
strip. Given the compact parameter space (actually it is a closed interval for each parameter), A.2 is satisfied.
The specific computation step is omitted.

Similarly to A.2, we can show |(¢(z 4 44))| is uniformly bounded with respect to parameter 6 given a. Also,
empirical characteristic function ¢, (x + ia) is also obviously bounded given the data set X and a due to
its definition. Thus, ||¢(z + ig;0) — ¢, (x + ia)|| is uniformly bounded with respect to € into a compact
parameter space. Also, we know that g(z + ai) < K|z|" exp(—c|z|”), x € R based on our selection of g(u)

which satisfies regularity condition A.4. Thus, A.4 is satisfied. |

C.2.7 Proof of Theorem 24

Proof. B.1 is satisfied based on our choice of compact parameter space © in Section 4.3.1.

To prove B.2, we can use the Lemma 24.14 and show [, (supgeps ||%|¢(x;0) — ¢n(x)]g(2)]|)dr < co. The
computation is tough. We use Mathematica and find % |p(x; 0) — ¢y ()] is uniformly bounded for each model
with respect to the parameter in the compact parameter space. Also, we know g(z) is selected to satisfy
class A regularity conditions. That is, g(x) < K|z|"exp(—c¢|z]”), = € R. Then, [, (suppepr ||%\¢(x;0) -
¢on(x)|g(2)|])dz < co. Also, it is easy to show that |¢(z;6) — ¢n(2)|g(z) is continuously differentiable at 0
inside the parameter space, Thus, B.2 is satisfied.

To prove B.3, we only need to show ¢(u;0) and ¢(u;6p) have different values for w within an inter-

val. This is also easy to prove by using the linear independent property in the linear algebra. We take

NIG model as an instance. log gb(u;&) = ipu — )\(\/( — (B + iu)? \/a2 B?). Also, log¢(u;0) =

ipou — Ao(v/(ad — (Bo + iu)2) — /a2 — B2). We can find that ipu, A\y/(a? — (8 + iu)?) and A\y/a2 — 52 are

linear independent in terms of u. Then, iuu = iuou, A(v/(a2 — (B +iu)2)) = Xo(v/ (a2 — (Bo + iu)?) and

M/ a2 — 32 = \g\/ai — 32 for all u in the interval. Then, we use the similar logic for A(v/(a? — (8 + iu)?)) =
Xo(v/ (a2 — (Bo + iu)?) by square both sides, we can find A = \g and 8 = By. Then, we can find a = g from

the equation )\\/(12 — B2 =X \/ag — 2 and p = po from the equation ipu = ipou. Thus, B.3 is satisfied
for NIG model. Similarly, Merton’s jump-diffusion model, Kou’s jump-diffusion model also can be proved

simply. For CGMY model, to prove the identification, we can use the (7.14) and (7.15) in Miyahara (2002).
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To prove B.4, we can show stronger result that K (z, ) is continuously differentiable under the integral sign
based on the Lemma 24.14. The proof is similar to the proof of B.2 and we use Mathematica to conduct
the calculation, finding the part inside the integral is smooth, bounded and exponential tail with respect
to w uniformly on € in the compact parameter space (defined in Section 4.3.1). Computational details are
skipped here.

To prove B.5, we first prove B(6p) is nonsingular. This is a little tricky because we do not have a close form
of B(fp) because it is an integration with respect to u. We use Lemma 24.15 which proposed in Chapter
2.3.3. Notice that in our framework, G’(u) = g(u) and G(u) is bounded and increasing function. Thus, if we
define A(t) in the Lemma 24.15 to be A(t) = (9¢(t;00)/00)(dé(t;00)/007), Lemma 24.15 can be applied.
Then, we only need to show that there is no 8 so that A(¢)8 = 0 for ¢t € R, where 8 is not a function of t.
This is relative easy to prove because we know the close form of A(t) and A(t) does not have the integration
part anymore. We use Mathematica to calculate A(t) for each model first, we find for the most cases, all the
elements in the first row of A(¢) is even linearly independent with respect to ¢. Thus, 8 = 0. Then, there is
no f to guarantee A(t)8 = 0 for ¢t € R. Then, B(f) is nonsingular.

To prove that 9%2¢(u; 0) /00067 is uniformly bounded by a g-integrable function over ©. We use Mathematica
to derive the close form of 92¢(u;0)/0006T for each model and find each element in 9?¢(u; #) /00067 can be
uniformly bounded by a constant, given compact parameter space in Section 4.3.1. A constant is certainly

a g-integrable function, because [, g(u) = G(u)|g°, which is bounded in ECF framework. [ |
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