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Abstract

This thesis presents some work on two quite disparate kinds of dynamical systems described by Hamiltonian
dynamics.

The first part describes a computation of gauge anomalies and their macroscopic effects in a semiclassical
picture. The geometric (symplectic) formulation of classical mechanics is used to describe the dynamics of
Weyl fermions in even spacetime dimensions, the only quantum input to the symplectic form being the Berry
curvature that encodes the spin-momentum locking. The (semi-)classical equations of motion are used in
a kinetic theory setup to compute the gauge and singlet currents, whose conservation laws reproduce the
nonabelian gauge and singlet anomalies. Anomalous contributions to the hydrodynamic currents for a gas
of Weyl fermions at a finite temperature and chemical potential are also calculated, and are in agreement
with similar results in literature which were obtained using thermodynamic and/or quantum field theoretical
arguments.

The second part describes a generalized transfer matrix formalism for noninteracting tight-binding models.
The formalism is used to study the bulk and edge spectra, both of which are encoded in the spectrum of
the transfer matrices, for some of the common tight-binding models for noninteracting electronic topological
phases of matter. The topological invariants associated with the boundary states are interpreted as winding
numbers for windings around noncontractible loops on a Riemann sheet constructed using the algebraic
structure of the transfer matrices, as well as with a Maslov index on a symplectic group manifold, which is

the space of transfer matrices.
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NOTATION

Spaces: The n dimensional real and complex Euclidean spaces are denoted by R™ and C". The tangent and
cotangent spaces of a manifold M are denoted by T'M and T* M, respectively. The set of vector fields and
1-forms on M are denoted by Vect(M) and Q!(M), respectively. We denote the Hodge dual of a differential

form X as either xX or X.

The standard basis of R™ or C” is denoted by with e;,7i = 1,...n, where (ei)j = ;5. Given a set of oriented

orthonormal axes 2 on a n-dimensional manifold M, we have defined d™z = da! Adx? A --- A dx™.

Indices: The Greek indices (p,v) run over all the spacetime coordinates and the Latin indices from the
middle of the alphabet (¢, 7, k) run over only the space coordinates. The Latin indices from the beginning
of the alphabet are used for Lie algebras. Einstein summation for repeated indices is always assumed unless

stated otherwise.

Brackets: The angled brackets (, ) have been used to denote inner products. The braces {,} have been
used for Poisson brackets. The commutators are denoted by [, |- or simply [, |, while the anticommutators

are denoted by [, |4.

Matrices: The space of all n x n real and complex matrices is denoted by Mat(n,R) and Mat(n,C),
respectively, while GL(n,R) and GL(n,C) denote the corresponding subspaces of nonsingular matrices. The

Pauli matrices are defined as

Physics: The Minkowski metric is defined as n*¥ = diag{—1,1,...1} on R2¥+L1 following the general

relativity convention. We set h=c=e=kp = 1.

Misc: We use the notation {X;}? ; to denote sets of the form {X;, Xs,...X,}.

vi



1 INTRODUCTION

This thesis consists of two largely disjoint parts. The first part is based on a series of papers[I], 2], 3], 4]
with Prof Michael Stone, on the connection between semiclassical dynamics and anomalies in quantum field
theories(QFTs), derived using the chiral kinetic theory. The second part is based on a long paper[d] in
collaboration with Dr Victor Chua, on a general construction of transfer matrices for tight binding models
in condensed matter physics. In the rest of this chapter, I introduce the two sections separately and conclude

with a briefly discussion of certain similar themes in the underlying mathematical structures.

1.1 Part I: Anomalies and Semiclassics

In quantum field theory, an anomaly[6] is a breakdown of a classical symmetry when the theory is quantized,
manifesting in the breakdown of the conservation law for the corresponding Noether current for continuous
symmetries. Since the discovery of the U(1) anomaly by Adler[7], and independently Bell and Jackiw[g]
to explain the anomalous pion decay, they have been an integral part of the quantum field theory of chiral
fermions coupled to gauge degrees of freedom. At first sight, the anomalies seem to be quite undesirable!
Indeed, if a classical gauge symmetry becomes anomalous on quantization, the theory is rendered inconsis-
tent, since the gauge symmetry is simply a redundancy in description. This can sometimes be mended by a

precise anomaly cancellation, as is the case with the standard model of particle physics[9].

However, an anomaly in a global symmetry can be a powerful theoretical probe into the behavior of the
theory. One primary reason is their nonperturbative nature; anomalies computed at one loop level do not
get renormalized at higher orders. Furthermore, they are related to certain topological data associated
with the theory, e.g, to the index of the Dirac operator, via index theorems[6]. The topological nature of
anomalies implies that they must appear, in various disguises, in various effective descriptions of the theory
at different energy/length scales. The conventional examples are the Chern-Simons and the Wess-Zumino-
Witten theories, which have found various applications in condensed matter physics lately.

A particular low energy description of QFTs is relativistic hydrodynamics[I0, [TT], which provides an

ideal setup to study the finite temperature/chemical potential behavior of the theory. A hydrodynamic



description of a QFT can often be constructed systematically from the symmetries of the QFT, which has
proved useful in the study of gauge-gravity duality[12]. The manifestation of anomalies in hydrodynamics
as anomalous contributions to various transport coefficients have been investigated over the past decade[I3]
141 [15). A particularly striking result, conjectured in Ref [16] and further studied in Refs [I7), 18] 19} 20} 21],
relates the anomalous contributions in the hydrodynamic currents to the mixed anomaly polynomials in 2
higher dimensions by a simple substitution of the gauge curvatures in the anomaly polynomials with the

thermodynamic variables, termed replacement rules.

Another low energy description for general quantum theory is a semiclassical description, which is essen-

” added to include some quantum effects. A

tially classical Hamiltonian dynamics with additional “features’
particular example is wavepackets[22], which can be treated as classical (point) particles with an additional
Berry curvature term. Such descriptions have been used since the beginnings of quantum mechanics to study

transport in metals and semiconductors[23] 24, [25].

It is somewhat surprising that anomalies, whose computation generally requires sophisticated quantum
mechanical computations, can be derived in a classical setup, with the only quantum inputs being the phase
space volume, as is conventionally done in classical kinetic theory, and the Berry curvature. The first step in
this direction was by Stephanov and Yin[26], who derived a semiclassical action for positive energy, positive
chirality Weyl fermions and showed that a computation of the gradient of the particle current using a (chiral)
kinetic theory reproduces the expression for the U(1) (Adler-Bell-Jackiw) anomaly. The intuitive picture of
their argument hinges on the fact that the U(1) anomaly manifests itself as a breakdown of the conservation
of particle number for chiral (Weyl) fermions, and near the Fermi surface, and well away from the Dirac
point, a semiclassical effect is sufficiently accurate that the influx of extra particles can be counted reliably
in a kinetic theory setup.

In Refs [ 2], we generalized the semiclassical calculation to compute nonabelian gauge and singlet anoma-
lies in arbitrary even spacetime dimensions. The central mathematical tool for this generalization was the
geometric formulation of classical mechanics[27] 28], and the anomaly manifests itself as a symplectic form
that fails to be closed at the diabolical (Weyl) point, thereby violating Liouville’s theorem. Thus, the

anomalies are, in fact, encoded in the phase space structure.

An increasing application of quantum field theory techniques to study condensed matter systems has made
the study of macroscopic effects of anomalies particularly relevant. In particular, Weyl semimetals[29] [30], [31]
provide a condensed matter realization of Weyl fermions, and hence the Adler-Bell-Jackiw anomaly[32]. The
effect of anomaly on electronic transport[33] has been widely studied in recent years using various techniques,

including the kinetic theory approach[34] discussed above. Transport phenomenon associated with gauge



anomalies have also been studied in quark-gluon plasma formed in heavy-ion collisions. In this case, the
anomaly manifests as the chiral magnetic effect(CME)[35] [36] and chiral vortical effect(CVE)[37], and the
computation of relevant coefficients have been approached from many direction, including hydrodynamics|13],
4], kinetic theory[26] and holography[38].

On the theoretical side, the chiral kinetic theory provides an interesting perspective on gauge anomaly,
and it would be interesting to generalize it to curved spacetime backgrounds so as to derive the gravitational
contribution to gauge anomaly. However, this approach, being based on Hamiltonian dynamics, treats space
and time differently, and is thus not manifestly Lorentz invariant. The Lorentz symmetry is implemented
on the position and momentum coordinates in an unusual representation of the Lorentz group[3, B9]. A
manifestly Lorentz invariant formalism would be the first step in studying chiral kinetic theory on curved
spacetime background, required to compute the most general mixed anomaly polynomials for Weyl fermions.

Our first steps in this direction are discussed in Ref [3].

1.2 Part II: Transfer matrices

The topological phases of matter[40}, 4T} [42] have been a subject of considerable interest in recent years. In
the most general (and vague) sense, they are ordered phases of matter, whose order cannot be characterized
by a local order parameter ¢ la Landau theory of phase transitions, or, equivalently, cannot be understood
as a “symmetry breaking”. Instead, they are characterized by a global invariant, which is “topological” in

the sense that it is invariant under “continuous deformations” of the system.

We unpack this vague terminology for a quite plebeian system: one consisting of noninteracting fermions
on a lattice, described by a Bloch Hamiltonian over the Brillouin zone (i.e, the reciprocal lattice). The
eigenstates of the Bloch Hamiltonian corresponding to a given energy eigenvalue then form a vector bundle
over the Brillouin zone. We deem two states, i.e, two Bloch Hamiltonians, to be “topologically equivalent”
if they can be deformed into each other without closing the gap, i.e, without changing the topology of the

corresponding vector bundles. The topological invariant is the Chern number of the vector bundle[43] [44].

Since tuning such a topological insulator (nonzero Chern number) to a trivial insulator must involve closing
the bulk gap, it follows that whenever the topological insulator is placed next to vacuum (a trivial insulator)
or another topological insulator with a different Chern number, the bulk gap must close at the interface,
leading to gapless edge states. These edge states also carry topological information: for instance, the (signed)
intersections of the edge spectrum with a given energy level is a topological invariant determined by the

bulk, and cannot be changed by local perturbations at the edge.



The bulk invariants of the system can be computed, in principle, by using the momentum state represen-
tation of the system. However, in order to investigate the edge behavior of the system, one needs to open an
edge along at least one space dimension, thereby breaking the lattice translation invariance in that direction
and rendering the momentum space picture inapplicable. The edge spectrum is then usually calculated
either using exact diagonalization, which can be computationally expensive for large systems (esp for 3d
systems), or using a decaying ansatz[45], [46], which usually needs additional input regarding the existence of
edge modes, for instance, from symmetry considerations. However, another way of studying these systems is
using transfer matrices. The central idea is that given a quasi-1D system (obtained by Fourier transforming
a given system in d space dimensions along the d — 1 periodic directions), once we obtain the transfer matrix
for translation by a period, we can obtain both bulk and edge characteristics by looking at the eigenvalues

of the transfer matrix.

Transfer matrices have been studied in diverse contexts. They have been used to study electronic band
structure[47, 48], [49, 50], conductivity[51], Majorana fermions[52] and wave motion in electromechanical
systems[53]. They have also been studied by mathematicians under the banner of Floquet theory[54] [55] [56],
known to physicists as Bloch theory. The monodromy matrix[54] [57] in Floquet theory, which translates the
solution by one period, is the direct analogue of the transfer matrix in condensed matter systems. However,
often there is additional structure associated with the monodromy matrix. For instance, if the system is
Hamiltonian, the transfer matrix turns out to be symplectic[58], in which case the eigenvalues of the transfer
matrix can be computed and hence its eigenstates classified as growing/decaying or propagating, using a set
of quantities called Floquet discriminants[59], which are derived directly from the traces of powers of the

transfer matrix.

The properties of a transfer matrix associated with a topological state was studied, to interesting results,
by Y Hatsugai[d7, [60]. He computed the transfer matrix for the Hofstadter model with flux ¢ = p/q per
plaquette on a cylinder, finite along x and periodic along y, so that k, is a good quantum number, and showed
that one can obtain the bulk bands as well as the edge states using the transfer matrix. Furthermore, the

eigenvalues of his transfer matrix are given by

pr = [A(a,ky) +/A%(e, ky) — 4} ) (1.1)

DN | =

where A(e, ky), the trace of the transfer matrix, is a polynomial in . Given the square root, it is natural
to allow € to be a variable on a two-sheeted Riemann surface, glued along branch cuts corresponding to the

bulk bands. This e-Riemann surface is a two-dimensional complex manifold with genus g = g — 1, where q is



the number of bulk bands. Hatsugai shows that in such a picture, the topological nature of the edge states
manifests as windings around the holes of the e-Riemann surface, the winding number being equal to the

Chern number of the filled bulk bands.

This equality is an instance of a more general issue of fundamental importance, viz, the connection (usually
equality) between the bulk topological invariant and the number of edge modes in a gap, usually referred to
as the bulk-boundary correspondence. Various proofs of this correspondence have been discussed in literature
for different classes of topological phases. In particular, using the methods of non-commutative geometry,
the equality of the Chern number and the Hall conductivity at finite disorder have been rigorously addressed
within the mathematical physics literature[61], 62], and with generalizations to time-reversal invariant topo-
logical insulators[63]. Complementary to this are approaches based on Green’s functions[64, [65], which
have also demonstrated the bulk-boundary correspondence from a field theoretic perspective. In addition,
aspects of this correspondence have also been discussed from the viewpoint of quantum transport using
S-matrices[60, [67]. Other notable citations are Refs [68] [45] 60], however, none of them, to our knowledge,

are entirely general.

In this work, we generalize the transfer matrix construction to certain systems where the hopping matrix
turns out to be singular, so that the transfer matrices cannot be constructed using the conventional tech-
niques. The generalization also provides us insight into the algebraic and geometric structure of the problem,
as well as new ways to characterize the topological invariant(s) associated with the nontrivial boundary states
for the topological phases of matter. This approach can potentially lead to a purely algebraic proof of the

bulk-boundary correspondence.

1.3 Outlook and Outline

A common thread running through the two seemingly disparate parts of this dissertation is the general idea
of dynamical systems, and in particular, those described by Hamiltonian dynamics. We have used many
results commonly studied in the mathematics literature under that banner, and applied them to physically
relevant systems.

A related idea, which makes its appearance in both sections, is that of a symplectic structure. In Part I,
the classical Hamiltonian dynamics can be recast as flows on a symplectic manifold, and the Hamiltonian
flows are those which generate symplectomorphisms, which can be crudely thought of as elements of an
(infinite-dimensional) symplectic group. In the second part, for all of the tight-binding models studied, the

generalized transfer matrix turns out to be a symplectic matrix, i.e, an element of a (finite-dimensional)



symplectic group, which leads to various simplifications in computation.
The rest of this thesis is organized as follows:

Part 1

In Ch [2| we describe the symplectic formulation of classical mechanics, and a generalization to contact
manifolds to for time-dependent systems, and reformulate the conventional kinetic theory in geometric
terms. In Ch 3] we discuss the basis of gauge theories and anomalies, and use the anomalous conservation
laws and thermodynamic constraints to compute the anomalous contributions to the hydrodynamic currents
in arbitrary spacetime dimensions. In Ch [4] we introduce (abelian and nonabelian) Berry phases and their
various topological aspects, and compute the Chern numbers for various systems. In Ch [5| we describe the
chiral kinetic theory computation of the U(1) anomaly and assemble the ingredients from Ch and (4| to
generalize it to Weyl fermions coupled to nonabelian gauge fields in arbitrary even dimensions. We also use
the generalization to compute the anomalous contribution to the hydrodynamic currents, and compare with

the replacement rules discussed in Ch

Part 11

In Ch[6] we start from general noninteracting tight-binding models and construct generalized transfer matri-
ces. We also discuss the computation of bulk/edge spectra using the transfer matrices. In Ch we apply the
generalized transfer matrices to a wide variety of commonly studied topological phases, including disordered

Hamiltonians, and study windings associated with edge states for certain cases.

We present our general conclusions, as well as outlook, in Ch[8] Formal definitions of certain mathematical
objects used in the thesis are collected in Appendix [A] while Appendices [B] and [C] contain a mixed bag of
general results that turned out to be useful for various parts of the thesis, as well as details of certain tedious

or not-particularly-informative calculations.
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2 CLASSICAL MECHANICS

Classical mechanics is the vast body of analytical mechanics developed before the 20th century to describe
the mechanics of material bodies. In recent times, it has been described more accurately only in contradis-
tinction to the newer physical theories, particularly quantum mechanics and special theory of relativity.
Tracing its origins in the work of Galileo and Newton in the 17th century, classical mechanics has acquired
many analytical tools and reformulations, the Hamiltonian and the Lagrangian mechanics being the major
examples. These formulations, besides simplifying the analysis of complicated systems, also provide useful

insights into the structure of classical mechanics.

The latest addition to this repertoire is the geometric formulation of classical mechanics in terms of flows
on symplectic manifolds, developed in the 20th century[28, 27]. Since smooth manifolds generically admit
coordinate systems only locally, it is more efficient to use Cartan’s intrinsic calculus instead of the traditional
Newtonian calculus, thereby replacing analytical methods with those of differential geometry and topology.
This perspective also lets us generalize the conventional classical mechanics to include arbitrary symplectic
manifolds, and thus make use of many ideas that historically emerged from the study of dynamical systems.

In the first part of this dissertation, we shall often use an extension of the symplectic formulation of
classical mechanics, usually termed extended phase space or contact structure, necessary to deal with time-
dependent systems. Thus, in this chapter, we describe the symplectic formulation of classical mechanics and
a reformulation of kinetic theory in geometric terms. Besides being a primer on these topics, this chapter

would set up the notations and basic results used in rest of Part I.

2.1 Newton, Lagrange and Hamilton

The foundation of classical mechanics lies in the Newton’s laws of mechanics, esp the second law, which
describes the mechanics of a point particle as a function of time ¢ € R in presence of external “forces” [69].
Mathematically speaking, associated with a point particle in Newtonian mechanics is its mass, m € (0, o),
and its position, x € R?, in a fixed coordinate system. In an inertial frame, given an external force F(x,t)

and some data at a the time origin (¢ = 0), one is interested in computing the trajectory, i.e, a continuous



curve r: R — R? so that the position of the particle at a given time ¢ is x = r(¢). Note that conventionally,
both the coordinates and the trajectories are notated by the same letter; however, for this section we shall

keep that distinction explicit.

The linear momentum of the point particle is defined as p = mr. Newtonian mechanics posits that the
state of a point particle is completely determined by the knowledge of its position x and momentum p, so
that one can define a state space R*? 3 (x,p). Furthermore, Newton’s second law states that the rate of
change of momentum is equal to the force acting on the body, i.e, p = F. Assuming m to be independent

of time, the trajectory is then obtained as a solution of a second order initial value problem(IVP)
mi = F(r(t),t); r(t.) =rg, t(t;) = vo. (2.1)

A force F is termed conservative if it is time-independent and can be written as a gradient of a scalar

function, i.e, Fx(x) = —V¢(x). For such a force, we can integrate the IVP by multiplying with ¢
. . o d (1 .,
O:r-(mr—F):mr-r—i—r-Vq{):% 5m\r| +¢).

Thus, for a given trajectory r(t), the quantity in the bracket is conserved (i.e, independent of time), which

we define as the total mechanical energy of the system:

_ IpP

5+ o). (2.2)

€= %m\i‘|2 + ¢(r)

In the subsequent discussions, we shall only consider conservative forces.

Thus, the mechanics of a point particle is described by a second order IVP in d variables r;. These can
readily be reduced to a first order IVP in 2d variables, which define flows on R??, the 2d-dimensional state
space. In this formulation, the 2d variables can be treated as independent. There are two distinct choices
of independent variables, viz, (r, ) and (r, p), which correspond to two alternative formulations of classical
mechanics, viz, the Lagrangian and the Hamiltonian formalisms, respectively.

We begin with Hamiltonian mechanics, which takes place on a phase space M, which is the space of all
possible positions and momenta. For a point particle on R¢, the (classical) phase space is simply R? x R?,
with coordinates ¢ = (p,x). Then, we seek to compute the trajectory v : R — M, where the state of the

particle at time ¢ is y(t) = (vp(t),7x(t)). The Newton’s second law reduces to

Felt) = =, Ap(t) =F (7)) = —Vo(x) (2.3)

x=,(t)’



Furthermore, taking a cue from eq. (2.2)), one defines a “Hamiltonian” H: R x R? x RY — R as
H(ta X, p) = 7’/77, + d)(xa t)v (24)

Note that this quantity is defined in general for any system where the force can be written as a gradient,
ie, F(x,t) = —Vxo(x,t). However, it is a constant along the trajectories if ¢ is independent of ¢, i.e, if the
system has time translation symmetry.

In terms of the Hamiltonian, the equations of motion become

¥:(t) = VpH(t, %, p) Yp(t) = =VxH(l,%,p) : (2.5)

(x,p)=7(t)’ (x,p)=7(t)

Conventionally, we ‘forget’ the distinction between x and =y, and between p and . Thus, the Hamilton’s

equations are simply written as

OH oH
.i = 5 D; = — ) 2.
z ap; Di oz, ( 6)
which can be combined as
.. L OH 0 —14 o
=T —, = , b, =1,...,2d. 2.7
A R < L 0 ) ! 27

The structure of this differential equation is termed symplectic. This equation would be the starting point
for a geometric formulation of classical mechanics, as discussed in Sec[2:2]

Next, we discuss Lagrangian mechanics, which reduces the IVP to a boundary value problem (BVP).
Given all possible (smooth) trajectories r(t) connecting the initial position r(tg) = ro and the final position
r(t1) = ry, one defines an action functional S: r(t) — S[r(t)] € R. The actual trajectory of the particle
is then the trajectory r(¢) that extremizes the action, i.e, for which the first order variation §S[r(¢)] = 0.
The idea of writing dynamical equation of motion as extremization of a functional, commonly referred to as
Hamilton’s principle or the principle of least action, has wide applicability beyond classical mechanics, for

instance, in classical field theories or general relativity.

The action can be written as an integral

Sie(t)] = /t AL (e(t), #(1). 1), (2.8)

z

where L(x,x%,t) is the Lagrangian, and r and 1, being the coordinates on the state space, are to be treated
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as independent variables. Thus, a variation of action can then be written as

dS[r] = S[r + or] — Sr]

L|" t OL d [0L

The boundary term vanishes as we demand that each trajectory satisfies the boundary conditions, so that

dr(tg) = or(t1) = 0. Then, the condition on r(¢) for S[r] to achieve an extremum becomes

oL d [OL
@ <8r'i) =0. (2.10)

These are the Fuler-Lagrange equations of motion. For instance, for a single particle moving under a

conservative force F(x) = —V¢(x), we have
1 ., oo~ d, . .
= — — — — . — P . .1
L 2m|x| o(x,t) = 0 or. + pr (mr;) = mit; — F; (2.11)

which precisely reproduces the Newton’s second law.

We note that there is a subtlety in going from Newtonian to Lagrangian formulation. If the forces are
smooth (more precisely, Lifshitz) functions of coordinates, then the IVP has a unique solution for all initial
conditions. However, for BVP, this is not the case in general. A typical example would be motion of a
point particle on a circle S1 = [~ 7), with the boundary conditions x(0) = z(T) = 0. The corresponding
action does not have a unique extremum; instead, it is extremized by any trajectory that winds around S*

an integer number of timed]

The Hamiltonian and Lagrangian for a given system are related by a Legendre transform. Explicitly,

L=p-%x—H. (2.12)

The existence of requires that H(x,p) be a convex function of p. We shall use this to write an action

functional for a given Hamiltonian.

The original Newtonian approach can often be quite complicated for many practical systems. A particular

1 These different winding numbers are just the topological sectors! When summing over “all paths” to quantize the theory
using Feynman’s path integral, one needs to sum over this sectors explicitly.
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example is systems with holonomic constraints, i.e, we require the trajectory to lie on the level set f(x) = 0,
where f: R? — R%. The resulting space R C R? is generically d —d’ dimensional, and usually has a manifold
structure for systems of interest in classical mechanics. The Lagrangian and Hamiltonian formalisms are
convenient to deal with such cases, as one can define a set of coordinates on R, conventionally termed
“generalized coordinates”, and project the Hamiltonian or the action down to these coordinates. Since both
of these approaches describe flows on some 2d-dimensional manifolds, they can readily be generalized to
Hamiltonian flows on more general smooth manifolds. The symplectic formalism is just such a generalization

of the Hamiltonian mechanics.

2.2 Symplectic formulation of classical mechanics

Consider the Hamiltonian formulation of classical mechanics, where the underlying space is a even-dimensional
smooth manifold, viz, the phase space M = R?™, and given a time-independent Hamiltonian H: M — R
and a point ¢, € M, the Hamilton’s equations of motion associate with it a trajectory passing through ¢,.
Geometrically, these trajectories are simply smooth 1-parameter family of curves, generated by a vector field

&n € Vect(M), which can be explicitly written as

9 L OH
€H=§§18Ti, 521:(1:\7”870, (2.13)

with J as defined in eq. li and % are simply the components of dH. We can potential generalize
this to a larger class of even-dimensional smooth manifolds M on which have a “sensible” antisymmetric
matrix analogous to J. Such a structure is termed a symplectic structure, and such manifolds are termed

symplectic manifolds.

Geometrically speaking, Hamiltonian mechanics associates vector fields to the differentials of functions
(Hamiltonians) H: M — R. This amounts to a linear map Q!(M) — Vect(M), which can be defined using

a map T" M — TM. Such a map is induced by a symplectic structure on the manifold M.

Symplectic manifolds

A symplectic manifold (M, p) is an even-dimensional smooth manifold M equipped with a closed, nondegen-
erate 2-form p, termed the symplectic form. More explicitly, p € Q%(M) such that dp = 0, and the nonde-
generacy of p means that if for some & € Vect(M), the symplectic form satisfies p(€,£') =0 V&' € Vect(M),
then £ = 0.
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The symplectic form induces a canonical isomorphism, p: Vect(M) — Q!(M), which maps p: £ — igp,
where £ is a vector field on M. The nondegeneracy of the symplectic form implies that the map p is invertible
(see eq. (2.17)). Using its inverse, we define the symplectic gradient 9: C*°(M,R) — Vect(M), which acts

on a smooth function f: M — R as

0 =—(p) Hdf = i,,p=—df. (2.14)

Thus, given a Hamiltonian H, the symplectic derivate associates to it the vector field 0H, which defines the
trajectories for given initial conditions. The Hamilton’s equation of motions can be written concisely in a
coordinate-independent form as

iyyp = —dH. (2.15)

Vector fields of the form £ = 0f for some f € C*°(M) are hereafter termed Hamiltonian vector fields.

More explicitly, consider a set of local coordinates ¢ = {¢?} on some open set of M. In these coordinates,

the symplectic form can be written as

p= %pij(c) dct Ad¢?, (2.16)

where p is an antisymmetric matrix, and non-degeneracy of the 2-form p implies that p is invertible. Given

a vector field £ € Vect(M), the map p acts as

~ .0
p:£=§aci

—riep = gpiy (€0 FC) = —piy EC (217)

Thus, given § € QY(M), we have p~1: 0; — — (p_l)ij 0;. Given a Hamiltonian H, the components of the

associated Hamiltonian vector field £ = 0H are then &}, = (p_l)ij g% Thus, the phase-space trajectory

passing through ¢, € M is given by the IVP

oH

. v ol
o

¢’

pis 7 (t) = ()= (p7") (2.18)
with the initial value {(to) = {,. In practice, one ’defines’ the Hamiltonian vector field £y = éi%, and

substitutes it in eq. (2.15)) to derive the equations of motion[70].

We note that eq. (2.7) is now simply a special case of eq. (2.18), where p = J~! is a constant. For
any symplectic manifold (M, p), one can locally set p to be constant, following Darboux theorem[7T] 27].
More precisely, Darboux’s theorem states that any symplectic manifold (M, p) is locally isomorphic to

(R?™ pg), with pg = dP; A dX*, where (X!,...X™ P, ...P,,) are coordinates on R?>™. These are termed
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the “canonical” coordinates on M. The notations P and X are intended to be suggestive of momenta and
positions. However, it must be kept in mind that these are only local coordinates on M, which may not, in

general, be globally well-defined.

Structure preserving maps

We begin with the transformations of symplectic manifolds induced by Hamiltonian dynamics. Recall that
a vector field £ € Vect(M) can be defined as a generator of a 1-parameter family of curves. Explicitly, given
coordinates ¢ and a point {, € M, the vector field £ defines a curve ¢(7) on M with ¢(0) = {,. Given this

Hamiltonian evolution, define a family of maps =,: M — M, 7 € R as

d

B CO’_)C(t) = dr

) | =) =€), (2.19)

=0

These, by definition, follow the composition Z; 0= = 2,1y = 2y 0 Z;. The variation of an arbitrary r-form

0 under these maps can be defined using the Lie derivative. Recall that the Lie derivative of 6 along & is

defined as
d
L= — (226 , 2.20
0= gE0| (220)
where 2% is the pullback of ;. Equivalently, given a p-dimensional submanifold S C M,

= / Leb. (2.21)
=0 S

d d
— 0 = [ —E"0
dr [/E;S ] _0 /SdT

Furthermore,
L@ = o(Eeme)| =5 -LEe)| = (L) (2.22)
dr T, dr T Thar T, T o .
where we have set 7 =t + 7/. An immediate corollary is
Le =0 = 0 is invariant under the flows induced by &. (2.23)

This follows from the fact that the vanishing of the Lie derivative implies that =¥ is a constant. However,
Eo is the identity operator, so that =30 = =50 = 0.
Given a symplectic manifold (M, p), consider the Hamiltonian vector field 9H for some Hamiltonian

H € C*(M). Using the fact that L¢ = di¢ + i¢d, we compute

210 =i (ig + 0 d) p) =~ [d(dH)] = 0. (2.24)



Thus p is invariant under the Hamiltonian flows.

The structure preserving maps for symplectic manifolds are termed symplectomorphisms[(1, 27]. Given
symplectic manifolds (M, p) and (M’,p'), a map f: M — M’ is a symplectomorphisms if f*p’ = p, where
i T*M — T*M is the pullback of f. Thus, we have shown that Hamiltonian flows on (M, p) define a

family of symplectomorphisms (M, p) — (M, p).

Action principle

We now reformulate the geometric form of the Hamilton’s equations in the form of an action principle.
Recall that since p is closed, by Poincaré’s lemma, it is exact on any contractible subspace Uy C M, i.e,
dn € QYU) with t; > to such that p = dn. The 1-form 7 is referred to as the symplectic potential or the

Liouville 1-form. Given the Liouville 1-form 7 and a Hamiltonian H, we define the action functional as

sic) = /C n— / CH(C() dt, (2.25)

where C = {¢: [to, t1] = M | {(to) = €y, €(t1) = ¢} defines a curve on M with fixed end points ¢, and ¢;.

Given a set of local coordinates ¢ on M, the variation of action becomes

" s o on j fi i OH
0=10 ) (m(C)C _H)dt:/to (8@,6@( + 1:(€)d¢ —(w&‘)dt
_ 1 il (om0 dn o0H B b i (Om;  dn\ .. OH
- [ o |(Gke-T) -G [ o |(R-B) e -Gl e

which needs to be true for any variation 6¢(¢). Thus, we demand that

= 674.1-7 Pij = 8Cl dgj7

i (1) 21)

which is precisely eq. (2.18]), the equation of motion in our given coordinates.

Poisson brackets and Poisson manifolds

As an aside, we now discuss an algebraic (as opposed to geometric) description of the symplectic manifolds,
in terms of Poisson brackets. Recall that in conventional Hamiltonian mechanics, the Poisson bracket of two

functions f, g € C°°(R?*™) is an antisymmetric bilinear product on C°°(M), defined as

of 9g of 89 _;;0f Og

Dai Op;  Opi O YOG OG

{f.9} = (2.28)
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where (p,x) are the canonical coordinates on R?". For a symplectic manifold (M, p) with coordinates ¢,

this readily generalizes to

ij Of O
{f.ay=—(p")" 852- ng, (2.29)

which, using eq. (2.18)), leads to a purely geometric expression for the Poisson bracket as

(F9) == (0 )" pin @) pse(09)" = (0F) pre(09)” = p(df,09). (2.30)

Thus, we also have

{fag} af aq - 77:Dfdg = 7(0.}0)“8#9; also, {fag} = (Dg)ua,ufa (231)

so that geometrically, the Poisson bracket is simply the directional derivative of g along —0f, or the direc-

tional derivative of f along 0g.

Given any time-dependent quantity f and a Hamiltonian H,

df af
7

af  of _\ij OH Of  Of
¢ = L — = 2.32
= e ) agae =g T UL (2.32)
If f does not depend explicitly on time, then {H,t} is simply the time-derivative of f. Thus, H can be

thought of as the generator of time translations.

Abstractly, a Poisson bracket is a map {, }: C°(M) x C*°(M) — C>°(M), which satisfies

1. Antisymmetry: {f,g} = —{g, f},
2. Bilinearity: {af + Bg,h} = o{f,h} + B{g,h}, o, B € R, and
3. Jacobi identity: {f,{g,h}} + {g,{h, f}} +{h.{f,9}} = 0.

Thus, the Poisson bracket defines an infinite-dimensional Lie algebra on C°°(M). A manifold M for which
C> (M) is equipped with a Poisson bracket is termed a Poisson manifold. More precisely, a smooth manifold
(Mv, c) is termed a Poisson manifold if it is endowed with a bivector field ¢ = ¢¥9;0; which defines the
Poisson bracket {f, g} = ¢, f0;g. Thus, symplectic manifolds are a special caseﬂ of Poisson manifolds, for
which ¢¥ is invertible. Furthermore, when ¢ is noninvertible, the Poisson manifolds (MV , c) can be foliated
by (i.e, represented as the disjoint union of) symplectic leaves M, such that (./\/la, c, ) forms a symplectic

manifold, where ¢, is the restriction of the bivector ¢ to M,,.

2For symplectic manifolds, 2: C°°(M) — Vect(M) becomes a Lie algebra homomorphism, i.e, 9{f, g} = [0f,0g], where [, ]
denotes the Lie algebra of vector fields.
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2.3 Examples of symplectic manifolds

There are three mathematical contexts that naturally give rise to a symplectic manifolds: contangent bundles
of smooth manifolds, co-adjoint orbits of Lie groups and complex algebraic manifolds[72]. In this section,

we discuss the first two cases.

2.3.1 Cotangent bundles

In the traditional classical mechanics, the phase space is defined as the cotangent bundle of the d-dimensional
configuration spacdﬂ X, which, in conventional terminology, is simply the space of positions. More formally,
let M = T*X -5 X be the cotangent bundle of a smooth manifold X', with = being the canonical projection.
A point ¢ € T; X is actually a covector on X, which takes vectors to c-numbers, i.e, ¢: TxX — R. Given
§ € Te M with 7(€) = x, using 7. : Te M — Ty X, we can push it forward to m.(§) € T X'. Thus, define a

I-form n € T M by its action on § € Te M as

ign = Z'ﬂ.*(é)c. (233)

This defines the presymplectic form, and the symplectic form is simply p = dn, which is closed by definition.
This is a geometric formulation of all of the conventional classical mechanics.

Explicitly, given local coordinates x on X, the covectors are given by p;dz‘, so that { = (x,p) are
coordinates on M, and the canonical projector is 7: (x,p) — x. Then, a vector { € T¢ M can be explicitly
written as
0 .0 )

o
=g+ = m(f)=¢ (2.34)

§=850 = Sy opt * 9t

where 7, (&) € Ty X and £° € R. Then, using eq. (2.33))

.0 .0 .0 .
i ' i ) = podat i I 9.
g (fx Oxt + p8p1> pide (5" 8:17’) Pitx> (2.35)

which implies that 7 = p;d2?, and hence p = dp; A dz*. These turn out to be the canonical (Darboux)
coordinates on the phase space.

By definition, the phase space M = T*X is noncompact, since it associates to each point in X a (non-
compact) vector space Ty X. Finally, if X = RY, then T*X = R2?, on which the canonical coordinates (x, p)

are defined globally, which is the setup for the conventional classical mechanics.

3 For free point particles, X = R?. However, this is not the case, for instance, in presence of holonomic constraints.
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2.3.2 Coadjoint orbits

The second example of a symplectic manifold comes from the theory of Lie groups, and unlike the case of
cotangent bundles, often leads to compact symplectic manifolds. Given a Lie group G with its Lie algebra
g, the coadjoint orbits are defined as the orbits of elements of g*, the dual of the Lie algebra, under the
coadjoint action of the group. In this section, we shall only describe the co-adjoint orbits for matrix groups,
for which they are identical to the adjoint orbits. For a more general and rigorous description, we refer the

reader to Appendix [A]

Adjoint and coadjoint orbits

Consider a matrix group G C GL(N, C), its Lie algebra being g C Mat(N,C), and let n = dim(G) be the
dimensionality of the Lie group manifold. As vector spaces, g = R", and the group has a representation on

! where g € G, X € g and ‘-’ denotes

g, the so called adjoint representation, defined as Ad(g): X — g-X -g~
the matrix multiplication, which we shall hereafter omit. Furthermore, being a subset of Mat(/N,R), g
inherits an inner product, viz, the Killing form, defined as (X,Y) = tr { XY}, which identifies g with its dual
vector space, g*, so that we can define a canonical isomorphism ¢: g* — g. The co-adjoint representation
is then given by K(g): X + ¢g~'Xg. For a matrix Lie group, the adjoint and coadjoint representations are

isomorphic, the isomorphism being Ad(g) = K(g71).

Given X € g*, its adjoint orbit is defined as
Ox ={9Xg ' |ge G}y, (2.36)

which coincides with its coadjoint orbiﬂ Furthermore, note that gX¢g~—! = X if, as elements of Mat(N,C),
g and X commute. Given X, define the set of g that commute with X as Stab(X) C G, the stabilizer of
G, which forms a subgroup of G. Then, Ox = G/Stab(X). A trivial example is X = 0 € Mat(n,R), where
Stab(X) = G, so that Ox can be identified with a single point. We are usually interested in the co-adjoint
orbits of highest possible dimensions (termed regular orbits), corresponding to smallest possible Stab(X).
The regular coadjoint orbits can be defined using the maximal tori (i.e, the maximal connected commuting
subgroup) T of the group. A maximal torus of G is generated by a Cartan subalgebra t C g, which can
be crudelyﬂ defined as the vector space spanned by a subset of the Lie algebra whose elements commute

with each other. The choice of a Cartan subalgebra and hence of a maximal torus is nonunique; however,

4 This is not true in general, for instance, in infinite-dimensional cases, where it is possible that g & g*.
5 More formally, a Cartan subalgebra t C g is defined as a nilpotent, self-normalizing Lie algebra, i.e, [t, [t, ..[t,{]..]] = O for
a finite number of nested commutators, and if 3Y such that [X,Y] € tVX € g, then Y € t.
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all maximal tori are isomorphic and hence of the same dimensionality. Given X € g*, choose a Cartan
subalgebra of g that commutes with o(X) € g, so that T C Stab(X). Thus, regular coadjoint orbits
are generated by X for which Stab(X) = T, so that Ox = G/T, any point on which can be written as
Q =g-1Xg, g € G/T. Since @ € g*, this connects the two definitions of Ox, viz, as a submanifold of

g = R" and as a quotient of G by T.

Vector fields and symplectic form

We next define the symplectic (Kirillov-Kostant) form[72] on Ox using intrinsic (Cartan) calculus, i.e, as
a map Vect(Ox) x Vect(Ox) — R. Since vector fields can be geometrically thought of as generators of
curves[73, [70], for Ox, every Y € g induces a G-invariant curve X (t) via the adjoint action, explicitly

written as )}(t) = etY XetY. Thus, we can define a vector &y € TxOx as

Eyv(X) = % (e Xe ™) L —-[X,Y], (2.37)

which can be used to compute £y everywhere on Ox using the G-invariance, and all G-invariant vector fields

can be written in such a fashion.

The symplectic form on Ox can be defined by its action on vectors in TxOx as
p (v, €2) ‘X = (X,[V, Z]) = tr {X[Y, 2]}, (2.38)

which can be translated to X’ € Ox using the coadjoint G-action on Ox. We show that p is closed and
degenerate in the proof of Theorem in Appendix [A] Given a Hamiltonian H: Ox — R, we can use p to

associate with it a Hamiltonian vector field 9H (see Sec via
togp = —dH — p(OH, fy) =—¢H VY e€g. (239)

A class of Hamiltonians can be defined on Ox using the Killing form on GG, whose Hamiltonian vector fields

take a particularly simple form. Given a fixed Y € g, and some Z € Oy, set
Hy:Z’—)tI'{ZY} — DHy:{-y:—[.,Y], (240)

with &y as defined in eq. (2.37). This can be derived explicitly using eq. (2.39)), as shown in Appendix
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Parametrization

Finally, we discuss an explicit parametrization of the regular coadjoint orbits of a group G using the expo-
nential map. Consider then a basis {)\i}?i:nf(g) of the Lie algebra g, which is orthonormal under the Killing
form and satisfy the commutation relation [A,, A\y] = if, 3 A, where f, 2 € R are the structure constants of the
Lie algebra. The corresponding dual basis is denoted by {/\i}?i:nf(g ). We have chosen the physics notation in
defining the basis, where \; are Hermitian matrices and the structure constants are real.

A'Y € g can then be expanded in this basis asﬂ Y =iY,\,. Since Q = g~'Xg € g*, in our chosen basis,
it can be expanded as @ = iQ,A\* with Q, = —itr {QX,} € R and Q = {Q,}"_; are simply coordinates of
the points of the Lie algebra in g = R,,. Thus, this parametrization explicitly defines the coadjoint orbit as
a subspace of g* = R™.

Consider then the Hamiltonians H, = Q,, or equivalently, H,: Q — —itr {Q\,} for Q € Ox. Using
eq. , the corresponding vector fields are simply &, = —[., \,], so that using eqns and their

Poisson bracket becomes

{Qa, Q) = p(&a, &) = tr{Q[Aa, Mo]} = ifiptr {QA} = i Qe (2.41)

Thus, we have defined a set of functions @,: Ox — R, whose Poisson algebra is analogous to the Lie algebra

of the group we started with.

Example: SU(2)

We demonstrate our formal constructions from this section explicitly using SU(2). Some details and lengthy
computations have been relegated to Appendix Recall that SU(2) is the group defined as the set of
2 X 2 unitary matrices with unit determinant, under the usual matrix multiplication. It can be conveniently

parametrized using the Pauli matrices as

SU(Q) = {go]l +ig-o

3
(90.8) €RY, > g = 1} : (2.42)
n=0

6 The 4 in the definition is required, since the basis elements are real, but the generators of curves on G must be skew-
symmetric. Mathematicians usually define the basis of the Lie algebra as skew symmetric to avoid this 4, while physicists,
intending to identify the basis elements of g as physical (and hence Hermitian) symmetry operator, put in the i explicitly
instead.
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The constraint on g,, defines a 3-sphere in R?, so that as smooth manifolds, SU(2) is homeomorphic to S°.

The corresponding Lie algebra is
su(2) = { X%, | X € R}, [Cas O] = P€abcOe, (2.43)

with the basis A\; = o; being the Pauli matrices. In the following, we shall not distinguish between su(2)

and su*(2), so that we only use lower indices. The maximal torus T' C SU(2) can be written as the set of

T= {( ‘g 0* ) lo)? = 1} =~ U(1). (2.44)

The regular adjoint/coadjoint orbits of SU(2) are then given by O = SU(2)/7T. But as smooth manifolds,

diagonal matrices

SU(2) = S2 and U(1) = S%, so thatﬂ O =~ §3/81 =~ §2 Explicitly, all coadjoint orbits of SU(2) can be
written as |X|* = r2, where r = 0 corresponds to the trivial orbit of 0 € su(2), while all orbits for > 0
are regular. Fixing an r and choosing an X on the 2-sphere of radius r (X = 703, say), the corresponding

coadjoint orbit is explicitly given by
Ox ={QeR*| Q" ="}. (2.45)

This defines the embedding of Ox in R3.

To define the vector fields on Ox, consider the Hamiltonians H,: Q — Q, = —itr {Qo,}. The corre-

sponding vector field &, generates the curve )Z'(t) = 7% X% on Ox. Thus,

d

(@) = o (e7"72Qe™) | =1[Q,04] = €abeQuor, (2.46)
t=0

which can be written in the traditional coordinate form as &, = €4pQp 0., Where 0, = %. Explicitly,

&1 = Q203 — Q30s, & = Q301 — @103, &3 = Q102 — Q201. (2.47)

These can be identified as the generators of rotations in R? along the three orthogonal axes defined by Q.

Finally, the symplectic form p can be explicitly written as

1
p= §pab dQ, N dQy. (248)

7 This can also be seen by a somewhat lengthy computation using explicit coordinates on g = R3, as shown in Appendix

B4
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Substituting the vectors and using eq. (2.41)), we get

Q1 =p(£2,8) =01 (lezs + Q2p31 + Q3P12>, (2.49)

and similar expressions for Q2 and Q3. Furthermore, since p is a 2-form on R?, its Hodge dual (using the

Euclidean metric on R?) is simply a 3-vector q, such that pa, = €4peqe. Thus,

1=Q1p23 +Q2p31 +Q3p12=Q-q = q= Qr (2.50)
Setting |Q| = 7, we get pap = 72 €apeQc. Thus, the Kirillov form on Ox can be written explicitly as
1
P=3 (QldQ2 AdQ3z + Q2dQ3 A dQ1 + Q3dQ1 A sz) = RO(S?), (2.51)

where Q(5?) is the volume form on a 2-sphere.

2.4 Time-dependent systems and extended phase space

The conventional Hamiltonian mechanics is defined for time-dependent Hamiltonians; however, in the sym-
plectic formulation of classical mechanics, we assumed the Hamiltonian to be time-independent, so that time
was only as a quantity parameterizing the trajectories. We now remedy this shortcoming by considering a
general time-dependent Hamiltonian H: R x M — R, as well as a time-dependent 2-form p: R — Q2(M)
for some phase space M, such each for each time ¢, (M, p(t)) form a symplectic manifold. This situation is
quite relevant for this thesis, since we seek a description of point particles interacting with external fields,

which might be time-dependent.

Contact manifolds

The mathematical structure underlying this description is an extended phase space (or contact manifold)
including time as one of the coordinates. Formally, a contact manifold (Mg, py) is an odd-dimensional
manifold My equipped with a closed 2-form pgy of maximal rank. We shall refer to py as the generalized
symplectic form. The rank of py is defined as the maximal number of linearly independent vector fields
& € Vect(Mp) for which i¢, pg # 0. Given coordinates E on My, we can write pg = % (pH)ij dzidgj, where
Py is a real skew-symmetric matrix. The rank of py is then simply the matrix rank of p;;. However, since

all eigenvalues of pj are purely imaginary and occur in complex conjugate pairs, the matrix rank of py
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must be even. Thus, if dim (Myg) = 2m + 1, we must have rank (pg) = 2m, and the kernel of pg, i.e, the

set of vectors § satisfying i¢pg = 0 is one dimensional.

We begin by simply rephrasing the time-independent Hamiltonian case using the extended phase space
formalism. Counsider a symplectic manifold (M, p) and a Hamiltonian H: M — R and set Mg = M x R,
where R corresponds to the time. Given coordinates ¢ on M, define coordinates on My as E = (t,¢), so
that EO =t. Define

pa = p—dH Ndt. (2.52)

Clearly, dpgr = dp = 0 and py is of maximal rank since p is nonsingular and hence of full rank, so
that (Mpy,pr) forms a contact structure. To compute the null vector of py, we represent a vector field

€ € Vect(My) in these coordinates as

~ ~ 0 0 =~ 0 ~ 0
== #T == 0* v T = Uf . 2
VIR AR A (2:53)
Then,
Eekerpy = 0=igpy = icp— (icdH) dt + EdH. (2.54)
Using the equation of motion iygp = —dH, we get
0 = iep+ (icionp) dt — Eionp = (i — ion ) p+ p (&, 0H) d. (2.55)

Since p does not contain a dt, both terms must vanish individually. The obvious solution is EO =1 and
& = 0H, which must be unique, since pg has only one null vector. Thus, given H, the associated trajectory

is simply the null vector of the associated contact structure My. The equation of motion can be written as

isypi =0, (2.56)

where for extended phase space, we have defined the suspension of 9H € Vect(M) as 0H = % + 7, 0H.

Generalization to time-dependent systems

Given the Liouville 1-form 7 such that dn = p, we can define the a 1-form ny = n — Hdt on My such
that pg = dng. This provides the most straightforward route to the generalization to time-dependent
cases: given My =R x M and a time-dependent Liouville 1-form 7 (not necessarily globally defined), we

can define the corresponding generalized Liouville form as ng = n — Hdt. The generalized symplectic form
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is then simply

)
pir = dng = dn — dH Adt = p — (dH—£)Adt, (2.57)

where p(t), containing contains d(*, would be the symplectic form on the t-slice of Mp. The equation of
motion is simply given by eq. , with the suspension again defined as earlier, except that 0H is now
time-dependent, owing to the time-dependence of H.

Thus, the extended phase space formalism expresses time-dependent Hamiltonian dynamics compactly

as z'EH pr = 0. In order to unpack this result, given coordinates (t,{) on My, we ‘define’ the Hamiltonian

vector field as £ = 2 + (-2, Substituting in the equation of motion, we get
ot ¢

, In
O:ng {p <dH (‘3t> /\dt}

(1. (0H o)\

aci ot
_ Liogei OH  On; ’ i
= — pil de ‘(aci - at) (¢tat - ac?)
— iy OH O i _ i (9H _Om
_<_p”@+a¢. 8t)d< ¢ (80 6t)dt (2.58)

The coefficients of d¢? are the equations of motion

.. OH ’ N i [(OH :
pycr = 20 s (p I)J(a a”>, (2.59)

T act ot act ot

which is the generalization of eq. (2.18]) to time-dependent H and 1. The coefficient of dt does not give us

anything new, since

- (OH  On;
c( i

aci ot ) = C.ipijéj =0. (2.60)

Finally, the contact manifolds also admit “canonical” coordinates as a generalization[27] of Darboux’s the-
orem, which states that any contact structure (M, pgr) is locally isomorphic to (R*™+1 py) with coordinates

(T, X',...X™ Py,...Py,), so that pg = dny, where ng = P; AdX* + dT.

Action principle

Following the symplectic case, the extended phase space formalism can be recast as an action principle; the

action being simply a line integral of ng. Given coordinates (¢, ¢), this becomes
S = / ng = / [mid¢" — Hdt] (2.61)
C C
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where C is now a curve on My, parametrized by 7 such that { = 1. Extremizing the action,

0= 5/ (771 ) dr
to
_ " on; Y y oH ., oH
- /t [( ot aCi ‘W) ¢+ mi(€)o¢" — (80— 6¢" + atét)]
_ t1 i 877_7 d?h 8771 6H
B /to { [3@ dr GCl 5< } + ot {at - at} } dr

B b i (On; dni\ .. OH On on; OH
SR C R I ART | e (262

which needs to be true for any variation (6¢(7),d¢(7)). We recover the equations of motion, as expected.

Example: Charged particle in an electromagnetic field

In this section, we illustrate some of the formal ideas developed in this section by applying them to derive
the classical dynamics (Lorentz force) for a charged point particle in an external electromagnetic field. The
underlying configuration space is R%, so that the phase space becomes M = T*R? = R?? and the extended
phase space is My = R x R??,

In classical mechanics, the interaction with the electromagnetic field is encoded by minimally coupling
the electromagnetic potential as p; — p; — qA; and € — € — qAg, where ¢ = |p|2 /2m is the kinetic energy.

Then, we can write the presymplectic form as

nu = (pi + qA;)dz’ ('2"711 g4 ) dt = p;da’ +3 dt+qA (2.63)

where we have defined the 1-form A = A,dz*. Clearly, A, and hence 7y, may be time-dependent, so that

we need the extended phase space formalism. The generalized symplectic form becomes
n=dp; Ndz* — —dp; \dt + qF, (2.64)
m

where F' = dA = %F wdz? A dz? is the Maxwell curvature 2-form. Clearly, py is not of the Darboux form,

so that (¢,x,p) are not the canonical coordinates on M.

We can compute the equations of motion as

0 .0

Dt eri@ip»’ (2.65)

ngH =0, 5: at
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where the trajectories are parametrized by 7, f = % and f = % = 1. Substituting eq. 1) this becomes

7
0 = pydat — #dp; — 2

m (pidt — dp;) + qF}, " da”

= (Bi — aFi0 — aFyyd’) da' + (—x + fn) dp; + (—p;fj" - quoﬂ'ﬁi) dt (2.66)
From the coefficients of dx’s and dp’s, the equation of motion becomes
Tr = E, pi =q (FzO + Fij(E ) . (267)

For d = 3, we define the electric and magnetic field 3-vectors as Fyy = F; and F;; = eijkBk. The equations
of motion become

x==—, p=qE+xxB), (2.68)

which simply describes the dynamics of a charged massive point particle in presence of a Lorentz force[69].

To illustrate the noncanonical nature of the coordinates further, we consider a simplified case, viz, the
dynamics of a charged particle in a time-independent magnetic field B = Be,, which can be described by the
conventional symplectic formulation, as described in Sec Thus, M = R?¢, equipped with the symplectic

form

p=dp; \Ndz" + §qujd.Tl A dx?

=dpy Ndx + dpy Ndy +dp, Ndz+ qBdx A dy. (2.69)

We now compute the Poisson bracket {x,y}, by first computing the corresponding Hamiltonian vector fields

using i¢,p = —df for f =z,y, as

0 1 0 0 1 0
SO T uBoy Y op, TuBor (270
Thus,
1
{z,y} = p (& &) (2.71)

= B
so that the coordinates x, y fail to satisfy the usual Poisson bracket {z,y} = 0 in presence of a magnetic field
normal to the z-y plane. Physically, this is the setup for the Hall effect, so that we have simply obtained a
classical analogue of the noncanonical commutation relation [z, p] = ,q% associated with the lowest Landau

level problem in quantum Hall effect[74], which is a physical realization of noncommutative geometry.
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2.5 Kinetic theory

Kinetic theory is a framework to derive an effective description of the classical mechanics of a system
containing a large (~ 10%3) number of point particles, each following the classical equations of motion and
interacting with each other only weakly and at short ranges. The weak interaction implies that the motion of
the individual particles is uncorrelated, except during a collision, i.e, when they are close enough to interactﬂ
The formalism was originally developed by Maxwell and Boltzmann to describe gases at low pressures and
densities, where the molecules, being neutral, do not exert any forces on each other at large distances, while

at small distances, they interact via van der Walls forces[75].

In kinetic theory, instead of studying the motion of each individual particles, one studies the time-evolution
of a coarse-grained density of particles in the phase space. This can further be used to derive macroscopic
quantities such as currents, which are presumably accessible at macroscopic scales. For instance, in case
of gases, one is interested in deriving the macroscopic pressures and volumes, while for other systems, one

might be interested in various currents.

In this section, we formulate the conventional aspects of kinetic theory, viz, phase space volume, Liouville’s
theorem, Boltzmann equation and the derivation of macroscopic currents using the geometric formulation of
classical mechanics discussed so far in this chapter. This formulation shall form the basis of our computations

in Ch 5l

2.5.1 Phase space volume and Liouville’s theorem

In order to define a ‘density’ on the phase space, one needs a notion of ‘volume’, that is, in some sense,
invariant under Hamiltonian evolutions. For instance, in 1-dimensional classical mechanics, one defines a
measure on the phase space R? simply as

_dpANdx  dpAdx

Q
h or

(2.72)

where we have normalized”] the conventional area form on R? by h = 27/, i = 1 to make it dimensionless.

8 More precisely, we have two time-scales in the system, viz, the collision time, t.o and the relaxation time, t,o. Kinetic
theory relies on the assumption that t.q;1 < trel-

9 This normalization can be motivated by the correspondence principle between classical and quantum mechanics, by
demanding that the quantum and classical counting of microstates give the same result. For instance, consider the harmonic
oscillator H = % (p2 + xz), and the quantum mechanical spectrum is given by &, = (n + %) h. Let a phase space volume
measure be defined as 2 = Ndpdz, N' € R, and count the number of states with e < ¢ > h:

Nelassical = N/S dp dx = 2nNeo, S={(z,p) € R? |.1‘2 +p2 < 20},

and Nquantum = L

=8

| ~ €0, Demanding Neassical = Nquantum, we get N = (27/)) =t = =L,

[NIES
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The symplectic manifolds are naturally equipped with a top form p™, which can be used to define a

normalized volume form as

1
Q= m
@rymm!”

1
&z PN AP, (2.73)
| ———

n times

(2m

We are interested in the variation of this volume form under the flow corresponding to an arbitrary vector
field & € Vect(M). Taking a cue from eq. (2.23)), we compute
m 1

LeQ = (dig +i¢ d) (2:)%! = G (icp A p™ 1), (2.74)

where d2 = 0, since (2 is a top form. But if £ is a Hamiltonian vector field, i.e, £ = 0H for some Hamiltonian

H, then we can use the equations of motion to get

1
LogQ = — d(dH A p™ 1) = Sy AH A dp A P2 =0, (2.75)

1
(2m)m(n —1)! (2m)™m(n —2)

since p is closed. Thus, under a Hamiltonian evolution, the phase space volume is conserved. This is
simply the statement of Liouville’s theorem, which physically implies that under a Hamiltonian evolution,
the volume of a region in phase space remains unchanged, while its shape may changﬂ Thus, Liouville’s

theorem is a direct consequence of the fact that Hamiltonian flows are symplectomorphisms.

Explicitly, given coordinates ¢ on M, the volume form can be explicitly computed as

m m 2m
0= o (gowact nad) = Qjm,g; s0(0) [ sy | A6 270
where we have used the fact that each nonzero term in the expansion will contain all d(*’s exactly once,
the volume form being a top form, and the sign of the term depends on the number of exchanges to get
the product of differential forms in the correct order, i.e, to the form d¢* A --- A d¢?™. The sum over terms
in the square brackets is the definition of the Pfaﬂiarﬂ of p, which we shall, with slight abuse of notation,
denote as \/p = \/(W . Thus, concisely, (27)™Q = \/ﬁdsz is the invariant (under symplectomorphisms)

volume measure on M. Using dQ2 = 0 and i,5d¢(7 = éj , we get Liouville’s theorem can be written using the

10 There are further restrictions on how drastically the ‘shape’ can change, known as Gromouv’s non-squeezing theorem. For
details, see Ref [71].

11 The determinant of an even dimensional skew symmetric matrix can always be written as squares of a polynomial in
its entries with integer coefficients. The Pfaffian is then defined as the square root of the determinant of the matrix. The
determinant of odd dimensional skew-symmetric matrices always vanishes.
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coordinates in its conventional form as

2m 2m 2m
0= %Lon ) = *dion (ﬁ; A dgi> = d | VB (-1PE N =S (% (\/,Bg'i) , (2.77)
i=1 j=1 j=1

i#j

where x denotes the Hodge duaﬂ and the (—1)7 arises from the fact that both i¢ and d are derivationslﬂ

For the extended phase space, we can define a volume form Qg = Q A dt. Explicitly,

m 1 m

(2m)™mm! (2m)

where in the second equality, we can replace p with py = p — (dH — Ony/0t)dt as on expanding, we can

have only one dt which is the one outside p™, hence p™dt = pjdt.

Again, we can derive

. . 1

(2m)
1 . _ m .
= @y d(n(isgpu) APy~ " Adt+ pfy A (i5dt))
1
=—— _dpg ApT i =0. 2.7

This is the analogue of the Liouville’s theorem for extended phase space.

Again, given coordinates (t,{) on My, the volume form on My can be written as Qy = /pd*™+1(,
where d?m+1¢ also includes dt and v/p may now depend on t. The Liouville theorem can be written using

these coordinates as
2m

0 0 .
0=*L350n = &\/5‘1' E a0 (\/ECJ) ; (2.80)
=1

since £ = 1. This is the form of Liouville’s theorem that we shall use in the rest of this paper. Another

convenient result is
2m

*ﬁsH(¢QH)=%(\/ﬁw)+Z% (x/ﬁwc'j>7 (2.81)

j=1
where ¢: My — R. This denotes the time-evolution under Hamiltonian flow of a quantity ¢ associated with

the phase space.

12Recall that the coordinates (t,¢) locally map Mg to R1:2m  which has a Minkowski metric. We use this metric to define
the Hodge duals.
13 Given a p-form @ and ¢-form ¢, a derivation D acts as D(6 A @) = (D) A ¢ + (—1)PO A (D).

29



2.5.2 Boltzmann equation

Consider a set of N particles, governed by Hamiltonian dynamics on a phase space M with Hamiltonian
H. At a given time ¢, the state of the system can then be completely described by a set of N phase space

coordinates ¢,(t). We define a phase space density corresponding to this configuration as

fit.0) = 350 <), (282)

where f denotes the 1-particle probability distribution and 6(¢) is the Dirac delta distribution in dim (M)
dimensions. The probability of finding a particle in a given phase space volume V' C M at time ¢ is given
by

P(t,V) = /V ft 0= /Vdc Vo) f(t,¢) = /V dX dP f(t,X,P), (2.83)

where  is the volume measure and (X, P) are local Darboux coordinates on V' C M, which may not always

exist. Integrating over the entire M, we simply get 1 = f/vl Q f(t,¢) for any t.

As we are usually interested in the N — oo limit, we can “smooth out” f to get a smooth 1l-particle
density function f: R x M — R. Physically, this smoothing involves a process of “coarse-graining”, i.e, we
forgo our exact knowledge of the positions of particles in favor of an average number of particles in a volume
element. Of course, we choose to look only at volume elements which are big enough to contain a statistically
significant number of particles, but they must also be small enough to count as an “infinitesimal” volume
elemen More precisely, we only demand that f and f agree on volumes much larger than the volume

occupied by single particles. Formally, given a € > 0,

VVQM,/Q>6, 34 such that
1%

/V (f(t, ¢) - flt, c)) Q‘ <. (2.84)

In kinetic theory, instead of tracking the trajectories of single particles, one is only interested in the time-
evolution of the phase space probability distribution. Since classical point particles can neither be created
nor be destroyed, the number of particles in a given volume can change either due to a flux of particles or
due to collisions. The former involves particles following Hamiltonian dynamics, which is encoded in the

Liouville’s theorem, while the latter is encoded in a collision integral C[f], which can be computed using

14 This somewhat strange condition is actually quite natural for physical systems; for instance, for a gas under environmental
conditions with a particle density of ~ 1024 m~3, one can choose the “infinitesimal” volume element as 1 um3, which contains
~ 108 particles.
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the 2-body interactions of the Hamiltonian. Thus, we arrive at the Boltzmann equatior["]

5 BN+ 50 (VA1) =l (2.85)

where the probability of finding the particle in a given volume is the integral of \/p f over the volume. If
the system is dilute, we can ignore the collisions and set C[f] = 0, which we shall do from now on. The

collisionless Boltzmann equation can be written compactly using eq. (2.81) as
Lan (f Q) = 0. (2.86)

But since L3, () = 0 by Liouville’s theorem, we can set L5, f = 0. Physically, this implies that f is
simply advected with the Hamiltonian flow. In terms of coordinates on My, this gives us the conventional

form of Boltzmann equation
of

0
o:*chf:EHlagi.

(2.87)

From now on, we shall assume that the phase space density satisfies this equation.

2.5.3 Currents

The 1-particle probability distribution, which satisfy the continuity equations, can be used to compute the
averages of quantities of physical interest, viz, “densities” and “currents”. Given any function @: M — R,

we can compute the corresponding ”density” Jy and current J; over V C M as
’= [ atoou si= [ Eatoon (289)
1% 1%

A special case of interest is when the spacetime is a submanifold of My, so that one can integrate over the
remaining phase space variables to obtain the currents as a function of spacetime. Thus, set My = R™! x M’,
with R™! parametrized by ¢ and ¢?, 1 < i < n, while M’ is parametrized by the remaining ¢?, n+1 < i < 2m.

Then we define the current associated with @, which is independent of the spacetime coordinate, as

JOZ/M/(Q\/,B) 2/\m dci, J":/M/ (Qéi) 2/\m dci. (2.89)

i=n+1 i=n—+1

A few relevant examples are the number current(Q = f), the charge current(Q = q f, ¢ being the charge of

a particle) and the energy-current(Q = e f, which typically depends on the momentum).

5 For a more careful derivation using the BBKGY hierarchy, see Ref [75].
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The spacetime gradient of the current defined in eq. (2.89) is

B 9 S 0 ] s i
O J" = w Q(t,¢) [m\/ﬁ_FZ aci (\/ﬁc )] /\ d

i=1 i=n+1
2m 2m
= / Q(t,¢) l*ﬁsHQH > aii (\/ﬁéi)] N\ ¢ (2.90)
M i=n+1 i=n+1

where we have used eq. (2.81]). Integrating the second term on the RHS by parts and taking the Hodge dual

of both sides, we get

2m
d*J—/MI ( > @ig§> Qp = /M/ QL5005 (2.91)

1=n+1
In certain cases, this would turn out to be a covariant conservation law, as shown in Sec For particle

number current, @ = f, and the conservation law simplifies to

dxJ = / L5y (2.92)
M/

Using Liouville’s theorem L3, (f Qi) = 0, we deduce that J is conserved. In cases where Liouville’s theorem

breaks down, (See Ch [5) we can use eq. (2.91) to deduce the corresponding (non-)conservation laws.
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3 (GAUGE ANOMALIES

Gauge anomalies imply a breakdown of the classical conservation laws. One particular example, anomalies
occur when a classical field theory of Weyl spinor fields coupled to nondynamical gauge/gravitational fields,

when the associated classical conservation law breaks down when the theory is quantized.

In this chapter, we shall attempt only a brief exposition of gauge theories and anomalies, to provide some
context to what we are trying to calculate in the rest of the thesis. A proper description of their origins
would demand forays into quantum field theory that are, for the most part, irrelevant to this thesis, and
so we cite the standard references for them. We shall spend considerably more time setting up anomalous

hydrodynamics, for which some of the relevant quantities are computed using the semiclassical techniques

in Chfl

3.1 Gauge theories

We begin with a brief description of classical field theories with a gauge symmetry. As classical field theory
is not particularly relevant to this dissertation, we shall primarily be interested in a description of the gauge
transformation and their geometric aspects.

Crudely put, ‘gauge’ refers to a redundancy in the description of the physical system. More precisely,
given a theory on a smooth manifold X with a degree of freedom in some other manifold 7', a field is a
map ¢: X — T, and a ‘gauge’ can then be thought of a&ﬂ a choice of coordinates on T that depends on the
coordinates in X. A gauge transformation is then a continuous local coordinate transformation of 7. These
transformations usually form a Lie group, which is referred to as the gauge group of the theory. Finally,
since the gauge freedom is unphysical, we demand that all physical theories be gauge invariant, which often
provides strong constraints on the theory.

In the first subsection, we shall take this slightly unconventional approach to introducing gauge, talking
only about gauge fields. Only in the next subsection shall we describe the usual origin of gauge symmetry

in classical field theory, which usually comes about when one “promote a global symmetry to a local one”.

1 A particularly clear and insightful introduction to this perspective is an article by Terence Tao[76].
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3.1.1 Fiber bundles

Fiber bundles are the most natural setup to study gauge theories. Formally, they are a trio of topological
spaces (.#, L, M) and a continuous surjective map 7: .% — M such that Vo € M, the preimage 7~ (x) C M
is homeomorphic to .#. M is termed the base space, L the total space, ™ the projection and % the fiber of
the fiber bundle. A fundamental property of fiber bundles is local trivialization, i.e, on open sets of M, the
fiber bundle can be written as the product space M x .% with the projection simply projecting to the first

component.

Two fiber bundles shall be relevant for our purposes: the principle bundle and the associated bundle on a
smooth manifold M for a given group G. The former is simply a bundle P - M whose base space is M
and whose fibers are copies of G (or, more precisely, torsors of G). Its sections are the space of all possible
gauges. Given V', a vector space with a G-action, the associated bundle is formally defined as P xg V. Its
sections are the wavefunctions of the problem, with the G-action on V' describing the gauge transformations.
The relevant features of fiber bundles used in the following are the related notions of connections, covariant
derivatives and curvatures. In the following, we shall simply quote the needed results; for details we refer to

Sec 16.3.2 of Ref [70].

The connection on a fiber bundle can be defined using the notion of a parallel transport. For instance,
for the principle bundle, given a curve x(¢) on the base space M and a point (x(0),g) € 7~ (x(0)), the
problem is to define a curve on L such that the tangent vector stays horizontal. Given a local trivialization
around x(0), the lift can then be written as (x(t), g(t)), where given x(t), we seek to derive g(t). One gets
a differential equation of the form

dg Ozt B

where 7 (x) is the connection on P, and the vector field along z is then called the covariant derivative on

the principle bundle P.

The connection on the principle bundle induces a connection A on the associated bundle, which is of more
interest to us. It can be used to define the covariant derivative D = d — ¢ A, which acts on the wavefunctions.

The curvature of the bundle is then defined as

Fi; = i[D:, D;). (3.2)

The connection and curvature, being derivatives on G, are valued in the Lie algebra. The curvature 2-form

encodes the local triviality of the fiber bundle. More precisely, a bundle is trivial iff the curvature vanishes.
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3.1.2 Maxwell and Yang-Mills

Arguably, the earliest classical field theory with a gauge symmetry was the Maxwell’s theory of electromag-

netism, described in d + 1 dimensions by the action

1
S[F] = FAxF =~ d e F,, F* (3.3)
Rd,l 4 Rd,l '[

where F' = %F wdxt A dx is the Maxwell’s tensor, in whose dynamics the physical content of the theory
is encoded. The corresponding equation of motion, viz, the Maxwell equations, can be written compactly

using differential forms as

dF =0, dxF=0. (3.4)

where J is a current 1-form, which can be thought of as an external source. In 3 4+ 1 dimensions, the
components of F' are the electric and magnetic fields, defined as F; = Fy;, and B; = %eiijjk. The
conventional Maxwell’s equations are written in terms of these fields, so that the physics of the system can

be entirely described in terms of these quantities.

In order to couple this to other fields, one uses Poincaré’s lemma to locally define a 1-form A = A, dz"
such that FF = dA. Clearly, this choice is not unique, since A — A + da leaves F' invariant for any smooth
function a. Thus, if we think of A,’s as the degrees of freedom of the system, the description is redundant,
since A and A + da describe precisely the same physical state. The redundancy is the additional gauge
freedom, under which the physical dynamics of the system must remain invariant. For instance, in presence
of external charge current described by a 1-form J = J,dz*, where Jy is the charge density and J, the

charge current, the action becomes

S[A, J] = / (FAXF — AAN%J) = / diy <1FWF“” - J#A“) , (3.5)
Rd,1 Rd,1 4

the equations of motion become

dF =0, d*F =%J. (3.6)

Furthermore, setting A — A + da and using the fact that F' is invariant under this transformations, we get

S[A + da, J] — S[A, J] = 7/

da/\*J:/ adx J, (3.7)
Rd,1 Rd,1
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which must hold true for any o: R%' — R. Thus, the currents must satisfy
dxJ =0 < 0"J,=0. (3.8)

This is the conservation law associated with electromagnetism, which we simply interpret as a continuity

equation, i.e, a local conservation of charge.

We seek to interpret the Maxwell connection A as the connection on an associated G-bundle, on which
the connection should be g-valued. But since the Maxwell connection is real valued, we seek a group G for
which g 2 R. The commonly used group is G = U(1), as it is compactﬂ Thus, a natural generalization of
electromagnetism would be to consider arbitrary Lie group G, which we do next. Particular examples are
the classical Yang-Mills theories, where one takes G = SU(n), the Salam-Weinberg electroweak theory with
G = SU(2) x U(1) and the standard model of particle physics, with G = SU(3) x SU(2) x U(1).

Thus, we now consider the gauge connection A valued in g, for which the covariant derivative becomes

D =d —iA, so that using eq. , the curvature becomes
F=ild—iA,d—iA]l=dA—iANA. (3.9)
Under a nonabelian gauge transformation,
A%g:gAg_l—idgg_l, F—>ﬁ:gFg_17 (3.10)
where the latter can be explicitly derived as

F=dA—iAnA
= (dg ANAg T 4+ gdAg ™ + gAg Ndgg™t —idggTt A dgg_l)
—i(gAg " NgAgT  —igAgT NdggTt —idgg T  AgAg Tt —dgg T Adgg!)

=gFg! (3.11)

Given the Lie algebra g of G, for any g € G which lies in the identity component of G, it can be written as
eX for some X € g. Choose a basis of the Lie algebra as \,, @ = 1,...dim (g), whose commutators are given
by [Aa, As] = if 5 Ac, where §5 are a set of real structure constants of the Lie algebra. The gauge connection

and curvature are differential forms valued in the Lie algebra, so that we can expand them, given the bases

2 One could also choose G = R under addition, a a setup sometimes known as noncompact electrodynamics.
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of the underlying space and the Lie algebra, as A = AA, = Aj,dz"'A,. Then, explicitly, F' = dA —iAAN A
can be written in the given coordinates as

1

5 FiNada A da” = (a“AgAa — AL A [N, AC])CM A dz”

1
-2 (6HA$>\Q — 9, A%, + AZAf,fb‘;)dx“ Adz, (3.12)
so that Fj, = 9, A7 — 9, A}, + fb(f:AZA,CJ.

3.1.3 Coupling to matter fields

We now come to one of the primary raison d’étre of gauge theories: promoting global symmetries to local
oneﬂ Consider then arguably the simplest possible theory with a continuous global symmetry: a complex
scalar field in n + 1 spacetime dimensions. Mathematically, ¢: R™! — C, whose dynamics is governed by

the action functional

S[qs}:/wd"“x [(@u6)(@0) + V(0P| (3.13)

where V : R — R is a smooth function. There is a natural action of U(1) on the field as ¢(z) — e??¢(z), 6 €
S, under which the action is manifestly invariant. To ‘gauge’ this symmetry is to demand that the action
be invariant under ¢(z) — €@ ¢(x), where §: R™! — S'. Clearly, the action is not invariant under such a
transformation, as d,¢ will yield a term where the derivative acts on 6. The way around is to introduce a
covariant derivative, defined as D,, = 9,, — 1A, such that under the U(1) transform, A, — A, + 0,0. Then,

under a gauge transformation,
Do @ (9,6 +i$0,0) —i(A, + 9,0)d = D, (3.14)
Here, A is the gauge field. We can use covariant derivatives

Sl = [ e[t Dm0+ V(1P (3.15)

which is invariant under a gauge (or a local U(1)) transformation. In physical terms, this action, after
quantization, describes scalar QED.
A more useful field theory is one coupling a U(1) gauge field to spinor fields, which, when quantized,

can be used to describe fermions (for instance, electrons) interacting electromagnetically, in which case, the

3 The question of a reasonable apriori motivation to do this (barring post hoc allusions to their usefulness) is something
that has always eluded me.

37



gauge field is interpreted as a photon. Explicitly, the QED action can be written as

SwhoAl= [ @ [ D - m], T, (3.16)

where 1 is a spinor, i.e, it transforms under the spinor representation of the Lorentz group SO(n, 1), and +*
are the Dirac matrices, which satisfy [v*,v]+ = 1., and thus form a representation of the Clifford algebra.

We now move on to gauge symmetries more complicated than U(1). Consider then a Lie group G with a
g-dimensional complex unitary representation R, i.e, to each g € G we associate :R,: C? — C9. Then, we

can define an action invariant under this transformation as

S, Al = /R"*l A" [ (1970, — m)pa] = /]R d" e [U(iy"0, — m)¥], (3.17)

n,1

where W is a g-component spinor, whose components transform as 1, — [Rylastis, so that 1, — [%;f]]agaﬁ.
Since R, is a unitary matrix, the action is invariant under this transformation. We again demand invariance
under a local version, viz, under ¥ — R, ¥, for which we need covariant derivatives D,, = 9,, —iA4,,, where
A, is a nonabelian gauge field, which transforms as

1 -1
Ap = Ry(a) (AH - ng(g;)aumg(mo R

e (3.18)

Thus, under a gauge transformation,

Du¥ o Ry (0,0 + (R, 1) 0 Ro() 9] = iRy (Au = IR 0 Rg0) ) U = Ry DT, (3.19)

so that the covariant derivative indeed transforms covariantly!

3.2 Anomalies

In the last section, we saw that one can define classical field theories invariant under a gauge transformations.
In quantum field theory, one seeks to quantize the theory. It was quite a surprise to have discovered that
the symmetries of the classical field theory do not necessarily imply that the corresponding quantum field
theory is also symmetric; this is known as an anomaly. Thus, generically, anomalies imply a breakdown of

the conservation law of the form derived in eq. (3.8]), so that one can schematically write

dxJ = AA, F), (3.20)
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where J is a conserved current in the classical theory, and A[A, F) is termed the anomaly polynomial.

One way to quantize a classical field theory is to use Feynman’s path integrals. Given an action S[¢],
where ¢ denotes the relevant dynamical field of the problem, one defines the path integral, which is physically

the amplitude to go from an initial configuration ¢;(z) to a final configuration ¢»(x) as

ZzZ= /[dqz)]eisw, (3.21)

where [d¢] is a measure that represents the “sums over all paths”. Precisely what this notion means is often
not entirely clear, so that the integration measure is not in general well defined. However, when it is defined,
a classical symmetry of the action, which leaves the action invariant, may not leave the measure invariant.
This origin of the anomaly from the variation of the path integral measure is generically termed a Fujikawa

calculation, after the original calculation of the U(1) anomaly using this method by Fujikawal[77].

An alternative is the canonical quantization, where one “upgrades” the classical fields to quantum field
operators, which are required to follow certain (anti-)commutation relations. The physical current is then
given by the expectation value of the current operator f“. However, the classical conservation law for J as
derived in eq. , leads to the vanishing of gradients of certain expectation value, a result known as a
Ward identity[9]. The anomaly manifests itself in the canonical formalism as an explicit violation of a Ward
identity, as one computes the relevant Feynman diagrams.

In the rest of this section, we simply list the commonly encountered examples of anomalies in 3 4+ 1

dimensions:

Adler-Bell-Jackiw(ABJ) anomaly corresponds to the violation of the conservation law for the axial

current in QED.Explicitly, one considers the fermionic action

S, A] = /R A [ D, — m)y] (3.22)

which has the vector(V) and axial(A) currents explicitly defined as J,, = i1)v,1 and Ji = i)y,75Y,
respectively. The corresponding conservation laws in the quantum field theory (or more precisely, the
Ward identities) can be computed as the V-V-A vertex. At one-loop level, they computed the so-called
triangle diagram, to get

1

—— P F,,F,», (3.23)

5 _
0" = 1672
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which can be written more concisely as

1 1/ F\?
5—7 = — —_—
dxJ°> = (%)QQ!FAF 5 <27r> . (3.24)

Nonabelian singlet anomaly is a direct generalization of the ABJ anomaly, when one replaces the gauge
group U(1) with some more general (and usually nonabelian) gauge group. Thus, setting A = Af A\ dz*,

the singlet anomaly becomes

dw J? = (2;)22!“{1? AF) = %tr { (;) } . (3.25)

Nonabelian gauge anomaly is a violation of a covariant conservation law for a gauge current. It was

originally computed by Bardeen as

1 14 1
DxJ, = Wdtr{/\a (A/\dA+ 34 )} = 513 (3.26)

This is known as the consistent anomaly, since it satisfies the Wess-Zumino consistency conditions.

However, there also the covariant anomaly, which is usually written as

1
D*Ja = 8?1?]:' {)\aF/\F} (327)

Clearly, this is covariant because the anomaly polynomial consists entirely of the gauge-covariant
curvature 2-forms. These two expressions are equivalent upto the addition of a boundary term, which
can be thought of as an addition of a (Bardeen) counterterm[78|] to the action. In the present case,
the two different forms of the gauge anomaly are different by

b

127T2dtr{/\a (ANF+FANA-A%)}, (3.28)

which is indeed a boundary term. If original manifold R3! is thought of as the boundary of a manifold
in one higher dimension, then the Bardeen counterterm can also be interpreted as an anomaly inflow[79)]

from the bulk, as described by the Callan-Harvey mechanism[30].

In higher dimensions, we have similar expressions for the anomaly polynomials, all of which turn out to

tF/2m

be the Chern characters. Thus, they can all be computed using the generating function e , which one

t2N

expands as a formal power series in F' and picks out the coefficient of in 2N spacetime dimensions.
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For manifolds which support a spin structure, integrating the anomaly polynomial gives the Chern numbers
associated with the gauge curvature, which can also be thought of as an instanton number. Furthermore,
the anomaly polynomials are also related to the index of the Dirac operator via the Atiyah-Singer index

theorem [0l [73]. Thus, anomalies can be thought of as an index density, which reveals their topological nature.

Coupling the fermionic theory to a nondynamical curved spacetime background (i.e, gravity in the GR
sense), we get the mixed gauge-gravitational anomaly. We shall not write out the polynomials explicitly,
instead we shall just write down the corresponding generating function, which defines the anomaly in 2NV

spacetime dimensions in terms of the A—genus and the Chern character as

dxJ=2r [A(R)ch (;)] o o Lirfl/;/?e*/ﬂ " (3.29)

where F' and R are the gauge and Riemann curvature 2-forms, and the subscript 2/V denotes extracting the
2N-forms from the formal expansion in powers of F' and R. This expression can be directly derived using

techniques from supersymmetric quantum mechanics[8T], [82].

3.3 Anomalous Relativistic Hydrodynamics

Relativistic hydrodynamics is a description of fluid mechanics that includes the relativistic effects, which arise
when either the macroscopic velocities of the fluid or the ‘velocity’ of the microscopic particles constituting
the fluid is comparable to the speed of light. In general, a fluid is described by its velocity field u*(z), and a
set of thermodynamic variables, viz, the temperature field T'(z) and the chemical potential(s) p,(x). Here,
x € R™! is the spacetime coordinate[I2], and the velocity is normalized as utu, = —1. We shall term these

fluid fields, and their time evolution is described by the equations of fluid mechanics.

A central assumption underlying all hydrodynamics is that the system always equilibrates locally over
a finite time-scale[I2] B3]. Globally, the system can fluctuate from the equilibrium, so that the thermody-
namic variables are position dependent. Hydrodynamics is then useful in studying their long wavelength
ﬂuctuationaﬂ, i.e, to study systems near equilibrium. A (local) form of the second law of thermodynamics
then demands that there exists an entropy current S, whose divergence is nondecreasing everywhere(so that
there are no “sinks” for the entropy current) under any fluid flow allowed by the theory. This, coupled
with the first law of thermodynamics, serve to constrain various coeflicients appearing in the hydrodynamic

description.

4Long compared to some intrinsic length scale of the microscopic theory. If the underlying theory has well defined
(quasi-)particle excitations, then this would simply be their mean free path.
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The dynamical content of hydrodynamics is encoded in the local conservation laws of the system. Thus, in
order to construct a hydrodynamic description of a quantum field theory, in principle we only need a list of
currents (corresponding to continuous symmetries of the theory ¢ la Noether) and their conservation laws,
which might be broken in the case of a theory with anomalies. One then needs to construct the constitutive
relations, which define the currents in terms of the dynamical fields, thereby reducing the conservation laws
to the equations of fluid mechanics.

In this section, we shall consider the hydrodynamic description of a QFT with a single anomalous U(1)
gauge symmetry in (2N + 1)+ 1 dimensions. The Noether currents for the corresponding classical action are
simply the symmetric energy momentum tensor ( “energy current”) 7+ corresponding to the diffeomorphism
invariance and the particle current J¥ corresponding to the global U(1) invariance. On quantization, these

current satisfy the anomalous conservation laws
0, TH = F" ]\, 0,J" = A[F], (3.30)

as described in Sec We shall assumeEI that the presence of anomaly in the theory does not generate any
entropy, in which case the anomalous currents can be derived completely using the second law constraint,
as shown by Loganayagam|[15].

A word about notation: To simplify the clutter of indices, we shall often use the shorthands u -v = u*v,,,
0-u = 0yu* and (u-0)v” = u*0,v”. We shall also use a particularly neat notation due to Loganayagam of

describing the hydrodynamic quantities using differential forms.

3.3.1 Constitutive relations and derivative expansion

A systematic way of generating the constitutive relations is provided by the derivative expansionﬁ The
central idea is to assume that all fields are slowly varying w.r.t the spacetime, so that their spacetime
derivatives are “small”. In practice, the fluid fields are defined to be at the zeroth order of the derivative
expansion, and the order of a given term is the total number of spacetime derivatives (0,’s) of the fluid fields.
The constitutive relations at a given order are then sums over all terms allowed by the symmetries upto that
order with arbitrary “transport” coefficients, and one uses the thermodynamic constraints to obtain these

transport coefficients. We now construct the constitutive relations for our U(1)-anomalous fluid.

5TFor a rationale of this assumption, see Footnote 9 of Ref [I5].

6This is inspired from the construction of effective field theory, where one writes down all terms with a given number of
spacetime derivatives of fields, allowed by symmetries. The number of spacetime derivatives in a term then define the classical
scaling dimension of the operator, so that terms with more derivatives are increasingly irrelevant in an RG sense.
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Zeroth order

At the zeroth order in spacetime derivatives, there is only one vectOIEI7 viz, u’, and there are only two

symmetric tensors, viz, n*¥ and u*u”. Thus, at the zeroth order, we can write
TH = autu” + pn*,  JH =~ut, SH =nut, (3.31)

where «, B, v and 7 are arbitrary coefficients. Since the constitutive relations are defined in a Lorentz
invariant fashion, we consider the reference frame comoving with the fluid, in which u* = (1,0,---0). Then,

we can define the volume density of energy e, pressure p, particle number n and entropy s as
e=T% p=T74 n=J° s=25° (3.32)

These are “extrinsic” quantities, which can be expressed in a Lorentz invariant fashion as € = w,u, 7,
u,J# = —n, etc. They depend on the position only via T" and gy, i.e, ¢ = e(T(x), u(z)) etc. Comparing with

the constitutive relations, we can identify
a=ec+p, B=p, F=n, n=s. (3.33)
Thus, at zeroth order, the constitutive relations are
T = (e + p)u*u” +pnt¥, JF=nut, S*=sul. (3.34)

Higher orders:

The zeroth order terms describe an ideal fluid; however, they cannot encode the anomalous conservation
laws of eq. . This can be deduced from a simple power counting: since A is at O(9°) in the derivative
expansion, F' ~ O(9) and the anomaly polynomial A[F] ~ FN+1 ~ O(0N*+1). But since 0J = A[F], we
shall need to add a term at O(9") to J. Finally, since 9T ~ F.J ~ O(dN*1), we shall also need to add a

term at O(0") to the constitutive relation for 7.

"We do not use A,, as it is not gauge invariant. For any given point x, we can choose a gauge such that A(xz) = 0. However,
its gauge invariant derivatives (F' = dA) will be used at higher orders.

43



Adding the anomalous contributions to the zeroth order constitutive relations, we set

T = (e + p)uru” + pn™¥ + (¢"'u” + u*q")
JH =nut + T

SH =sut + S, (3.35)

where ¢, J, S contain one or more spacetime derivatives of u, or A,. Since the energy, momentum and

number of particles are ‘physical’ quantities, we shall demand that eq. (3.32)) still hold, so that

uug" = uy it =u,jl = 0. (3.36)

These expansions are by no means complete, as one could write down many more terms at different orders.
Most of these terms will describe some sort of dissipative effects. Even restricting to nondissipative terms,
there can potentially be other tensor corrections to 7 at O(9%), which cannot be written as g“u” + u*q”
for some vector ¢*. We shall ignore those corrections since they cannot be constrained by the second law
of thermodynamics[I5]. Thus, we essentially seek to add the minimal possible terms to the constitutive
relations which can describe the conservation laws of eq. and describe some macroscopic effects of the
gauge anomaly in the microscopic.

Finally, there is the somewhat tricky issue of a frame choice, to address the fact that the velocity, tem-
perature and chemical potentials are not uniquely defined away from equilibrium. In practice, this means
that one can vary these fields and compensate for the variation by changing the anomalous contribution

accordingly. For instance, the constitutive relations are invariant under

uy = uy + duy, g = qu — (e +p)ou,, T — T — nduy. (3.37)

The origin of this ambiguity in relativistic hydrodynamics lies in the fact that unlike the nonrelativistic
case, one cannot distinguish between the ‘mass’ and the ‘energy’. Omne usually fixes this ambiguity by
putting additional constraints on the anomalous components, e.g, ¢ = 0 (Landau frame) or J = 0 (Eckart
frame). We shall not choose a particular frame beforehand; rather, we shall simply derive our results for the
anomalous contribution and choose a frame in which they take simple forms.

The anomalous contributions are written explicitly in terms of derivatives of the fluid fields most compactly

using differential forms corresponding to the currents, as we now describe.
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Differential forms

Given a vector £# € Vect(R™1!), we can use the Minkowski metric to define a corresponding 1-form as ¢ =
& dx?” = EHnyde” . Thus, we get 1-forms u, g, J, S, corresponding to the velocity field u,, and the anomalous
currents ¢#, J* and S, respectively. We also define their Hodge duals[70] x : QP(R™!) — Qnti=pP(R™1),

which we denote by an overbar as well as the usual *, following Loganayagam[I5]. Explicitly,

1 n
U = uy(xdz") = 7|6HV1V2...VnuH (/\ dzui> . (3.38)
(n+1)! 2
Given 1-forms v and v, the inner product and gradient can be written as
* (vut) =vAa, *(9ut)=da, (3.39)

where %1 =V, the Euclidean volume form on R2V+1:1, This is the dictionary to go between the differential

forms and vectors on R2N+1L1,

The fluid fields provide us with two 1-forms, viz, v and A. We define the corresponding “curvatures” as

F., =0,A, - 0,A Qo = Opuy — Opuy. (3.40)

v,

In a reference frame specified by u, the electric field is defined as E, = Fj,,u”. Since the acceleration is

defined as a, = u”0,u,, we can use u”0,u, = %8# (upu”) = 0 to express it in terms of u” and Q,,, as
a, = u” (Opuy, — Opuy) = —Qu”. (3.41)

Thus, we can decompose the curvatures into their “electric” and “magnetic” components, with the for-
mer being along and latter transverse to the velocity field u#(z). In terms of differential forms, this

decomposition[I5] simply becomes

F=dA=B+uAE,

Q=du =w—-uAa, (3.42)
where B and w are 2-forms. Clearly,

uANF =uAB, uANQ=uAw. (3.43)
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The decompositions are particularly transparent in a frame where u* = (1,0,...0), i.e, u = u,da* = —dt.

Then, Eg =0, E; = F;y and a9 = 0, a; = —Q;0 = Osu;, so that

F:BfFi()dt/\dCCZ — B:§Fijdf£l/\d$3,

. 1 . _ _ .
Q=w—QodtNdr' —= w= iQijd:L’Z Adx? = Ojujdz" A dx’.

In order to expose the mathematical symmetry between these decompositions, we have followed the tradi-
tional fluid mechanics convention [11] in defining the vorticity w, so that @ = V x @ in 3+1 dimensions. This
is in contrast to the angular velocity, W = %V X U = %w, which is sometimes referred to as the “vorticity”
in relativistic hydrodynamics (for instance, Refs [12] [15]).

The most general anomalous contributions to the constitutive relations in eq. can be succinctly

written as

N—-1
G=ul | DS AW ENNENQA-AQ, (3.44)
k=1 k N—-1—k

and similar expressions for J and S, where 4’s are the transport coefficients. The task of hydrodynamics is

then to constrain these transport coefficients using general principles such as those of thermodynamics.

3.3.2 Conservation laws and thermodynamic constraints

We next use the anomalous conservation laws (eq. (3.30)) and the constitutive relations constructed so far

to derive the equations of fluid dynamics.

Ideal fluid

We begin with a description of ideal fluid, for which the conservation laws are
8#76“” = 07 auJ(/f = 07 (%Sg > 01 (345)

and the constitutive relations terminate at the zeroth order. The equations of motion can be obtained by
simply substituting the the constitutive relations in the conservation laws. We start off with the conservation
of the U(1) current:

0=0,J5 =(u-9)n+nd-u. (3.46)

This is simply the continuity (Bernoulli’s) equation, since it indicates that the variation in n(z) can happen

only in presence of a source/sink for u(x).
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The conservation of the energy-momentum tensor becomes

0=0,T7" = uudu(e + p) + (¢ + p) (W Oput + utdu”) + 0" Oup

=u’(u-0)(e+p)+ (e +p) (W (9 u)+a")+9"p, (3.47)

which can be recast as

u’(0-u)+a” =

o [0"p + u”(u- D) (e + p)] (3.48)

This is the relativistic version of the Euler’s equation for the fluid flow, since the LHS is simply a relativistic

version of (0; + v - V) v. (See Ref [§4] for details). Furthermore,

0=u,0,7]" =—(u-0)e —(e+p)(0-u), (3.49)

: _ 1, v —
since u,a" = su”0, (u ut) = 0.

Finally, the nonnegative divergence of the entropy current is

0<9,5=u-9)s+sd-u. (3.50)

We can express the divergence of the entropy current in terms of the other two currents using the first law

of thermodynamics, which reads

e=-p+un+7Ts, de=pdn+ sdT. (3.51)

Adding eqns [3.49] [3.46] and [3.50}, we get

19,55 =T0,S§ + pd,Jy + u,0, 7"

=Ts+pn—e—p)(0-u)+u-(Tds+ udn —0e) =0, (3.52)

where the last line follows from the first law of thermodynamics. We deduce that an ideal fluid does not
produce entropy, as expected. This is the general strategy to use the second law of thermodynamics: we
add scalars which vanish from conservation laws at each order to obtained a simplified expression for 79 S,

which we demand to be nonnegative.
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Anomalous fluids

We can again compute the equations of fluid dynamics analogous to the zeroth order case. These are not very
enlightening by themselves, as they do not correspond to any known equations of classical fluid dynamics.
However, we can use them to derive the second law constraint for the anomalous fluid, viz, 0 - S = 0. The

(non-)conservation of energy-momentum tensor leads to,

0=0,T" — F"Jy

= [0.T" +u”(9-q) + (q-0)u” + (u-)g” +¢"(D - u)] — F* [nux + Jn]. (3.53)

from which it again follows that
0=, (0, T" — F"*]\) = w,0,TJ" — (0 +a) - q— E Ty, (3.54)
where we have used the fact that u, F**uy = 0 by antisymmetry of F, u, F**Jx = E*Jy by definition, and

uy, [u”(0 - q) + (g 9)u” + (u-9)¢” +¢"(9 - u)]

1
=9 ¢+ 5(¢- 0)(wu”) +uu9uq” + (u-q)(9 - u)

—0-q+u"0,(uvg”) — qutouu,

—(0+a)-q, (3.55)

since u - ¢ = 0. The charge and entropy currents satisfy

0= 8, J" — A[F] = 8, J" + 0, T" — A[F] (3.56)

and

0=08,5" = 9,5+ 0,5". (3.57)

Again, adding eqns [3.54] [3.50] and [3.57], we get

T9,8" =T,S" + (9, J" — A) +u, (0, T — F* )

= [T0,S! + 0, Jt + u, 0, T+ [T0- S+ p(@- T — A) — (0+a)-q— E- J]. (3.58)

48



Using eq. (3.52) and setting 79, Sf' = 0, we get the second law constraint involving only the anomalous
contributions, as
T0-S+u0-J—-—A) —(0+a)-q+E-J=0. (3.59)

Solutions and Replacement rules

We begin by taking Hodge dual of the second law constraint to express it in terms of differential forms as
TdS+pdJ —dj—aANG+ENT = pA. (3.60)

This equation was solved in general in [I5], which we do not discuss in any details here. More intriguingly,
Loganayagam and Suréwka[l6] showed that one can define a grand potentiaﬂ current G from which g, J

and S can be derived as

S _ 5 7__897 —__85
G=q—puJ —-TS; J = o’ S= T (3.61)
Next, they propose an ansatz for G as
_ > de _
- - _ —B(e—p)
g /0 90T, g(e)=-Tn (1 te ) , (3.62)

where g(e) is the fermionic single particle grand potential(See Appendix |C.1)). This can be motivated by
kinetic theory (Sec , where we would have written G* as an integral of g(g)* over all the phase space
coordinates except z*. Thus, Jg can be thought of as the integral of g(g)i* over all phase coordinates

except = and |p| = e.

Using eqns (C.3)) and (C.4)) from Appendix the anomalous contributions to the constitutive relations

can be explicitly written as
- ° de - - ° de - _ ° de -
J _/0 %f@)jgy S _A %h(E)jg, q _/0 %Ef(€>u7g7 (363)

where f(¢) and h(e) are the Fermi-Dirac distribution and the 1-particle entropy, respectively. In terms of

8Tn Ref [16], G is referred to as the “Gibbs free energy current”. However, as the Gibbs free energy (per unit volume) is
G =¢e¢+p—Ts = un, a Gibbs free energy current would more naturally be uJ.
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these, the second law constraint becomes

pA = /OOO ;ii [(Th(e) + nf(e) —ef(e)) dTg + f(e) (E — ca) A Tg)

_ /ODO ;Ljr [g(a) dJs + 99(c) ng:| ,

Oe
=9(e)J&

s > de _ 0 -g

where jég = (E —¢ea) A Jg and we have used eqns and again. The anomaly be accounted for
by the € = 0 limit of the boundary term, i.e, g(s)ng (€)|e=0 = —A. The physical interpretation is a spectral
flow argument, that the anomalous contributions are simply injected at ¢ = 0, the Weyl point, and then
convected along the fluid flow. The term inside the integral vanishes using the continuity equation in the

phase space.

In Ref [16], the equation for J& () and hence Jg(e) is derived for all £ using its boundary value and the

phase space continuity equation. Their final result is

N N
= u B + cw — u S dE B + ew
o= 2m N! " ( 2 ) = Gania = 27 N! /\/0 %g(g) ( 2m ) ’ (3.65)

It is convenient to define a generating function for G as

o0

- - > de -

Gr =3 Gawiar™ = 22 A / 4 o (e)e i (Brew) (3.66)
N=0 0

We perform this integral explicitly in Sec The result is

_ a5 2 55 Lot
Gr=—uned | 2Bk (1 + ﬁm) , (3.67)
(wr)? | gin <%) 27

In order to obtain the anomalous currents in 2N + 2 spacetime dimensions, we expand G, in a power series

in 7 and pick out the coefficient of 7%V, and then use eq. (3.61)).

The generating function for G remarkable because it is strongly reminiscent of the A—genus and Chern

character generating function for gauge and gravitational anomaly polynomials from eq. (3.29):

AR)en(F) =] Smi(fm Z v (3.68)

i

where z; and y; are i/27 times the form-valued formal eigenvalues of the Riemann curvature 2-form R and
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the gauge field two form F', respectively. Thus, G in 2N 4 2 dimensions can be obtained by the replacements
F — pand tr {Rzn} — 2(27T)*" Vn € Z* in the anomaly polynomial in 2N + 4 dimensions. These are the

replacement rules, which is conjectured to hold even for theories with interaction, mirroring the fact that

the anomalies are unaffected by addition of interactions.
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4 BERRY PHASE

In 1984, Michael Berry[85] pointed out that a nondegenerate quantum mechanical state subject to a cyclic
adiabatic[86] process picks up an additional phase besides the dynamical phase from the Hamiltonian evo-
lution. If the cyclic process is described as traversing a loop in a parameter space, where the Hamiltonian
depends on the parameter, then the Berry’s phase can be written as a line integral of a Berry connection
1-form over the path in the parameter space, or a surface integral of a Berry curvature 2-form over a region
enclosed by the loop. It is this dependence on only the path, and not on the rate of traversal, that makes

the Berry phase geometric in nature.

It is curious that the notion of Berry’s phase was indirectly glimpsed many times in various context before
Michael Berry’s 1984 paper. Probably the earliest example(1956) is the Pancharatnam phase[87], acquired by
polarized light beams passing through crystals. Around the same time, in trying to explain anomalous Hall
effect, Karplus, Luttinger and Kohn[23] 24] 25] noted that the semiclassical equations of motion for electrons
in a Bloch band include an anomalous velocity, proportional to a quantity which we now know|[88] [89] 22 [90]

as the Berry curvature.

Subsequently, Berry’s original analysis has been analyzed and generalized in various directions. Almost
contemporary to the original paper, Barry Simon[44] showed that Berry’s phase is simply a holonomy on
the line bundle of the eigenstates on the parameter space. Wilczek and Zee[91] removed the nondegen-
eracy condition, and thereby derived a nonabelian analogue of the Berry curvature. Finally, Aharonov
and Anandan[92] lifted the adiabaticity condition on the cyclic process, which can then be interpreted as
holonomies on the Hilbert space itself, thought of as a fiber bundle over the projective Hilbert space, i.e, the
space of density matrices.

The Berry phase, owing to its geometric nature, is often a crucial ingredient of the topological invariants in
condensed matter systems, a prime example being the TKNN invariant[43], which is geometrically the first
Chern character of the Berry curvature over the Brillouin zone. It is also indispensable for a semiclassical
description of Weyl fermions[26], where it encodes the gauge anomaly. In Ch we shall see the corresponding

nonabelian generalizations encode guage anomalies in all even dimensions.

In this chapter, we introduce the Berry’s phase and its nonabelian generalization and compute the Berry
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curvature and Chern numbers associated with various systems of interest in this thesis. We also describe
the semiclassical dynamics of electrons in Bloch bands including the anomalous velocity term, and the

interpretation of the equation of motion in the symplectic formalism discussed in Ch

4.1 Basics

We start off with a derivation of the Berry phase[85] and its nonabelian generalization by Wilczek and Zee[91],

using the language of differential forms. We also discuss their computation using projection operators.

4.1.1 Definition of Berry phase

Consider a quantum mechanical system with Hamiltonian 7 (), dependent on a parameter A € .#, where
A is a smooth manifold. The corresponding eigenvalue problem is H(A)|n(A)) = €,(A)|n(A)). Consider
tuning the Hamiltonian adiabaticallgﬂ along a closed curve A: R — .Z. Since A(0) = A(T") for some T > 0,
the cyclic evolution must return an eigenstate to itself, upto an overall phase. If a given nondegenerate
eigenstate |n) were independent of the parameter A, it would simply pick up the dynamical phase, given
by e~ Jo dten(A®) | where en(A) is the corresponding eigenvalue. However, when |n) does depend on A, the
system picks up an extra “geometric phase” e, termed the Berry phase. Crudely speaking, the Berry
phase is “geometric” because it depends only on the path traversed in .# and not on the time taken, unlike

the time-dependent dynamical phase.

To compute the Berry phase explicitly for |n), a nondegenerate normalized eigenstate of H, we begin by
setting |n) = e~ /o & enAED i) png) | where we have defined |n;) = |[n(A(t))) to simplify the notation.

The time-dependent Schrédinger equation, id¢|n;) = H(A(t))|n:), then becomes
en(A@D)|ne) = An(B)|ne) +i|0ini) = en(A(E))[n1). (4.1)
Thus, taking inner product with |n;), we get

Fult) = i(n|Oime) = 4(T) = i /0 dt (ne|Owme). (4.2)

1 The change being adiabatic simply means that the associated time scale is much larger than that associated with the
energy gap to other eigenstates of the Hamiltonian. This ensures that one does not transition to a different state during the
variation of the parameter.
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But since |n;) depends on ¢ only through A,

T
() =i [ de(uloms - 5 =i § dx- (X100 (). (4.3)

Thus, the Berry phase simply depends on an integral around the loop on the parameter space .#, independent

of the time taken to traverse the loop. It is real by definition, since
(n(N)[n(A) =1 = (@ran(A)[n(A)) = = (n(X)|0an(A)), (4.4)

so that

ﬁ=4£&«MW&%W%ﬂﬁﬁ«&MMWMﬁww (4.5)

If C is contractible, we can use Stokes theorem to write the Berry phase associated with C as an integral

over an area S whose boundary is C, as

%©=i%:4a, (4.6)

where we have deﬁnedﬂ the Berry connection a,,, which is a 1-form on .#, and the corresponding Berry

curvaturdﬂ for the eigenstate |n) as
a, = i{n|dn), Fn =da, =i{dn|A|dn). (4.7

The Berry connection computed above is defined only up to a choice of the phase of |n(A)). To wit, if
redefined our our eigenstates for H(\) as [n(A)) = X |F(A)) and computed the Berry connection using

the new eigenstates, we get
a, = i(nldn) =i ((nle’) d (e7**|n)) = a, + dov. (4.8)

However, both v, (C) and §,, are well defined, the former because ¢ dow = 0 around any closed curve, and

the latter because d? = 0.

2 We use the sign convention conventionally used in condensed matter literature, which is opposite the one used by Michael
Berry[85], who defines it as a = —i(n|dn).

3 The terminology of connections and curvatures comes from the theory of fiber bundles, introduced in Sec We discuss
these geometric ideas in the context of Berry phase in Sec m
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4.1.2 Nonabelian generalization

We now remove the nondegeneracy requirement, and consider an eigenvalue €, (A) of H, whose eigenspace
is r-fold degenerate throughout the loop C. An adiabatic transport can now lead to rotation within this
degenerate eigenspace. Let be {|nq(X))}) _; be an orthonormal basis for this eigenspace, which is related
to any other basis |[7i4(A)) by a unitary transform. Again, we set |nq:) = e=iJodt 5"'(>‘(t/))e”“=“f*(t)|nﬁ70>,
where e?7»(%) is now a r x 7 unitary matrix, so that =, (¢) is a Hermitian matrix.

Like the abelian case, the Schrodinger equation leads to

'.Yn,a,@(t”n,@,t) = Z"8tncv,t> = ﬁn,aﬁ(t) = i<na,t atnﬁ,t>7 (4.9)

and the nonabelian Berry phase becomes

T
Tn,ap(T) = i/o dt (na ¢|Omp ) = i]id)\' (na(N)]|0Ang(X)). (4.10)

We can again check that «,, is Hermitian by definition, since

AT = () = =i f - (s xna(N)” =1 f AN (1o (D]Orns(N) = (1o (T (211

We can again define a Berry connection as a, .3 = i(ns|dng), which is a matrix valued 1-form. This

matrix-valued Berry connection was first introduced by Wilczek and Zee[91].

Strictly speaking, the total “phase” picked up under the adiabatic transport should be e = Pexp ( fc an),
where P denotes the path ordering. This was not an issue in the abelian case, but is crucial here since the
matrices a for different points A € .# do not commute. This path ordering makes a straightforward defi-
nition of Berry curvature using Stokes’ theorem much trickier, so we shall use an alternative approach, viz,
the identification of a,, as a nonabelian guage field.

Recall that the Berry connection for the abelian case had a gauge dependence with a gauge group U(1),
due to the nonuniqueness in the definition of the eigenstate upto a phase. To compute the nonabelian Berry
phase, we had a nonunique choice of basis for the degenerate eigenspace corresponding to the eigenvalue &,,.

Using a unitary transform, defining a new basis asEI

n) =U|n) = |na) =Usglng), (el =U,z(npl, (4.12)

4 This choice of unitary matrix is to derive a gauge variation that conforms with the definitions of Sec
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the new Berry connection becomes

b = iU (o |dns)UL, + iUy 05 dUL, = [Ua, U™ —idd U™ (4.13)

af’

where we have used UdUT = —dlA UT in the last step, since UUT = 1. We have simply recovered eq. (3.10) for
a nonabelian gauge transformation, so that we identify a,, as a nonabelian gauge field with the gauge group
U(r). In Sec we show that the corresponding nonabelian curvature is defined as §,, = da,, — ia, A a,,
which follows from demanding that the curvature transform covariantly (§F — U FU~!) under a nonabelian

gauge transformation.

4.1.3 Computation strategies

In practice, we are usually interested in computing the Berry curvature, which, unlike the Berry connection,
is a gauge covariant quantity. We now discuss two strategies that would prove useful in explicitly computing
the Berry curvature for the systems of interest.
The first approach involves replacing the differential of states with a differential on the Hamiltonian.
Explicitly,
H|n) = epn) = dH |n) + H|dn) = dep|n) + £, |dn). (4.14)

Taking inner product with |m) which satisfies H|m) = €,,|m) and using (m|n) = dppn, we get
(en — em){ml|dn) = (m|dH|n) — dmnden. (4.15)

Since the Hamiltonian H is Hermitian by definition, its eigenvectors span the Hilbert space, so that we can
expand |dn) in the eigenbasis of H as |dn) = > (m|dn). If |n) is nondegenerate, then €, # &, for any

m # n. Using eq. (4.15) with m # n, we can compute the abelian Berry curvature as

Sn = i{dn| A |dn) =i Z (m/|m){dn|m’y A (m|dn) = zz<m|dn>* A {m|dn)

mm/’

_ Z (m|dH|n)* A (m|dH|n) + i(n|dn)* A (n|dn)

= En—em En — Em
. (n|dH|m) A (m|dH]|n)
— Zm;n " : (4.16)

where (n|dn)* A (nldn) = a, A a, = 0, since a, is an abelian 1-form. Clearly, the Berry curvature diverges

if &, becomes degenerate with any other ¢, at some point in the parameter space M.
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This expression for Berry curvature in eq. (4.16|) is strongly reminiscent of the second order perturbation
theory correction to the energy ¢, if dH could be thought of as the ‘perturbation’. Thus, the Berry curvature

can be thought of as encoding the effect of all the virtual transitions to other eigenstates of the system.

The second approach defines the Berry curvature in terms of projectors. Consider the eigenspace of the

Hamiltonian with eigenvalue €, (A) and degeneracy r, and define the projector P, () to the eigenspace as
T
P’ﬂ:Z|na><na|a Pz:Pn (417)

Then,

AP, NdP, =Y <|dna><na| + |na><dna|) A (|dn5><n5| + |nﬁ><dng|). (4.18)
afB

To reduce this down to the nonabelian Berry connection form, we shall need to contract |dn,) with some

(ny]. We can multiply with P, on left and 1 =) |m)(m/| on the right to get

PpdPy NP1 =Y |ny) (ny|dPy A dP,|m) (m|

v,m

>~ ny) [ (s ldna) A (naldns) (nslm) + (nyldna) A (nalns) (dns|m)

afym

+ (nq|na)(dnal Aldng)(nglm) + (ny|na)(dnalng) A (dnglm) | (m|  (4.19)
The second and fourth terms cancel out using the orthogonality (ny|ng) = dag, as

Z (nyldna) A {dngm) + Z (dnglng) A {(dng|lm) = Z d{nq|ng) A {(dnglm) = 0. (4.20)

ay,m afB,m aff,m

Using the fact that (ng|m) =1 iff ng = m and zero otherwise to sum over m, we are left with

PudPy NdP, = Y |n) [(nw\dn@ A (na|dng) + oy (dna| A |dn5>} (ng|

afy
=Y Iny) [(—ian,m A (=ian,ap) + 5awd(_ian,aﬁ)} (ngl (4.21)
aBy
Thus,
iP,dP, AdP, =" |n,) [daw zZaMa/\mn aﬂ] (ng| = me Snns (npl. (4.22)
By

This expression can be used to compute the Berry curvature 2-form using the eigenspace projectors.
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4.2 Berry curvature and Chern numbers

The Berry phase introduced in the last section is naturally associated with geometric and topological con-
structions. In the first subsection, we discuss its geometric formulation in the language of holonomies on
complex vector bundles, initially proposed by Barry Simon[44] at the same time as Michael Berry’s paper.
We also discuss the associated topological invariants, viz, the Chern character. In the next three subsections,
we shall used the ideas introduced in this and the previous sections to compute the Berry curvature and the

associated Chern numbers for various quantum mechanical systems relevant to this dissertation.

4.2.1 Geometrical interpretation

The gauge theories are most naturally described in terms of connections and curvatures of fiber bundles,
as discussed in Sec We now discuss the fiber bundles associated with the eigenstates of a Hamiltonian
H: # — H dependent on parameters A € .#, the associated connection and curvature being a and
3§, respectively. In this language, Berry phase is simply the holonomy of the Berry connection[44]. More
explicitly, a closed loop on the base space .#, when lifted to the total space (i.e, the fiber bundle), may not
close anymore; this failure to close, i.e, failure to return to the original state after traversing a loop in the

parameter space, is precisely the Berry phase.

Given the Hilbert space H and the parameter space .#, the space of all possible states in the theory is
simply .# x ¢, which can be thought of as a (trivial) complex vector bundle € = .# x J# — .4, where
m(A, [¥)) — X is the projection to the base space. Given a basis |e;) of J, we can define ¥: .# — C"
as [P(A)]; = (e;|y(N)). To parallel transport vectors |1)) on this space, we define two vectors as “parallel”
if their projection along each of the basis vectors |e;) is equal. Then, [)(\)) is a parallel transport of
(X0, [0) € Cif (e5[th(X)) = (e[ (X)) Vi, A, .

Equivalently, the parallel transport can be stated as D¥ = 0, where D = d in this case. The corresponding
curvature is given by § = D?, which vanishes since d?> = 0. Thus, the connection is flat, which is expected
to be the case as € is trivial. The covariant derivative D can also be thought of as acting on functions, i.e,
local smooth section ¥: U — C", where U € .# is an open set on which €, is trivialized. With a slight

abuse of notation, we shall hereafter denote the condition for parallel transport simply as d|¢) = 0.

Consider the eigenspace of H(X) corresponding to energy €, (X) which is r-fold degenerate for all A € .#,
and define the corresponding projector P, (), as in eq. (4.17). We construct a rank-r subbundle of €, C €
by simply projecting applying the projectors P, () on each fiber 771(X). The new fiber bundle, €, =% .Z,

has fibers 7 1(A) =2 C". The connection on € defined above induces a connection on €, which, in general,
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is not flat. This is precisely the (nonabelian, in general) Berry connection D = d — ia. The corresponding

curvature is given by

iD? =i(d—ia) A(d—ia) =da—iaAa=3F. (4.23)

Given the curvature 2-form §, one could integrate §™ over .#' C .# , a nontrivial 2n-dimensional cycle of .Z,
to get a number. These are the Chern numbers, which turn out to be integers and are topological invariants
of the bundle. A nonzero Chern number is an obstruction to the definition of a flat connection for the given
curvature. If that is the case, then a parallel transport of any vector along a closed loop would lead to a
nontrivial holonomy, i.e, a Berry phase. Explicitly, for .#’ € Z**(.#), the Chern character for subbundle

corresponding to energy &, is defined as

o o{(2))

In the next sections, we shall compute the Berry curvature for the given examples.

By definition, if a bundle supports a flat connection, then § = 0, so that the associated Chern character
is zero. Thus, the Chern number of the original bundle € = .#Z x 7 is zero, since € is trivial. However,
¢ can be written as a direct sum of subbundles corresponding to all eigenspaces of a Hamiltonian, and the
Chern characters simply add under this direct sum. Thus, we arrive at the important result that the sum

of Chern numbers for all eigenspaces must vanish.

4.2.2 Two band models

The simplest situation where we can get a Berry curvature is a 2-dimensional Hilbert space J# = C2. The

Hamiltonian H: 5 — 5 is then a Hermitian operator, which can be written as a 2 x 2 matrix

H-(a ﬂ), a,8 ER, B* =n. (4.25)
vy 6

The Hamiltonian is conveniently parametrized using the Pauli matrices as
H:h012+h'0', U[H}Zh():t|h|7 (426)

where we have set hg = 1(a +0), hy = Re[f], ho = Im[3] and hs = 3(a — §), which depend on a parameter
A € #. Since there are only two bands, the sum of their curvatures must vanish, so that we shall only

compute the curvature associated with |¢), the eigenstate with eigenvalue ey = hg + |h|. We shall find it
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convenient to write h: .# — R? in spherical polar coordinates as

VhE+ h2 h
VAL Sl N L (4.27)

h = |h| (sin 6 cos ¢, sin fsin ¢, cos ) <= tanf = 3 ,
3

where (0, ¢): .# — S?. The Hamiltonian can explicitly be written as

_q . o —ig
24— ho + ?13 hi —ihy — hols + |h| 'cos 6. sinfe . (4.28)
hi+ihs ho— hs sinfe® —cosf

In this case, we can compute the Berry curvature directly from its definition. Setting (H — ho — |h|) |¢) =0,

the normalized eigenvector is given by

) = 1 ( sin e~ ) B ( cos § e~ ) (29)
= _ se ' |
\/Sin29+ (1 —cosf)? 1 —cos@ sin §

ain 0 =it 0 —id
|d) = % ( ae > do — i ( cos 206 >d¢, (4.30)

and the Berry connection and curvature becomes

Thus,

7

ay = i(y|dy) = = (— cos 0 sine + SinQCOS 0) df + cos® g dp = = (14 cosb)do,

DN | =

2 272 2772
Fy =da, = —% sin@df A dp = —39(52), (4.31)

where (5?) is the volume form on S2. To rewrite this in terms of the components of H, we use the definition

of the polar coordinates from eq. (4.27) to get

2 2 5
40 = cos? 0 d(tan 8) — ~5 g (M) |

h|? hs

h? h
dé = cos® pd(tan ) = —5——d <2), 4.32
6= cos? pdliang) = ot (3 (132

with |h|2 = h? + h3 + h3. The Berry connection and curvature become

L h2 (@)  hydhy — hadhy
T 2[b[(lh[+hs) \h1/)  2[h[([h]+hs)’
1
3+ = — —— (hadhg A dhg + hadhs A dhy + hsdhy A dhy) (4.33)

2|

where the latter is again (—1/2 times) the area form for a 2-sphere in Cartesian coordinates.
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If A is 2-dimensional, the (first) Chern number associated with §F is given by

_ i _ _i * 2
Cr=g [ 53 | e, (434)

where ¢: . # — S : A+ (0,¢). Thus, geometrically, the Berry curvature is the pullback of half the volume
form on S? under ¢, and the Chern number is simply the Brouwer degree (“winding number”) of this map,

which must be an integer[70].

4.2.3 Weyl fermions

The Weyl Hamiltonian in (2N + 1) + 1 dimensions are described by the Hamiltonian

H(p) = xpil", o [H] = {£Ipl}, (4.35)

where y = £1 is the chirality and T'" € Mat(2",C) are a set of anticommuting traceless matrices. Here,
I';, i =1,...2N can be taken as the Dirac matrices in 2N spacetime dimensions, while [ox 11 = (=) H?ivl Ty
is the analogue of “y5”. The Hilbert space is S = (CQN, so that for N > 1, each state is 2V ~'-fold degenerate.
Furthermore, the two bands touch at p = 0, where the Berry curvature diverges.

Physically, the Weyl Hamiltonian describes the dynamics of a fermion whose spin is locked to its mo-
mentum. This is particularly transparent for the N = 1, i.e, the 3 + 1 dimensional case, where the Weyl
Hamiltonian becomes H = p - o = 2p - S, where S is the spin operator. Thus, restricting to the positive
energy subspace is equivalent to demanding that S be “parallel to” p. Then, as the momentum unit vector

p traces a closed curve on S2, the spin precesses along with it, thereby acquiring a phase, which is precisely

the Berry’s phase. We also deduce that the gauge group must be the space of phases, i.e, U(1).

For N > 1, the situation is more complicated, as in principle, the gauge group should be U(2¥~1), the
space of all possible choices of basis for the degenerate subspace, but in practice, a parallel transport does
not explore the entirety of that space. Instead, since the wavefunctions of the Weyl Hamiltonian are spinors,
under a parallel transport of p they can only transform under some representation of Spin(2N) C U(2V~1).
A more physical interpretation is to notice that R2N+1 is invariant under SO(2N + 1), and fixing a “spin
vector” along a specific p direction on S2V still leaves it invariant under SO(2N). Since the spinors transform
under Spin(2N), the double cover of SO(2N), that must be the gauge group of the nonabelian Berry
curvature for N > 1. We do not have this distinction for N = 1 owing to the accidental isomorphism

Spin(2) = SO(2) 2 U(1).
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The parameter space is R2V+1\{0}, which has a deformation retract to S*. Thus, S?*N(R) € ., a
sphere of radius R centered at p = 0 € R?V*! is the only nontrivial 2-cycle in .# on which we can integrate
FY to compute a Chern number. However, under a rescaling p — Ap, A € R, the eigenvalues change as
X |p| = Ax|p|, but the eigenstates stay constant, so that the Berry curvature, which only depends on the
geometry of the vector bundle of states on S?VV(R), is independent of R. Thus, we shall compute the integral
of FV over the unit 2N-sphere.

For N =1, i.e, in 3 + 1 dimensions, the Weyl Hamiltonian is simply xp - o, which is a two band model.
Physically, the Hamiltonian describes the spin of the Weyl particle, which is locked parallel /antiparallel to
the momentum p, and thus rotates as we change the momentum. For this case, the Berry curvature 2-form

for positive energy band can be computed using the result for 2-band models, with hy = 0, h(p) = xp, as
5y = —M—zpekij PFdpidy’ = —%kij Prdpidp = —g Q(82), (4.36)

where we have used p’ = |p|7’ and the antisymmetry of the Levi-Civita tensor, and identified Q(S?), the
area form for the 2-sphere, in the last step. Alternatively, since .# = R3? is 3-dimensional, the Hodge dual

of § is a 1-form, which corresponds to a 3-vector b, defined as

p

NV 4.37

1 - 1 ) .
Sx = isx,ijdpz Ndp’ = §€kijbx,kdpl Adp’, by =

which corresponds to the field of a monopole[85] of strength —1/2, centered at the origin in R3. We can

explicitly compute the Chern number associated with S? as

R I Y p— (4.38)

C = _— =
! S2 2 47 S2

For N > 1, the explicit computation of Berry curvature would be quite ugly; however, we can readily
compute the Chern number using the definition of the Berry curvature in terms of projectors P, to the

€ = x |p| subspace, defined as

(1+xp'Ty). (4.39)

DN =

2N—1
P = Z |X»p7a><p7X7a| =
a=1
From eq. (4.22), the components of the Berry curvature are given by

iPydPy AdPy =Y |p, X, ®)Fas (P X, B, (4.40)
oB
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from which we can directly compute

2N—l
tr {(iPx APy A dPx)N} = > > (p. X GPdP A dP)Y p,x),
x'=x1 y=1
2N71

Z gX/YOtl A 1,’.‘5’)(70116%2 ARERRA Sx,aN,l'y =tr {gXN} : (441)

a;,y=1

where we have used the orthogonality (p, X, @|p, X', 8) = 0xy/0as. We can use the properties of the Dirac

matrices to commute them across dPx A dP,, since
dP, P, = P_,dP, — dP, ANdP, P, = P, dP, NdP,. (4.42)
Explicitly, this follow from

1 g A~ ~j NP 1 G NP
dP, P, = de L (1+p°T;) = = (dp'T; + T T;p7dp') = 1 (dp T; + (26;; — ;1) pldp ) (4.43)

Ry

since the Dirac matrices satisfy [[;I';] = 26;;, and &;;p7dp’ = p;dp’ = d \ﬁ|2 = 0. Thus, using Pf =P, we
get
o {FV} =iV {(PX dP, A dPX)N} — iNir {PX (AP, A dPX)N} . (4.44)

Substituting the explicit form of P, and using x2 = 1, this becomes

1 . . N
tr {3y } = iNtr{2 (1+xp'T;) Erjdpf A %depk} }

1 i N 2N ) 2N 2N )
=3 <4) [tr{H F,»,Z} +Xﬁ“’tr{HFil}] /\ dpe. (4.45)
=1 £=0 =1

The measure demands that I'* be all different for £ = 1,...2N, since dp’ Adp’ = 0 if i = j. For a product
of 1 < k < 2N + 1 different I matrices, using their antisymmetry as well as the cyclic property of trace, we
get

Tp =tr{T;, To... Ty} =tr{Ty... T, Ty} = (=) e {Ty, Ty... Ty, } = (1) 'Ty, (4.46)

so that Ty, = =T, = Ty = 0 if k is even. Thus, the first trace in eq. (4.45)) must vanish. For the second

trace, we must have one copy of each I' matrix, and using

2N +1 2N 2N 2N 2N
H I = ( Fi) Fony1 = (H Fi) (=) Hrj = (—i)N(~1)NEN-D HI‘? = iVl,n,  (4.47)
i=1 i=1 i=1 j=1

i=1
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we get

2N
tr {H Pie } = eioil..‘igNtr {iNI].QN} = (27;)]\]67;07;1.“1'2]\,. (448)
=0
Thus,
NN 2N
x (1 ) " (2N)!
tr {SXN} = 5 (4) (22)N6i0i1...i2N /\p ¢ = X(_l)N 9N+1 Q(SQN)7 (449)
£=0

where we have identified the volume form on S%V, defined as

2N+1
iy 1

U = 2 U N\ = Gpggiein s P B e AP (4.50)
j= i#]

Thus, the Chern number over .# = S?V is given by

N _\N
o= Lo (2) S 2 v, .

But the volume of S%V is given by

2N +s 22N 7N D(N) (N —1)! N!
1(S%V) = = = (4m)N ——= = 2(4m)N 4.52
VIS = vy T tem Y v oy T 2 e (4.52)
where I'(.) is the Euler’s gamma function, and we have used the duplication formula
1
I'(z)T (z - 2) = 21722 /7T'(22), (4.53)

Substituting eq. (4.52)) in eq. (4.51)), the Chern number becomes

Cy = % /Sw tr { <§;>N} =x(=1". (4.54)

As expected, O + C_ = 0, since the two subspaces add up to a trivial bundle over SV

end of Sec [L.2.11

, as discussed at the

4.2.4 Circularly polarized light

As our last example, we compute the Berry connection and curvature for circularly polarized light in 3 + 1

dimensions, which can be thought of as a ‘classical’ geometric phase. For a wave propagating along the k
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direction, the complex electric field is given by

b 1
E(r,t) = ee™t=kr 8% — () +iony), (4.55)

V2

where 0 = +£1 for right/left circular polarization, and {ﬁl,ﬁg,f{} form a right-handed orthonormal basis

such that n; x ng = k. We seck to compute the Berry connection

0% = 87" . de” = %(ﬁ1 —io ) - (dfy + i0” di)

1 .
= 5 (O’flg dfll — O'/fll . dflz) + % (fll dfll + O'O'/fl2 . dflg)

1
= 5 (Uﬁz dfll — O'/fll . dﬁg),

where the last step follows from n; - n; =1 = n; - dn; = 0. The Berry curvature becomes

!
g0 = 2 “; T 4ty Adfiy = —6°° o dfy Ads,  [0,0" = +1] (4.56)

where we have a wedge product over the 1-forms (dk;’s) as well as a dot product over fi;’s. Clearly, S""l is

diagonal in polarization. Henceforth we shall simply write §7 = o dnj A dns.

To compute §7 explicitly, using n; - dn; = 0, we can write

diy = (k - dity )k + (R - dity )iy

diy = (k - dig)k + (A - dig)iy,
But
f, k=0 = k-diy = -0, -dk=—1; - d (k) = f%ﬁi : (dk k'dkk> = flﬁi-dk, (4.57)
so that

§7 = —o (k- diu) A (k- dig) = 5 (- dk) A (s - dk)

g g

=- ﬁnl,inzjdki AdkI = _@Q‘jk[fll X fo]pdk’ A dk7,
= — saktdki Ak = —o (), (4.58)

which corresponds to the strength of a monopole field with the first Chern number C; = 2¢. This corresponds
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to the fact that the Weyl fermions had spin 1/2, while the photon has spin 1. In presence of both clockwise

and counterclockwise polarization, the Chern numbers cancel, but we can still define a spin Chern number

Ci= > C7=0, Cigm= y, oCf=-4 (4.59)

o==+1 o=+1

4.3 Anomalous dynamics

In condensed matter systems, the Berry curvature, discussed for generic systems in the last section, is realized
in the electronic wavefunctions of crystalline solids. Thus, their band structures provide a useful platform

to investigate the effects of the Berry’s curvature on the physics of the system[22].

Berry curvature of Bloch bands

The quantum mechanical description of the electrons in a lattice in d-dimensions involves the Schrodinger
equation for electrons, with a periodic background potential arising from the positively charged ions. Ignoring

the electron-electron interactions, the 1-particle Schrodinger equation becomes

o) = (302 + V() ) ) = 0(), (4.60)

where the background potential is periodic, i.e, V(x + R) = V(x) for any lattice vector R. Thus, under a
translation by x — x + R, the Hamiltonian goes to itself, but the wavefunctions can change by a phase,
i.e, (x + R) = e7y)(x). This follows from the Bloch(Floquet) theory for periodic differential equations.
ik-x

The solutions can be written as Bloch waves 1, k(x) = € *u, x(x), where n is the band index, k is the

(quasi-)momentum and u, k(x + R) = up k(x). Under a lattice translations, the extra phase picked up is
eV(B) = R \which is invariant under k — k + Q, where Q is a reciprocal lattice vector. Thus, k € BZ,

the first Brillouin zone, which is simply a unit cell of the reciprocal lattice centered at k = 0.

Given the form of the Bloch waves, one defines the Bloch Hamiltonian
Hp (k) = e XY ekx — Hp(k)u, k(k) = e, (k)up k(k). (4.61)

Thus, we have defined a family of Hamiltonians, H g (k) parametrized by k € BZ, which has a discrete

spectrum &, (k) for each k. Using the ideas from the last two sections and assuming nondegenerate bands,
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we can define the Berry connection 1-form as

an(k) = (U x| <166k1> [t x)dk; = /Rd dxuy, 1 (%) <188k1) Un, x(X) dk;, (4.62)
and the corresponding curvature is § = da.

Transport

A particular application of the Berry curvature in the physics of crystalline systems (in 3 space dimensions)
is the electron transport in presence of an external electromagnetic field.

One could define semiclassical equations of motion, governing the dynamics of electrons as the time
evolution of the expectation value of the position and momentum operators in various Bloch states. One
particularly useful choice is that of wavepackets[22, 89, [88], which are finite-sized in both position and
momentum, and can therefore be thought of as “classical” particles. This lets one use the classical kinetic
theory approach (Sec to study transport in crystals. Conventionally, the equations of motion for such

electron wavepackets are described by the equations of motiorﬂ
X = vy, k=E+xxB, (4.63)

where v, = —Viey (k) is the usual group velocity, and the second line is simply the classical Lorentz force.
These equations have been useful in describing the electronic physics of metal and semiconductors.
However, including the effect of interband coupling, one obtains an extra term in X, and the equations of

motion become

x=v, +kxb,

k=E+xxB, (4.64)

where b(k) is the Berry curvature of the band. The k x b is termed the anomalous velocity. The invoking
of the Berry curvature in order to understand interband couplings can be motivated by eq. (4.16)) and the
comment after that, where Berry curvature can be thought of as encoding the residual effects of the other

energy levels, which are inaccessible as one tunes k, owing to the adiabatic approximation.

5 As we shall restrict ourselves to dynamics in a single band, we shall omit explicit mention of the band index from now on.
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Symplectic structure

In Ref [93], the semiclassical equations of motion of eq. are shown to violate Liouville’s theorem
for the conservation of phase space volume using the conventional volume form d3zd®k on the (x,k) phase
space. However, Liouville’s theorem is restored if one instead redefines the volume form as ,/p d3zd3k, where
VP =1+b-B. In [90], Duval and Horvathy show that this system can be described using the symplectic
formulation of classical mechanics; however, the symplectic form is not given by p = dk; A dz*. Thus, x and

k are not the canonical variables in the phase space.

To derive the symplectic form, they begin by writing the original equations of motion as
it — IkfIpk = v;, k' — €7k BE = B (4.65)

Defining F' (x) = ¢'/* B¥ and § (k) = €¢*b* as 3 x 3 antisymmetric matrices corresponding to the (spatial

part of) Maxwell and Berry curvature, and ¢(x) as the Maxwell scalar potential, these become

9 Fiigi _ §iifd — 9

i — i = 2 .
-3 ok oz

0. (4.66)
These can finally be rewritten as

F -1 % 2
()2 ()

where the Hamiltonian is defined as H(x,k) = (k) + ¢(x). Defining ¢ = (x,k) and comparing with eq.

(2-18)), we identify the symplectic form aq’|
T F o1,
= Zp;dCde, = ) 4.68
p=5pigdctdc’, p ( L -3 ) (4.68)

The usual coordinates x and k are not canonical, since for canonical coordinates, the Hamilton’s equation
should simply have p = 7! (see eq. (2.7)), which is not the case. The symplectic form can be written in a

more enlightening form as
i, 1 i i Lo i
p=dk; Ndz" + §Fijd$ Adx? — 53 dk; Ndk; = dk; Ndx' + F — 3. (4.69)

The presence of this nontrivial symplectic form modifies the volume form and hence the Liouville’s theorem.

60ur expression for p is different from that of Horvathy et al[90] since our Berry and Maxwell curvatures have opposite signs
from theirs, the former by definition and the latter because we have set the electronic charge to +1.
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For traditional classical mechanics, the volume form on phase space is simply

3 .
Qo = % = o (dki Nda')’ = &’k d’x

1
3!
However, using the symplectic form of eq. (4.69), we can compute
1 i 3 1 i\3 i

Q= = (dki Ado' + F = §)" = = ((dh; A da')* = 3dki A da’ AFAT).

But
I 1.
F = §F¢jdl‘l ANdx? = §€ijkB dx* A da?, §= 561] b dk; A ko

Substituting and using €;;dz’ A dzd A dz* = 3! d3z ete, the volume form becomes

1 .
Q=5 (8- BeijBle?by) d®k NdPx = (1+b-B)d®z A d°F,

which is precisely the volume form proposed in Ref [93]. Finally, the new Poisson brackets are

Gijkbk
1+b6-B’

&' + B'b;
1+b6-B’

k
GijkB

T g —
fa', 27} s

{xiakj}: {kiakj}zf

which explicitly shows that (x,k) are not the canonical coordinates on the phase space anymore.

69

(4.70)

(4.71)

(4.72)

(4.73)

(4.74)



5 CHIRAL KINETIC THEORY

There has been much recent interest on the influence of Berry phases on the electronic property of solids,
a number of which provide fruitful analogies for relativistic field theories. An interesting example occurs
when there is a net flux of Berry curvature through a disconnected part of the Fermi surface, where an
analogue of abelian axial anomaly occurs, manifesting itself in the nonconservation of particle number in the

conservation band.

The axial anomaly is usually derived via sophisticated quantum field theory computation. However,
Stephanov and Yin[26] showed that it can also be derived from a classical Hamiltonian phase space dynamics,
with the quantum inputs being the 7 in the phase space volume and the Berry curvature effects (anomalous
velocity) in the equations of motion. In this chapter, we reformulate their calculation using the symplectic
formulation of classical mechanics as discussed in Ch using which we generalize their calculation to
compute nonabelian singlet and gauge anomalies in arbitrary even spacetime dimensions. Finally, we use
semiclassical kinetic theory to explicitly compute the grand potential current, which determines all the

anomalous contributions to the relativistic hydrodynamic currents, as discussed in Sec

5.1 U(1l) anomaly in 3 + 1 dimensions

In Ref [26], Stephanov and Yin showed that in 3 + 1 dimensions, the positive energy, positive helicity Weyl

fermion with Hamiltonian H = ¢ - p can be described by the semiclassical action
S[X,p]=/dt(p-5<+A-5<—|pl—¢—u-p)7 (5.1)

where a and ¢ are the Maxwell scalar and vector potentials, respectively. The Berry connection, a, cor-
responds to a monopole of unit strength at origin, and the corresponding curvature is given by eq. (4.37)

as

b=Vyxa=—-L — VvV, b=—216p). (5.2)
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5.1.1 Original calculation

The equations of motion can be obtained by a variation of the action w.r.t x and p, to get

0= /dt(5p~k+p~6x+xo(5x~V,;)A+A~5Xff)~5pf5x'vr¢fp~(5p~Vp)afa-5p)

_ i, 00 AT ;04 ;04 (i g 00 0a
_/dt[&v ( Pi— 5. 5 T 8xj+x B +op; &' —p pjapi—i—p]apj } (5.3)

Defining the electric and magnetic field as E = —Vyx¢ — 0,A, B = V4 X A and the Berry curvature as

b = Vp X a, the equations of motion become
X=p+pxb, p=E+x xB. (5.4)

These equations are equivalent to eq. , which describes the semiclassical dynamics of electrons in
a Bloch band. The energy spectrum is simply given by the positive eigenvalue (¢ = |p|) of the Weyl
Hamiltonian H = p - o. In Sec we showed that eq. describes Hamiltonian flows on the phase
space R3 x R? with an unconventional symplectic structure, such that the invariant volume form is given by
\/ﬁd3xd3p, with \/p=1+1b-B.

Given a phase space distribution function f(¢,x, p), the number of particles in an infinitesimal phase space

volume at time ¢ is given by \/p f(t,x, p)d*z d*p. The collisionless Boltzmann equation is
0 (VS) + V- (VBF %) + Vi - (vBB) = 0. (5.5)
Let f is advected with the flow, i.e,
[0, +%-Vx+p-Vp|f=0. (5.6)

Then, Stephanov et al compute the remaining terms on the LHS of eq. explicitly using the equations
of motion, which can be solved for x and p by substituting the latter in the former and using the vector
product identity

(xxB)xb=(x-0)B—(b-B)x

followed by (p x b) - b =0 in the first term, to get
x=p+Exb+(p-6)B—(b-B)x. (5.7)
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The equation for p can be solved in a similar fashion. We get

Vpx=p+Exb+(b-p)B,

VoD =E+pxB+(E-B)b. (5.8)
Substituting in the LHS of eq. (5.5)),

9 (V) + Vi - (V%) + Vp - (VrP)
=0i[1+b6-B]+Vx-p+Exb+(b-p)B]+V,:-[E4+pxB+(E-B)b
=b-(0B)+ Vx-(Exb)+(b-p)(Vx-B)+Vp-(pxB)+ (E-B)(V,-b)
=b-(OB)+b-(VxxE)+B-(Vp xp)+ (E-B)(Vp - b)
=b-(B+VxxE)+B-(V, xp)+ (E-B)(Vp-b)

= (E-B)(Vp-b) = —(E-B) 2715 (p), (5.9)

where we have used the vector identity V- (v x w) = w - (V x w) — v - (V x w), the Maxwell equations
V-B =0and ;B = —V x E and the fact that V, x p = 0, since p is radial. Thus, Liouville’s theorem,
which demands that the LHS vanish, is violated at p = 0. However, strictly speaking, this semiclassical
description is invalid at the Dirac point p = 0, since the band gap for the Weyl Hamiltonian vanishes and
the adiabatic approximation needed to compute the Berry curvature breaks down. However, remarkably, the
U(1) anomaly is encoded in the symplectic structure, and can be recovered by considering the Boltzmann

equation far from the Dirac point.

Thus, the Boltzmann equation becomes

0 (Vpf) + Vs (VoI %) + Vi - (VpfP) = (E-B) 27/ 5°(p). (5.10)

The charge density and current associated with the Weyl fermions is defined as (Sec

3

3
pict) = [ sy flxpt). 36it) = [ G vok o). (1)

Integrating eq. (5.10)) over the entire momentum space , we get

3 3 3 ’
at/ (ijg \/ﬁf+Vx-/(;l7£3 \/ﬁfﬂ/(ij)'gvp-(ﬁfp) :—(E~B)/ (;i;;szp)- (5.12)
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The third integral vanishes, as it is a surface term. Substituting the expressions for the density and currents

leads to the anomalous conservation law

Op+V-J=——f(x,0,t)(E-B). (5.13)

1
(2m)?
If the zero energy state is (at p = 0) is filled up, then f(x,0,¢) = 1. This would be true, for instance, at

T =0, if the Fermi level is positive. Then, we recover the expression for chiral anomaly in 3 4+ 1 dimensions

ad]

DIt = — «(FAF). (5.14)

1
_~ E-B=
(2m)2 2! (2m)?
Thus, the anomaly is a direct consequence of the breakdown of Liouville theorem in the presence of a Berry

monopole.

5.1.2 A symplectic formulation

We can conveniently reformulate the above calculation in terms of the extended phase space formalism,
discussed in Sec. The relevant extended phase space is simply My = R x R3 x R3, with coordinates

(t,x,p). The semiclassical action of eq. can be written as
S[x,p] = /nH; nm = pidz’ — |pldt + A — a, (5.15)
so that the (generalized) symplectic form becomes
pr = dng = dp; A daz® — pidp; Ndt + F — §, (5.16)

with

1 1 . .
F= §ijdm“ Adx, F= i&jdpl Adp’. (5.17)

The Berry curvature is singular at p = 0, the band touching point. As a consequence,

dpy = dF — dF = —dF = —2m6°(p) d°p, (5.18)

1 Note that on R%! with Minkowski metric, *dt A d%z = —1.
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since dF' = 0 as the electromagnetic field satisfies the Maxwell’s equations, while

_ 108k

d% - 5 (")pi

dp'dp’ dp* = —

o (;eij’“gjk> d*p = (Vp - b) d®p = 216%(p) &°p. (5.19)

In Sec [2.5.3] we used the geometric formulation of Liouville’s theorem to define particle currents. Using
eq. (2.92)), the conservation law of particle number current becomes

_ _ 1 2
dxJ = /R3 ﬁgH(fQH) = (27‘()32! ‘/R3 dpg N PIrs (520)

where we have used the last line of eq. (2.79)) for the Lie derivative. Using eq. (5.18)), the integrand becomes
dpg A p3y = —dF A (dp; A da’ — pdp' ANdt + F —F)* = —dF A F?, (5.21)

where F' A F is the only term possible in the expansion of p%, since dF contains all three dp’s. Substituting

in eq. (5.20), we get the U(1) anomaly as

dxJ= —ﬁ (/Rs dg) F? = ﬁ ( g 53(p)d3p> F? = % (;)2 (5.22)

Thus, the anomaly is encoded in the symplectic form via dpg # 0. We shall refer to such py as an anomalous
symplectic form.

An alternative approach to compute the momentum integral is to split it as

1 1 1
— | dz=— / +/ dg = — §=-1, (5.23)
2T R3 21 B3(e) R3\ B3 (e) 2 S2(e)

where B3(e) is a ball of radius € centered at p = 0 and S?(¢) = dB>(e). The integral over R*\ B3(¢) vanishes
since d§ = 0 away from p = 0. In the last step, we have used Gauss’ law, since the integral is simply the

flux across a sphere which encloses a Berry monopole with unit charge, located at p = 0.

5.1.3 Discussion

The central idea of this computation of chiral anomaly using a semiclassical formalism is the interpretation
of the conservation of the U(1) current as a continuity equation, and hence the interpretation of the chiral
anomaly as a nonconservation of the number of Weyl fermion. Furthermore, the Dirac sea is incompressible,

as encoded in the validity of Liouville’s theorem far from the Dirac point, so that by simply following the
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particles at a given Fermi surface semiclassicaly, we can deduce the rate of production of the particles due
to the chiral anomaly.

In Sec kinetic theory was introduced as a formalism to extract macroscopic (and hopefully observ-
able) dynamical variables given an ensemble of particles described by Hamiltonian dynamics. Since the
U(1) anomaly turns out to be encoded in the symplectic form, its macroscopic effects can be seen in the

currents[26]. For instance, the charge current can be explicitly written as

3 ~
J(x,t) = / (gﬂl))?,f(t,xyp) (f)+E x 2|I;)|2 - 2|;|2B) (5.24)

The first two terms represent the conventional classical currents. The first term is the charge current due
to the motion of the particles, while the second term is the classical Hall effect, viz, a transverse current
in presence of an external electric field which leads to a sideways shift on the trajectory of Weyl particles.
Both of these are nonvanishing only if f(¢,x, p) is spherically asymmetric. Thus, for a spherically symmetric

phase space distribution function, the current becomes

_ - . p 1 1
J= (%)3/0 |p\2d|p|/52 dd; f(|pl) (p+E 3o+ 2|p|2B> =1 (/0 d|p|f(p|)) B. (5.25)

This current represents the chiral magnetic effect(CME), a current generated along the magnetic field, even
in the absence of an electric field. Given a phase space distribution function, one can explicitly compute
the CME coefficient using the chiral kinetic theory. For instance, given the zero temperature Fermi-Dirac

distribution with chemical potential p > 0, we get

1 e 1
Jome = ) (/0 dlp|©(p — |P|)> B= EMB- (5.26)

This result has been proposed for quark-gluon plasmas[35] in a high energy physics as well as for Weyl
semimetals in the condensed matter physics[32].

An obvious objection to this calculation is the use of Hamiltonian dynamics, which treats time and space
differently and is hence not manifestly Lorentz invariant. Indeed, even a way to reformulate it in a Lorentz
covariant fashion is unclear, since the Berry curvature 2-form contains differentials of only the three spatial
components of the energy-momentum 4-vector. On the other hand, the quantum field theory for Weyl
fermions is manifestly Lorentz invariant, and any low energy effective theory describing the same physics

must inherit that symmetry. In Ref [39], the chiral kinetic theory is shown to be Lorentz invariant, albeit
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with the coordinates transforming under a boost 3 as

1 1
x—x+0t+-—pBxp, p—p+Pec+-—(Bxp) xB. (5.27)
2|p| 2|p|

Furthermore, for consistency, the dispersion relation for the Weyl fermions needs to include the magnetic
moment as € = |p|—p-B/2|p|. This unusual representation of the Lorentz group arises from the fact that the
Weyl particles carry a nonzero angular momentum (spin), so that their ‘position’ becomes frame dependent.
Under a Lorentz transform, the ‘trajectory’ of the particle moves sideways by an amount proportional to

the spin, an effect known as Wigner translations. We investigate these aspects further in Ref [3].

5.2 Nonabelian guage fields

We shall next seek to generalize the calculations of the last section to include nonabelian gauge fields in
a semiclassical formalism. In Sec we discussed that the coupling to a (in general nonabelian) guage
group G requires that the Weyl fermion then transforms under a nontrivial representation A of G, which is
the “charge” of the Weyl fermion. Thus, in order to describe these internal degrees of freedom, we need to
“dequantize” therﬂ In more practical terms, since the gauge fields are now matrix valued and the action
is required to be a c-number, we need an analogue of the minimal couplings p - p — A and x - x —a. In

this section, we describe such a dequantization procedure.

Dequantization

Given a symplectic manifold (M, p), let { , } be the induced Poisson algebra (defined by eq. (2.30])) on
C*®(M,R), the space of smooth functions on M. The problem of quantization is then to associate with
this setup a Hilbert space ¢ and a Hermitian operator f: H — H for each f € C°(M,R), such that the

operators satisfy the Dirac quantization condition

{f.gy=h = [f.g]=1ih VY f,g.h (5.28)

Thus, quantization maps the Poisson algebra of the functions on M to a Lie algebra of operators on 7.

For dequantization, we seek to go the other way round, i.e, given a Hilbert space 5 and a set of operators,

we seek a symplectic manifold such that the corresponding Poisson algebra can be derived from the operator

2 We did not have this problem with U(1) since the Weyl fermions transform under the fundamental (defining) representations
of U(1) which simply changes the phase of the fermion field, and classical mechanics is oblivious to absolute phases of the
wavefunctions.
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algebra on 7 by using the Dirac quantization condition backwards. There is no solution to this problem in
general; however, we only seek a special case. Given a finite dimensional unitary irreducible representation
of a compact semisimple Lie group G on some complex Hilbert space 5, we seek the corresponding finite

dimensional compact symplectic manifold.

Precisely such a correspondence was described in eq. of Sec for the regular coadjoint orbits
of G with the Kirillov form. The quantum mechanical system can be recovered from the coadjoint orbit
using geometric quantization[94], 03], which, for coadjoint orbits, turns out to be identical to the problem of
constructing the unitary irreducible representations of Lie groups. This connection, and the use of geometric
quantization to construct unitary irreps, is usually termed the orbit method and was developed by Kirillov[72],

Kostant and Souriau.

Quantum mechanics and symmetries

Consider a Hilbert space 5, on which a representation A of G is defined. Let X = iX @), be a generator
of a symmetry on ¢ with X* € R, and define X = iX*\, € g. Given a state |[¢)) € S, we can use it to

define a functional F,: g — R as
Fy: X = —i(]X[e) = X (@ Aalt)) = X a0, (5.29)

where oy 4 € R since it is a diagonal element of a Hermitian matrix Ma. Since F is linear, by definition,
Fy € g*. Defining ay = oy, A* € g*, where A® is a basis of g* dual to g, we can alternatively write

Fy(X) = (o, X) = tr {aX}, where in the last step, we have used the Killing form.

Under an adjoint action of the group, X + gXg~!, F, transforms under the coadjoint representation.

Explicitly, we can write the orbit as

X gXg ' = Fy(X) = tr{oyXgXg '} =tr{g layg X} = tr {QX}, (5.30)

1

where () = g7 " g defines coordinates on the coadjoint orbit O, of a;. Thus, symmetry transformations of

X as X — gXg~! can alternatively be thought of as a translation on Oy, under the group action @ — g~ *Qg.

This is a classical version of the original operator algebra, as given X,Y € g, using eq. (2.41)),
{X,Y} = XYQu, @} = XYy Qc — [X,Y] = XVP[Aq, M) = XY *fiAe. (5-31)

We should be able to quantize it to obtain the representation A back; however, that does not work for any
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choice of |1). For a compact semisimple Lie groups, the unitary irreps are completely characterized by their
highest weights[72], and one needs to take the highest weight state, |A), in order to be able to recover A on
geometric quantization. Thus, hereafter, we set F/(X) = X*(A|A.(\.)|A), and the corresponding coadjoint

orbit is denoted by Oy .

Recall that the regular coadjoint orbits of a compact semisimple Lie group G are equivalent to G/T, where
T C G is a maximal torus of G. A suitable set of coordinate on O, is defined as Q = g 'arg = Q%\,,

where g € G, ap € g, Q* € R, \'s are the generators of g and a = 1,2, ...dim (G).

Dequantizing nonabelian gauge fields

We shall use this construction to encode the nonabelian gauge fields which can be denoted by differential
forms valued in g, i.e, A € Q'(R™!) ® g. The corresponding curvature is defined as F' = dA —iA A A. The
classical version is defined on R™! x O, with coordinates (¢,x, Q). Demanding that @ also transform under
a gauge transformation, we seek to construct gauge invariant combinations involving A and F. Using the

notation of Sec under a nonabelian gauge transformation by h(t,x) € G,
A hrAh + ih~tdh, F — h™'Fh, Q — htQh, (5.32)

so that A and F' transform under the adjoint action by h~! (instead of h). Then, F=tr {QF} is invariant
under this gauge transformation. However, tr {QA} does not work, since we need to cancel off the h='dh
term. However, including the Liouville fornﬂ wg = dg g~ ! for the coadjoint orbit, we get a gauge-invariant

1-form

tr{Q (A+idgg ")} = tr {h 'Qh[(h""Ah +ih~'dh) +id(h ' g)g 'h]}
=tr {h'Qh [h""Ah+ ih~ " dh —ih~'dh +ih " dg g~ h] }

=tr{Q (A+idgg™")}. (5.33)
Thus, our dequantization prescription is to upgrade
M Mx0y, A= tr{QA(A+idgg™")},  Fw— tr{QFY}, (5.34)

which encodes gauge transformations in the translations on Oy by the coadjoint group action.

3 This is reminiscent of the right-invariant Maurer-Cartan form on G. This is not a coincidence; the Maurer-Cartan form
Op is simply the pullback of wg under the projection G — G/T = Ox.
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Traces and integrals

In nonabelian gauge theories, one often encounters traces over the given representation of the gauge group
(Sec3.1). We now seek the corresponding classical analogue, which should be integrals over the coadjoint
orbits. The symplectic form on Oy can be written as p = dwr = wgr A wg, where we have used Cartan’s

structure equation. Using eq. (2.73), the volume measure on O, is then given by

dup = [—itr {QuE} ™, ma= %dim(OA) : (5.35)

(QW)mAmA!

Next, we seek the classical analogues of the traces of the form try {5\,11 e 5\% } The first guess would be

| dunQas -+ Quy = Str{Aa, - Aay - (5.36)
Q

However, this integral is only approximate, with an error that tends to zero as we increase the dimension
of the representation. For instance, the simplest such integral contains no @,’s, which we expect to be the
correspondence between the dimension of the representation and the volume of the corresponding coadjoint
orbit

dim (A) = trp{1} +— vol (Oy) = /O dpp, (5.37)

However, to recover the dimension of A exactly, one needs to expand the coadjoint orbit slightly and integrate
Oy instead of O, where we have shifted the highest weight vector A by the Weyl vector 20 (See Appendix
C of Ref. [2] for details). This “fudge factor” 20 can be thought of as a quantum correction, which also
improves the approximation for the remaining traces. Hereafter we shall assume that all integrals are over

the Weyl-shifted coadjoint orbits.

Example: SU(2)

To illustrate the dequantization, we again consider SU(2), for which we constructed the coadjoint orbits
explicitly in Sec m Recall that the unitary irreps of SU(2) are labeled by positive half-integers (spin)
j € Z*/2, and are 2j + 1 dimensional. Given j, a complete basis of ## = C2/*! is then given by the
eigenstates of S3 = o3, as

S3lj,m) = |j,m), —j<m<j. (5.38)

Here, the Cartan subalgebra is 1-dimensional, spanned by o3. The only root is 1, so that the Weyl vector,

i.e. half the sum of roots, 20 = % Also, m is the weight of a given state, and the highest weight state is
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simply |4, 7). Thus,

so that the relevant coadjoint orbitE| is a 2-sphere of radius j, with the symplectic form jQ(S?). Its volume

can be computed by

™ ™

. . T 2
vol(0;) = i/52 0(S?) = QL/O @ | do sing = 2j, (5.40)

where we have parametrized S? in polar coordinates as

(Q1,Q2,Q3) = j(sinf cos ¢, sin O sin ¢, cos 0) (5.41)

The volume of O; is only an approximation to 2j +1 = 2j(1 +j~'), with an error of order 1/ which tends
to zero as j — oo. To recover the dimension precisely, one needs to integrate over a sphere of radius j + %,
which is precisely the Weyl shift j — j + 20.

As an illustration of integrals containing more @Q’s, we note that the integrals containing a single @,
vanish, since the measure is symmetric under Q, — —Q,, while those of Q2 can again be evaluated in polar

coordinates on S2. For instance, the integral of Q3 = j2cos? @ can be computed as

jS s 27 T j3 - 2]3
/ dp;Q3 = —/ d@/ df sin cos® § = fj?’/ d(cos ) cos® § = —“—cos® | = “Z-. (5.42)
0; 2T 0 0 0 3 0 3
The corresponding quantum traces can be computed using the basis of S5 as

J

t{sgh = > GmISilm) = D0 m? (5.43)

m=—j m=—j

which can be computed using Feynman’s trick

102 < 1 9% sinh(2j + 1)a
t S2 P 2am —
r{ss} 4 da? Z 49a?  sinha o0
m==J a—0
1., , cosh(2j + 1)« ) sinh(2j + 1)acosha  sinh(2j 4+ 1)« 9
= lim [(2j +1)°——=—"— —2(2j +1 1 h
4 O‘IL% [( it sinha (27 +1) sinh? o + sinh® o ( +eos a)
J .2 . 2j3 3 1
==(2 3 l)=—"(14+—=4+-—= 5.44
5 (27435 +1) 3(+2j+2j2 , (5-44)

which again agrees with the integral upto errors of order j—'.

4 Recall that for SU(2), we showed that the coadjoint orbit for X - o is simply a 2-sphere of radius |X]|.
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5.3 Nonabelian anomaly in arbitrary even dimensions

The symplectic formulation of the chiral kinetic theory, as discussed in Sec [5.1.2] can be generalized in
two directions: coupling to nonabelian gauge fields[I], and considering dynamics in higher dimensions[2].
As Weyl fermions (and chiral anomaly) are defined only in even spacetime dimensions, we consider a Weyl
fermion on R™!, n = 2N +1, coupled to a nonabelian gauge field with gauge group G, which we assume to be
a compact semisimple Lie group. In Sec[4:2:3] we computed the Berry curvature for the Weyl Hamiltonian,
and showed that it has the gauge group Spin(2/N), which is nonabelian for N > 1. Thus, the positive energy
wavefunction for the Weyl Hamiltonian transforms under a representation A of G, when parallel transported
along x, and under a representation £ of Spin(2NN) when parallel transported along p. We now discuss the
computation of anomalies in a semiclassical setup, using the dequantization prescription of Sec[5.2)to couple

the nonabelian gauge fields to the classical particle.

5.3.1 Generalized symplectic form

We wish to upgrade the Liouville 1-form for the 3 4+ 1 dimensional abelian case
ng = pidx’ — |pldt + A —a (5.45)

to a more general case where A and a are both nonabelian. Following our prescription from eq. (5.34)),
we define the extended phase space as My = R x RN+ x R2N+1 % O x Og, on which we propose the
presymplectic form

g = pidxt — Ipldt +tr{Q (A+iwg)} —tr{Q(a+iwg)}, (5.46)

where @ and 9 denote the coordinates on Op and Og, respectively, and wg and tog are the corresponding

Liouville 1—formsﬂ To compute pg, we need the Cartan structure equation dwg = wr A wg, and

dQ = d(gag™") = dgag™" — gag~'dgg™" = [dgg~", Q] = ~[Q,wr].
Thus, for a general matrix-valued r-form X, we can evaluate

dtr{QX} =tr{dQ N X + QdX} = tr {—[Q,wr] N X + QdX} = tr {Q (dX — [wgr, X]y)}, (5.47)

5 The Liouville 1-form is related to the Maurer-Cartan 1-form on the Lie group manifold. Explicitly, the pullback of wg
under the projection map G — G/T = Op is simply the (right) Maurer-Cartan form on G.
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where x = (—1)"*1. For X = A —iwg, we get

dtr{Q(A+iwg)} =tr {Q (dA—i—iw% — [wgr, A+ — i[wR,wR]+)}
=tr{Q(dA—iANA+i(ANA+iwg NA+iANwRr —wr ANwg)}

=tr{Q (F +i(A+iwg)?)}, (5.48)
where F' = dA — iA?. With a similar computation for dtr {Qa}, the generalized symplectic form becomes
pr = dpi Adx' —dp| Adt+ F —F +itr {Q (A+ in)Q} it {s:z (a+ imR)Q} , (5.49)

where we have defined F' = tr {QF} and § = tr {QF}. Using the fact that the gauge curvatures transform
covariantly under gauge transformations, as well as eq. (b.33)) for the last two terms, we deduce that all

terms in the symplectic form are gauge invariant under both G and Spin(2N).

Note that F and § can be thought of as analogues of ' and § from the abelian case. They are closed
on My (analogous to dF' = d§ = 0), which follows from dF —i[A, F] = 0, the nonabelian generalization of

Maxwell’s equations. Explicitly, using eq. (5.47)),

dtr {Q (F +i(A+iwg)*)} = tr {Q (dF —i[A, dA] + [dA,wg] + [{A,wr}, wr) — [dA, wr] + [(wgr)?, A])}
=tr{Q (dF —i[A,dA] + [dA, wr] + [{A, wr},wg] — [dA, wg] + [(wgr)?, A]) }

= tr {Q (dF —i[A, F]))} = 0. (5.50)

Thus, we can schematically write d§ ~ 27 0" (p)d™p, which again represents the Berry monopole at p = 0.

The extended phase space is endowed with the volume form

1 m
where
1, .. 1.
m= i(dlm(MH)—l):n—&—mA—&—mg, n=2N+1, ma=§dlm((’)a), (5.52)

Recall that for a given z € R2N*! the gauge field A(z) (but not its derivatives) can be set to zero by
gauge transformations. Thus, by suitable gauge transformations, at a given point on (¢,x,p) € R*V+3 the
last two terms of eq. (5.49) can be made into —itr {Qwgr A wr} and itr {Qwpr A togr}, which are simply the

symplectic forms on Op and Og, respectively. Thus, we can factor out the volume forms on Oy and Og to
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write the volume form Qg as

QH _ N) 2N+1

dp; Ndz' —dlp|Adt+ F —F AdtA pp A g, (5.53)

v (

where ua and pge are the normalized invariant volume measures on Oy and Og, respectively.

5.3.2 Anomaly calculation

We can now compute the nonabelian singlet and gauge anomaly, analogous to the abelian case of Sec

We start with the singlet anomaly, i.e, the nonconservation of particle number current:

J“:/ firQy (5.54)
'92

where the integral is over & = R2N+L x Oy x Og. Using eq. (2.92) and assuming that the distribution
function, f, is advected with the flow, i.e, L5, f = 0, the conservation law for the particle number current

becomes

d*J:/y sy (fr) = m/@mp’g, (5.55)

where we have used eq. (2.79) for the Lie derivative. Using eq. (5.53), we are left with the integral

dx.J = L d(dp; Ada' —dlp| Adt + F §2N+1 5.56
* (27T)2N+1(2N+1)!/OA'LLA/OEME/R2N+1 (pl v |p| T ) ( )

Since the RHS vanishes far from p = 0, we use the same trick as eq. (5.23)) for the abelian case to write this

integral as a boundary integral over S2V(e). To compute the integral over SV (¢), define

(5.57)

1 -\ 2N+1
Iy = ) .

(2N7+1)![52N (dpi Adz' — pidp; Ndt + F —F

Since the integrand is a (4N + 2)-form, we need terms in its expansion containing exactly 2N dp’s and

(2N + 2) da’s. All such terms are of the form

)2(N7k

(dpi A da' — dJp| A dt PAFEAFRL 0 <k <N.

But since § is globally defined and closed on S2V(e), for k < N we can rewrite these terms as

)Z(N—k)—l

d {(pidxi — \p\dt) A (dpi Adx' — d|p| A dt ANFFTIAZEL. 0<k <N,
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This is a boundary term and 9S?Y = 0, so that these terms integrate out to zerﬂ This trick does not work

for k = N, since [2(N — k) —1],_5 = —1. Thus, only the term with £ = N can potentially integrate to a

S2N

nonzero value over , and we are left with

f¥ 2N +1 SNl = N7#~N+1/ i e N

The conservation law becomes

N+1
(_

1 F LN AN
dxJ = (N+1)!/<9A A <2ﬂ> TN /SQN(E)/(% e <2W> . (5.59)

SQN

The integral over x Qg can be computed using the integral over the coadjoint orbit(eq. (5.36))) as

FVdpe = 34 ... 3w / dpaQa, - Qay =F . F¥Str{Aa, ... Aoy } = Stre (V) (5.60)

O,Q OQ

where Stre(.) denotes the symmetrized trace over the representation Q. Thus,

(-~ 3 (=N 3 B
N! /SzN(e) /OS pe (271-) N N! n/SQN(e) Str}: % B 1’ (561)

where we identify the last integral as the Chern character of §, and use eq. (4.54) to set Cy = (=1)V for

the positive helicity Weyl fermion. Similarly,
/ FN*ldpy = Strp (FNFL) . (5.62)
Op
Substituting eqns ((5.61)) and (5.62)) in eq. (5.59),

1 ﬁ' N+1

which is the nonabelian singlet anomaly for the particle number current.

Similarly, to compute the gauge anomaly, we define the gauge current as

Ji =/ fQai" Qp. (5.64)
@

6 Alternatively, we can use the homology H* (S2¥,Z) = Z, k = 0, 2N and 0 otherwise[73} [70] to infer that S?V has no
nontrivial cycles in any dimensions except 0 and 2N, so that the only closed-but-not-exact forms that can integrate to a nonzero
value are top forms on S2VV.
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Using eq. (2.91]), the conservation law for the gauge current becomes

1=n+1

2m
dxJ, — /@ ( S %%) FQy = /32 Qu Lz (F ). (5.65)
—/._/
=Qa

Using Q, = fachZ¢”Qc, the second term on the LHS becomes fgbAZJé‘. Thus,

~\ N+1
1 F
— c Ab c
DxJ= d*Ja =+ % I:fabAux#Q } = mstr,\ (}\a%> s (566)

which is the expression for the nonabelian gauge anomaly in 2N + 2 spacetime dimensions.

5.3.3 Under the hood

In this section, we expand out the general but somewhat formal computation of nonabelian gauge anomaly
from the last section to the more familiar form for the case of 3 + 1 dimensions. This calculation is a direct
generalization of the abelian anomaly calculation by Stephanov and Yin, as described in Sec It further
exposes the connection between the ‘classical’ coordinates @ on the coadjoint orbit and its quantum analogue.
The fundamental reason why this calculation is tractable in 3 4+ 1 dimensions is that in 3 dimensions, the
exterior product of two 1-forms is dual to another 1-form, or, in more plebeian terms, that we have ‘vector

product identities’.

In 3 + 1 dimensions, our proposed semiclassical action for Weyl fermions becomes
S[x,p, ] = /dt D%+ tr {Q (Aui* +igg)} — p| — a-p]. (5.67)

The Berry phase is abelian, as was the case in Sec and A 2" = Ao+ A -x, as #® =f=1. By
varying the action w.r.t x(t), p(t) and g(t), or alternatively, by expanding out i. pg = 0, We can express

the equations of motion in a forms similar to eq. (5.4) as

X=p+pxb,
p =tr {QE} + x x tr {@B},
Q=—1iQ, Ao+ A %], (5.68)
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where we have defined the matrix-valued electric and magnetic components of the Maxwell tensor as
E,=Fy, B;= %eiijjk; F., =0,A, —0,A, —i[A,, A (5.69)
The nonabelian version of Maxwell’s equation is dF' — i[A, F] = 0, which can be written in coordinates as
O Fun — i[Ap, Fuy] =0, (5.70)

where the square brackets in the subscript denotes cyclic permutation over indices. For all spacelike indices,
we get

eijké),»ij = ieijk[Ai, ij] — 8ZB’ = i[Ai, Bi], (571)
while setting A = 0 and pu, v to be spacelike, we get
0;Fjo + 0;Fo; + 0:Fij = i ([Ai, Fjo] + [A;j, Foi] + [Ao, Fij]) (5.72)
which, on multiplication by %eij k. gives

1 .. 1 ..
F€ 7 (OB — 0,E;) = ST (=0, Fy; + i[Ay, Bj] — i[Aj, Bi] + [Ao, Fyj))
— €O, E; = —0,B" +i[A, B + i"[A;, Ej). (5.73)

These are the nonabelian analogues of Maxwell equations derived from dF = 0. In vector notation, these

can be written as

V-B=i(A-B-B-A)

VXE=-9B+i(A4B—-BA4g) +i(AXE+EXxA). (5.74)

The gauge anomaly arises from a breakdown of Liouville’s theorem, £, Qy = 0. Thus, we need to

compute

0 0 ¥ 0 » 0 )
% Loy = g (Vom) + g (Vo) + 5 (Vo) + e (ViR Q7). (5.75)

where we now have an extra term corresponding to the coadjoint orbit coordinate. But QQ = Q%)\, satisfies

Q= Q"N = —iQ"(Ao + A - %)\, A = Q" = J2 Q"(A§ + A° - %) = fy QAL i, (5.76)
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so that

0 . 0 7]
aar (VPr Q") = gan [Vom i @ AL] = i AS, | Vom0, + Q' g (Vo #)

0
= Q" Ay 550 (Vom) + Q" AC

aQa ( PH X) ) (577)

oQ*

where we have used the antisymmetry of the structure constants to set f,2 6% = 0. Substituting in eq. (5.75)),
0 u (9 a .

*ESHQH = +fabQ AOaQC VP H + +fabQ Az 8QC (\/ @ ) pz (\/ PHP ) . (578)

Comparing with eq. (5.5), we note that including the coadjoint orbit has essentially replaced the partial
derivatives with classical analogues of the (gauge) covariant derivatives! Similarly, the assumption that f be

advected with the flow can be written explicitly as

9 c ya Ab 9 . i c na Ab 9 9 _
|:<8t +fabQ AOan> + @ (axl +fabC? Az an) +pl p1:| f =0. (579)
The equations of motion can be solved for x and p as
prx=p+tr{QE} x b+ (b-p)tr {QB},
Vorp =tr{QE} +p x tr {@B} + (tr {QE} - tr {@B}) b, (5.80)

with \/pg =1+ b-tr {QB}. Thus,

(57 +1 @b 50 ) v = -t {Q(8 - iLdn B}

(axl+faan ’an)( Vpm it —b-tr{Q(VxE—z‘(AxE+ExA))}

+(p-0)tr {Q(V-B —i[A,B])}

3%- (Vpup') = tr {QE} - tr {QB} V - b (5.81)

Substituting in eq. (5.78) and using the nonabelian Maxwell’s equations, we are again left with only the

V - b term. Hence, combining these terms with the Boltzmann equation, we get

(8 =+ fab QGAO 8Q5> (\/Ef) ( 0 -+ faanAz 8QC> (\/ﬁ?f ) pi (\/Efpl)

= —f(Q,x,p) tr {QE} - tr {QB} (V - b) (5.82)
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Integrating over the momentum space and setting f(Q,x,0) = 0 yields

3
et (@B} (@B) = [ 4T ( 115 Q0A oagc>(\/ﬁf)+(8az+fabQ“Alan>(\/pT{fgg)

ol s [ ], o

where in the last step, we have taken Ab " Q). inside the Q-derivative, since A is independent of @ and §¢,62 = 0.

To compute the anomalies, we define the particle number and the gauge 4-currents as

3
J“(x,t):/(d sia f(Q, %, p)y/pr &,

)
Ji(x,t) = /(d ﬁguAQa (Q,x,p)\/pu ", (5.84)

where pp is the invariant measure over Q. For the singlet anomaly, we simply need to integrate eq. ([5.83)

over O and use the fact that 00, = 0 to get

BT = —

G BB /o AMAQaQb:—(;T)Q BYSu(Ah) = —gpSHE-BL (55)

On the other hand, for the conservation law of the gauge current, we need to multiply eq. (5.83) by @, and
then integrate over Oy. Here, @, is merely a weight in the integral and does not parametrize the trajectory,

so that Q, = 0. Thus, the first term of the integral is simply 0, J, while the second term, on integration

a7

by parts, becomes

e ddp . . c e Ab ddp . _¢c b
/OAMAQQ o [febQ /L/Wmfxﬂ/mmac [febQ A/L/W\/ﬁfx“}fab/lww

where we have used the antisymmetry of §,; in the last step. Thus,

1 1
123 C b yu — — . ¢ = —— b . ¢
0Tt + T AL =~ 5™ B ( /o A MAQaQbQC) B BOS DA (5.86)

which is the covariant form of the nonabelian gauge anomaly.

Thus, using vector product identities (and some tedious algebra), we recover the expressions for the
nonabelian anomalies in 3 + 1 dimensions. The central point of this calculation is the intricate fashion in
which the terms depending on ) assemble to form covariant derivative of * instead of the usual partial

derivative.
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5.4 Anomalous hydrodynamics using chiral kinetic theory

In this section, we construct a hydrodynamic description for positive chirality Weyl fermions in 2N + 2
spacetime dimensions coupled to a U(1) gauge field using a semiclassical description and compare it to the
results derived from thermodynamic considerations in Sec[3.3] This involves using kinetic theory to construct

the macroscopic currents using the equations of motion and a phase space density, as described in Sec [2:5

Extended phase space

In Sec we discussed the semiclassical Hamiltonian description of Weyl fermions in an inertial reference
frame. However, for hydrodynamics, it is more natural to consider the co-moving frame, defined by the
given velocity field u#(z). As the frame may in general possess a nonzero acceleration as well as vorticity
(Q = du # 0), we need a way to include the inertial forces in our formalism. In Appendix we derive
the generalized symplectic form in a noninertial reference frame, and show that for massless particles, it is
reasonable to include the inertial forces in the symplectic form as py — pg + €Q (accurate upto the linear
order in ). This is reminiscent of the minimal coupling to the electromagnetic field, with the energy e
serving as the “charge”.

The relevant extended phase space is given by My = R" X R x O¢, n = 2N + 1, where Og is the
coadjoint orbit corresponding to the dequantization of the nonabelian Berry phase, and we do not need the
corresponding coadjoint orbit since the gauge group is U(1). The phase space is 2M + 1 dimensional, with
M=n+ %dim (Og) =n+ my. The Weyl fermions, in a reference frame comoving with a fluid of velocity

u such that 2 = da, is then described by the generalized symplectic form
pr =dn = dp; Ade' — de Ndt+ F + Q) —§—itr{ﬂ(m3 —ia)z}, (5.87)

where we have locally set u* = (1,0,...0) by a suitable Lorentz transform, so that —dt = u. We shall need

both positive and negative energy sectors here, so that ¢ = ¢|p|, ¢ = %1.

Grand potential current

In Sec we showed that the anomalous contribution to macroscopic currents can all be derived from a
grand potential current G. To derive this current from the microscopic description, we assume that the
Weyl fermions are in equilibrium(and hence described the the Fermi-Dirac statistics) with respect to the

reference frame in which the generalized symplectic form is given by eq. (5.87). Then G* is simply the
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current associated with the 1-particle grand potential g(e) = =7 In (1 + 6_5(5_“)) (See Appendix for
details), so that using eq. (2.89)), we can write G* as the phase space integral

Gr = /@ (377; djn v/pr () i, (5.88)

where & = R"™ x Og. To compute this, in principle, one next needs to solve the equation of motion
(is,pa = 0) for \/pu #%, which can then be integrated over the momentum space and the co-adjoint orbit.
In 3+1 dimensions, this is straightforward[26], and one gets

. 1 ..
VoEX=cp+bxE+ (p-b)(B+cplw), bl = §€ngjk. (5.89)

However, the task is much more complicated in spacetime dimensions greater than 4. Thus, we follow an
alternative approach using the symplectic formulation of classical mechanics, which lets us compute such
currents without computing ,/pg @' explicitly.

Taking the Hodge dual of eq. ([5.88)), we get

1

— n ] - y v dnp
=5 V Dzt AL det A ddett A L de | 2P .
g @) /3;, G (;( Yidae! AL dxt YA Gd T A L de ) n) Adt A dpy, (5.90)

where we have used overbars for Hodge duals, a notation introduced in eq. (3.38). The differential form in
the parenthesis is simply
i, (d'z) =i, (/\ dﬂ) = Z(—l)’daxl A.odrTUA BT A L da”,
i=1

i=1

so that the integration measure of eq. (5.90)) can readily be obtained as an antiderivation of the symplectic

volume form, with only one term at O(d"~'z):

is,Qm =1, (Vogd'z Nd"p A\dt A dpun)

= px [iy, (d"z) Ad"p Adt A dpy + terms involving d"xz] . (5.91)

Thus, to compute G, we simply need to integrate is g terms over & = RN+ 0 2 RT x S2N x Oy, where

R* denotes the radial |p| axis. This automatically picks out the relevant terms, as any terms containing all
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dz’s will not be a top form on &. Using the equation of motion i, py = 0, we get

i, =i, <m!pH/\dt) =P (5.92)
so that
0~ 3y | 9
= Cnymml J, P
1 o , o
= —— d o dp; Ndx* —de Ndt + F Q— A (—dt), 5.93
s | |p|g<a>/mmfw(p v —dendt+ F+e0-F)" A (—dt) (5.93)

where we have peeled off one (—de A dt) from p7} to get the measure on R*. Except for the integral over ¢,
this is identical to the expression for the conservation law in eq. (5.56). As in Sec eq. (5.61) , we can

perform the integral over O¢ x SV to get

2 o) N
Q:%(—dt)/\/o %g(e) <F;f9) : (5.94)

Finally, substituting u = —dt, ¢ = 1 and using eq. (3.43)),

_ U °° d|p| gB + c|p|w N
FUC RN ) wrapw) 5.95
G~ / Plgtelpl) (S (5.95)

where the subscript ¢ = s + 1 denotes the positive/negative energy sector. This is precisely obtained eq.

(3.65)), which was derived in Ref [I6] using thermodynamic arguments.

At finite temperatures, there will be excitations from both positive and negative energy sectors of the
positive chirality Weyl cone. In order to derive physically meaningful expressions at a finite temperature,

we must include both of them, and define

- % A [/Ooo é'—f:'g(lpl) (BZWPW)N + /OOO %g(—lpl) (W)N] : (5.96)

Substituting |p| = € in the first integral and |p| = —¢ in the second, we get

_ U > de B+ew\V
Q:N!/\/Oo%g(a)( a > . (5.97)

This integral is clearly divergent, as g(¢) ~ (¢ — p1) for € = —oo. This is expected, as we are integrating over
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an infinitely deep Dirac sea. In order to regularize this integral, we need to subtract off the zero temperature
vacuum contribution, where we define the “vacuum” as the many-body state where all 1-particle states with
€ <0 (i, below the Weyl node) are filled up. Since at T'= 0, g(¢) = (¢ — u)O(u — €), where p > 0, define

the regularized grand potential current as

gr—n [~ E e - - wer-a) (2E2) (5.99

oo 2T 2m

Using the explicit form of g(g), we next need to compute this integral explicitly. We use a standard trick:

Generating function

As in Sec we define a generating function for G as

Areg __ > ﬁ o B . > ﬂ B+ cw N
Gro=un [ el - -meral 3 (P57
—une® [ E 96) ~ (e~ mO(—2)) e F, (5.99)

where the sum should be thought of as a formal sum, i.e, we treat w and B as c-numbers instead of differential
forms. The integral so obtained is simply a generating function for a Sommerfeld expansion. To evaluate

the integral, consider

fo)= [ o) - (e - we-e)le- (5.100

The Heaviside integral part is easily evaluated using Feynman’s trick:

O de e 0 O de . 0 1 1+ po

For the remaining integral, substitute s = e®(¢~#) and integrate by parts:

> de - 1 [ ds 1 g
- o — _ _— Inl1+= BB
/_OO 27Tg(€)e 2rB Jy PBs n< * 3) (5¢)
et [ e 1
= - — dss? "In(14 -
271'52/0 S S n( + s)

e T8 o NN 1
o [os’”“ (”s> . ‘E/o ds 57 (‘s<s+1>ﬂ
m

ero °°d sF71 ero
- 27raﬁ/0 sl " 208sin (w0 /B)’

(5.102)
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where in the last line, assuming o < 3, we have used the integral

o0 Safl T
ds = — , 0<a<l. (5.103)
0 1+s sin(ma)

From eq. (5.102) and eq. (5.101)), we get

N
B
We also note that
1 ﬂ,ﬁa L 1 I u? T 9
o _ e = @) 5.105
2102 Gin (%;) € 2mo? + 2ro + (47T + 1232 o+ 0(), ( )

so that the integral of the ‘regulator’ (¢ — u)©(—¢)e?® precisely subtracts off the singularities of the divergent
integral of g(e)e?®.

Substituting the integral in eq. (5.99), the generator of the regularized grand potential current becomes

wT

_ s 2 9 s
Gred = —u A e =1 5 28 otse (1 + iWT) ; (5.106)
(w7)? | gin (;%) o7

which is identical to the expression obtaine(ﬂ in Ref. [I6], as discussed at the end of Sec Thus, we
get the magical similarity between the generating function for the grand potential function and that for the
mixed anomaly for Weyl fermions, which essentially follows from the fact that the Sommerfeld integral is

equal to the generating function for the A—genus.

7 After replacing w — 2w 4, as they defines their vorticity as the angular velocity, w 4.
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6 TRANSFER MATRICES

Transfer matrices, also known as the monodromy matrix in dynamical systems literature[54] [55], arise
naturally in discrete calculus as an alternative representation of finite order linear homogeneous difference
equations (recurrence relation). Dividing the system into finite-sized blocks, they are linear operators that
implement a first order shift on a block. While containing the same information as the original differential
equation, for periodic systems, they are a useful tool to extract the global behavior of the solutions, since

their spectra determine the asymptotics of the solutions.

For noninteracting tight-binding models of condensed matter systems, the wavefunctions are solutions of
the Schrodinger equation, which can be recast as a linear homogeneous difference equation. The asymp-
totics of wavefunctions then determine the physical nature of the solutions, viz, the bulk and the boundary
eigenstates. Thus, transfer matrices have been used to study lattice models for topological phases of matter,
which exhibit a nontrivial bulk state topology as well as nontrivial edge states. However, the traditional
construction of transfer matrix for such systems fails when a certain “hopping” matrix is singular, which
happens to be the case for quite a few commonly encountered models (as we shall see in Ch .

In this chapter, we propose an alternative construction of transfer matrices which works even when the
hopping matrix is singular. We discuss various features of this construction, as well as the general formalism
to extract physically meaningful data, viz, the bulk and edge spectra, from the transfer matrix. These
somewhat formal analyses are substantiated by explicit computations for an assortment of models of common

interest in Ch [l

6.1 Transfer matrix preliminaries

We begin by illustrating the idea of a transfer matrix using a simple example. Consider then the homogeneous

linear difference equation

R
Zy = ZATM Zp_¢; n >0, (6.1)
(=1
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where z: Z — CV, A, m € Mat(N,C) and the initial condition z, = z2 for —R < n < 0. Then, this

difference equation can easily be recast as

Zy An,l An,2 oo An,Rfl An,R Zn—1
Zn—1 1 0 . 0 0 Zp_—2
- (6.2)
Tn—R 0 0 N 1 0 Tn—R—1
3, T D1

This reduces the problem to the form ®, = T}, ®,_1, i.e, a first order difference equation for ®: Z — CEN,

where T, are the transfer matrices. We can “solve” the system by setting
T
Oy =TTy Tk Bo= (2 2% .. 2%p, ) 6.3)

Furthermore, if the system were periodic, i.e, if A, , is independent of n for any ¢, then the solution can
simply be written as ®,, = T"®.

Thus, in general, given a linear homogeneous discrete equation with solution ®: Z — C*¥, the transfer
matrices are a set of linear operators T,,: C*¥ — C*', n € Z such that we can write ®, = 7,,®,_1. In
the following analysis, we shall always assume our difference equation to be translation invariant, so that
T, = T. Given the initial condition &y = ¢, the solution can then be computed explicitly as T"p for n > 0,
(and also for n < 0 if T is invertible). More importantly, however, the transfer matrix is an excellent tool
to extract the asymptotic behavior of the solutions, which is our primary interest. We shall next show that

the information about the asymptotics is encoded in o [T], the spectrum of 7.

To begin with, if &5 = ¢ is an eigenstate of T" with eigenvalue p, then
P, =T"p=p"p, (6.4)

so that the solution grows exponentially with base p. Thus, for n — oo, the solution grows exponentially
for |p| > 1, decays exponentially for |p| < 1 and stays finite for |p| = 1. For arbitrary ¢, let |.| be a vector

norm on C** and || be finite. Then,

lim |@,] = lim [T"¢] <[] lim [|T"]; [T = sup [T"®], (6.5)
n— 00 n—ro0 n—ro0 |®|=1

where | .|| is the matrix norm on Mat(.4",C). If T is a normal matrixEI7 it can be written as T = U -© - UT,

1Recall that a complex square matrix X is termed normal if it commutes with its adjoint, i.e, if X - XT = XT. X. The
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where U € U(N), so that

lim |®,] < || lim ||U-©"-UT[| < p| lim [|©7]] <[] lim [©]", (6.6)
n—oo n—o0 n—oo n—00
since ||U|| = 1. Furthermore, since © = diag{p1, p2,...p.s}, with the p; € o [T] indexed in an increasing
order of magnitude, i.e, |p1] < |p2| < -+ < |ps|, its matrix norm can be explicitly computed to be |p_s|.

This provides an upper bound on the growth rates of the solutions for arbitrary initial values . Thus, for
a normal T,

o[T] ¢ B2 = All solutions decay as n — oo, (6.7)

where B2 = {z € C||z| < 1} is the open unit disk in the complex plane,

For a normal T', we can further refine our analysis by defining projectors P,: C** — C to the eigenspace
of T' corresponding to the eigenvalue p,. Explicitly, if p, has multipliticy k, its eigenvalue problem T'¢, ; =
Ps¥s,i, © = 1,...k define the projectors explicitly as P, = Ele %,i@z,i- The diagonalization of T is
equivalent to writing it as

T = Z pspsv PPy = PP = 653’7337 (68)

with ps € o [T]. Using these projectors, we define

Pe= Y Pu Po= Y P P-= Y P, (6.9)

lps|<1 lps|>1 lps|=1

which satisfy P + P> + P= = 1. Defining

To=TP.= Y poPePe= > pobssPs= > psPs, (6.10)
5,8",ps|<1 5,8",|pt <1 lpsl<1
we by definition have o [T-] C B?. Thus, from eq. , a sufficient condition for ¢ € C* to decay for
n — oo is simply Pcp = ¢.

We finally show that the last statement, with suitable definitions of projectors, holds even when T is not
normal. Consider the most general case when 1" may not be diagonalizable at all, i.e, including cases when
rank (7)) < dim (7)), so that the set of eigenvectors of T do not span C**'; however, the set of generalized
eigenvectors of T' does span C**. Given p € o [T], such that its geometric multiplicity is less than its

algebraic multiplicity k, we define a set of left(¢) and right(¢) generalized eigenvectors, which satisfy the

matrix X is diagonalizable by a unitary matrix iff it is normal[96].
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generalized eigenvalue equations
(T—pl)re=0,  ¢/(T—pl)*=0. (6.11)

The generalized eigenvectors define a basis of C**', in which T can be expressed in an “almost diagonal”

form, which is the so-called Jordan canonical form[97]:
T= Z[psps + Ds]a 7)37); = 688’7357 PS'DS = Dsps’ = Ds(sssH (612)

where ps; € o [T] and D; are nilpotent operators of order equal to the algebraic multiplicity of ps. We can

again define the projectors as in eq. , and construct

T.=TP.= Y. |[psPu+Dy]Pi= Y [psPs+Di] (6.13)
s5,8",ps|<1 [ps|<1
which satisfies o [T] C B? by the spectral radius formula[98]. Thus, from eq. , a sufficient condition
for ¢ € C* to decay for n — oo is simply Py = .
Finally, note that if T is nonsingular, a given ®( can also be propagated backwards, i.e, for n < 0. Then
we can also study the asymptotic behavior for n — —oo, which is identical to the n — oo behavior with T

replaced by T71, i.e,

lim |®,] = lim |T"| <|¢| lim HT—W <lg| tim ||T7Y". (6.14)
n——oo n——oo n——oo n——oo
Thus, for a normal T', the growth rate for n — —o0 is bounded by |p1 |, the smallest eigenvalue (in magnitude),

while that for n — oo is bounded by |p_s |, the largest eigenvalue (in magnitude).

6.2 Tight-binding lattice models

Given a tight-binding Hamiltonian on a lattice, the Schrodinger equation (i.e, the eigenvalue problem of the
Hamiltonian) can be written as a complex linear homogeneous difference equation, which could be represented
using transfer matrices. Conventionally, one needs to invert a hopping matriz to reduce it to the form of eq.
(6.1)), after which the transfer matrix can be constructed as in eq. . However, the construction breaks
down if the hopping matrix turns out to be singular, which, as we show in Ch |7} happens for many systems

of common interest. In this section, we present an alternative construction of transfer matrices, which works
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equally well for both singular and nonsingular hopping matrices.

6.2.1 The fermionic Hilbert space

We begin with a formal (and somewhat unconventionaEI) exposition of tight-binding models and the as-
sociated mathematical objects, and construct the many-body Hilbert space. As we are using only the
single-particle sector of this general construction and hence do not necessarily need fermionic statistics, this
subsection can be skipped without a loss of continuity.

Tight-binding models are defined on a lattice graph A whose sites are indexed by n = (ny,ng,...ny) € ZV.
Physically, the lattice is embedded in the real space R¢, with a set of “lattice vectors” a; € R%, i =1,... N,
so that the position of site n is given by r, = n;a; € R™. To each lattice site, we associated a (single)
fermionic Fock space. Mathematically, to each n € A we associate a two dimensional complex Hilbert
spaceﬁ J;, = C2%, spanned by orthonormal basis vectors |0,) and |1,,). Physically, these vectors correspond

to the quantum states where the site contains either zero or one electron, following Pauli’s exclusion principle

for fermions.

Two linear operators, ¢, (“annihilation operator”) and cf, (“creation operator”) on J#%,, can be defined on

F, which act on the basis elements as

cn|1n> = |0n>a cn|0n> =0,

chl0n) = [1n), cf|1n) = 0. (6.15)

The composition of these operators, iy = ¢l cn: H4 — H#, is a Hermitian operator with eigenstates |0y,)
and |1,), the corresponding eigenvalues being 0 and 1. Thus, 7, “counts” the number of electrons at site

n. Explicitly, we can also check that
[en, cl] = cncl 4+ clen = 1. (6.16)

The space of linear transformations H, — H, is isomorphic to Mat(2,C), the space of 2 x 2 complex

matrices, which is spanned by the set {c, et cfe, ccT}.

2 Conventionally, to derive a tight binding model for a given system, one starts with the continuum single electron Schrédinger
equation represented in suitable ( Wannier) basis where the basis states are localized on lattice sites, and then performs second
quantization to represent states in the occupation number (Fock) basis. Thus, one first constructs 1) and then uses it
to construct many-body Hilbert spaces. We instead start from Fock bases on each site, which is somewhat unphysical, but
conceptually cleaner, in my opinion.

3Strictly speaking, we only care about normalized wavefunctions, so this space should be CP!, the space of rays in C2.
However, we shall consider all vectors in C? for now, and ‘normalize’ our wavefunctions only at the very end.
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The many body Hilbert space S is defined as the antisymmetric tensor product over the Hilbert spaces
¢, corresponding to single sites. The relevant operators on J# are the fermionic creation and annihilation
operators, ¢} and c,,, which create and annihilate an electron at site n, respectively, and satisfy the fermionic

anticommutation relation

[Cm3 Cn]+ = [ClTnv CL]Jr = 07 [Cm7 CL]+ = 5mna (617)

which encode the fermionic statistics, i.e, the antisymmetry of many body wavefunctions under the exchange
of two particles. The definition of these operators using tensor products of ¢’s and ¢!’s is quite nontrivial, so

we start with an illustration of the relevant ideas in the simplest possible case: a lattice with just two sites.

Set A = {1,2}, with the corresponding Hilbert spaces %, i = 1,2. Recall that tensor product is
noncommutative (A ® B # B ® A in general), so that we define a direct sum of all possible orderings, viz,
H = (74 ® ) ® (74 @ 7). The fermionic Hilbert space is then a subspace of A, which consists of
only the antisymmetric linear combinations. Explicitly, given |1);) € 5, we define the elements of 5 as the
antisymmetrized tensors

[P1) A l2) = 5 ([¥1) @ |t2) — |th2) @ [¢1)) - (6.18)

N | =

A suitable basis for 7 is {|01) A |02), [11) A |02), [01) A |13), |11) A |12)}. Next, we need to define the

creation/annihilation operators as tensor products of ¢;’s and 1,’s. Let us try
c{=c1®12+12®c{zs[c{®12}, (6.19)

where S[.] denotes symmetrization. The action on the basis vectors of J# is
o) Alea) = [L1) Alea),  cl[l)Ale) =0; ee{0,1} (6.20)
However, we cannot define c; in an identical fashion, since we need [c{, cT] = 0. More explicitly, let us define
cller) Al02) = Aeler) Al02),  clle) Alla) =0; Ao =1. (6.21)

Since the only state on which cic; gives a nonzero answer is |[2) = |01) A |02), consider

0 = [ef, el]1192) = Aocl]01) A [12) + eh[11) A [05) = (Ao + A1) [11) A [12), (6.22)

so that A\;y = —\g. Thus, the action of c; on a state must depend on the occupancy of site 1. The way out
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is to define the operators as
e =S[®1ly], =8 [c{ ® 112} L o =8[(-)"®c], d=5 [(—1)’”“ ® cg} , (6.23)

so that \g =1 and A; = —1. These satisfy the canonical anticommutation relations by construction.

We can now generalize to arbitrary lattices based on the 2-site case. We begin by choosing a total orderingﬂ

of A asn; < ny < ..., and defining jf?analogous to the 2-site case as
H =P [Hon) @ Aoy @] (6.24)
gESA

where S is the permutation group on A. The many-body Hilbert space ¢ is simply defined as the set of

antisymmetric tensors in J7,

H = /\ S = span{ /\ |eimn>}, e;n € {0,1}. (6.25)

neA neA

where the A-product is defined as in eq. (6.21). The 1-particle creation/annihilation operators can then be
constructed as

=8

<®(1)ﬁm> ®c® ((X) lmﬂ : (6.26)

m<n m>n
and a similar definition of ¢,,. Note that these operators are highly nonlocal, owing to the (potentially
infinitely long) strin of (—1)™m needed to ensure the fermionic statistics. Thus, in order to satisfy the
canonical anticommutation relations, the fermions are required to be nonlocal objects, as this construction
shows.

The total number operator 0 is 2 = ) -2 clc,, and o [f] consists of positive integers. The vacuum state
1) = Apca On) can be alternatively defined using these operators either as |2) € ker#, which is unique
upto the choice of a phase, or as the state which satisfies ¢,|2) = 0Vn € A. All other states in 7 can then

be obtained by application of cf,’s on [©2). This lets us partition .7# into different particle number sectors as

%:éjﬂm, A = {|V) € ;5 2| U) =n|D)}. (6.27)

n=0

The zero particle sector of 5 is 1-dimensional, and spanned by |Q2). In the rest of this chapter, we shall

4 The fact that such a total order exists for any A follows from Zorn’s lemma.

5 This issue appears when one tries to represent a fermionic model as a spin model, as we are tacitly doing by associating
C? to each site, which is also the Hilbert space for the spin 1/2 representation of SU(2). In that context, the string of operators
is known as a Jordan string.
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only be interested in the 1-particle section (1), which is spanned by the states cl|Q), which correspond to

an electron localized at site n. Thus, a generic wavefunction |¢)) € H# (1) can be expressed as

¥) =D ¥achl); vneC. (6.28)

neA
The inner product on 2 can be defined using the pairing to the dual space *, whose vacuum state
is denoted by (€] and whose states can be constructed by applying ¢, ’s it. Explicitly, the dual vector to
[y =cb, ...ch Q) € A is (Qey, ...c,, € #*. The inner product on . can then be defined using the
pairing J* x s — R. Operationally, the inner product of |¢) and |¢) can be computed by writing out

(1|¢), using the anticommutation relations to reorder the operators, and finally use (©2|Q?) = 1 and ¢, |Q) = 0.

For instance, given [1),|¢) € (1)

<P|¢ Z @n’ Q|Cnlcn|Q Z Qﬁn’ Q‘(Snn’ n n’ Z @n n* (629)

nn’ nn’
To restrict to the set of physically distinct states, we consider only the normalized states, i,e, |¢)) € &y
such that (|y)) = 1, and identify states that differ only by a global phase, i.e, |1)) ~ €*?|y). Thus, the

physical states live in the projective space P#(1)| which is the space of (complex) rays in S @,

This picture is often generalized by associating ¢ quantum states with each site n € A, so that s, = C%4.
Physically, these internal states may correspond to spin/orbital/sublattices degrees of freedom. The total

Hilbert space on the lattice A is then given by 57 = &) C4, and the corresponding 1-particle sector is

neA

given by #(1) = span (cf, ,[92)), where n € A and « € {1,2,...¢}, so that a generic wavefunction becomes
= Pnachal)- (6.30)
The inner product is similar to the previous case, with a summation over a.

6.2.2 Schrodinger equation and recursion relations

A quantum mechanical description of electrons in a crystal involves a Hamiltonian describing the dynamics
of electrons in a lattice formed by the positive ions/nuclei. In order to study the system, one intends to solve
the eigenvalue problem for the Hamiltonian operator (i.e, the Schrédinger equation) in a convenient basis.
Two common choices are the plane wave basis, consisting of a set of orthonormal states delocalized over the

entire system, and the Wannier basis, consisting of a set of states localized at individual sites.
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For tight-binding models, we represent the Hamiltonian in the Wannier basis, where the dynamics is
generated by the tunneling between different sites. The tunneling between sites n and n’ is then encoded

in the Hermitian operators of the form of t

n+m,x

nm,asfCng T h.c, where a, 8 =1,...d and m € ZN. The
tight-binding Hamiltonian # : s — (1) is generically a sum of such terms. The lattice translation
invariance (or equivalently, periodicity) dictates that the hopping parameter ¢ be a function only of the
separation m, independent of n. Furthermore, we shall demand that the hoppings be finite range, i.e, that

JR € R" such that ty os = 0 Vm such that |m| > R. Thus, generically, we shall be interested in 1-particle

Hamiltonians of the form

Z Z [n+m0 mozBCnB+hC : (631)

m,neA a,f=1
where h.c. denotes the Hermitian conjugate of the first term. We can expand it out and relabel the indices

(n > n+m and a < fB) to get

H=3"%" {cjwm’a tnos Cnp + Choma T o Cng | - (6.32)

mn o,f3

We next seek to solve the Schrodinger equation to obtain the spectrum o [H]. Acting on the wavefunction

of eq. (6.30), we get

H|w>:ZZ|:n+ma maﬂcnﬂ+cn m,x mBa nﬁ]z¢n’a’cn’a/ >

mn «,3

Z Z wn’,a’ [c:r’ler,a tm,aﬁ + c:rifm,a t:n,ﬁa} (6H n’(sﬁa’ 1- n a’cn ﬁ) |Q>

’ ’7
m,nn’ a,B,«a

Z Z wn,ﬁ [Cil—i-m,a tm,a,@ + CL—m,a t;kn}ﬂa:| |Q>7 (633)

m,n «,3

using the fermionic anticommutation relations and the definition of vacuum c, ,|©?) = 0. Relabeling the

indices, the the Schrodinger equation, H|y) = €|v), becomes

Z Z {tm,aﬁwnfm,,@ + t:n,ﬁawn+m,ﬂ - ewn,a CL7Q|Q> =0. (634)

n,a m,(3

As the states cL7a|Q> are linearly independent, all their coeflicients must vanish individually, so that we get

the recursion relation

Z {tm,aﬁwnfmﬁ + t:n,ﬁawner,ﬂ - €wn,a =0. (635)
m,f
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q
and t,, = {tm,aﬂ} e we get

o,p=

Defining o, = {%"’}i

Z {tm"pnfm + tIn"anrm — e, =0. (636)
m,3

This is a representation of Schrodinger’s equation for generic tight-binding models as a recursion relation.

Consider now the case of ad = N =1, i.e, A 2 Z embedded in R, so that the n € Z corresponds to the

point 7 = na € R, where a is the lattice constant. The difference equation becomes
R
> (6w + 6t g) = 9, (6.37)
£=0

supplanted by suitable boundary conditions. We shall seek to solve this difference equation by using an ansatz
of the form v,, = A"1),. However, the boundary conditions put additional constraints on the parameter A.

Two commonly used boundary conditions are:

1. Periodic boundary conditions: The wavefunction is periodic with period equal to the system size,

Le (lZ7 i'e, ¢n+L/a = ¢n Thusa )\L/a =1 = A= eik“; ke Q%Z

2. Infinite system: On physical grounds, we are only interested in solutions 1, that stay finite for

n — oo, i.e, lim, 1 [1,| < 0o. Thus, [A\| =1 = A =¢; k€ R.

ikr

For both of these cases, substituting 1,, = e’*"p, = e’*"1p,, and collecting coefficients of e**" we get
R . .
0= [Z (t[@lkaz + t}efzkaf) — 51q] '(,bo = [HB(:ZC) — E]].q]’l,bo, (638)
£=0
which yields a nontrivial solution for 4 iff, following Cramers’ rule, ¢ satisfies
det [Hp(k) —el,] =0, (6.39)

i.e, € is an eigenvalue of the operator Hp. This is defined as the Bloch Hamiltonian of the system. Given an
eigenvector (k) of the Bloch Hamiltonian with eigenvalue £(k), the corresponding wavefunction is given
by 1/’n,k = 3ikr¢o(k)~

In condensed matter terminology, we have simply recovered the common knowledge that for infinite
systems or periodic boundary conditions, we can diagonalize the tight-binding Hamiltonian in the plane
wave basis {e’*"1p,(k)}, where the parameter k is simply the (quasi-)momentum. Now, for a d-dimensional

system (on R9), if the system is infinite or periodic along d’ < d directions, then we can expand in the
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plane wave basis along those directions, thereby reducing the problem to one on R4~ parametrized by
the quasimomentum k| = (ky, ko, ... kq) € T . In quantum mechanical language, this works because the

system is translation invariant, so that the (quasi-)momentum k, is a good quantum number[45], 46].

6.2.3 The conventional transfer matrix

For systems with topologically nontrivial bulk bands, we are particularly interested in the boundary states,
where the translation symmetry is naturally broken in the direction normal to the edge, as the system
is finite in that direction. We consider the simplest situation where such states could exist, viz, a slab
geometry. Explicitly, given a lattice A embedded in R?, we shall consider a tight binding system with
open (Dirichlet) boundary conditions(OBC) along one direction, which we can choose on will, and periodic
boundary conditions(PBC) along d’ = d — 1 remaining directions parallel to the edge. By choosing the

direction with OBC, we can explore the presence of surface states along different surfaces.

Thus, we are starting with a family of 1D tight-binding models parametrized by k; € T¢~!, which can

be written in the position space as

N q N
H= Z Z Z {CLM,JMB%,{? + h~C-} = Z Z {CLHtecn + h.c.] ) (6.40)

R
n=0 «,3=1 £=0 n=0 (=

0
where R is the range of the hopping (which we have assumed to be finite), and we have suppressed the

explicit dependence on k| to avoid notational clutter; however, all parameters should be assumed to depend

on k , unless stated otherwise. The corresponding recursion relation (eq. (6.36])) becomes

R
Z (tzﬂl’nw + tqunf[) =e,. (6.41)

£=0

We can group the wavefunctions 1), into blocks to reduce this to a first order difference equatiorﬂ Physically
speaking, we are constructing blocks consisting of these sites, so that the system is periodic in these blocks
and the hopping between such blocks is restricted to nearest neighbor[49], as shown in Fig. [6.1). These
blocks, hereafter referred to as supercells, can be thought of as sites of a superlattice A. In terms of these

supercells, each containing .4 = qR degrees of freedom, the recursion relation can be written as

JUpi1 + MY, + I, | =c0,,. (6.42)

6This is always possible as the hopping has a finite range, hence we can always choose a supercell consisting of R sites.
Clearly, this grouping is not unique; however, it will not affect the size and spectral properties of our transfer matrix. We give
a more detailed argument towards the end of this section.
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Here, J is the hopping matrixz connecting nearest neighbor supercells and M is the on-site matriz, which
encodes the hopping between degrees of freedom inside the supercell as well as the on-site energies. The

wavefunction for a supercell, ¥,,, can be explicitly written as

Un
S e (6.43)

wn+R71

For a nonsingular J, the conventional transfer matrix construction works by noticing that[50]
U1 =J el = M)W, — J 1IN0, (6.44)

can be rewritten as

< Uiy ) _ ( TN el — M) — g ) < v, ) ET( v, ) (6.45)
\I/n 1 0 \I/n,1 \I/nfl

which is a matrix analogue of eq. (6.2).

6.3 The generalized transfer matrix

The conventional transfer matrix construction breaks down when the hopping matrix (J) is singular. Such
cases have been studied in various context in an ad-hoc fashion; however, a unified treatment has so far
been missing. In this section, we describe the construction of a generalized transfer matriz, which is well
defined even for case with singular hopping matrices, and thus provides a general unified framework to

discuss transfer matrices.

6.3.1 Diagonstics

We begin by further analyzing the reason for the breakdown of the conventional transfer matrix construction,
viz, the singularity of .J, which means that r = rank (J) < dim (J). But rank (J) is the number of linearly
independent rows in J, and hence the ‘dimension’ of the recursion relation in eq. . A more physical
way to visualize rank (J) is to think of the .4 degrees of freedom inside each supercell as A sitesﬂ Then,

rank (J) denotes the number of bonds between adjacent supercells, and singularity of J implies that there are

"This is the opposite of the traditional way of doing things, where sites inside a supercell are effectively treated as orbitals.
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Figure 6.1: (a) A schematic depiction of the recursion relation, with ¢ internal degrees of freedom, range
of interaction R = 2 and Dirichlet boundary conditions at the left edge. We can form blocks (supercells) of
such sites with 2 sites each, so the there is only nearest neighbor hopping between them. (b) A simplified
depiction of the reduced recursion relation, with a, 3, v corresponding to the coefficients of V', W and X
subspaces(introduced in Sec , respectively. (c¢) We club together 3, with a,,—1 to obtain ®,,, which is
translated by one step using the transfer matrix.

sites in the supercell from which one cannot hop directly to a site in another supercell. We seek to compute a
transfer matrix for singular J, where we, in some sense, mod out the redundant degrees of freedom, thereby
inverting J on a reduced subspace to get a reduced transfer matrix. We will see that the corresponding
transfer matrisff] will be 2r x 2r.

Next, we note that G = (¢1 — M)~ is the resolvent (or the Green’s function) of a single supercell. Clearly,
the matrix el — M is singular when ¢ is an eigenvalue of M. Physically, consider a system with uncoupled
supercells, each with .4 -degrees-of-freedom, obtaining by setting J = 0 in eq. . The corresponding
spectrum consists of .4 degenerate levels, which broaden into bands as we turn J on. The eigenvalues of
M can be interpreted as the centers of these bands. Since we are primarily concerned with the band gaps
and the edge states therein, we can take el — M to be nonsingular as far as we do not venture deep inside

the bulk bandd?l

Besides the finite-range hoppings, we shall make one more assumption, viz
N
J? =0, sothatr < 5

This might seem quite stringent, but recall that we are at liberty to choose our supercells, so that this

condition can always be satisfied by choosing a large enough supercell. Physically, for .4 > 2, this simply

8Indeed, if J had full rank, then we could have inverted it to get a 2.4 x 2.4 transfer matrix, as computed in Sec

9This breaks down if the bandwidth turns out to be zero, i.e, when the band pinches to a point(for instance, in case of
graphene, or Chern insulator with m = 1). However, we can get around that using the well known trick of adding a small
imaginary part to the Green’s function in order to move the poles off the real line.
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means that in a given supercell, the nodes in a supercell that are connected to the right neighboring supercell

and the left neighboring supercell are not directly connected to each other.

6.3.2 Construction

We start off with the recursion relation

JUpi1 +J10, 1 = (e1 - M)V, (6.46)

where rank (J) = r, and perform a reduced singular value decomposition[96] (SVD) of J,

J=Vv.2.w', (6.47)

where the matrices satisfy

viv=wl.w=1, vi.w=o0. (6.48)

The first two expressions follow from the definition of SVD, while J? = 0 implies the third. Hence, J? =0
is required to ensure that the V' and W subspaces are orthogonal and the corresponding coeflicients can be

extracted by taking suitable inner products. The SVD can equivalently be written as

i=1
with
(Vi,vj) = (Wi, Wj) = 655, (vi,w;) =0, (6.50)
where
V=ML V) sy W=(Wi1,ooowy) o0,, E=diag{&,.... 5 rxr (6.51)

We shall hereby refer to these vector pairs (v;, w;) as channels. As we can still change the phases of v and
w without violating the orthonormality, we choose their phases such that all the singular values (§;) are
positive. Thus, Zf = =.

Morally speaking, the only directions in C**" relevant for the problem are v;’s and w;’s, i.e, span{V'} and
span{W}. Take a basis of C" as {v;,w;,x;}, where i = 1,...7, j =1,....4 — 2r, and expand ¥,, as

i N =2
U= (aniVi+ Bniwi) + Vi X (6.52)

i=1 j=1
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with a, i, Bn,i, Yn,i € C, or, equivalently,
v, =Va, + Wg3, + X~,, (6.53)
with a,,, 3, € C", v,, € C**~?". We have defined X analogous to V and W, so that
vi.x=wl.x=0, X'.X=1. (6.54)

Also, oy, = (n,1,Qn2, - - - A ), With 3,, and v, defined in a similar fashion.

We start by rewriting the recursion relation in eq. (6.46)), in terms of the Green’s function G = (e1— M)~ 1,

as

V=G - JU1 +G-J 1. (6.55)

But
JU,=V-28,, JU,=W- Za,, (6.56)

which follows from the SVD, eq. (6.48) and eq. (6.54). We can now premultiply eq. (6.55) by VT, W1 and
XT to extract the coefficients a,, 3, and =,,, respectively. In order to simplify notation, we denote the
restriction of G to V and W subspaces by Gy, = VI -G -V, Gpp = W -G -V, et Thus, the recursion

relation reduces to

oy = g’uv = ﬁn+1 + ng =) an—1,
/Bn = ng = ﬁn-i,-l + gww -2 QAn—1,

Yn = g’uz = ;@n+1 + gwa: =) ap—1, (657)

where the Gy, a,b € {v,w} is a r X r matrix.

As Gy are simply restrictions of the Green’s functions, they are propagators connecting the a and b degrees
of freedom for each supercell, while = can be interpreted as encoding the relative strength of each channel,
or the corresponding tunneling probabilities. The recursion equation in terms of a and 3 (eq. ) has

a simple diagrammatic interpretation as superpositions of possible nearest neighbor hopping processes, as

illustrated in Fig.[6.2]

10Note that the order of V and W in subscript is opposite to that in the expression.
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Figure 6.2: Diagrammatic representation of the recursion relations (eq. (6.57))) for (a) o, and (b) 3,,.

Notice that the Green’s functions G,;, express the propagation within a block, while = expresses the tunneling
probabilities between blocks.

To construct the transfer matrix, the first two equations of eq. (6.57) can be rewritten as
gvu E _]l ,Gn_;,_l _ O g’w'u
g’uw E 0 (879 -1 gww

_ _ [ Bn
b1 =T%,, o,= , (6.59)
Qp_1

—1
T— _ ( gvv -1 > ( 0 ng: > ) (660)
ng 0 _]l gwwE

To proceed further, we need to invert the 2 x 2 block matrix. Using the block matrix identities from Appendix
we proceed as
-1 —1
gvv = -1 _ gvv =) 0 1 _E_l g’u_vl
GowZ 0 w1 0 GuwGor
-1

1 =g Gov
0 ng gv—vl ng

1 E—l g—l E—l g—l 0

0 gvv gv_u% _ng gv_vl 1

0 =0
g g_1> (6.61)

=—10-1 =—10-1 _=—10-1 =
e (0 =N (0 G S0 E0WE
-1 G Q;,wl -1 Guww G gf[;u:]l (gw'u — G g;u} gww) =

Hence, we have managed to construct a closed form expression for a 2r x 2r transfer matrix T'(e, k, ) explicitly

(6.58)

[ 1l
~—
/N
£ w
3

~__—

which reduces to

where

[ [

[ [1
= o
~—

I

[ 1l

for the given recursion relation. This is one of our central results.
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Defining ¥,, = G Z, we can also express this result as

—1 —1
T = Do Gow G . (6.63)
gm; %;wl ng - gvv gq;ul gww

This expression is somewhat cleaner, but it obscures the different physical significance associated with G
and Z as depicted in Fig [6.2] as well as properties of G, which we now state. As the Green’s function is

Hermitian, i.e, GI = G, we have
glv = gvva gz]:)w - gwwa glw - ng- (664)
Using these properties and eq. (B.4)), we can compute

det(T) = det [Eil g;j] det [(ng - gvv g;J gww) E - gvv gq:qj ng E (*Eil g;J gww E)]

det (E71) det (Gt ) det (Guww — Guw Go Guww + Guo G Guw) det (Z)

dot (G:1) det (Gu) = (Snenl 20, (6.65)

where 6 = arg (det G,,,). We can gauge this phase away by redefining
®, = e, T T (6.66)

In the following, whenever we refer to the transfer matrix, we shall assume that we have gauged away the

phase of the determinant of T" so that det T = 1. Thus, our final expression for the transfer matrix would be

=—10-1 —=—1co-1 =
T — 6% arg(det Gyw) - ng - ng gwu) - y (667)
g’uv gv_u% (ng - gv'u gv_u% gww) E

Thus, we have constructed a transfer matrix in a basis independent fashion, as we have never referred to the
explicit form of the J and M matrices. It reduces the computation of transfer matrix for a system to the
identification of the J and M matrices, as everything else can be mechanized. We shall illustrate that with

a plethora of examples in Chapter

6.3.3 Properties

In the theory of discrete flows, there is a special place for symplectic monodromy (transfer) matrices, as

they correspond to discrete versions of Hamiltonian flows. Recall that a matrix 7" is J-unitary or complex-
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symplectic (T € Sp(2r,C)) if it satisfies TTJT = J, where J is a nonsingular antisymmetric matrix.
Furthermore, it is symplectic (T € Sp(2r,R))) if it is also real.

We seek the corresponding condition for our construction. For the conventional choice of J, using the

properties of Gup, a,b € {v,w} and setting
-1
S= ng gvv ng gww - ST gl}v gl}w (giw> gzv - ng - gww g;& gvva

we begin by computing

=16f,) " (Gl) " g 0 1) (=6} -E10:00uE
T-i- T: ( vwi _ VW VU vw vw Jww
e (—E*% (@) Eh  =ts -1 0 )\ GG S=

7 Guo E71 Groo Guw Goo G SE
-\ —EGuw 91;3 =t =28t 271G, BTG5 Gun B
_ w H71 gv'u gvv Eil) g;u} Q;& (Eil S + gm)':*71 gq;u} gww) =

E ww w'g :_1g +ST ’_‘_1) gvu% E‘( gwwg 1H_18+ST’_‘_1ng gwwS)E

_ 74 Gors 271, Gu0lGi
E[’_‘_l ng]gvu% -= gwwglzg [E_la gvv]gv_u}
g;& [E_la ng]E - g;v [’—_1 gvv]g gwwH
E {[Eilv gww] - [Eila ng}g;jgww - gwwng [571’ ng} + gwwng [Eila gvu]g;u%gww} .

To satisfy Tt J T = J, we demand that all the commutators in this expression vanish. Thus,

[Gap,E] =0V a,b e {v,w} = T € Sp(2r,C). (6.68)

Physically, this condition implies that the various channels that connect the nearest neighbor supercells are
independent, so that the order of tunneling (=) and propagation (G) is irrelevant. The spectral properties

of J-unitary operators has been studied in great detail in the mathematics literature[99].

Furthermore, in the discussion on bulk bands, we show that if the transfer matrix is symplectic, it can
effectively be decomposed into a set of chains, one corresponding to each channel. The conditions on Gg
obtained above can be thought of as physical manifestations of that fact. As = is, by definition, a diagonal
matrix, in order for it to commute with another matrix A, A, in general, must also be diagonaﬂ Hence,

for T to be symplectic, G,, and G,,, must also be diagonal.

Finally, we show that the size and spectral properties of our transfer matrix are independent of a choice

of supercell. More precisely, we shall consider supercells which are m € Z™* times a minimal supercell, where

11 This breaks down if two or more diagonal entries of Z are equal, as = then becomes proportional to identity in that
subspace, so that the restriction of A to that subspace can be arbitrary.
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we define the minimal supercell as one containing the minimum number of sites so that the hopping between
the supercells is nearest neighbor and the corresponding hopping matrix is nilpotent. Consider m copies of

the recursion relation of eq. forn =nm,nm —1,...nm —m+ 1, and define

Uy = (Unns U1, W —mg1) - (6.69)
Then, W, follows the recursion relation

j@m4+jﬁih1=(aL—Mj@m (6.70)

where J and M can be written in terms of .J and M as

J M Jt 0

- .. 0 — J M ... 0
J=1 . . ., M= ] (6.71)

00 0 0 0 M

J=v.2.wh  v=]| : ., W= ; (6.72)

0 A mxr w A mxr

where the singular values of J are same as those of J. Following the calculation in Sec we compute the
recursion relations for a,, and Bn, the coefficients of \Tln along V and W, and construct a 2r x 2r transfer

matrix f so that N
§,, =75, &,= ( B ) | (6.73)

Qp_1

But using the definition of \Tln, we get

a, = VT@’!L = VT\I}nm = Qnm,

Bn = WT{IV/n = WT\Ilnm—m-i-l = ﬂ(n_l)m+1; (674)
so that
x /8 n—1)m
@n::< (vt ) _g (6.75)
X(p—1)m
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Using the old transfer matrix, 7', we also have
Bt = Pt = Ty 1ymis = TPy, (6.76)

so that the action of T is identical to the action of T™ on all wavefunction. We conclude that T = T™.

Thus, we have shown that if we take a supercell m € ZT times the minimal supercell, the effective transfer
matrix is simply 7' — 7™, where dim (T") = 2rank (J) stays invariant under this operation. As we are only
concerned with the behavior of T for large n(See Sec 7 the band structure, as expected, stays invariant
under such a transformation. Hence, we can always make the supercell bigger than the minimal supercell,

while leaving the bands and edge states invariant.

6.4 Using the transfer matrix

Given a tight-binding model in d > 1 dimensions, we have represented the Schrédinger equation as a recursion
relation, and hence a transfer matrix equation with 7'(e,k, ), with e € R and k; € T¢"! for d > 1. We now
apply the ideas of Sec to a family of transfer matrices, parametrized by (g,k_ ), to formally study their

bulk and edge spectra. We shall illustrate them with explicit computations in Ch [7]

6.4.1 Bulk bands

The “bulk” states of a tight-binding model are the states that stay finite, and hence normalizable to a delta
function, in the infinite system size limit. In a transfer matrix formalism, with ®,, = T"®, a solution &,
corresponds to a “bulk band” iff |®,| stays finite as n — £oo. Specifically, if ¢ = ®q is an eigenvector of
the transfer matrix with eigenvalue p € C, then |®,| = |p|™ |¢|, so that ®,, is a bulk state iff |p| = 1, i.e, the
p lies on the unit circle S* = {z € C | |z| = 1} in the complex plane. Hence, a given (g,k ) € R x T4~}
lies in the bulk band if and only if all eigenvalues of T'(¢, k) lie on the unit circle. At the other extreme, a

given (g,k, ) lies in the bulk gap if and only if all eigenvalues of T'(e,k ) lie off the unit circle.

More formally, we define the bulk band, 2 C R x T 1, as
#={(e,k)|o[T(e; k1) C S}, (6.77)

and the bulk gap as
G ={(e;k1)|o[T(s,k1)] C C\S'}. (6.78)
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For r > 1, the possibility exists that there can be points (¢,k ) for which some eigenvalues are on and some

off the unit circle. We shall term such points partial gaps, &2, defined as
Z=RxT")\(9U2B). (6.79)

By construction, ZU% U & = R x T?~ !, so that each (g,k, ) falls in one of these sets.

To compute the bulk bands, one needs to compute the eigenvalues of the transfer matrix as a function of
(e,k. ), which can always be done numerically. However, if the transfer matrix is symplectic (T" € Mat(2r, R)
and TTJT = J), its eigenvalues always occur in reciprocal pair. This is because given T = pyp, we also
have

T =T "JTe=T"T(pp) = T (Tp)=p" ' (T¥),

and since the spectra of T and T'T are identical, we conclude that if p is an eigenvalue of T, so is p~*.

Let us start off with » = 1, where T' being symplectic implies that the product of eigenvalues, det T = 1.

The eigenvalues can be solved for as

A=TrT=p+p ! = p=

[A + /A2 4] . (6.80)

N =

Hence, either both the eigenvalues lie on the real line (A% > 4) or they form a complex conjugate pair(A? < 4)
satisfying det T' = p*p = 1, i.e, they lie on the unit circle. Consequently, a given (¢,k ) either belongs to ¢4

or %, so that & = @.

For r > 1, consider the characteristic polynomial of T
2r
P(p) =det(pl — A) = " anp". (6.81)
n=0

The eigenvalues of A are the zeros of P(p). But P(p) =0 = P(p~!) =0, so that

2r 2r
0=Pp "= Z anp " =p " (Z agr_np”> . (6.82)
n=0

n=1

As p # 0, we conclude that a,, = ag,_p, i.e, the characteristic polynomial is palindromic[59, 100], which can

be used to compute the eigenvalues. To wit, rewrite the eigenvalue condition as

0=P(p)=p" (ar + Z ar—n (p" + p_")> ) (6.83)

n=1
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Defining A = p+ p~!, we can express p” + p~" as Chebyshev polynomials of the first kind in A. Explicitly,

_ ,if
for p = €',

P+ p " =2cos(nf) =2U,(cosd) =2U, (?) . (6.84)

The first few examples are
PPHpi=NA—2 pPp P =A3_3A, pt4pt=A"—4A% 12, etc.

Thus, the characteristic polynomial for 7' can be written as a polynomial of order r in A, as

ar+2Y  arnUp, (2) =0 (6.85)
n=1

The roots Ay, ... A, € C are generalized Floquet discriminants of T, which can be expressed in terms of

traces of powers of T. We can now solve for p € o [T] as

ptp =00 = p=y A+ VAT 4], (6.86)

where n = 1,2...7. Hence, if the transfer matrix is symplectic, we can essentially decompose it into a set

of independent r = 1 systems!

In the following, we work out the case of r = 2 explicitly. The eigenvalue condition becomes
2, -2 -1 _
ao(p” +p~°) +ar(p+p~ ) +az =0,

with

ag = 1, ayp = —TTA, ag = ((TI‘A)2 — TTA2) .

1
2
In terms of A, we get

ao(AQ — 2) + a1 A +ag = 0,

which implies that

A:i: = TQO |:—0,1 + \/a% — 4@0(@2 — 2&0):| .

Substituting a,,’s, we get the Floquet discriminants as

Ay = % [Tea + \/2T0A7 — (TRA7 18 . (6.87)
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For the cases where the transfer matrix is symplectic, we can compute the band edges directly, without
having to diagonalize T for all possible (¢,k ), which one would need to do in general. This follows from
the fact that since the eigenvalues appear in reciprocal pairs, they either appear on the unit circle or on
the real line (See eqns and ) Thus, as we move around in the (¢,k, ) space, the only way to
go from a bulk band to a gap is to have a pair of eigenvalues collide at +1 and go off the unit circle onto
the real line. The primary advantage of computing the Floquet discriminants is that it provides us with a

convenient condition for this eigenvalue collision: it happens when |A;| = 2 for some .

In conclusion, if the transfer matrix is symplectic, then for a rank r problem, the behavior of a state simply
depends on the r Floquet discriminants A;(e,k] )’s. we have an oscillating (normalizable) state for |A;| < 2

and a growing/decaying state for |A;| > 2. We can alternatively define the bulk band and the band-gap as

G ={(e,k1) | |Ai(e, k)| >2Vi=1,...r},

B={(,k.) | |Ai(e, k)| <2Vi=1,...r}, (6.88)

with the band edges given by the conditions |A;| = 2, ¢ = 1,2,...r. In practice, we can simply solve
this conditions for e(k ), numerically if needed, to compute the band edges, without having to diagonalize

T(e,k, ) for all values of (¢,k,).

6.4.2 Edge states

For an infinite system, the only physically sensible states (i.e, normalizable to a delta function) are the bulk
states. However, for a system with an edgeizl, for instance, a system defined on a half-plane, additional
states may occur, most of whose weights are concentrated near the edge and which decay exponentially into
the bulk. Thus, in order to study the edge/surface modes, we need to restrict our Hamiltonian operator to

a half space, with a suitable (for instance, Dirichlet) boundary condition at the surface.

We “define” an edge state to be an eigenstate of the half-space Hamiltonian with the following two features:

1. The state must be normalizable, or equivalently, it must decay into the bulk away from the edge/surface.

2. The state must satisfy the given boundary conditions.

By definition, these states must reside outside the bulk band, i.e, only for (¢,k, ) € ¥ U &2. Typically, one

is interested in the existence of these states, and, should they exist, in the edge spectrum, i.e, the energy of

12 We use the term ‘edge’ more generally to mean a boundary of the system.
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the edge state, ccqqe(k1), as a function of the transverse momentum k. In the subsequent analysis, given

a ® € C?", we are interested in deriving the conditions on it corresponding to these constraints

For the former (decay) condition, note that given a Hamiltonian for a quasi-1D chain, we have two
inequivalent choices of half-spaces, viz, n < 0 and n > 0. Corresponding to these, we can define two kinds
of edges states: a ® € C?" forms a left edge state if |[T"®| — 0 as n — oo, while it forms a right edge state
if [T"®| — 0 as n — —oo. These are related under T' ++ T—1. In Sec we defined P, the projector
to the decaying subspace, and showed that a necessary condition for a T"® to decay as n — oo is simply

PP = &, and the equivalent condition for n — —oo is P~ ® = &. Thus, our decay conditions are simply
Left edge: P.® = @, Right edge: P~® = . (6.89)

We next consider the boundary condition. Note that the edge spectrum can get modified quite drastically
by local terms at the boundary, an effect commonly known as edge reconstruction. In order to consider
the most general case, we should take a Hamiltonian H = H + 0H, where §H is an operator localized
at the edge, which can account for the edge reconstruction, for instance, due to an impurity[I01] or lattice
deformation[I02]. Such a boundary condition imposes additional conditions[49] [I03], [104] on the eigenvectors
of the transfer matrix. Since in the present case, we only intend to expound the geometry and topology
associated with the band structure which is independent of such local deformations, we shall restrict ourselves

to open(Dirichlet) boundary conditions at sites n = 0 and N, with no boundary termﬂ

For OBC, at the left edge, we demands that[60] ¥y = (0,0), leading to ap = 0 in ®;. Similarly, at the
right edge, we demand that ¥ ; = (0,0)T, leading to Sx11 = 0 in ®. Thus, in terms of ®, the boundary

condition for the left and right edges becomes

q>1—<ﬁ1>, <I>N—< 0 ) (6.90)
0 N

respectively. Note that 3, a1 € C" are still undetermined on their respective edges. We shall use the decay

conditions to fix these in the next section.

We can also define projectors to write the boundary condition in a way similar to the decay conditions.

OTXT ]]‘TX’I"
a = , = R 6.91
© ( Ly ) s ( O ) (6.5)

as the injectors into the 3 and « subspaces, respectively. In terms of these operators, the OBC on the left

Define the 2r x r matrices

13Most of the following is a restatement of the results by Lee and Joannopoulos[d9] in our formalism
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edge is equivalent to the statement that ® € range(Qg), while the right edge is equivalent to ® € range(Qq ).

Finally, define the projectors
Pr=QaQL, Pr=0pQ} (6.92)

Our boundary conditions become
Left edge: P, ® = @, Right edge: Pr® = ®. (6.93)

Thus, we have obtained two sets of conditions, viz, the decay conditions and the boundary conditions, that
we need to solve simultaneously in order to obtain the physical edge states, i.e, the edge states that would be
observed in an exact diagonalization of the lattice models on finite size lattices. However, before we attempt
to do so, we can ask a somewhat perverse question, which turns out to have important consequences: What

if we chose the wrong decay condition for a given boundary? We tabulate the situation as follows:

Po=90 P =0
Prd =90 Left edge Unphysical
Prd =2 Unphysical Right edge

Table 6.1: Boundary(rows) vs decay(column) conditions.

The wrong choice of decay condition implies that the corresponding state grows (instead of decaying)
exponentially in the bulk, and is hence not normalizable and unphysical. However, we shall see that in order
to account for all the windings corresponding to the edge state, we shall need to take the unphysical states
into account. Furthermore, these should not be thought of as a complete fantasy, since they can be revealed

by changing the boundary condition, as we shall demonstrate explicitly in Sec

Taking the correct decay conditions, for the left edge state, we need to simultaneously solve
P.o=>=P.D, (6.94)

or, alternatively,

Pedy =0y &y = ( %1 ) : (6.95)

Note that as rank (P<) < r, this is a homogeneous linear system of up to r equations for the r variables,
viz, the coefficients of 3,. But for a nontrivial state, we demand that 8, # 0, from which we can obtain a

Cramer’s condition, which can be numerically solved to obtain the physical edge spectrum.
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7 APPLICATIONS

In this chapter, we discuss a few applications of our generalized transfer matrix formalism to the noninter-
acting tight-binding models commonly arising in condensed matter contexts. We shall restrict ourselves to
the models corresponding to topological phases of matter, which are characterized by a topological invariant
on the bulk Brillouin zone and often exhibit nontrivial surface states. We shall see that besides essentially
mechanizing the process of computing the bulk and edge spectra, our construction also provides further
insight into the topological nature of the edge states in terms of windings around the noncontractible loops

of a complex energy Riemann surfaces.

For condensed matter systems, the lattice models are often specified simply by their Bloch Hamiltonians
(unlike the position space Hamiltonians described in Sec . In order to construct the transfer matrix,
we need to inverse Fourier transform the Hamiltonian in the direction along which the transfer matrix acts
by translation. For instance, consider the simple case of a lattice model with only nearest neighbor hopping
on a (hyper-c)cubic lattice in R?, where we seek to construct the transfer matrix which translates along one

of the lattice vectors (&, say). Using the periodicity of the Bloch Hamiltonian along z, we can express it as

q
Hplko k)= > [ (ky)et®= 4+ M(ky )+ JT(ky e ih=as | (7.1)
a,B=1

where a, is the lattice constant along x. Transforming to position space along x leads to

= Z [ ch i1 adas(kL)e, 5+ ch_y 0 dls(ki)e, 5+ ch o s(ko)e, } : (7.2)
n a,f=l1
which renders the Hamiltonian of the form in eq. with R = 1, and we identify J = J and M = M.
We discuss the more general case (for arbitrary lattices and/or directions of translation) in Sec
Once we have computed the generalized transfer matrix, we shall use the results from Sec to compute
the bulk/edge spectra, and compare them to the results obtained from exact diagonalization on finite lattices.
Furthermore, we shall expose the topological nature of the edge states in terms of windings on certain

manifolds that we can construct based on the algebraic structure of the generalized transfer matrices.
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7.1 The case of r =1

We begin with the simplest case for our construction, viz, that of » = 1. Even though the transfer matrices are
merely 2 X 2 in this case, we shall see that it encompasses quite a few lattice models commonly encountered.
Furthermore, many simplifications which work for » = 1 make this case particularly analytically tractable,
so that we shall be able to expose the workings of the somewhat formal computation from the last chapter

with detailed calculations.

7.1.1 The generalized transfer matrix

The expression for the transfer matrix for » = 1 admits simplifications, owing to the fact that the individual

blocks of eq. (6.62)) are simply 1 x 1 matrices, i.e, complex numbers. The generalized transfer matrix becomes

1 —Yww
T 1 g : (7.3)
|ng| Goo —det (glspan(v,w))

where we have set = € R to 1 by a suitable rescalinéﬂ, and we have defined the restricted determinant

g’U’U g’UU}

det(ggpw(w)):’ i o | = Gnuw — o

The prefactor becomes |G, | after we gauge away the phase of T' by setting T' — e*2"8(9v«) T (See eq. )
The conditions on the Green’s function in eq. reduce to Gy, Guw € R and G}, = G- Finally, since
the transfer matrix is real and has unit determinant, T € Sp(2,R) = SL(2,R). Hence, by constructimﬂ7 all

transfer matrices for r = 1 are symplectic.

We can write out the Floquet discriminant as

A=tr{T} = ﬁ [1—det (Glopunu)] - (7.4)

The band edges are given by A(e, k) = 42, which can be used to solve for e(k, ), at least locally. Note
that e enters the calculation only as G = (¢1 — M)~!, which is a rational function of ¢, so that solving for

the band edges is equivalent to finding the zeros of a polynomial in €.

Computing the edge is also particularly simple for r = 1. Recall from[6.4.2]that a given vector is a physical

edge state if it satisfies both a decay condition and a boundary condition. Considering the left edge, for

1This also rescales €, but that is analogous to writing the energy in wunits of the hopping energy, a practice that is quite
standard.
2This may not be true for higher ranks, as Sp(n,R) C SL(n,R) is a proper subset for n > 2.
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a ®; € C?, the decay condition was given by P.®; = ®;, where P, = lesl<1 Ps. But since T has only
two eigenvalues and det T = 1, at most one of them (p1, say) can lie inside the unit disk. Thus, P« = P
becomes a projector to an eigenspace of T', and the decay condition implies that ®; is an eigenvector of T'.
A similar analysis for the right edge, with the corresponding eigenvalue now lying outside the unit disk. The
boundary conditions simply demand that one of the components of ® vanish. Thus, the conditions for ®; y

to be a physical left/right edge state can be written concisely as

1
Tq)l:p(pl? |p|<17 q)l<0>7
0
Toy =p®n, [p|>1, Oy = N (7.5)

where we have exercised our right to scale ®; y by an arbitrary complex number. Explicitly, using eq. ([7.3)),

the condition for a physical left edge state is

1 1 1
T®) = —— = w0 =0, [Gow| > 1. 7.6
oo )= (0) = g g 75)

Similarly, the condition for a physical right edge state is

1 _gww 0
TOy = = = Guww=0, [Gyw|>1. 7.7
N |gvu)| < |ng‘2 - gvvgww ) ( 1 > | | ( )

The equations G,, = 0 and G,,, = 0 describe curves in the (¢, k) space, to which we can associate a winding

number, as discussed in Sec

The condition for the edge states can also be expressed as an Evans function[56] known in the dynamical
system literature. We simply demand that a given ¢ € C2 be an eigenvector of T' (hereby referred to as
the eigenvalue condition). Physically, this is equivalent to the statement that ¢ satisfies either the left or
the right decay condition, i.e, it lies entirely in the growing or the decaying subspace. We can later check
whether these states are physical by computing the corresponding eigenvalues. Given an antisymmetric
matrix J € Mat(2,C), ¢ satisfies ¢ J ¢ = 0, so that the eigenvalue condition (T'p o< ¢) can then be

equivalently expressed as

flek)=¢" JT(e ki) 9=0, J= ( _01 (1) ) , (7.8)

where we have chosen a specific 7. This provides a closed form condition for the existence of edge states.
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7.1.2 Hofstadter model

We start off by repeating Hatsugai’s[47] calculation in our formalism. The Hofstadter Hamiltonian models a
2-dimensional electron gas in the presence of a magnetic field normal to the plane. For a lattice Hamiltonian,
the magnetic field simply correspond to the fact that there is a magnetic flux threading each plaquette, so
that the electrons pick up a phase while going around the plaquettes. These phases are incorporated in
the tight binding model by adding extra phases to the hopping strengths, the choice of which is nonunique
and equivalent to the gauge choice for the vector potential in the continuum (Sec [3.1). The Hofstadter

Hamiltonian on a square lattice can be written as

H=-3" {cjn o+ Ch PO h.c.} , (7.9)

m,n

where ¢ denotes the magnetic flux associated with each plaquette. We have chosen the gauge such that all
phases arising due to the flux depend on m. Thus, the system is translation invariant along y, so that a

partial Fourier transform along y lead to

H(ky) = — Z [cjncm_H + cIanm + 2cos(ky, — 27rm¢)cincm} (7.10)

m

To construct the generalized transfer matrix for this system, we first need to construct a supercell, so that
the system is periodic under supercell translations. If ¢ is rational, i.e, ¢ = p/q, where p,q € ZT are coprime,
then the system is periodic along m with period ¢, so that we can club together ¢ physical sites to make a
supercell. Thus, M would be a a g X ¢ matrix. Since the eigenvalues of M form the band centers, we conclude
that we have ¢ bulk bands. This strong dependence of the number of bulk bands on the denominator of ¢
for rational ¢, leads to the intricate fractal structure of the Hofstadter butterfly[T05]. Furthermore, for even

q, the system is gapless, while for odd ¢, the system is gapped and exhibits nontrivial edge states.

The identification of J and M matrices are then straightforward (See . There is only one link between
adjacent supercells, viz, site q of supercell n connects with site 1 of supercell n + 1, so that the hopping J
has all entries equal to zero except J14, = 1. The on-site matrix M has 2 cos(k, —2mn¢) on its main diagonal

entries and 1’s on its first diagonals. For instance, for the simplest nontrivial case of ¢ = 1/3, these matrices

are
0 0 1 cos(kyf%”) 1
J=(0o00]|, M=2 1 cos (ky + 2F) 1 : (7.11)
0 0 O 0 1 cos(ky)
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Figure 7.1: The spectrum of Hofstadter model, with the band edges (dark blue) computed using the transfer
matrix formalism and the left and right edge state dispersion (dashed and dashed-dot) from the Evans
equation , overlaid on the spectrum computed using exact diagonalization for a (top) commensurate and
(bottom) incommensurate system. Note that in the latter case, the edge states seen in exact diagonalization
exactly follow the winding right edge state obtained from the transfer matrix.

The actual computation of the transfer matrix is quite tedioueEI and not very enlightening; however, the
results can sometime be written in a compact form. For instance, for ¢ = 1/3, the Floquet discriminant is
a polynomial in €, given by

Ale, ky) = €® — 62 — 2cos(3k,), (7.12)

As expected, ¢ = 3, and A(e) = £2 is a cubic equation, which has three real solutions for each k, corre-
sponding to the upper and lower edges of the three bulk bands, as shown in Fig For the Hofstadter
model, A(e) is always polynomial in e, for reasons discussed in the next subsection.

The edge state calculation is identical to Hatsugai’s, so we do not describe it in any detail. However, we
emphasize his remark that if the total number of sites is commensurate with the flux ¢, i.e, a multiple of g,
then for a given k,, we either get physical edge states on both left and right edges, or no physical edge states
at all. In order to have a physical edge state for all k,, which will have an associated winding, we need to
consider a system with the number of sites incommensurate with the ﬂuxﬂ (see Fig . Thus, it is useful
to look at both physical or unphysical edge states, i.e, those satisfying all combinations of the boundary
and decay conditions, to expose their topological nature, which manifests itself only partly in numerics for
a given edge and system size.

In our picture, for the case of incommensurate system size, the number of supercells is not an integer.

For the Hofstadter model, the .4 degrees of freedoms per supercell are physical sites, so that a fractional

3We use MathematicaT™to perform the analytic manipulations for most examples in this chapter. For an explicit compu-
tation, see the example of Chern insulator.
4Qur usage of the words “commensurate” and “incommensurate” seems to be opposite that of Hatsugai!
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number of supercells is physically sensible. In general, the degrees of freedom constituting a supercell
are not physical sites; however, we shall see that the number of supercells being fractional still formally
makes sense, and we can contrive the corresponding (potentially unphysical) boundary conditions for exact
diagonalization computations, which will exhibit the winding of the edge states. We shall hereafter use the
word incommensurate (w.r.t the superlattice) to refer to such computations, where the number of supercells

is not an integer.

7.1.3 Natural basis and “unfolding”

Hatsugai’s original calculation[47, [60] of the transfer matrix worked because of the fact that in the Hofstadter
model, only the nearest neighbor hoppings are nonzero. Before we proceed to further examples, we stop to
consider the implications of only having nearest neighbor hoppz'ngﬂ inside a single supercell, which implies,

in our notation, that M is tridiagonal, and J = e; ® e_y, as in the Hofstadter model. Explicitly, if

1 1251 T1 0
... 0 T1 125 0
00 ... 0 0 0 ... uy

with g, 7 € RVn =1,2,... 4", where we have defined 74 = 1, then we can write the recursion relation
as

Tn(z)n—i-l + Mn¢n + TnPn—1 = 5¢n7 (714)

where 7,, and p,, are periodic with period .#". Following Hatsugai and others[48, 49], we can compute the

transfer matrix for translation by a supercell as the product

N 1
r=1][7. 7;:(_“(6_”") _1>, (7.15)

where 7, is the transfer matrix from the site n to the site n 4 1, satisfying the periodicity T,+ 4 = T,. This
construction always results in the transfer matrix 7" being polynomial in ¢, as it is defined as a product of
matrices Ty, each of which is linear in £. Subsequently, the Floquet discriminant, A = tr {T'} is a polynomial

in £, as was the case for the Hofstadter model.

A natural question to ask is whether a given system can be reduced to this nearest-neighbor-hopping form.

More explicitly, given a particular J and M, we ask whether they can be reduced to the form of eq. ([7.13)

5Recall that we are thinking of different degrees of freedom inside a supercell as “sites”, even if physically, they might refer
to spin/orbit/something else.
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by some unitary transformations, or equivalently, by a suitable choice of basis of C**". We start off by noting
that J provides a natural orthonormal basis for C*, viz, {v,x;,w}, in which J takes the form required
in eq. (7.13)), since J = v - w', so that (vJw) = 1 and all other matrix elements vanish. Furthermore, M

becomes
viMv viMX viMw

M=| XTMv XTMX X'Mw [, (7.16)
wiMv wiMX wiMw
where X is unitary since {x;} are orthonormal. We have some freedom in choosing X, since we can choose

any basis of span{x;} C C*". We seek to use this freedom to attempt to reduce M to the form of eq. (7.13).

For tridiagonalization of M, we must have wiMv = 0, which simply means that the degrees of freedom
in a supercell connected to the next and the previous supercells are not directly connected to each other
(except for when .#° = 2). This can always be arranged by taking a big enough supercell. Also, since
M is Hermitian, XTMX can always be reduced to a tridiagonal form by a suitable nonunique choice of

X € U(A — 2) using the Lanczos/Householder algorithm[106, [107]. Finally, we are left with the conditions
XTMvoc(1,0...007, XTMw o (1,0...0)7, (7.17)

which should be checked explicitly for the case at hand. If such an X exists, then we shall refer to such a
transformation as unfolding the model to a 1D chain. A quick survey of the matrix M in this basis reveals
various restrictions on the transfer matrices. For instance, if viMv and wiMw are real, it immediately
follows that the entries of the transfer matrix are real. Furthermore, we can often glean information about

the edge states by looking at the hopping of the resulting 1D chain, as discussed explicitly in Sec

7.1.4 Chern insulator

We next consider the Chern insulator, which is defined on a 2-dimensional square lattice by the Bloch
Hamiltonian

Hp =asink,o” + asink,o? + b(2 —m — cosk, — cosky)o”, (7.18)

where a,b,m € R. This model is a discrete (lattice) version of the 2-dimensional Dirac Hamiltonian, given
by Hbirac = O2Pz + 0yDy + Mo, where p; = —i0; are the momentum operators and m is the mass of the

fermion. The bulk spectrum for the Chern insulator is given by

€= :I:\/aQ(sin2 ky +sin® k) + b2(2 — m — cos k,, — cos k)2, (7.19)
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so that the system is gapless (“semimetallic”) for some k only if m = 0,2,4, and is gapped (“insulating”)

otherwise.

The ‘topological’ nature of this model refers to an obstruction to a definition of the eigenstates of H g (k)
which vary smoothly with k. More explicitly, consider the eigenvalue problem H(k)u(k) = ey u(k) with e
corresponds to choosing the positive sign in eq. . Since the vectors u(k) € C? are only defined upto
a phase, we must choose their phases in order to define a continuous u(k). Mathematically, this choice of
phase corresponds to choosing a smooth global section of a U(1) bundle defined on the Brillouin zone T?2,
and no such section exists if the bundle is twisted (For more details, see Sec . One way to measure this
twist is the first Chern number Cy € Z, whose nonvanishing corresponds to a nontrivial bundle. This is our
bulk topological invariant.

The first Chern number of a given band 4 is proportional to the integral of the Berry-curvature 2-form
T+ over the parameter space T? 3 k, i.e, the first Brillouin zone. Since the Bloch Hamiltonian is a two-level
system, we can use the results from Sec to compute the Berry curvature. Furthermore, using eq. 7

the Chern number is simply the winding number associated with the map T? — S? explicitly given by

1
k— E—(sinkmsinky,?fmfcoskmfcosky), (7.20)
+

where the RHS is in terms of the Cartesian coordinates on S? embedded in R3. Thus, the Chern number
becomes[40]

1, 0<m<?2

1

C, = — = 7.21
1= 5 W& 1, 2<m<A4 (7.21)

0, otherwise.

We say that the system is in a topological phase for m € (0,2) U (2,4) and a trivial phase for m € (—oo,0) U
(4, 00). Clearly, one always encounters a gapless point when tuning m between topologically distinct phases,
i.e, phases with different Chern numbers.

The Chern insulator model turns out to be the drosophila melanogaster (fruit fly) of our analysis of
topological states using the generalized transfer matrixﬂ This is essentially because the transfer matrix is
quadratic in €, so that the corresponding energy Riemann surface would turn out to be a torus, while almost
all other models correspond to surfaces of higher genera. which we discuss in Sec[7.2] We begin by explicitly

constructing the transfer matrix for translations along x.

6The inspiration for our general construction was, in fact, an attempt to repeat Hatsugai’s analysis of the Hofstadter model
for the case of Chern insulator. We present that original computation in Appendix @
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Transfer matrix

We begin by inverse Fourier transforming the Chern insulator Bloch Hamiltonian along x:

N
a / i b
1) =3 |5 (chino™en = chrtenss) 4 5 (choroen + choenin) + €l (asin by + B, )0%)

[=)

n=

—iac® + bo? iao® + bo?
T [f (;) ¢, + ¢l (asinkyo? + bA(k,)o") ¢, + cl (;) } (7.22)
where A(ky) =2 —m — cosk,. Comparing with eq. (7.2), we can readily identify

J == (—tac® +bo®), M =asinkyo¥+bA(k,)o”. (7.23)

N |

Clearly, det(J) = (b*> — a?)/4, so that J becomes singular when a = b, which is precisely the case that we

are interested in. We shall hereafter set a = b = 1, so that

1
J = % (0% —io®), M =sinkyo?+ A(ky)o”. (7.24)

We compute the SVD of J as

1 —1 1 1
J=v-wl, v\@( ) ), w\/§<1>. (7.25)

Next,
G = (ely —sinkyo¥ — A(k,)o®) ™" = A(ely +sinkyo¥ + A(k,)o?), (7.26)

where A = (62 + A2 — sin? ky) ~'. The individual components are
gm, = A(€ + sin ky), gww = A(€ — sin ky), gq)w = ng =-A A(ky) (727)
Thus, using eq. (7.3), the transfer matrix is given byﬂ

1 ( —e2 + A%(ky) +sin’k, e—sink, ) . (7.28)

ARy —(e+sinky) 1

"Note that this is not identical to the transfer matrix obtained in eq. (C.26)), but is related by a similarity transform, as
they both have the same determinant and trace.
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The condition for the bulk band edges is A = 42, where the Floquet discriminant is given by

_ 1—e? 4+ A%(k,) +sin® k&,

Ae, ky) =tr{T(e, ky)} Ak, )] (7.29)
Thus, the bulk band edges are explicitly given by
e? =sin’k, + (2F 1 —m — cosk,)?. (7.30)
The bands are symmetric under € — —e, and stretch between e,,,;, < || < €maaz, With
Emin = \/sin2 ky 4+ (1 —m — cosky)?, Emaz = \/Sin2 ky + (3 —m — cosky)?. (7.31)

for m < 2, while &5, and €,,4, switch roles for m > 2.
We can compute the edge spectrum explicitly using eqns ([7.6) and (7.7)), with the explicit definitions of
Gap for the Chern insulator in eq. (7.27)), as

ep(ky) = —sink,, er(ky) = sinky,

alongwith the condition for it to be physical, viz,

N
€2 —sin®ky, + A2(k,)  |A(ky)]

1 < |AA(ky)| = = |A(ky)| <1, (7.32)

since E%’ R= sin? ky. We plot the bulk and edge spectra computed above, alongwith the spectrum computed

using exact diagonalization, in Fig. [7.2|(a).

Unfolding the 1D chain and SSH model

For the Chern insulator, the unfolding to a 1D chain is particularly neat, as it leads to an alternating bond
model, a quintessence of which is the Su-Schrieffer-Hieger(SSH) model[I08] for polyacetylene. Since M is a
2 x 2 matrix and hence, by definition, tridiagonal, the unfolding requires a unitary operator which takes J

to the desired form of eq. (7.13]). Take a unitary operator U, defined as

u (il + o®), (7.33)

1
V2
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Figure 7.2: The spectrum of Chern insulator for m = 0.8, with the band edges (dark blue) computed
using the transfer matrix formalism and the left and right edge state dispersion (dashed and dashed-dot)
from the Evans equation , overlaid on the spectrum computed using exact diagonalization for a (top)
commensurate and (bottom) incommensurate system. Note that in the latter case, the edge states seen in
exact diagonalization exactly follow the winding right edge state obtained from the transfer matrix.

so that U v = e; and U w = ey. Transforming the Bloch Hamiltonian as Hgp — Hz =U Hp Ut, we get
Hg = sink,o” + sink,0® — (2 —m — cosk, — cosky)o? (7.34)

Inverse Fourier transforming along x, this becomes

e Yy Yok Yy
H (k) =D [CL“ (UTH) = (#) Cosr +cl (5inkyo® — Alky)o") e, |, (735)

n

where ¢,, = (cp, En)T. Redefining &, = bay, ¢, = bap+1 and expanding the products, we get

k)= { (—z' bl b + h.c.) + Mnb;bn] : (7.36)

n

where
A(ky) ;n = even,
1 ;n = odd.
Hence, by a basis transformation on the Chern insulator, we have obtained the Hamiltonian for a 1D chain

with alternating bond strengths 1 and A(k,). This is analogous to the case of the Su-Schrieffer-Hieger(SSH)

model[41], with the addition of an alternating on-site energy term.

The SSH picture provides a straightforward interpretation for the emergence of the edge states: whenever

one opens a boundary, one gets an edge state if the boundary cuts open a strong bond. Scanning as a
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Figure 7.3: Unfolding the Chern insulator: In (a), we see the Chern insulator in the usual basis, treating the
two degrees of freedom as sites. A change of basis in (b) transforms the model to a 1D chain with alternating

hopping.

function of k,, we can see that the edge states vanish when the bonds change their relative strength, i.e,
when |A(k,)| = 1, which is what one obtains from more elementary means[46] or sees in exact diagonalization.
In the SSH model, the edge state appears at zero energy[41]. However, for the Chern insulator, we also have
an on-site energy term pu,, = (—1)"sink,. Hence, the spectrum of the edge state is given by e(k,) = —sink,
for the left edge (n = 1) and e(k,) = sin k, for the right edge (n = 2 x number of supercells), which is also
what we got from a direct computation.

If the SSH chain has an even number of sites, so that the number of sites is commensurate with the size of
the supercell, the edge states always occur in pairs, i.e, either both at the left and right end or not at all. This
corresponds to the physical situation, as the aforementioned sites correspond to local spin/orbital degrees
of freedom and hence always occur in pairs, which explains why the left and the right edges always switch
off at the same k, in the computation above. However, if one considers the incommensurate case where the
SSH chain has an odd number of sites, there is an edge state for every k,,. If we allow such an (unphysical)
boundary conditiorﬂ we can expose the entire edge state in an exact diagonalization calculation, as shown
in Fig b). Thus, using Dirichlet boundary conditions for different “system sizes”, we can expose edge

spectrum throughout the Brillouin zone.

7.1.5 Further examples

We finally consider lattice models with = 1 on nonsquare lattices and/or nontrivial directions of translation,
where identifying the J and M matrix is not as straightforward. Consider then a tight binding model with
the Bloch Hamiltonian given by Hp(k), k € T?, defined on a lattice with lattice vectors a,, a = 1,... N
embedded in RY, so that the physical lattice sites are at coordinates r, = Yo Nala, N € Z" . Since the

Bloch Hamiltonian is periodic under translations by reciprocal vectorﬂ7 it can be written in terms of periodic

8In practice, we numerically construct the 2N x 2N Hamiltonian for a system of width N along x, parametrized by ky,
and literally delete the last row and column to get a (2N — 1) X (2N — 1) Hamiltonian, which we diagonalize to get the exact
diagonalization plot of Fig b)

9Recall that given a set of lattice vectors aq, the the reciprocal lattice vectors G are defined such that G, - ag = 6a5.
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functions of the scalars k - a,,.

To construct the transfer matrix which translates along the direction in R? specified by the unit vector
f , we begin by constructing a set of orthonormal coordinates {e;}¢ ; such that e; = f. In this basis, the
lattice vectors become a, = aq ;€;, so that k-a, = a, ki, where we have defined k; = k-e;. The periodicity
of Hp then lets us write it as sum of matrices dependent only on k, = {k;, j = 2,...d}, with prefactors

eiaa,lkl.

Thus, in order to construct the transfer matrix, we demand that all a,,; are commensurate with
some 7, i.e,

dyeRsty=Myan1 Yae1 #0, M, €Z. (7.37)

If such a 7 can be found, then set R = maxy/aq,;, so that the Bloch Hamiltonian becomes

R
MHp = Mo(ky)+ Y Ju(kp)e *rbr, (7.38)
=1

This can now be inverse Fourier transformed to obtain a lattice model with range R hopping. Choosing a
suitable supercell, we can identify the J and M matrix using the definitions from Sec [6.2]
Note that the existence of v defined above is crucial for the definition of a transfer matrix. For instance,

given a square lattice with a; = (1,0)T and ay = (0,1)7, one can choose f o (1,7)7, and define orthonormal

axes in R? as (M = V1 +1r2)

e1:./\f<1>, e2:N<_r>,:> 21 _ . (7.39)
r 1 ai

Thus, if r = p/q, we must take v = paj 1 = qasg 2, so that R = max{p, ¢}. This makes intuitive sense, since
if one moves in the direction specified by (¢, p) on a square lattice, the system is periodic with periodicity
R. However, if r is irrational, we cannot satisfy eq. for any +, since the system is aperiodic along
f. Thus, demanding the existence of a v satisfying eq. , we are essentially stating that the system be
periodic along the direction in which we intend to translate using our transfer matrix. This is essentially

tautological, since we defined our translation matrix only for systems which are translation invariant.

To demonstrate this formal construction, take a tight-binding model with the Bloch Hamiltonian[109, [1T0]

0 cos(k-aj) cos(k - asz)
Hpk) =2 cos(k-a;) 0 cos(k-az) |, (7.40)
cos(k - a3) cos(k - as) 0
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Figure 7.4: The spectrum of (top) Dirac Semimetal, (middle) Graphene and (bottom) Kagome semimetal.
See Sec [[. 1.5 and table [Z.] for details.

defined on the kagome lattice, with lattice vectors

1 1( -1 1 1
81:<0>, 32:§<\/§>, a3:—§<\/§>. (741)

Thus, the lattice is Z3, embedded in R2. Let us define the orthonormal axes on R? as

1{ V3 1{ 1
61:§<_1>, 92:§<\/§>, (742)

and demand that the transfer matrix translate along e;. The lattice vector in these coordinates become
a; = —ej + —ea, as = ———e1 + —e2, azg = —eoq. (743)

Thus, a1,1 = —ag1 = V/3/2 and a3 =0, so that we can choose v = v/3/2 and R = 1. This is a particularly
simple case, as it can be reduced to the form of eq. (7.2)). Substituting k - a, in terms of k; = k - e; and

setting k1 = k., ko = k,, the Bloch Hamiltonian becomes

0 3 (VBkathy) | o=5(VBhsthy) 2cos ky
Hp = | e2(V3hathy) | o=5(VBkathy) 0 e3(—VBhathy) 4 o=3(=VBhathy)
2 cos(ky) 3 (=VBhothy) | o= 5(=VBhathy) 0
0 ehv/2 0 0 0 2cosky, 0 e /2 0
_ ik | ik, /2 —iky /2 —i By | ik, /2 iky /2

=e 2 ety 0 e "y + 0 0 0 +e 2 e "y 0 e'y

0 e /2 0 2cosk, 0 0 0 ethul? 0
I (ky) M (ky) T (ky)

Comparing to eq. ID with k, — \/Tgkz, we can readily identify the J and M matrices.
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Model J M

1 .
Chern Insulator ?(03L —i0”?) sinkyo¥ + A(ky)o?
i
. : 1,
Dirac Semimetal ?(U“‘c —i0”?) A(ky)o?
i
0 1 0 1 — et
Graphene ) ©
0 0 1— ety 0
0 ethu/? 0 0 0 2cosk,
Kagome Semimetal etky/2 0 e~ tky/2 0 0 0
0 e~k /2 0 2cosk, 0 0

Table 7.1: A list of J and M matrix for some of the well-known topological and semimetal states. The
corresponding spectra are plotted in Fig. |7.4

In conclusion, using the generalized transfer matrix construction, the calculation of bulk bands as well as
edge states becomes simply a matter of identifying the J and M matrices. We list these matrices for some
of the well known topological and semimetal phases in Table [T.1] The corresponding band structures and

edge states, superimposed over the exact diagonalization result, are collected in Fig. [7.4]

7.2 Riemann surfaces and windings

One of the significant aspects of topological phases of matter are the edge/surface states, whose existence is
determined by the bulk characteristics and which cannot be gapped out by adding boundary terms. These
states often reflect the topological invariants of the bulk. For instance, despite the strong dependence of
the edge spectrum on the precise boundary condition, the number of (signed) crossings of a given energy
level in the band gap is a topological invariant, equal to the bulk Chern number. The proof of this so
called bulk-boundary correspondence is highly nontrivial[62], and has been worked out in detail for the clean
limit only in certain specific cases[68], 45]. However, an alternative perspective, due to Hatsugai, identifies
the topological invariants of the edge states as winding numbers of the edge states around the holes in the
(complex) energy Riemann surface. He also provides a proof of this correspondence[G0].

In this section, we describe the geometrical structures associated with the transfer matrices. The central

purpose of this analysis is to obtain a better understanding of the topological nature of the edge states.
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7.2.1 The two complexifications

In the Bloch analysis of discrete periodic systems, we usually restrict ourselves to real energies and momenta,
which correspond to plane wave eigenstates. However, in this section, we shall see that there is much to be
gained by allowing them to be complex (“complexifying” them). In the following, we shall only describe the
situation for r = 1. Furthermore, we shall restrict ourselves to a system in 2 spatial dimensions, with hard
boundary conditions along x and periodic boundary conditions along y, so that the transverse momentum
isk, =k, €8 L

Consider, then, a 2 x 2 transfer matrix for a 2-dimensional system, T'(¢, k, ). The eigenvalues of the transfer

matrix are

pi:%{Ai\/AQ—ZL}, A=tr{T}, (7.44)

which satisfy p,p_ = detT = 1. Following the Bloch ansatz, we can put p; = etfs = p_ = e %= g0
that k, is a function of (e, k). In the standard Bloch theory, (¢,k,) € ¢, the band gap, if |p+ (e, ky)| # 1,
i.e, when p, = e+ has no real solution in k, € R. Physically, this simply means that there are no states
propagating along x in the gap.

+ik

However, pyi (e, k,) = €=+ can always be solved in C, as p1p_ =1 = pi # 0. That is our first

complexification. In terms of the Floquet discriminant,
Ale, ky) = 2cosks. (7.45)

By solving this equation for k, € C, we get the so called complex band structure of the system[57], [47],
which can also be numerically computed and plotted in a 3-dimensional space (Re(k;), Im(k;), ) for a given
k,[48, 03]. The imaginary part of k, is interpreted as the inverse penetration depth of the edge modes,
with Im(k,) negative (positive) corresponding to the left (right) edge.

Now on to the second, and much more interesting, complexification. We note that the expression for the
eigenvalues involves v/A2 — 4, which is not a genuine function until we choose a branch of the square root.
For real ¢, the argument of the square root is also real and the two branches are picked for p4, respectively.
However, if we allow € to be complex, the square root becomes a genuine function from a two sheeted
Riemann surface to the complex plane, with the two sheets corresponding to the two choices for a branch,
connected at the branch cuts in the complex plane[57, [47]. For real eigenvalues, the two sheets correspond
to the magnitude of the eigenvalue being greater than (less than) unity. It is this structure that we seek to

expose in the following.
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/ : dt
w = _—
2o VPt ky) Embed in R?
Im(w) Tm(w)
?
w2 GL(2,R)
0 W1 Re(w) 0 1 Re(w)

Figure 7.5: The schematic for plotting the Riemann sheet corresponding to Chern insulator.

The Floquet discriminant is, by construction, a rational function of ¢ and ¢ = e**v. However, we shall
restrict ourselves to the cases where it is a polynomial in ¢, so that the denominator is independent of ¢ (see

Sec for relevant conditions for this to happen). Let us, then, define the discriminant of eq. (7.44)) as
P(e, ky) = A%(e, k) — 4. (7.46)

We shall hereafter simply write P(¢), tacitly assuming the dependence on k,. For a given system with .4~
degrees of freedom per supercell, the highest power of ¢ is that in det(¢1 — M), i.e, e, so that P(e) is a
polynomial of order 2.4 in . Thus, for a given k,, P(g) has 2.4 real roots, corresponding to the band edges
for .4 bands. Allowing € to be complex, we get a e-Riemann surface consisting of two Riemann spheres

connected along .4/ branch cuts on the real axis, which is a surface with genus[70} [73] 4" — 1.

In the following, we exhibit this structure explicitly for the case of the Chern insulator. Starting with eq.

(7.29), we can write

P(z)=¢et . (2 —a)(z—1)(z+1)(z +a) (7.47)
with
B € _ Emaz(ky)
2(ky) = 7gmin(ky)’ a(ky) = 75min(ky) >1,

4

where €p,in(ky) and €mqq(ky) are band edges, as defined in eq. (7.31). The prefactor, ;,,,,, is nonzero for

all k,, except when the parameter m = 0,2,4, i.e, at the gapless points. Hence, as far as edge states are
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concerned, we shall drop it in the subsequent discussion as it does not affect the roots of P(z) and hence
the branch-cut structure. On the other hand, for m = 0,2, 4, the system becomes gapless and the topology

of the Riemann sheet changes. In fact, for the gapless case, the polynomial can be written as
P(Z) = 22(2 - Emaz)(z + Emam), Z =E¢g, (748)

so that the Riemann surface now consists of two sheets connected at the single branch cut running between
—Emaz and Emqz, which has the topology of a sphere[70]. This is a general feature: the topology of the

e-Riemann surface changes at the gapless points.

For the gapped case, given a(k,), we can map the Riemann surface to a toruﬂ explicitly, using the elliptic

integral [70]:
(7.49)

(7 dt
o / VPk,)
where the integral is independent of the path, as long as it does not wind around the branch cuts, corre-
sponding to the two holonomies of the torus. On the other hand, such a winding gives the two periods of
the torus, as

(7.50)

dt dt
w1 (k) =7£m, ws(ky) :ém'
Hence, the elliptic integral maps the coordinate z on the Riemann sheet to w on the rectangle formed
by 0,w;,w; + we and wy in the complex plane, with the opposite edges identified. We can perform a
GL(2,R) transform w — w to map this rectangle to the square S bounded by the points 0,1,1 + ¢ and 3.
Finally, given w = 6 + i¢, we can embed the torus in 3

dimensional Euclidean space as as T
x = ((R +sin @) cosf, (R+sing)sinf, cos qb),

where x = (71, 72,23) € R® and R > 1 is a fixed constant.
Using the sequence of maps described above, any curve on

the complex-¢ plane can now be visualized as a curve on a

torus. A schematic of this process is depicted in Fig.
We also show such a plot in the adjacent figure, with the

dashed black loop enclosing one of the branch cuts.

100r a rectangle in the complex plane with opposite edges identified, to be precise.
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7.2.2 Windings on the Riemann surface

The physical edge states for a topological Hamiltonian are required to satisfy two conditions, wviz, the
boundary conditions and the decay condition, which, for r = 1, turn out to be Gy, ww(e, ky) = 0 and
|Guw (e, ky)| > 1, respectively. The former generically defines a curve in the complex-¢ space, while the latter
inequality selects out a part of this curve which corresponds to the physical edge state. However, it is to
those curves in totality that we can associate a winding number, which will encode the topological nature
of the edge states.

In the last subsection, we constructed a set of Riemann surfaces parametrized by k, for a given Floquet
discriminant A(e, k,), which was a polynomial of order .#". If the system stays gappeﬂ, then they all
have the same genus, viz, .#" — 1 independent of k,, so that they can be deformed into each other by
smooth transformations. Thus, we map them all to a generic surface S of genus .4/ — 1. A smooth level set
f(g,ky) = 0 could then define a curve on S, which would be closed since k, € S*. The set of closed loops on
S is classified by 71 (S), the fundamental group of S, which is nontrivial for a genus .4 — 1 surface if A4 > 1.

The set of curves defined by Gy ww (€, ky) = 0, however, cannot fall into all homotopy classes in 71 (S). The
essential reason is that all energies ¢ corresponding to physical systems must stay positive, so that we are,
in fact, stuck to (two copies of) the real line in the e-Riemann sheet, connected at the branch cutﬂ Thus,
the actual maps that we are concerned with are simply those which wind around one particular band gap,
and hence, in essence, are S' — S!. This map is associated with just one winding number as 71 (S!) = Z,

which is not the same as the fundamental group of the Riemann surface, as, for instance, m1(T?) = Z x Z.

We now consider the case of Chern insulator, where S = T2. The edge spectrum is explicitly given by
er,r(ky) = £sink,, as computed in Sec If the associated curve, er,(k,), winds around a hole of the
Riemann surface, it has to be on both the sheets. But the two sheets correspond to the eigenvalues of T
being less than or greater than 1, i.e, for the modes to be decaying as n — oo and n — —o0, respectively.
Hence, in order to have a curve with a nontrivial winding, we need both the physical and unphysical states,
as defined in Table We point out that in Hatsugai’s analysis, the winding was obtained using only the
physical edge states by using a boundary condition such that ®; = ® 5 in Table so that any given state

is physical at at least one of the edges. This corresponds to the incommensurate case in our description.

In the discussion on the e-Riemann surface, we remarked that its topology changes when the system

becomes gapless. In particular, for the Chern insulator at m = 0 = k,, the Riemann sheet is a 2-sphere,

1 'When the topology depends on ky, for instance, if the gap closes for some ky, then we shall need the language of cobordism
to describe the family of Riemann surfaces.

12We could have done this computation by simply gluing together two branches of \/P(z) wherever P(z) = 0, where the
branches yield the same result, but the language of Riemann surface is more familiar and hence less ad hoc.
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Figure 7.6: The spectrum of Chern insulator for m = —0.8, with the band edges (dark blue) computed
using the transfer matrix formalism and the left and right edge state dispersion (dashed and dashed-dot),
overlaid on the spectrum computed using exact diagonalization for a (left) commensurate and (center)
incommensurate system. In the rightmost panel, we plot the transfer matrix corresponding to the left edge
state for Chern insulator(solid black line), which is contractible, and compare it with the case of m = +0.8(red
dashed curve), where it is incontractible. The underlying (solid) torus is the manifold Sp(2,R).

on which all loops are contractible. Hence, as one tunes m across one of these gapless points, the winding
number (and hence the Chern number) can change, as the loops that were non-contractible on the torus can
be contracted to a point on the sphere. This does not necessarily mean that there are no states anymore
that satisfy the boundary and decay conditions; rather, it simply implies that the curves corresponding to
such states are now contractible. Furthermore, we can also expose such a state in exact diagonalization by
taking an incommensurate system, as shown in Fig. |[7.6] Physically, this indicates that even when the bulk is
trivial, there can still be states localized on the edge that decay into the bulk, but they are not topologically

protected, and hence can be removed by adding a suitable boundary term.

7.2.3 Winding in Sp(2,R)

For r = 1, the corresponding transfer matrices T' € Sp(2,R), a Lie group which, as a 3-dimensional smooth
manifold, is homeomorphic to a solid 2-torus, i.e, D? x S!, where D? represents the 2-dimensional open
disc. In Appendix we describe a particular parametrization of this Lie group. Given e(k,) which is a
continuous function of k,, consider T (e(ky), ky). As k, € S, this describes a curve C on Sp(2,R), so that
edge spectra correspond to curves on Sp(2,R). SinceIE m1 (Sp(2,R)) = Z, the winding number of this curve
provides another diagnostic of the topological nature of the edge states. For instance, in Fig[7.6] we plot
the left edge state of the Chern insulator in both the topological and the trivial regime, where the winding

number correctly determines the Chern number associated with the bulk in each case.

Note that this computation does not need any of the complexifications described in the previous sections.

Another advantage of plotting these curves in Sp(2,R) over the curves on the e-Riemann surface is that

13See Appendix for a proof.
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Figure 7.7: The spectrum of the Hofstadter model for ¢ = 1/5 (top), and (bottom) the curve of transfer
matrices on Sp(2,R) corresponding to the left edge state in the second gap from the bottom. Note that the
curve winds around twice in Sp(2,R), as expected from the spectrum.

the curves described here is always a solid torus for all rank 1 systems, as opposed to the Riemann surface,
which is a surface whose genus is a function of the number of bands. For instance, we plot the edge state
for the Hofstadter model with ¢ = 1/5 in Fig. the Riemann surface corresponding to which has genus

4. The edge state shown has a winding number of 2, a fact that can be easily gleaned from the figure.

The edge spectra could be computed using the Evans condition of eq. (7.8), i.e, <pTJT(€,ky)gp = 0.
We now show that the corresponding winding number is independent of ¢, and hence is, to some extent,
independent of the specific choice of the boundary conditions. Since m (Sp(2,R)) = Z, any curve C on

Sp(2,R) is associated with a winding number (also known as Maslov index[100}, [71]), so that we have a map
w2 (Sp(2.R)) = 2, (751)

which associates a winding number with each loop, C € Z1(Sp(2,R)), where Z;(M) denotes the set of all
closed loops on a smooth manifold M. Now, the Evans condition for a given ¢ is a continuous function of
ky, to which we can associate a curve C,, with the corresponding winding number ;(C,). Hence, for each
¢ € C?\{0}, we get a map ¢ — pu(C,) € Z. But as u(C,) is an integer, it cannot change continuously under

a continuous change of ¢. Thus, u(C,) must be independent of ¢’s for a given gap.

So far, we have not shown using our formalism that the winding number of a curve corresponding to an edge
spectrum in Sp(2,R) is same as the winding number of the corresponding curve on the e-Riemann surface,
even though we notice it to be so in all the examples that we checkecﬂ The interpretation of the Chern

number as a Maslov index can provide new ways of computing it numerically, as well as analytically [TTT, [50].

1A proof of a similar statement is discussed in Ref. [50] using K-theory.
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7.3 An example for r = 2: TCI

The analytic computation of the transfer matrix naturally becomes more intricate for » > 1. However, if the
transfer matrix turns out to be symplectic, we can take advantage of the additional structure (See Sec
for exact computations. Here, we compute the transfer-matrix for a » = 2 model in closed form and derive
exact analytical expressions for its surface spectrum for such a case. The model we study is a Cj—invariant
topological crystalline insulator (TCI), first introduced by Fu[112]. The model has topological surface states,
which are protected by crystalline symmetries alongside time reversal symmetry.

The Fu model is defined on a 3-dimensional tetragonal lattice, with alternating layers of square lattices
of A and B type along the z axis. The system has a 4-fold rotation symmetry in the plane normal to the z
axis. The lattice model consists of nearest and next-nearest neighbor hoppings between two orbitals on each
site (typically identified as p, and p,), with the strength of hopping being equal in magnitude but opposite
in sign on the A and B sublattices. Thus, the model consists of 4 bands, with 2 orbitals and 2 sublattice

degrees of freedom. The Bloch Hamiltonian is given by

[ Halk) Hp(k)
mk)(%i(k) %(k)) (752

with the layer Hamiltonian H,, a € {4, B} and the inter-layer hopping H;. The 2 x 2 blocks are given by

Ha(k) = 262 ( cos ky, 0 ) o ( cosky cosk, sinkgsink, )

0 cos ky sink;sink, cosk, cosk,
= [t (cos kg + cosk,) + 2t5 cos ky cos k| 1o + 25 sin k,, sin ko, + t5(cos kg, — cosky)o,

Hi (k) = [t) + 2th(cosk, + cosky) + t,e™] 1, (7.53)

where we take tf‘ = —t? =1t; for i = 1,2, so that Hy = —Hp = Hp. The system is invariant under Cy

rotations, with the C4 action defined by
Cs H(ky, oy, kz) Co b = H(—ky, ky, k), (7.54)

where Cy = il ® o,. Clearly, a cut normal to the z axis preserves the C4y symmetry. We cut the system

along™| z, so that we shall need to inverse Fourier transform along z. Defining

Hr(k) =Hi(ky) +the™ 1y = Hi(ky) = [t) + 2th(cosk, + cosk,)] 1o, (7.55)

15This is opposed to the transfer matrix acting along x as in the previous sections, but it conforms to the notation in Ref.
[112]
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where k| = (kz, ky), we identify
0 1 H H
J=t, R A (7.56)
0 0 Hi —Ho
In order to reduce the notational clutter, we set
Ho=aly+b-o, Hi=ml,, (7.57)
where we have defined

a =ty (cosky + cosky) + 2t cos kg cos ky,
b= ( 2ty sink, sink,, 0, t1(cosk; —cosky) ) ,

m =t} + 2t5(cos ky + cosky), (7.58)

and b = |b|. We also normalize the parameters of the model so that ¢/, = 1.

To compute the transfer matrix, we begin with the SVD of J as J =V - Z- WT, with

1y _ _ 0
e (5) zen e (1) -

The condition for the transfer matrix being complex-symplectic (eq. (6.68))) was that [Gap, Z] = 0, which

(1]

is trivially true here. Furthermore, as M and J are both real, the transfer matrix will be real. Thus, we

conclude that T' € Sp(4,R). Next, we need to compute

-1 -1
—a)ly, —b- —ml A B
g [ ol 7 e = , (7.60)
—mls (e+a)la+b-o B D
where
A=(e—a)la—b-o, B=-mly, D=(s+a)la+Db-o. (7.61)
As each block here is invertible for almost all &, we use the eq. (B.8) from Appendix to get

—1 —-1pc-1 -1 _pA-1pg-1
g_<A + A"1BS;'BA A"1BS;, ) 762)

B ~S;,'BA! St

where S;; = G7'/A = D — BA='B. The computation of G, a,b € {v,w} for the definition of V and W of
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eq. ([7.59) is simply extracting the correct submatrices, so that

vo  Guo A7+ ATIBS'BATY —ATIBS!

ng gww 751_11BAi1 51_11

Setting = = 1 in our explicit expression for the generalized transfer matrix (eq. (6.62))), we need to compute

g’u_u} _gv_'u} gww
= ( GovGod G — Gow G Gurw ) ' (764

Substituting G, from eq. (7.63)), we get

. ( ~AB7'S), (AB7!Su) 8 )
— (A1 + ATIBS;'BATY) (AB71S1) —AT'BS + (AT + ATIBS'BATY) (AB71S0) 8!
_ ( —AB7'Sy AB™ ) _ ( —AB~! (D-BA™'B)  AB” )
(B8 +AT'B) B ~B(D-BAT'B)—A"'B B!
B-AB-'D AB™!
_ ( SAm D AR ) (7.65)

Finally substituting the blocks from eq. (7.61), we get

(7.66)

T—l ( n’ly—2ab-o  (a—¢)la+b-o
( )

m\ (a+e)ly+b-o -1

where n? = 2 — a? — b> — m?2. Thus,

tr{T} = % [tr {n°1y — 2ab - o} + tr {—1,}]
= % (n”=1),
o {72} = # [tr {(1?12 — 2ab - 0)%} + 2tr {((a — &)1y + b-o)((a + &)Lz + b o)} + tr {(~12)2}]
- % (2 = 1) +42?] — 4. (7.67)

Since T is symplectic, we deduce that the bulk bands are completely determined by the Floquet discriminants.

Using eq. (6.87) for r = 2, the two Floquet discriminants A, 4 = %1 can be explicitly computed as

252

AH:;[trT+u\/2trT2—(trT)2+8}:;[Ti(nQ—l)iu 167522[)]

R R R ST S S Ll o 2
—m[s a®—b"—m 1+2,uab]—m[5 m° —1 (a—|—,ub)], (7.68)
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in terms of which the bulk energy spectrum becomes

(A#i,/Aﬁ —4), p= 1. (7.69)

The band edges are given by |A, (e, k)| = 2. Setting A, = 2, A = %1, we get

o[T] =

DN | =

e2—m?—1—(a+ph)? =2\ = epu = =/ (m + N2 + (a + pub)?. (7.70)

Clearly, we have 8 eigenvalues, and the spectrum is symmetric about ¢ = 0.

For the edge states, given ® = (3,0)7, which satisfies the boundary conditions for the left edge, we

demand that T'® is in the same subspace as @, spanned by e; and e;. But
T<B>:< (7?1, — 2ab - o) B ) (7.71)
0 ((a+e)la+b-0o)B
Thus, for ® to be a left edge state, we demand that
((a+¢)la+b-o)B3=0, (7.72)
From Cramers’ rule, we get a nontrivial solution for 3 iff the matrix is singular, i.e, iff
det[(a+er)lo+b-o]=(a+er)? —b*=0. (7.73)
A similar analysis for the right edge state leads to the condition
det[(a —eg)ly +b-0] = (a —er)* —b*> = 0. (7.74)
The left and right edge spectra are given by
ep=—axb, egp=azLh. (7.75)

Thus, exploiting the symplectic structure of the transfer matrix, we have analytically obtained explicit
expressions for the boundaries of the bulk bands and the edge spectra as a function of parameters a, b and
m, as defined in eq. ([7.58)), which themselves are functions of k. We plot the analytically computed spectra

alongside the spectra computed using exact diagonalization in Fig
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Figure 7.8: The spectrum of the topological crystalline insulator model due Fu[l12], with the parameters
t1 = 0.5, to = 0.25, t{ = 1.25, t, = 0.25 and t, = 1 in eq. (7.53). The band edges (dark blue) and the
left and right edge state dispersion (dashed and dashed-dot) computed using the transfer matrix formalism,
overlaid on the spectrum computed using exact diagonalization equivalent to Fig, 2(b) of Ref. [112].

We notice that this model exhibits partial gaps (defined in Sec , which we expected to generically
be the case for r > 1. These corresponds to the (g,k, ) values where one pair of eigenvalues of the transfer
matrix lie on the unit circle, while the other pair lies off it. The edge states always touch one of the band
edges, but sometimes they can mean the edge to a partial gap, so that for a given (¢,k_ ), there is an edge
state as well as a bulk band state. This is clearly seen in Fig for instance, between M and X points.

A striking feature of the band structure of TCI’s is the existence of a quadratic band touching at the surface
near the high symmetry point. In the case at hand, this occurs at the M point, i.e, the projection of the M
point of the 3D Brillouin zone on a constant k, plane. This corresponds to the transverse quasimomentum
ky = (m, 7). We can see the band touching analytically by expanding the (left, say) edge spectrum in the

vicinity of this point as k| = kj; + dk upto the second order in 0k, to get

t1 — 2to

€L’&"f2(t2*t1)* B

(6k)? + % (k)4 + 4

25\ °
1- <2> ] Sk20k2 . (7.76)
ty

For t; = 2ts = t, we get a radially symmetric quadratic band touching, with the spectrum given by
1 2
e~ —t|1F 5(5]6) . (7.77)

Furthermore, we can analytically track the lifting of degeneracy of the surface states at the high symmetry
point M on addition of a Cy-breaking term. For instance, we can add a term 0H = po, ® o, to the

Hamiltonian, leading to b — b+ (0,0, u). Physically, this corresponds to breaking the degeneracy of the p,
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and p, orbitals. Then, at the M point, the left edge spectrum becomes
a:2(t27t1), b:(0,0,u) — EL:2(t17t2):‘:yJ.

The gap is clearly proportional to u, the strength of the Cy breaking term.

Thus, our analytically computed closed form expressions for bulk and surface bands agree with the exact
diagonalization results. Furthermore, these expressions let us analytically study the fine-tuned nature of
this surface quadratic band touching vis a vis the Cy crystal symmetry, as well as derive the coefficients of

a k - p expansion around that point, which was guessed on symmetry grounds in Ref. [112].

7.4 Large r: Disordered Systems

We have so far discussed analytical computations using our generalized transfer matrix for r = 1,2, where
it was analytically tractable. However, the power of this method lies in its generality, and the fact that
it provides us with an algorithm to compute arbitrary band structures which can be easily mechanized.
In this section, we do precisely that in order to study disordered systems. In particular, we investigate

metal-insulator transitions in disordered tight-binding models.

Transfer Matrix Setup

Consider a generic d-dimensional tight binding lattice model with ¢ degrees of freedom per unit cell. The
simplest model of a disorder is the diagonal(also known as on-site or Anderson type) disorder. This simply
involves adding a random on-site potential, i.e, adding to our tight binding Hamiltonian a term of the form
Haisorder = D _p o Vn,aCL,ame where {V,,} are independent and identically distributed (iid) real random
variables, chosen from some fixed probability distribution. The disorder potential explicitly breaks the
translational symmetry, so that the transverse momentum, k; is not a good quantum number anymore.
Instead, we consider the system on a strip geometry, i.e, infinite along x and finite (with open or periodic

boundary conditions) along all the transverse directions.

Thus, we write our system in the position basis and construct the supercells from the sites corresponding
to a constant z. For instance, for a 2 dimensional strip of width L,,, with sites indexed by m = 1,... L, and

internal degrees of freedom at each site by a = 1,.. ., q, the Hamiltonian takes the form

o Ly q
7‘[ = HO + Z Z Z Vnmacilmacnma (778)

n=1m=1a=1
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where H, is the translation-invariant Hamiltonian for the clean system, and the iid real random variables
{Vama} are taken from a uniform distribution of width W centered at 0. Our supercells now consist of the
N = qL, degrees of freedom. Using the method described in Sec we can identify the hopping matrix J
and the on-site matrix M,,, where only M depends on n as the disorder is diagonal. We can construct the
transfer matrix as a function of n, i.e, ®,,41 = T,,®,,, where T}, now depends on the disorder realization. For

a system with N sites along the x axis, we define the total transfer matrix as the product T = Hﬁle T,.

To investigate the existence of topological edge states, we note that for a clean system in a strip geometry in
2-dimensions, there are edge states localized at m = 1, L, along the y axis and strongly delocalized(‘metallic’)
along x. Since these modes are topological in nature, they are not expected to localize in presence of weak
disorder; however, for a strong enough disorder, we may have a percolation transition. Since the eigenvalues
of T' determine the growth rate of the corresponding wavefunctions along x, for a fully delocalized state the
corresponding eigenvalue p of the total transfer matrix must lie on the unit circlﬂ Conventionally, one
computes the Lyapunov exponent defined as A = In |p|, which must vanish for a delocalized state. We next

discuss the recipe to compute the Lyapunov exponents numerically.

Lyapunov Exponents and Localization Lengths

The conventional approaches[113, 114} [IT5] to studying bulk phases of disordered non-interacting models and
their Anderson transitions rely on obtaining the smallest Lyapunov exponent (in magnitude), or equivalently,
the longest localization length in the z direction for a fixed energy €. When the Fermi energy is set to ¢, a
further finite size scaling analysis of the longest localization length in the transverse directions discriminates
between conducting and insulating phases of the bulk. In order to observe the quasi—(d — 1) dimensional
metallic edge modes in a d-dimensional disordered topological phase, it is desirable to compute the multiset

of al]E Lyapunov exponents, hereafter termed the Lyapunov spectrum.

For a clean system, the eigenvalues p; of the transfer matrix determine the growth/decay rate of the
corresponding eigenstates, so that we can identify the Lyapunov exponents, or alternatively, the inverse
localization length, as \; = 1/I; = In|p;|. Alternatively, we can define A = (T1T)Y/? with eigenvalues
A; = |pi], so that \; =In A;. For the disordered case, the transfer matrices depend on n, so that we define

_1_
A= Jim [TAT ™ Ty

N—oc0

Il
—
=

(7.79)

161f the transfer matrices are regarded as the evolution map of a dynamical system in time N, then the ‘metallic’ edge states
correspond to stable limit cycles as N — oo.
17This is in contrast to studying the onset of localization in a metal, where one seeks only the largest Lyapunov exponent.
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The fact that such a finite valued matrix exists is guaranteed by Oseledec’s theorem|[I16]. The Lyapunov

exponents are again given by A; = In A;, where A; € R are the eigenvalue of A.

In principle, given the transfer matrix, one could directly compute the matrix product in eq. ,
and hence the Lyapunov exponents, as a function of N. However, in practice, such a numerical matrix
multiplication and diagonalization is usually plagued by numerical rounding and overflow errors, associated
with the finite precision of the floating point representation of real numbers. In order to circumvent these

issues, we follow the method described in Ref [116].

The key idea is to perform a QR decomposition[I15] after every step involving a matrix multiplication.
Recall that the QR decomposition for a complex nonsingular square matrix M involves writing it as M = QR,
where @) is unitary and R is upper triangular with real, positive diagonal entries, sorted in descending order.
The actual matrix multiplication of T},’s is then reduced to multiplying a set of upper triangular matrices
R,,’s. Explicitly, we begin by performing a QR decomposition of the first transfer matrix in the sequence as

T, = Q1 Ry, and setting T3 = T»Q;. Iterating, we get

N N
1%=<HE)BE2<HE)B@&Q

N N
=<Hﬂ)ﬁ&=(ﬂﬂ>%@ﬁﬁh
n=3 N n=4 N
=...=Ty [[ B =Qn ] Bm. (7.80)
m=1 m=1

where we have defined T}, = T,,Q,, and carried out its QR decomposition as T}, | = Qny1Rn41 at each

iteration. As QTQ = 1 and RIan = S5, is diagonal with the diagonal entries Sy, ;; = (Rm’ii)Q, we get

2~

A:

N ﬁ N
11 Sm] = diag <H RmM) (7.81)
m=1

m=1

i
Only the diagonal elements of R, are needed at each iteration, so that the computation of each eigenvalue of

A now involves O(N) multiplications, as opposed to O(N?) for a direct multiplication, thereby dramatically

reducing the accumulation of numerical error. As N — oo, the Lyapunov exponents converge to

N —oc0

&
A= lim > In[(Rp)iil. (7.82)

m=1

Convergence to the true Lyapunov exponents can also be ascertained by studying the statistical fluctuations

of the average on the right hand side of eq. (7.82).
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7.4.1 Disordered Chern Insulator

We now specialize to the case of a Chern insulator with diagonal disorder. For a clean system, the on-site

matrix M is given by
M= % ( (em+1-€l) @ (0¥ — %) +he. + (2—m)lL, ® 07 (7.83)
Thus, in presence of a diagonal disorder V', the on-site Green’s function becomes
Gn= (el @1y —M—V,)™ ", (7.84)

where Lyax = Ly in the case of PBC and Lyax = Ly — 1 for the open boundary condition. It is worth
remarking that for fixed ¢ and M, G, ! is non-invertible only for a set of measure V,, realizations, i.e, almost
everywhere, and so we shall side step questions of its singularity.

The inter-layer hopping matrix J remains unchanged for this ensemble of disorder and takes the form of

a 2L, x 2L, matrix

1 .
J= Z—i]lLy ® (6% —ioc?), (7.85)
which, however, remains singular, with rank » = L,. This conforms with the expectation of L, independent

channels in the non-disordered limit, which are explicitly coupled by disorder. The SVD for J remains

virtually unchanged:
J=1p,@(v-w)=>V, W], (7.86)

with v and w defined as in eq. (7.25)), and we have defined the channels V, := e, ® v and W, := e, ® w;
{ey}jil being the standard basis of C'v. For each n, the transfer matrix 7,, can now be numerically
computed using eq. (6.62)), which can be used to further compute the Lyapunov exponents using eq. ([7.82)).

Since Z = 1, the transfer matrix is symplectic (eq. (6.68])), so that the eigenvalues occur in reciprocal

y?

pairs and the Lyapunov spectrum is symmetric about zero. We seek our edge mode, localized along y but

completely delocalized along x, corresponding to a zero Lyapunov exponent (within numerical error).

In Fig[7.9] we show the Lyapunov spectrum as a function of N, the number of layers along z, for the Chern
insulator in the topological phase, with m = 1 and strip width L, = 40. We limit ourselves to the energy

e = 0, corresponding to the center of the band gap. For a weak disorder (W = 0.1) and open boundary
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Figure 7.9: Numerically computed estimates of Lyapunov exponents as a function of system length N for
Chern insulator on a strip geometry with width L, = 40 and parameters m = 1.0, ¢ = 0. For large NV, the
estimates converge to the Lyapunov exponents {\;}. (a) W = 0.1 and OBC along y shows robust metallic
edge modes (in red) with A; = 0 in this scale. Also highlighted is an insulating bulk mode (green trace) with
A ~ 3. (b) Spatial profile of eigenstates along y at N = 10® for modes with A ~ 3(green) and A ~ 0(red).
The latter is strongly localized at y = 0, L,. Arrows mark the position of these eigenmodes in the Lyapunov
spectrum. (c¢) The same system as in fig (a) with PBC along y, which shows no metallic edge states. (d)
Strongly disordered case (W = 5.0) with open boundaries and absent metallic states.

conditions along y, there are two quasi-1D metallic modes with \; =~ 0 at the center of the spectrum,
highlighted in red in Fig a). Numerically, the relevant exponents are never zero to machine precision,
but are much smaller (|]\;] < 107° at N = 10%) than the other Lyapunov exponents and systematically
decrease (as a power law) with increasing N. To confirm the identification of these modes as topological
edge states, we plot their spatial profile along y in Fig b), which clearly shows localization at the edge,
in contrast to an insulating localized mode with \; &~ 3. Furthermore, for the same parameters but with
closed periodic boundaries, no metallic modes are observed, as shown in Fig[7.9(c). We note that tuning
the mass parameter m to the topologically trivial range or moving ¢ into the center of the bulk band also

removes these metallic modes.

Finally, for a strong enough disorder (W = 5.0), the metallic modes are also absent, as shown in Fig

d), which signals a percolation transition. We observe that the lifting of the metallic edge modes from
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the asymptotic value \; = 0 occurs continuously with changes of tuning parameters, in agreement with
the theory of continuous Anderson transitions[IT14]. However, further work is needed to verify that the
scaling exponents {v;} corresponding to the divergence of the localization lengths {I;} at the metal-insulator
transition agrees with the expectations for the Integer Quantum Hall transition[TT7), TI8]. We leave such

numerical investigations for future work.
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8 CONCLUSIONS

In Part T of this thesis, we have generalized the chiral kinetic theory, originally proposed to compute U(1)
anomaly in 3 4+ 1 dimensions, to nonabelian anomalies in higher dimensions. There were two central ingre-
dients in this generalization: the symplectic formulation of classical mechanics and the dequantization of
nonabelian guage fields. The former is crucial to study the latter, since the coadjoint orbits obtained from
the gauge group are compact and often support no global coordinates. The higher dimensional computation

was also conceptually cleaner, once we have discarded the special features of the low dimensional dynamics.

The abelian chiral anomaly or the singlet anomaly for nonabelian gauge fields are a breakdown of an
ordinary conservation law of the form 0,J" = 0, which can be interpreted as a continuity equation. Thus,
the anomaly can be interpreted as a breakdown of particle number conservation, so that chiral particles are
being spontaneously created (out of a Dirac sea) under a spectral flow. This fact was used to motivate the
computation of the breakdown of Liouville’s theorem, a more general “continuity equation” in phase space.
However, we also obtained the nonabelian gauge anomaly using the same formalism, which is a breakdown of
a covariant conservation law D, J! = 0 and thus does not conventionally have a spectral flow interpretation
as an influx of discrete particles. It is interesting to ponder whether such a calculation points towards a
possible spectral flow argument for the nonabelian anomalies.

Our computation of the anomalous contribution to the hydrodynamic currents from a classical kinetic
theory approach can be thought of as a counterpoint to the usual anomalous hydrodynamic calculations. In
deriving a low energy hydrodynamic description of a QFT with anomalous currents, one takes the anomalies
as given and explores their consequences on the macroscopic dynamics, which one derives from thermody-
namic constraints. Ideally, however, one would like to start with a microscopic field theory and systemat-
ically integrate out the high energy modes, thereby arriving at a macroscopic hydrodynamic description.
Our computation, to some extent, does part of that for noninteracting Weyl fermions by a circuitous route,
by “guessing” the semiclassical phase space which encodes the anomaly and describes the physics at micro-
scopic scales, and then using classical kinetic theory to compute the macroscopic currents. As long as one
can sensibly talk about discrete particle-like excitations in the underlying QFT, one can potentially improve

this picture by including the collision terms, which would then lead to dissipative hydrodynamic effects.
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To complete the picture, one would like to be able to also derive the gravitational contributions to the
gauge anomaly using a chiral kinetic theory formalism, which would require dynamics on a curved spacetime
manifold. Our work in that direction so far[3] (which did not make it to the final cut of this thesis) has
been unsuccessful; however, we have discovered much interesting physics in the process. One basic issue is
to derive a Lorentz covariant formulation of our theory, which can then be thought of as invariance under
frame rotations when one puts the theory on a curved spacetime manifold. Since the Hamiltonian dynamics
treats the space and time coordinates differently, the Lorentz invariance is nor manifest. Furthermore, one
needs to define a generalization of the Berry curvature 2-form which depends on all components of the
energy-momentum 4-vector instead of just the space parts. We have derived such a generalization in Ref [3].

A more serious problem is the frame-dependence of the “position” of the Weyl fermion! This sounds
absurd for a classical particle, but we are essentially trying to define the dynamics of a wavepacket, whose
centroid is the ‘position’ in question. In this picture, one way to think of the anomalous velocity, which
leads to a sideways group velocity, is a result of the different Berry phases picked up by different momentum
modes which are superimposed to define the wavepacket. This is, in essence, similar to the spreading of a

localized mode in a dispersive medium.

The frame dependence of the ‘position’ can also be understood as an artifact of the nontrivial representation
theory of the Lorentz group for massless spinning particles. To wit, a massive particle has a rest frame in
which one can define the centroid, and the symmetry group in the rest frame (termed the little group) SO(3),
which is compact and whose representations are used to label the spin of the particle, and the corresponding
values in other frames can be obtained by Lorentz boosts. However, for massless particles, there is no rest
frame and the little group is the noncompact group E(2) = R? x SO(2), the symmetry group of R2, so that
the spin (helicity, to be precise) of the particle is labeled by the representation of the compact subgroup,
viz, SO(2). We are still left with a gauge freedom corresponding to R? C F(2), which leads to a sideways
translation of vectors upon boosts, termed Wigner translations. This problem is worse in curved spacetime,
when the gauge freedom from Wigner translations mix with the gauge freedom of the theory under local
diffeomorphisms of the spacetime manifold.

Finally, our computation can be applied to the study of macroscopic effects driven by anomalies in con-
densed matter systems, for instance in Weyl semimetals[34]. The effect of the band structure can be encoded
by using the band energy spectrum instead of € = |p|, while some of the interaction/scattering effects can be
encoded in the collision integral of the Boltzmann equation. Like the conventional semiclassical dynamics
used to study transport in metals, this provides a much more tractable approach to include real effects than

using the complete quantum field theoretic description.
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In Part II, we have essentially filled a gap in the conventional usage of transfer matrix for tight-binding
models, by bringing the models with singular hopping matrices within its reach. By generalizing the transfer
matrix construction, however, we have also discovered many other interesting algebraic and geometric aspects
of the problem, some of which were originally discussed by Hatsugai for the special case of the Hofstadter
model. The construction also formalizes (and essentially mechanizes) the application of transfer matrices to
nonsquare lattice for translations along arbitrary directions.

The central philosophy behind transfer matrices is the encoding of all possible asymptotic behavior of
the solution of the Schrodinger equation in one matrix, which can be computed by knowing a very small
part (essentially, a single supercell and its connectivity to its nearest neighbors, in our picture) of the
system. Thus, crudely speaking, even though the transfer matrix formalism is a real space setup, it “knows”
everything about the momentum-space behavior of the system, which makes it ideally suited for studying
bulk-boundary correspondence, where the bulk invariants are computed in a momentum space picture, while
the boundary invariants are most naturally defined in real space. A concrete problem in this direction would
be to compute the Berry curvature, and hence the Chern number, directly from a given transfer matrix.
A similar situation is that of lattice defects, especially modes localized at dislocations, where one seeks to
match various “momentum” modes for a system where the periodicity is broken by the lattice defect, so

that the momentum eigenstates are, strictly speaking, not defined.

The rank of the hopping matrix which determines the size of the transfer matrix, alongwith the corre-
sponding singular values, provide an interesting perspective into the system, as they can be interpreted as a
decomposition of the system into channels, with their strengths given by the singular values. Such a perspec-
tive can be useful in studying the system as a set of quasi-1D chains, in terms of the most important degrees
of freedom, with a generalization of the “unfolding” transform that we described for Chern insulator. A
practical situation where such an analysis could be useful is systems with disorder in the hopping strengths
(besides/alongwith the on-site/Anderson disorder), where the rank of the hopping matrix can potentially
change for different layers, but constructing the transfer matrix using only a few largest singular values may
provide the useful statistics for the spectrum.

We note that many of the convenient simplifications that arose for the » = 1 case are due to the fact
that the transfer matrix is symplectic. There is a wealth of interesting properties associated with symplec-
tic matrices that can be relevant to the study of topological phase. For instance, we used the fact that
m1 (Sp(2,R)) = Z to define a Maslov index associated with the edge states. However, the symplectic matri-
ces have 71 (Sp(2n,R)) = Z for all n, so that the corresponding Maslov indices can also be interpreted as

topological invariants of the edge states. We leave such analyses for future work.
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A LIE GROUPS AND COADJOINT ORBITS

A.1 Basic notions

We begin with two definitions:

Definition A.1. A Lie group is a smooth manifold G endowed with a group multiplication law, i.e, a smooth

map G X G — G satisfying the group azioms.

Definition A.2. A Lie algebra is defined as a real vector space V' equipped with a bilinear map [,] : VXV —

V', which satisfies the following conditions
1. Antisymmetry: [X,X]=0 VX eV.
2. Jacobi identity: [X,[Y,Z]| + [V, [Z, X]] + [Z.[X,Y]]=0 VX,Y,ZeV.

From the antisymmetry and bilinearity, given X,Y € V, it follows that [X, X] =[Y,Y] =0, and
0=[X+Y,X+Y]=[X X[+ [X, Y]+ [V, X]+[\,Y] = [X, Y]+ [V, X],

so that [X,Y] = —[Y, X], the conventional definition of antisymmetry.

Given a Lie Group G, we can associate a unique (upto isomorphisms) Lie algebra, usually denoted by g.
Formally, this association is functor from the category of Lie groups to the category of Lie algebras. The
functor is surjective and many to one on objects, i.e, a given Lie algebra may correspond to more than one
Lie group. For instance, SO(3) 2 SU(2) but s0(3) = su(2).

Define g = T.G, i.e, the tangent space of G at the identity element e € G. Then, g is a vector space
isomorphic to R™, with an additional bilinear function [,] : g X g — g arising from the Lie bracket of tangent
vector. Thus, g is an algebra, termed the Lie algebra of G. More formally, As a vector space, g = R", where

n = dim (G), i.e, an atlas on G maps maps open sets to open sets of R™.

We would primarily be interested in a representation of G, i.e,

Definition A.3. A representation of a group G on a vector space V is a homomorphism 7 : G — O(V),
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the set of linear operators on V.. More explicitly, to each g € G, the representation w associates a linear

operator my : V. —V such that mg, 4, = 7g, 0 7g,.

A.2 Adjoint and Coadjoint representations

A natural representation of G is induced on the vector space g, termed the adjoint representation. To see this,
consider the set of inner automorphisms of G, ¢, : G — G, defined by the conjugations ¢, : h — ghg™'. We
can lift this map to a map ¢, . : TG — T'G on the tangent space by push-forward, which acts by changing

the tangent vector as well as the base point. Expliclty, we always have g . : T,G — Ty G.

Clearly, g4 : e — e, so that e is a fixed point of G, and ¢g . : T.G — T.G. Thus, we have a representation

of G on g =T.G, termed the adjoint representation.

Definition A.4. The adjoint representation Ad: G — O(g) of a Lie group G on its Lie algebra g is defined

—1 at the identity. Explicitly,

as the derivative of the adjoint action h — ghg

Ad(g): X —

The derivation of the adjoint representation induces an action of g by itself, ad: g x g — g, explicitly defined

as

Thus, geometrically, ad(Y)X € Txg = g.

Given the vector space g, we can construct its dual space g* as the set of linear functions f : g — R. By
definition, we have a bilinear map (, ): g* x g — R, defined as (f,z) = f(z) Va € g, f € g*. Any linear

operator L : g — g has an adjoint operator L* : g* — g*, defined by (f, Lz) = (L* f, x).

Definition A.5. The coadjoint representation K: G x g* — g* is defined as K(g) = Ad(g~1)*: g* — g*.

This induces the coadjoint action of g on g*, defined as

d

k(Y): Fro = (K(e) X)| = —ad(Y)"F.

t=0

Thus, geometrically, k(Y)X € Trg* = g*.
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Here, K(g) forms a representation of G since

(Ad(9192)*F7 X) = (F» Ad(glgz)X) = (F, Ad(gl)Ad(gz)X)

(Ad(g)"F. Ad(g2)X ) = (Ad(g2)"Ad(3n)" F. X ),

so that

K(g192) = Ad (9597 ") = Ad (971) " Ad (951)" = K(g1)K(g2). (A1)

A.3 Symplectic structure on codjoint orbits

We define the coadjoint orbits as:

Definition A.6. The coadjoint orbit of a fized F € g* is defined as Op = {K(g)F |g € G) C g*.

Let Stab(F) = {g € G|K(g)F = F} C G be the stabilizer of F, which forms a subgroup of G since K(g)
forms a representation. Then, the coadjoint orbit is simply the quotient O = G/Stab(F), and G can be
thought of as a fiber bundle over the base space Ox with fibers Stab(F'), and the projection 7p: G — Op
defined as mr(g) = K(g)F. Next, Let stab(F') C g be the Lie algebra of Stab(F'), which forms a subalgebra
of g*. The projection 7p induces mp,: g = TrOp, defined as the derivative of 7p, i.e, Tp.: X — k(X)F.

Then, we have a short exact sequence
0 — stab(F) — g - TrOp — 0, (A.2)

so that TrOp = g/stab(F), i.e, all vectors on O can be defined as £x = k(X) for some X € g. These

vectors act as derivatives on the functions F: Op — R as

ExF(F) = %]—'(K () F)

= F(K(X)F). (A.3)

t=0
The symplectic structure on O is then defined by the following theorem:

Theorem A.1. The coadjoint orbit Op is a symplectic manifold, with the symplectic form defined as

plex.&v)| = (RIX.Y]). (A.4)
Proof. In order to prove that p defines a symplectic structure on O, we need to show that it is closed and
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nondegenerate. We shall need

Expler,&2) = &x (R 2]) = (ORI 2]) = = (Fad(X)Y.2]) = - (RIX, [V, 2])),  (A5)
where we have used eq. . Thus, using Cartan’s relations and [x,{y] = —{[x,y]), we can compute

dp(€x, &y, €z)

=&xp(8y,€2) + &y p(8z,8x) +E2p(Ex, 8y ) — p([Ex,&v], €2) — p([y, 2], €x) — p([82,€x], Ev)
—-(RIx.Iv.2)) - (R (2. X)) - (R 121X, YD) + (R [X.Y].2]) + (F.1V. 2], X]) + (F.[12,X],])
=~ (RIX,IY, 2] + IV, 2, X]) + [2,[X, Y]] - [[X, Y], 2] - [[Y, 2], X] - [[2, X], Y])

- —z(F, (X, [V, Z]] + [V, [Z, X]] + |2, [ X, Y}]) —0, (A.6)

where we have used Jacobi’s identity in the last step. To show that p is nondegenerate, assume that

p(€x,&y) =0, VY € g for a fixed X € g. Then, VF € g*,
0= p(Ex, &y )(F) = (F X, Y]) - (F ad(X)Y) - (k(X)F, Y), (A.7)

so that 0 = k(X)) = x, which completes our proof. O]

Given this symplectic structure, we can define Hamiltonian flows on Op corresponding to a Hamiltonian

H: Op — R. The symplectic form associates with H a Hamiltonian vector field 9H via
foup = —dH = p(0H,(x) = —ExH VX €g. (A.8)

We next prove the following lemma

Lemma A.l. Given a Hamiltonian defined as H: F — (F,Z) for a fized Z € g, the corresponding Hamil-

tonian vector field is given simply by OH = £4.

Proof. We shall need to show that VX € g,

p€z:8x)| , = —ExH(E) VI € Or. (A.9)
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The LHS is simply (F/, [Z, X]), while to evaluate the RHS, we use eq. 1) to compute the RHS as
—ExH(F') = —H (k(X)F') = f(k(X)F’, Z) - f(F’, ad(X)Z) - (F’, Z, X]), (A.10)

which completes the proof. O

A.4 Coadjoint orbits of SU(2)

The matrix group SU(2) is defined as
SU(2) = {M € Mat(2,C) | MT = M~", det M =1}. (A.11)
Parametrizing M, the constraints imply that
M—(i‘ ?)eSU(Q):é—a*,fy—ﬁ*, ad— By =1, (A.12)

where a, 3,7v,0 € C. Thus, we set a = xg + ix3, B = 9 + ix; to parametrize M using € R*’s using Pauli

matrices as
o + iSCg i) —+ ilEl
M = (

, , ) =xol +iz;ot, i=1,2,3, (A.13)
—T2 + 11 Xg — 1X3

subject to the constraint Zi:o aci = 1. This is the equation of a 3-sphere in R?, so that as smooth manifolds,
SU(2) = S3.

The Lie algebra is simply defined as su(2) = {X;0'| X* € R}. This can be derived either geometrically,
by considering the tangent space of S at the “north pole” corresponding to x = (1,0,0,0), or alternatively,

by expanding M (x) in the vicinity of 1. In the latter approach, we set z; = X, so that
M =/1- X221 +eiX;o' =1+ eiX;o' + O(e?), (A.14)
and consider the terms at linear order. We define a basis for su(2) as \; = 30, so that

T 3 o 1.
A M) = Z[Ui,aj] = IR \R, (AN, N) = ztr {oi0;} = 5(5”. (A.15)
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We define
3
g €R, g € R3, Zgizl} (A.16)

SU(2) = {goll +ig-o
pn=0

with its Lie algebra su(2) = {X-o, X € R?}, and consider the coadjoint action of the Lie algebra on the Lie
group, defined as K(g): X — g~ X g. To egplicitly compute this product, we shall need some Pauli matrig

identities. Recall that Pauli matrices are all Hermitian and traceless, and satisfy
(0% 0], =261, [0f,09]_ = 2iekgh, (A.17)
Combining these two, we get

ool == ([0, 0] +[0',07]_) = 671 + ieFo". (A.18)

N | =

Iterating and using the contraction for the Levi-Civita symbols, we also get

ololoh = ((5”1 + ieiﬂaé) ok
= §Y gk 4 it (5““]1 + ielkmam)
_ 5ijak + iéijk]l _ efijefkmo,m
= 6o 44k — (5““5”" — 5im5jk) o™

= icF]1 4 6% 6" — 5T 4 5ok, (A.19)
The coadjoint action on X = X;0? can then be explicitly computed as

9 ' Xg = (9ol —igic") <—;X¢oi> (901 + ig;0?)

[—igg Xio" — (9:X,;90 — 90 Xig;) 0’07 —igi X gro'cl "]

1
2
3 [—iggXia’ — 90 (9: X5 — 9; X,) (6”]1 + iezjkak) —19: X gk (ie”k]l + 67kt — oI 4 (5”01“)]
1
2

= [Higg X0t — 2igoe T g; X ;0% — 2i(9;X7) gio" +i(g;97) Xio']

¢ ij i
= — 5 [(208 = DXi +2(9;X,)9: + 290¢7 9, X3 ] 0" (A.20)
Thus, on our coordinates, the coadjoint action sets

K(g): Xi— (295 — 1) X; +2(9;X;)g: + 290 €% g; X . (A.21)

161



Defining vectors g = {g;} and X = {X;} on R3, this becomes
K(g): X~ X8=(1-2lg?)X+2(g-X)gE=2gx X\/1— g% (A.22)

For a fixed X, the coadjoint orbit is simply the span of this map for g € R3, which can be shown to be a

2-sphere by simply computing

2
X[ = (1-2lg)* X" +4(g- X) g +4(1 - 2lgP) (2 X)* +4 (1 - |g”) lg x XP

(1-20gl?)” (X" +4 (1 |g) (g X)* +4 (1 Ig) (I X - (- X))

2
_ {(1 —2lg?)® + 4g)? (1 - \gﬁﬂ X[ = X[ (A.23)
where we have used X - (g x X) =g (g x X) =0, and
|g X X|2 = Gijkngkeimnngn = (5jm6k:n - 5jn5km) g]ngan = |g|2 |)(|2 - (g . X)2 . (A24)

Thus, the orbit is simply given by the points with R3 with a fixed |X]|, i.e, a 2-sphere centered at the origin.
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B USEFUL MATHEMATICAL RESULTS

B.1 Block matrix manipulations

In this section, we describe a few well known results to do with operations on partitioned matrices with

square blocks[IT9]. Consider a square matrix of dimensions 2n x 2n, consisting of blocks of dimensions

(e 7)
M = . (B.1)
C D

We seek formulae relating the properties of M to those of A, B, C, D. The starting point is a decomposition

n X n:

of M in terms of triangular matrices,

A 0 1 A7'B
M = , (B.2)
c 1 0 D-CA'B
or, alternatively,
1 B A—BD7'C 0
M = , (B.3)
0 D D C 1

which can be verified by a direct computation.

Using this, we can compute the determinant of M as

det M = det(A)det(D — CA™'B)

= det(D)det(A — BD™'0) (B.4)

The quantities of the form A — BD~'C that appear in these expressions are known as Schur complements,
usually denoted by
M/D=A—-BD'C, (B.5)

where the order of the matrices in the second term is clockwise in M.

Now the inverse. For a lower triangular matrix with nonsingular A and D, the inverse can be computed
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as 1
A0 A 0
< C D ) N ( —D-1CA-! D ) (B.6)

Similarly, for an upper triangular matrix,

A B\ (A —aipp
(0 D) :< 0 D ) (B.7)

An expression for inverse of M is

B ( 1 AB >_1< A0 )‘1
M~ =
0 M/A C 1
_ < ATV 4 ATTB(M/A)TICATY —ATIB(M/A)! )

s i (B.8)
(M/A)"ICA™ (M/A)~

This expression is not very useful in general, but it illustrates the principle of decomposing a block matrix
into a product of upper-triangular and lower-triangular matrices and computing the inverses individually,

using the expressions above.

B.2 A parametrization of Sp(2,R)

We seek to parametrize Sp(2,R), and show that it is homeomorphic to a solid 2-torus[120} [121]. This can be

shown using an Iwasawa decomposition[122]. Explicitly, let us consider a matrix S € Sp(2, R), parametrized

b —d
ath e , (B.9)
c+d a—-2»

with (a,b,c,d) € R%. The determinant condition, det S = 1, demands (a? + d?) — (b*> + ¢?) = 1. Hence,

as

Sp(2,R) corresponds to a submanifold of R* of codimension 1, which can be thought of as a 4-dimensional

analogue of a hyperbola. We reparametrize

a = coshncos by
b = sinh 7 cos 65
¢ = sinh7sin s

d = coshnsin 6,
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where 7 € R and 6; € [0,27). This makes Sp(2, R) homeomorphic to R x S! x ST =R x T?2. Define

X = = (1 +tanhn) € (0,1), (B.10)

| —

so that Sp(2,R) = D x S!. Finally, it is straightforward to embed the torus formed by (x, 01, 02) in R3.

This parametrization also provides a particularly simple proof of the fact that 71(Sp(2n,R)) = Z for the
n =1 case. Generally, the proof involves the fact[100, [71] that U(n) C Sp(2n,R) is its maximally compact
subgroup, so that Sp(2n,R) has U(n) as its strong deformation retract. Furthermore, 71 (U(n)) = Z, which

can be seen by the determinant map for & € U(n) as U +— detUd € S*, and m(S!) = Z.

For Sp(2,R), consider the deformation retract

St = S(’I]t, 91,92) : [0, 1] — Sp(2n,R). (Bll)

For t = 1, we recover S, while for 8 = 0, we get

ag =cosby, dy=sinf;, by=co=0

so that Sy is parametrized simply by 6; € S, which implies that S* is a deformation retract of Sp(2n,R),

which proves our result.
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‘ MISCELLANEOUS

C.1 Fermi-Dirac distribution and integrals

Consider a gas of fermions in the grand canonical ensemble. Owing to the Pauli exclusion principle, a
given microstate can either be unoccupied or occupied by exactly one fermion. Thus, the 1-particle grand

canonical partition function z is

2= Z e Bl — 1 4 e=Ble—m), (C.1)

states
where ¢ is the energy of the microstate, 3 = T~ is the inverse temperature and p is the chemical potential.

The corresponding grand potential g is
1 1
g=—-lnz=—-1n (1+e*f’<5*“>). C.2
3 3 (C.2)
The grand potential is the generator for a variety of other relevant functions, such as the probability of

occupation of a given state f (Fermi-Dirac distribution) or the 1-particle entropy h:

99 ! h—-99 (C.3)

I= "%~ Treem "= ar

These follow a highly nontrivial relation:

h=— 3 pilup,=—flnf—(1— f)ln(l - f)

states

1 eBle—n) 1 4 efle—n)
_ Ble—p)
T 14 eBle—n) In (1 Te ) + 1+ eBle—w) n ( eBle—p) )
Ble—n)
_ Ble—m)) _ _° _
= In (1+e ) 1+eﬂ(67u)6(€ 1)

efle—n) ]

—B(e—n) _ _
In <1+e )+ﬁ(6 1) {1 T oA

= B9+ (e—n)f].
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Thus,
g=(e—un)f—Th. (C4)

C.2 Symplectic forms in noninertial frames

Consider the generalized Liouville 1-form for the dynamics of a classical particle on R™! with an isotropic
momentum-dependent Hamiltonian:

ni = pidz’ — H(|p|)dt. (C.5)

We seek a Hamiltonian formulation of this system as seen from a noninertial frame of reference. We switch
frames by a time-dependent change of coordinate z* = O%(w’ + &;), where w(t) corresponds to a Galilean
boost and O(t) € SO(n) to a time-dependent rotation, so that &; is the position coordinate in the noninertial
frame.

The derivation of a suitable symplectic form describing the dynamics in the noninertial frame then involves
a choice of the definition of “momentum”. The most straightforward choice is the canonical momentum,
defined as m; = piOij7 which preserves the canonical (p;daz®) form of nz. We also define the velocity of the
frame as v' = J,w’ and its vorticity as (0*18,50)1-]- = —%wij, both of which may depend on time. The

vorticity satisfies w;; = —w;;, which simply follows from the orthogonality of O.

The Liouville form becomes
. . 1 .. .
NH = Widfl — |H— 7'('1"0Z + 5&/‘1]7'('1‘5]' dt = 7'('1‘d§2 — H/dt, (CG)

where assuming a slowly accelerating and rotating frame, we have only retained the terms linear in w and
v. Thus, for the canonical momentum, the change of frame keeps the symplectic structure invariant, while

changing the Hamiltonian. In other words, €& and 7 are canonically conjugate.

An alternative choice of momentum is the kinetic momentum, which intends to keep the equation of

motion for 5’ invariant. To wit, consider the symplectic form in rotating coordinates

. _ 1 ..
pu =dpy = dm; NdE" — gjdﬂ'i —v'dm; + §w” (md&; + E;dm;) | A dt. (C.7)
Uy
The equations of motion become
&= o, v +§w &, = SW ;- (C.8)
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Then, one seeks the kinetic momentum 2?, in terms of which the equation of motion for ¢ becomes 51 =

OH /O;. We elucidate this by examples in the following.

Massive case: Consider a massive classical particle, so that

o P on_m
2m  2m oYy m’

H:

Then, the kinetic momentum is defined by setting

= % = 7=, +m (vi . ;wij§j> ; (C.9)

so that

7|2 1
H = % —mv' + iw”mfj

2
1 1 P 1 o 1.
om v + mu; — §mw”§3 — <1/)1- + muv; — 2mw”§j> <vz — 2w’k>
= om? 5 + v’ w V&G — Pv* + iw 1;€; + second order terms
2
|¢| 5 +second order terms. (C.10)
2m?

It is precisely this cancellation that we seek in defining the kinetic momentum. Thus to linear order in v

and w, defining a’ = 9" and «a;; = Gyw;;, the symplectic form becomes
= dip; A dE* 1 S dES N dE ; &) dt A dE dw)|2 d C.11
PH = wz/\§+2mwzJEA§+m(af1+a135) tAdE" — m Ndt. (C. )
We combine the inertial terms as
O = 1Q “w v o__ 1 % 7 g 0 i
=3 wdxt de? = §Wijdf ANdE + (ai + ;& )dx AdE*, (C.12)
the symplectic form simply becomes
pr = dib; NdE"+mQ — dH Adt. (C.13)

Here, mw corresponds to the Coriolis force, ma to the inertial force and maijfjdtdxi to the tangential

acceleration due to a variable angular velocity. This does not capture the centrifugal force, as we have
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ignored the terms at O(w?).

Massless case: For massless particles, H = ¢|p| = ¢|x|; ¢ = %1, so that the equations of motion become

) 1 1
L=cn' —v' - ZwE, 1= cwYn;.

2 2

Taking a cue from the massive case, consider a definition of kinetic momentum as
i L ije
T = el (v - SwvE ) (C.14)
where we have replaced m with c|¢|. Defining Pt = /|¥|, we again get a cancellation in H' at linear order:

1
H = c|m| — mv® + iw”ﬂ-’fj

o WO YRR

N N1V L .
= c[y)] { {1 + 2cy’ (vi — ;w”@)} — P (U’ — 1w”€> } + second order terms

. 1 ...
i +vi — 5001]5]

2
4 L e N i 1o
=clp[ {1+’ (v — iw TE ) — b [ V" — iw + second order terms

= c|1p| + second order terms. (C.15)
Thus, the symplectic form becomes
pr = dip; A dE + || Q — cdlp| A dt. (C.16)

In considering Galilean boosts (instead of Lorentz boosts), we are ignoring the effect of time dilation,

including which will lead to corrections at the next order in Q.

C.3 Transfer matrix for Chern insulator

The Chern insulator is a 2-dimensional lattice model described by the lattice Hamiltonian[40]

H = asink,o® + asink,o¥ + b(2 — m — cosk, — cosky)o” (C.17)
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The system is gapped in the bulk, except for m = 0,2, 4, when the gap closes. It is topological for 0 < m < 2
with edge states around k& = 0 and and for 2 < m < 4 with edge states around k = 7.

Let us put the Chern insulator on a cylinder which is periodic along y and finite along z. Then, we need
to inverse Fourier transform along x (as k, is not well-defined for a finite system) and write the Hamiltonian

as

N
H(ky) = Z [;Z ( Cpy107Cn — CLUICRH)

n=0
b
5( nt+10 cn+c o cnﬂ)

+ ¢l (sinkyo? + bA(k,)o®) cn} (C.18)

where ¢, (k,) is a row vector, corresponding to the annihilation operator for the two degrees of freedom on
each lattice site and A(k,) = 2 —m — cosk,. Here, k, (= k) just acts as a parameter in the Hamiltonian.

We are only concerned with a topological state for n > 0.

The corresponding recursion relation is

1 o Lo o o
% (ac® — ibo®) Pp41 — % (ao® 4 ibo®) Py 1
= (el —asinkyo? — bA(ky)o*) ¥y, (C.19)

We identify the hopping matrix
J = — (ac® — ibo”®) (C.20)

which has eigenvalues

o(J) = i% b2 — a2. (C.21)

Hence, J becomes singular when a = b, which is precisely the case that we are interested in. For the

subsequent calculations, we set a = b = 1. Hence,
1 1(1 4
J:?i(om_iaz):_i < . ! ) (C.22)

and ker(.J) is spanned by v = (1,4)7, while ker(J) is spanned by w = (1, —i)”. The crucial fact, that helps

us compute the transfer matrix, is that v and w are orthogonal, i.e, (v, w) = 0.
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To see that explicitly, we write out 1, = (¥},12)T, and the recursion relation as

Lo Vg1 =1 -1
i -1 21 i1 21
_ o - A(kzy) isink, 1/% (C.23)
—isink, e+ A(ky) P2
We now premultiply the above expression by (1,¢) and (1, —i) to get two recursion relations, one excluding

¥pn+1 and one excluding v,,_1. We can simplify these expressions greatly by defining
On =n + V5, P =p — i (C24)
Notice that these are not complex conjugates, as 1’s are in general complex. In terms ¢’s, we get

(6 + sin ky)(bn - A(ky)én + (Z)n—l =0

Gnt1 — A(ky)¢n + (e —sin ky)¢n =0 (C.25)

Replacing n — n + 1 in the former and reorganizing the terms, we get

_ 1—e24gin? k . _
oner \ _ [ Tam,) o etsinky ) (6 ) (C.26)
Pnt1 —(e —sinky)  A(ky) ®n

Hence, we have managed to compute the transfer matrix, acting as

O, =T, &,= ( Z” ) (C.27)

We can explicitly check that det(7T") = 1. The other useful quantity is the trace,

1 —e? 4+ A%(k,) +sin® k,
A(ky) '

Ae, ky) = (C.28)

This is equal to the trace obtained by using the formal construction in eq. (7.29). Finally, we can compute
the band edges and edge states, as described in

171



C.4 Closed form conditions for physical edge states

In this section, we construct a closed form expression combining the decay and the boundary conditions for
the case when there are an equal number (= r) of eigenvalues are inside and outside the unit circle in the
complex plane, which corresponds to an (e,k, ) € ¢, i.e, in the bulk gap. This implies that TrP. = TrPs =
r, so that P« +P> =1 and

Py =P = P-P; =0. (C.29)

We seek to represent P~ in terms of the (generalized) eigenvectors of T. Let p; € C be the generalized
eigenvalues of T' with corresponding left and right generalized eigenvectors being ¢;’s and ¢;’s. Furthermore,
let us assume that that p; lies outside the unit circle for ¢ = 1,...r while it lies inside the the unit circle for

i=r+1,...2r. Then, we define the left and right subspaces corresponding to P~ as

£> :(¢17--~7¢r)a R>:(9017~-'7907‘)7 (CSO)

where £+, R~ € C?"*" span the co-kernel and range of P, respectively.

If T were normal, i.e, diagonalizable by a unitary transform, then the right eigenvectors ¢;’s form an
orthonormal basis of C2". As P~ projects along a subset of these eigenvectors, it is an orthogonal projection,
which can be written as

P = 100 + @20 + -+ + ol = RARL. (C.31)

Alternatively, in terms of the left eigenvectors, P~ = L~ ﬁ;. For general T', the analogous expression is the

non-orthogonal representation[123] of Ps
Po =R (LLR) L. (C.32)

Hence, the decay condition P~®; = 0 (eq. (C.29)) implies L’T><I>1 = 0, which, using eq. || can be

written explicitly as
> (83)i(B1); =0, i=0,...,m (C.33)

j=1

which constitutes r linear equations for r variables (3;);. Note that 8; is unique up to a non-zero complex

scalar since the right-hand sides are all zero. Thus the space of unique solutions really is the complex
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projective CP" ! valued. The equations have a nontrivial solution if and only if

det [a; QB} —0. (C.34)
which is essentially a Cramer’s condition. The analogous right edge conditions reads as

det [RLQ, | =0 (C.35)

These conditions incorporate both the boundary and decay conditions and can be solved numerically to

obtain ¢ as a function of k; to obtain the edge spectrum, ecqge (k).

Equation (C.34]) is very convenient for numerical computations, but we also present an alternative char-
acterization which is more explicit in terms of T’s projection. The general spectral decomposition of the

resolvent of T'[97] yields

dz —1\—1 _ di ST — 1)1
7>>:7(Z_12M(Z_T ) _f[j PET 1) (C.36)

z|=1 211

Essentially, note that the integrand has poles whenever z equals an eigenvalue ps of T so that |ps| > 1.

Now, in the simpler case of a normal T, we have P~ = £>£T> = R>RT>, so that
det [Q}P- Qg = det (QfL. ) det (£L05) = 0. (C.37)
Substituting the integral representation of P~ from eq. (C.36)), we get
-1 _
det b{ﬂ:l dz [T(e)(zT(e) — 1) ]ﬂ5‘| =0, (C.38)

where [%]gg denotes the r X r sub-matrix of the argument and we have expressed the ¢ dependence of T
explicitly. Such an equation, though impractical for numerical computations, make explicit the analytic

properties of an edge dispersion (k) in open neighborhoods where it exists as a solution.

In the most general case where P~ is oblique(non-orthogonal), the analogue of eq. (C.37) is
T — T pt _
det [[P>P>}ﬁﬁ} = det[QPLP. Q4] = 0 (C.39)

where P is still given by the integral equation (C.36)).
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