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Abstract

In this paper, based on ideas from lossy data coding and compression, we present a simple but
effective technique for segmenting multivariate mixed data that are drawn from a mixture of Gaussian
distributions, which are allowed to be almost degenerate. The goal is to find the optimal segmentation that
minimizes the overall coding length of the segmented data, subject to a given distortion. By analyzing the
coding length/rate of mixed data, we formally establish some strong connections of data segmentation
to many fundamental concepts in lossy data compression, rate distortion theory, and multiple-channel
communications. We show that a deterministic segmentation is the (asymptotically) optimal solution
for compressing mixed data. We propose a very simple and effective algorithm to find the optimal
segmentation, which does not require any prior knowledge of the number or dimension of the groups, nor
does it involve any parameter estimation. Simulation results reveal intriguing phase-transition behaviors
of the number of segments when changing the level of distortion or the amount of outliers. Finally, we

demonstrate how this technique can be readily applied to segment real imagery and bioinformatic data.
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. INTRODUCTION

Data that arise from practical problems in such diverse fields as image/signal processing,
pattern recognition, computer vision, and bioinformatics, are often characterized by complicated
multi-modal, multivariate distributions. Segmentation (or clustering) is widely recognized as an
important step in representing, analyzing, interpreting or compressing such mixed data.

Now the intriguing questions are: What does “segmentation” really mean and how to
define it mathematically? What should the proper criterion for segmentation be and what do
the segmentation results depend on? How should we measure the “gain” or “loss” of the
segmentation? Last but not the least, why is segmentation the right thing to do? Answers to
these questions to some extent have been complicated by the many approaches and solutions
proposed in the literature for segmenting or modeling various types of mixed data (see [1], [2]
and references therein for a review).

A somewhat traditional way of defining segmentation is to first choose a simple class of
models which each subset is supposed to fit. Some of the popular models are either probabilistic
distributions (e.g., Gaussian distributions) or geometric/algebraic sets (e.g., linear subspaces).
Then the whole mixed data are assumed to be samples drawn from a mixture of such probabilistic
distributions [3], [4] or geometric/algebraic sets [5]. The typical approach to segmenting the
data then entails estimating the mixture of all the models and simultaneously or subsequently
decomposing them into individual ones. In this way, data segmentation is essentially identified
with a (mixture) model estimation problem. Segmenting the data and estimating the model
are therefore strongly coupled together. Various approaches have been proposed to resolve the

coupling in the literature:

. Iterate between the data segmentation and model estimation. Representative methods include
the K-means algorithm [6]-[9] (or its variants [10]-[12]) and the Expectation Maximization
(EM) algorithm [13], [14], which is essentially a greedy descent algorithm to find the
maximum-likelihood (ML) estimate of a mixture of probabilistic (Gaussian) distributions
[3], [4], [15].

« Resolve the coupling between data segmentation and model estimation by first estimating a
mixture model that does not depend on the segmentation of the data and then decompose the

mixture into individual components. Representative methods include Generalized Principal



Component Analysis (GPCA), in which the mixture model is assumed to be an arrangement

of subspaces [5].

A common assumption behind all these approaches is that a good estimate of the underlying
mixture model(s) is necessary for the segmentation of the data. In a sense, the goodness
of the segmentation relies on how good the estimate is. For instance, the givefhl’data
(wq,ws, ..., w,)are commonly assumed to be drawn from a mixture of distributiefg6, 7) =
Z;‘le 7;p;(x]6;). When trying to obtain the optimal estimate of the mixture model, one usually

chooses any of the model estimation criteria, e.g., the maximum likelihood (ML) estimate:
(60, 7)1, = argmax leogp(wiw,ﬂ), (1)

where 0 is the parameter of certain class of (mixture) distributions of interest. The EM
algorithm [13] (or its variants [16]) is often used to optimize the likelihood function of such
a mixture model. The ML criterion is equivalent to minimizing the negated log-likelihood:
S, —log p(w;|0, ), which is approximately the expected coding length, Lefigt{#, 7), re-
quired to store the data using the optimal coding scheme for the distribu(tidf, 7) [17].

When the number of component models,is not givena priori, we must estimate it from
the data, a difficult task that is further complicated when the data are corrupted by a significant
amount of outliers. To some extent, almost all model selection criteria used to determine the
number of component models are equivalent to minimizing the coding length needed to describe
both the data and the model, i.e., the minimum description length (MDL) criterion [4], [18]-[20]:

(0, #)npr = argmin L(W,6,7) = L(W|0,) + L(8, m), )

where the parametefs  are assumed to have certain distributigfi, 7). In general, the length

function L(-) is chosen according to the optimal Shannon coding [¥7g p(1V 0, 7) for W

and —logp(0, ) for 6, x. Incidentally, this objective function coincides with the maximum-

likelihood estimate and hence the EM algorithm again becomes the method of choice [4].
However, ML and MDL only truly correspond to minimum coding lengths when the random

variables to be encoded are disctetéor (multivariate) real-valued data, a finite coding length

can only be be obtained if we encode the data and model paransetieject to a certain

Yor for continuous random variables, in the limit as the quantization error goes to zero.



distortion ¢ > 0. To this end, [21] has studied the propertiesladsy maximum likelihood
(LML) and lossy minimum description lengthMDL) criteria. There, it is shown that (to first

order, asymptotically) minimizing the coding rate of the data subject to the distartion
(0.%)car. = argmin R(p(W), 0,7, €), (3)
(é,ﬁ)LMDL = argrglirnR(ﬁ(W),H,ﬂ,e)+L(9,7r), (4)

where p(W) is the empirical estimate of the probabilistic distribution from the dafa is
equivalent to computing the LML or LMDL estimate, with desirable properties such as (strong)
consistency as an estimator. In our context, the coding rate (subject to a distortion) provides a
natural measure of the goodness of segmentation for real-valued mixed data. In fact, the goal
of modeling and segmentation of mixed data should indeed be consistent with that of data
coding/compression: If the data can be fit with better models after segmentation, the data should

be represented or encoded more efficiently with respect to such models.

A. Contributions of This Paper

In this paper, we do not consider modeling and segmenting data that have arbitrary mixture
distributions. We are only interested in data that consist of multiple Gaussian-like groups, which
may have significantly different and anisotropic covariances. The covariances of the groups
may be even nearly degenerate, in which case we essentially want to fit the datauMifiie
subspaces, possibly of different dimensiamsthis context, vector quantization (VQ) can be
viewed as the special case of fitting the data with zero-dimensional (affine) subspaces [10].

Our approach to segmenting such mixed data follows the spirit of (lossy) ML and MDL.
Our goal is tofind the optimal segmentation of the mixed data which results in the shortest
coding length subject to a given distortion of the da@aur method however offers the following
improvements over existing methods:

1) All of the estimates discussed above (ML,MDL,LML,LMDL) are optimal only in an
aymptotical sense, i.e., for an infinite sequence of i.i.d. samples from the class of
distributions of interest. In practice, however, we are often dealing with a finite (and often
small) set of samples. Thus, we introduce a measure of coding length for each group that
not only closely approximates the optimal rate-distortion function for a Gaussian source

[17] but also gives a tight upper bound for any finite number of samples.



2) We will prove that with this choice of coding length/rate, the (asymptotically) optimal
segmentation isleterministic— no probabilistic (or fuzzy) segmentation can further reduce
the overall coding length. This provides a theoretical justification that (deterministic)
segmentation is not only useful for pragmatic purposes, but also the optimal solution
for compressing data that are mixture of Gaussians or subspaces.

3) An explicit formula for the coding length/rate functimllows one to directly evaluate
goodness of the segmentation. The tightness of the formula for small data sets leads to an
efficienf “bottom-up” algorithm that minimizes the overall coding length by repeatedly
merging small subsets, starting from individual data points. As we will show with extensive
simulations and experiments, this approach resolves the difficult model selection issue [4]
in an effective way, especially whetme number of groups is unknown or there is a
significant amount of outliers

4) When the level of distortion (or the density of outliers) varies continuously, the number of
groups typically exhibits ghase transitiorbehavior similar to that in statistical physics,
with the “correct” segmentation corresponding to one of the stable phases. Our simulations

show that the number of segments need not be a monotonic function of the distortion.

B. Organization of This Paper

We provide a summary of the basic ideas and the resulting algorithm of our approach in
Section Il. In Section Ill, based on ideas from the rate distortion theory in information theory,
we introduce a formula for the coding rate/length needed to encode a set of vectors subject to a
given distortion. An alternative verification of the formula is given in Appendix I, and Appendix
Il shows how the formula should be modified when the data is nonzero mean. In Section 1V,
we study properties of the overall coding rate/length of mixed data after being segmented into
multiple groups. Extensive simulation and experimental results of the proposed algorithm on

synthetic and real data are given in Section V.

2This is the case for Gaussian sources. In general computing the rate-distortion function for an arbitrary distribution is a

difficult problem although many numerical methods exist in the literature (see [22] and references therein).
3The complexity of the proposed algorithm is polynomial in both the size and dimension of the data.

4A different phase transition has been noticed in vector quantization using deterministic annealing, where the number of

clusters increases monotonically when the annealing temperature decreases [10].



I[I. BASIC IDEAS AND ALGORITHM

In this section, we give a self-contained summary of the main ideas and algorithm of this paper
and leave more detailed mathematical analysis and justification to Section Il and IV. Readers
who are interested only in the algorithm and experiments may bypass the next two sections and

skip to Section V without any loss of continuity.

A. Lossy Coding of Multivariate Data

A lossy coding scheme maps a set of vectors= (v, vs,...,v,) € R™™ to a sequence
of binary bits, such that the original vectors can be recovered up to an allowable distortion
E[|lv; — ©;]]?] < 2. The length of the encoded sequence is denoted as the funttidin :
R">™ — 7.

In general, the coding scheme and the associatedfunction can be chosen to be optimal
for any family of distributions of interest. In the case where the data are i.i.d. samples from a
zero-meah multivariate Gaussian distributio'(0, %), the function? = 1 log, det( + 4X)
provides a good approximation to the optimal rate-distortion function {158.5. = %VVT is

an estimate of the covarian¢g the average number of bits needed per vector is:
R(V) = 1og, det (I + ——Vv7 5
()_§Og2€(+52_m ) (5)

For readers who are less familiar with the rate-distortion theory, we will give an intuitive
explanation of this formula in Section IIl.
Representing the: vectors ofl/ therefore requires:R(1') bits. Since the optimal codebook

is adaptive to the datl’, we must also represent it with an additiomat (V") bits’, yielding an

SFor simplicity, in the main text, we will derive and present our main results with the zero-mean assumption. However, all
the formulae, results, and algorithms can be readily extended to the nonzero mean case, as shown in Appendix II.

®Strictly speaking, the rate-distortion function for the Gaussian saf® %) is R = 1 log, det (E%E) when % is smaller
than the smallest eigenvalue &f. Thus the approximation is good only when the distortiois relatively small. However,
when % is larger than some eigenvalues %f the rate distortion function becomes more complicated [17]. Nevertheless, the
approximate formulaR = %logQ det(I + %) can be viewed as the rate-distortion of the “regularized” source that works for
all range ofe. Furthermore, as we will show in Appendix |, the same formula gives a tight upper bound of the coding rate for
any finite number of samples.

"This can be viewed as the cost of coding th@rincipal axes of the data covariangquVT. A more detailed explanation
of L(V) is given in Section IlI.



overall coding length of

LOV) = (m+n)RV) =" ;r " logy det (1 + 5 VVT). ©6)

We will study the properties of this function in Section Ill. For purposes of segmentation, it
suffices to note that in addition to being (approximately) asymptotically optimal for Gaussian
data,L(V') also provides a tight bound on the number of bits needed to code a finite number of
vectors (that span a subspace), regardless of the underlying probability distribution (see Appendix

| for a proof).

B. Segmentation via Data Compression

Given a set of sample$l = (wy,ws, ..., w,) € R™™, one can always view them as drawn
from a single Gaussian source and catlesubject to distortiors? using L(1W) bits. However,
if the samples are drawn from a mixture of Gaussian distributions or subspaces, it may be more
efficient to codelV as the union of multiple (disjoint) group$V’ = W, U Wy U --- U Wy If

each group is coded separately, the total number of bits needed is
k
LWy, Wayoo o, W) = 3 L(W;) + [Wil (= logy(IWil /m))), (7)
=1

where |[W;| indicates the cardinality (i.e. number of vectors) of the gréup In the above
expression, the terf;_, || (—log,(|W;]/m)) is the number of bits needed to code (losslessly)
the membership of the: samples in the: groups (e.g. using the Huffman coding [17]).

Then, given a fixed coding scheme with its associated coding length funictipnan optimal
segmentation is one which minimizes the segmented coding ledgth), over all possible
partitions of1¥. Moreover, we will see that due to the properties of the rate-distortion function
(5) for Gaussian data, softening the objective function (7) by allowing probabilistic (or fuzzy)
segmentation doesot further reduce the (expected) overall coding length (see Theorem 3 of
Section V).

Notice that the above objective (7) is a function of the distortion principle, one may add

a “penalty” term? so as to determine the optimal distortish The resulting objective will then

8Here we assume that the ordering of the samples is random and entropy coding is the best we can do to code the membership.
However, if the samples are ordered such that nearby samples more likely belong to the same group (e.g., in segmenting pixels

of an image), the second term can and should be replaced by a tighter estimate.

°For instance, we may add the termn log e to the overall coding lengtiL.®.



corresponds to an optimal coding length that only depends on the data. However, we here leave
¢ as a free parameter to be set by the user. In practice, this allows the user to obtain potentially
hierarchical segmentation of the data at different scales of quantization. We will thoroughly

examine how the value of affects the final segmentation through experiments in Section V.

C. Minimizing the Coding Length

Finding the global minimum of the overall coding length over all partitions of the dataset is
a daunting combinatorial optimization problem, intractable for large data sets. Nevertheless, the
coding length can be effectively minimized in a steepest descent fashion, as outlined in Algorithm
1. The minimization proceeds in a “bottom-up” fashion: initially, every sample is treated as its
own group. At each iteration, two grougs and S, are chosen so that merging them results
in the greatest decrease in the coding length. The algorithm terminates when the coding length
cannot be further reduced by merging any pair of gradps. simple implementation which
maintains a table containing®(S; U S;) for all 4, j requiresO(m?* + m?n?®) time, wherem is

the number of samples andthe dimension of the space.

Algorithm 1 (Pairwise Steepest Descent of Coding Length).
1: input: the datalV = (wy, wy, ..., w,,) € R™™ and a distortiore? > 0.

2: initialize S := {S = {w} | w € W}.

3: while |S| > 1 do

4: choose distinct setS;, S, € S such thatL*(S; U Ss) — L*(S,.S2) is minimal.
5: if L°(S1USy) — L*(S1,S2) > 0 then break;

6: elseS = (S\ {51, 5:}) U{S US,}.

7: end

8: output: §

Extensive simulations and experiments demonstrate that this algorithm is consistently and
remarkably effective in segmenting data that are a mixture of Gaussians or subspaces (see Section

V). It tolerates significant amounts of outliers, and requires no prior knowledge of the number

%n the supplementary material, we have included a video showing the convergence of this algorithm on data drawn from

mixtures of subspaces iR>.



of groups. As a greedy descent scheme, the algorithm does not guarantee to always find the
globally optimal segmentation for any givéii, £).!* From our experience, we found that the
main factor affecting the global convergence of the algorithm seems to be the density of the
samples relative to the distortiarl. In Section V we will give strong empirical evidences for

the convergence of the algorithm over a wide range.of

[11. LossYCODING OF MULTIVARIATE DATA

In this section, we give a more detailed justification and analysis of the coding rate/length
functions introduced in the previous section. In the next section, we provide a more thorough
justification of the compression-based approach to data segmentation. Readers who are less
concerned with such technical details may skip these two sections at first read, without much
loss of continuity.

If the given dataw; € R™ are i.i.d. samples of a random vecter with the probabilistic
distributionp(w), the optimal coding scheme and the optimal coding rate of such a random vector
w have been well studied imformation theory(see [17] and references therein). However, here
we are dealing with a finite set of vectdis = (wy, ws, ..., w,,). Such a data set can be viewed
as a non-parametric distribution itself — each veaterin 1/ occurs with an equal probability
1/m. The optimal coding scheme for the distributiptw) is no longer optimal forl¥ and
the formula for the coding length no longer accurate. Nevertheless, some of the basic ideas
of deriving the optimal coding rate can still be extended to the non-parametric setting. In this
section, borrowing ideas from information theory, we derive a tight bound of the coding length
or rate for the given dat&’. In Appendix I, we give an alternative derivation of the bound.
Although both approaches essentially arrive at the same estimate, they together reveal that the
derived coding length/rate function holds under different conditions:

1) The derivation in this section shows that for smathe formula forR(WW) gives a good

approximation to the (asymptotically) optimal rate-distortion function of a Gaussian source.

2) The derivation in Appendix | shows that the same coding length/rate formula works for

any finite set of vector$l’ that span a subspace.

"However, it may be possible to improve the convergence by using more complicated split-and-merge strategies [16]. In
addition, due to Theorem 1 of Section IV, the globally (asymptotically) optimal segmentation can also be computed via concave

optimization [23], at the cost of potentially exponential computation time.
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A. The Rate Distortion Function

For simplicity, we here assume that the given data are zero mean, he% >, wi = 0.
The reader may refer to Appendix Il for the case in which the mean is not zera? lbet the
squared error allowable for encoding every veatgr That is, if w; is an approximation ofv;,
we allow E[||w; — ;||*] < £2. In other words, on average, the allowable squared error for each
entry ofw; is £2/n.

The solution to coding the vectors ifi, subject to the mean squared errércan be explained
by sphere packingwhich is normally adopted in information theory [17]. Here we are allowed
to perturb each vectan; € W within a sphere of radius in R™. In other words, we are allowed
to distort each entry ofo; with an (independent) random variable of variaaégn. Without loss

of generality, we may model the error as an independent additive Gaussian noise:

2
n
Then the covariance matrix of the vectabs is:
Y 1 - A AT 62 1 T nxn
EZE[—Zwiwi}:—H—WW € RV (9)
m n m

i=1
The volume of the region spanned by these vectors is proportional to (the square root of the
determinant of the covariance matrix): ol) o \/det (%I + %WWT) Similarly, the volume

spanned by each random vectgris proportional to vdlz) o 4 /det (%I)

In order to encode each vector, we can partition the region spanned by all the vectors into
non-overlapping spheres of radias When the volume of the region \(CW) is significantly
larger than the volume of the sphere, the total number of spheres that we can pack into the

region is approximately equal to
+#of spheres= vol(TV)/vol(z). (10)

Thus, to know each vectar; with an accuracy up te?, we only need to specify which sphere
w; is in (see Figure 1). If we use binary numbers to label all the spheres in the region of interest,

the number of bits needed is
N 1
R(W) = log, (#of spheres= log, (vol(1¥') /vol(z)) =  log, det (I + %WWT), (11)

where the last equality uses the falet(A)/det(B) = det(B~1A).
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Fig. 1. Coding of a set of vectors in a region®¥ with an accuracy up te2. To know the vectotw;, we only need to know

the label of the corresponding spheeg, 2 represent the singular vectors of the mafiix and o, o2 the singular values.

If the samplesw; are drawn from a Gaussian sours&0,Y), then W’ converges to
the covariance: of the Gaussian source. Thus, we haRé€V) — 1log,det (I + %Y%) as
m — 00. When% < Amin(X), the optimal rate-distortion for a parallel i.i.dv'(0,3) source
is %log2 det (E%E) to which (11) provides a good approximation. In general, the optimal rate-
distortion is a complicated formula given by reverse-waterfilling on the eigenvalu&s(sée
Theorem 13.3.3 of [17]). The approximation (11) provides an upper bound which holds for all
g, and is tight where is small relative to the eigenvalues of the covariance.

The formula forR(W) can also be viewed as the rate-distortion of the solirceegularized
by a noise of variancénE as in equation (8). The covariande of the perturbed vectors);
always satisfie§§ < Amm(i), allowing for a simple, analytic expression for the rate distortion
for all range ofe. This regularized rate-distortion has the further advantage of agreeing with the
bound for the coding length of finitely many vectors that span a subspace, derived in Appendix
l. In addition, this formula resembles the channel capacity of an MIMO Gaussian channel. The
interested reader may refer to Appendix Ill.

Notice that the formula for?(1W) is accurate only in the asymptotical sense, i.e., when we
are dealing with a large number of samples and the eriisrsmall (relative to the magnitude
of the datal/). We want to emphasize that the above derivation of the coding rate does not
give an actual coding scheme. The construction of efficient coding schemes which achieve the

optimal rate-distortion bound is itself a difficult problem (see, for example, [24] and references
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therein). However, for the purpose of measuring the quality of segmentation and compression,

all that matters is thaih principle a scheme attaining the optimal ra&11’) exists.

B. The Coding Length Function

Given the coding ratd?(11/), the total number of bits needed to encode theectors in\V

IS
mR(W) = % log, det (I + ——WW7). (12)
me

From the communication point of view, R(1V) bits are already sufficient as both the transmitter
and the receiver share the same code book — that is they both know the region spantied by
in R™. However, from the data representation or compression point of view, we need more bits
to represent the code book itself. This is equivalent to specifying all the principal axes of the
region spanned by the data, i.e. the singular values/vectdiis, giee Figure 1. As the number of
principal axes is:, we needn R(W) additional bits to encode them. Therefore, the total number
of bits needed to encode the vectors inl/ C R" subject to the squared erref is'?

m-+n
2

LW) = (m + n)R(W) = log, det (I + W%WWT). (13)

Appendix | provides an alternative derivation of the same coding length funétjoii), as
an upper bound for a finite number of samples. If the d&tdave a non-zero mean, we need
more bits to encode the mean too. See in Appendix Il how the coding length function should

be properly modified in that case.

C. Properties of the Coding Length Function

1) Commutative PropertySinceW W7 ¢ R andW?W € R™*™ have the same non-zero
eigenvalues, the coding length function can also be expressed as:

m-+n m-—+n

L(W) = 5 log, det (1 + %WWT) =

n
log, det (1 + m—€2WTW).

Thus, if n < m, the second expression will be less costly for computing the coding length.

The matrix W1 W, which depends only on the inner products between pairs of data vectors, is

2Compared to the MDL criterion (2), if the termR(1W) corresponds to the coding length for the data, the tef{iV)

then corresponds to the coding length for the model parameter
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known in the statistical learning literature as tkernel matrix This property suggests that the
ideas and the algorithm presented in Section Il can be readily extended to segment data sets that
havenonlinear structures, by choosing a proper kernel function.
2) Invariant Property: Notice that in the zero-mean case, the coding length fundtio#) is
invariant under an orthogonal transformation of the d&taThat is, for any orthogonal matrix
U € O(n)orV e O(m), we have

L{UW) = L(W) = LIWV). (14)

In other words, the length function depends only on the singular valuég @br eigenvalues

of WWT). This equality suggests that one may choose any orthonormal basis (e.g., Fourier,
wavelets) to represent and encode the data and the number of bits needed should always be the
same. This agrees with the fact that the chosen coding length (or rate) is optimal for a Gaussian
source. However, if the data are non-Gaussian or nonlinear, a proper transformation can still be
useful for compressing the dataln this paper we are essentially seeking a partition, rather than

a transformation, of the non-Gaussian (or nonlinear) data set, such that each subset is sufficiently
Gaussian (or subspace-like) and hence cannot be compressed any further, either by (orthogonal)

transformation or segmentation.

IV. CODING LENGTH OF SEGMENTED DATA

Now suppose we have partitioned the setofvectorsW = (wy, ws,...,w,,) into k non-
overlapping group$V = W; U W, U --- U W,. Then the total number of bits needed to encode
the segmented data &5 (Wy, Wa, ..., Wy) = S0 L(W;) + [W;|( — log,(|W;|/m)). Here the

superscript " is used to indicate the coding length after segmentation.

A. Segmentation and Compression

To better understand under what conditions a set of data should or should not be segmented so
that the overall coding length/rate becomes smaller, we here provide two representative examples.

In the examples, we want to study whether a data set should be partitioned into two subsets of

13For a more thorough discussion on why some transformations (such as wavelets) are useful for data compression, the reader

may refer to [25].
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an equal number of vectorst,, W, € R™*™. To simplify the analysis, we assume > n so
that we can ignore the asymptotically insignificant terms in the coding length/rate function.

Example 1 (Uncorrelated Subsetd)otice that in general, we have

m n m n
L(W) + L(Wa) = < log, det (I + m—€2W1W1T) + 7 log, det (I+ m—€2W2W2T)

n

2
< Tm log, det (I + o (WiW[ + WaW)) = L(W; U W),

me?
where the inequality is from the concavity of the functibr, det(-) (see Theorem 7.6.7 of

[26]). Thus, if the differencel.(W; UW5) — (L(W;) + L(W,)) is large, the overhead needed to
encode the membership of the segmented data (here one bit per vector) becomes insignificant. If
we further assume that, is a rotated version ofi’;, i.e. Wy, = UW; for someU € O(n), one

can show that the differenck(W; U W,) — (L(W;) 4+ L(W>)) is (approximately) maximized

when W, becomes orthogonal td/;. We call two groupsV,, W, uncorrelatedif W[, = 0.

Thus, segmenting the data into uncorrelated groups typically reduces the overall coding length.

From the viewpoint of sphere packing, Figure 2 explains the reason.

Fig. 2. The number of spheres (code words) of two different schemes for coding two orthogonal vectors. Left: encoding the

two vectors separately; Right: encoding the two vectors together.

Example 2 (Strongly Correlated Subset¥ye say two group$l;, W, are strongly correlated
if they span the same subspaceRh. Or somewhat equivalently, we may assume thatand

W, have approximately the same covarian€elVf ~ W, W,. Thus we have

m n m n
L(Wy) + L(W,) = - log, det (I+ m—€2W1W1T) + 5 log, det (I+ m—E2W2W2T)

n

Q

2
7’” log, det (I + o (WiW)' + WaW)) = LW, UTWY).

me?2

Since L* (W, W,) = L(Wy) + L(W,) + H(|W]|, |W3|), the overhead needed to encode the

membership becomes significant and the segmented data require more bits than the unsegmented.
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B. Optimality of Deterministic Segmentation

So far, we have considered only partitioning the datanto £ non-overlapping groups. That
is, each vector is assigned to a group of probability either O or 1. We call such a segmentation
“deterministic.” In this section, we examine an important questienthere a probabilistic
segmentation of the data that can achieve an even lower coding fdtafis, we consider a
more general class of segmentations in which we assign each vediothe group; according
to a probabilityr;; € [0,1], with 3-%  m;=1foralli=1,2,...,m

To facilitate counting the expected coding length of such (probabilistically) segmented data,

we introduce a matrixl; that collects the membership of the vectors in group;:

7le O e O
0 LT
m=| - ™ c R™*™, (15)
e e 0
0 o 0 Ty

These matrices satisfy the constraiit;_, II; = I, IT; = 0.

Obviously, the jth group has an expected number tf(Il;) vectors and the expected
covariance ISTWH W7, If viewed as a Gaussian source, the coding rate ofjthegroup
is bounded by:R(W;) = 1 log, det (I + =V ;WT). If for each vectorw;, we code it
using the coding scheme for théh group W|th probabilityr;;, then the expected total number

of bits required to encode the ddta according to the segmentatiéh= {II,} is bounded b/

tr (I1;)

k
Z " Jog, det (I + WWHJ»WT) ttr (Hj)( ~ log, ) (16)

Similarly, the expected number of bits needed to encode each vector is bounded by

tr (I1;)

k
rrwan = S v = 3 (row) <o,

J=1

)+ ROV).a7)

Thus, one may consider that the optimal segmentalionis the global minimum of the

expected overall coding length®* (W, 1), or equivalently the average coding rate(1V,I1). To

Mstrictly speaking, the formula is an upper bound for the expected coding length becHUiBell) is essentially a concave
function of the group assignmefit (see the proof of Theorem 3). Hende; (W, E[I1]) > E[L®(W, IT)] (using thatf(E[z]) >

E[f(z)] for concave functions).
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some extent, one can view the minimum value ®5f1W,I1) as a good approximation to the
actual entropy of the given data dét.'®

Notice that the second term in the expressionof\W, II), = R(W;), is insignificant when
the number of samples is large > n. Nevertheless, this term, as well as the term that encodes
the membership of the vectors, givegight bound on the coding length even for small sets
of samples. This essentially allows us to find the optimal segmentation in a bottom-up manner
by merging small subsets of samples, which is effectively harnessed by the greedy algorithm
introduced in Section Il. That said, for the rest of this section, we examine more carefully the
asymptotic properties of the coding length/rate function.

The first term in the expression & (W, 1I) is the only part that matters asymptotically (i.e.

when the number of vectors in each group goes to infinity) and we denote it as:

tr (11) WILWT) - tr (11;) log, (tr (Hj))

2m

RE=(WID) =)

Jj=1

log, det (I + 52+(HJ)
Thus, the global minimum oR*>° (W, IT) determines the optimal segmentation when the sample
size is large.

Theorem 3:The asymptotic partz®>° (W, II) of the rate distortion functior?*(W,11) is a
concave function ofl in the convex domaif2 = {IT : Y% | TI; = I,1I; = 0}.

Proof: Let S be the set of alln x m non-negative definite symmetric matrices. We will
show thatR*>(W,1I) is concave as a function fro§* — R, and so is it when restricted to
the domain of interest) c S*.

First consider the second term &f>°(WW,II). Notice thath:1 tr (I;) = m is a constant.
So we only need to show the concavity of the functigi®) = — tr (P) log, tr (P) for P € S.
The function, f(z) = —xlog, x is concave, ang(P) = f(tr(P)). So for\ € [0, 1],

gAP + (1= A P) = f(Atr (Pr) + (1 = A)tr (P))

> At () + (1= Nf(tr (P)) = Ag(P) + (1 = g (F).

Thus, g(P) is concave inP.

15Especially when the daf#” indeed consist of a mixture of subsets and each group is a typical set of samples from a (almost

degenerate) Gaussian distribution.
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Now consider the first term aoR*> (W, II). Let

n

h(IL;) = tr(1I;) log, det (I + ————
1) = 00, o et 1+ 5l

WILWT).

It is well-known in information theory that the functioqp(P) = log, det(P) is concave for
PeS andP > 0 (see Theorem 7.6.7 of [26]). Now define S — R to be

r(IL;) = log, det(I + aWILW?T) = q(I + aWILWT).

Since r is just the concave functiop composed with an affine transformatidh, — I +
aWIL;WT, r is concave (see Section 3.2.3 of [27]). ket S x R, — R as

W(IL,t) =t - log,det (I + %WH]-WT) =t r(%nj).
According to Theorem 3.2.6 of [27}) is concave. Notice thatl = {(II;,¢) : t = tr(IL;)}
is a linear subspace in the product spaceRoénd the space of all symmetric matrices. So,
HnN (S xRy) is a convex set, and the desired functiéni]l;) = ¢ (I1;, tr (I;)), is just the
restriction ofy to this convex set. Thug, is concave.

Since R*>°(W,1I) is a sum of concave functions i, it is concave as a function froi&*
to R, and so is its restriction to the convex $ein S*. [ |

Since R**°(W,II) is concave, its global minimurfl* is always reached at the boundary, or
more precisely, at a vertex of the convex dom&inas shown in Figure 3. At the vertex O,
the entriesr;; of II* are either Os or 1s. It means that even if we allow soft assignment of each
point to thek groups according to any probabilistic distribution, the optimal solution with the
minimal coding length can always be achieved by assigning each point to one of the groups
with probability one! This is the reason why Algorithm 1 does not consider any probabilistic
segmentation and is still able to produce (approximately) optimal segmentation.

Another implication of the above theorem is that the problem of minimizing the coding length
is essentially a concave optimization problem. Many effective concave optimization algorithms
can be adopted to find the globally optimal segmentation, such as the simplex algorithm
[23]. However, such generic concave optimization algorithms typically have high (potentially
exponential) complexity. In the next section, we will show with extensive simulations and
experiments that the greedy algorithm proposed in Section Il is already effective in minimizing

the coding length.
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R (T0)

Fig. 3. The functionR*>°(W,II) is a concave function ofl over a convex domaifi2, which is in fact a polytope in the

spaceR™*. The minimal coding length is achieved at a veriéx of the polytope.

Interestingly, in multiple-channel communications, the goal is insteadaximizethe channel
capacity, which has very much the same formula as the coding rate function. See Appendix Il for
more detail. The above theorem suggests that a higher channel capacity may be achieved inside
the convex domaini, i.e. by probabilistically assigning the transmitters into certain number of
groups. As the coding rate function is concave, the maximal channel capacity can be very easily

computed via convex optimization [27].

V. SIMULATION AND EXPERIMENTAL RESULTS

In this section, we conduct simulations on a variety of challenging data sets to examine the
effectiveness of the proposed coding length function as well the performance of the steepest
descent algorithm. In the end, we will also demonstrate some experimental results of applying

the algorithm to segment imagery and bioinformatic data.

A. Simulations

1) Segmentation of Linear Subspaces of Different Dimensifesfirst demonstrate the ability
of the algorithm to segment noisy samples drawn from a mixture of linear subspaces of different
dimensions. Figure 4 summarizes the configurations tested. For éxdingensional subspace,

d x 100 samples are drawn uniformly from a ball of diameter 1 lying on the subspace. Each
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sample is corrupted with independent Gaussian noise of standard dewgtioen0.04. The

segmentation is computed using Algorithm 1, with= .

Subspace Identified | Classification (%)|| Classification (%)
dimensions dimensions|  (Algorithm 1) (E-M)
(2,1,1) in R3 2,1,1 96.62 39.33
(2,2,1) in R3 2,2,1 90.00 68.98 " N
(4,2,2,1) InR® || 4,2,2,1 98.53 43.36
(6,3,1) in R” 6,3,1 99.77 66.16 i
(7,5,2,1,1) in RS || 7,5,2,1,1 98.04 42.29 et

Fig. 4. Left: Simulation results for data drawn from mixtures of noisy linear subspaces. Classification percentages
are averaged over 25 trials. Our algorithm correctly identifies the number and dimension of the subspaces in all 25
trials, for all configurations. Far right column: results using Expectation-Maximization with random initialization.

Right: the computed segmentation f@; 1,1) in R? is displayed.

In each case, the algorithm stops at the correct number of groups, and the dimensions of the
segmentd¥; match those of the generating subspd€eBhe correctness of the segmentation
is further corroborated by the high percentage of points correctly classified (by comparing the
segments with tha priori groups). For all five configurations, the average percentage of samples
assigned to the correct group was at least 90.0%. The main cause of classification error is
points which lie near the intersection of multiple subspaces. Due to noise, it may actually
be more efficient to code such points according to the optimal coding scheme for one of the
other subspaces. We compare our method to Expectation-Maximization, seeded with a random
initialization. In all cases, Algorithm 1 dramatically outperforms EM in terms of classification
error, despite requiring less prior knowledge.

Since in practiceg, is not known, it is important to investigate the sensitivity of the results
to the choice ofs. for each of the examples in Figure 4, Figure 5 gives the range fof
which Algorithm 1 converges to the a-priori number and dimension of subspaces. Notice that
for each of the configurations considered, there exists a significant rangdoofwhich the

greedy algorithm converges.

%The dimension of each segmeWf; is identified using principal component analysis (PCA) by thresholding the singular

values ofW; with respect tae.
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Subspace dimensions (2,1,1) | (2,2,1) | (4,2,2,1) | (6,3,1) | (7,5,2,1,1)
in R3 in R3 in R in R” in R3
log o €maz — 10810 Emin 2.5 1.75 2.0 2.0 .75

Fig. 5. The size of the range aég ¢ for which the greedy algorithm converges to the correct number and dimension

of groups, for each of the arrangements considered in Figure 4.

2) Global Convergence:Empirically, we find that Algorithm 1 does not suffer many of
the difficulties with local minima that plague other clustering algorithms such as EM. The
convergence appears to depend mostly on the density of the samples relative to the distortion
For example, if the number of samples is fixedhat= 1200, and the data are drawn from three
|5 |-dimensional subspaces kT, the algorithm converges to the correct solutionsfor 2 upto
n = 56. Here, we choose = ¢, = 0.008. Beyondn = 56, the algorithm fails to converge to
the threea priori subspaces as the samples have become too sparse b6, the computed
segmentation gives a higher coding length thanahwmiori segmentation.

The same observation occurs for subspaces with different dimensions. For example, we
randomly draw 800 noisye( = 0.14) samples from four subspaces of dimension 20, 15, 15,
10 in R%. The results of the greedy algorithm at different distortioare shown in Figure 6.

As we see from the results, when the distortiors very small, the greedy algorithm does not
necessarily converge to the optimal coding length. Nevertheless, the number of groups, 4, is still
identified correctly by the algorithm whenbecomes relatively large.

3) Robustness to OutliersiWe test the robustness of Algorithm 1 to outliers on the easily
visualized example of two lines and a planeRA. 158 samples are drawn uniformly from a
2-D disc of diameten. 100 samples are drawn uniformly from each of the two line segments
of length 1. The additive noise level is, = 0.03. The data set is contaminated with, outliers,
whose three coordinates are uniformly distributed[-ef.5, 0.5].

As the number of outliers increases, the segmentation exhibits several distinct phases. For
m, < 300 (45.6% outliers), the algorithm always finds the correct segmentation. The outliers
are merged into a single (three-dimensional) group. Fropn= 400 (52.8% outliers) upto
m, = 1100 (75.4% outliers), the two lines are correctly identified, but samples on the plane are

merged with the outliers. Farn, = 1200 (77.4% outliers) and higher, all of the data samples
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Fig. 6. Left: the coding length found by the greedy algorithm (the red curve) compared to the ground truth (the blue curve)
for data drawn from four linear subspaces of dimension 20, 15, 15, Rd%nRight: the number of groups found by the greedy

algorithm — it converges to the correct number 4 when the distortion is relatively large.

@ (b) (c) (d)

Fig. 7. Segmentation results for data drawn from three linear subspaces, corrupted with various numbers of outliers,
m,. (&) me = 300 (45.6% outliers). (b)n, = 400 (52.8% outliers). (c)n, = 1100 (75.4% outliers). (d)n, = 1200
(77.0% outliers).

are merged into one group, as the distribution of data has become essentially random in the
ambient space. Figure 7 shows the resultsriigr= 300, 400, 1100, 1200. Notice that the effect
of adding the outliers resembles the effect of ice (the lines and the plane) being melted away
by warm water. This suggests a similarity between the artificial process of data clustering and
the physical process of phase transition.

4) Number of Segments versus Distortion LeW@gure 8 shows how the number of segments

changes as varies.m = 358 points are drawn from two lines and a plane, as in the previous
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Fig. 8. The effect of varying:, with g = 0.05. Left: number of groupsk, versuslog(e). Center: detail ok versus

log(e) aroundlog(eg). Right: the coding rate (bits per vector) verdug(e).

experiment, and then perturbed with noise of standard deviagien0.05. Notice that the number

of groups experiences distinct phases, with abrupt transitions around several critical values of
For sufficiently smalk, each data point is grouped by itself. Howeverg ascreases, the cost of
coding the group membership begins to dominate, and all the points are grouped together in a
single three-dimensional subspace (the ambient space). Around the true noise,|aebere is
another stable phase, corresponding to the tarpgori subspaces. Finally, asbecomes large,

the number of segments reverts to 1, as it becomes most efficient to represent the points using
a single zero-dimensional subpsace (the origin).

This behavior contrasts with the phase transition discussed in [10]. There, the number of
segments increases monotonically throughout the simulated annealing process. Because our
formulation allows the dimension of the segments to vary, the number of segments does not
decrease monotonically with Notice, however, that the phase corresponding to the “correct”

(a priori) segmentation is stable over serveral orders of magnitude of the paramdteis is
important since in practice the true noise lewglis usually unknown.

Another interesting thing to notice is that the coding r&t€11) in many regions is mostly

a linear function of—log, e:

R (W) ~ —Blogyc + a, (18)

for some constants, 3 > 0, which is a typical characteristic of the rate-distortion function of
Gaussians.

For this data set, the algorithm typically takes 11 seconds to run in Matlab on a 1.6GHz PC.
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@) (b) (©) (d)

Fig. 9. The segmentation results for data drawn from 3 affine subspaces at different noigg.l&Ve ¢ in the algorithm is
chosen to be = ¢¢. (a) o = 0.01, (b) e0 = 0.03, (c) eo = 0.05, (d) o = 0.08.

5) Segmentation of Affine Subspacégpendix Il shows how the coding length function
should be properly modified in the case when the data are not zero-mean. Here, we show how the
modified algorithm works for affine subspaces. A number of samples are drawn from three linear
subspaces ifR* and their centers are translated|?ol, 2.2, 2], [2.4,1.9,2.1]7, [1.9,2.5,1.9]7,
respectively.

Figure 9 shows the segmentation results at different noise level, with the distortion level chosen
ase = gy. For 1077 < ¢ < 0.1, the algorithm always identifies the correct number of subspaces
with ¢ = g9. Whene < 1077, the density of the samples within the subspace becomes more
important than the distortion orthogonal to the subspace, and the algorithm no longer converges
with ¢ = ¢5. However, for such small distortion, there always exists a large stable phase (with
respect to changing) corresponding to the correct number of subspaktes,3. Whene, > 0.1,
the algorithm starts to fail and merge the data samples into one or two groups.

We now fix the Gaussian noise at = 0.02, and addm, outliers whose three coordinates
are uniformly distributed in the range 0ff.5, 2.5], which is the same as the range of the inliers.
When the number of outliers is m, = 200 (35.8% outliers), the algorithm finds the correct
segmentation, and all the outlying samples are segmented into one group»krerm00 (45.6%
outliers) tom, = 700 (66.2% outliers), the algorithm still identifies the two lines and one plane.
However, the outliers above and below the plane are clustered into two separate groups. For
more thanm, = 800 (69.1% outliers), the algorithm identifies the two lines, but samples from
the plane are merged with the outliers into one group. Figure 10 shows the segmentation results
for m, = 200, 300, 700, 800, respectively.
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@) (b) (©) (d)

Fig. 10. The segmentation results for data drawn from 3 affine subspaces with different number of outliditge ¢ in the
algorithm ise = g9 = 0.02. (a) m, = 200 (35.8% outliers), (byn, = 300 (45.6% outliers), (c)n, = 700 (66.2% outliers),
(d) m, = 800 (69.1% outliers).

In this example, the algorithm takes 18 seconds to 9 minutes to run the simulation for different
m,'S in Matlab on a 1.6GHz PC.

6) Model Selection for Affine Subspaces and Nonzero-Mean Gaussiascompare the
performance of Algorithm 1 to that of [4] on mixed data drawn from affine subspaces and non-
zero mean Gaussians. We test the algorithms’ performance over multiple trials for three different
types of data distribution. The first is three affine subspaces: two lines and one plane, with noise
standard deviatiom, = 0.01 and no outliers. Samples are drawn as in the previous examples.
The means of the three groups are fixed (as in the previous examples), but the orientations
of the two lines are chosen randomly. The second distribution tested is three affine subspaces:
two planes and one line, with 158 points drawn from each plane and 100 from the line, again
with ¢y = 0.01. The orientations of one plane and of the line are chosen randomly. The final
distribution tested is a mixture ok = 3 full-rank Gaussians ifR?, with means[2, 0], [0, 0],

[0,2] and covariance dig@, 0.2) (this is Figure 3 of [4]).900 points are sampled (with uniform

probability) from the three Gaussians.

For the two subspace examples, we run Algorithm 1 with e, = 0.01. For the third example,
we sete = 0.2. We repeat each trial 50 times. Figure 11 shows a histogram of the number of
groups arrived at by the two algorithms. For both algorithms, all of the segmentations with
K = 3 are essentially correct (classification errort%). However, for degenerate, or subspace-
like data (Figure 11(a) and Figure 11(b)), Algorithm 1 is much more likely to converge to the

a-priori group number. For full-rank Gaussians (Figure 11(c)), Algorithm 1 performs quite well
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Fig. 11. Frequency of occurance for variohs in 50 trials. Top row: Algorithm 1. Bottom row: [4]. The left and center
columns show results for randomly generated arrangements of affine subspaces. The right column shows results for datasets

generated from three full-rank Gaussians, as in [4]. For all cases, the correct number of graups3is

(converging to the true group number in 49 out of 50 runs), but is slightly outperformed by [4],
which finds the correct segmentation in all 50 trials. The single failure of Algorithm 1 occurs
because the greedy descent converges to a local minimum of the coding length, rather than the

global minimum.

B. Experiments on Real Data

In this section, we test the proposed segmentation method and algorithm on real imagery and
bioinformatic data. Our goal here is to demonstrate that our method is capable of finding visually
appealing structures in real data. However, we emphasize that it does not provide a complete
solution to either of these practical problems. Such a solution usually entails a significant amount
of domain-specific knowledge and engineering. Nevertheless, from these preliminary results with
images and microarray data, we believe that the method presented in this paper provides a generic

solution for segmenting mixed data that is simple and effective enough to be easily customized
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Fig. 12. Image segmentation (via the formula for nonzero-mean Gaussian data) with 1. Top row: original

images. Bottom row: computed segmentations. Each segment is painted with its mean color.

for a broad range of practical problers.

1) Image SegmentationFigure 12 shows the segmentation of several images from the
Berkeley image segmentation database via Algorithm 1 (usipgfor nonzero-mean Gaussian
data in Appendix Il). The size of all the images4i®) x 320 pixels. We select af x 8 window
around each pixel to use as a feature veé€tmr segmentation. A random subset of 1,000 vectors
are selected. PCA is applied to these vectors, and they are projected onto their first 8 principal
components. Subsampling and projection are necessary here due to the sheer volume of data. For
a 480 x 320 color image, we are dealing witlh3, 600 vectors in ar8 x 8 x 3 = 192 dimensional
space, beyond the computational power and memory of a personal computer. The subsampled
and projected vectors are clustered using Algorithm 1 with 1. The remaining vectors are
then grouped to the nearest segment. Figure 12 displays the results, without any further pre- or
post-processing.

The segmentation can be further improved by first breaking the image into many small,
homogeneous regions via a superpixel step. We compute the superpixel oversegmentation
using the publically available code of [30]. We use its grouping to initialize the steepest
descent procedure. To each pixel, we associate »a 8 Gaussian-weighted window as a

feature vector. Spatially adjacent groups are then repeatedly merged so as to achieve the

At the time this paper is being prepared, we have also tested our algorithm on other mixed data such as speech and
handwritten digits. The results are equally encouraging.
18Raw pixel values provide a simple and intuitive feature for testing our approach on real data. More visually appealing

segmentations might be obtained with more sophisticated features (e.g. filterbanks [28], [29]). We leave this to future work.
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greatest decrease in the coding length at each step. Figure 13 shows some representative results
from the Berkeley segmentation database. The results for the entire database are available
online at http://perception.csl.uiuc.edyhwright/hidden2/berkeleyResult.html. A quantitiative
comparison of the performance of our method and several popular image segmentation algorithms

will appear in future work.

(e) Underwater (f) Objects

Fig. 13. Segmentation results for greedily merging adjacent segments to decrease the coding length. Here, the

merging process is initialized via a superpixel over-segmentatien0.02 for all images.

2) Clustering of Microarray Data:Figure 14 shows the result of applying Algorithm 1 to
gene expression data. The dat&sebnsists of 13,872 vectors R'?, each of which describes
the expression level of a single gene at different time points during an experiment on anthrax
sporulation. A random subset of 600 vectors is visualized in figure 14(a). Here, rows correspond
to genes and columns to time points. We cluster these vectors without any preprocessing, using
Algorithm 1 withe = 1. The algorithm finds three distinct clusters, which are displayed in figure

14(b) by reordering the rows.

19GDS930, available at http://www.ncbi.nlm.nih.gov/projects/geo.
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Fig. 14. Segmentation of microarray data. Left: raw data. Each row represents the expression level of a single gene. Right:

Three distinct clusters are found, visualized by reordering the rows.

Figure 15 shows clustering results on two additional gene expression d#&a3éis first
consists of 8,448 vectors iR°, describing the expression levels of yeast genes at 5 different
time points during a heat shock experiment. Figure 15(a) shows expression levels for a randomly
selected subset of 1,200 genes. We cluster these vectors using Algorithm E, -withl. Our
algorithm discovers a number of visually coherent clusters, shown in Figure 15(b). The second
dataset consists of 45,101 vectorsR®’, each of which corresponds to the expression level
of a single gene under varying experimental conditions (this experiment investigated Down
Syndrome-related leukemias). We run Algorithm 1 with= 1 on a subset of 800 of these
vectors (shown in Figure 15). Three large, distinct clusters emerge, visualized in Figure 15(d)

by reordering the rows of the data.

VI. CONCLUSIONS ANDDISCUSSIONS

In this paper, we have proposed a new approach to segment multivariate mixed data from
a lossy data coding/compression viewpoint. Unlike most conventional model-based top-down
approaches to segmenting the data, our work leads to a data-driven bottom-up approach to
obtain the optimal segmentation. In addition, this new approach allows us to examine explicitly
the effect of a varying distortion on the segmentation result. From our experience, we find the
lossy data compression based approach and the proposed greedy algorithm have the following

attractive features:

20GDS34 (left) and GDS1316 (right), also available at http://www.ncbi.nlm.nih.gov/projects/geo.
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(@) (b) (© (d)

Fig. 15. Results on two microarray datasets. (a) raw yeast data. (b) segmentation, visualized by reordering rows. The greedy

algorithm discovers a number of distinct clusters of varying size. (c) raw leukemia data. (d) segmentation. Three clusters are

found.

1)

2)

3)

4)

The minimum coding length objective and the proposed greedy algorithm together deal
with difficult issues such as outliers and model (number or dimension) selection. The
segmentation result is very stable with respect to the distortion and the noise, and is very
robust with respect to outliers.

The gain or loss of segmentation/merging is measured fiyyaically meaningfudjuantity

— binary bits, and the (simulation) results even resemble the physical phenomenon of phase
transition.

The greedy algorithm harnesses the tightness of the proposed coding length function for
small sets of samples and takebattom-upapproach that starts from merging the data
one at a time. Thus it needs no initialization and the optimal segmentation is obtained
without knowing anything about the (underlying) subspace(s) or Gaussian model(s).

The greedy algorithm iscalable— its complexity is polynomial in both the number of
samples and the dimension of the data. The algorithm usually does converge to the optimal
solution as long as the distortion is not too small relative to the density of the samples in
each subspace.

Our analysis has shown connections of data segmentation with many fundamental concepts

and results in information theory. The simulations and experiments have suggested potential

connections with phase transition in statistical physics. From a theoretical standpoint, it would
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be highly desirable to obtain analytical conditions on the critical values of the distortion and the
sampling density of outliers that can explain and predict the phase transition of the number of
segments.

Moreover, we do not see any technical difficulty in extending this approach to supervised-
learning for purposes such as detection, classification, and recognition. It may also be extended to
segment other types of structures, such as non-Gaussian probabilistic distributions and nonlinear
manifolds. As we have mentioned earlier in the paper, there are many possible ways to
improve the efficiency or convergence of the greedy algorithm or even develop (or employ)
new optimization algorithms to minimize the coding length function. We will investigate such

possibilities in the future.
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APPENDIX I

LOSSYCODING OF SUBSPACELIKE DATA

In Section Ill, we have shown that in principle, one can construct a coding scheme for a given
set of datall/ € R™™ such that the average number of bits needed to encode each vector is
bounded by

1
R(W) = 5 log, det (1 + m%QWWT), (19)

if W is drawn from a multivariate Gaussian distribution of covarialice =W WW?”. However,
we do not know in the non-parametric setting (i.e. with finite number of samples), whether the
above coding length is still of any good. In this appendix, we provide a constructive proof that
L(W) = (m+n)R(W) indeed gives a tight upper bound for the number of bits needed to encode
W. One interesting feature of the construction is that the coding scheme apparently relies on
coding the subspace spanned by the vectors (i.e., the singular vectors) and the coordinates of
the vectors with respect to the subspace. Thus geometrically, minimizing the coding length (via
segmentation) is essentially to reduce the “dimension” (of each subset) of the data.
Consider the singular value decomposition (SVD) of the data métrix ULV, Let B =
(bij) = V. The column vectors off = (u;;) form a basis for the subspace spanned by vectors
in W, and the column vectors d? are the coordinates of the vectors with respect to this basis.
For coding purpose, we store the approximated matilitesiU and B + § B. The matrix\V/

can be recovered as
W+ 0W =(U+6U)(B+0B)=UB+0UB+UéB+ dUJB. (20)

ThendW ~ 0UB+ UJB as entries obU B are negligible when is small (relative to the data

W). The squared error introduced to the entriediofare

> ow} =tr (sWoW") ~ tr (USBSB"U” + sUBB"sU" + sUBSBUT + UsBB"5U™).
irj
We may further assume that the coding err@is and 6 B are zero-mean independent random

variables. Using the fact that(AB) = tr (BA), the expected squared error becomes

E(tr (SWoWT)) = E(tr(6BsB")) + E(tr (X*0U"6U)).
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Now, let us encode each entry with a precisiore’ = ==

W Qi N eym
7 andu;; with a precisiore} = T’
where )\; is the jth eigenvalue of ' 1W7.2! This is equivalent to assume that the erfoy; is

uniformly distributed in the mtervaﬂ— \/%, \/%} anddu;; is uniformly distributed in the interval
— &Vm =vm 7 ynder such a coding precision, it is easy to verify that
[ an’ \/En} agp , y fy

2
E(tr ((5W5WT)) < 2em < &2m

. 21
'hen the mean squared error per vectoilinis

1
EE(tr (WW?T)) < & (22)
The number of bits to store the coordinatgswith precisions’ = — is

Z21]21—10&(1—1— ” )— ZZlog2<1+ ”)

53 o (14 M50 < B s (14 2%

In the above inequality, we have applied the following inequality

log(1 4 a1) + log(1 + ag) + - - - + log(1 + a,) < log(1+a1+a2+---+an>
n n

for nonnegative real numbers, a-,

(23)
. an > 0.

Similarly, the number of bits to store the entries of the singular vectgrsvith precision
e = ev/m

Jn IS

n n

1 uz.n?\;
—lo <1+ ) lo ( Y J)
3L LSS

2
me
’Lljl

gil% (1 %> - Zlog2 (1 + —)
j=1

Thus, forU and B together, we need a total of

m+n w— n\; m —|— n
LW) = 222 Y log, (14275 ) = log det (I + —WIW").
=1

We thus have proved the statement given in the beginning of this se€tidn)

(24)

= (m+n)R(W)
gives a good upper bound on the number of bits needed to entode

ZINotice thate”/ normally does not increase with the number of vectarsbecause\; increases proportionally teu
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APPENDIX I

NON-ZEROMEAN DISTRIBUTION

In the above analysis, we have assumed that the given veldfors (wy, ws,...,w,,) are
zero-mean. In general, these vectors may have a non-zero mean. In other words, the points
represented by these vectors may lie in an affine subspace, instead of a linear subspace.

In caselV is not zero mean, let = - > w; € R™ and define the matrix
V= Ligm = (s py ..y pp) € R™™, (25)

ThenW = W — V is a matrix whose column vectors have zero mean. We may apply the same
coding scheme in the previous sectionita
Let W = UXVT = UB be the singular value decomposition Bf. Let 6U, B, é; be the

error in codingU, B, u, respectively. Then the error induced on the malfixis
OW =6p-lixm +UdB + 0UB. (26)

Assuming thatéU,)B, 6 are zero-mean independent random variables, the expected total

squared error is
E(tr (SWoWT)) = mE(5u"op) + E(tr (§BSBT)) + E(tr (Z6UT6U)). (27)

We encode entries oB and U with the same precision as before. We encode each entry

of the mean vectoy, with the precisions’ = and assume that the errép; is a uniform

£
T

distribution in the mterval[ Then we havenE(du”du) = 352. Using equation (21)

xf NG }
for the zero-mean case, the total squared error satisfies

2 2 2
% + 77;5 = me”. (28)

Then the mean squared error per vecto#linis still bounded by

E(tr (sWéW™)) <

—E(tr 6WeW™)) < &% (29)

Now in addition to theL (W) bits needed to encodé and B, the number of bits needed to

encode the mean vectarwith precisione’ = \/% IS
n 2 T
Z log, (1 + ) Zlogz (1 n ) < glogz (1 v “6—2“) (30)

i=

where the last inequality is from the mequahty (23).
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Thus, the total number bits needed to streis
m—+n n o = N ulp
LW) = 5" logydet (I+ —WIWT) + = log, (1 + ?) (31)

Notice that if IV is actually zero-mean, we haye= 0, W = W, and the above expression for

L(W) is exactly the same as before.

APPENDIX I

RELATION TO MULTIPLE-CHANNEL CAPACITY

In wireless communication, the relationship betweerransmitters and receivers is often

modeled as a fading multiple-input-multiple-output (MIMO) channel:
y=Wzx+ z, (32)
wherey, z € R andx € R™. z is a random vector that models the (additive) channel noise. It
is often assumed thathas a Gaussian distributiok((0, o27). Then the model is known as the
additive white Gaussian noise (AWGN) channel.
It is known in multiple-channel communications [31] that in the high signal-to-noise ratio

(SNR) regime, the channel capacity is given by

P wwT), (33)

cw) = %log2 det (I + o
whereP is the total transmission power of thetransmitters [31]. The rati®/o? is the common
SNR at each receiving antenna.

We could not help but notice a striking resemblance between the codingz(&tg in (11)
and the wireless channel capacity1) in (33). Notice that the noise varianeé corresponds
to the (entry-wise) mean squared eredfn, and the powel” is often assumed to be a constant

and we may normalize it to be 1. Then the capacity becomes exactly the coding f&te of
1 n
C(W)=RW) = 5 log, det (I + @WWT).
Thus, the concavity of the coding rate functidgti->°(W,II) (Theorem 3 in Section 1V)
suggests that an even higher channel capacity may be achieved by probabilistically assigning

the transmitters into multiple groups. The capacity of such a probabilistic transmitting channel

is a concave function ill;
tr (I1,)

UAVEDSE =

WILWT),

log, det (I +

e

n
e2r (I0)

j=1
which has a unique maximum (for any givéin
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